NULLHOMOTOPIC KNOTS ARE DETERMINED BY THEIR COMPLEMENTS

ALIAKBAR DAEMI, CIPRIAN MANOLESCU, AND NICK ROZENBLYUM

ABSTRACT. We prove that nullhomotopic knots in three-manifolds are determined by their comple-
ments. This answers a Kirby Problem posed by Boileau. The argument uses techniques in instanton
Floer homology and SU (2)-representation varieties.

1. INTRODUCTION

The celebrated Knot Complement Theorem of Gordon and Luecke states that:

Theorem 1 ([GL89]). If two knots K and K' in S® have homeomorphic exteriors, then there is a
homeomorphism of S® taking K to K'.

This result plays a fundamental role in low-dimensional topology, and consequently, it has
become a major problem to extend this to other three-manifolds. In fact, this is the focus of Problem
1.81 (D) in [Kir97], Conjecture 6.2 in [Sat91], and Conjecture 1.1 in [NW15]:

Conjecture 2. Suppose K and K' are knots in a closed oriented 3-manifold Y with orientation-
preserving homeomorphic exteriors, such that these exteriors are irreducible and are not solid tori.
Then there exists an orientation-preserving homeomorphism of Y mapping K to K'.

There have been a few settings where the Knot Complement Theorem has been established, such
as the lens spaces L(p, q), when p is square-free [Gail8], and circle bundles over surfaces with
genus at least 2 [CY24]. A general approach is to recast this as a Dehn surgery problem: if two knots
K and K’ in a three-manifold Y have homeomorphic exteriors but there is no homeomorphism
of Y sending K to K’, then that means that there is a non-trivial knot in Y with a non-trivial
surgery to Y. To see this, we may assume that K is non-trivial. Applying the homeomorphism of
the exterior sends the meridian of K to a non-meridional slope on K’. Doing that corresponding
surgery on K, then returns Y. Gordon and Luecke proved such non-trivial S surgeries cannot
exist using deep combinatorial techniques. In other settings, various tools such as Heegaard Floer
homology have been used for this.

The main result of this paper is the following Dehn surgery problem.

Theorem 3. Let K be a non-trivial nullhomotopic knot in a closed, oriented three-manifold Y. A
non-trivial surgery on K never gives a manifold homeomorphic to 'Y in an orientation-preserving
way.

The statement of Theorem 3 is essentially the same as [Kir97, Problem 1.80 (B)] proposed
by Boileau. In the original statement of [Kir97, Problem 1.80 (B)], existence of an orientation-
preserving homeomorphism type is replaced with having the same simple homotopy type. It is
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FIGURE 1. The left figure shows the knot K, a nullhomotopic knot in L(5,1) =
S3(U). (It is nullhomotopic since K has linking number zero with the unknot,
and in a lens space, nullhomologous knots are automatically nullhomotopic.)
Performing 1-surgery on K yields the figure on the right, where K is the core
curve of the surgery. The ambient manifold is S (T%,3) = —L(5, 1), and this knot
is again nullhomotopic. It follows that K and K’ have the same exterior, but the
knots are not equivalent, being in different oriented three-manifolds.

shown in [Tur88, Theorem 1] that homeomorphism type is determined by the simple homotopy type
in light of geometrization. On the other hand, it seems essential to add the orientation-preserving
assumption on our homeomorphisms; it is observed in [Mor89] that there is a nullhomotopic
hyperbolic genus one fibered knot K in L(5, 1) with a surgery to —L(5, 1) (see Figure 1). Moreover,
we drop the irreducibility assumption on Y from [Kir97, Problem 1.80 (B)] in the statement of
Theorem 3, since this assumption is not necessary. We also remark that, as in the Knot Complement
Theorem, Theorem 3 readily implies the following Nullhomotopic Knot Complement Theorem:

Theorem 4. If K and K' are knots in a closed, oriented 3-manifold Y with orientation-preserving
homeomorphic exteriors, and if K is nullhomotopic, then there exists an orientation-preserving
homeomorphism of Y mapping K to K’.

This is the nullhomotopic case of Conjecture 2, without the assumption that the exterior is irreducible
and not a solid torus.

It is natural to ask about the following version of Theorem 4: If K, K’ are nullhomotopic knots
in three-manifolds Y, Y”, then does having homeomorphic exteriors imply that the pairs (Y, K)
and (Y, K') are equivalent (i.e., that there is a homeomorphism from Y to Y’ taking K to K')?
This is Problem 1.80 (A) in [Kir97] (with the additional assumption of irreducibility on Y and Y”).
The answer is negative in general.

Example 1.1. If one changes the framings in Figure 1 from 5 to 7, then one obtains a nullhomotopic
knot K in L(7,1) with a surgery to L(7,4). This yields a pair of nullhomotopic knots with
homeomorphic complements in non-homeomorphic lens spaces, independent of orientations. ¢

However, if we impose the condition that one of the manifolds is not a lens space, then Problem
1.80 (A) in [Kir97] has an affirmative answer, without even keeping track of orientations.

Theorem 5. Let Y and Y’ be two closed, oriented three-manifolds. Let K < Y and K' < Y’ be
two nullhomotopic knots with homeomorphic complements. Assume that Y is irreducible and not a
lens space. Then the pairs (Y, K) and (Y', K') are equivalent.
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1.1. Sketch of the proof. We tackle Boileau’s conjecture (Theorem 3) using techniques from
gauge theory. Lackenby’s work [Lac97, Theorem A.22] implies Theorem 3 holds in the case
when the ambient three-manifold has b; > 0. Henceforth, we may restrict to the case of rational
homology spheres. Our first result restricts the possible surgeries.

Theorem 6. Let K be a non-trivial nullhomotopic knot in a (possibly reducible) oriented rational
homology sphere Y. If m/n-surgery on K produces a three-manifold with the same fundamental
group as'Y, then m/n = +1.

Note that this theorem implies that Theorem 3 holds if the surgery coefficient is not +1 even if
we drop the orientation-preserving assumption. In particular, the phenomenon provided by Figure
1 is specific to the case of surgery coefficient +1. As a consequence of Theorem 6, we have the
following result, which is a weaker version of Theorem 5 in general, but also applies to the case
where Y is reducible or a lens space.

Corollary 7. Let K be a non-trivial nullhomotopic knot in a rational homology sphere Y. There
is at most one nullhomotopic knot pair (Y', K') inequivalent to (Y, K) with homeomorphic
complement.

In the statement of Corollary 7 and its proof, we do not assume that the involved homeomor-
phisms are orientation preserving.

Proof. Suppose there exist two nullhomotopic knots in three-manifolds which are not equivalent to
K, nor to each other, but they have homeomorphic complements. These knots must arise as the core
curves of non-trivial surgeries on K. By Lemma 3.1, these surgered manifolds must have the same
fundamental group as Y. Theorem 6 implies these knots arise as the core curves of +1-surgery on
K. Denote these knots by K, and K_ in Y, and Y_ respectively, corresponding to the sign of
the surgery coefficient. We get that —%-surgery on K, in Y, is homeomorphic to Y_. However,
since K is nullhomotopic in Y., and Y, has the same fundamental group as Y_, this contradicts
Theorem 6. g

A key ingredient in the proof of Theorem 6 is the following result on detection of non-trivial
nullhomotopic knots using instanton Floer homology.

Theorem 8. Let K be a non-trivial nullhomotopic knot in a rational homology sphere Y. Then the
instanton Floer homology group of the O-surgery Yo(K) is non-trivial.

Since Yy(K) has a positive by, we need to work with instanton Floer homology for admissible
bundles in this theorem. In particular, we need to specify a choice of an SO(3)-bundle on Yy (K).
See Theorem 2.4 for a more precise statement. The proof of Theorem 8 combines several works
including [KM 18, DLVVW22,HL22,Ni23,DS25].

Returning to Theorem 6, showing that |m| = 1 is trivial (see Lemma 3.1). However, showing
that [n| = 1 requires more work. Using Theorem 8 and Lemma 3.1, it suffices to show that if for
a nullhomotopic knot K, the core of Y} /,,(K') with [n| > 1 is nullhomotopic, then the instanton
Floer homology of Yy(K) is trivial. We achieve this goal by picking an appropriate holonomy
perturbation in the definition of the instanton Floer homology of Yy (/) such that the instanton
Floer complex does not have any generators and hence it is trivial. In particular, our proof is
modeled on the strategy used in [KMO04a] (see also [Lin15]).

Once Theorem 6 is established, to continue with the proof of Theorem 3 we can assume that the
surgery coefficient is —1. (The case n = 1 can be reduced to this case by switching the roles of Y’
and Y7 (K).)
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We proceed to outline the proof for n = —1. The argument we give later in the paper is not
phrased in the same language as here, although it is essentially the same.

For simplicity, in this introduction let us first also assume that Y is an integer homology sphere.
Let W denote the elementary two-handle cobordism from Y to Y_;(K'). Then Floer’s surgery
exact triangle [Fl095, BD95] asserts that the instanton Floer homology of Yy (K) is trivial if and
only if the instanton Floer cobordism map I (W) : I(Y') — I(Y_1(K)) is an isomorphism.

The instanton Floer homology group of Y is obtained by applying Morse homological methods
to a Chern—Simons functional whose critical set can be identified with the SU (2)-character variety
of Y given as

x(Y) := Hom(m (Y), SU(2))/~,

where ~ denotes the conjugation action on the representation variety. To be a bit more specific,
I(Y) is the homology of a chain complex (C(Y'), d) with the chain group being C'(Y") generated
by the non-trivial critical points of the Chern—Simons functional, possibly after a perturbation to
guarantee the non-degeneracy of the critical points. In particular, in the special case that we do not
make any perturbation and the Chern—Simons functional is Morse, we can arrange so that C'(Y")
is generated by x*(Y'), the set of non-trivial elements of x(Y"). (Note that we might still need to
perturb the Chern—Simons functional to define the differential d, which is given by the downward
gradient flow lines of the Chern—Simons functional, or more precisely the solutions of the ASD
equation on the cylinder R x Y.)

More generally, the Chern-Simons functional can be used to provide a filtration on (C'(Y), d).
In the associated graded, the differential only counts flow lines of small energy, and the resulting
homology is called local instanton homology, denoted I),.(Y). We get a spectral sequence

(1.2) Lo (Y) = I(Y).

A useful case to keep in mind is when the Chern—Simons functional is Morse-Bott. A three-
manifold Y for which this holds is called SU (2)-non-degenerate. In that case, x*(Y") is a smooth
manifold (with components of possibly different dimensions), and j,.(Y) is simply the homology
of x*(Y). Indeed, after picking a small enough Morse function on x*(Y") then one can find a chain
complex computing /(Y") where, morally, the chain groups are generated by the critical points of
the Morse function.

Given a negative definite cobordism W : Y — Y between integer homology spheres Y and Y’
with by (W) = 0, there is a cobordism map I(W) : I(Y) — I(Y"). This homomorphism is defined
in terms of the ASD equation, possibly after a perturbation. In fact, the cobordism W induces a
homomorphism of the spectral sequences (1.2) associated to Y and Y such that the induced maps
on the second and the final pages of the spectral sequence are respectively given by Ij,.(7) and
I(W). In particular, if Ij,.(W) is an isomorphism, then I(W) is an isomorphism of instanton
homology groups. This provides a useful tool to prove that a given cobordism map in instanton
homology is an isomorphism because I,.(W) is easier to analyze than I(W). A similar idea to
study homomorphisms of Floer homology groups is discussed, for example, in [DLVVW22].

It remains to show that when W is the elementary cobordism Y — Y_(K),and Y, Y_;(K) are
orientation-preserving homeomorphic, the map Ij,.(W) is an isomorphism. The character variety
of W is in one-to-one correspondence with the moduli space of flat connections on W and any
such flat connection provides a solution of the ASD equation. Assuming that Y and Y’ := Y_;(K)
are SU(2)-non-degenerate, one can show that the flat connections on W provide regular solutions
of the ASD equation. Furthermore, we obtain a correspondence of smooth manifolds
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X*(Y) X*(Y7)
and the induced map of homology groups using the pull-push construction agrees with
Loc(W) & Loe(Y) — Iloc(Y,)'

Using the assumption that Y, Y_; (K) are orientation-preserving homeomorphic, one may check
that the maps in the correspondence are diffeomorphisms. In particular, the pull-push map is an
isomorphism. This proves Theorem 3 in the case of SU(2)-non-degenerate integer homology
spheres. However, there exist integer homology spheres that are not SU (2)-non-degenerate; see
[BHK24]. In general, the character varieties may not be smooth, and the local instanton homologies
do not have a simple description.

The remedy is to deform the character variety, using a finite-dimensional family of perturbations.
Each perturbation / yields a space xj (Y"), with h = 0 giving back x*(Y"). We can arrange so that
the total space of the family,

(1.3) X*(Y) = Jxi(v),
h
is smooth (and transversely cut-out) near h = 0. We get a correspondence
XH(W)
X*(Y) X*(Y")

such that the maps in the correspondence are diffeomorphisms (near A = 0). For generic h near 0,
we have that x}(Y) is a finite set of points, and the push-pull construction puts it in bijection to
X3 (Y"). The h-perturbed Chern-Simons functional gives a further filtration on the local instanton
complex, such that the induced map on the associated graded is an isomorphism. From here we
deduce that I}, (/') and hence I (1) are isomorphisms, completing the proof.

In order to include the more general case of rational homology spheres, we follow the same
strategy but work with the framed version of instanton Floer homology from [KM11], denoted
I*(Y'), which is defined for any closed oriented 3-manifold Y. The role of x(Y) is played by
a framed character variety x#(Y"), which consists of two copies of the representation variety
R(Y) = Hom(71(Y), SU(2)). We have a cobordism map

W) : THY) - THY_1(K))
and to show that it is an isomorphism, we prove it is so on the associated graded:

(1.4) ILW): Ik (V) — IL_ (Y1 (K)).

loc

This can be done using the same method used for [}, (W).
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1.2. Alternative proof. We now sketch an alternative proof of Theorem 3, which was actually
discovered first. The beginning of the argument is the same, but to show that (1.4) is an isomorphism
we proceed differently. Rather than perturbing the Chern-Simons functional, we keep the (framed)
character varieties unperturbed, and interpret them sheaf-theoretically.

In fact, it is convenient to pass through the Atiyah-Floer correspondence [DFL.21] and replace I*
with the framed symplectic instanton homology from [WW 16], denoted SI%. This is the Lagrangian
Floer homology of two Lagrangians associated to a Heegaard splitting of the three-manifold. We
need to prove that the analogue of (1.4) for local symplectic instanton homology is an isomorphism:
(1.5) SIE (W) : SIF (V) — SIE (Y_1(K)).

loc loc loc

To do this, we rely on our upcoming work [DMR], where we develop a general theory of
sheaf quantization for local Lagrangian Floer cohomology. There, to well-behaved Lagrangians
Lo, L1 < M we associate a local Floer cochain complex CF,.(Lg, L1), whose generators are
(roughly) the intersections of Ly and a small Hamiltonian perturbation of L1, and whose differential
counts pseudo-holomorphic strips near Lo N L.

We state here the main result from [DMR].

Theorem 9. Let M be a real analytic manifold, equipped with an analytic symplectic form.
Let Ly, L1 < (M,w) be CP-smooth (for some p > 4), subanalytic Lagrangian branes, and let
X = Lo n Lq be their intersection.

To this data we associate a homotopy sheaf Fr,, 1., on X with the following properties:

(a) It only depends on local data near X; that is, if (L{,, L)) is another Lagrangian pair
that agrees with (Lg, L) in a neighborhood of X, then Fr, 1, and fL/OﬂLll are quasi-
isomorphic.

(b) Suppose U < Lg and ) = M are open subsets, such that there is a subanalytic symplecto-
morphism 1 : Q — T*U taking Q2 n L to the zero section U < T*U and taking 2 n Ly
to the graph of df for some function f : U — R. Then the restriction of Fr, 1, toU n X
is isomorphic to a twist of the vanishing cycle sheaf V whose stalk at x € U is

(Vp)e = colim C*({y [ f(y) < f(@)} n B, {y | f(y) < f(x)} 0 B;p),

where B are the elements of any neighborhood basis of x (ordered by inclusion). The twist
p is a graded rank-1 local system determined by the brane structure.

(c) If X is compact, then the space of global sections Fr,, 1,,(X) is quasi-isomorphic to the
local Floer cochain complex CF\o.(Lo, L1).

An extension of Theorem 9 shows that we can interpret the map (1.5) as induced by a map
between the vanishing cycle sheaves. To prove that a map of sheaves is a quasi-isomorphism, it
suffices to check this on stalks. In our case, we use part (b) of Theorem 9 to reduce the condition
on stalks to a question in singularity theory.

Theorem 9 has implications beyond Boileau’s conjecture. The sheaf of vanishing cycles that
we construct is a real-analytic analogue of the perverse sheaves inspired from Donaldson-Thomas
theory that appear in complex and algebraic geometry [BBD " 15, BBBBJ 15, Bus14]. In particular,
we can apply our construction to the Lagrangian GG-character varieties associated to a Heegaard
splitting, for any reductive Lie group GG. From here we obtain a G-Casson invariant of three-
manifolds, and in fact a categorification of it (in the form of local Floer homology). This generalizes
the classical SU(2) Casson invariant from [AM90], and also the SL(2, C) Casson invariant and
homology from [AM20].
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1.3. Organization of the paper. In Section 2, we prove the relevant non-vanishing result, Theo-
rem 8. We prove Theorem 6 in Section 3. Section 4 is the main part of the paper; this is where
we give a review of most of the relevant notions from instanton Floer homology and complete the
proofs of Theorems 3, 4, and 5. In Section 5, we detail a technical point why the arguments fail if
we do not require the homeomorphism between Y_; (K) and Y to be orientation-preserving.

1.4. Statement of Al use. A previous version of this paper was written by the first author and Tye
Lidman without any Al assistance; it contained a proof of the main theorem under the additional
assumption that the three-manifolds are SU (2)-nondegenerate. For the past few years we have
been writing (together with Tye Lidman) a complete proof of Boileau’s conjecture along the
lines of Subsection 1.2. In September 2026, we explored the capabilities of GPT-6 Astra in
relation to Boileau’s conjecture, which led to the proof presented in this version of the paper (and
outlined in Subsection 1.1). The key contribution from Al was the idea of using family versions
of character varieties analogous to the one in (1.3) to prove Lemma 4.47, which had previously
been established under the additional assumption of SU (2)-non-degeneracy. Previously, the non-
degeneracy assumption was also used, though less essentially, in the proofs of Lemma 4.30 and
Proposition 4.48. Al suggested adaptations of these proofs that would remove this assumption. Our
revised proof of Lemma 4.30 follows essentially the suggested adaptation, while for Proposition
4.48, we provide a different proof to avoid some of the technical difficulties in the Al-suggested
argument.

We used Al for proofreading and for filling a gap in our proof of Theorem 5. We also used it to
produce Figure 5 from a sketch.

The arguments suggested by Al were checked and rewritten by the authors. The article does not
contain Al-generated text.

We eventually plan to replace this version with one that contains our original proof, since we
find it more enlightening. Tye Lidman will be added as a co-author to that version, but he declined
to take part in the current write-up because of the Al involvement.

1.5. Acknowledgments. We thank Marc Kegel, Tye Lidman and Yi Ni for helpful conversations.

2. INSTANTON HOMOLOGY AND DETECTION OF THE TRIVIAL KNOT

The main goal of this section is to prove Theorem 8 which gives a way to detect the unknot
among null-homotopic knots using instanton homology. Before proving this theorem we review
some of the basic properties of instanton homology. In particular, we make it more precise what
version of instanton Floer homology is used in the statement of Theorem 8.

A pair of a 3-manifold N and an embedded 1-manifold w in N, representing an element of
H\(N;Z), is called admissible if there is an embedded orientable surface S in N such that the
algebraic intersection w - S is odd. This condition necessitates b;(/N) > 0. Instanton Floer
homology associates a relatively Z/8-graded group to any admissible pair (N, w) [F1090]. This
topological invariant of (N, w) is defined as the Morse homology of a Chern—Simons functional
(see subsection 4.1), and the critical points of this functional can be identified with

@1 x(N,w):={p: m(N — w) — SU(2) | p() = —1 for any meridian p of w}/~.

Here ~ denotes the conjugation action. In particular, if x (N, w) is empty, then I(N,w) = 0. It
turns out that the instanton Floer homology only depends on the class of w in H1(N;Z/2). In the
following, we will be working with the version of instanton Floer homology that is defined with
coefficients in a field of characteristic zero (e.g. Q).
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Example 2.2. A simple example of an admissible pair is given by (T3, S'), where S! denotes
one of the factors of 7% = St x S x S1. Then I(T3,S!) has rank 2, and the relative grading
of the two generators for this instanton Floer homology group is 4. Representatives for these two
generators are given by the elements of x (7, S'), which can be described in the following way.
First note that any representation p : 71 (T?\pt) — SU(2) of the punctured torus that maps a
small loop around the puncture to —1 is irreducible and can be conjugated so that the generators in
the standard presentation of 71 (T%\pt) are mapped to the elements i, j € SU(2). The character
variety x (73, S*) is equal to two copies of the character variety of the above punctured torus, each
copy determined by the value of the representation at the additional circle factor, which has to be a
central element of SU(2). ¢

A key ingredient in the proof of Theorem 8 is the following non-vanishing result.

Theorem 2.3 ([KM10,DS25]). For an admissible pair (N, w), the instanton homology group
I(N,w) is trivial if and only if there is an embedded sphere S in N such that w - S is odd. In
particular, I( N, w) is non-trivial if N is irreducible.

In the case that NN is irreducible, this result is due to Kronheimer and Mrowka [KM04b, KM 10].
The latter proof, stated as [KM 10, Theorem 7.21], relies on the machinery of instanton homology
for sutured manifolds, developed in the same paper, and appears to require some modifications to
both the statement and the proof. The general case of Theorem 2.3 is discussed in [DS25]. This
proof follows a plan proposed in [DIS24], which uses a slight generalization of sutured instanton
homology in [KM10] and a connected sum theorem from [Scal5]. We also remark that an extension
of Kronheimer and Mrowka’s result from the irreducible case to more general admissible pairs was
also known to Tye Lidman and Juanita Pinzén-Caicedo.

Now we are ready to give a more precise version of Theorem 8.

Theorem 2.4. Let K be a non-trivial nullhomotopic knot in a rational homology sphere Y. Suppose
wy is the embedded 1-manifold given by the core of surgery in Yo(K). Then, the instanton Floer
homology groups 1(Yo(K),wo) and I(Yo(K)#T3,wo U S*) are both non-trivial.

Proof. This theorem follows from combining Theorem 2.3 and the following result of Ni. (]

Theorem 2.5 ([Ni23]). If K is a non-trivial nullhomotopic knot in a rational homology sphere,
then 0-surgery cannot contain a non-separating 2-sphere.

In fact, Ni proves a more general result where the assumption that Y is a rational homology
sphere is replaced with the assumption that Y\ K does not contain an S' x S? summand. The
extension to the case by (Y) > 0 follows from [Lac97, Gab87]. In the case that Y is a rational
homology sphere, Ni uses some results about degree one maps of 3-manifolds and [DLVVW22]
to conclude that if Yo (K) = Z#S' x S2, then 71(Y) = m1(Z). Theorem 2.5 then follows from
[HL22].

3. CONTROLLING THE SURGERY COEFFICIENT

In this section, we show that for a non-trivial nullhomotopic knot in a rational homology sphere,
any surgery coefficient m/n other than +1 or —1 has a homotopically essential dual knot. In the
first subsection, we relate the fundamental group of the surgered manifold to the homotopy class of
the dual knot. Next, we use the unknot detection result from the previous section to complete the
proof of Theorem 6.
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3.1. The case of |m| # 1. We begin with the following topological lemma characterizing when
surgery on a nullhomotopic knot can return a three-manifold with the same fundamental group.

Lemma 3.1. Let K be a nullhomotopic knot in Y. Suppose that for the surgery coefficient m/n,
we have (Y, (K)) = m(Y). Then, m = £1 and the core of the Dehn surgery is also
nullhomotopic. The converse is also true; if the core of m/n-Dehn surgery on K in'Y is also
nullhomotopic, then m = £1 and 71 (Y, (K)) = m1(Y).

Proof. We begin with the forward direction. Since Hi(Y;,/,(K)) = H1(Y) @ Z/m, we see that
m = +1. To show that the core is nullhomotopic, we assume m/n = 1/n with n > 1. The case
of negative n is similar. Using the slam dunk move, we can view 1/n-surgery on K as (+1)-
surgery along K and a sequence of (+2)-surgeries along a chain of n — 1 unknots. Consider the
corresponding 2-handle cobordism W from Y to Y7 /,,(K). Since K is nullhomotopic, we see that
the map 71 (Y") — 71 (W) induced by inclusion is an isomorphism. We may similarly view W (with
opposite orientation and flipped upside down) as attaching a 2-handle to Y; /n(K ) along the core of
the surgery and further 2-handles along a chain of unknots. Therefore, the inclusion of Y} /,,(K)
in W as the outgoing end induces a surjection from 71 (Y} ,,(K)) = m1(Y) to w1 (W) = m(Y).
Since three-manifold groups are Hopfian, we see that the inclusion from Y}/, (K') into W induces
an isomorphism on 7;. This means that the core must also be nullhomotopic.

To prove the converse, suppose that the core of surgery on K is nullhomotopic. Using a similar
argument to above and identifying Y, ,(K) as integral surgery on K and a chain of unknots,
we have a 2-handle cobordism W : Y — Y., (K). We have m (W) = m(Y) since K is
nullhomotopic. By flipping W upside down and using that the core is nullhomotopic, we get
71 (Yo (K)) = 71 (W). Thus 71 (Y}, 5, (K)) and 1 (Y) are isomorphic, which also implies that
Hy(Ypn(K)) = Hi(Y) @ Z/m and H;(Y') are isomorphic. In particular, we have m = £1. [

The reference to the cobordism W is not essential in the proof of the above lemma as the claims
can be verified directly using Van Kampen’s theorem. However, similar cobordisms play a crucial
role in Section 4, which is why we include the cobordism-based proof here.

3.2. The case of |n| # 1. In order to prove Theorem 6, we will need to study the character varieties
of nullhomotopic knot complements using the pillowcase. We give a quick recap of this theory
here.

Consider x(7'?), which is topologically the pillowcase orbifold, shown in Figure 2. Here, the
coordinates are described as follows. Let j, A generate 71(7) and consider a representation
p: 7% — SU(2). Since p(u), p(\) commute, we may conjugate them simultaneously to write

i i3
R N RCTR A

The pair (o, 3) € (R/27Z)? determines the conjugacy class of p, and the only other pair in
(R/27Z)? representing the same conjugacy class is given by (—c, —3). Thus x(T?) can be identi-
fied with the quotient of (R/277Z)? with respect to the involution that maps (o, 3) to (—a, —f3).
This involution has four fixed points (0, 0), (0, 7), (7, 0), (7, 7), which give rise to the four orbifold
points of the pillowcase x (7). In our figures, we use the convention that the (conjugacy classes
of) representations sending u (resp. A) to 1 € SU(2) are those that comprise the “left vertical seam”
(resp. “bottom horizontal seam”) of the pillowcase in Figure 2.

If f: X — Y is a map of spaces, then we obtain a pullback map f* : x(Y) — x(X). In

particular, given a three-manifold with torus boundary, e.g. the exterior of a knot, we obtain a
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FIGURE 2. The pillowcase is drawn in black. In red is .*x(ET, 5 ), the image of
the character variety for the right-handed trefoil under restriction. The z-axis is
given by the value of a character on p and the y-axis is given by the value of a
character on .

map from the character variety of the three-manifold to the pillowcase. In general, this is not an
embedding. For notation, for a knot exterior Fr, we will write ¢ for the inclusion of 0 Ex into
Ex. We will be interested in studying the shape of 1*y(FE[) inside the pillowcase. Note that
t*x(Ek) is compact. In the case of the exterior of a nullhomologous knot, any Seifert surface of
K determines a longitude A of K. In particular, we may use the meridian y and the longitude A of
K to parametrize the pillowcase. The image of t*x(Er, ;) is shown in Figure 2.

We now illustrate why it is helpful to use the pillowcase picture—it provides a geometric
intersection theory approach to computing character varieties. Suppose that ¢* x(Ex ) intersects
{ac = 0}. Then, this means there is an SU(2) representation of 1 (Ex ) which sends y to 1, in
other words, there is an SU (2) representation of 71 (Y"). More generally, we obtain elements of
X(Yp/q(K)) from intersections of *x (E) with {(«, 8) | pa + g8 = 0}.

We are now ready to see what the pillowcase can say about nullhomotopic knots.

Lemma 3.2. Let K be a nullhomotopic knot in a three-manifold Y. Then,

(3.3) UX(Ek) n{a =0} ={(0,0)}
and
(3.4) PX(Ex) n {a = 7} = {(m,0)}.

Proof. To prove (3.3), suppose that (0, z) € t*x(Fk). Then, this means that there is an SU(2)-
representation p of 7 (Ey) which sends u to I and A to diag(e®, e~™). Then p induces a
representation of 71(Y) sending A to diag(e®®,e~%*). Since [A\] = [K] € m(Y), and K is
nullhomotopic, p(A) = I. Therefore, x = 0.

Next, we turn to (3.4). Suppose that (7, x) € t*x(Ek). Since K is nullhomotopic in Y, and
[A] = [K]em(Y) = m(FEK)/ < u>», we have A €< p » and hence we can write

A=gipgrt gty

where ¢; € {£1}. Since A is nullhomologous in Ex and y is infinite order in H; (E ), k is an even
integer. Therefore, if p(u) = —I, then p(\) = 1. O

10



Remark 3.5. Suppose that the core K of some 1 /n-surgery on K is nullhomotopic. Then by
Lemma 3.2,

(3.6) *x(Eg) n{a+nB=0}=1{0,0)}.

This follows from (3.3) where we use a change of coordinates. Indeed, (u + nA, \) are the
meridian and longitude for the core curve respectively, so in these coordinates for the pillowcase,
X (Ez) n{a =0} = {(0,0)} by Lemma 3.2. Since t*x(Ex) = t*x(E£3), switching back to
(11, A) coordinates gives (3.6). ¢

For O-surgery on a nullhomologous knot, let ;i be the dual knot of the surgery. In that case,
px determines an admissible bundle on Yy (K'). Moreover, x(Yo(K), ux) is empty if and only
if *x(Ex) n {8 = 7} is empty. Note that if x(Yo(K), ux) is empty, then I(Yo(K), ux) = 0.
In fact, we have a more general vanishing result for I(Yy(K), ux) that we can read off of the
pillowcase.

Proposition 3.7. Let K be a nullhomologous knot in a rational homology sphere Y. Let y be an
embedded path in the pillowcase from (0, ) to (7, ) which is homotopic to the horizontal path
rel endpoints through paths whose interiors avoid the orbifold points. If 1*x(Fx) Ny = &, then
I(Yo(K), pc) = 0.

Proof. This result is well known. For example, it is established for knots in integer homology
spheres in [LPCZ23, Theorem 3.3] and for knots in rational homology spheres the argument
generalizes without modification. For other related results, see [KMO04a, Linl5, Zen18]. O

With the above work, we are now ready to prove Theorem 6, which we recall constrains when
surgery on a nullhomotopic knot can return a three-manifold with the same fundamental group.

Proof of Theorem 6. Let K be a non-trivial nullhomotopic knot in Y such that Y,,, ;, (K') has the
same fundamental group as Y. By Lemma 3.1, the surgery coefficient must be of the form —1/n
for some integer n. By reversing orientation of Y if necessary, we can assume that n > 0. Suppose
that n > 2 and we will obtain a contradiction. Our goal is to find a path v from (0, 7) to (7, 7) in
the pillowcase such that t* x(Ef) n 7y is empty and then invoke Proposition 3.7.

We define the path 7, from (0, 7) to (7, 7) as follows. For odd n, this path is given by

30 =10.8 1 ™Y < p<n Ot p) Lo =g —ntn—1), "D < g <)
For even n, define -y,, by

=i 8) |7 <5< T a,8) [0 = np—mn, w < p < Y,

By construction, the path +,, is contained in the subset of the pillowcase represented by the union of
the lines {a = 0}, {a = 7}, and {a — n8 = 0}. Furthermore, for n > 2, it avoids the equivalence
class of the point (0, 0) in the pillowcase. The case n = 3 is shown in Figure 3.

By Lemma 3.2 and Remark 3.5, 1*y(FEf) is disjoint from ~,, for n > 2. Therefore, Proposi-
tion 3.7 implies that I (Yy(K), i) = 0. This contradicts Theorem 2.4. O

It is natural to ask about why the argument above fails for n = 1. The path ~y; has an intersection
with t*x(E) at (0,0) coming, for example, from the trivial representation of m1 (Fx) to SU(2).
One might still hope that there is a homotopy of ~y; relative to its endpoints to get another curve v}
that is disjoint from :*x(Ef ). For example, if 71 (Y") has no irreducible SU (2) representations
and Y is an integer homology sphere (conjecturally S is the only such 3-manifold), then there

11



FIGURE 3. The path 3 in the pillowcase.

is € > 0 such that the intersection of :*x(Ex) with the subset of the pillowcase that a € [0, ¢)
is contained in {$ = 0}, all induced by reducible representations on Ex. However, if 71 (Y") has
irreducible SU (2) representations or Y is not an integer homology sphere, then it is possible that
L*x(Fk) separates {o = 0} and {« — 5 = 0}. For example, in a hypothetical case, t* x (Ex ) could
contain {5 = 0}, {2a — 5 = 0}, but still misses {o — 3 = 0}, {a = 0} away from (0, 0). Then
there would be no hope to find the desired ;. Note that the proof of Theorem 6 is not sensitive
to whether a homeomorphism between Y and Y3 (K) is orientation preserving. In particular, the
example in Figure 1 provides further evidence that adapting the above proof to n = 1 would not be
straightforward.

4. SURGERY SLOPE +1 AND THE SURGERY EXACT TRIANGLE

4.1. More background on instanton Floer homology of admissible pairs. Given a pair (N, w)
of a 3-manifold and a 1-cycle, we can form the Hermitian rank 2 bundle E over N determined
uniquely up to isomorphism by the requirement that ¢;(FE) is the Poincaré dual of w. Fix a
U(1) connection on A2E, and let A(E) be the space of connections on E which induce the fixed
connection on the determinant bundle A%E. The gauge group G(E) of the bundle automorphisms
of E with fiberwise determinant one acts on A(E). Let B(E) denote the quotient.

The Chern—Simons functional defines an S'-valued function CS on B(E). After fixing a
connection By € A(E), define

CS(B) = 1f tr(Fa A Fa),
872 Jjo,1]x N

where A is a connection on the pullback of E to [0,1] x N whose restrictions to {0} x N and

{1} x N are respectively B and By. This integral depends only on B and By; applying an element

of G(FE) to B changes CS by an integer and varying By in the definition of CS changes it by an

overall constant. In particular, we have the induced functional CS : B(E) — R/Z, well-defined up

to a constant shift. A connection B on FE represents a critical point of CS if it is projectively flat,

i.e., the adjoint connection associated to B is flat. This characterization can be used to identify the
12



critical set of C'S with the character variety x (/V, w) in (2.1). In the case that (N, w) is admissible,
all projectively flat connections on E are irreducible.

The instanton Floer homology group I (N, w) of an admissible pair can be regarded as the Morse
homology of CS. However, CS in general is not non-degenerate in the sense of Morse theory. In
fact, the kernel of the Hessian of C'S at a critical point « € x (N, w) may be identified with the
twisted cohomology group H' (N, ad, ), where ad,, is the flat rank three vector bundle induced
by « associated to the adjoint action of U(2) on the Lie algebra su(2). To define (N, w) for
an arbitrary admissible pair (IV, w), we need to perturb the Chern—Simons functional to obtain a
non-degenerate functional.

A suitable family of such perturbations is provided by cylinder functions, and we review their
definitions following [Don02, Section 5.5]. First let v : S' x D? — N be an embedded solid torus
in N and for any z € D?, let 7, be the loop given by the restriction of  to S x {z}. For any
connection B representing an element of B(E), let Hol, (B) be the holonomy of B along .. Then
the determinant of Hol, (B) is determined by the fixed connection on A?E, and we fix a choice
d.(B) of a square root of det Hol,(B) that depends continuously with respect to z. Let 7,(B)
be the trace of d(B)~! - Hol,(B) € SU(2). For a fixed smooth 2-form z on D? with compact
support and area one, we define

4.1) h(B) := JD2 T-(B)p.

Then h induces a real valued map on B(F). More generally, a cylinder function is the composition
of a smooth function F' : R™ — R and (hy,--- , hy,) : B(E) — R"™, where h; is given as in (4.1).

We may always arrange for a cylinder function A such that the set of all critical points of the
perturbed Chern—Simons function C'S + ﬁh, which is denoted by (N, w), consists of non-
degenerate elements and h is arbitrarily small [Don02, Section 5.5.1]. For such a cylinder function
h,let C (N, w) be the vector space generated by x,(/V, w) over a fixed coefficient field. After fixing
a Riemannian metric on N, we may form the (formal) gradient of the perturbed Chern—Simons
functional CS§ + #h, and the downward gradient flow lines for this functional can be identified
with the solutions of the perturbed ASD equation over the cylinder R x N

4.2) Fi + (x3Va,h)t =0,

where we use the product metric on R x N corresponding to the fixed metric on V. Here A;
denotes the restriction of A to {t} x N, and V 4,h defines a 1-form on {¢t} x N. By applying
Hodge star 3 of the metric on N and then putting together the resulting 2-forms on {t} x N
for all values of ¢, we obtain a 2-form on R x N, and (x3V 4,h)" is the self-dual part of this
2-form. Moreover, F4 denotes the trace free part of the curvature of A and FZ is the self-dual
part of this curvature. In particular, the left hand side of (4.2) is a section of the vector bundle
over R x N with fiber AT ® su(E), where su(E) denotes the bundle of trace free skew adjoint
endomorphisms of E. For «, 5 € x;, (N, w), we write M, n(N,w; a, B) for the gauge equivalence
classes of the solutions of (4.2), modulo the R action given by translation, which limit to perturbed
projectively flat connections (gauge equivalent to) « as ¢ — —oo and 3 as ¢ — +00. These moduli
spaces for an appropriate choice of A are cut out transversely, and M n(N,w; a, B)4 denotes the
d-dimensional part of Mh(N , w; «, B). After fixing a suitable orientation of these moduli spaces,
for any o € x5 (NN, w), define

(4.3) d@)= Y. #Mu(N,w;a,B)o- b,
BGX}L(va)
13



and let d : C(N,w) — C(N,w) be the linear homomorphism determined by (4.3). Then d defines
a differential on C'(N, w), and I (N, w) is the homology of the chain complex (C' (N, w), d), which
is an invariant of the homeomorphism type of (N, w).

The instanton homology group I (N, w) can be equipped with a relative Z/8-grading, defined
using the spectral flow of a family of self-adjoint elliptic operators parametrized by B(E). For any
connection B on F, consider the operator

Ly LN, (N’ @ A ®su(E)) — L2_ (N, (A°@ AY) @ su(E))

defined as

Lh - 0 _d*B
B - —dp =*dp + Hessgh |’

where Hessph is the Hessian of h at B. (We drop h from our notation for L, if it is trivial.)
This operator may be regarded as an extended Hessian of the perturbed Chern—Simons functional
CS + ﬁh. To see this, consider the following equation for (B, €) € A(E) x L{(N,su(E)):

(4.4) #*Fgp +Vph —dp€ =0

This equation is invariant with respect to the action of the gauge group G(F) induced by the standard
actions of the gauge group on A(E) and the sections of su(E). Furthermore, the term *Fp + Vgh,
which is the gradient of C'S + ﬁh, is orthogonal to any term of the form dp& because of the gauge
equivariance of CS + 4—71r2h. Therefore, any solution of (4.4) satisfies *Fg + Vgh = dg€ = 0. In
particular, [B] € x;, (N, w), and then the irreducibility of B implies that ¢ is trivial. The second
row of L’é gives a linearization of (4.4) and the first row corresponds to the Coulomb gauge slice
for the action of the gauge group on A(E) x L% (N,su(E)). Furthermore, for [B] € x (N, w), the
kernel of Lz may be identified with H' (N, adp).

For any pair of connections B, B’ € A(FE), the spectral flow of the family of the operators
{L%( t)} associated to a path of connections { B(¢)} from B to B’ determines an integer SF';, (B, B’),

which depends only on B, B’, h and not on the specific path between B and B’ because A(F) is
contractible. In the case that L’ and L%/ have trivial kernel, then SF'j,(B, B') is equal to the index
of the ASD operator

DY L2(R x N,A'®@su(E)) — L2 (R x N,(A’@AY) @ su(E))
defined as
4.5) Di(C) := (—d¢, diC + (x3Hessa,h(¢))F),

where A is a connection on R x N asymptotic to B and B’ as t — —oo and o0. Here x3Hess 4, h(C)
is defined in a similar manner as %3V 4, h: for any ¢ € R, we take the restriction of ( to {t} x N,
apply the operator *3Hess 4, h to obtain a 2-form on NV, and then put together these 2-forms for all
values of ¢ to produce a 2-form on R x N. The first component of (4.5) is given by the Coulomb
gauge condition and the second component is obtained by linearizing (4.2).

For a, o' € B(FE), we may also consider SF', (B, B) for representatives B of o and B’ of «.
Since 1 (B(F)) = Z and the spectral flow around a loop representing a generator of 71 (B(E)) is
8, the mod 8 value of SF,(B, B’) is independent of the choice of the representatives B, B’ and
is denoted by SF;(a, o). Let 6y € B(E) be the class represented by By, and define the grading
of @ € xp(N,w) as SFp(a, 0p). This grading on C' (N, w) is independent of 6y up to an overall
shift by a constant integer. Furthermore, the differential has degree —1 with respect to this grading
because of the relation between the relative grading and the index of the ASD operator (4.5).
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Instanton Floer homology is functorial with respect to cobordisms. A cobordism (W, ¢) :
(N,w) — (N’,w') of admissible pairs consists of a 4-dimensional cobordism W of 3-manifolds
and a relative 2-cycle ¢ in W, which can be used to define a Hermitian rank 2 bundle on W
analogous to the 3-dimensional case. We fix a Riemannian metric on W, which is the product
metric in a tubular neighborhood of its boundary corresponding to fixed metrics on N and N’. Then
we add two half-cylinders (—oo, —1] x N and [1,00) x N’ with product metrics to W to obtain a
Riemannian manifold with cylindrical ends. With a slight abuse of notation, we still write W for
this resulting non-compact Riemannian manifold. Suppose h, b’ are cylinder functions for (N, w)
and (N’, w') such that the corresponding perturbed Chern—Simons functionals have non-degenerate
critical points. Then we can form the following perturbed ASD equation on W

(4.6) Fi +p-()(+3Va,h) " + pi () (+3V 4 1) T + w(A) = 0,

where A; for t € (—oo, —1] and Aj for t € [1,00) are respectively restrictions of A to {t} x N,
{t} x N', the terms (¥3V 4,h)" and (+3V 4 1/)* are defined as in (4.2), the smooth function
p— 1 (—oo,—1] — R is supported on (—oo, —2] and is equal to 1 on (—o0, —3], and the smooth
function py : [1,00) — R is supported on [2,c0) and is equal to 1 on [3, c0). Moreover, w(A)
is a secondary holonomy perturbation term which depends only on the restriction of A to a fixed
compact subspace of W and it is added to the equation to give us enough flexibility to obtain the
desired transversality results.

Let 7 = (w, h,h') and write M (W, ¢; a, o) for the moduli space of solutions to (4.6) that
are asymptotic to « € xp (N, w) and o/ € xp/(N',w’) on the ends. Our assumption implies that
M (W, ¢; a, @) is cut out by a (non-linear) Fredholm equation and we write M, (W, ¢; o, o) 4 for
the components with expected dimension d. For any connection A representing an element of
M (W, ¢; a, o), we can form the ASD operator D7 analogous to (4.5), which is given by the pair
of —d% and the linearization of (4.6) at A. By picking w appropriately, we may assume that for any
such A, the ASD operator D7 is surjective and hence M, (W, ¢; i, @) q is a smooth d-dimensional
manifold. In fact, this manifold is orientable and after a suitable orientation, we define

C(W,c): C(N,w) — C(N',w")

as

C(W,e)(a) = Z #H#M,(W,c;a,a)o - .
a’expr (N w')

This defines a chain map respecting the relative gradings on C'(N, w) and C'(N’, w’). The induced
map I(W,c) : I(N,w) — I(N',w’) at the level of homology groups does not depend on the
choice of the metric and the perturbation term 7 and is well-defined up to a sign.

Instanton Floer homology for admissible pairs can be used to define an invariant of arbitrary
3-manifolds. Let (7, S') be the admissible pair provided by Example 2.2. The connected sum
of this pair and an arbitrary Y~ gives the admissible pair Y* := (Y#T3,S!). Then the framed
instanton Floer homology of Y is defined as I*(Y") := I(Y#T3,S'); see [KM11]. Even though
it is not relevant for this paper, we remark that we need to fix a basepoint of Y together with a
framing of its tangent space to keep track of where the connected sum is performed so that I*(Y")
is an invariant of Y up to a canonical isomorphism.

The critical points of the Chern—Simons functional for the admissible pair Y# can be characterized
in terms of the representation variety of Y. More specifically, we have

4.7) x(Y%) = R(Y) u R(Y),
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where R(Y) = Hom(71(Y'), SU(2)). In particular, x(Y*) admits the structure of a real algebraic
variety. The identification in (4.7) follows from the observation, recalled in Example 2.2, that
x (T3, SY) consists of two irreducible representations. Since these two elements are irreducible and
non-degenerate, a straightforward Mayer—Vietoris argument applied to Y #7°2 gives the following
exact sequence for any a € (V') and an element o € x(Y*) obtained by gluing « to one of the
two elements of x (72, S1):

(4.8) 0 — HO(Y,ad,) — su(2) — H'(Y#T3,ad,:) — H'(Y,ad,) — 0.

Here the third term is the cohomology group of the splitting sphere S in Y#7T3 with trivial
coefficient system su(2). To give a geometric explanation for (4.8), note that gluing o € x(Y)
to the elements of x (73, S!) contributes two submanifolds of dimension 3 — dim H°(Y; ad,),
which are either points, 2-dimensional spheres or 3-dimensional real projective spaces respectively
when dim H°(Y;ad,) is 3, 1 or 0. Now deforming a within x(Y") gives the remaining degrees of
freedom in H' (Y #T3, ad,:) to deform af corresponding to the elements of H'(Y, ad,).

Similarly, if W : Y — Y is a cobordism of based 3-manifolds together with a framed path
connecting the basepoints, we can form the path sum of the product cobordism I x (T3, S!)
and W to form W# : Y — Y’*. Here the sum is performed in a neighborhood of the path
connecting the basepoints. The cobordism map associated to W*# defines the cobordism map
IHW) - THY) — IH(Y").

4.2. Gradient-like perturbations of the ASD equation and perturbed flat instantons. There is
an energy filtration on instanton Floer complexes of admissible pairs that plays a crucial role in our
proof of Theorem 3 where the surgery coefficient is 1. However, the general scheme of perturbing
the ASD equation as in (4.6) does not interact nicely with this filtration. In this subsection, we
introduce gradient-like perturbations of the ASD equation so that the corresponding cobordism
maps behave better with respect to the energy filtration.

Suppose (N, w) and (N’ w’) are admissible pairs and (W, ¢) : (N,w) — (N’,w') is a cobor-
dism of admissible pairs. We fix a Riemannian metric on W with cylindrical ends. For a (not
necessarily closed) Riemannian 3-manifold U, we say that W contains a cylinder modeled on U if
there is an isometric embedding ¢ : R x U — W that is compatible with the cylindrical ends of W.
The last condition asserts that there are isometric embeddings i : U — N and ¢ : U — N’ such
that ¢ maps (¢, z) € (—o0, —1) x U (resp. (¢, z) € (1,00) x U) to (t,i(x)) (resp. (¢,4'(z))). In the
following, we will regard R x U as a subspace of W and we drop ¢ from our discussion.

Example 4.9. Fix an admissible pair (/V, w) and a knot K < N away from w. Let N’ = N_;(K)
and W : N — N’ be the 2-handle cobordism. Since w is away from K, it induces w’ < N’ and
a 2-cycle ¢ < W. Even though it is not important for this example, we assume that (N’, w’) is
admissible so that it fits into the above setup. For any codimension zero submanifold U of the knot
exterior, there is a natural embedding ¢ : R x U — W, and we can arrange for a metric on W with
cylindrical ends which contains a cylinder modeled on U corresponding to ¢. ¢

Let (W, ¢) contain a cylinder modeled on U and h : A(U) — R be a cylinder function. The
gradient-like perturbation of the ASD equation on (W, ¢) associated to h is defined as

(4.10) Fi+ (#3Va,h)* =0,

where A is a connection on the bundle associated to (W, c¢), A; denotes the restriction of A to
{t} x U and the second term in (4.10) is defined in the same way as in (4.2). Then (4.10) is
equivariant with respect to the action of the gauge group.
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Define the h-perturbed topological energy for a connection A on (W, c) as

1

B 87T2 w
A similar energy function is defined in [DFL21, Section 3]. Assuming the connection A is decaying
fast enough and is asymptotic to connections «, o’ on the ends, then one can easily check that

1 1
4.12) En(A) = 472(11(@) — h(a)) + 2 Wtr (Fa A Fy).

(4.11) En(4) tr (Fa + #3Va,h) A (Fa + %3V a,h)).

Here h(«) (resp. h(c)) is defined by applying h to the restriction of ato U < N (resp. U < N').
The second term on the right hand side of (4.12) corresponds to what is commonly referred to as
topological energy. We may also rewrite the h-perturbed topological energy as

1 2 2
EnA) = 5 (1Fa + xVahlfz = 2|(Fa+ 5 Vah)*[7,)
This immediately gives the following lemma.

Lemma 4.13. For any solution A of (4.10), the h-perturbed topological energy &}, (A) is non-
negative. Furthermore, for any such A, we have &,(A) = 0 if and only if it satisfies the equation

(4.14) Fa + %3V a,h =0.

We call any solution A of (4.14) an h-perturbed flat connection. (A more accurate name is
h-perturbed projectively flat connection, but we use the term h-perturbed flat connection instead for
brevity.) The space of gauge equivalence classes of h-perturbed flat connections is the counterpart
of the space of constant pairs in [DFL21]. An h-perturbed flat connection on the cobordism
(W,¢) : (N,w) — (N',w") can be characterized in the following way. After applying a gauge
transformation to an h-perturbed flat connection A on (W, ¢), we may assume that A is in temporal
gauge on the cylindrical end (—o0, —1] x N and R x U. Then there is a connection B on (N, w)
that satisfies the equation

(4.15) Fg+%3Vgh=0

such that the restriction of Ato Z = (—o0, —1] x N U R x U is the pullback of B with respect
to the projection map from Z to /N. (Note that (4.15) is equivalent to saying that B represents an
element of x, (NN, w).) On the complement of Z, the connection A is flat and one can identify A in
terms of its monodromies along homotopy classes of loops.

Example 4.16. Let (N, w) be an admissible pair and K — N be a knot away from w. Let
(W,¢) : (N,w) — (N',w') be the cobordism from Example 4.9 with a cylinder modeled on U, a
codimension zero submanifold of the knot exterior. For any cylinder function h on U, the above
characterization of h-perturbed flat connections allows us to identify the moduli of h-perturbed flat
connections on (W, ¢) with the subspace of x, (N, w) represented by connections that have trivial
monodromy along K. ¢

Next, we consider the local behavior of moduli spaces of solutions to (4.10) around an h-
perturbed flat connection. In this case, the ASD operator for a connection A has the form

Dl : (W, A @su(E)) — L}, (W, (A ® AY) @ su(E))
defined as

(4.17) D(C) 1= (=d%¢, di¢ + (#3Hessa,h(0)) 1),
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where the term (x3Hess 4,h(¢))™ in (4.17) is defined in the same way as in (4.5). The following
lemma provides a description of the kernel of the ASD operator for h-perturbed flat connections
and is a counterpart of the results of [DFL21, Section 4.3].

Lemma 4.18. Suppose A is an h-perturbed flat connection on (W, ¢). Then the kernel of the ASD
operator Dﬁ is given by

(4.19) ker(DY) = {¢ € Ly(W, A' ®@ su(E)) | di¢ = 0, di¢ = 0},
where d"( is the element of L2 (W, A2 @ su(E)) given as da¢ + *3Hessa,h(().

Proof. The claim about the kernel of fol follows from the identity
(4.20) f tr(di¢ A dh¢) =0
w
for any ¢ € L?(W, A! ® su(FE)). In the simpler case that h = 0 (in particular, A is flat), we have

J tr(daC A dal) = f dtr(¢ A dal) + J tr(¢ A da(daQ))
w w w

4.21) = fwdtr(g‘ A daC) + fw tr(¢ A Fa A Q),

where the first term in (4.21) vanishes by Stokes theorem and our assumption on the asymptotic
behavior of (, and the second term in (4.21) vanishes because A is flat. The general case of (4.20)
can be proved by analyzing the contributions from R x U and its complement to the integral in
(4.20) separately using again Stokes theorem and then observing that the contributions cancel each
other out. We refer the reader to [DFL21, Lemma 4.46] for more details where a similar identity is
established. As a consequence of (4.20), we have

JW ]d’;@gf dvol = 2JW ](d’;,g)+|2 dvol.

In particular, if ( is in the kernel of Dg, we have dZC = 0. g

Lemma 4.22. Suppose the inclusion of N \. U into W ~ (R x U) induces a surjective map of
71 and an isomorphism of 7y. Let A be an h-perturbed flat connection on (W, c¢) such that the
connections o € xp(N,w) and o' € x,(N',w') corresponding to the restriction of A to the ends
are non-degenerate critical points of perturbed Chern—Simons functionals. Then ker(fo‘) is trivial
for any h-perturbed flat connection A on (W, ¢).

Proof. Lemma 4.18 implies that any ( in the kernel of DZ satisfies dﬁl( = 0. By following the
proof of [DFL21, Proposition 4.60], we can show that there is an L% 1 section 7 of su(£) such that
dan = (. To be a bit more specific, to define ) at a point ¢ € W, we take a path v : (—00,0] — W
such that v(0) = ¢ and y(¢t) = (t,q0) € (—o0,—1] x N for a fixed gy € N and small enough
values of ¢. In the case that ¢ = (s,qo) € R x U, we require that y(¢) € R x {go}, and in the case
that ¢ is in the complement of R x U, we require that y(t) takes values in this complement for any
t. Then n(q) is given by integrating y*( over (—o0, 0]. (To make sense of this integration, we use
parallel transport with respect to the connection «v* A to trivialize the bundle.)

To show that 7 is well-defined, we need to show that this integral depends only on ¢ and is
independent of the choice of the path. This is straightforward in the case that ¢ € R x U, and we
may assume that ¢ is in the complement of R x U. This can be verified by showing that for any
pathy : (—00,00) — W ~ (R x U), satisfying y(t) = (¢, qo) € (—o0, —1] x N for ¢ small enough

18



and y(t) = (—t,qp) € (—o0,—1] x N for t large enough, the integral of v*( is trivial. For any
T > 1 and using our assumption on the fundamental groups, we can find a compactly supported
homotopy of v in W ~ (R x U) such that the image of ~ is contained in (—o0, —T'] x (N \ U).
Then Stokes theorem and the triviality of d 4( in this region imply that any such homotopy does
not change the value of the integral of v*(. Now by letting " — oo and using the decay of ¢ along
the cylindrical ends, we can conclude that the integral of v*( is trivial.

Next, observe that
| Ik avel = | caano
w w

- | oo

where the last identity follows from the assumption that  is in ker(Dﬁ), and hence d%( vanishes.
As a consequence of the above identity, ( is trivial. O

The following lemma is the counterpart of Lemma 4.18 for the cokernel of DZ.

Lemma 4.23. Suppose A is an h-perturbed flat connection on (W, ¢) that is asymptotic to non-
degenerate perturbed projectively flat connections on the ends. Then the cokernel of the ASD
operator Dﬁ is given by

(4.24) coker(D%) = {(0,r) € L2(W,su(E) ® AT @ su(E)) | dyx = 0},
where for any r € L2(W, A% @ su(E)), the 3-form d'yx € L2 (W, A* ® su(E)) is defined as
d'k := dak — #3Hessa,h((1a,5)t) A dt.

Proof. The non-degeneracy of A at the ends is used to ensure that Df}l is a Fredholm operator.
When this holds, we can identify the cokernel of fox with the kernel of its formal adjoint. The
proof then follows by a similar argument as for Lemma 4.18. (See also the discussion preceding
[DFL21, Lemma 4.57].) ]

Let (N,w), K < N, the 2-handle cobordism (W, ¢) be as in Example 4.9, and U be a codimen-
sion zero submanifold in the exterior of K such that K is null-homotopic in N ~ U. There is an
immersed sphere o : S — W ~ (R x U) consisting of the union of the core o, of the 2-handle
and a nodally immersed disk o_ in (—o0, —3] x (/N \. U). Here we assume that the boundary of
the core of the 2-handle o is contained in {—3} x N. Similarly, the co-core of the 2-handle gives
an embedded disk o’, with boundary in {3} x N’, and we glue to ¢, the subset [3,0) x do’, of
[3,00) x N’ to obtain the embedded open disk ¢’ in W. We write p for the intersection point of
o and o’. Fix a cylinder function h on U, and let A be an h-perturbed flat connection on (W, c).
As an analogue of Lemma 4.22, we wish to obtain information about the cokernel of Df}l. The
following discussion will be used in the next section to show that the cokernel of DZ under some
additional constraints is trivial.

Let V be the pullback of the normal bundle of the above immersed sphere with respect to the
map o, and extend ¢ to an immersion & from V to a tubular neighborhood of the immersed sphere
in W, which we may assume is still contained in W ~ (R x U). The pullback 5* A is a projectively
flat connection on V/, and its adjoint defines a rank three local system £ 4 on V. Since this local
system is necessarily trivial, we may fix an isomorphism between H2(V; L 4) and the fiber L, of
L 4 over p. This isomorphism maps v € L, into ¥ - 1), where o is the extension of v into a parallel
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section of L 4, and 7 is a closed differential 2-form with compact support that integrates to 1 over
the fibers of V. We may push forward v - i to W to obtain

(4.25) ba(v) € Q}(W,su(E))

that is supported in the chosen neighborhood of o, and df}l ¢A(v) is trivial. Note that integrating
¢4 (v) over the disk ¢’ gives the element v € L,,.

Lemma 4.26. Let the perturbed projectively flat connection A be asymptotic to non-degenerate
perturbed projectively flat connections on the ends of (W, c). Then for any k € L (W, AT ®su(E))
satisfying d'yk = 0, there are v € L, and £ € L2(W, A\! ® su(E)) such that k = ¢a(v) + d¢&.
Furthermore, if k is nonzero, then we have

—f tr(6a(v) A a(v)) > 0.
w

In particular, v is non-zero.

Proof. We follow a similar proof as in [DFL21, Proposition 4.63]. First we make an observation
about the case of cylinders. Suppose Ay is a perturbed flat connection on (—o0,%y) x N in
the temporal gauge. In particular, Ay is the pullback of a perturbed flat connection B. Suppose
Ko € L2((—00,t9) x N, A’®@su(E)) satisfies dfﬁlo ko = 0 and decays exponentially fast as t — —o0.
Thus, if we define

t
(4.27) 60 (t7 y) = J Loy RO (7—7 y)7

then & decays exponentially fast and it belongs to L% ((—o0,ty) x N,A! ® su(E)). Using the
assumption dfﬁlo ko = 0, one can see that kg = df}lofo. Note that the assumption that A is in
temporal gauge is not necessary because we may always apply a suitable gauge transformation to
Ap (and kg) such that this assumption is satisfied. Similarly, if A; is a perturbed flat connection on
(to,0) x N’ in temporal gauge, and k1 € L2 ((to,0) x N', A? ® su(E)) satisfies dﬁlm = 0 and
decays exponentially fast as ¢ — oo, then

0

@.28) &) = [ am(ry)
t
belongs to L} ((to, o0) x N’, A' ® su(E)) and we have r; = d’y &.

There is an improvement of the above observation which shall be useful for us. In the previous
paragraph, if ko vanishes on (tp — €,tp) x N for some ¢ > 0, then we may assume that the
restriction of &y on (t9 — £/2,t9) x N is trivial by the following modification. First we may again
assume that Ay is the pullback of a non-degenerate perturbed flat connection B on (N, w). The
restriction of (4.27) to (tg — &,tp) x N is the pullback of a 1-form z over N in the kernel of
*dp + Hessph. Our non-degeneracy assumption on B implies that z = dpn for a section 7 of
su(F) over N. Let p : R — R be a bump function that equals 1 on ¢ > ¢ty — 3¢/5 and 0 on
t <to—4e/5. Then & := & — da,(p(t)n) is trivial on (to — €/2,ty) x N and kg = di}lof(/r

Now, we turn to the proof of the first claim of this lemma for € L (W, AT @ su(E)) satisfying
dZI@ = 0. The integral of x over ¢’ can be regarded as an element of £,,. Changing « by an element
of the form d’;‘g does not change this integral, and the integral of ¢ 4(v) over ¢’ is v. In particular,
to prove the claim, it suffices to consider the case that the integral of x over ¢’ is trivial. Next, we
subtract elements of the form dﬁé in three stages such that in each step the support of the resulting
2-form shrinks and finally it becomes empty in the last stage.
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For the first step, we apply the observation in the first paragraph of the proof to the case that
A and k; are the restrictions of A and « to (1,00) x N’ to obtain &;. Since A; is asymptotic to
a non-degenerate perturbed flat connection on this end, x; is exponentially decaying on this end.
Let f : R — R be a function that is equal to 1 over [2,00) and is supported in (1,0). Extend
f - & trivially to the rest of W. Then k — d” (f&;) vanishes on [2,00) x N’. After replacing x with
this 2-form, we may assume that the support of « is contained in the complement of (2, 00) x N’.
In particular, x restricted to ¢’ is a compactly supported 2-form and the integral of this 2-form
vanishes. Since A is flat in a small enough neighborhood Z in W \ ((3,00) x N') of the co-core
and k is d a-closed in this neighborhood, we may find an element ¢’ € L7 (W, A' ® su(E)), which
is compactly supported in Z and df};ﬁ’ agrees with k in a neighborhood of the co-core. Thus,
after replacing x with k — dfg&’ , we may assume that the support of « is contained in the interior
of a subset of TV that may be identified with (—c0,3) x N such that this identification maps
(—o0,—3] x N and (—0,3] x U < W to themselves by the identity map. After making this
identification, we apply the observation in the second paragraph to the case that Ay and kg are the
restrictions of A and « to this region to obtain &y, which we extend trivially to the rest of 1¥/. Note
that we may again argue that  is exponentially decaying on this end because Ay is asymptotic to a
non-degenerate perturbed flat connection on V. In particular, we have kK = d}};fo, which completes
the proof of the first claim.

Next, note that for any x € LZ (W, AT ® su(E)), the expression — tr(x A k) is non-negative,
and the integral of this expression over W' is positive unless x = 0. Thus, to prove the second claim,
it suffices to show that for any ¢ € L (W, A' @ su(E)) and p € L2 (W, A? @ su(E)) satisfying
d i = 0, we have

f tr(dé A p) = 0.
W

This claim is similar to (4.20), and in the case that h = 0, it is an immediate consequence of Stokes’
theorem. The more general case can be verified as in [DFL21, Lemma 4.46]. [l

4.3. Proofs of the main theorems. Now we are ready to complete the proof of Theorem 3 for the
remaining cases that the surgery coefficient is £1. As we remarked in the introduction, it suffices
to focus on the case that the surgery coefficient is —1: we assume that K is a nullhomotopic knot
in a 3-manifold Y such that the Dehn surgery Y_;(K) is homeomorphic to Y in an orientation
preserving way. In particular, the core K’ of Y_;(K) is also nullhomotopic by Lemma 3.1. Let
W Y — Y_;(K) denote the elementary cobordism given by gluing a 2-handle along K. The
following is a crucial step in the proof of Theorem 3.

Theorem 4.29. The cobordism map I*(W) : IY(Y) — I*(Y_(K)) is an isomorphism.

We follow the notation at the end of subsection 4.1 to denote Y*, YEI(K ) and W* for the
admissible pairs associated to Y, Y_; (K) and the cobordism of admissible pairs determined by V.
We also write Xﬂ(W) for the character variety of ¥, defined in the same way as in (2.1), except
that now we are considering a pair of a 4-manifold and a codimension two submanifold. This
character variety can be identified with energy zero solutions of the ASD equation (or equivalently
projectively flat connections) on W#. As in (4.7), x*(W) can be identified with two copies of the
representation variety R(W) := Hom(m (W), SU(2)), and thus it is a real algebraic variety. The
inclusion of Y and Y in W induces restriction maps of character varieties as in Figure 4.

The assumption that K (resp. K') is null-homotopic implies that the inclusion of Y (resp.
Y_1(K)) into W induces an isomorphism of fundamental groups. In particular, the restriction maps
7 and 1’ determine isomorphisms of real algebraic schemes. Therefore, the map /! : (V) —
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XHY) X (Yo1(K))
FIGURE 4. The correspondence associated to the character varieties

x*(Y_1(K)) is an isomorphism of real algebraic schemes, and it maps the Zariski tangent space
HY Y #T3,ad,) at a € x*(Y) to H'(Y_1 (K)#T?, ad,/,-1(,)) by an isomorphism.

Lemma 4.30. The index of the ASD operator D 4 associated to a connection A representing an
element of x*(W) and a metric on W* with cylindrical ends is zero. In fact, the kernel and the
cokernel of this operator are trivial.

Note that we have not perturbed the ASD equation yet, and D 4 is the unperturbed ASD operator.
Because of this, we dropped 7 from our notation for the ASD operator. Since the connection A is
not asymptotic to non-degenerate flat connections on Y# and Y_ﬁ1 (K) (except possibly when the
dimension of the connected component of x*(T¥) containing [A] is zero), we need to modify the
domain and the codomain of D 4 to obtain a well-behaved Fredholm operator. To do this, we use
weighted Sobolev spaces where our function spaces are required to have exponential decay on the
outgoing end and are allowed to have exponential growth on the incoming end, both for a small
enough weight exponent §.

We review this definition in some generality sufficient for our purposes. Suppose (W, c) :
(N,w) — (N’,w') is a cobordism of admissible pairs. Let Li,_ 5.6(W) be the space of functions
fsuchthat7- f e Li(W) where 7 is a smooth function on W which is equal to e’® on the half-
cylinders (—o0, —1] x N and [1,00) x N’ with ¢ being the cylinder coordinates. More generally,
for a vector bundle V" over W, we define the weighted Sobolev space L%_ 5, s(W, V) as the space
of sections o of V such that 7 - o0 € Lz(VV, V). For a connection A on the bundle E determined by
(W, ¢) asymptotic to connections B on (N, w) and B’ on (N, w’) over the ends, the ASD operator
(—d*,d}) determines a Fredholm operator

431 Da: L} (WA @su(E)) — L _;5(W, (A ®AT) @su(E)),

whose index is independent of §, assuming it is a small enough positive real number, and Lemma
4.30 is an assertion about this index.

In the case that A is a flat connection, the kernel of D4 has a characterization similar to Lemma
4.18. In fact a similar argument implies that

(4.32) ker(D4) = {¢ € LY _55(W,A' @ su(E)) | da¢ = 0, d’i¢ = 0}.
This space is isomorphic to the relative cohomology group H' (W, N’;ad 4) with twisted coeffi-

cients, where the local coefficient system ad 4 is given by the flat connection A on the vector bundle
su(F). Similarly to Lemma 4.23, the cokernel of D4 may be identified with

(4.33) coker(Dy) = {(0,k) € L%@_J(W, su(E)® AT ®su(E)) | dak = 0}.
This space is isomorphic to
(4.34) H™(W;ady) @ coker(H(W;ads) — HY(N';adp)),
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where H™ (W ;ad,) is a maximal positive definite subspace of
im(H2(W,N u N';ady) — H2(W;ady))

with respect to the intersection form. By definition, any element of (4.33) decays on the incoming
end, and the first summand in (4.34) is given by the elements of (4.33) that also decay on the
outgoing end. The second summand in (4.34) is determined by the possible limiting values of the
elements of (4.33). This can be regarded as a subspace of H'(N’; ad /), which is the kernel of the
Hessian of the Chern—Simons functional at B’.

The above ASD index is additive with respect to gluing connections; if A is a connection on
(W,e) : (N,w) — (N’,w’) asymptotic to B and B’ on the incoming and the outgoing ends and
A’ is a connection on (W', ) : (N',w') — (N”,w") asymptotic to B’ and B” on the incoming
and the outgoing ends, then we can glue A and A’ to define a connection A; on the composition
(W,e)o (W', ) : (N,w) — (N”,w") which is asymptotic to B and B” on the ends and we have

(4.35) ind(Dy,) = ind(D4) + ind(Da).

Similarly, if (W, ¢) : (N, w) — (N, w) is a cobordism from a pair to itself and A is a connection
on (W, ¢) asymptotic to the same connection on the incoming and the outgoing ends, then we can
glue the ends of (W, c) to obtain a closed pair (W, ¢) and A induces a connection A on this pair.
Then we have

(4.36) ind(D4) = ind(Dy).

Similarly to the non-degenerate case, there is a spectral flow characterization of the above ASD
index in the case that (W, c¢) is the cylinder corresponding to a pair (N, w). Suppose {B(t)}_1<t<1
is a path of connections on (N, w) from B to B’. Then this path determines a connection A on the
product cobordism R x (N, w) that is asymptotic to B and B’ on the ends. The ASD index of the
connection A is equal to the spectral flow of the family of operators L(p()) — d - Id for the same
constant J as above.

Proof of Lemma 4.30. The above characterization of the kernel of the ASD operator for a flat
connection implies that the kernel of D 4 is isomorphic to H'' (W*#, Yﬁl (K);ad ), which is trivial.
Thus, to complete the proof, it suffices to show that the index of D 4 is zero, which then implies the
triviality of the cokernel of D 4.

Let A be asymptotic to flat connections B and B’ on the incoming and the outgoing ends of W*.
Fix a diffeomorphism ¢ : Y — Y_;(K). Then ¢* B’ is not necessarily isomorphic to B. However,
we can find flat connections Ay, ..., Aj on W* for some k such that the following holds:

(i) Ag = 4;
(i) if A; is asymptotic to B; and B; on the incoming and the outgoing ends of W*, then
B, = ¢*B]_, forany 1 <i < k.

(iii) there is a path { B(t)}o<t<1 of flat connections on Y# such that B(0) = ¢* B}, B(1) = Bo,

and the dimension of H'(Y*, ad B(t)) is independent of ¢.

To see why we may arrange for such a sequence of connections, first we consider the decompo-
sition of x#(Y") into the union of the following subspaces:

)@ = {[Ble *(Y) | dim(H' (Y¥,adp)) = i}.

This partition of x*(Y’) is the stratification of this space as a real algebraic variety into the subspaces
where the dimension of Zariski tangent spaces is fixed. In particular, there are finitely many integers

i such that y* (Y)(i) is non-empty, and any such stratum has finitely many connected components;
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see [Stal8, Tag 05P8], [BCR13, Theorem 2.4.5]. The pullback map ¢* : x*(Y_1(K)) — x#(Y) is
an isomorphism of real algebraic varieties because ¢ is a diffeomorphism. As we discussed above
(just before the statement of Lemma 4.30), the maps 7/, r are also isomorphisms of real algebraic
varieties. In particular, ¢* o 7/ o 7~ is an automorphism of x*(Y") as a real algebraic variety. Thus,
it maps x*(Y)(® to itself by a homeomorphism. In particular, it induces a bijection of the set of
connected components of x*(Y")(?. Thus there is k such that ¢*[By] = (¢* o' o r~1)¥*+1([By])
and [By] belong to the same connected component of a stratum x*(Y")(*). This implies that there is
a piecewise smooth path from ¢*[B}] to [ Bo] inside x*(Y")¥) because x#(Y))" is a semi-algebraic
set; see [BCR13, Proposition 2.5.13]. By reparametrizing this path, we may obtain a smooth path in
B(E), which then can be lifted to a smooth path { B() }o<:<1 in A(FE) satisfying the requirements
in (iii).

The path B(t) determines a connection A1 on R x Y which has trivial topological energy
and index. The computation of the index follows from the characterization of the ASD index in
terms of spectral flow and the fact that there is a small enough positive constant § such that any
positive eigenvalue of the operator L gy is larger than . (Here we are using the assumption that
the dimension of the kernel of L ;) is independent of ¢.) Furthermore, the observation in the first
paragraph of the proof implies that the index of each A; with 0 < ¢ < k is non-positive.

The connections Ay, ..., A1 can be glued to each other in the cyclic order to define a con-
nection A on the closed 4-manifold X given by k + 1 copies of W, where we glue the incoming
end of the i*® copy of W¥ to the outgoing end of the (i — 1) copy using the diffeomorphism
¢. Since W has Euler characteristic 1 and signature —1, additivity of the signature and Euler
characteristic with respect to gluing imply that the Euler characteristic and the signature of X are
respectively equal to k£ + 1 and —(k + 1). The topological energy of A, which is the sum of the
topological energies of A;, is equal to zero. Thus, the index formula for the ASD operator on closed
4-manifolds implies that the index of A is zero. Moreover, the relations (4.35) and (4.36) assert
that

ind(Dy,) + -+ +ind(Dy,,,) = ind(Da) = 0.

Since all the terms on the left hand side are non-positive, this identity implies that all the indices
appearing in this formula are zero, completing the proof of the claim. U

Corollary 4.37. Let E be the U(2)-bundle associated to the admissible pair W*, and v # 0 be an
element of the fiber of su(E) over a basepoint on the core of the 2-handle of WE. Then we have

(4.38) — qu tr(da(v) A pa(v)) <O0.

where ¢ 5(v) is constructed as in (4.25).

Proof. Lemma 4.30 and the identification of the cokernel of D4 with (4.34) imply that the space
H*(W*% ad,) is trivial. In particular, the intersection pairing on the image of the map

(4.39) HX (WA Y L Y? (K);ady) — HX(WE ady)

is negative definite. This map factors through H?(W* Y*:ad,), which is three-dimensional

by excision. In fact, the forms ¢ 4(v), as v varies, provide representatives for the image of the

morphism in (4.39). To see this note that the co-core of W# together with an immersed disk

bounding K determines an immersed sphere in T* such that the integral of ¢ 4 (v) over this sphere

is v. In particular, ¢ 4 (v) is a non-trivial element of the image of the map in (4.39) for a non-zero v.

Since the intersection pairing on this image is negative definite, we obtain (4.38). U
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FIGURE 5. The left figure shows the unknot Ky with one of the arcs and an
embedded disk Dy with boundary K, and the right figure shows how Dg can be
turned into an immersed disk with boundary K.

Remark 4.40. In the proof of Lemma 4.30, it is essential to know that Y_; (K) is homeomorphic
to Y in an orientation preserving way so that the glued up 4-manifold X is oriented. This is
the only step that we use this assumption, and for the remaining steps in the proof it suffices to
only assume that Y_; (K) and Y have isomorphic fundamental groups. In Section 5, we discuss
an example where Lemma 4.30 does not hold when Y_;(K') and Y are homeomorphic in an
orientation reversing way. ¢

Next, we need to pick an appropriate perturbation of the Chern—Simons functional of the
admissible pair Y#, which in turn induces a perturbation of the Chern—Simons functional for
Yﬁl (K) and a gradient-like perturbation of the ASD equation for W, To find such a perturbation,
we need the following topological lemma.

Lemma 4.41. Let K be a nullhomotopic knot in a three-manifold Y. Then, there exists a choice
of an immersed disc i : D — Y such that the boundary of this disc is K and the inclusion of
Y — (D) into Y induces a surjection of fundamental groups.

Proof. Since K is nullhomotopic, it can be converted into the unknot by a sequence of k crossing
changes. Alternatively, we can view K as a sequence of k crossing changes on an unknot Ky in Y.
Consider a sequence of disjoint arcs, a1, ..., ar in Y with boundary on K describing the crossing
changes. Let also Dy be a disc with boundary K. By putting the arcs a; in general position, we
may assume that they intersect Dy transversely. We can find an immersed disc D filling K in any
given neighborhood of Dy U a; U ... U ai (see Figure 5). We can fix the latter neighborhood
such that it is given by a 3-ball with several 1-handles attached (possibly more than k if the a;
intersect Dy in the interior), i.e. a 3-dimensional handlebody. Since Y is obtained by attaching 2-
and 3-handles to the complement of this handlebody, the result follows for this choice of D. [J

The disk D provided by Lemma 4.41 determines a disk in Y #7°3, which is still denoted by D.
By Lemma 4.41, we may fix an open subspace U of the complement of a neighborhood of this
disk such that the inclusion of U into Y #T? induces a surjection of fundamental groups. This
requirement on fundamental groups implies that for any distinct a1, oo € x*(Y"), the restrictions
of oy and ay to U are not equal to each other. Similarly, for any o € x#(Y") and any nonzero
¢ € HY(Y#T?3, ad,), the restriction of ¢ to U is not trivial in H'(U, ad,). Now using the
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arguments in [Don02, Section 5.5.1], we may find cylinder functions hi, he, ..., h, asin (4.1)
such that each h; is supported in U, the map

(4.42) hi=(hi,...,hs) : B(E) > R"

restricted to x*(Y") is injective, and the restriction of the derivative of h to H'(Y#T13, ad,), as a
subspace of the tangent space of B(E) at a, is injective for any a € x*(Y).
Next, we use these cylinder functions to define a family version of (V).

Definition 4.43. Let X*(Y") be the subspace of B(E) x R™ given by the tuples ([B], r1,...,7,)
such that

(4.44) «Fg + (r\Vghy + -+ r,Vghy) = 0.

Our assumptions on h; imply that any solution B of this equation is a flat connection on the
complement of U. Since the complement of U contains a regular neighborhood of K and K is
null-homotopic in this complement, any such connection is gauge equivalent to a connection that is
trivial in the regular neighborhood of K. There is an obvious projection map 7 : X*(Y) — R”
such that x#(Y") = 771(0), and this projection map is proper by Uhlenbeck compactness theorem.
For any positive real number €, define

XE(Y) ={([Bl,r1,...,m) € Xﬁ(Y) | |7i] < e for all 7}.

Moreover, for any cylinder function A = r1hy + - - - + r,, hy,, we define X%(Y) as (11, .., ).
The space Xﬁ(Y) is cut out transversely at any point of the subspace Xﬁ(Y). To see this, note
that the linearization of (4.44) at ([B], 0) is given by

(4.45) (B,s) € L2(YH#T3 A @ su(E)) x R™ — #dpf + M(s) € ker(d%).

Here M (s) := s1Vpghi + -+ + s,V hy, where s = (s1,...,,). As in Section 4.1, the cokernel
of this operator may be identified with the cokernel of the operator

L LA(Y#T3, (@A) @su(E)) x R® — L (Y#T3, (A ® AY) @ su(E))

that maps (¢, 8, s) to Lp(§, ) + (0, M(s)). The cokernel of £5 is given by the elements of the
cokernel of Lp that are also orthogonal to V gh; for any <. Since Lp is self-adjoint, any such
element belongs to H' (Y #1%, ad(p)) and is in the kernel of the derivative of (4.42) at [ B]. Our
assumption on h implies that any such element is trivial. Consequently, if € is small enough, (4.44)
is cut out transversely at the elements of XE(Y) Therefore, it is a smooth manifold of dimension
ind(Lgp) +n =n.

The cylinder functions h; are supported in the complement of a tubular neighborhood of K. In
particular, they induce perturbations of the Chern—Simons function for Yfl (K), which we denote
with the same notation. In particular, we obtain the analogue of (4.42) as

(4.46) B = (hi,... hy) : B(E') > R"
where E’ denotes the U (2)-bundle associated to the admissible pair Y_ﬁl(K ). We also form
XHYL(K)),  XEVL(K), X ((K)

as in the case of Y. We write 7/ for the counterpart of the map 7. For any o € x#(Y), we

have h(a) = h/r'r~1(a) because the restrictions of o and 7/r~1(«a) to U agree. Similarly, the

derivatives of h and A/r'r~! restricted to H' (Y #7T3, ad,,) agree. In particular, the restriction of A’

to x*(Y_1 (K)) is injective, and the restriction of the derivative of &’ to any H'(Y_1(K)#T2,ad,)
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is injective for any o/ € Xﬁ(Y_l(K )). As in the above paragraph, we conclude that if € is small
enough, then XE(Y_l (K)) is cut out transversely, and it is a smooth manifold of dimension n.

Let [B] € B(E) be a connection such that its restriction to the fixed tubular neighborhood of K is
gauge equivalent to the trivial connection. Then the restriction of [ B] to the exterior of K is trivial on
the boundary. This restriction may be also regarded as the gauge equivalence class of a connection
on the exterior of K’ in Y_ﬁ1 (K), that can be extended by the gauge equivalence class of the trivial
connection to the tubular neighborhood of K. This gives a well-defined gauge equivalence class of
a connection on Yfl (K) that depends only on [B] and is denoted by ([ B]). In particular, for any
([B],t1, ... tn) € XE(Y), ([ B]) is defined and (1)[B], t1,...,t,) € X*(Y_1(K)) because the
supports of the cylinder functions h; are in the complement of the fixed tubular neighborhood of K.
It is straightforward to see that this defines a smooth map

U XE(Y) - XE(Y(K)), U([B],t1, .- tn) = (Y[B], tr; .- - 1)

that satisfies 7/ = 7, the restriction of ¥ to x#(Y") is equal to 77!, and the restriction of the
derivative of ¥ to H' (Y #T3,ad,) with o € x*(Y") agrees with the homomorphism induced by
r'r~! on this Zariski tangent space. In particular, the derivative of W restricted to such tangent
spaces is injective.

Lemma 4.47. There is an arbitrarily small h such that XEL (Y) and XEL (Y_1(K)) are non-degenerate
and have the same number of elements.

Proof. First we show that the map U is a local diffeomorphism at the points of x#(Y"). It suffices to
show that at any point ([B],0) € X£(Y), the derivative of W is injective. If (3, s) € T([B],O)XE(Y)
is in the kernel of the derivative ¥, of ¥, then we have

This implies that this element of the kernel of ¥, belongs to H!(Y#T3, adg). As we discussed
above, the restriction of W, to this Zariski tangent space is injective, which gives the claim. Since
7 and 7’ are proper, ©'¥ = 7, the map ¥ is a local diffeomorphism at the points of 7—1(0),
and ¥ maps 7~ 1(0) to 7'~1(0) by a bijection, we have that ¥ induces a diffeomorphism from
XE(Y) to XE(Y_1(K)) after possibly making & smaller. In particular, for & small enough, ¥ maps
X%(Y) = 7 (h) to X%(Y_l(K)) = 7'~!(h) by a bijection. By Sard’s theorem, we may pick
such h that is a regular value of 7, 77’ and it is arbitrarily small. Then, X%(Y) and X&L(Y—l (K)) are
non-degenerate. 0

Now, let i be chosen such that it satisfies the claim in Lemma 4.47. In particular, X%(Y) and

X,ﬁl(Y,l (K)) consist of a finite set of non-degenerate critical points and have the same size. Fix a

Riemannian metric on W* with cylindrical ends as in Example 4.9 such that it contains an isometric
embedding of R x U with product metric for the open set U constructed above. In particular, the
cylinder function h = r1hy + - - - + r,h, induces a gradient like perturbation of the ASD equation
on W¥. We write X,ﬁl(W) for the space of all h-perturbed flat connections on W¥. As in Figure 4,
restriction maps to the boundary determine the following correspondence:
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X5 () X (Y1 (K))

As it is explained in Example 4.16, we can identify Xi(W) as the space of all gauge equivalence

classes of connections in X%(Y) whose holonomy along K is trivial and the restriction map 7,

is given by inclusion. Similarly, X%(W) is given by the set of elements of Xi(Y_l(K )) whose
holonomy along K is trivial and 7}, is the inclusion map. In particular, 7, is a bijection and 77}, is
injective. Since xi(W) and X%(Y,l(K )) have the same size (by Lemma 4.47), we conclude that

7}, is also a bijection.

Proposition 4.48. If h is small enough, then for any h-perturbed flat connection A, the ASD
operator Df}l has trivial kernel and cokernel. In particular, it has index zero.

Proof. The claim about the kernel follows from Lemma 4.22 without making any assumption on
the size of h. Next, we show that if / is small enough, then the cokernel of Df}‘ is trivial. If this

claim does not hold, then there is a sequence {4;} with [4;] € X%i (W) such that h; — 0 and the
cokernel of D% has a non-trivial element. By Lemma 4.26, for any 7, there is a non-zero vector v;
in the fiber over a fixed basepoint on the 2-handle in TW# such that

(4.49) - JW tr(pa, (vi) A ¢a,(vi)) > 0.

Without loss of generality, we may assume that v; has norm 1. By Uhlenbeck compactness, the
sequence of connections A;, after passing to a subsequence and applying gauge transformations,
is C™-convergent on compact subspaces of W to a connection A, representing an element of
¥ (W). We may also assume that v; is convergent to a unit vector v,. Since ¢ 4, (v;) depends
on A; on a fixed compact subspace of W, we conclude that ¢ A; (Vi) = ¢4, (Vo). Thus (4.49)
implies that

- || (6 w2) A 04, (00)) 20
W
which contradicts (4.38). t

Proof of Theorem 4.29. First we prove this theorem under some simplifying assumptions. We have
already arranged the cylinder function h such that the perturbation of the Chern—Simons functionals
of Y and Y_ﬁ1 (K) by h have non-degenerate critical points. We temporarily assume that these
perturbations can be used to form the instanton Floer complexes for Y# and Y_ﬁ1 (K). That is to say,
the moduli spaces My, (Y*; o, )4 and M, (YL(K); o/, B")q for d < 1 are regular. We also assume
that the moduli spaces Mh(Wﬁ, a, o) g of the perturbed ASD equation with d < 1 are regular
where the perturbation is given by the gradient-like perturbation of the ASD equation associated to
h. Proposition 4.48 implies that this assumption holds for h-perturbed flat connections over W¥.
However, it does not necessarily hold for other elements of these moduli spaces.

To show that the homomorphism I(1W*#) associated to W is an isomorphism, we show that
the corresponding chain map C(W?¥) : C,(Y*) — C*(Yfl(K)) is an isomorphism. The Floer
complexes Cy(Y*?) and C, (Y_ﬁl(K )) are vector spaces generated by the elements of XEL(Y) and
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X%(Y—l (K)). In the following, we write J for the bijection 7} o, ' and the induced isomorphism

Cu(YH) — C*(Y_ﬁl(K )). Lift the relative grading on Cy(Y*) into an absolute grading in an

arbitrary way and then lift the grading on C (Yfi1 (K)) in a way that C'(W*) preserves the grading.

Then Proposition 4.48 implies that for any generator o € X%(Y) of C(Y'"), the corresponding

generator J(«) of X% (Y_1(K)) has the same grading as «.

We define an ordering on the elements of x%(Y) with the same grading. Let a and 3 be elements
of XEL(Y) whose gradings are equal to each other. Then there is a connection Ag on R x Y* with
ASD index zero whose restrictions to (—o0, —1] x Y* and [1,00) x Y# are respectively pullbacks
of representatives for a and 5. For any other such connection Aj, there is an element u of the
gauge group associated to the admissible pair Y# such that Ay — u* Ay is compactly supported.
In particular, (4.12) implies that £, (Ap), defined in (4.11) with TV being the product cobordism
associated to Y, depends only on « and /3, and we write a > 3 (resp. a > ) if E,(Ag) < 0 (resp.
Eh(Ao) < 0).

For connections «, 3 with & > 3, let 8’ = J(3) and A be a connection over W representing an
element of the moduli space Mj,(W#, o, 3')o. Then Lemma 4.13 implies that £,(A) = 0. Now, let
A be as above and A’ be the connection obtained by gluing Ag over R x Y* and the h-perturbed
flat connection 7’,:1 (B). Proposition 4.48 and additivity of indices with respect to gluing imply
that the ASD operator associated to A’ has index zero. Since the connections A and A’ on W*
have the same indices and are asymptotic to the same connections on the ends, they have the same
topological energy. Thus, (4.12) implies that £, (A) and &£, (A’) are equal to each other. We can
use this to see

En(Ag) = En(Ao) + En(r; 1 (B))
=& (A) = &,(A) = 0.

This is a contradiction unless £, (A) = 0, where another application of Lemma 4.13 shows that
B' = J(«a) or equivalently o = 3. In summary the moduli spaces Mj,(W*, a, 5')o, which are used
to define the chain map C'(W*), are non-empty only if 3 > « or o = £3. In the latter case, the
moduli space M, h(Wﬁ, a, ") contains exactly one element which is h-perturbed flat. Thus, for any
Q€ XEL(Y), the element C'(W#)(a) of C (Y_ﬁl(K)) is equal to +J(«) plus a linear combination
of terms with higher order with respect to >. In particular, C'(W*) is an isomorphism.

Next, we turn to the general case, where we might need additional perturbation terms for the
Chern—Simons functionals and the ASD equation. First we perturb the cylinder function A further to
guarantee that the instanton homology groups of Y# and Y_ﬂ1 (K) are defined. Using the arguments
in [Don02, Section 5.5.1], we can find arbitrarily small cylinder functions ¢ and ¢’ associated to Y
and Y_ﬁ1 (K) such that the following properties hold:

(i) g (resp. ¢') is trivial in a neighborhood of X%(Y) (resp. X% (Y_1(K))), and the critical
points of the perturbation of the Chern—Simons functional of Y (resp. Y_ﬁl(K Dby h+g
(resp. h + ¢') are X%(Y) (resp. X%(Y_l(KV)));

(i) the moduli spaces M}, ,(Y¥ a, B)4 and Mh+g/(Y_ﬁ1(K); o/, 8")4 for d < 1 are regular.

There is also a secondary perturbation term w for the ASD equation on W such that the moduli
spaces M, (W*, a, a’)4 of solutions to the equation

(4.50) Fyi + (#3Va,h)" + p-(8)(#3Va,9)" + p1 (1) (x3V 419") " +w(4) =0
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withd < 1, € X%(Y) and o' € X%(Y_l(K)) consist of regular elements. Here 7 = (w, h+g, h+

g'), and we can assume that w is as small as we wish. Using Uhlenbeck—Floer compactness and the
observation in the simplified case, we see that if g, ¢’ and w are small enough and 8’ = J(3), then
the moduli spaces M, (W, a, )¢ with o > S are empty unless o = 3.

Next, we show that M, (W*¥ «a, o) with o’ = J(a) consists of exactly one element if g, g’ and
w are small enough. Let A* = r;l(a). Proposition 4.48 implies that

Do : LW, A @ su(E)) — LE_1(W, (A’ @ A") @ su(E))
is an invertible operator. In particular, there is an operator
Q:Li (W,AT ®su(E)) — ker(d.) < L(W, A' ® su(E))

such that
Qodi(a)=a,  diloQ(z) =2z

where dz’ah i= dfia + (x3Hessaah)", a € ker(d%.) and z € L;_, (W, A" ® su(E)). Using the
Coulomb gauge slice, any connection in a small neighborhood of the gauge equivalence class of
A® has the form A® + a for a € ker(d*. ). For any connection of this form, equation (4.50) has
the form

(4.51) d}:l(a) = P(a),
where

P(a) = —(a rna)" = qn(a) = p-(t)(#3Vara9) ™ = p+ () (*3Variarg) " — w(AY + a),
with
qn(a) = [*3(Vagra,h — Vash — HessAgh(at))]+.

By setting a = Q(z) for z € L} ,(W,A" @ su(E)), we see that (4.51) can be written as the
following fixed point equation:

(4.52) PQ(z) = .

It is straightforward to see that if g, ¢’ and w are small enough, then PQ(z) defines a contraction on
a neighborhood of the origin in L7 (W, A" ® su(E)), and hence (4.52) has a unique fixed point.
A compactness argument as in the previous case shows that there is no solution outside of this
neighborhood. This means that M (W¥, a, a’)o with o = J(«) has exactly one point. Therefore,
as in the simplified case, C(W*) is an isomorphism. O

Proof of Theorem 3. Let K < Y be a non-trivial null-homotopic knot such that Yy, ,(K) is
homeomorphic to Y in an orientation preserving way. By Theorem 6, we may assume that
m/n = —1. The surgery exact triangle of [Scal5] applied to the knot K in the admissible pair
Yt = (Y4713, S') implies that there is an exact triangle of instanton Floer homology groups of
the form

: :

@53) - = ) EW By (K)) = T(Yo(K)#T?,wo u S1) — 1Hy) 7, .

where wy is the embedded 1-manifold given by the core of surgery in Yy(K). Since I*(W) is an

isomorphism by Theorem 4.29, (4.53) implies that I(Yy(K)#13,wo U S1) is trivial. Thus, we

can apply Theorem 2.4 to conclude that K is the trivial knot, which is a contradiction. U
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Proof of Theorem 4. Suppose f is an (orientation-preserving) homeomorphism from the comple-
ment of K’ to the complement of K. Extending f over the filling gives a homeomorphism from Y
to some surgery on K < Y. Lemma 3.1 shows that K’ is nullhomotopic.

If K and K’ are both trivial, the claim follows immediately. If one of them is non-trivial, then
without loss of generality we can assume it is K. By applying Theorem 3 we deduce that the
surgery is trivial, and the conclusion follows. O

Proof of Theorem 5. Suppose K < Y and K’ < Y’ are null-homotopic and have homeomorphic
exteriors. By changing the orientation of Y if necessary, we can assume that the homeomorphism
is orientation-preserving. We deduce that there is an (orientation-preserving) homeomorphism
from Y’ to some Dehn surgery Y, () that maps K " with the dual knot. From now on we
identify Y’ with Y}, ;,(K), and K’ to the dual knot. By Lemma 3.1, we have that Y and Y’
have isomorphic fundamental groups. The assumptions that Y is irreducible and not a lens space
imply (by geometrization) that Y and Y’ are homeomorphic to each other; see for example
[AFW 15, Theorem 2.1.3].

We claim that the homeomorphism between Y and Y can be chosen to be orientation-preserving.
For this, we resort to Lemma 3.1 again, which says that the surgery coefficient is 1/n for some inte-
gern. If n = 0, the surgery is trivial and Y = Y”. If n # 0, as in the proof of Lemma 3.1, we have
a cobordism W from Y to Y’ consisting of several 2-handles, such that the map 71 (Y) — w1 (W)
induced by inclusion is an isomorphism. In particular, the attaching circles are nullhomotopic. By
extending these nullhomotopies to the 2-handles themselves, and then restricting to the outgoing
boundary Y’, we obtain a degree-1 map f : Y’ — Y that induces an isomorphism on 7.

We now distinguish two cases. If 71 (Y") is infinite, then Y is aspherical (see [AFW 15, Section
3.2, (C.1)- (C.2)]). By [AFW 15, Theorem 2.1.2(2)], there is a homeomorphism & : Y’ — Y such
that h, = fx on 7y, so deg(h) = deg(f) = 1 and h is orientation-preserving. If 71 (V") is finite, Y’
must be an elliptic 3-manifold. The hypothesis tells us it is not a lens space. This implies that Y’
has no self-map of degree —1; see [SWWZ12, Example 2.6]. We deduce that the homeomorphism
we constructed from Y to Y in the first place must have been orientation-preserving.

In both cases, Y and Y are orientation-preserving homeomorphic. We may assume that Y = Y,
and by applying Theorem 4 we conclude that K = K'. (|

5. AN EXAMPLE ILLUSTRATING WHY ORIENTATIONS MATTER

As discussed in the introduction, there are pairs of knots in distinct lens spaces with orientation-
preserving homeomorphic exteriors. In this section, we show where the arguments used in this
paper to prove Theorem 3 break down for such an example. A key computation is Lemma 4.30,
which shows that when Y_; (K) is orientation-preserving homeomorphic to Y, the index of a flat
connection in x#(1¥) associated to the 2-handle cobordism W : Y — Y_;(K) is 0; that the two
ends have the same orientation is used to be able to glue up the incoming and the outgoing boundary
components of multiple copies of the cobordism W to build a closed 4-manifold where we can
use index formulas to compute the index of the ASD operator. In this section, we carry out the
index computation for the example from the introduction given in Figure 1. To get a (—1)-framed
2-handle cobordism, we reverse orientation and view K as a knot in —L(5, 1) with a —1-surgery
to L(5,1).

Proposition 5.1. Let K be the above knot in —L(5, 1) with —1-surgery to L(5,1). Let

W —L(5,1) — L(5,1)
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FIGURE 6. The 2-handle cobordism W from —L(5, 1) to L(5,1).

be the associated 2-handle cobordism and p : (W) — SU(2) be a non-trivial abelian repre-
sentation. Then for the projectively flat connection A* on W associated to p, the index of D A IS
non-zero.

In particular, this proposition shows that Lemma 4.30 fails if we relax the orientation-preserving
homeomorphism assumption to an arbitrary homeomorphism.

Proof. Throughout this proof, we will write Y for the lens space L(5,1). In particular, Wtis a
cobordism from —Y* to Y. In the same way as in the proof of Lemma 4.30, we see that the
kernel of the operator D 4 is trivial. To verify that the cokernel of D 44 is non-zero, we show that
H™*(W¥*; ad 4) is non-trivial. By excision, it suffices to show H* (T;ad ) is non-zero, where A
is the flat abelian connection on W associated to p. The local system ad 4 splits as R@ C o where R
is the trivial bundle over W and C,, is a flat complex line bundle determined by p. More specifically,
we may assume that p maps the generator of 71 (V) to the diagonal matrix in SU (2) with diagonal
entries w” and w™* where w = €>™/% and 1 < k < 4 is an integer. Then C, is the quotient of the

trivial line bundle C over the universal cover W of W/ by the action of (W) which maps the fiber

over z € W to the fiber over 7(z) by multiplication by w?*. Here 7 : W — W is the covering
action corresponding to the generator of 71 (W). Since W is negative-definite, we have the splitting

H*(W;ads) = HY(W;R)@ H*(W;C,)
~ H*(W;C,)

Therefore, we would like to see that H*(W; C ) is non-zero.

A relative Kirby diagram for W is given in Flgure 6, and from this we may see that Figure 7
gives a relative Kirby diagram for the universal cover W :—Y — Y. Here Y, the universal cover
of Y, is the 3-dimensional sphere. A basis {v1, vo, ..., vs} for the second cohomology group of
W is given by the Poincaré duals of the red 2-handles in Figure 7. The induced action by the
generator of m1 (W) = Z/5 is given by the obvious cyclic permutation v; — v;+1. If we orient the
red curves in Figure 7 in a Z/5-invariant fashion, each connected component of the red link has
linking number —1 with the neighboring components and linking number 0 with the remaining
two components. By the Z/5-symmetry the framings of the red components are equal to the same

integer a. Using the computation of the linking numbers, we see that the sum Z of the cohomology
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FIGURE 7. The universal cover, W, of the 2-handle cobordism W.

classes v; satisfies the self-intersection relation

¢-¢="5(a—2).
Since 5 is the pullback of the cohomology class ¢ associated to the red curve in Figure 6, we have
$-{=5¢¢=-5,

From this, we conclude that the framings of the red curves in Figure 7 equal a = 1, as it is indicated
in the figure. In particular, the intersection form of W, with respect to the above basis, is

1 -1 0 0 -1
-1 1 -1 0 0
(5.2) Q=0 -1 1 -1 0
0 0 -1 1 -1
1 0 0 -1 1

In the above presentation, the i*" row and the i*" column correspond to the basis element v;.
Now, we can see easily that H%(WW; C p) is the 1-dimensional complex vector space generated

by Y, w**v;, and the Hermitian form on H?(W; C,) determined by (5.2) is positive definite on
this vector space. In summary, the cokernel of D 43 is 2-dimensional. ([l
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