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Chapter 1

Introduction

An important object of interest in modern number theory are number fields,
i.e., finite field extensions of Q. By Galois theory, finite field extensions of QQ are
classified by open subgroups of the absolute Galois group Gal(Q®*?/Q). Thus
understanding finite extensions of Q can be translated to understanding the
group Gal(Q*?/Q).

What class field theory attempts to do is to describe the abelianization of
the absolute Galois group

Gal(Q*P/Q)*® =~ Gal(Q**/Q),

or more generally,
Cal(K5P/K)* =~ Gal(K*" /K)

for certain fields K. Again by Galois theory, the abelianization of the absolute
Galois group is the same as the Galois group of the maximal abelian extension,
and therefore what class field theory deals with is the abelian extensions of K.
There are two types of fields K we use in class field theory: local fields, Q,
or F,((t)) or their finite extensions, and global fields, Q or F,(¢) or their finite
extensions. In this thesis, we are mainly interested the case when K is a finite
extension of QQ,, which we shall call a p-adic local field.

Local class field theory provides a surprising description of the abelianization
of the absolute Galois group of a local field K of characteristic zero. The local
Artin reciprocity map is an isomorphism

0k K* =5 Gal(K>P/K)™,

and hence tells us that the abelianization of the absolute Galois group is in fact
isomorphic to a slight modification of the multiplicative group K*.

The subject originated from the celebrated Kronecker—Weber theorem on
abelian extensions of Q. Proven in the late 19th century by Hilbert, build-
ing upon the works of Kronecker and Weber, the theorem gave a complete
description of all abelian extensions of Q, namely that all such extensions are



contained in a cyclotomic field. This immediately gives a concrete description
of Gal(Q*"/Q), since we need only track where roots of unities are sent. How-
ever, this is not satisfactory as it does not contain information about abelian
extensions over other number fields. As stated, it is not even apparent what the
correct generalization it would be for other number fields.

In the late 1890s up until the 1920s, there was a lot of development on
the generalization to arbitrary number fields. Weber formulated the notion
of ray class groups and class fields, and Takagi showed that class fields are
precisely abelian extensions of a given field. Artin conjectured the existence of
the Artin reciprocity map for a number field and ultimately proved it in the
1920s, establishing global class field theory.

Curiously, the global case was dealt before local class field theory was in-
troduced, despite the fact that modern treatments of global class field theory
use local class field theory in constructing the Artin reciprocity map. Local
fields such as the p-adic rational numbers were defined only in the late 1890s by
Hensel, and local class field theory was developed by Hasse in the 1930s, after
Artin reciprocity was proven.

In the modern literature, class field theory is usually stated in terms of the
idele class group and proven using group cohomology. This is a formulation
that was introduced after the main theorems were proved in the classical lan-
guage. The language of adeles and ideles was developed and incorporated to
class field theory by Chevalley in the 1930s. Group cohomology started to be-
come a mathematical object of study only in the 1930s and 40s, and Hochschild
and Nakayama reformulated class field theory in terms of group homology and
cohomology in the 1950s. Tate introduced the Tate cohomology groups and
simplified the cohomological arguments. At this point, the cohomological proof
of class field theory was sufficiently optimized so that books such as Cassels—
Frohlich [CFGT], written in the 1960s, is still used as the standard reference for
class field theory.

There are multiple generalizations of class field theory, the most prominent
one being the Langlands program. Introduced by Langlands in the late 1960s,
the program attempts to relate representations of the absolute Galois group
to automorphic objects. The GL; case precisely recovers class field theory, as
1-dimensional representations of a Galois group necessarily factors through the
abelianization. The complete correspondence is far from being understood and
is an active area of research.

The goal of this thesis is to provide two different explicit ways of under-
standing local class field theory—that is, two different constructions of the Artin
reciprocity maps

0k KX = Gal(K*P/K)™,  0,/5c: K*/NL* = Gal(L/K)™.

In Chapter [I} we review facts about local fields and provide a full statement
of local class field theory. In Chapter [2| we construct the Artin reciprocity
map using Tate cohomology, and use it to give an explicit description of the
Artin reciprocity map. This description is explicit enough so that one can prove



all the functoriality properties of the Artin map through that definition. In
Chapter [3] we provide a second account of the same reciprocity map, but in an
entirely different context. Here, the map is computed by constructing a certain
1-dimensional representation of the Galois group Gal(K®*P/K). Although the
two descriptions are both very explicit, it is unclear to me how to connect the
two approaches.

I would like to thank my thesis advisor Professor Barry Mazur for helpful
and lengthy discussions in his office; without his advice and guidance, this thesis
could not have existed. I am also indebted to Alison B. Miller, who first intro-
duced me to the subject of class field theory in a year-long course. During my
four years of study, the Harvard Mathematics Department provided wonderful
opportunities and a great environment for cultivating myself as a mathemati-
cian. Finally, I would like to thank my family and friends, who sometimes
endured my silly questions and sometimes provided moral support that kept me

going.

1.1 Preliminaries

We provide a quick review on Galois theory and facts about local fields that we
shall use in the following chapters.

1.1.1 Galois theory
Let K be a field.

Definition 1.1.1. A field extension K < L is called Galois extension if it is
algebraic, normal, and separable. (We do not require finite degree.)

Definition 1.1.2. The Galois group Gal(L/K) of a Galois extension K — L
is defined as the group of field automorphisms of L that fix K, where we consider
K as a subfield of L. This is given the topology with base

{Us ={g9 € Gal(L/K) : gx =« for all x € S} : S € L finite}.

This can also be described as the coarsest topology that makes the action
Gal(L/K) x L — L continuous, where L is given the discrete topology.

Because every element x € L has finitely many Galois conjugates, we see
that each U, is a group of finite index. Using this observation, one proves that
Gal(L/K) is a profinite group.

Definition 1.1.3. The absolute Galois group of K is defined as G =
Gal(K®P/K), where K*P is the separable closure of the field K.

Theorem 1.1.4 (fundamental theorem of Galois theory). There is an equiva-
lence of categories

to Ly X --+ X Ly, for L; finite

) { finite sets with a
separable extensions of K

algebras over K that are isomorphic
continuous left GK—action}



that in particular sends

[T(Gx/m) = TJen)™

7

for open subgroups H; C G . This functor moreover sends fiber products of Gy -
sets to tensor products of algebras, i.e., for Gk -equivariant maps S, 52 — T of
sets there is an isomorphism

F(Sy x7 S2) 2 F(S1) ®p(1) F(S2).

Remark 1.1.5. The right hand side may also be considered as the category
of finite étale schemes over Spec K. Thus the theorem may be translated to
the statement that the fundamental group of Spec K being well-defined and
isomorphic to Gal(K*P/K).

This allows us to easily compute tensor product of fields. For instance, if
L/K is a finite Galois extension, the K-algebra L corresponds to the finite set
Gal(L/K) with the Gk-action given by left multiplication through the homo-
morphism Gg — Gal(L/K). Then taking the product at the level of G g-sets
shows that there is an isomorphism

Log L H L.
geGal(L/K)

The map of algebras can be described more explicitly as
> i ®@lai = (ihig(l24)) gecal(L/K) -

If we want to work with infinite field extensions, we have the following cor-
respondence.

Theorem 1.1.6 (fundamental theorem of infinitary Galois theory). There is a
one-to-one correspondence

intermediate field
{closed subgroups H C GK} — {extensions KCLC Kscp}

sending H v (K**)? and L — Gal(K®P/L).

1.1.2 Local fields

Definition 1.1.7. A local field is a field K equipped with an absolute value
function |—|x : K — R>¢ satisfying the following properties:

(1) || = 0if and only if z =0,
(2) there is an element 2 € K such that |z| # 0,1,



@) lzy| = |2[lyl for all 2,y € K,
(4) |z +yl <le]+ [yl for all 2,y € K,

(5) K is complete and locally compact with respect to the topology induced
by the metric d(z,y) = |z — yl.

It is possible to classify all local fields up to isomorphism. A local field is
either

e RorC,
e a finite extension of Q, for some prime p, or

e a finite extension of I, ((¢)) for some prime p.

In this thesis, we shall concern ourselves with only local fields K that fall in the
second category. For conciseness, we define a p-adic local field as a field that
is a finite extension of Q,. These satisfy a stronger triangle inequality; for every
x,y € K we have

|+ y| < max{|z], |y[}.

This allows us to define another topology of K. If ¢ > 0 is any real number,
we may define a new absolute value |—|" by |z|' = |z|°. This absolute value
also makes (K,|—|%) into a local field. However, we shall regard the two local
fields as isomorphic since the topologies agree. In fact, for any given discrete
subgroup I' C RZ), there exists a unique normalization of the absolute value
that makes

|KX| = im(]—| : KX — Rsg) = I,

Definition 1.1.8. If an element 7 € K * satisfies |7| < 1 and has the property
that || generates the group |K*| C RZ,, then we say that 7 is a uniformizer
for the field K.

If we denote the closed unit ball as
Ox={reK:|z|<1}CK

this is a ring, and we call it the ring of integers in K. It is a discrete valuation
ring with maximal ideal given by the open unit ball

mg ={x €K :|z|<1}=(m) C Ok.

We will prefer writing mg to (7) as the notation does not involve the choice of
a uniformizer. The residue field k = Ok /my is a finite field of characteristic p.

Proposition 1.1.9 ([CE67], Section 11.10). If K is a p-adic local field with
absolute value |—|x and L/K is a finite field extension, then there exists a
unique absolute value L that extends |—|k. In particular, it is given by

|| = |Np x|/

where d = [L : K| is the degree of the field extension.



If L/K is a finite extension of p-adic local fields, then it induces a field
extension of residue fields £/k and also a embedding of absolute value groups
|K*| < |L*|. We define the ramification index ey x and the inertia degree

fL/K as

eL/K = HLX| : |KX|]7 fL/K = [0: k]
Proposition 1.1.10 ([CE67], Proposition 1.5.3). For any finite extension L/ K
of p-adic local fields, we have

d=[L:K|=er/kfr/k-

If L/K is finite Galois, we get a homomorphism of Galois groups, which
turns out to be always surjective:

Gal(L/K) — Gal(£/k) — 1

If we denote by K C Ly C L the subextension corresponding to the kernel, then
Lo/K is a Galois extension of degree f that has no ramification and L/Lyg is
a Galois extension of degree e that has no inertia. Thus, in a sense, we may
to study unramified extensions and totally ramified extensions (those with no
inertia) separately.

Theorem 1.1.11 ([CEGT], Theorem 1.7.1). Let K be a p-adic local field. For
every given integer d > 1, there exists a unique unramified extension L/K of
degree f up to isomorphism. In particular, it is given by

L= K(qu—l)
where q = |k| is the cardinality of the residue field.

Since it is a cyclotomic extension, it is Galois and moreover cyclic. Indeed,
we have an isomorphism Gal(L/K) = Gal(¢/k) = Gal(F s /F,) = Z/fZ. We
can even choose a canonical generator of this group, called the Frobenius,

Froby ik € Gal({/k) = Gal(L/K); x+ 29 for x € L.

Of course, the Frob ,k-action on L is not given by x +— z7, but there is a unique
lift of the Frobenius action on £.

We can even take the union of all the unramified extensions. In this case,
we obtain the maximal unramified extension

o — U K(qu—l) C K5eP,
f>1

We observe that the Galois group Gal(K""/K) is computed by

Gal(K™ /K) = LGal (Cpr-1)/K) = y_Z/fZ A

where Frobgun € Gal(K"/K) is a canonical element that topologically
generates the group Gal(K"™/K).



Theorem 1.1.12 ([CF67], Theorem 1.6.1). Let K be a p-adic local field.

(1) If L/K is a totally ramified extension of degree e, then for any uniformizer
7, € Op we have O, = Ok|[rr]. Moreover, the monic minimal polynomial
of mr, over K is a degree e Fisenstein polynomial with coefficients in Ok .

(2) If f(x) € Ok is an Eisenstein polynomial of degree e, then the spitting
field K[z]/(f(x)) is a totally ramified extension of degree e. Moreover, all
roots of f(x) in L are uniformizers.

This tells us that there are very many totally ramified extensions. Indeed,
there is no “maximal totally ramified extension” that contains all and only
totally ramified extensions.

1.2 Statement of local class field theory

Class field theory is a statement about the abelian part of the absolute Galois
group. Using the infinite Galois correspondence, we easily see that

G2 = Gal(K™°P/K)™ = Gal(K*"/K),

where the ab on the left hand side denotes the abelianization of a group and
K?b is the maximal abelian extension of K.

We note that with a choice of a uniformizer 7wy of K, the multiplicative
group splits topologically as a direct sum

1
K*=7Z® 0, =z~ (logm(‘|x|,ac/7r;g'"’<“x|).

Here, we note that O} is a profinite group with the natural topology. Thus we
may take the profinite completion and get an isomorphism

KX ~7.60}
of profinite groups. Even if without the choice of the uniformizer, we still have
a well-defined valuation map v : K* — Z given by x — 108 | |z| and it induces
a homomorphism

v: KX =7

of profinite groups.
Theorem 1.2.1 (local class field theory). Let K be a p-adic local field. There
exists an isomorphism 6,y : K* — Gal(K®P /K)a of profinite groups satisfying
the following:

e the valuation encodes the action on the maximal unramified,

— 0
K* —% Gal(K*P/K)™

L [

Z "R Gal(K™ /K)



e for a finite extension L/K, the inclusion of the Galois group corresponds
to taking the norm,

—~ 0
L* —L— Gal(K®>®/L)?

—
JN linc.
KX —L5 Gal(Ksp/K)™

(here, note that the vertical map on the right side is not injective after
abelianization even if Gal(K®P /L) — Gal(K*®?/K) is injective)

e if L/K s finite Galois, we may take the cokernel of the vertical maps in
the previous diagram and obtain an isomorphism
Or/k : K*/NL* — Gal(L/K)*"
(this is a consequence of the previous property).

Z

)

The isomorphisms 6,k and 6,/ are called the Artin reciprocity maps.
Oftentimes, one defines the Weil group of K as the inverse image of Z inside

Wik = [Gal(K*P/K) — Gal(K"™ /K) = Z]"'(Z) C Gal(K*/K).

Then the Artin reciprocity map can be regarded as an isomorphism

0/ : KX — Wi

10



Chapter 2

Explicit local class field
theory via cohomology

In a modern treatment, class field theory is usually proven using the machinery
of Galois cohomology. The goal of this section is to present a proof of class field
theory using cohomology, and use it to produce an explicit description of the
Artin reciprocity map.

The way most books on local class field theory prove it is through first com-
puting the second cohomology group, and then using Tate’s theorem to conclude
that the cup product with the fundamental class ur/x € H?(L/K,L*) is pro-
duces an isomorphism H~2(L/K,Z) — H°(L/K,L*). In particular, this is the
approach taken by Cassels—Frolich [CE67], Serre [Ser79], and the cohomological
parts of Milne [Mil13].

However, this proof is not so useful in producing an explicit characterization
of the reciprocity. The approach we shall take in this chapter is the one by
Dwork [Dwo58], which is also outlined in [Ser79] as a section and a series of
exercises, and written out in detail in Snaith [Sna94]. The advantage of this
proof of local class field theory is that it gives a more computable definition
of the reciprocity map whose origin lies in computing the group cohomology.
However, there is no counterpart for global class field theory to my knowledge.

2.1 Group homology and cohomology

Let G be a finite group, which will be the Galois group of a finite Galois exten-
sion.

Definition 2.1.1. A G-module is an abelian group A with a group homomor-
phism G — Aut(A), i.e., an additive G-action. Alternatively, a G-module is a
left Z[G]-module.

Let us denote by G—mod the abelian category of G-modules, and by Ab the
abelian category of abelian groups. The inclusion functor Ab — G—mod where

11



a group acquires a trivial G-action has both a left and a right adjoint, called
the coinvariants and the invariants,

A Ag=A)la—ga:ac A,geG), A A°={a€ A:ga=aforall gecG}.
We may also think of this as
Aqg =17 Rz[q] A, A% = HomZ[G] (Z, A).

Because (—)g : G—mod — Ab is a left adjoint, it is right exact. Since the
category G—mod has enough projectives, we may take its left derived functors,

Hi(G, A) = (Li(=)c)(A) € Ab.

This is called the group homology. Similarly, the invariants functor (—)¢ :

G—mod — Ab is a right adjoint and hence left exact, where G—mod has enough
injectives, and thus we may consider its right derived functors

H'(G, A) = (R'(-)9)(A) € Ab,

which we call the group cohomology of A. By formal properties of the derived
functor, any short exact sequence 0 - A — B — C — 0 of G-modules induces
a long exact sequence

-+ —= H1(G,A) = Hi(G,B) - Hi(G,C) - Ag — Bg — Cg — 0,
0— A - B¢ - 0% - HY(G,A) - HY(G,B) —» HY(G,C) — --- .

Further assume that G is finite. For every G-module A, there is a norm map

N:Ag— A%, [a]HZga.
geG

This is a well-defined map, since }° . g(b—hb) =0 for any b€ A and g € G.

Definition 2.1.2. For G a finite group, we define Tate cohomology as the
functor N
H'(G,-): G—mod — Ab
given by
Hi(G, A) i>1,
coker(N : Ag — A%) i=0,
ker(N : Ag — A%) i=—1,
H_;_ ;(G,A) 1< =2,

HY(G,A) =

The advantage of making such a definition is that we can now string group
homology and group cohomology together and regard it as a single cohomology
theory. If we have a short exact sequence 0 - A — B — C — 0 of G-modules,

12



we can put the two long exact sequences coming from group homology and
group cohomology in a single diagram.

— ﬁfz(G,C) Aq Ba Ca 0
o
0 AC B¢ ce HY(G,A) — ---

The snake lemma applied to this diagram produces the following long exact
sequence.

. ——— H2(G,B) —— H%(G,0) j

L HY(G,A) —— HY(G,B) —— HYG,0) j

L» H°(G,A) —— H°(G,B) —— H°(G,0) 7

[% HY(G,A) —— HY(G,B) ——— -

That is, we obtain connecting homomorphisms H™ (G, C) — H"t1(G, A) for all
integer n.

2.1.1 Computing group homology and cohomology
Recall that the invariants functor may be described as
G—mod > Ab; A— Ag =7 ®z[6) A.

Since this is tensor product with a certain module, the left derived functors may
also be described as
Hy(G, A) = Tz, 4).
This immediately tells us that instead of taking a resolution of A by projective
left Z[G]-modules, we may take a resolution of Z by projective right Z[G]-
modules to compute group homology. This is useful for computations, since
finding one resolution for Z allows us to give concrete descriptions of all group
homology H;(G, A).
Similarly, the coinvariants functor is

G—mod — Ab, A AG = HOHIZ[G] (Z, A),

and it follows that ‘ ‘
ITI-Z(G7 A) = EXt’LZ[G] (Z, A)

We then observe that the groups can be computed again by finding a resolution
of Z by projective left Z[G]-modules. Let us work out some examples.

13



Example 2.1.3. Let G = Z/nZ = (t) be a cyclic group, and let A be a G-
module. Let us first compute group homology H;(G, A). There is an explicit
projective resolution

1-t

5 7[6) 2 7i0) T 71

Z|G] - Z — 0

of the G-module Z with the trivial G-action.

If we want to compute group homology, we may take the tensor product of
the chain complex with A over Z[G] and look at its homology groups. Because
all the right Z[G]-modules are free of rank 1, we end up with

14t L 1—t 14t t 1—t
RN s i A At A A 0.

Therefore

Ag =coker(l—t: A— A) i =0,
H(G,A) = ker(1—t: A= A)/im(1+---+t""1: A— A) i>1odd,
ker(1+---+t""1: A— A)/im(1 —t: A— A) i>1even.

Similarly we can compute group cohomology by applying Homgzq(—, A) to
the sequence. The resulting dual chain complex is

1—t 1—t 14t 7t
A A= e,

0 Adh g Mty

and therefore

A% =ker(1 —t: A— A) i=0,
HY(G,A) = {ker(l4---+t"1: A= A)/im(1 —t: A— A) i>1 odd,
ker(1—t: A— A)/im(1+---+t""1: A— A) i>1 even.

An interesting phenomenon occurs when we put the two together to form
Tate cohomology. In the connecting part we get

H° = coker(N: Ag — A%) = A%/im(N: A — A),
H™ ' =ker(N: Ag — A%) =ker(N: A — A)/im(1 —t: A — A).

Therefore when we look at all the Tate cohomology groups, it is 2-periodic:

ker(1 —t: A— A)/im(1+---+t""1: A— A) ieven,

HY(G,A) =
( ) {ker(1+-~-+t”_1: A—A)/im(l1—t: A= A) i odd.

For groups that are not cyclic, we can use the bar resolution. This is an
exact sequence of the form

o ZIGY 2 7(6P) B Z[6Y) B 1G] 2 Z — 0,

14



where each Z[G"] has the structure of a left or right Z[G]-module given by

9(g1s--s9n) = (991,---,99n) ot (g1,---,9n)9 = (919, - -, gng)-

The maps d; are defined by the formula

n

dn((907 e 7977,)) = Z(_l)l(907 oo 9i—159i+15 - - - 7gn) S Z[GnL
=0

and it is readily verified that it is an exact sequenceﬂ Therefore group homology
can be computed as the homology of the chain complex

e = Z[GB] Rz[a] A d—2) Z[GZ] Rz[a] A d—1> A—=0

and similarly group cohomology can be computed as the cohomology of the
chain complex

0 = A 2 Homg g (Z[G?], A) 22 Homg e (Z[GS), A) — - - .

Example 2.1.4. For low degree and simple enough G-modules A, the bar
resolution is good enough to carry out computations. Let us look at the case
when A = 7Z, with the trivial group action. Then group homology is computed
as the homology of the chain complex

= Z[GP @i Z 2 Z[GP @gie) Z — T — 0.
Here, we may choose the basis
{(1,g1.92)} € Z[G®], {(1.g1)} € Z[G?]
for the free right Z[G]-modules, and use it to express the tensor products as
ZIG®) ®zic) Z = Z{(1, 91, 92)),  ZIG®] ®z16) Z = Z{(1, g1)).
Then the maps dy and d; on these groups are expressed as

d2((1,91,92)) = (1, 9297 ') — (1,92) + (L,g1), da((1,91)) =0.

It follows that the first group homology is
H\(G,Z) = Z[G) /{920, ' — g2 + 91) = G*

the abelianization of G. This is an algebraic incarnation of Hurewicz’s theorem
on Hy(X;Z) = 7(X)2P for path-connected spaces X.

1One way of thinking about this sequence is as the simplicial chain complex associated to
the nerve of the groupoid that has elements of G as objects and unique morphisms between any
pair of objects. Exactness of the sequence follows from the fact that the category is equivalent
to the trivial category with one object and one morphisms, and hence its classifying space is
contractible.

15



2.1.2 The Hochschild—Serre spectral sequence

Suppose H C @G are finite groups, where H is normal inside G. Given a G-
module A, we can take the H-invariants A? and consider it as a G/ H-module.
Then further taking the G/H-invariants give the G-invariants. That is, the
G-invariants functor

(=) : G—mod — Ab

factors as a composition of functors

)" (=)
G—mod —— G/H—mod ——— Ab.

Hence, after verifying some technical conditions, we have the Grothendieck spec-
tral sequence.

Proposition 2.1.5. Let G be a finite group and H C G be a normal subgroup.
There is a cohomological Hochschild—Serre spectral sequence

EYY = HP(G/H,HI(H,A)) = H""(G, A).

Here, H1(H, A) has a natural G/H-action, since we may consider (=) as a

functor G—mod — G/H—mod instead of G—mod — Ab.

Not surprisingly, there is an analogous statement for homology. This simi-
larly follows from the decomposition of the functor (—)q into

G—mod 2%, G/H—mod (_)ﬂ) Ab.

Proposition 2.1.6. Let G be a finite group and H C G be a normal subgroup.
There is a homological Hochschild—Serre spectral sequence

B2, = H,(G/H, Hy(H,A)) = H,.y(G, A).
From this we obtain a criterion for vanishing of Tate cohomology.

Lemma 2.1.7. Let G be a finite group and H C G be a normal subgroup.
Assume that A is a G-module such that

(i) H'(H,A) =0 for all integers i € 7,
(ii) H(G/H,A") =0 for all integers i € Z.

Then we also have H (G, A) = 0 for all integers i € Z.

Proof. We first note that (i) for ¢ = 0, —1 implies that the norm map

NHZAH—>AH

16



is an isomorphism of G/ H-modules. If we look at the cohomological Hochschild—
Serre spectral sequence, the Ey-page is

HP(G/H,AT) ¢=0

EY? = HP(G/H,HY(H, A)) = {HT'(G/H 0) q#0

B A% p=¢q=0
o otherwise.

It follows that the spectral sequence degenerates at the Fs-page, hence

AG =0

H'(G,A) = {o i 0.

Similarly, we compute the E2-page of the homological spectral sequence

Ag p=q=0
E? =H,(G/H,H,(H,A)) =
pa p( / al ) {O otherwise.

It follows that
(G, Ay = {49 1=
0 i #0.

This shows that H*(G, A) = 0 for i # 0, —1.
It now suffice to show that the norm map Ng : Ag — A% is an isomorphism
of abelian groups. To see this, we note that the norm map is the composition

Na/u o ~
Ag = (Au)a/m —2s (Ag)/H iy (AT)G/H = AG,

The map Ng,p is an isomorphism by (ii) for i = 0, —1, and the map Np is an
isomorphism as we have seen above. This shows that Ng : Ag — A is also an
isomorphism, and therefore H*(G, A) = 0 for i = 0, —1. O

2.2 The main computation

Let L/K be a finite Galois extension of p-adic local fields. Our goal in class
field theory is to construct the Artin reciprocity map

0p/k : K*/NL* — Gal(L/K)*

and show that it is an isomorphism. The crucial observation is that the left
hand side can be realized as the zeroth Tate cohomology

KX/NL* = (L*)GL/K) NI = A%(Gal(L/K), L*),

where the Galois group Gal(L/K) acts on the group L* in the natural way.
Similarly from Example we see that

Gal(L/K)™ = Hy(Gal(L/K),Z) = H*(Gal(L/K), Z)

17



where Z has a trivial Gal(L/K)-action. Therefore, what we want is an isomor-
phism R .
0k : H*(Gal(L/K),L*) — H *(Gal(L/K), Z).

Our strategy for obtaining the isomorphism

0L/ K

H(Gal(L/K),L*) H™%(Gal(L/K),Z)

is to find an exact sequence that looks like

0L AL BS7Z 50

of Gal(L/K)-modules. If A and B further have the property that all Tate
cohomology vanish, then the long exact sequence associated to the short exact
sequences 0 - L* — A — im(f) — 0 and 0 — im(f) — B — Z — 0 will give
isomorphisms

HY(Gal(L/K),L*) = H~Y(Gal(L/K),im(f)) = H%(Gal(L/K), Z)

for all integers . In particular, we will obtain local Artin reciprocity from the
special case i = 0.

2.2.1 Base-changing to the maximal unramified extension

Let K be a p-adic local field. Recall that finite unramified extensions of K
corresponds to finite extensions of the residue field & and moreover took the
form of K((,s_1), where ¢ = |k[ is the cardinality of the residue field. We
defined the maximal unramified extension of K as

Kunr U K(qu',l) C FSeP.
f21

However, there is one technical problem in working with this field; it has a

discrete valuation induced from K, but the field is not complete with respect to
the valuation. For example, if we take K = Q, and the infinite sum

Z pnCpn,l,

n>0

each finite truncation is in the field K"** but the sum does not converge to any
element of K""" by uniqueness of the Teichmiiller expansion. Hence we can
take the completion with respect to the valuation and define a new field K",

Example 2.2.1. If K = Q,, then the completed maximal unramified K""""
can also be constructed as the fraction field of W (F;?), where W denotes the
ring of Witt vectors.

18



On each finite unramified extension K((,s — 1)/K, there is a Frobenius
action. Thus we have a Frobenius action on K" as well, and continuously
extending the automorphism to the completion defines a canonical element

Frob,; € Gal(K"™"/K)

of the Galois group. Let us prove a statement that will be used in the future.
Denote by O%"" the ring of integers in the field K"/

Proposition 2.2.2. The group homomorphisms

Lay,: (O = (0% — Frob g (z)/x,

La,: OR°" — O 20 Frob g (z) — =
are both surjective.

Proof. For y € (OR"")*, we need to show that there exists a z € (Op"")*
that solves the equation
Frob /g (x) = yx.

We find this x by inductively finding a sequence z,, such that
Frob/k(z,) = yx, (mod m")

and z, = x,_1 (mod m™~1). Then the limit x = lim,, ,, 2, will be the solution
we want. At the first step n = 1, the equation becomes

z{ = Frob/k (z1) = yx1 (mod m)

and so solving this equation is equivalent to solving the equation :?:‘f_l = ¢ inside
kP where ¢ is the image of y under (O%"")* — k%P*. This exists since the
polynomial f(x) = 297! — §j is separable over kP and hence has a root.

Let us now do the inductive step. Suppose we are given x,,_1 satisfying
the congruence equation. Pick an element a € m?{l — mY%, and let us set
Tn = Tn—1 + ac. Because we only care about x,, modulo m”, we shall also care
about ¢ only modulo m. The equation Frob,(z,) = yx, can be also written
as

Frob g (zn-1) + ac? = yx,,—1 + yac  (mod m™),

and because z,,_1 satisfies the congruence modulo m™ !, this can also be written
as
Frob kg (Tp_1) — y2Zn_1
«

+c¢?=ye (mod m).

Again, this has a solution ¢ € k*°P since the polynomial ¢? — yc+ (const) is sep-
arable. This shows that we can choose ¢ so that Frob, g (7,) = yr, (mod m™).

For addition, we make a similar argument. This follows from the fact that
the Frobenius on the residue field

kP — E5Py ps a2 — 2

is surjective. O
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This will play some role of a “universal cover” of K, as it unwraps the
Frobenius inside the fundamental group attached to the finite residue field.

Lemma 2.2.3. Let L/K be a finite extension of ramification index er i = e.
Then LY/ /KA s g finite extension of degree e.

Proof. Let Lo be the intermediate subfield such that Lo/K is unramified and
L/Lg is totally ramified of degree e. (This can be done even if L/K is not
Galois, since we may take Ly as field generated by K and the Teichmiiller
lifts of elements of £ in L.) Then we observe that K" = Ls""" since any
unramified extension of L is also unramified over K. Hence we may reduce the
problem to the case when L/K is totally ramified of degree e.

Consider all the fields as lying in K%°P*, Because unramified extensions of
L are of the form L((,s_1) = L - K({;r_1), we see that L"""" is the completion
of the compositum of L and K", But because L/K is finite-dimensional, the
compositum L - K" is already complete. This shows that

Lunr,/\ — L . Kunr,/\

is simply the compositum. Now pick bases {1, 7z, ..., 772_1 of L over K. By
looking at valuations, it follows that the elements are linearly independent over
KA as well. Therefore they form a basis, and hence the degree L™ / K1nnA
is equal to e. O

When L/K is a finite extension, we can tensor it with K" over K to get
an algebra. Even though we cannot directly apply Theorem as KA we
still expect that the algebra splits as a product of fields. In fact, we have the
following proposition.

Proposition 2.2.4. Let L/K be a finite Galois extension. Assume that K C
Lo C L where Lo/K is an unramified extension of degree f and L/Lg is totally
ramified of degree e. Then there exists an isomorphism of K"/ -algebras

-1

bi Lok K™= [T L™ 2@y e (ailo)y)

i=0
where {og,...,07-1} C Gal(L/K) are lifts of elements of Gal(Lo/K) under the
surjection Gal(L/K) — Gal(Lo/K).
Proof. Consider the maximal unramified subextension Ko/K of L/K. Then by
finitary Galois theory, we have an isomorphism

f-1
$o: L@k Ko = H Ly z®@yw (0i(2)y)
i=0

of Kg-algebras. When we base change both sides to K", we claim that we
obtain the desired isomorphism ¢. To check this, it suffices to show that the
map

L@, K™ — L™ 2@y ay
is an isomorphism of K""""-algebras. This follows from the fact that the map
is surjective and both sides have the same dimension over KU/, O
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2.2.2 The explicit resolution
Given L/K finite Galois, the K-algebra

L ®K Kunr,/\

has two natural actions. There is first the Gal(L/K)-action given by, for each
o€ Gal(L/K),

o: Leg K™ = Leog K™ x@y— o(r)®y.

On the other hand, we note that there is a canonical generator Frob,x €
Gal(K"/K), and it naturally extends to an automorphism of K", Then
we can act on L @ K" as

Frob: L ®x K" - L@ K™, 2®yr x® Frob(y).

We note that the two actions naturally commute.
Consider the group of units in this K-algebra, (L®x K"™"")*. Let us define
the homomorphism

La: (L®x K" ") — (L®xg K™ )%, z+ 27! Frob(x).

Because the Frobenius commutes with the Galois action, this map is Gal(L/K)-
equivariant.

From Proposition we obtain an alternative description of this group of
units and this homomorphism. First, we pick lifts

{0’0, ey O'ffl} - Gal(L/K)
so that they restrict to corresponding powers of the Frobenius;
0|, = Froby /i € Gal(Lo/K).

Then under the isomorphism ¢ : L @ K"WH" — Hf_l L'/ we Frobenius

7=

action can be identified with another map Frob on the right hand side that
makes the following diagram commute.

L@k Junr,A Z Hi;OI unt,A

JFrob lFrob

L ®K Kunr,/\ %) Hi:_OI Lunr,/\

Lemma 2.2.5. Under this setting, the map Frob on Hzf=1 LA s given by
(@0, 21, 1) = (Tp-1(wp-1), T0(20), - -, Ty—2(wf-2))
where 1; € Gal(L"™""/K) are the unique elements salisfying

-1
Tilguwrn = Frob g, 7lL = 0ip10; .
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Proof. First note that there indeed exist unique such 7;, since L N K"5N = L
and
FI"Ob/K |L0 = FI‘ObLO/K = (Ui+1U;1)|LO-

In the diagram, we see that there is a unique map making the diagram
commute. The map described in the lemma is K-linear, and hence it suffices
to check that the diagram commutes when we put this inside the diagram and
evaluate on simple tensors. If we send x ® y along the lower path, we obtain

r®y+— z® Frob,k(y) — (0i(x) Frob/k (y))o<i<s-
If we send it along the upper path, we obtain
@y (oi(@)y)o<ics = (Tic1(i-1(2)y))o<i<s-
By the definition of 7, we see that
Ti—1(oi—1(x)y) = Ti—1(oi—1(2)) i1 (y) = oi(x) Frob/K(y).
Therefore the two ways of composing morphisms agree. O

Corollary 2.2.6. The map La on I_Ile(Lum’/\)>< is given by

"mffl) s (Tf—1(:cf—1) 7o (20) Tf,Q(mffz)).

La: (zo, 1, .. = ST T

Our goal now is to compute the kernel and cokernel of this endomorphism
La of (L ®f KUn5/N)*,

Lemma 2.2.7. The kernel of La is L*.

Proof. The kernel is the set of x such that Frob(z) = z. But we have that

(Kunr,/\)Frob:id - K

)

since when we take Teichmiiller expansions of an element fixed by the Frobenius,
all the coefficients should lie in K. Because L is a vector space over K and Frob
does not act on this part, we see that

(L QK Kunr,/\)Frob:id — L QK (Kunr,/\)F‘rob:id — L QK K=1.
If we take the group of units of both sides, we obtain the desired result. O

Lemma 2.2.8. The cokernel of La is Z, with the quotient map being

/ !
(Log K™ = [TE™) =2 (L) =Y log),,lLil-
i=1 i=1
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Proof. Tt is clear that this map is surjective. It thus suffices to show that any
element in the kernel is in the image of La. With the description of the map given
in Corollary [2.2.6} it suffices to prove the following statement: if yo,...,yr_1 €
(LvrN) > satisfies |yo - --yg—1| = 1, then there exist zg,...,xp_1 € (L"™")*
satisfying

To(z0) = yiz1, Ti(21) =Y2m2, ..., Tr-1(Ty-1) = Yoo
Here, we note that choosing xy complete determines all other z; by

T = yflTo(fBo), To = y{lﬁ(xl) = yngl(y1)717170($0)7 cee

wp1 = yr Ly (Tr-2(ys—2)) " - (o Ta(y1)) M rpo2 - To(0).

This in fact satisfies all the equations except for the last one 7y_1(zs-1) = yoxo.
Therefore existence of the solution (zo,...,zs_1) is equivalent to the existence
of a solution zg to the equation

zo =y (Tr—1(yr-1)) " (rpm1 - (1)) T (o1 - To(2).

Let us write y = yo ' -+ (74—1---71(y1))"!. Since any field automorphism
fixes the absolute value, we see that

lyl = lyol Hysa| ot =11 =1
by the assumption on ¥g,...,ys—1. Moreover, we see that
(771 70) | cunrcn = Frob/ .,
(rp-1+ 7)1 = (0007, ) (g 107 Ly) -+ (o105 ) = idy, .

It follows that 7¢_q--- 79 = Frob,r.
Therefore the statement we need to prove reduces to the following: if y €
(LAY X gatisfies |y| = 1 then there exists a 29 € (L") such that

xo = y Frob, (o).
This is precisely the statement of Proposition [2.2.2 O
Summing up, we have the following theorem.
Theorem 2.2.9. For L/K a finite Galois extension, we have an exact sequence

0— L* = (L®g K™ ") La, (L @ KUrh) DRLNG N

of Gal(L/K)-modules. (Here, Z has the trivial Galois action.)
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2.2.3 Vanishing of Tate cohomology

We will now prove that (L ® x K"")* is acyclic with respect to Tate coho-
mology. We will need the following theorem about the structure of the Galois
group Gal(L/K).

Lemma 2.2.10. If L/K is a finite Galois extension of p-adic local fields, then
the Galois group Gal(L/K) is solvable.

Proof. There is the ramification filtration
Gal(L/K)2Gy2G1 2Gy D ---
defined by
Gi={g€Gal(L/K):gr—xecmi™ forallz € Oy}

The intersection of all of these groups is indeed trivial, since the extension L/K
is generated by finitely many elements.
We first note that G is the inertia subgroup sitting in the short exact
sequence
1= Go— Gal(L/K) — Gal(l/k) — 1.

So Gal(L/K)/Gy is a cyclic group. For the other quotients, we note that for
i > 0 we may identify

Gi={g9€ Gy CGal(L/K) : gr, — 7, € m;!

if we pick a uniformizer 7y € L. This is because being in Gy implies that all
Teichmiiller lifts of k are fixed, then the ring Op is generated over Ok by 7,
and these Teichmiiller lifts. This shows that we obtain a map

gL

Gi — (1+mb)*; g 22,
L

Taking the quotient by G;y1, we may further define the map

Gi/Gip = (1+m)™ (L + w1 g [22].

TL

This map is injective since G,y is the set of precisely those Galois auto-
morphisms ¢ for which grp /7 € 1+ miL'H. We further claim that it is a group
homomorphism. To see this, first note that the map is independent of the choice
of uniformizer 7. If we change 7y, to wy = umy for some unit u € OIX(, we see

that

IELITL Uy

grrL/TL  u
for all g € G; since gu —u € miLle by definition. Therefore the map is indepen-
dent of the choice of uniformizer. Then if we take g1, go € G; we compute

9192 — [9192”} = [91(92@)} {9271'1;} c ((1—|—miL)x

L 927 L L4 mirhyx
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It follows that G;/Giy1 — (1 +m%)*/(1+mi ) > is indeed an injective group
homomorphism. Since the target group is abelian, the quotient G;/G;1 is also
abelian. 0

Lemma 2.2.11. If Gal(L/K) is cyclic of prime order, then
H(Gal(L/K), (L @ K"™N)*) =0
for alli € Z.
Proof. From Example [2.1.3] we have isomorphisms
H*(Gal(L/K), (L ®x K™ ")) 2 H*(Gal(L/K), (L ®x K"™")*),
H* Y (Gal(L/K), (L ®x K™"")*) = H Y (Gal(L/K), (L @K K"™"")*).
Therefore it suffices to prove that

(1) the norm map N x: (L @k K""")* — K* is surjective,

(2) the kernel of the norm map is generated as a group by elements of the
form ga/a for g € Gal(L/K) and a € (L @ K"™5")*.

Since Gal(L/K) is a cyclic extension of prime degree, it is either unramified
or totally ramified. If it is unramified, we note that Proposition identifies
f-1
¢: (L @ K™rh)* = H (K" MN)%5 o @y = (Froby g (2)y)o<i<y-
=0
Under the isomorphism, the Gal(L/K)-action is given by

FI'ObL/KZ (.’Eo,...,l'ffl) — (xl,...,xf,l,xo).

It immediately follows that the norm map is given by

-1 -1
(0, xpo1) = (1) @, TTZ @),

and hence surjects onto the Gal(L/K)-invariants, while the kernel is generated
by elements of the form Froby,/x (x)/xﬂ

Let us now consider the case when L/K is totally ramified. In this case, the
same Proposition identifies the module as the compositum

¢: (L ®K Kunr,/\)x o (Lunr,/\)x.

~

Furthermore, the Galois action is given acting through isomorphism Gal(L/K) 2
Gal(Lv" /K'nnA) - Hilbert’s theorem 90 in its classical form precisely tells us
that Nz = 1 for x € L"™"" implies x = o(y)/y for some o € Gal(L/K) a
generator and y € L. This implies that

H™Y(Gal(L/K), (L"™"N)*) = 0.

2We may also argue that since this Gal(L/K)-module is induced and coinduced, so all its
group cohomology and homology vanish, and by 2-periodicity all Tate cohomology vanish.
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For H 0. we again use a proposition that we shall not prove. In Serre’s Local
Fields [Ser79], Section V.4, it is proven that the norm map

(LunmA M (umrA)x
is surjective. It immediately follows that
H(Gal(L/K), (L' ")) = 0.
Therefore we obtain the desired vanishing for L/K totally ramified as well. O

Lemma [2.1.7] tells us that if we have a module that is acyclic over both H
and G/H in an appropriate sense, then it will be acyclic over G. We can use
this to arrive at the same conclusion for arbitrary finite Galois extensions, not
necessarily cyclic of prime order.

Theorem 2.2.12. If L/K is a finite Galois extension of p-adic local fields, then
H'(Gal(L/K), (L ®x K™ ")) =0
for alli € Z.
Proof. Using Lemma [2.2.10] we can find a filtration
Gal(L/K)=HyD>H; DHyD---DHy_1 D H =1,

such that each quotient inclusion H;11 C H; is a normal subgroup and H;/H; 41
is a cyclic group of prime order. Denote L; = L: so that we have a sequence
of field extensions

K=Ly—~ILi—>Ly~—---—=L;_ 1= L;=1L.
‘We now show that
H'(Gal(L/L;), (L ®p, Li"™")*) =0

for all ¢ € Z, inductively in j starting from j = ¢ and descending to j = 0.
In the base case j = t, this is trivially satisfied since Gal(L/L) = {idp} is the
trivial group. Suppose that the statement holds for 7+ 1 and let us try to prove
it for j. We would like to apply Lemma [2.1.7] to the normal subgroup group
Gal(L/Lj41) € Gal(L/L;) and the Galois module (L @y, Li™")*.

By the induction hypothesis, we know that

H'(Gal(L/Lj11), (L ®r,,, L}1")*) = 0.
Here, we observe that

Lo, L™ "= Loy, (Lig oy, L™ = Lo, (1L
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as Gal(L/L;1)-modules, and hence the Gal(L/L;1)-module (L ®p, L;}nr7A)X

is simply a finite direct sum of copies of (L ®r,,, L;irl/\) X, It follows that

HY(Gal(L/Lj11), (L@, Li™")) = 0=0

for all i € Z.
To apply Lemma [2.1.7] it is now enough to verify that

H'(Gal(Lys1/Ly), (L @y, L)) G/ L)y — g

for i € Z. Here, we simply note that the Gal(L/L;1)-fixed points of L&y, L}lnr,/\
is simply L1 ®r, L;mr’/\. Since Ljy1/L; is cyclic of prime order by definition,
vanishing of this Tate cohomology directly follows from Lemma [2.2.11 O

In the exact sequence

O 4)L>< N (L ®K Kunr,/\)x E} (L ®K Kunr,/\)x ZU Z*}O

of Theorem we now see that the middle two terms have zero Tate coho-
mology in all degrees.

Corollary 2.2.13. The composition of the inverse of two coboundary maps
gives an isomorphism

01k : K*/NL* = H°(Gal(L/K),L)
= H%(Gal(L/K),Z) = Gal(L/K)™.
(To agree with convention, we have to put in a minus sign; otherwise, the val-

uation on the left hand side recovers the inverse of the action on the mazximal
unramified on the right hand side.)

2.2.4 Explicit description of the Artin reciprocity map

We use the explicit resolution to give a more explicit description of the Artin
reciprocity map 0,5 : K*/NL* — Gal(L/K)?®. The idea is that we can pro-
duce explicit resolutions of Z in other ways, for example, by the bar construction,
and then compare the two resolutions we have.

For brevity let us denote G = Gal(L/K). The bar construction gives a
resolution of Z by

0 — kerdy — Z[G?] 22 7[G] 25 Z — .

We observe two facts:

e The G-modules Z[G"] are free Z|G]-modules, hence they are projective.

e Because Z[G] is both induced and coinduced, we see that all its group
cohomology and homology vanish. Moreover, the 0th and —1th Tate co-
homology vanish as well, and hence Z[G"] are all acyclic with respect to
Tate cohomology.
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Because the modules are projective, we can lift maps to form the following
commutative diagram.

52 51

0 — kerds Z|G?] Z|G]

|
iw | i H

0 — L —> (L @ Krh)x E)(L(X)KKunr,/\)x ZL;JZ%O

Z — 0

Since the terms in the middle of the exact sequences are all acyclic with respect
to Tate cohomology, the map ¢ will induces an isomorphism of cohomology
groups

H°(Gal(L/K), LX) <= H°(Gal(L/K),ker 63) = Gal(L/K).

To work this out precisely, we need a description of the map ¢ and the isomor-
phism HO(ker dy) = Gal(L/K)2P.

First, let us explicitly figure out how the Oth cohomology of ker d5 is identified
with the abelianization of the group G. The boundary map d2 takes the form
of

d2 : (91,92) = g2 — g1

Then we see that if we take the G-invariants Z[G?], which is the free abelian
group generated by >° (9, 990) € Z|G?] for go € G, it is already contained in
ker 65. Therefore

(ker 65)¢ = Z[G?]€.

To compute the norms, we see that the kernel ker d, is the subgroup of Z[G?]
generated by elements of the form

(g1,92) + (92, 93) — (91, 93) € Z[G?].

It follows that the group of norms are generated by

N((g1,92) + (92, 93) — (91, 93)) = N((L, 97 "g2)) + N((1, 95 "g3)) = N((L, g7 " g3)).

Since the G-invariants is the free group generated by N((1,g)), we obtain an
isomorphism

HO(Gal(L/K), ker 6,) =N (1a)=9,

ZIG) /(g1 + 92 — g192) = G™.
Here, we get the abelianization since g1g2 = g1 + g2 = g2 + g1 = g291 under the
relation.

Let us now work out the map ¢ that induces the isomorphism on the Oth
Tate cohomology. To obtain the first lift Z[G] — (L @ x K"™")*, we only need
to choose where 1 € Z[G] maps to. Thus we pick an element a € (L @ g K*™)*
that has valuation equal to 1.

ZIG] = (L®g K™ "™)*; 10 a.
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To obtain the next lift, we note that Z[G?] as a Z[G]-module is free with
generators {(1, g) € G}. Note that under the map

Z[G?) 2 ZIG) % (L ®g KX,

the generators (1, g) are sent to

(1,g)»—>g—1n—>%.
!

Therefore we find lifts 3, € (L @ K"")* for each g € G satisfying

La(ﬁg) _ FI‘Ob(Bg) — % c (L ®K Kunr,/\)x

By
and define the homomorphism
B:Z[G* = (Loxg K™ (g1,92) = 911,97 '92) = 918,-1,,-

Now we can describe isomorphism on Tate cohomology. If we restrict the
map [ to ker ds, the isomorphism on the Oth Tate cohomology is given by

(ker 05) S (E/K) /N (ker 6,) 255 KX /NL*:  N((1,g)) — NB,.

Here, we note that the norm NS4 of 84 is indeed in K since first it is invariant
under the action of Gal(L/K) and secondly

Frob(Nf,) _ (Frob(ﬂg)): <9a>:
Nﬂg N ﬁg N o 1

shows that it is also invariant under the action of Frob.
From the above discussion, we obtain the following theorem.

Theorem 2.2.14 (Dwork [Dwob8|). Let L/K be a finite Galois extension of
p-adic local fields. Fix a Galois automorphism g € Gal(L/K). Choose

(1) an element a € (L @ K" ™)* such that E{Zl v(a;) =1, and
(2) an element 8 € (L @ K" ")* satisfying

Frob(8) g«

B o

Then NB=1 € K* and its equivalence class in K*/NL* is independent of the
choices of a and 3. Moreover, this class is the image of g € Gal(L/K) under
the composition

-1
L/K

Gal(L/K) — Gal(L/K)™ i, e J/NL*.

(We take the norm of =1 instead of 3 to have the correct sign.)
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In fact, the above description uniquely defines the Artin reciprocity map
01/ What do we do if we want to describe the absolute version of the Artin
reciprocity map 6k : K* — Gal(K*®/K)2P? We can compose with the natural
restriction map

-1
L/K

2
Gal(K*?/K)™ — Gal(L/K)* —% K*/NL*

to obtain information about 6, up to NL*. As we use larger and larger L, we
will get finer and finer descriptions of the reciprocity map 6.

2.2.5 Proof of local class field theory

We have constructed the isomorphisms between K*/NL* and Gal(L/K)?" for
finite Galois extensions L/K. We would now like to show that we may stack
those relative isomorphisms together to obtain the absolute Artin reciprocity
map

0k KX =5 Gal(K*P/K)™.

At a heuristic level, it makes sense that we have such an isomorphism since

KX =lim K* /U, Gal(K*®/K)™ = lim Gal(L/K)™
U L

are both inverse limits of the objects appearing on either side of the relative
Artin reciprocity map 0,/ r. Thus, to achieve the goal we need two facts: firstly
that the relative Artin map really behaves well when we change L to a larger
field, and secondly that the groups NL* can be arbitrary small open subgroups
of K*.

Let us first prove that the Artin reciprocity map behaves well with respect
to passing to large extensions.

Proposition 2.2.15. The relative Artin reciprocity map 01, constructed as in
Corollary satisfies the following property: if E/L/K are finite extensions
of a p-adic local field K, with both E/K and L/K Galois, the diagram

Or/K

K*/Ng/xEX 5 Gal(E/K)™

! l

6
K* /Ny g L* =% Gal(L/K)*

commutes. (Note that Ng g E* C Ny, L* since Ngjx = Npjk © Ng/r-)
Proof. We first note that the diagram

0 Ex (E®Kunr,/\)>< La (E®Kunr,/\)>< 7 0

lNE/L lNE/L lNE/L H

0 LX (L R Kunr,/\)x La (L ® Kunr,/\)x 7, 0
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commutes. We use the explicit description of the Artin reciprocity map. Given a
Galois automorphism g € Gal(E/K), we need to show that first mapping under
HE}K and then projecting down is equal to first restricting to Gal(L/K )P and
then mapping through GZ/IK.

To see this, we first take an element ag € (F @ K"")* as in Theo-
rem Then ap = Ng,parp maps to 1 € Z and hence can be used to

compute HE}K (g) as well. We solve the equation

FrOb/K(ﬁE) _ gog

BE ap

for B € (E @ K"")* and then we have
05/ (9) = Ne/x Bz
On the other hand, applying Ng/;, on both sides give

Frobk (Ng/Lp) _ N (FrOb/K(ﬁE)> =N (WE) =L
Ng/LBE s BE Pk ar

since Gal(E/L) C Gal(E/K) being normal implies go Ng,;, = Ng,, 0g. There-
fore we obtain

QZ}K(Q) = Np/k(Ng/1Bg') = Np/xBg' = NE/LGE}K(Q)v
and this proves the proposition. O

Proposition 2.2.16. Let K be a p-adic local field, and consider its multiplica-
tive group K* with the natural induced topology.

(a) For any finite extension L/K, the subgroup of norms NL* C K* is open.

(b) For any finite index open subgroup U C K*, there exists a finite extension
L/K for which NL* CU.

Proof. (a) It suffices to show that NL* contains 1 + mi. for large enough t.
But we note that NL* contains (K*)? where d = [L : K] is the degree, and
(1 4+ mg)? contains some open neighborhood of 1 by Hensel’s lemma.

(b) We first note that any finite index open subgroup U C K* contains
(K*)t for large enough ¢t. This is because any index ¢ subgroup necessarily
contains (K *)!. Hence it suffice to show that there exist finite L/K for which
NL* C (K*)t.

Before we construct this field extension L, we first observe that the Artin
reciprocity map tells us that if E, L/K are finite abelian extensions, then the
norms of the compositum EL can be described as

]VEL/K(E‘L)>< = (NE/KEX)ﬁ (NL/KLX) C KX,
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This is because the kernel of Gal(K®P/K) — Gal(F/K) x Gal(L/K) corre-
sponds to the kernel of K* — (K> /Ng g E*) x (K* /Ny, L*).
Using this fact, we explicitly construct such a field L for which NL* C

(K*)t. We first adjoin the tth roots of unity to obtain Ky = K((;) and then

adjoin all tth roots of elements of Ky to obtain L = Kj (Ké/t). This is indeed a

finite extension because (K )! C K has finite index, and hence we need only
adjoin finitely many a'/t.
First, we note that

Ny g L™ = ﬂ Ny (arrty o Ko(a'/")*,
ac Ky

and because each N K(a'/*)* has index ¢ inside K, each of the NKg(a'/t)*
contains (K;')'. It follows that

Npjro L™ 2 (K§)"
On the other hand, Kummer theory tells us that a degree ¢ cyclic extension of
Ky uniquely looks like Ko(al/t) for a € K /(K{)!, and hence

|Gal(L/Ko)| = [Hom(Gal(L/Ko), )| = [Kq* = (Kg)'].
Since the Artin reciprocity map gives an isomorphism
Kg/NL/KOLX = Gal(L/K()),

it follows that

Ny kL™ = (K"
Then

Np/xL™ € Ngoyyx(NpyroL*) = Ny (K5)') € (KX,
and this finishes the proof. O
Therefore we may construct and define the absolute Artin reciprocity map

-1
aL/K

0 Gal(K*P/K)™ = %i%l((}al(L/K)ab LK, %{KX/NLX _ K7,

which is an isomorphism since it is the projective limit of isomorphisms. To
prove Theorem |1.2.1] we need to verify the listed properties.

Proposition 2.2.17. The relative Artin reciprocity map 0, /i constructed as in
Corollary satisfies the following property: if E/L/K are finite extensions
of a p-adic local field K, with E/K Galois, the diagram

E

6
L*/Ng, BX = Gal(E/L)*

J/NL/K linc.
(4

E/K

K* /Ng/xE* —5 Gal(E/K)™

commutes.
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Proof. Note that there is a multiplication map
p: L@ K™ — LYW 2@y ay
of algebras, and it induces a map
Eog K™ =FE®L (Leg K™") - E®p L"™".
Moreover, if we denote by f = [l : k] the inertial degree of L/K, the diagram

id ® Frob;K

L ®K Kunr,/\ L ®K Kunr,/\

lu Lt

Lunr,/\ FrOb/L Lunr,/\

commutes. Hence tensoring with E over L shows that the diagram

f
unr,A\ FrOb/K unr,A\
E®r KW — F K K'Y

L J

Frob,
E ®L Lunr,/\ E ®L Lunr,/\

commutes.

We now use the description of the Artin reciprocity map as in Theorem[2.2.14]
Fix a g € Gal(E/L) which can also be thought of as an element of Gal(E/K).
To compute 915}1{(9)> we first choose an element ax € (E ®x K"™")* with
valuation 1. If we solve the equation

Frob,x 8 _ gag
B ak

for g € (F @g K"™")*, then
05/k(9) = [Np/xB~'] € K*/Np/ EX.

On the other hand, we have

Frob, 1, () _N(Frobeﬁ) B (g(aKFrob/KozK-~-Frob}c;(l aK)>
s B B '

ag Frob, g ak - --Frobf;(1 QK

Hence if we set
ar, = p(ax Frob g ak - - Frobf;(1 aK)

then
Frob,r(uB)  gar
upB ap
Here, we observe that the valuation of ay, in (F ®p L") is equal to the
valuation of a inside (F ®p K" )* after expanding out the definition of the
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valuation. Therefore the valuation of iy, is 1, and hence can be used to compute
the reciprocity map. In particular,

QE}L(Q) = [NgsL(uB)™') € L*/Ngk E*.
However, we note that

E>< — (E®K K)X < (E ®K Kunr,/\)x

| JM

E>< — (E ®L L)>< < (E ®L Lunr,A)X

commutes, and hence when we restrict out attention to inside E*, the multi-
plication map p is the identity. It follows that

0p/k(9) = [Neyx B = Noyk[NeynB™ = Niyxbp),(9):
and this proves the commutativity of the desired diagram. O

Proposition 2.2.18. The relative Artin reciprocity map 01,/ constructed as in
Corollary satisfies the following property: if L/ K is unramified of degree
d, then the Artin map is given by
Or/rc: K*/NL* = Gal(L/K) 2 Z/nZ; x> log . |z|.
Proof. Again, we use the explicit description of the map from Theorem [2.2.14]
Because L/K is unramified, Proposition gives an alternative description
b: Lox K™ = (KN 5@y s (Froby x(2)y),
with the Lang map given by

Frob g (xa—1) Frob, k(o) Frob/K(:vd_Q))
Zo ’ 1 v Tg—1 :

La: (zg,...,24-1) — (

In our case, the Gal(L/K)-action on L ® K" is simply given by shifting,
Frobp k: (zo,...,24-1) = (21,...,Tq—1,Z0)-
To compute 07,/ , we first take
a=(mg,1,1,...,1) € (K™ = (L @ KWN)X,
and find a solution to La(88) = ga/a. If g = Froby/k is the generator, we have

%:(ﬂ-;(lala"'alaﬂ—l()

and hence
B = (1, ey 1’71'}—{1) c (L QK Kunr,/\)x
is a solution to ga/a = La(8). Therefore, when we take its norm we obtain

NB = (1, ..., m5") € (L ®xg K™MN)X,

which corresponds to 7T;<1 € K* under ¢. Therefore N3~! defines the correct
class in K*/NL*. O
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Combining all of the results in this subsection, we finally obtain a full proof
of local class field theory, Theorem [1.2.1
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Chapter 3

Explicit local class field
theory via Lubin—Tate
groups

In the previous chapter, we used Galois cohomology to compute the abelianiza-
tion of the Galois group. The way we carried out the computation was to use
a certain acyclic resolution of Z or L*. The method of Lubin-Tate theory is to
describe the local Artin map by explicitly constructing a representation.

The inverse of the Artin reciprocity map will gives us a group homomorphism

-1

0 K
Wi — Wb 55 KX = GLy(K).

Thus this contains the same information as a 1-dimensional K-linear represen-
tation of the Weil group Wi.

Question. Which 1-dimensional representation does this correspond to?

The strategy is to find an algebro-geometric object defined over K that has
a structure of a module. If X/K is a scheme for instance, the set of K®P-points
naturally has a Gal(K®°P/K)-action. If X/K has an algebraic structure of an
Oxk-module, for instance, then X (K*®P) naturally is also an Og-module and
the Galois action has to be Og-linear. In other words, the Og-module

X (K*)

is a Ok-linear representation of the absolute Galois group Gal(K®P/K).

It turns out that schemes are too rigid to work with in this context. There are
very few commutative group schemes (of finite type) out there, and it is almost
impossible for them to have interesting Og-module structures. Thus we make
a compromise by including “formal schemes” in our class of algebro-geometric
objects.
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This elegant approach to local class field theory was developed entirely by
Lubin—Tate [LT65]. Interestingly, the approach was developed nearly a hundred
years after Kronecker developed explicit global class field theory over Q and
imaginary quadratic fields. The Lubin—Tate formal module is supposed to be
the local analogue of an elliptic curve with complex multiplication, so that the
ring of endomorphisms look like the ring of integers in the p-adic local field.

3.1 Formal schemes and groups

To define formal groups, we do not need the most general notion of a formal
schemes. Thus instead of defining a formal group, we shall content with giving
the one example we will be using.

Let A be a commutative ring, and consider the ring of formal power series

Al[z]] = {iax tag,ai,... € A}.

This ring has a topology, with set of cosets of the ideals (™) being a topological
basis. Instead of taking the set of prime ideals of the ring A[[z]] and forming
Spec A[[z]], we shall consider the ring as the inverse limit

A= Alz]/(z) « Alz]/(2?) « Alz]/(2) « Alz]/(a?) « -
and then consider the scheme as the direct limit of the map on Spec, so
Spf A[[z]] = ligl(Spec Alx]/(x) = Spec Alz]/(2?) < Spec A[z]/(23) < ---).

(The direct limit is taken inside the category of functors Ring — Set, not in
the category of schemes.) This process will somehow record the topological
structure of A[[z]] and produce a different object than Spec A[[z]].

We now contemplate on what it means for the formal scheme Spf A[[z]] to
have a group structure. First, let us assume that the identity is at the point x =
0. A group multiplication map will be a map Spf A[[x]] x Spf A[[z]] — Spf A[[z]]
and hence will correspond to a algebra homomorphism A[[z]] — A[[z]|@A[[z]] =
A[[z1,z2]]. Since A[[z]] is topologically generated by the one element = € A[[x]],
the homomorphism will be determined completely by this one element z. This
motivates us to make the following definition.

Definition 3.1.1. Let A be a ring. An abelian group structure on Spf A[[z]],

or a formal group law is a formal power series F' € A[[z, y]] satisfying

(1)

(2)

(3)

(4) there exists a power series G(x) € A[[z]] such that F(x,G(x)) = 0 (so that
there is an inverse).

F(z,y) € x +y + zyA[[z, y]] (so that F(z,0) =z and F(0,y) = y),
F(z,y) = F(y,x) (so that the group is commutative),
F(z,F(y,z)) = F(F(z,y),2) (so that the group is associative),
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The formal scheme A[[z]] with this group structure given by F will be normally
denoted in Fraktur, such as §.

Note that composition of formal power series such as F(z, F(y, z)) makes
sense since (1) guarantees that only finitely many terms contribute to a given
degree.

Lemma 3.1.2. If a power series F' satisfies (1), then it automatically satisfies
(4) as well.

Proof. We first set G = —x (mod z2). Given G modulo 2", we inductively lift it
to G modulo x" 1. If we are given G modulo 2", (1) tells us that F(x, G(x))—z—
G(z) € ©G(z)A[[z]] is determined modulo n + 1. Thus to make F(z, G(x)) = 0,
there exists a unique way to lift G(x) to modulo z"*1. O

We remark that if we take a functor-of-points point of view, the formal
scheme Spf A[[z]] may be considered as a functor

A—alg — Set; B+ {nilpotent elements of B}.

Then a formal group law may be thought of giving a factorization of this functor
though the category of groups Grp. The group structure on the set of nilpotent
elements is defined by F. Indeed F(z,y) € B makes sense if  and y are
nilpotent, since terms with sufficiently high degree will be zero.

Example 3.1.3. There are two simple examples of formal group laws. The
additive formal group law is defined by

Fo(x,y) =z +y € Allz, y]],
and the multiplicative formal group law is defined by
Fn(z,y) =z +y+ay € Allz,y]].

The multiplicative formal group law is called so since when we shift the identity
element to 1, we have Fp,(z — 1,y — 1) = 2y — 1.

A homomorphism f : §F — & of formal groups is a morphism of the un-
derlying formal schemes that respect the additive structures. Since a map
Spf A[[z]] — Spf A[[z]] is defined by the formal power series that x pulls back
to, we can make the following definition.

Definition 3.1.4. Let F,G € A[[z,y]] be two formal group laws. A homo-
morphism f : F — G (or more precisely, § — &) is a power series f € A[[z]]
satisfying

(1) f € zA[[z]],

(2) f(F(z,y)) = G(f(x), f(y)-

Again, we may interpret this power series f to be giving a natural transfor-
mation between the functors that respect addition.

38



Example 3.1.5. If A contains QQ, then power series

2?2 2 ot

= —1: —_ _ —_ “e
f@) =expla) —1=a+ 0+ 5+ Ty

gives a homomorphism §, — §.,. Similarly, the power series

2?2 23 2t

g(x)zlog(1+w):m—?—i—?—z—i—.--

gives a homomorphism §,, — §, that is an inverse to f.

Similarly, we can define module structures on formal schemes. However,
we shall only consider module structures that act by multiplication in the first
order. Thus, a formal R-module over an R-algebra A will be a factorization
A—alg —+ R—mod — Set satisfying this condition that its value on Alx]/(z?) is
the ordinary R-module structure on A.

Definition 3.1.6. Let A be a commutative R-algebra. A formal R-module
structure on Spf A[[z]] is a formal group law F over A with a collection of
endomorphisms

[rlr € Allz]], [r]lp:F — F

for each r € R, satisfying
(1) [0lp(z) =0, [1]p(z) =z,

(2) F([r1]r(z),[r2]r(z)) = [r1 + ro]r(z) for all r1,r9 € R,
(3)

(4)

1

[
[r1]r([r2]p(2)) = [r1r2]p(x) for all 1,79 € R,
[r]F(z) € ro + 22 A[[z]].
Because any ring is a commutative Z-algebra, we see that a formal Z-module
over A is the same thing as a formal group over A.

=

Example 3.1.7. Consider the case A = R. The additive formal group §, is
naturally a formal R-module with the action

[r]F, (x) = rz € R[[z]].

However, there is no A-module structure on the multiplicative group §,, except
in certain cases. If A contains Q as before, we can define the action as

[r]F,, (z) = exp(rlog(l+z)) —1=rz + (;)ng + (g)m3 NI

In fact, this is defined for some rings not containing Q, suchas R =Z or R = Z,
for instance.

Over general R, we can similarly define module homomorphisms of formal
R-modules.
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Definition 3.1.8. Let A be a commutative R-algebra, and let §, ® be two for-
mal R-modules over A corresponding to the formal group laws F,G. A module
homomorphism f :§ — & is group homomorphism satisfying

forall r € R.

We can do many of our normal algebra. The set of module homomorphisms
§ — & is going to naturally be an R-module. We are going to say that two
formal R-modules over A are isomorphic if there are homomorphisms in both
directions that compose to the identity homomorphism in both ways.

A useful point of view to take is to consider a formal R-module § (or a formal
group) as an abstract algebro-gometric object with the structure of a R-module
over Spec A. The identiification § = Spf A[[z]] should be considered as a choice
of coordinates rather than a data provided in the definition.

Definition 3.1.9. Let A be a commutative R-algebra. A formal R-module
$ over A is a formal scheme over A with the structrue of an addition map
§ Xgpeca § — § over A and a ring homomorphism R — End4(F), such that
there exists an isomorphism § = Spf A[[z]] of formal schemes over A that induces
a formal R-module structure on Spf A[[z]].

Let K be a p-adic local field. At the end, we would like to consider only
the case A = R = Og. In this case, we should think about what we would like
to mean by §(K®°P), where § is a formal Og-module over Ok. One thing we
may try is to think of § as a functor taking Og-algebras to Ox-modules, and
evalaute it at the Og-algbera K*°P. However, the functor § takes an algebra
to the set of nilpotent elements, and this implies that the Og-module we get is
trivial with this interpretation.

What makes the situation intereseting is the fact that the base ring A = Ok
has a topology as well as the formal power series ring. Given any topologically
inpotent element, i.e., an element of norm smaller than 1, we can put it inside a
power series with coefficients in Ok and get a meaningful answer. This allows
us to define a Og-module structure on the open unit disc

Mpser = {x € K5 1 || < 1}.

It moreover has an Gal(K®°P/K)-action, and also enough points to become
an interseting Galois representation. If we want to make this construction
rigorous, we can say that the formal Og-module in interest really is a map
Spf Ok |[z]] = Spf Ok, where Ok|[z]] is topologized with the ideal (7x,z) and
Ok is topoloigzed with (7w ). Then the ideal we are looking at is the Spf O gsen-
points of Spf Ok |[x]].

Another way of making sense of this is to view the formal Og-module as a
p-divisible group. In this case, we will be taking the formal spectrum of Ok |[[z]]
with respect to yet another topology. The K®P-points of this Spf Ok [[z]] will
be identified with the torsion points of mgser in the previous interpretation.
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3.2 Classification of height 1 formal modules

Let K be a p-adic local field and take R = A = Og. We would first like to
know what formal Og-modules over Ok there are.

To study formal O-modules over Ok, we first look at what happens when
we reduce the coefficients of the formal group law modulo mg. If we simply
project down all the coefficients through Og — k, then we obtain a formal
Og-module over k. Our first goal is to classify those formal modules over k,
and then study how they lift to formal modules over Og.

3.2.1 The Frobenius on a formal module

Fix § a formal Ox-module over k. Let |k| = ¢ be the cardinality of the residue
field. Define the polynomial

Froby (z) = 1.
Then we have that
Frob(f(z)) = f(Frobg(z)), Frobg(F(x,y)) = F(Frobg(z), Frob(y)).

It follows that
Frob, : § — §

is an Og-linear endomorphism of §, and moreover it commutes with all endo-
morphisms of §.

A consequence of it is that the Frobenius is independent of the choice of co-
ordinates on the formal module, i.e., behaves well with respect to isomorphisms.
If f: §1 — §2 is an isomorphism of formal Ok with formal group laws Fi, F5,
then

Froby(f(z)) = f(Frobg(x)).

Tt follows that Frobg(z) is a canonically defined endomorphism of the formal
Ok-module.

Lemma 3.2.1 ([HG94], Lemma 4.1). Let § be a formal Ok -module over k.
Then for any endomorphism f € Endp, (§), either f = 0 € k[[z]] or there
uniquely exists an integer h > 0 such that

fl@) =g(@®"), ¢'(0) #0.

Proof. We may suppose that f is not 0. As we can set h = 0 if f/(0) # 0, we
also assume that f'(0) = 0. We take the identity

f(F(x,y)) = F(f(2), f(y),

differentiate with respect to y to obtain

O F (z,y) f'(F(x,y)) = f'(y)0F(f(z), f(v))-
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We first note that 92 F (z,y) € 1+ zk[[z,y]]. Hence when we plug in y = 0, this
becomes a polynomial in 1 + zk[[z]] and hence a unit in k[[z]]. Because

0y F(z,0)f'(x) = f'(0)0F(f(z),0) =0

by the condition f/(0) = 0, we obtain f’(x). This shows that f(z) = fi(zP) for
some polynomial f € k[[x]].

We now claim that f; is again an endomorphism of §. This is because even
though Frobg, is not an Ok-linear endomorphism of §, it commutes with all
endomorphisms. We have

Frobg, (f1(F(z,y)) = f(F(x,y)) = F(f(2), f(y))
= F(Frobg, (f1(x)), Frobg, (f1(y))) = Frobg, (F(f1(x), f1(y)))

and thus fi(F(z,y)) = F(fi(x), f1(y)), and similarly

Frobr, (fi([a]r(x))) = f([a]r(x))
Frob

implies f1([a]r(x)) = lalr(f1(2)).

Since f1 is an endomorphism of F, we may apply the same argument to
f1. Either f{(0) # 0 or we can find a power series fy satisfying fo(aP) = fi.
Iterating the process, we arrive at a polynomial g with

f@) =g(z""), ¢'(0)#0.

Note that the process ends since we assumed f # 0.
Finally, we show that p’ is actually a power of q. To see this, we return to

the identity
la]p(f(z)) = f(la]r(2)).

If the lowest order term in f(x) is of the form ca?" where ¢ # 0 € k, then in the
expansion of both sides, we will get

aca? + Oz 1) = c(azx)” + Oz )

since [a]p(z) = az + O(22). It follows that @ = a?" for all @ € k, and because
k = F, this is true if and only if p is a power of q. O

Definition 3.2.2. This unique integer h = ht(h) > 0 is called the height of
the Og-linear endomorphism f: § — §. If f = 0, we say that the height of f
is infinity.

Note that the height of an endomorphism is independent of the choice of
basis. If we have another presentation of the formal module § by a differ-
ent choice of coordinates, the transition function is given by a power series
g(z) = a1z +--- € k[[z]]*. Then f corresponds to the power series g(f(g~1(x))).
Because g(x) has a nonzero linear term, we see that g(f(g~1(x))) is a power

42



series of the same height. This shows that for an abstract Og-linear endomor-
phism of an abstract formal Og-module over k, the height independent of choice
of coordinates and hence well-defined.

This can be used to moreover define an invariant of a formal Og-module §
over k. Let mx be an arbitrary uniformizer of K. The map [rx]p is an Ok-
linear endomorphism of § and hence we may consider its height A and write

(i) = g(Frobj(z)), ¢'(0) #0.

If we change the uniformizer to 7 = mxu, where u € O is a unit, then

[milr = [ulrlnx]r = [u]r(g(Frobi(x))), ([u]r o g)'(0) = ug'(0) # 0.

This shows that the height of [ ] is also h. Thus the height of multiplication
by a uniformizer is an invariant of the formal Og-module.

Definition 3.2.3. The height ht(F)of a formal Ox-module § over k is the
height of [rk] for any choice of uniformizer mx € O. The height of a formal
Ok-module over Ok is the height of the reduced formal module defined over k.

Example 3.2.4. Let us take the additive formal group law F,(z,y) = = + v,
considered as a formal Og-module over Ok . This has

[WK}F(QC) =KL = 0 (mod mK),
so this formal group has infinite height.

Example 3.2.5. Consider the multiplication formal group law F,,(z,y) = +
y + xy, considered as a formal Z,-module over Z,. This has

Plr(z) = (1 +2)P —1=par+ 22Ng 4y pap=t 4 oP

and hence after reducing modulo p, we obtain [p]p(z) = aP € Fp[[z]]. This
shows that §,, has height 1.

3.2.2 Classifying formal modules over the residue field

Our strategy for classifying for classifying formal Ox-modules § over k is to
look at ring of endomorphisms

Endo, ().

There are many elements in this endomorphism ring; it contains all [a]r for
a € Ok, and it contains Frobg. Here, note that all [a]Fp commute with each
other, since the ring O is commutative, and also commute with Froby since the
Frobenius commutes with everything. Later, we are going to see that Endo . ()
is topologically generated by Froby and Ok and hence the endomorphism ring
is also commutative.
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Ignoring the infinite height case, let us suppose that § is a formal Og-module
over k of finite height h. By definition, multiplication by 7x takes the form of

[WK]F(-T) = Clth + c2x2qh 4.

Because Froby(x) = 2%, we further see that

Froby [Wf(]p(x) = (nonzero constant)xqwhﬂ + (Constant)x2qa+hﬁ +---

has height exactly a + hg.

Lemma 3.2.6. Let f,g € § be two Ok -linear endomorphisms of a formal O -
module § over k. Then

ht(fg) = ht(f) +ht(g), ht(f +g) > min(ht(f),ht(g)),
where equality on the second equation holds if ht(f) # ht(g).

Proof. This follows from expanding corresponding power series. Because f =
Cfxqu) + (higher) and similarly g = chqht(g) + (higher), we have

qht(f)Jrht(g) + (hlgher),

+ O(gminta™ )

fg=-creqr
ht
F(f,g9) = cyxt

The lemma follows. O

f ht(g)

)
q
+ cgx

So the height function almost works like a valuation function. We can use
this formal property to get a better understanding of the subring generated by
OK and FI"Obk.

Lemma 3.2.7. Suppose that § has finite height h = ht(§) < co. Then for any
endomorphism f € Endo, (§), there uniquely exist ag, . ..,an—1 € O satisfying

f = ag + ay Frobg +as Frobi +idap_1 Frobe1 € Endp, (3).

In particular, Endo, (F) is a free Ok -module of rank h with 1, Froby, . .. ,Frob},;*1
being a basis.

Proof. Note that

ht(1) =0, ht(Froby) =1, ..., ht(Frob}l ") =h—1,
ht(rx) = h, ht(rg Froby) =h+1, ..., ht(mg Frob} ') =2h 1,
ht(7%) = 2h,
Therefore by correcting terms inductively, we see that there are constants ag, . ..,ap_1 €

Ok, unique up to mt, such that
ht(f — ap — a; Frobg — -+ —ap_1 FrobZ_l) > th.

Therefore as we pass to the limit, completeness of Ok shows that there uniquely
exist ag,...,an_1 € O that satisfies the equation. O
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Corollary 3.2.8. Suppose a formal Og-module § over k has finite height h =
ht(§) < co. Then the endomorphism ring is

Endo, (§) = Ok[Frobg]/p(Froby)
for a uniquely defined Eisenstein polynomial p(z) € Ok [x] of degree h.
Proof. If we apply Lemma [3.2.7) to the endomorphism
Frob} € Endo, (§),

then we obtain a unique monic degree h polynomial p(xz) € Ok for which
p(Froby) = 0. To show that it is an Eisenstein polynomial, note that

h = ht(Frob}') = ht(ag + ay Frobg + - - - + ap_1 Frobl ™).

The heights of all ag,a; Frobg, ... ,ap—1 FrobZ_l are distinct since they have
different remainders when divided by h, and hence

h = min(ht(ag), ht(a; Froby), .. ., ht(as_1 Frobf 1))

This shows that |ag| = |7k | and |a4], ..., |ap—1| < |7k|. That is, p(z) is indeed
an Eisenstein polynomial. O

Therefore, we can associate to each formal Og-module over k of height h,
an Eisenstein polynomial of degree h.

formal Og-module Jiso.  —» Eisenstein polynomials
over k of height h [ /> p(z) € Ok|z] of degree h

In particular, for h = 1, we have an invariant

formal Og-module Jiso reduce formal Og-module fiso
over O of height 1 ’ over k of height 1 '

e {uniformizers Tk € (’)K} .

We claim that this is a complete invariant formal Og-modules over both k& and
over Ok . That is, given a uniformizer mx € Ok there exists a unique formal
Ogk-module over k on which Froby acts as 7, and a unique formal Og-module
over Ok that reduces this module over k. To prove this, we should construct
formal Og-modules.

Remark 3.2.9. Let K = Q, and consider a formal group § over [, on which
Frobr, = [mg,|r. Dieudonné theory associates to § a Diedonné module D(),
which turns to be a free rank 1 module over Z, on which Frobenius is multipli-
cation by mq,.
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3.2.3 Lubin—Tate formal modules

Let us first fix a uniformizer mx € Ox. We would like to construct a formal Q-
module over O, such that when we reduce the coefficients to k the Frobenius
Frob, acts as multiplication by mg. This means that

[Tr]F(z) € TT + 27 + mra?Ok[[z]].

Definition 3.2.10. A Lubin—Tate series for the uniformizer 7 is a power
series f(z) € Ok]|[z]] satisfying the property that

f(x)=mgz+2? (mod mgaz?).

We claim that for any Lubin—Tate series f(z), there exists a unique formal
Og-module law F' over O satisfying

[Tx]r(z) = f(z).

Moreover, we will show that if the F; and F, are formal group laws for two
Lubin—Tate series f; and f3, then the two are uniquely isomorphic through a
change of coordinates that is the identity at first order. This will show that
there is a canonical formal Ox-module £%/k ., over Ok that depends only on
the choice of uniformizer mg, on which the choice of coordinates corresponds to
the choice of the Lubin—Tate series [7k].

We shall prove our claims by a useful lemma.

Lemma 3.2.11 ([CF67], Proposition VI.3.5). Let K be a p-adic local field
and fiz T a uniformizer. Suppose f,g are Lubin—Tate series for wx, and let
@1(21,...,2yn) be a linear polynomial with coefficients in O . Then there exists
a unique ¢ € Okllx1,...,x,]] satisfying

(i) ¢ = ¢1 mod (w1, ...,2,)%,

(i) f(p(xr,... xn)) = ¢(g(x1), .., g(xn)).

Proof. As usual, we inductively construct power series ¢,, that are correct up
to degree m. That is, if we are given ¢,,_1 such that

fom—1(x1,.. . 20)) = dm1(g(x1),...,9(xy)) (mod (z1,...,2,)™),

m+1

it suffices to show that there exists a ¢, unique up to (z1,...,2,) , such

that ¢, = ¢pme1 modulo (z1,...,2,)™ ! and

f( (@1, 20)) = dm(g(z1), ..., 9(x,)) (mod (z1,...,2,)™" ).

Given ¢,,_1, we modify it to ¢, = Ppm_1 + ¥, Where 1, is a degree m
homogeneous polynomial. Then we have

F(@m(xr, .. 20)) = f(Pm-1(z1, ..., 20)) + TxUm(T1,. .., Zx)
Sm(g(z1), .- 9(2n)) = dm-1(9(21), .-+, 9(T0n)) + TRV (21, ..., Tn)
(mod (x1,...,x,)" ).
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This in fact shows that there exists a unique t,, satisfying f(dm) = om(g)
modulo degree m + 1, if and only if the degree m homogeneous part of

f((ybm—l(xl’ ey In)) - ¢m—1(g($1)7 o .. 7g(xn))

is divisible by mx — 7. Since m > 2, being divisible by mx — 7} is equivalent
to being divisible by 7.

However, if we reduce all the coefficients modulo mg, we see that we auto-
matically have

f(gbm,l(l'l, Ce 7:13”)) = (bmfl(xl; e ,S(}n)q
= ¢m71(x?a e ,.’E%) = ¢m71(g(x1)a e 7g(xn)) (mOd mK),

since Froby(z) = 27 commutes with all polynomials over the residue field k.
This shows that f(¢m—1(1,...,20)) — Om-1(g9(x1),...,9(xy)) is divisible by
Tk, and hence there is a unique correction of ¢,,_1 to ¢, for m > 2. O

We can now apply this lemma to construct the Lubin—Tate formal module
law associated to a Lubin—Tate series, prove uniqueness, and show that there
is a canonical formal Og-module over Ok not depending on the choice of the
Lubin—Tate series.

Proposition 3.2.12. Fiz a Lubin—Tate series f(x) for a uniformizer ny. Then
(a) There exists a unique formal group law F over Ok for which f(x) is a
group endomorphism.
(b) This formal group law F can be uniquely promoted to define a formal
Ok -module law over O satisfying the property that f(x) = [rx]r(x).

Proof. (a) Let us first apply Lemma [3.2.11] to find a F(z,y) € Ok][[z,y]] such
that

F(z,y)=x+y (mod (z,9)%), F(f(x),f(y) = f(F(z,y)).

We now need to verify that F(x,y) is indeed a formal group law. This will
follow from the uniqueness part of Lemma First, if we define another
polynomial Fywap(z,y) = F(y,x) by switching the two variables, then we see
that Fywap satisfies the identities

stap(xvy) =rv+y (mOd (xvy)z)’
stap(f(‘r)v f(y)) F(f<y)7 f(LL')) = f(F(y,x)) = f(stap(mv y))

This shows that F' = Fiyap and hence F' is symmetric. Similarly, we can show
that F' satisfies F'(z,0) = z, by applying the uniqueness part lemma to the
polynomials F'(z,0) and x in one variables. For associativity, we apply it to the
polynomials F(F(z,y), z) and F(z, F(y,z)) in three variables.

(b) From the lemma, we see that for any a € O there exists a unique
polynomial [a]r(x) € az+22O[[z]] such that f([a]r(x)) = [a](f(z)). We claim
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that this is indeed an endomorphism of the group law F. To see this, we look
at the polynomials F([a] (), [a]r(y)) and [a] p(F (z,y)) which are polynomials
in two variables, and observe that

f(F(lar(z),lalr(y)) = F(f(lalr(2)), f(lalr () = Flalr(f(x)), [a]r(f (),
f(lalp(F(z,y))) = lalr(f(F(2,y))) = [a]p(F(f(2), f()))-

Therefore by uniqueness of the lemma, we see that the polynomials F([a]r(x), [a]#(y))
and [a]|p(F(z,y)) agree. That is, [a]r is indeed an endomorphism of F'.

Properties such as [a+b]r(z) = F([a]r(z), [b]F(x)) or [ab] p(z) = [a]r([b]F(x))
can be verified by checking that both sides commute with f and have the
same linear term. Moreover, [rx|p(z) = f(x) since f(f(z)) = f(f(z)) and
f(z) € rxx + Ok |[[x]]. O

Therefore we have constructed a formal Og-module law over O, out of a
choice of uniformizer 7x and a Lubin-Tate series f(z) for . We now see what
happens when we change the Lubin—Tate series.

Proposition 3.2.13. Fix a uniformizer wx, and choose two Lubin—Tate series
f1, f2. Consider two formal Ok -module laws Fy, Fy over Ok satisfying [mx|r =
f1 and [rx|p, = fa. Then for each ¢ € Ok, there exists a unique power series
g(z) € cx + 2?Ok|[z]] that defines a Og-linear homomorphism g: Fy — Fa,

i.e.,
9(Fi(z,y)) = Fa(9(x),9(y)),  9(lalr (v)) = [a]p,(9())

for alla € Ok.
Proof. We first note that if ¢ is indeed a homomorphism then g(fi(x)) =
f2(g(z)) by setting a = mx. By Lemma [3.2.11] there exists a unique such
g € cx + 220k|[z]].

We now show that this unique ¢ is indeed a Ok-linear homomorphism. First
we note that

g(F1(f1(z), f1(y)) = g(f1(Fi(z,y))) = fao(g(Fi(z,y))),
Fy(g(f1(z)), 9(f1(y)) = Fa(f2(9(2)), f2(9(v))) = fa(F2(9(x),9(y))).

Thus uniqueness shows that g(Fy(z,y)) = Fa(g(z), g(y)). Similarly, we have

9([alr, (f1(2))) = g(f1(la]r, (2))) = fa(g(lalr, (2))),
[a]r, (9(f1(2))) = [a] r, (f2(9())) = fa(lalr, (9(2))),
and therefore g([a]p, (x)) = [a]r, (g(2)). O

This tells us that once we choose the uniformizer 7 € Ok, the choice of
the Lubin-Tate series does not matter when constructing the formal module.
Summing up, we obtain the following theorem.

Theorem 3.2.14. Let K be a p-adic local field and 7y be a uniformizer. Then
there exists a formal O -module £T /g .. over O, satisfying the property that
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1) for any choice of coordinates on £%/k .., the endomorphism |rg] is a
/ YTK
Lubin—Tate series for m, and

(ii) conversely for any Lubin—Tate polynomial f, there exists a choice of coor-
dinates, unique up to Oj, such that [rx] = f.

We have previously stated that we can define an invariant of a formal Og-
module over Ok of height 1. This shows that the invariant is complete, in the
sense that every uniformizer comes from a unique formal Og-module over Ok
of height 1, namely the Lubin—Tate module.

Corollary 3.2.15. There is a one-to-one correspondence

formal Ok -modules
over Ok of height 1

£ K S Tk

} Jiso. «—  {uniformizers mx € K} ;

That is, every formal Ok -module over Ok of height 1 is a Lubin—Tate module
for some uniformizer.

3.3 mg-divisible modules

It is not necessary to define p-divisible groups or m-divisible modules in devel-
oping Lubin—Tate theory. However, any formal module may be considered as a
m-divisible module, and this gives a different perspective on Lubin—Tate groups.
Even better, there are w-divisible modules that do not come from formal mod-
ules, which makes the theory of m-divisible modules much richer than that of
formal modules.

We start with the observation that if we take an arbitrary formal O g-module
and look at the my-torsion, we get a finite group scheme that is moreover a
Og-module. For § a formal Ox-module over Ok, let us look at the kernel of
the 7% : § — §. (For the moment, let us take the perspective of identifying a
formal module with Spf Ok [[z]], where the topology on Ok|[z]] is generated by
the ideal (p,z).) This may be considered as the fiber product

$mk] —— 3§

L b

Spf O —2 3,

and therefore can be given an algebro-geometric structure. Note that this is
independent of the choice of uniformizer 7% .

We can figure out what §[m’.| looks like after choosing coordinates. If the
formal module § has height h, then the kernel is

Spf (O [[2])/([7k]r ()

where [77%]r(z) is a power series of height nh. From this we see that this is a
flat finite group scheme of order ¢™" over Spf Ok, heuristically.
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Definition 3.3.1. Let A be an integral domain, and let O be a ring of inte-
gers of a p-adic local field K. A mg-divisible module (or a Barsotti—Tate
module) of height h is an sequence G,, of finite flat Ox-module schemes over
A with closed embeddings

SpecA=Gyg— Gy = Gy — -+ |
such that

(i) each G,, has order ¢"" over A, and

(ii) the inclusion G,, < G,41 identifies G,, as the m’;-torsion of the group
scheme G4 1.

Example 3.3.2. Let § be a formal Og-module over Ok of height h. We claim
that § may be considered as a mg-divisible module, if we set G, to be the m’;-
torsion points of §. More precisely, we choose coordinates to identify § with the
formal Og-module law F', and then set

Gn = Spec(Ok[[2]]/([r]r()))-

Because [} ]F is a power series with height nh, it follows that the Ok-algebra
Ok [[=]]/([7%](zx)) is a free module over O of rank ¢™*. Moreover, it is clear
from the construction that each G, indeed has a structure of an Og-module,
there are closed embeddings G,, — G,+1, and that G, is identified with the
m’-torsion of G, 41.

Let us now only focus on those mg-divisible modules that have height h = 1.
The two conditions in the definition imply that G,, look like Ok /m}, as Og-
modules. To be precise, let us take B an arbitrary A-algebra and take the
B-points
In reasonable situations, such as when B is an integral domain and flat over A,
the group G,, having order ¢™" implies that there are at most ¢"" ways of lifting
the morphism Spec B — Spec A to Spec B — G,,. Hence each G, (B) is a finite
Ox-module with at most ¢™* elements.

By the classification of finitely generated modules over principal ideal do-
mains, each Og-module G, (B) is isomorphic to

Gn(B) = OK/m;’}»l DD OK/m(;;"t",

where e, ; > 1 and ), e, ; < n by the cardinality condition. But condition (ii)
implies that G1(B) is the mg-torsion points of G, (B), and from our identifica-
tion of G, (B) we see that

G1(B) = Gu(B)[mx] = (O /mg ).

This implies that ¢, = 1, and e,,; < n. Let us write e, ; = e, for convenience,
so that

GH(B) = Ok / m%
as Og-modules. For m < n, condition (ii) also implies that G,,(B) = G,,(B)[m%],
and thus e,, = min(m, e,,). Therefore one of the two happens:
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e ¢, =n for all n, and hence G, (B) = O /m.
e there exists an integer N such that e, = n for n < N and e, = N for
n>N.

If B is an algebraically closed field of characteristic zero, for instance, the car-
dinality of G, (B) is exactly ¢"". It follows that G, (B) = O /m% for all n.

There are examples of my-divisible modules of height 1 that do not arise
from formal O g-modules.

Example 3.3.3. Let K be a field totally ramified over Q, of degree d. We
can take the group scheme G, (which also is a formal Z,-module) and tensor
it over Z, with Ok to get a mg-divisible module

G =G, ®Zp Ok.

More precisely, we first take a uniformizer mx € Q%P of K so that O =

Zp(l, 7k, . .. ,W}i(_1>, and let mx satisfy the Eisenstein polynomial
’]T?(:CLO-l—CLl’]TK-|--~--|-G,d,17T(Ii(717 ag,...,0a4—1 € pZ.

We now define the finite group schemes as
pipn = Spec(Ok[z]/(zP" = 1)), Gna = ugn = fpn X o+ X flpn

and endow it with a Og-module structure so that mx acts as

0 -+ 0 ap
1 “ee O al
[WK]: . . .
0 -+ 1 ayq

Then it readily follows that Gpg = Grq[p™] for m < n, with the natural
inclusions Gp,q < Gpq induced by ppm — ppn. Therefore, if we set G, =
G na[m'] for large enough N, it will be independent of the choice of N and give
G the structure of a mg-divisible group of height 1.

To see that this mg-divisible module does not arise from a formal Og-
module (if d > 2), we base change to the residue field F,,. We note that

G4 Xspec 05 SpecFy, = SpecFy[zq, ..., zq)/ (2], ... ah),
EE/KJ"K [m?(] XSpec 0 OpeclF, = Spec Fp[x]/(xpd)-
The two rings on the right side are distinct, because every p-th power is zero in
Fplz1,...,zq)/ (2}, ..., 2%), while in SpecFp[z] we have zP # 0.

Example 3.3.4. We can easily find and even classify étale 7 -divisible modules
of height 1 over Ok, i.e., those with each G,, étale over Spec Og. Once we fix
a geometric point £ of Spec Ok, we get an equivalence

7§ (Spec Ok, §) = Auto, (M)

{étale O -module schemes
where M has cardinality ¢™

Og-linear representations
—
of order ¢" over Ok }
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We note that the étale fundamental group of Spec O is Gal(k*P /k), since Ok is
a henselian local ring. Because k is a finite field, we thus obtain 7¢*(Spec Ok, §) =
7 with the Frobenius being a topological generator. On the other hand, because
M, = Og/m?} for each n, we have a canonical isomorphism Aute, (M,) =
(Ok/m7%)* for each n. By looking at all n at the same time, we see that there
is a correspondence

étale my-divisible modules| . . BAX o
{ of hfight 1 over Ok } fiso. = ILH(OK/mK)X = Ok

n

where the right hand side holds because O is already complete. Therefore
étale mg-divisible modules are classified by {x € K : |x| = 1} whereas formal
Ok-modules are classified by {z € K : || = |7k|}.

In this perspective of considering a formal Og-module as particular type of a
my-divisible group, the formal module § is really built out of finite O x-module
schemes over O that may be called

Spec O — Fmg] — Fm%] — Fm] — ---
with a bit of abuse of notation. Then we may define the Ox-module
FmF](KP) = Lm(Fmp ] (K>P) < FmE](K>P) = Fmi] () < ---).

Remark 3.3.5. In a sense, this construction may be taken as given a functor-
of-points description of the algebro-geometric object F[mP]. At the least, since
it is a filtered colimit of representable functors, it is going to be a sheaf in the
flat topology.

We are mostly interested in formal Ox-modules over Ok of height 1, i.e.,
Lubin-Tate modules in view of the classification given in Corollary [3.2.15

Proposition 3.3.6. Let § be a formal Og-module over Ok of height 1. As a
Ok -module, the torsion points of § is noncanonically isomorphic to

SmE(K*?) = K/Ok.

Proof. Note that K®°P is algebraically closed with characteristic zero. Because
each F[m%] is a flat finite scheme over Ok of order ¢, the number of K*°P-points
is precisely
#S [ (KP) = ¢".
Then from the previous discussion, we see that we have noncanonical isomor-
phisms
Slm J(K>P) = Ok /m
of Ox-modules, for all integers n > 0.
Pick a uniformizer 7 € O . Then each multiplication map

Sl ] (KP) =5 Fmi ' (K5P)
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is surjective since it looks like mx: O /m% — OK/manl. Therefore we may

pick a sequence of elements
an € FmE](K*P), 7mgan, =an_1.
We define the map

K/Og — FmE|(K>P); wi” + Ok — cay,
K

and observe that this is well-defined and an isomorphism. O

3.4 Reconstruction of the reciprocity map
Let us now try to reconstruct the Artin reciprocity map
0k : KX — Gal(K>P/K)

using the Lubin—Tate modules.

For K a p-adic local field, fix mx a uniformizer and consider £T,k . the
Lubin—Tate formal Ox-module over O associated to mg. If we look at all the
torsion points, there is a natural Galois action

Gal(K®P /K) C LT g (M (K5P)

given by composing the point Spec K** — £%/ . [m}%] with an automorphism
of Spec K®°P. Moreover, this action respects the Og-module structure, and
hence we obtain a group homomorphism

Gal(K*P/K) — Auto, (£F )k r, [mE ] (K5P)).

Here, we can compute this group of Og-linear automorphism precisely, as we
have identified the Ox-module structure on torsions of £%/ .. There exists
a natural map

O = Auto, (L3 = [ME](K*P));  a = [z ax],

and we claim that this is indeed an isomorphism. To show this, it suffices to
note that £F/x - [mE](K*P) = K/Ok, and then

Auto, (K/Ok) = lim Auto, (my"/Ok) = lim(Ok /mf)* = Of.

Therefore we canonically obtain a group homomorphism
Gal(K*P/K) — Auto, (£3 )k x, [M7](K°P)) = Of.

This map turns out to be almost equal to the inverse of the Artin reci-
procity map 6, : Gal(K*?/K) — K*. To show this, we first determine the
representations for different 7wy interact with each other.
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3.4.1 Isomorphism over the maximal unramified

Although the formal O-module schemes £% ¢ -, are not isomorphic over Ok,
they all become isomorphic once we base change to the maximal unramified
O}’(m’A. To show this, we need a lemma that takes a very similar form to

Lemma B.2.111

Recall that there is a canonical Frobenius automorphism
Frob,x € Gal(K"™"/K),

and this acts on the ring of power series O'%""[[z]] by acting on each coefficient.
Denote this action by f7, so that f(z) =), a;x* gives

f(z) = Frob,x(ag) + Frob, x (a1)z + Frob  x (as)z® + - - - .

Lemma 3.4.1. Let K be a p-adic local field and let f € xOk[[z]]* be a power
series with no constant term and invertible degree 1 coefficient. Then there
exists a power series ¢ € O [z]]* satisfying

97 (x) = ¢(f(x)).
Proof. Again, we try to determine each coeflicient inductively. Let us write
f(x) = a1 + agax® + azax® + - .

If we want to determine the degree 1 coefficient, ¢(x) = ¢z + O(x?), we need
to solve the equation
Frob /g (c1) = aicy.

This is solvable by Proposition [2.2.2} If we have a ¢,,—1 that satisfies ¢7;

m—1 —
Om—1(f) up to degree m — 1, then we define ¢, = d—1 + cpax™ for ¥ some
homogeneous degree m polynomial, where ¢, needs to satisfy

Frob /g (¢m) = em + (dm-1(f) — ¢5,—1) (mod z™).
This is possible by the additive part of Proposition [2.2.2 O

Proposition 3.4.2. Let g 1,7k 2 be two uniformizers of K and consider the
corresponding Lubin—Tate modules £F k7., and £F g ~, ,. If we base change
to Op™", then there exists an isomorphism

unr,A unr,\
LT Kmreq XSpec oy Spec O " =2 LT e 1)) XSpec 0 Spec O

of formal Ok -modules over (’)}l(m’A. In other words, if we choose coordinates
and identify the formal Lubin—Tate modules with the formal Ok -module laws
F\, Fy, then there exists a power series f(z) € zOx™"[[2]]* for which

f(F(z,y) = FBa(f(2), f(v),  f(la]r (2)) = la]r, (f(2))

for all a € Ok . Furthermore, we may choose the homomorphism f to satisfy

f([u]r (2) = [u]p, (f(2)) = f7(2).

where we define u € O}X( s0 that Tx o = Uk 1.
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Proof. Let us first choose a power series f; € zOk|[[z]]* satisfying

hlulp (2) = f7 (=),

using Lemma Then we can conjugate Fy by f and consider the formal
group law

Fs(z,y) = AT @), T W), lalr = fAllalr (7 (2))).

Then when we act by the Frobenius, we see that
F3 (x,y) = fullulr (Fu(fu™ e (0 @) [u™ e (7 (2))))
= fl(Fl(ffl(‘r)vffl(y))) = Fg(m,y),
[alF, (2) = flulr ([0l ([w ™ r (F (@) = fillalm (fT(2))) = [alp (2).

Therefore, the formal Ox-module law F3 actually has all coefficients in Ok .
Moreover, the series [7k 2|r, can be described as

[rx 2l my () = fi[ul e, ([Ta]m (FH(@))) = 7 (mkale (0 (2))),
and thus when we reduce this modulo mg,
F7 ([mrealm (fi () = 7 (Froby(fi ()
= F7((f7) " (Froby(x))) = 2% (mod my)

is a Lubin—Tate series. Therefore the formal Ox-module law F5 defines the
Lubin-Tate module for g 2, hence is equivalent to F». Therefore

L Kk, =51 ELN A LY Krk. = B2

To obtain the isomorphism between F} and Fy, we can simply compose f; with
the isomorphism between F3 and Fb. O

This allows us to compare Lubin—Tate modules coming from different uni-
formizers. Let mg,; and mg 2 = umg,; be uniformizers of K, and consider
Lubin-Tate Og-modules laws Fy, Fy over O corresponding to mx 1 and g o.
We have seen that there exists a power series f € zO%""[[2]]* satisfying

[ @) = f(lulp (2)),  f(la]r (2) = lalr (f(2)).
Then it induces an isomorphism
STk et [MFNECP) Lo £T g [F)EP): 20 f(2)

of Og-modules.
Let us see how the Galois action on the two sides compare with each other.
For any element g € Gal(K®°P/K), we note that

97 (flg(x))) = f9(2),
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where f9 € Op""[[z]] is the power series obtained by applying g to all the
coefficients of f. By definition, the coefficients of f are all in O%"™*", and hence
f9 is only sensible to the restriction of g to K"™. Let us suppose that

gl = Frob% € Gal(K"™/K) for a€Z.
Then
97 (f(9(@)) = f2(x) = [ (2) = f([u]r, (@) € OF"[[=]],

where both the a-powers make sense by choosing a sequence a; — « for a; € Z
and taking the limit after evaluating.
Let us denote by
p1,p2: Gal(K*P/K) — O

the group homomorphisms coming from O k-linear representations of Gal(K*P/K)
associated to the Lubin-Tate modules £F/x . and £%F/f -, ,. These maps
are characterized by the property that with an arbitrary choice of coordinates,

9(x) = [pi(9)]r (x)
for all ¥ € £F/k . [mFE](K>°P). Therefore
Fpr(9r (2)) = f9(x)) = g(f ([u]r (2)))
= [p2(9)]r, (f ([u]p, (2))) = f ([ p2(9)] 7, ()
implies that [p1(9)]r, = [u*p2(g)]F,. Looking at the linear term, we obtain
p1(g) = up2(g)

if g € Gal(K*P/K) restricts to Frob}, € Gal(K"""/K). To make the formula
nicer, we can further write this as

Tie1p1(9) = T apalg) € KX,
since u € O was defined as Tx 2 = urk 1.
Proposition 3.4.3. Choose 7 a uniformizer of K and define a map
prr: Gal(K°P/K) — I/(\X; g B
where 8 € O is defined to satisfy
9(@) = [Bles .., (7)
for all x € £F /g - [MF](KP) and o € Z is defined to satisfy
gl runr = Frobf . € Gal(K"™/K).

Then map prr does not depend on the choice of uniformizer wx . In particular,
prT restricts to a map
pLT‘WK : WK — KX

that does not depend on the choice of uniformizer wg , which can also be thought
of as a 1-dimensional representation of the Weil group Wi .
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We have thus obtained a canonical map that only depends on the p-adic
local field K and not on any auxiliary choices. Our next goal is to prove that
this indeed is the inverse of the Artin reciprocity map.

3.4.2 Explicit description of the Artin reciprocity map
again

In Proposition [3.4.3] we constructed a continuous homomorphism
prr: Gal(K5P/K) — K*.

We want to show that this map is equal to the composition

-1

07—
po: Gal(K*P/K) — Gal(K>P/K)* 5 Kx.

To prove the theorem, we need to use the existence of the Artin reciprocity
map ¢, and all the properties it has. Hence this chapter does not by itself give
a proof of local class field theory; it produces the Artin reciprocity map, but to
show that it is an isomorphism we need the results from the previous chapter.

Lemma 3.4.4. Let g € K be a uniformizer. Then the field extension
Kmn = K(’S{’E/K,WK [m?(](Ksep))

obtained by adjoining all the m’, -torsion points of the Lubin—Tate module £F )
to K is abelian extension of degree ¢"~'(q —1). Moreover, K, , is totally ram-
ified over K and

TK € NK«,n/KK;:,n'

Proof. For computational simplicity, consider the polynomial f(z) = mgx + 9.
Then there exists a choice of coordinates on £F i -, that makes [1x|(z) = f(z).
By definition, K ,, is obtained from K by adjoining all the zeros of

oy SO @) f@)
MO w Tiw e

Here, we note that each ) (z)/f*=1(z) is

)
7D (a)

and hence is an Eisenstein polynomial of degree ¢*~!(¢ — 1) and constant term

= i+ (S )

TK-

Pick a root a of (™ (z)/f"=V(z) so that f™=Y(a) # 0 but f(a) = 0.
Because « is a m}-torsion point of the Lubin-Tate module that is not a m’; '-
torsion, all other m%-torsion points can by obtained by considering [a](«) for
a € Ok. It follows that all other m’;-torsion are in generated by a over K, and

therefore
Ky, =K(a).
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Because « is a root of a degree q("_l)(q — 1) Eisenstein polynomial, it imme-
diately follows that K, ,, is totally ramified over K with degree ¢("~1(q — 1).
To see that this is an abelian extension, we note that the Galois conjugates of

« are

{lal(@) : a € (O /mf) "},
since these are ("~ (q — 1) distinct zeros of f(™ /f(»=1_ Thus a Galois au-
tomorphism of K, sends o — [a](«) for some a € (Og/m%)*, and this

automatically sends
[b](a) = [bl([al()) = [ab] (@)
for all b € (O /m7)*. It follows that we obtain a natural identification
Gal(Krn/K) = (Ok /mi)*; (a [a](@)) ¢ a.

(This identification does not even depend on the choice of the root «.) It follows
that K , is an abelian extension. O

First note that both maps prr, pg recovers the valuation and restricted to
the maximal unramified K", i.e., the diagram

Gal(K*P/K) —~2—

KX

lres J{”
ou—)Frob7K ~

Gal(K"/K) — Z

commutes. The statement for prr holds by construction, as the Lubin—Tate

module only sees the O} part and we multiplied it with a power of a uniformizer

according to how it acts K""". On the other hand, the statement for py holds

since it was one of the desired properties of the Artin reciprocity map.

We observe two facts.

e Suppose L/K is a finite abelian extension. If py(g) € NL*, then g|; =

id, € Gal(L/K). This is because the 6 1, : Gal(L/K) — K*/NL* is

an isomorphism.

|
—

6 —
Gal(K*P/K) ——» Gal(K*P/K)»» — 1, Ex

Jre [ |

077 —
Gal(L/K) === Gal(L/K)* —L K*/NL* = K*/NL*

~
=

1R

&

o Let mx € K be a uniformizer. Suppose g € Gal(K®P/K) satisfies that
glruwnr = Frob i and g|k,,_, =1idg, , foralln >0. Then prr(g9) = k.
This follows directly from the definition of pr 7.

Theorem 3.4.5. The two homomorphisms
po, prr: Gal(K*P/K) — K%

are identical.
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Proof. Since the completion of Z is topologically generated by 1, it is enough
to show that

pe(g) = prr(g) € K

is the same uniformizer, for all g € Gal(K®P/K) that restricts to Frob,r €
Gal(K"™/K).

Fix g € Gal(K®P/K) that restricts to the Frobenius. Then mx = po(g) is a
uniformizer. Moreover, we see from Lemma that

po(9) =7k € Nk, /kEK5 n
for all n > 0. It follows that
Q‘KWK,n =ldk,,. , € Gal(Krp n/K).
Since we picked g to restrict to Frob,x on K", it moreover follows that
prr(9) = 7K.

Therefore prr(g) = po(g)- O

Since we have an explicit description of the map ppr and it is essentially the
inverse of 0k, we obtain a second explicit description of the Artin reciprocity
map.

Corollary 3.4.6. Let K be a p-adic local field, and fix a uniformizer tx € K.
For a Galois automorphism g € Gal(K®P/K), consider

(1) the element a € Z such that g| gwn = Frob{ € Gal(K"™/K), and
(2) the element B € OF that satisfies g(x) = [B](x) for all torsion points

r € LTk, [MF](HP).

Then Br% € KX is the image of g under the composition

—1

0 —
Gal(K*** /K) — Gal(K*P /K)* 5 K

and hence is independent of the choice of the uniformier mg .
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