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Feasibility of Interference Alignment for
the MIMO Interference Channel

Guy Bresler, Dustin Cartwright, and David Tse, Fellow, IEEE

Abstract— We study vector space interference alignment for
the multiple-input multiple-output interference channel with
no time or frequency diversity, and no symbol extensions.
We prove both necessary and sufficient conditions for alignment.
In particular, we characterize the feasibility of alignment for
the symmetric three-user channel where all users transmit along
d dimensions, all transmitters have M antennas and all receivers
have N antennas, as well as feasibility of alignment for the
fully symmetric (M = N) channel with an arbitrary number
of users. An implication of our results is that the total degrees of
freedom available in a K -user interference channel, using only
spatial diversity from the multiple antennas, is at most 2. This
is in sharp contrast to the K/2 degrees of freedom shown to be
possible by Cadambe and Jafar with arbitrarily large time or
frequency diversity. Moving beyond the question of feasibility,
we additionally discuss computation of the number of solutions
using Schubert calculus in cases where there are a finite number
of solutions.

Index Terms— Interference channel, interference alignment,
feasibility of alignment, algebraic geometry.

I. INTRODUCTION

INTERFERENCE is a key bottleneck in wireless communi-
cation networks of all types: whenever spectrum is shared

between multiple users, each user must deal with undesired
signals. Cellular networks in densely populated areas, for
example, are severely limited by interference. To address this
problem, the research community as well as the wireless
communications industry have invested a great deal of effort
in trying to develop efficient communication schemes to deal
with interference. Nevertheless, the current state-of-the-art
systems rely on two basic approaches: either orthogonalizing
the communication links across time or frequency, or sharing
the same resource while treating other users’ signals as noise.
If there are K co-located users, these approaches result in
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a fraction 1/K of the total resource being available to each
user: performance severely degrades as the number of users
increases. Interference alignment is one recent development
(among others, such as hierarchical MIMO [3]) that has
opened the possibility of significantly better performance in
interference-limited communications than traditionally thought
possible.

The basic idea of interference alignment is to align,
or overlap, multiple interfering signals at each receiver in
order to reduce the effective interference. Interference align-
ment has been used in the index coding literature since
the late 90’s, seemingly for the first time by Birk and
Kol [4]. For wireless communication, interference alignment
was used by Maddah-Ali et al. [5] and made more explicit by
Jafar and Shamai [6], both for the multiple-input multiple-
output (MIMO) X channel. But the extent of the potential ben-
efit of interference alignment was first observed by Cadambe
and Jafar [7] in application to the K -user interference channel,
when they showed that for time-varying or frequency selective
channels with unbounded diversity, K

2 total degrees of free-
dom are achievable using a basic linear precoding scheme.
In other words, somewhat amazingly, each user gets the same
degrees of freedom as with only two users in the system,
independent of the total number of users K . The number of
degrees of freedom in a system, defined later, is given by the
total capacity normalized by the capacity of a single point-to-
point link, in the limit of high signal-to-noise ratios (SNR).

The K
2 result of Cadambe and Jafar requires unbounded

channel diversity, and it is unclear what the implication is for
real systems with finite channel diversity. Despite major effort
by researchers over the last six or so years, little is known
about how diversity affects the ability to align interference.
Partial progress in this direction includes [8] for the three-user
channel, as well as [9] for single-beam strategies.

Many practical systems are also equipped with multiple
antennas and thus have spatial diversity. Multiple antennas are
known to greatly increase the degrees of freedom of point-to-
point systems. In this paper we focus on how spatial diversity
helps to deal with interference by studying interference align-
ment for the MIMO interference channel. In order to focus
on the effect of spatial diversity, we assume there is no time
or frequency diversity, i.e., the channel is constant over time
and frequency. For technical reasons we additionally restrict
attention to strategies making use of a single time-slot (no
symbol extensions).

Because [7] uses linear (vector space) precoding, we attempt
to simplify matters by restricting to the class of such vector
space schemes (defined carefully in Sec. II). Our first results
are for the symmetric three user channel. We prove a necessary
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condition for alignment and give a constructive achievable
vector space strategy. These together characterize the
feasibility of alignment for d signaling dimensions per user
in a symmetric system with M antennas at the transmitters
and N antennas at the receivers. The arguments require only
basic linear algebra.

Next we generalize to an arbitrary number of users. The
arguments make use of tools from algebraic geometry to
analyze the bilinear equations arising from the alignment
conditions. We first prove a general necessary condition.
We subsequently show using Schubert calculus that if M = N
and all transmitters use d signaling dimensions, then the neces-
sary condition is also sufficient. Schubert calculus is a system
for computing the number of solutions to various enumerative
problems on algebraic varieties such as Grassmannians. The
framework gives an explicit (albeit complicated) combinatorial
rule for counting the number of alignment solutions, and in
principle allows to check directly if alignment is generically
feasible. How to perform this verification is not obvious in
general; we argue that the number of solutions is positive in
the aforementioned symmetric case.

The rest of the paper is outlined as follows. In Section II we
introduce the MIMO interference channel model and formulate
the alignment feasibility problem. Section III contains an
overview of the main results and comparison with related
works. Section IV derives necessary conditions for alignment,
and Section V gives sufficient conditions. Finally, Section VI
discusses computing the number of alignment solutions as well
as how to compute the solutions themselves, and Section VII
gives some concluding remarks.

II. THE MIMO INTERFERENCE CHANNEL

The K -user MIMO interference channel has K transmit-
ters and K receivers, with transmitter i having Mi antennas
and receiver i having Ni antennas. For i = 1, . . . , K ,
receiver i wishes to obtain a message from the corresponding
transmitter i . The remaining signals from transmitters j �= i
are undesired interference. The channel is assumed to be
constant over time, and at each time-step the input-output
relationship is given by

yi = H[ii]xi +
∑

1≤ j≤K
j �=i

H[i j ]x j + zi , 1 ≤ i ≤ K . (1)

Here for each user i we have xi ∈ CMi and yi , zi ∈ CNi ,
with xi the transmitted signal, yi the received signal, and
zi ∼ CN (0, INi ) is additive isotropic white Gaussian noise.
The channel matrices are given by H[i j ] ∈ CNi ×M j for 1 ≤
i, j ≤ K ; for the rest of the paper, we assume that the H[i j ] are
generic, meaning that their entries lie outside of an algebraic
hypersurface depending only on the parameters di , Mi , and Ni .
If the entries are randomly chosen from some non-singular
probability distribution, this will be true with probability 1.
Additionally, each user obeys an average power constraint,
1
T E(||xT

i ||2) ≤ P for a block of length T .
We restrict the class of coding strategies to (linear) vector

space strategies. In this context, degrees-of-freedom has a

simple interpretation as the dimensions of the transmit sub-
spaces, described in the next paragraph. However, note that
one can more generally define the degrees-of-freedom region
in terms of an appropriate high transmit-power limit P → ∞
of the Shannon capacity region C(P) normalized by log P
([5], [7]). In that general framework, it is well-known and
straightforward that vector space strategies give a concrete
non-optimal achievable strategy with rates

Ri (P) = di log(P) + O(1), 1 ≤ i ≤ K .

Here di is the dimension of transmitter i ’s subspace and P is
the transmit power.

The transmitters encode their data using vector space
precoding. Suppose transmitter j wishes to transmit a vector
x̂ j ∈ Cd j of d j data symbols. These data symbols are
modulated on the subspace U j ⊆ CM j of dimension d j ,
giving the input signal U j x̂ j , where U j is a M j × d j matrix
whose columns give a basis of U j . This signal is observed by
receiver i through the channel as H[i j ]U j x̂ j . The dimension of
the transmit space, d j , determines the number of data streams,
or degrees-of-freedom, available to transmitter j . With this
restriction to vector space strategies, the output for receiver i
is given by

yi =
∑

1≤ j≤K

H[i j ]U j x̂ j + zi , 1 ≤ i ≤ K . (2)

The desired signal space at receiver i is thus H[ii]Ui , while
the interference space is the span of the undesired subspaces,
i.e.,

∑
j �=i H[i j ]U j .

In the regime of asymptotically high transmit powers, in
order that decoding can be accomplished we impose the con-
straint at each receiver i that the desired signal space H[ii]Ui

is complementary to the interference space
∑

j �=i H[i j ]U j .
Equivalently, receiver i must have a subspace Vi (onto which
it can project the received signal) with dim Vi = dim Ui such
that

H[i j ]U j ⊥ Vi , 1 ≤ i, j ≤ K , i �= j , (3)

and

dim(ProjVi
H[ii]Ui ) = dim Ui . (4)

Here, H[i j ]U j ⊥ Vi means that the two vector spaces
are orthogonal with respect to the standard Hermitian form
on CNi . Equivalently, if we write Vi and U j for matrices
whose columns form bases for Vi and U j respectively, then
orthogonality means that all entries of the matrix V†

i H[i j ]U j

are zero, where V†
i denotes the Hermitian transpose.

If each direct channel matrix H[ii] has generic (or i.i.d.
continuously distributed) entries, then the second condition (4)
is satisfied assuming dim Vi = di for each i . This is because
the set of channels for which condition (4) is not satisfied
obeys a determinant equation and is therefore contained in an
algebraic hypersurface (algebraic set of codimension 1). This
can be easily justified—see [10] for some brief remarks. Hence
we focus on condition (3).

Our goal in this paper is to determine when interference
alignment is feasible: given a number of users K , numbers of
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antennas M1, . . . , MK and N1, . . . , NK , and desired transmit
subspace dimensions d1, . . . , dK , does there exist a choice
of subspaces U1, . . . , UK and V1, . . . , VK with dim Ui =
dim Vi = di satisfying (3)?

III. MAIN RESULTS

As discussed in the previous section, for vector space
strategies the alignment problem reduces to finding vector
spaces Ui ⊂ CMi and Vi ⊂ CNi where dim Ui = dim Vi

is denoted di , such that

H[i j ]U j ⊥ Vi , 1 ≤ i, j ≤ K , i �= j , (5)

where the matrix H[i j ] ∈ CNi ×M j represents the channel
between transmitter j and receiver i . We again emphasize that
the H[i j ] are assumed to be generic.

Our goal is to maximize the signal dimensions di subject
to the constraint that there exist vector spaces satisfying (5).
Yetis et al. [11] proposed comparing the number of variables
and equations in the system of bilinear equations (5) in order
to determine when it has solutions, and justified this using
Bernstein’s Theorem in the case that di = 1 for all i . Our first
result makes this intuition precise by showing that the feasible
solutions are an algebraic variety of the “expected” dimension,
when the channel matrices are generic. Thus, we have the
following necessary condition for interference alignment:

Theorem 1: Fix an integer K and integers di , Mi , and Ni

for 1 ≤ i ≤ K and suppose the channel matrices H[i j ] are
generic. If, for any subset A ⊂ {1, . . . , K }, the quantity

tA =
∑

i∈A

(
di (Ni − di ) + di (Mi − di )

) −
∑

i, j∈A,i �= j

di d j .

is negative, then there are no feasible strategies. Moreover, if
there are feasible strategies, then t{1,...,K } is the dimension of
the variety of solutions.

The constraint on t{1,...,K } was obtained independently and
simultaneously by Razaviyayn et al. [12].

The dimension of the variety of solutions is important,
because when multiple strategies are feasible, we may wish to
optimize over the feasible strategies according to some other
criterion, such as the robustness of the system.

The necessary condition from Theorem 1 is not sufficient.
One, almost trivial, requirement for there to even exist vector
spaces is that di ≤ Mi and di ≤ Ni for each i . Similarly,
by looking at the total capacity of two transmitters and one
receiver, we have the following constraint, which is also
implied by combining the information-theoretic arguments
of [13] and [14].

Theorem 2: For any distinct indices i , j , and k, the feasi-
bility of interference alignment requires

di + d j + dk ≤ max(Ni , M j + Mk)

Symmetrically, Theorem 2 also holds with the roles of
M and N reversed. Moreover, this result extends to chains
of transmitters and receivers longer than three, at least when
the transmit and receive dimensions are identical. To do so,
rather than three indices i , j , and k from Theorem 2, we
use a sequence of indices such that each consecutive triple

Fig. 1. For a fixed value of d, the feasible region in the M, N plane is white
while the infeasible region is shaded. The labels 1, 2, 3, 4, . . . indicate the
maximum length of alignment paths for M, N in the corresponding region.

of indices is distinct. Again, Theorem 3 also applies with M
and N reversed.

Theorem 3: Fix a non-negative integer r and let
i1, . . . , ir+2 be a sequence of indices, such that each
consecutive triple consists of three distinct indices, i.e.,
i j �= i j+1 for 1 ≤ j ≤ r + 1 and i j �= i j+2 for 1 ≤ j ≤ r .
Also, assume that if i j = i j ′ then i j+1 �= i j ′+2.

Suppose that Ni j is the same for all 1 ≤ j ≤ r , which we
denote N, and similarly Mi j = M for 2 ≤ j ≤ r +2. In order
for interference alignment to be feasible, we must have:

r∑

j=1

di j +
r+2∑

j=2

di j ≤ max(r N, (r + 1)M)

When r is positive, we can rewrite the left-hand side:

di1 + dir+1 + dir+2 + 2
r∑

j=2

dir ≤ max(r N, (r + 1)M)

The condition on the indices i j in Theorem 3 is somewhat
technical, but the simplest choice is to have i1, . . . , ir+2 cycle
through three distinct values. Indeed, in the case of 3 users
such a cycle is the only possible sequence and we obtain the
following simplification.

Corollary 4: Suppose that K = 3 and that N1 = N2 =
N3 = N and M1 = M2 = M3 = M. If interference alignment
is feasible, then for any positive integer r ,

d1 + dr+1 + dr+2 + 2
r∑

j=2

dr ≤ max(r N, (r + 1)M),

where for i > 3, we define di to be di , where i is the remainder
of i when divided by 3.

Of course, Corollary 4 also holds for any reordering of
the three users. Moreover, if we assume that the transmit
dimensions di are all equal to some fixed d , then the infeasible
parameters correspond to the shaded areas of Figure 1. In fact,
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as shown by our next theorem, in this symmetric case we have
completely characterized the feasible region.

Theorem 5: Let K = 3 and without loss of generality, let us
assume that N ≥ M. Then interference alignment is feasible
if and only if for each r ≥ 0,

(2r + 1)d ≤ max(r N, (r + 1)M) . (6)

Moreover, if, in addition, N + M = 4d, then there is a
unique solution if N > M and there are

(2d
d

)
solutions if

N = M = 2d.
The sufficiency of these conditions has also been inde-

pendently shown by Amir et al. [15], but only in the
zero-dimensional case, when N+M = 4d . Also independently
and simultaneously, Wang et al. [16] have obtained results
very similar to Theorem 5. Their necessary condition (which
matches the one in Theorem 5) is information-theoretic, and
thus, unlike ours, is not limited to linear strategies, constant
channels, or no symbol-extensions. The linear achievability
result of [16] also matches Theorem 5.

Theorem 5 is constructive in the sense that the solutions
can be obtained from basic operations in linear algebra. The
reason that the K = 3 case is easy to analyze is that the
constraints (5), which always link a pair of vector space
choices, form a cycle in the case of K = 3. This cycle allows
alignment strategies to be constructed from alignment paths,
as was also observed by [16] (and previously in [8] for the
three-user interference channel with either time or frequency
diversity). When there are more users, we nonetheless have a
sufficiency condition in the case when N = M:

Theorem 6: Suppose that K ≥ 3 and that di = d and
Mi = Ni = N for all users i . Then, for generic channel
matrices, there is a feasible strategy if and only if 2N ≥
(K + 1)d.

A very similar theorem was also obtained by
Razaviyayn et al. [12] for the case that d divides N .
They found a distinct, but overlapping, set of parameters for
which they could characterize feasibility.

Theorem 7 ([12], Th. 2): Suppose that d = di for all i and
that Mi and Ni are divisible by d for all i . Then interference
alignment is possible if and only if the quantities tA from
Theorem 1 are non-negative for all subsets A.

Rearranging the inequality of Theorem 6, we have that the
number of transmit dimensions satisfies d ≤ 2N

K+1 .
Corollary 8 (Fully Symmetric Achievable dof): The maxi-

mum normalized dof is given by

max dof = K

N

⌊
2N

K + 1

⌋
≤ 2

K

K + 1
≤ 2.

In sharp contrast to the K
2 total normalized dof achievable

for infinitely many parallel channels in [7], for the MIMO
case we see that at most two dof (normalized by the single-user
performance of N transmit dimensions) are achievable for any
number of users K and antennas N . The difference is due to
the structure of the channel matrices: for the MIMO case with
full generic matrices condition (3) is difficult to satisfy and (4)
is easy, while for the parallel case with diagonal matrices
the situation is reversed. We note that this observation was

previously made in [11] based on their conjectured necessary
condition.

Theorem 6 suggests an engineering interpretation for the
performance gain from increasing the number of antennas.
Depending on whether N < d(K + 1)/2 or not, there are two
different regimes for the performance benefits of increasing
N : (1) alignment gain or (2) MIMO gain. To illustrate these
concepts, suppose that there are K = 5 users. If N = 1,
i.e., there is only a single antenna at each node, then no
alignment can be done and only one user can communicate on
a single dimension, giving 1 total degree of freedom. As the
number of antennas increases to 2 and 3, the number of
degrees of freedom becomes 3 and 5 respectively. Because
of alignment, the number of users communicating and hence
total degrees of freedom increases, which we call alignment
gain. The alignment gain has slope 2. However, after N = 3,
increasing N affords no additional possibilities for interference
alignment; the total number of degrees of freedom increases
only because more dimensions are available. The MIMO
gain has slope 5/3, which is the asymptotic coefficient in
Corollary 8.

Unlike Theorem 5, the proof of Theorem 6 does not provide
a way of computing the solutions. Instead of linear algebra,
it uses Schubert calculus to prove the existence of solutions.
In fact, in Section VI, we will see that there cannot be a simple,
exact description of the symmetric interference alignment
problem. Nonetheless, as we will discuss, solutions may be
found using numerical algebraic geometry software.

In addition to general algebraic methods of root finding,
others have proposed heuristic algorithms, mainly iterative in
nature (see [17]–[21]). Some have proofs of convergence, but
no performance guarantees are known. Schmidt et al. [21], [22]
study a refined version of the single-transmit dimension prob-
lem, where for the case that alignment is possible, they
attempt to choose a good solution among the many possible
solutions. Papailiopoulos and Dimakis [20] relax the problem
of maximizing degrees of freedom to that of a constrained
rank minimization and propose an iterative algorithm.

In terms of the feasibility problem, González, Beltran, and
Santamaría [23] have given a polynomial-time randomized
algorithm for determing whether given parameters are feasible.
In a slightly different direction, Razaviyayn et al. [19] show
that checking the feasibility of alignment for specific system
parameters, including the channel matrices, is NP-hard. Note
that their result does not contradict that of González et al.,
since the NP-hardness reduction requires special choices for
the channel matrices and does not apply to generic channels.

Finally, we emphasize that our attention has been restricted
to vector space interference alignment, where the effect of
finite channel diversity can be more easily observed. Inter-
fering signals can also be aligned on the signal scale using
lattice codes, which was first proposed in [24] with followup
work in [25]–[27]. Recent progress in this direction includes
[28]–[31].

IV. NECESSARY CONDITIONS

In this section, we prove the necessary conditions for
interference alignment, Theorems 1, 3, and 2. The proof of
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Theorem 1 is by “counting equations,” or, more precisely, by
determining the dimension of the relevant algebraic varieties.
The proofs of Theorems 3 and 2 use only linear algebra. For
background on some of the concepts in algebraic geometry,
see the texts by Hartshorne [32] or Shafarevich [33].

In practice, interference alignment requires finding the
feasible communications strategies given the fixed channel
matrices. However, it will be useful to think of the procedure
in reverse: we fix the communication strategy and study the set
of channels for which the communication strategy is feasible.
As we will see in the proof of Lemma 10, the advantage here is
that for a fixed strategy, the constraints on the channel matrices
are linear.

To make this approach precise, we will represent the space
of strategies as a product of Grassmannians. Recall (for exam-
ple from [33]) that the Grassmannian G(d, N) is the variety
whose points correspond to d-dimensional subspaces of an
N-dimensional vector space CN . Thus, for each i , the transmit
subspace Ui corresponds to a point in the Grassmannian,
which we also write as Ui ∈ G(di , Mi ), and similarly
V i ∈ G(di , Ni ), where V i is the complex conjugate of Vi .
We choose to parametrize by the complex conjugate because
the relation (5) is defined by algebraic equations in the basis
of V i , but not in Vi . The strategy space is thus the product of
the Grassmannians,

S =
K∏

i=1

G(di , Mi ) ×
K∏

i=1

G(di , Ni ) .

Likewise, the relevant channel matrices are a tuple of K (K −1)
matrices, which we can represent as a point in the product
H = ∏

i �= j CNi ×M j .
In the product S×H, we define the alignment variety to be

the subvariety I ⊆ S × H of those ordered pairs (s, h) such
that s is a feasible strategy for h. The dimensions of S and H
are the sums of the dimensions of their factors, so

dim S =
K∑

i=1

(
di (Mi − di ) + di (Ni − di )

)
, (7)

and

dim H =
∑

1≤i, j≤K
i �= j

Mi N j . (8)

The dimension of I will be computed in Lemma 10, using
Theorem 9, which is a rough analogue of the rank-nullity
theorem from linear algebra.

Given a map f : X → Y , the fiber of a point y ∈ Y is the
inverse image of y under the map f :

f −1(y) = {x ∈ X : f (x) = y}.
A polynomial map is a function whose coordinates are given
polynomials. Finally, an irreducible variety is one which can-
not be written as the union of two proper, closed subvarieties.
The following theorem in algebraic geometry can be found,
for example, as [33, Th. 7, p. 76].

Theorem 9 (Dimension of Fibers): Let f : X → Y be a
polynomial map between irreducible varieties. Suppose that

f is dominant, i.e., its image is dense in Y . Let n and m
denote the dimensions of X and Y respectively. Then m ≤ n
and:

1) For any y ∈ f (X) ⊂ Y and for any component Z of the
fiber f −1(y) the dimension of Z is at least n − m.

2) There exists a nonempty open subset U ⊂ Y such that
dim f −1(y) = n − m for y ∈ U.

In the proof of Theorem 1, we will apply Theorem 9 twice,
for each of the projections from I to the factors S and H.
The first of these projections computes the dimension of I.

Lemma 10: I is an irreducible variety of dimension

K∑

i=1

(
di (Mi − di ) + di(Ni − di )

) +
∑

1≤i, j≤K
i �= j

(Mi N j − di d j ) .

Proof: We consider the projection from our incidence
variety on the space of strategies p : I → S. For any point
s = (U1, . . . , UK , V1, . . . , VK ) ∈ S, we claim that the fiber
p−1(s) is a linear space of dimension

dim p−1(s) =
∑

1≤i, j≤K
i �= j

(Mi N j − di d j ) .

To see this claim, we give local coordinates to each of
the subspaces comprising the solution s ∈ S. We write u(i)

a

for the ath basis element of subspace Ui , where u(i)
a has zeros

in the first di entries except for a 1 in the ath entry, and
similarly for v

( j )
b (this is without loss of generality). The

orthogonality condition Vj ⊥ H[ j i]Ui can now be written
as the condition v

( j )
b ⊥ H[ j i]u(i)

a for each 1 ≤ a ≤ di and
1 ≤ b ≤ d j . Writing this out explicitly, we obtain

0 =
∑

1≤k≤Mi
1≤l≤N j

v
( j )
b (k)H[ j i](k, l)u(i)

a (l)

=
∑

1≤k≤di
1≤l≤d j

v
( j )
b (k)H[ j i](k, l)u(i)

a (l)

+
∑

k>di or l>d j

v
( j )
b (k)H[ j i](k, l)u(i)

a (l)

= H[i j ](a, b) +
∑

k>di or l>d j

v
( j )
b (k)H[ j i](k, l)u(i)

a (l) .

Note that this equation is linear in the entries of H[ j i]. There
are di d j such linear equations, and each one has a unique
variable H[ j i](a, b), so the equations are linearly independent
and each equation reduces the dimension by 1. The claim fol-
lows from the fact that in total there are

∑
i �= j di d j equations

and we began with dimH = ∑
1≤i, j≤K

i �= j
Mi N j dimensions (8).

We have shown that the fibers of I → S are vector
spaces, and, in particular, irreducible varieties of constant
dimension. Thus, since S is an irreducible variety, so is I
[34, Example 14.3]. Moreover, Theorem 9 gives the relation

dim I = dim S + dim p−1(s) .

Since the dimension of S is exactly the first summation in the
lemma statement, this proves the lemma.
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Proof of Theorem 1: We now consider the projection onto
the second factor q : I → H. This map is dominant if and
only if the alignment problem is generically feasible. In this
case, Theorem 9 tells us that the fiber q−1(h) for a generic
h ∈ H has dimension

dim q−1(h) = dim I − dimH. (9)

Using formula (8) for the dimension of H and Lemma 10
for the dimension of I, we get that (9) is equal to the
quantity t{1,...,K } from the theorem statement. Therefore, by
Theorem 9, this quantity must be non-negative if there
are to be feasible solutions, in which case t{1,...,K } is the
dimension of the set of solutions to the generic alignment
problem.

Now we turn to the necessary conditions for other subsets
A ⊂ {1, . . . , K }. Any feasible strategy for the full set of K
transmitters and receivers, will, in particular be feasible for
any subset of trasmitter-reciever pairs. Therefore, a necessary
condition for a general set of channel matrices to have a
feasible strategy is that the same is true for any subset of the
pairs. Since the number tA is the dimension of the variety of
solutions when restricted just to the transmitters and receivers
indexed by i ∈ A, then tA must be non-negative in order to
have a feasible strategy.

We now focus on the second necessary condition,
Theorem 3, and the closely related Theorem 2. As we men-
tioned before, Theorem 3 is a generalization of the obvious
constraint that di ≤ Mi for each transmitter, and the gener-
alization is formed by considering r + 1 transmitters and r
receivers at the same time. We first handle the case of r = 1.

Proof of Theorem 2: We define A to be the Ni ×(M j + Mk)
block matrix:

(H[i j ] H[ik]).

For generic channel matrices, A will have full rank, i.e., rank
equal to min(Ni , M j +Mk). We consider the vector space U =
U j × Uk of dimension d j + dk in CM j +Mk . The orthogonality
condition (3) implies that Vi ⊥ AU . If Ni ≥ M j + Mk , then A
will be injective, and so AU has dimension d j + dk . However,
orthogonal vector spaces can have at most complementary
dimensions, so we have that di + d j + dk ≤ Ni . On the other
hand, if Ni ≤ M j + Mk , then the Hermitian transpose A† is
injective, and from the orthogonality relation A†Vi ⊥ U , we
get that di + d j + dk ≤ M j + Mk . Thus, we conclude that
di + d j + dk ≤ max(Ni , M j + Mk).

A key step in the proof of Theorem 2 was that the matrix A
had full rank. For r > 1, we again show that, under appropriate
hypotheses, the analogous matrix has full rank.

Lemma 11: Let i1, . . . , ir+2 be a sequence as in the state-
ment of Theorem 3, and we assume that Ni = N and Mi = M
for all i . For any r ≥ 1 define the r N × (r + 1)M block
matrix Ar to be

⎛

⎜⎜⎜⎝

H[i1i2] H[i1i3]
H[i2i3] H[i2 i4]

. . .
. . .

H[ir ir+1 ] H[ir ir+2 ]

⎞

⎟⎟⎟⎠. (10)

For generic channel matrices H[i j ], the matrix Ar has full
rank, min(r N, (r + 1)M).

Lemma 11 is proved in the appendix. Using the lemma, we
now prove Theorem 3.

Proof of Theorem 3: We fix the integer r . Define the product
of transmit spaces U = Ui2 ×Ui3 ×· · ·×Uir+2 ⊂ (CM )r+1, and
similarly let V = Vi1 × · · · × Vir ⊂ (CN )r . Note that U and V
have dimensions

dimU =
r+2∑

j=2

di j and dim V =
r∑

j=1

di j .

First, suppose that r N ≥ (r +1)M . Then Lemma 11 implies
that the linear map Ar : (CM )r+1 → (CN )r is injective. By the
orthogonality condition (3), we have V ⊥ ArU , and thus

dim(V) + dim(ArU) =
r∑

j=1

di j +
r+2∑

j=2

di j

is at most r N .
Alternatively, if (r+1)M ≥ r N , the Hermitian transpose A†

r
is an injective linear map A†

r : (CN )r → (CM )r+1. Again, the
orthogonality conditions (3) imply that A†

rV ⊥ U so dim V +
dimU ≤ (r + 1)M . This proves the theorem.

V. SUFFICIENT CONDITIONS

In this section, we give criteria for ensuring the achievability
of interference alignment. We have already seen the necessary
direction of Theorem 5, and here we prove the sufficient
direction, first when M = N , and second when M < N .
The former case will also be covered by Theorem 6 dealing
with K > 3, but we give a specific K = 3 proof because it is
constructive and additionally it allows to compute the number
of solutions in the boundary case.

A. Three Users

Proposition 12: If K = 3, and M = N ≥ 2d, then align-
ment is feasible. Moreover, in the case of equality, the number
of solutions is exactly

(2d
d

)
for generic channel matrices.

We note that the construction in the following proof has
also appeared in [7, Appendix IV].

Proof: By first restricting our transmit and receive spaces
to arbitrary subspaces, we can assume that M = N = 2d .
Since the channel matrices are square, generically, they are
invertible, so we can define the product

B = H[1,2](H[3,2])−1H[3,1](H[2,1])−1H[2,3](H[1,3])−1.

Again, generically, this matrix will have 2d linearly indepen-
dent eigenvectors, and we choose V1 to be the span of any d
of them. Then we set

U⊥
3 = (H[1,3])−1V1

V2 = H[2,3]U⊥
3

U⊥
1 = (H[2,1])−1V2

V3 = H[3,1]U⊥
1

U⊥
2 = (H[3,2])−1V3.
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Fig. 2. Sub-region 1: The figure indicates that no alignment is possible when
2M ≤ N , since Im(H[12]) and Im(H[13]) are complementary. Since the three
subspaces V1, H[12]U2, H[13]U3 are each of dimension d, complementary,
and lie in C

N at receiver 1, we obtain the constraint 3d ≤ N .

These form a feasible strategy, and there are
(2d

d

)
possible

strategies.
Before we proceed to the proof in the case when M and N

are distinct, we informally describe the geometry underlying
the construction of solutions.

A given vector ui in the signal space of transmitter i is said
to initiate an alignment path of length r + 1 if there exists a
sequence of vectors ui+1, ui+2, . . . , ui+r ∈ CM , such that

H[i−1,i]ui = H[i−1,i+1]ui+1,
...

H[i+r−2,i+r−1]ui+r−1 = H[i+r−2,i+r]ui+r .

Here channel indices are interpreted modulo 3. For example,
a vector u2 at transmitter 2 initiating an alignment path of
length 3 means that there exist vectors u3 and u1 such that
H[12]u2 = H[13]u3 and H[23]u3 = H[21]u1.

The feasible region of Figure 1 is divided up into sub-
regions labeled with the maximum length of an alignment
path; this number depends on M and N through the incidence
geometry of the images of the channel matrices Im(H[i j ]).
We begin by examining sub-region 1, and then look at how
things generalize to the other sub-regions.

The point of departure is the obvious constraint d ≤ M
in order to have a d-dimensional subspace of an M dimen-
sional vector space. Continuing, assuming M ≥ d , suppose
2M ≤ N , so (M, N) lies in sub-region 1 of Figure 1. At
receiver one, the images Im(H[12]) and Im(H[13]) of the chan-
nels from transmitters two and three are in general position and
therefore their intersection has dimension [2M − N]+ = 0; in
other words, alignment is impossible in sub-region 1. Figure 2
shows pictorially that because alignment is not possible here,
we have the constraint 3d ≤ N .

Moving onward to sub-region 2, we have 2M > N and
thus alignment is possible. This means that alignment paths
of length 2 are possible (Fig 3), with up to 2M−N interference
dimensions overlapping at each receiver. Thus, the interference
space H[12]U2 + H[13]U3 at receiver one occupies at least
2d − (2M − N) dimensions, and we have the constraint
3d ≤ 2M . However, because 3M ≤ 2N , no vector at
(say) transmitter three can be simultaneously aligned at both
receivers one and two, as indicated in Figure 4. One can also
see that no simultaneous alignment is possible by changing
perspective to that of a combined receiver one and two.

Fig. 3. Sub-region 2: Alignment is possible here. The figure denotes an
alignment path of length 2.

Fig. 4. Sub-region 2: The striped regions at receivers one and two each denote
the dimension 2M − N portion of the space in which alignment can occur.
From transmitter three’s perspective, one sees that simultaneous alignment is
not possible for 2(2M − N) ≤ M, or equivalently, 3M ≤ 2N .

By Lemma 11, the map
(

H[12] H[13]
H[23] H[21]

)
(11)

from the three transmitters to C
2N is injective; analogously

to the case in sub-region 1, this is interpreted to mean that
no alignment is possible in the combined receive space C2N .
Thus, five complementary d-dimensional subspaces lie in C2N

and we obtain the constraint 5d ≤ 2N .
As far as achievability goes, the basic rule-of-thumb is to

create alignment paths of maximum length. Thus, in sub-
region 2, where alignment is possible, the achievable strategy
aligns (as per Fig. 3) as many vectors as possible and the
remaining ones (if d > 2(2M − N)) are not aligned. For
example, in sub-region 4, alignment paths of length four are
used (Fig. 5).

Proposition 13: If K = 3 and M < N and (6) holds for
each r ≥ 0, then alignment is feasible. In the 0-dimensional
case, when N + M = 4d, there is a unique solution.

Proof: Let r be the (unique) integer such that

r N < (r + 1)M and (r + 1)N ≥ (r + 2)M. (12)

Note that this implies, from (6), that

(2r + 3)d ≤ (r + 1)N (13)
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Fig. 5. Sub-region 4: Alignment paths of length four are denoted here,
initiated by vectors at transmitter 1.

and

(2r + 1)d ≤ (r + 1)M. (14)

We prove achievability by examining two cases: first d ≤
(r+1)[(r+1)M−r N] and second, d > (r+1)[(r+1)M−r N].
Case 1 means that all of the signal space Ui can be obtained
from alignment paths of length r +1 (up to integer rounding),
whereas in case 2 we must use alignment paths of length r as
well in order to attain the required d dimensions.

We first establish case 1. Let Ai
r be the matrix from (10)

for the increasing sequence of indices i, i + 1, . . . , i + r + 1,
where indices are understood modulo 3. Let Wi be a dimension⌊ d

r+1

⌋
subspace in the kernel of Ai

r . Let d ′ := d−(r+1)
⌊ d

r+1

⌋
,

and if d ′ > 0 let wi be a 1-dimensional subspace in ker Ai
r\Wi .

We define Wi, j ⊂ CM to be the projection of Wi onto its
( j − i)th block of coordinates. The spaces wi are required in
order to accommodate the remainder left when dividing d by
r +1, and will together contribute d ′ dimensions to each signal
space U j . We put

U j =
j−r−1∑

i= j−1

Wi, j +
j−d ′∑

i= j−1

wi, j (15)

and

Vj =
(

H[ j, j−1]W j, j+1 + H[ j, j−1]w j, j+1

+
j−r∑

i= j

H[ j, j+1]Wi, j+1 +
j−d ′+1∑

i= j

wi, j

)⊥
, (16)

where again, the indices in H[ j, j−1] and H[ j, j+1] are under-
stood to be taken modulo three.

If all of U j ’s constituent subspaces are complementary, then
U j has dimension (r+1)

⌊ d
r+1

⌋+d ′ = d . We rigorously justify
this in Lemma 14. To see that Vj has dimension (at least) d ,
we observe that by subadditivity of dimension,

dim Vj ≥ N − (r + 2)

⌊
d

r + 1

⌋
− d ′ − e , (17)

where e = 0 if (r +1)|d and e = 1 otherwise. Plugging in the
inequality (13) we obtain

dim Vj ≥ 2r + 3

r + 1
d − d − e −

⌊
d

r + 1

⌋

= d + d

r + 1
−

⌊
d

r + 1

⌋
− e ≥ d .

Suppose now that we are in case 2: d > (r + 1)[(r + 1)
M −r N]. This means that not all of the signal space Ui can be
included in alignment paths of length r + 1, so the remainder
will be included in alignment paths of length r . Let d ′ :=
d − (r + 1)[(r + 1)M − r N] and d ′′ = d ′ − r

⌊
d ′
r

⌋
. As before,

denote by Wi the kernel of the matrix Ai
r , having dimension

(r + 1)M − r N . Denote by π the projection from C(r+1)M →
Cr M to the first r M coordinates. The space π(ker Ai

r ) is

contained in ker Ai
r−1. Let Xi for i = 1, 2, 3 each be a

⌊
d ′
r

⌋

dimensional subspace in ker Ai
r−1 \ π(Wi ), and let wi be a

1-dimensional subspace in ker Ai
r−1 \ (π(Wi ) + Xi ). Put

U j =
j−r−1∑

i= j−1

Wi, j +
j−r∑

i= j−1

Xi, j +
j−d ′′∑

i= j−1

wi, j (18)

and

Vj =
(

H[ j, j−1](W j, j+1 + X j, j+1 + w j, j+1)

+
j−r∑

i= j

H[ j, j+1]Wi, j+1 +
j−r+1∑

i= j

H[ j, j+1]Xi, j+1

+
j−d ′+1∑

i= j

wi, j

)⊥
. (19)

As before, a naive count suggests that U j should have dimen-
sion d , and this will again be justified with Lemma 14.

To see that Vj has dimension at least d we again use
subadditivity of dimension to get

dim Vj ≥ N − (r + 2)[(r + 1)M − r N] − (r + 1)

⌊
d ′

r

⌋

−d ′′ − e1

= N − (r + 2)[(r + 1)M − r N] −
⌊

d ′

r

⌋

−d ′ − e1,

where e1 is 0 if r divides d ′ and e1 is 1 otherwise. Letting
e2 := d ′

r −
⌊

d ′
r

⌋
, we have

dim Vj ≥ N − (r + 2)[(r + 1)M − r N] − d ′

r
−d ′ + e2 − e1

= N − (r + 1)d

r
+ 1

r
[(r + 1)M − r N]

+ e2 − e1

= d + (r + 1)

r
M − 2r + 1

r
d + e2 − e1.

Substituting r+1
2r+1 M for d , the inequality (14) implies that

dim Vj ≥ d + e2 − e1 .
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If e1 is one then e2 is strictly positive, so the fact that dim Vj

is an integer implies dim Vj ≥ d .
Lemma 14: The subspaces U j and Vj defined in (15), (16),

(18), and (19) have dimension d.
Proof: We first show that U1 has dimension d; by

symmetry of the construction, the dimensions of U2 and U3
will also be d .

The subspace U1 = ∑0
i=−r Wi,1 is the sum of r + 1

subspaces Wi, j , which we claim are independent; suppose
to the contrary, that there is some set of linearly dependent
vectors wi1 , wi2 , . . . , wis , with 0 ≤ i1 ≤ i2 ≤ · · · ≤ is ≤ r ,
and wi ∈ W−i,1, satisfying wis − ∑s−1

�=1 λ�wi� = 0. Let
s be the minimum such value, with all sets of subspaces
Wi1, j , Wi2 , j , . . . , Wis−1 , j for j = 1, 2, 3 being complementary.

Now, by the definition of the subspaces Wi, j , for each vector
wi� ∈ W−i� ,1 there is a sequence u2

i�
, . . . , uq+1

i�
of length q :=

r +1− is−1 satisfying H[31]wi� = H[32]u2
i�
, . . . , H[q+2,q]uq

i�
=

H[q+2,q+1]uq+1
i�

. The linear combination
∑s−1

�=1 λ�wi� thus
gives rise to a sequence u1, . . . , uq+1 defined by ua =∑s−1

�=1 λ�ua
i�

satisfying

H[31]wis = H[31]
( s−1∑

�=1

λ�wi�

)
= H[32]u2,

H[12]u2 = H[13]u3

...

H[q+2,q]uq = H[q+2,q+1]uq+1 . (20)

Note that by the minimality assumption of s, none of the u j

vectors are zero.
By the definition of W−is ,1, there is a length-(is − 1)

sequence of vectors preceding wis satisfying alignment condi-
tions similar to those in (20); together with wis and the vectors
in (20), this sequence can be extended to a sequence of vectors
of total length q + is = r + 1 + (is − is−1) > r + 1, none
of which are zero. Stacking the first r + 2 of these vectors
produces a nonzero element in the kernel of Ais

r+1. However,
Ais

r+1 is full-rank by Lemma 11; the dimension of the kernel is[
(r+2)M−(r+1)N

]+ = M+d
(
2r+1−2r−3

) = M−2d < 0,
i.e., the kernel is trivial. This is the desired contradiction.

We now check that V1 has dimension d , and again by
symmetry, the dimensions of V2 and V3 will also be d . Note
that if V1 had dimension greater than d , we could choose a
d-dimensional subspace and this would still satisfy the align-
ment equations (3). But V1 is the orthogonal complement of
the sum of r + 2 subspaces Wi, j of dimension d/(r + 1), so
by subadditivity of dimension, we have the lower bound on
dimension dim V1 ≥ N − (r + 2) dim Wi, j = d .

B. More Than Three Users

We now prove achievability for more than 3 users. We do
this under the additional assumption that M = N . Unlike
our techniques above, these existence results will not be
constructive, a characteristic shared by previous existence
proofs in [12] and [1].

In [1], a proof of Theorem 6 was given using dimension
theory for algebraic varieties and linear algebra. Here, we give

an intersection-theoretic proof, which involves more advanced
machinery, but that machinery allows for a more straightfor-
ward computation. Moreover, as we will see in Proposition 18,
the Schubert calculus framework will also allow us to go
beyond the existence of solutions and count the number of
solutions when that number is finite.

Our proof will show that the expected number of solutions,
as counted by Schubert calculus, is always positive. Schubert
calculus is a method for computing the number of solutions
to certain enumerative problems. For algebraic varieties, such
as the product of Grassmannians that parametrize alignment
strategies, there is a commutative ring whose elements corre-
spond to conditions, on the parameters (such as the orthog-
onality relation (5)), and where the product corresponds to
the simultaneous imposition of both conditions. In algebraic
geometry, this is known as the Chow ring and in the case of
products of Grassmannians, it coincides with the cohomology
ring from algebraic topology.

The Chow ring of a Grassmannian has an explicit
Z-basis indexed by partitions. Specifically, the Chow ring
of the Grassmannian G(d, m) has a basis corresponding to
partitions with at most d parts of size at most m − d . Such
a partition is a list of integers λi with m − d ≥ λ1 ≥
· · · ≥ λd ≥ 0, and we write |λ| for its size, λ1 + · · · + λd .
The product between two of these basis elements, known as
Schubert classes, is given by an intricate combinatorial process
known as the Littlewood-Richardson rule.

Thus, to determine whether a given alignment problem
is feasible, we proceed in two steps. First, we determine
the elements in the Chow ring corresponding to each of
the orthogonality conditions (5). Second, we multiply these
elements together and the resulting product is non-zero if
and only if alignment is feasible. The first step is done by
Lemma 17 below. For the second step, the central difficulty
is understanding the results of the Littlewood-Richardson rule
for products of Schubert classes. In order to establish sufficient
conditions in the fully symmetric case, our proof will use
carefully chosen terms from each Schubert class, which will
be sufficient because the products of the other terms will be
non-negative:

Theorem 15: In the Chow ring of the Grassmannian, the
product of two partitions is a non-negative sum of other
partitions [35, p. 146, eq. (8)].

For the chosen terms, it will be sufficient to compute their
products, not with the general Littlewood-Richardson rule, but
by the following simplification:

Proposition 16: The Schubert classes have the following
properties in the Chow ring of the Grassmannian:

1) If λ and μ are two partitions with λ1 + μ1 ≤ d, then
the product [λ][μ] has a coefficient of 1 in front of the
term [ν], where νi = λi + μi .

2) Suppose that λ has � parts and μ has k parts and that
�+k ≤ m−d. Then [λ][μ] has a coefficient of 1 in front
of the term [ν] where ν is formed by concatenating the
parts of λ with the parts of μ, and then sorting them in
decreasing order.

Both parts of this proposition can each be proved from the
Pieri rule [35, p. 146, eq. (9)], and in fact they are closely
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Fig. 6. The Young diagram of the partition (5, 4, 1).

related to each other. Partitions can be depicted as boxes
in the upper left corner, such as the depiction of (5, 4, 1)
in Figure 6. Such diagrams have an involution by reflecting
them along a diagonal so that the conjugate of (5, 4, 1) is
the partition (3, 2, 2, 2, 1). For any partition λ, we write λ′ to
denote the conjugate partition. This conjugation corresponds
to the isomorphism between G(d, m) and G(m −d, m), and it
is compatible with the multiplication. The last two items are
related by this conjugation operation.

The Chow ring of a product of Grassmannians has a basis
indexed by tuples of partitions, one for each Grassmannian.
Moreover, the products can be computed factorwise. Formally,
the Chow ring of the product of Grassmannians is the tensor
product of the Chow rings of the Grassmannians.

We now compute the class in this Chow ring of the variety
defined by a single orthogonality condition (5). Our method
is similar to the elementary definition of the degree of a
projective variety as the number of points in the intersection
with a generic linear space of complementary dimension.
However, instead of linear spaces, we look at the intersection
of Schubert classes of complementary dimension with the set
of pairs of vector spaces satisfying (5).

Lemma 17: The alignment correspondence defined by
H[i j ]U j ⊥ Vi has class

∑
λ[λ]⊗[dd −λ′] in the Chow ring of

G(d, M)×G(d, N). The sum is taken to be over all partitions
with at most d parts of size at most d, and dd − λ′ is the
partition whose kth part has size d − λ′

d+1−k.
Proof: We compute the class by intersecting with dual

Schubert classes to get a zero-dimensional cycle. In particular,
we let μ and ν be partitions into at most d parts of size at
most M − d and N − d respectively, and such that the total
size |μ| + |ν| is (M + N − 3d)d , which is the dimension of
the correspondence.

We first recall the definition of the Schubert variety in
G(d, M) associated to a partition μ and a flag F∗. A flag
in CM is a nested set of vector spaces 0 = F0 ⊂ F1 ⊂ · · · ⊂
FM = CM such that Fi has dimension i . The Schubert variety
is the closed subvariety of those vector spaces U such that

dim(U ∩ FM−d+i−μi ) ≥ i for 1 ≤ i ≤ d.

By symmetry, we can assume that N is greater than or
equal to M and thus a vector space U ∈ G(d, M) uniquely
defines an (N − d)-dimensional subspace (H[i j ]U)⊥ in CN .
Likewise, the orthogonal complement (H[i j ]Fk)

⊥ ⊂ CN is an
(N − k)-dimensional vector space, which together form a flag
from dimension N − M through N . We can choose a flag of
additional vector spaces contained within (H[i j ]CM )⊥ to get a
full flag in CN , which we denote F̃∗. Then U is in the Schubert
variety of μ if and only if (H[i j ]U)⊥ is in the Schubert variety

corresponding to F̃∗ and the partition ((N − M)d +μ)′, which
we denote σ . Note that |σ | = |μ| + (N − M)d , so σ and ν
together have total size (2M − 3d)d .

We also fix a flag E∗ in CN , which then defines a Schubert
variety in G(d, N) indexed by ν. We assume that this flag E∗
is chosen generically, by which we mean that the intersection
F̃i ∩ E j is trivial if i + j ≤ N and has the expected dimension
i + j − N otherwise.

Now we wish to find the points in the intersection of these
two Schubert varieties. Passing from U to Ũ = (H[i j ]U)⊥
turns the orthogonality condition into containment, so we wish
to find pairs V ⊂ Ũ satisfying the Schubert conditions

dim(Ũ ∩ F̃M−d+i−νi ) ≥ i, dim(V ∩ Ed+ j−σ j ) ≥ j, (21)

where 1 ≤ i ≤ d and 1 ≤ j ≤ N − d . We now let i and j be
indices satisfying i + j = N − d + 1. Since Ũ has dimension
N −d and contains V , this means that Ũ ∩ F̃M−d+i−νi and V ∩
Ed+ j−σ j must have a non-zero element in common, and thus
F̃M−d+i−νi and Ed+ j+σ j must intersect non-trivially. By the
generic choice of the flag E∗, this means that the sum of
the dimensions of these vector spaces must be at least the
dimension of the ambient space, so that we have the inequality
2M − d + 1 − νi − σ j > M . Rearranging, this means that
νi + σ j can be at most M − d . Because of their degrees, the
only possibility is that νi = M − d −σM−d+1−i for 1 ≤ i ≤ d
and that σ j = d for 1 ≤ j ≤ M − 2d .

Moreover, for fixed partitions ν and σ of this type, there is a
unique pair of vector spaces V ⊂ Ũ satisfying (21). We set V
to be the vector space generated by the one-dimensional vector
spaces F̃M−d+i−νi ∩ Ed−i+μi +1 for 1 ≤ i ≤ d and take Ũ to
be generated by V and F̃M−2d .

What we have shown is that the only Schubert classes
which occur in the correspondence class are dual to the classes
μ and σ above, and these occur with coefficient 1. Since the
parts of σ have size at most d , this means that the parts of
(N − d)d − ν have size at most d , and this is the partition
λ from the lemma statement. Tracing backwards, we see that ν
is (M−d)d +λ′, and thus the expression of the correspondence
consists of the classes [λ] ⊗ [dd − λ′], as in the statement.

Proof of Theorem 6: It will be sufficient to prove that the
product of the classes from Lemma 17 over all pairs i �= j
results in a positive multiple of some Schubert class. Moreover,
by Theorem 15, it is sufficient to find one combination of terms
from each incidence class whose product is non-zero. We shall
exhibit such a combination in two separate cases.

First, we suppose that K is odd. From the factor for each
incidence correspondence, we choose the term based on the
cyclic difference (i − j) mod K ∈ {1, . . . , K − 1}, where j is
the index of the receiver and i is the index of the transmitter.
In particular, when this modular difference is between 1
and (K − 1)/2 inclusive, we choose the term where the
transmitter partition is dd . We write ab to denote the partition
consisting of b parts of size a. By Lemma 17, the term has the
empty partition 0 for the receiver’s Grassmannian. When this
modular difference is at least (K + 1)/2, we choose the term
where the receiver partition is dd and the transmitter partition
is 0. Thus, for each Grassmannian, we have the product of
(K − 1)/2 copies of dd . We have assumed that N − d ≥ d
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Fig. 7. Schematic diagram of the partitions whose product gives a non-zero
coefficient in the proof of Theoerm 6 for the case when K and d are even.
On top are the partitions for the receiver’s Grassmannian and on the bottom is
the transmitter’s Grassmannian, when the index is odd. Each block represents
a single copy of dd/2 or (d/2)d , and the arrangement shows a partition with
non-zero coefficient in their product.

(K −1)/2, so this product contains at least one copy the tuple
with (d(K − 1)/2)d in each spot.

Suppose now that K is even and d is also even. We choose
the term of each incidence relation as follows (schematically
depicted in Fig. 7). The transmitter’s Grassmannian has par-
tition (d/2)d , with the exception that when the transmitter’s
index j is even and the transmitter’s index i is equal to j + 1
or j + 2, modulo K , the transmitter has dd/2. In either case,
the receiver’s partitions are the same. For each receiver, we
have the product of K −2 copies of dd/2 and one (d/2)d . The
product of dd/2 with itself has a non-zero coefficient in front
of dd . Then, the product of (K −2)/2 copies of dd with (d/2)d

has a non-zero coefficient in front of (d(K −1)/2)d , using our
assumption that N −d ≥ d(k −1)/2. At a transmitter with odd
index, we are evaluating the product of K −1 copies of (d/2)d ,
yielding a non-zero coefficient in front of (d(K − 1)/2)d . At
an even index, it is similar except two of these copies are
replaced by dd/2, which themselves multiply to dd , and we
get the same result.

Finally, when K is even and d is odd, the proof is similar,
except that since d/2 is not an integer, we have to round
it up or down each time it is used. In particular, for the
factor corresponding to the incidence relation between the
i th receiver and j th transmitter, we use the same partitions
above except that we round down d/2 in the transmitter’s
partition when i − j is even and round up when i − j is odd.
Of course, this causes d/2 in the receiver’s partition to round
in the opposite direction. Overall, for each Grassmannian we
have rounded up half the time and down half the time and the
product works out as above.

The assumption of a symmetric alignment problem was
crucial in being able to choose rectangular Schubert classes
in the proof of Theorem 6. The difficulty of generalizing this
proof to non-symmetric problems is to find Schubert cycles
whose product is provably positive, and unlike the symmetric
case, rectangular partitions may not suffice in general.

VI. COMPUTING FEASIBLE STRATEGIES

In this section, we discuss the computation of strategies
from particular channel matrices. In the case of K = 3, the
proofs of sufficiency in Propositions 12 and 13 are effective,
in that the feasible strategies can be computed via eigenvectors
or the kernel of a matrix, respectively. For K > 3, the

TABLE I

NUMBER OF SOLUTIONS TO SYMMETRIC ALIGNMENT PROBLEM

feasibility problem is not reduced to linear algebra, and the
method of Theorem 6 is not constructive, but we can still solve
the interference alignment problem using general numerical
methods for polynomial equations.

The method used to prove Theorem 6 was to establish
a lower bound on the generic number of solutions using
Schubert calculus. It was sufficient to find one product of
classes which was positive. However, by computing all terms
in the product of the incidence relations, we can compute
the number of solutions for a general system in small
cases:

Proposition 18: Suppose that either d is even or K is odd.
Then the number of solutions to the symmetric alignment
problem is as given in Table I.

Using very different methods, [36, Sec. IV] counted the
approximate number of solutions to some interference align-
ment problems. In the common cases, the two methods agree
up to their stated margins of error. In particular, we confirm
that for M = N = 5, K = 4, and d = 2, there are
3700 solutions, which they could only claim with high confi-
dence. In addition, the first two values in Table I for K = 3
were computed in [22] using Bernstein’s Theorem.

The solution counts given in Proposition 18 are relevant
for computing solutions in two different ways. First, a large
number of solutions indicate the difficulties in enumerating all
solutions or in using an iterative algorithm.

Second, the number of solutions also measures the algebraic
complexity of finding a solution, since it is also the degree
of the field extension of a solution for random rational
parameters. To illustrate this principle, consider the case of
Proposition 12, which showed that the solution to the inter-
ference alignment problem with d = 3 and N = M = 2d
can be found by finding d eigenvectors of a 2d × 2d matrix.
Algebraically, finding an eigenvalue and eigenvector of a
generic 2d × 2d matrix with rational entries requires solving
an irreducible polynomial of degree 2d , and thus the solution
lies in a degree 2d extension of the rationals. Finding a second
eigenvector requires an extension of degree 2d − 1, and so
on, so that the solution lies in a degree (2d)!/d! extension.
A somewhat more refined analysis would show that it lies in
a smaller field of degree

(2d
d

)
, but in any case the prime divisors

of the degree are less than 2d , and likewise the polynomials
that had to be factored had degree less than 2d . The structure
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of the field extension and its degree reflect the structure of the
construction of the solution.

In contrast, Proposition 18 shows us that when, for example,
K = 4, d = 2 and N = M = 5, for sufficiently general
rational data, the solution lies in an extension of the rationals
of degree 3700 = 22 · 52 · 37. Thus, an exact solution must
(explicitly or implicitly) entail finding a root of a polynomial
of degree 37, or, worse, some multiple of 37. It seems
unlikely that there is any natural construction for such a
polynomial.

Thus, when K > 3, we turn to numerical methods, such
as PHCpack [37], Bertini [38], and HOM4PS [39], which use
homotopy continuation methods to solve arbitrary algebraic
equations. Specialized homotopy methods for Schubert prob-
lems in a Grassmannian were introduced in [40] and [41].
However, to our knowledge there currently is no implemen-
tation of these ideas for Schubert problems in a product of
Grassmannians, such as our strategy space.

To represent the unknown vector spaces in the align-
ment problem, we could use Plücker coordinates. However,
computationally, the Plücker coordinates are inefficient and
lead to systems with more equations than unknowns, which
are more difficult for the numerical solvers. Instead, we
choose special coordinates for which our system is square,
following [42].

Under our genericity assumptions, we can assume that each
Ui is generated by the rows of a di ×Ni matrix with an identity
in the leftmost position:

⎛
⎜⎝

1 · · · 0 ui,1,1 · · · ui,1,N−d
...

. . .
...

...
...

0 · · · 1 ui,d,N−d · · · ui,d,N−d

⎞
⎟⎠ ,

and similarly for V j . The orthogonality conditions between
Vi and U j can be expressed as di d j bilinear equations
in these variables. Note that in this representation, the
expected dimension (t{1,...,K } in Theorem 1) is the differ-
ence between the numbers of variables and the number of
equations.

Example 19: We consider the symmetric alignment problem
with K = 5, M = N = 3, and d = 1. Using Macaulay2 [43],
we chose the 20 = 5 · (5 − 1) channel matrices Hi j as
random 3 × 3 matrices with rational entries. Each of the 1-
dimensional vector spaces is given as the span of a vector
(1, ∗, ∗), and thus there were 10 · 2 coordinates. In addition,
each of the channel matrices gives one condition, so there
were also 20 equations of the form:

(
1 vi,1 vi,2

)
Hij

(
1 u j,1 u j,2

)
for i �= j

We used PHCpack [37] to solve this system and obtained
216 solutions in about a minute and a half on a laptop, thus
confirming the value in Table I.

VII. CONCLUSION

This paper makes progress in understanding the role of
diversity in aligning interference by focusing on spatial diver-
sity due to multiple antennas. While the performance benefits
under the model we have considered are limited, our larger

goal has been the introduction of new methods of analy-
sis. The approach we used in [2] and [1] to study vector
space strategies for interference alignment has in a short
time led to progress in a variety of other channel models
and scenarios. For example, under different models in which
interaction is allowed between transmitters and receivers, both
Annapureddy et al [44] and Geng et al [45] use algebraic tech-
niques to show that substantially better performance may be
possible.

APPENDIX

PROOF OF LEMMA 11

In order to prove that Ar has full rank for generic channel
matrices, it is sufficient to prove that it does so for one
particular set of matrices. This is because Ar having full rank
is equivalent to at least one of its maximal minors being
non-zero. If this is true for one specialization of the channel
matrices, then it will be true for a dense open set. We specialize
to the matrices

B := H[i j i j+1] =
(

IM

0

)

and

C := H[i j i j+2] =
(

0
IM

)
,

where IM denotes the M × M identity matrix and the
0 denotes a block of 0s of size (N − M) × M . Note that
by our assumptions on the sequence of indices i1, . . . , ir+2,
we have made only one assignment for each matrix
in (10).

We will prove that, with these specializations, the block
matrix Ar from the statement has full rank by simultaneous
induction on r , N , and M . If r = 0, then Ar is a 0 × M
matrix, which trivially has full rank. If N ≥ 2M , then every
row vector is a unit vector and all such unit vectors appear in
some row, so the matrix has full rank.

Now we suppose that N < 2M . We permute the rows
and columns of An as follows. Note that the rows of An are
arranged into r blocks of N rows each. We extract the first
block in its entirety, followed by the last N − M rows of each
of the subsequent r − 1 blocks. We leave the remaining rows
in their induced order, and put extracted rows after them, also
in their induced order. We also permute the columns, which
are arranged into r + 1 blocks of size M . We take the first
block of M columns, followed by the last N − M columns
of each of the other r column blocks, and place these to the
right of all the other columns.

If we divide B and C into blocks by separating
off the last N − M rows and columns of each, then
we get

B =
(

B̃ B ′
0 0

)
C =

(
C̃ 0
0 IN−M

)
,

where

B ′ =
(

0
IN−M

)
B̃ =

(
I2M−N

0

)
C̃ =

(
0

I2M−N

)
.
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Therefore, the rearranged matrix has the form
⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

B̃ C̃ B ′
. . .

. . .
. . .

B̃ C̃ B ′
C̃ IM

0 IN−M

0 IN−M
. . .

. . .

0 IN−M

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

In the lower right, we have a identity matrix of size M +
r(N − M). We can use this identity matrix, together with
elementary column operations to clear the C̃ on the left,
and with elementary row operations, the B ′s in the upper
right. The transformed matrix is in block diagonal form, with
an identity matrix in the lower right. In the upper left, the
copies of B̃ and C̃ form our specialized version of Ar−1
with parameters M and N each decreased by N − M . By the
inductive hypothesis, the latter matrix has full rank. Thus, Ar

is equivalent to a block diagonal matrix, where one block has
full rank, and the other block is the identity, so Ar has full
rank.
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