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1 Introduction

In this research, we will be concerned with the operational problem of managing a multi-echelon, multi-product
supply chain, in which inventories are renewed periodically over a finite planning horizon, while trying to meet
unknown demands from customers and minimize a combination of ordering, holding and backlogging costs. This
problem is certainly not new in the field. Multi-period models have been traditionally studied under distributional
assumptions for the demand, in formulations for both single and multi-echelon, with finite or infinite horizon, and
more general cost structures (see Zipkin (2000) and references therein). Several researchers have also provided
distribution-free (robust) formulations for the problem (see Gallego et al. (2001), Ben-Tal et al. (2005), Bertsimas
and Thiele (2006) and references therein), and have discussed their performance, tradeoffs, assumptions and
general modeling philosophy. Therefore, the goal of our current work is not to justify the use of robust (and,
more generally, distribution-free) techniques. Rather, we take the modeling approach as a given, and investigate
the performance and tractability of a new class of ordering policies, parameterized directly in the observed
demands, in the context of a general class of supply chain problems. The results presented here are based on our
two journal papers, Bertsimas et al. (2009a,b), to which we refer the interested reader for complete details.

Our contributions can be summarized as follows. For the case of a single echelon, with any convex inven-
tory cost and linear ordering cost, we prove that ordering policies that are affine in past demands are optimal.
Furthermore, we prove that a certain affine relaxation of the inventory costs is also possible, without any loss of
optimality, which gives rise to efficient algorithms for computing the optimal affine policies when the inventory
costs are piecewise affine. In particular, the user needs to solve a single Linear Programming Problem (LP), with
O(M - T?) variables and O(M - T?) constraints, where T is the planning horizon, and M is the maximal number
of pieces in the inventory cost (e.g., for Newsvendor costs, M = 2). To the best of our knowledge, this is the first
result of its kind, and it provides intuition and motivation for the widespread advocation of such policies in both
theory and applications. Our theoretical results are tight (if the conditions in the problem are slightly perturbed,

then simple counterexamples can be found), and the proof of the theorem itself is atypical, consisting of a forward



induction and making use of polyhedral geometry to construct the optimal affine policies. For complete details,
we refer the interested reader to our journal paper, Bertsimas et al. (2009b).

The proof also delivers insight into the structure of the optimal ordering policies. More precisely, with the
order quantities qx,Vk € {1,...,T}, depending affinely on the past observed demands, wy,...,w,_1, the affine
coeflicients corresponding to a particular demand, w;, can be interpreted as decomposing the satisfaction of that
demand by means of future orders, q;y1, ¢et2, - - -, gr. This result resembles that of Muharremoglu and Tsitsiklis
(2007), but is obtained under very different techniques and assumptions.

In the case of a general supply chain with a single demand node, we prove that the optimal ordering policies
depend multi-linearly on the past-observed demands, and computing them requires solving an exponential Linear
Program (LP). Motivated by this result, we consider ordering policies that depend polynomially on the past-
observed demands. Since the resulting optimization problems become non-convex, we provide an efficient convex
relaxation, allowing the user to compute policies of fixed degree by solving a single Semidefinite Programming
Problem (SDP). Our approach is general purpose, i.e. it can be applied “out-of-the-box” to any supply chain
configuration, allowing for any linear combination of constraints on order quantities and inventories. It is simple,
requiring few model inputs from the user, and it allows for an explicit trade-off between computational efficiency
and quality of the objective, by means of the degree of the polynomials. Complete details and proofs can be
found in our journal paper, Bertsimas et al. (2009a).

We provide numerical results for such polynomial policies of degree up to 3 for the case of a serial supply chain,
and compare their performance with the optimal value of the problem (obtained by solving the exponential LP).
Our numerical results are very promising, indicating that quadratic policies significantly reduce the optimality
gap, while cubic policies are always within 1% of optimality (with a median for the relative optimality gap of less

than 0.01% in all our simulations).

2 Optimality of Affine Policies in the Demands for the Single Echelon
Problem

The model here is the following: over a planning horizon T, unknown demands w; arrive at the (unique) echelon,
henceforth referred to as the retailer, and are satisfied from the on-hand inventory, denoted by z; at the beginning
of period ¢. Unmet demands can be backlogged, and the retailer can replenish inventory by placing orders u;, at
the beginning of each period ¢, for a cost of ¢; per unit of product. The orders are immediately available (zero
lead-time), but there are capacities on how much can be ordered: L; < u; < U;. After the demand wy is realized,
the retailer incurs a cost hi(z¢41) that depends on the net inventory at the end of the period, z¢41 = xt +ur — wy.
The only restriction imposed on h; is that it is convex (one such example is the classical Newsvendor cost,

hi(xt41) = Hy - max{0, 441} + By - max{—x+41,0}).



The goal is to find ordering policies {ux(-)}; ;< minimizing the worst-case cost:

n%iln [01 Sup + Irgualux{hl(xz) N IBiTn(cT “up + nglus;x hr(xryr) ) .. H
(P) s.t. Th41 = Tk + Uk — Wk,
Ly <up < Uy, Vke{1,2,...,T},
where the initial inventory z; is assumed fixed, and the demands wy € Wy £ [wy, ,Wk] C R.

Letting J,,as denote the optimal cost in (P), and w* = [wy, ..., wy_1] the history of demands known at the

beginning of time k, our main result can be summarized in the following theorem:

Theorem 1. For every time step k=1,...,T, the following quantities exist:
e an affine ordering policy, qi,(w*) o qk0 + Zf:_ll Gkt - We,
e an affine stage cost, zk('wk*l) = 2k,0 + Zle Zk,t © Wi,

such that the following properties are obeyed:

Li < qu(w®) < Uy, VP e Wy x - X Wy_1 (1)
k
Zk(’warl) > hk <{E1 + Z(qt(wt) — wt)), V’warl S Wl X e X Wk (2)
t=1
k k
T = wlmax [ (Ct g (w') + zt(wt—i-l)) + Ji (xl + Z (Qt(’wt) — wt))} . (3)
g t=1

The interpretation of the above statements is as follows. (1) confirms the existence of an affine policy gx(w")
that is robustly feasible, i.e. that obeys the order capacity constraints, no matter what the realization of the
demands may be. (2) states the existence of an affine cost zj(w"*!) that is always larger than the convex
cost hi(zg4+1) incurred when the affine policies {q.(-) }1<i<k are used. (3) guarantees that, despite using the
(suboptimal) affine control law g;,(w*), and incurring a (potentially larger) affine stage cost z;(w**1), the overall
objective function value is not increased.

The proof of the theorem proceeds by forward induction on the time step, and examines the adversarial
problem (i.e. the maximization solved by the demands). It is shown that, due to the geometrical structure of the
feasible set, only k extreme demand sequences can actually cause the worst-case cost to occur at time k. Since
the affine order quantity at time k has exactly k degrees of freedom (i.e. coefficients), these can be chosen so as
to mimic the performance of the (truly) optimal policy at the k extreme demand sequences, thereby preserving
the worst-case cost. A similar construction is done for the affine costs, zj(w*+1).

Apart from the theoretical result that affine policies gi(w*) are optimal for Problem (P), the theorem also
hascomputational implications. When the convex costs hy (k1) are piecewise affine, with at most M pieces, a

set of optimal affine policies {qk(w can be computed by solving a Linear Programming problem with

k
)}1§kgT
O (MT?) variables and O (MT?) constraints (refer to Ben-Tal et al. (2005) for details).

Furthermore, the following characterization of the affine ordering policy is a direct result:



Theorem 2. If the affine orders q;(w?) computed by our procedure are implemented at every time step t, and we
let zp,(w*) = z; + Zf;ll (qe(w?) — wy) o Tko + Zf;ll Tt - wy denote the affine dependency of the inventory xy

on the history of demands, w"*, then:

1. If a certain demand wy is fully satisfied by time k > t+1, i.e. x = 0, then all the (affine) orders g, placed

after time k will not depend on wy.

2. Bvery demand wy is at most satisfied by the future orders qi, k > t + 1, and the coefficient qi; represents

what fraction of the demand wy is satisfied by the order gj.

If we think of {qx }x>t+1 as future orders that are partially satisfying the demand w;, then every future order
quantity g (w"*) will satisfy exactly a fraction of the demand wy, and every demand will be at most satisfied
by the sequence of orders following after it appears. This interpretation bears some similarity with the unit
decomposition approach of Muharremoglu and Tsitsiklis (2007), where every unit of supply can be interpreted as
satisfying a particular unit of the demand. Here, we are accounting for fractions of the total demand, as being

satisfied by future order quantities.

3 General Supply Chain

As an extension of our earlier model, we next examine the case of a general supply chain. More precisely, consider
a network consisting of J echelons j = 1,...,J, managed over a planning horizon of T" periods. To simplify the
exposition here, assume there is a single product transferred in the network, and zero lead time in shipping the
product between the different echelons (the model can be extended to handle multiple items and deterministic,
positive lead times, by suitably increasing the state and the control). The evolution of the supply chain can be

modeled as the following constrained linear dynamical system:
zk+1)=A -x(k)+B-uk)+C-w(k) (4)

F>E, x(k)+ E, - u(k), (5)

where the state variable, (k) € R”, is the vector of all local inventories at the beginning of time k, the control
u(k) € R™ denotes all orders placed in period k, at all echelons, and w(k) € R™ are the unknown demands
in period k (we assume that unmet demands can be backlogged, and, in the spirit of robust optimization, we
will take the vector w(k) to lie in a suitable uncertainty set, W(k) C R"). A, B, C are matrices of appropriate
dimensions, describing the connections between the echelons, the way in which orders affect inventories, and the
points where the external demands arrive in the system. The constraints (5) capture all the conditions obeyed
by the inventories and orders (e.g., total orders placed in period ¢, at echelon j, by all downstream echelons, are

at most equal to on-hand inventory at j, x;(t); other examples are nonnegativity and capacity constraints).



To complete the description of the system, for every time-step k € {1,...,T}, we consider costs that are
piecewise affine in the inventories (k) and orders u(k), that is, gi (z(k), u(k)) = maxi—1,..r, [co(k, )T - @(k) +
cu(k, )T - u(k)

+ c(k, z’)o}, where 7, is a fixed number. The goal is to find feasible ordering policies u(k) minimizing the cost in

the worst-case scenario:

51(111} lgl (z(1),u(1)) + max {Hl(lzr)l [gg( (2),u(2)) + ... + B g7 41 (x(T +1),u(T + 1))} ” . (6)

For simplicity, we consider the case of a single external demand arriving in every time-period, i.e. w(k) €
Wi = [w,, ,W,] C R (e.g. the serial or assembly network). While results similar to Theorem 1 do not hold,
one can show that multi-affine policies of degree at most 7' — 1 in the disturbances are optimal for the problem.
Furthermore, the maximum in (6) is always reached at the extreme points of the uncertainty set, i.e. {w; ,w;} x
{wy,Wa} % x{wy ,wWr}. Hence, the optimal value can be found by solving a large Linear Program, exponential
in the problem horizon, T' (see Ben-Tal et al. (2005), Bemporad et al. (2003)).

Motivated by these results, consider to ordering policies that depend polynomially on the observed distur-
bances. More precisely, for a specified degree d, the j-th component of the control vector u(k) is a polynomial of

the form: e
(3" K1
di_1
u; (k) (w1, we,. .., wE_1) Z K cwPwg? L ow S with d > d;. (7)
i=1

The new decision variables become the coeflicients K ke {1,...T}, 7 € {1,...,n,},i € {1,... (d‘gk)}.
A typical constraint (5) can now be rewritten equivalently as 0 < f(w),Vw € [w;,w1] X -+ X [wp,Wr],
where f(wi,ws,...,wr) is some polynomial in variables ws, ..., wp, with coefficients given by our decision vari-
ables, El(-k’j). Thus, letting dy,ds,...,dr be the degrees of f(w) in the variables ws, ..., wr, respectively, and
7 d;, we distinguish the following sufficient conditions for such a constraint to hold:

def
dM = Imax;—1

.....

dy odd = 3IS;(w), Ti(w),i=1,...,T,deg(S;) = deg (T3) =dnp — 1, Si, T; SOS,

T
such that f(w) = (w; — w,) - Si(w) + (Wi — w;) - Ti(w) (8)
i=1
dy even = IS(w), Ti(w),i=0,...,T,deg (S) = dpr,deg (T3) = dyp — 2, S, T; SOS
T
such that f(w) Z —w;) - T (w). (9)
i=0

In the above, the conditions S;, T; SOS signify that the polynomials S;,T; are sums of polynomials which are
perfect squares. Since testing whether a polynomial can be written as a sum of squares (SOS) is equivalent to a
linear matrix inequality (see Parrilo (2000)), the problem of finding polynomial policies of the form (7) that obey
all constraints (5) can be written as a Semi-definite Programming Problem (SDP) (see Bertsimas et al. (2009a)
for details).

To test our framework, we consider the model corresponding to a serial supply chain, and compute polynomial

policies of the form (7) by solving the resulting SDPs. For benchmarking purposes, we also solve the exponential



LP yielding the optimal value of the problem. This is done over 100 different problem instances, and we record
different statistics for the relative optimality gaps. Our results, presented in Table 1, indicate that, for horizons
of T' = 7 and number of echelons up to J = 5, policies of higher degree result in strict improvements, with
cubic policies always resulting in relative optimality gaps smaller than 1% (see Figure 1(a) for a typical case).
Also, increasing the problem size (i.e., number of echelons, J) does not affect the reductions in gaps, and the
computational requirements do not increase drastically (see Figure 1(b), which corresponds to quadratic policies).

Table 1: Relative gaps (in %) for polynomial policies

Degree d =1 Degree d = 2 Degree d = 3
J avg std mdn min max avg std mdn min max avg std mdn | min max
2 1.87 | 1.48 1.47 0.00 8.27 1.38 | 1.16 1.11 0.00 6.48 0.06 | 0.14 0.01 0.00 0.96
3 1.47 | 0.89 1.27 0.16 4.46 1.08 | 0.68 0.93 0.14 3.33 0.04 | 0.06 0.00 0.00 0.32
4 1.14 | 2.46 0.70 0.05 [ 24.63 0.67 | 0.53 0.53 0.01 2.10 0.04 | 0.07 0.00 0.00 0.38
5 0.35 | 0.37 0.21 0.03 1.85 0.27 | 0.32 0.15 0.00 1.59 0.02 | 0.03 0.00 0.00 0.15
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Figure 1: Performance of polynomial policies. (a) compares the three policies for problems with J = 3 echelons,
and (b) shows the solver times needed to compute quadratic policies for different problem sizes.
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