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Abstract— The impact of scattering condition and array con-
figuration on performances are inseparable in early analyses
of multiple-antenna systems. An array-independent scattering
model is introduced where three basic scattering mechanisms are
modeled. Performance results become more intrinsic property of
the scattering channel itself. For linear arrays of length L in
an environment of total angle spread |Ω|, the ergodic capacity
is shown to increase linearly with L|Ω| for large arrays. When
antenna arrays reduce to practical sizes, the capacity scaling
depends on the SNR as well. This implies that the number
of antennas used should also depend on the SNR. In terms of
outage capacity, the trade-off between spatial multiplexing gain
and diversity gain is shown to be very sensitive to the underlying
scattering mechanisms. Finally, as |Ω| varies with the propagation
range, the trade-off among multiplexing gain, diversity gain, and
propagation range is studied.

Index Terms— Multiple antennas, multiple-input multiple-
output (MIMO) systems, physical channel modeling, antenna
theory, spatial multiplexing, diversity

I. INTRODUCTION

Multiple-antenna systems improve performance by exploit-
ing the scattering nature of physical environments. To fully
utilize this channel resource, early results [1]–[10] incorporate
physical parameters of scattering condition into the channel
model and study their effects on performances. They focus on
models where scattering is captured by the fading statistics
across all pairs of antennas. For example, [1]–[4] model the
correlation across all pairs of antennas as a Kronecker product;
[5]–[9] model the fading statistics as a composition of array
manifolds and a random matrix capturing the scattering envi-
ronment; and [10] model the fading statistics as a composition
of two i.i.d. random matrices. While the fading statistics
depends on the scattering condition, it also depends on the
array configuration. As a result, different array configurations
will yield different conclusions even in the same channel.
A better understanding of the impact of scattering by itself
will give us insights into choosing the array configuration and
developing simpler space-time processing algorithms.

Previous work [11] proposed to capture the scattering condi-
tion by the angular intervals subtended by clusters of scatterers
(see Fig. 1), and study antenna arrays that are limited by their

Manuscript submitted April 2004; revised Jan. 2005, Aug. 2005, and
Nov. 2005. The work of A. S. Y. Poon was support by the C2S2 of the
Microelectronics Advanced Research Corporation (MARCO) and DARPA.
The material in this paper was presented in part at the Asilomar Conference
on Signals, Systems and Computers, Pacific Grove, CA, December 2002.

A. S. Y. Poon is with the Department of Electrical and Computer Engi-
neering, University of Illinois at Urbana-Champaign, IL 61801 USA (e-mail:
poon@uiuc.edu).

D. N. C. Tse and R. W. Brodersen are with the Department of Electrical En-
gineering and Computer Sciences, University of California at Berkeley, Berke-
ley, CA 94704 USA (e-mail: dtse@eecs.berkeley.edu; rb@eecs.berkeley.edu).

Ωt,2Transmit
array

Cluster of scatterers

Receive
array

Ωt,1 Ωr,1

Ωr,2

Fig. 1. Illustrates the angular interval subtended by clusters of scatterers at
the transmitter Θt = Θt,1 ∪ Θt,2 ∪ · · · and at the receiver Θr = Θr,1 ∪
Θr,2 ∪ · · · .

effective aperture but not the number of antennas. Performance
results therefore do not depend on the array configuration.
In [11], it demonstrates that the area constraint of antenna
arrays and the angular intervals subtended by scatterers put
forth a deterministic limit to the number of spatial degrees
of freedom. For an array of effective aperture A in a physical
environment of total angle spread |Ω| measured in solid angle,
the number of spatial degrees of freedom is shown to be
A|Ω| for large A. However, knowing the angular intervals of
scatterers is not enough to characterize the impact of scattering
on the channel capacity and diversity gain. To carry out such
analyses, the joint response between the angular intervals at
the transmitter and that at the receiver needs to be modeled.

The first part of this paper will supplement [11] with the
joint response by modeling three basic scattering mechanisms:
specular reflection, single-bounce diffuse scattering, and multi-
bounce diffuse scattering (see Fig. 2). Based on the joint
response, we will compute the channel capacity and diversity
gain. [12] uses similar approach to model the antenna arrays
but it uses the ray-tracing approach to model the scattering
condition which lessens its analytical tractability. Our choice
of the three scattering mechanisms is inspired by how they
affect the path-loss exponent in the log-distance path-loss
model [13]. The path-loss exponent reveals the dependence
of the joint response between the transmit and the receive
angular intervals: the larger the exponent is, the more diffuse
the channel is, and the less dependence would be. The popular
Kronecker model corresponds to the case of no dependence
which is inconsistent with channel measurements [13] and
pointed out by [14] as well.

We will first consider the fast fading channel and compute
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Fig. 2. Illustrates (left) single-bounce diffuse scattering and (right) multi-
bounce diffuse scattering.

the ergodic capacity for linear arrays of length L normalized
to a wavelength:

C = L|Ω| log(γ1SNR) + o(L|Ω|)
at high SNR where |Ω| :=

∫
Θ sin θ dθ, Θ is the angular

intervals subtended by scatterers and SNR is the transmit SNR.
The gain γ1 depends on the underlying scattering mechanisms.
The capacity scaling factor is L|Ω| which is consistent with
the previous work on the number of degrees of freedom
for large arrays [11]. When L|Ω| is only a few times of
wavelength which is often the case for practical uses of
multiple-antenna systems, more terms in the capacity formula
should be considered:

C =
[
L|Ω| + γ2M ln(L|Ω|) ln(γ1SNR)

]
log(γ1SNR)

+ o
(
ln(L|Ω|)) (1)

at high SNR where M is the number of scattering clusters. The
factor γ2 depends on the underlying scattering mechanisms.
The number of spatial degrees of freedom now depends on
the SNR. This phenomenon is related to the concept of super-
resolution and is more relevant to the spatial domain where
practical L|Ω| is not large.

For the slow fading channel, we focus on the diversity
gain and its trade-off with the spatial multiplexing gain (data
rate). The diversity gain can differ by a factor of M between
single-bounce and multi-bounce diffuse scattering because
there is more randomness in the latter than in the former.
Thus, the difference between scattering mechanisms is more
distinguishable in the slow fading scenario. Not only do the
maximum diversity gains differ, the trade-offs between the
spatial multiplexing gain and diversity gain in the outage
formulation differ as well. We will follow the trade-off for-
mulation in [15], and show that for a given multiplexing
gain, the multi-bounce diffuse channel achieves an M -fold
better diversity gain than the single-bounce diffuse channel
in general. Since practical channels are more specular and
single-bounce diffuse in nature as opposed to the Kronecker
assumption, the insight obtained will help us design better
space-time coding schemes.

Finally, as the scattering mechanisms studied are tied up
with the path-loss model, the propagation range are therefore
expected to relate to the multiplexing gain and diversity gain.
We will illustrate that there is a trade-off between propagation
range and multiplexing gain. As a whole, there is a range-
multiplexing-diversity trade-off in the slow fading channel.

The rest of the paper is organized as follows. Section II
presents the scattering model. Section III computes the ergodic

capacity. Section IV derives the trade-off between multiplexing
and diversity gains. Section V illustrates the trade-off between
multiplexing gain and propagation range. Finally, we will
conclude this paper in Section VI.

In the following, we will use boldface capital letters for
matrices and boldface small letter for vectors. For a vector v,
v̂ is a unit vector denoting its direction. I is the identity matrix.
The determinant of a square matrix A is denoted by det(A)
and its trace by tr(A). Two matrices related by A � B implies
that A−B is positive definite. Cn and Cn×m denote the set of
n-dimensional complex vectors and n × m complex matrices
respectively. (·)∗, (·)† and E[·] denote the conjugate, conjugate-
transpose and expectation operations respectively. For an un-
countable set S, |S| denotes its Lebesgue measure. CN (μ, σ2)
denotes a complex Gaussian random variable with mean μ and
variance σ2, and CN (M,C⊗D) denotes a complex Gaussian
random matrix with mean M and covariance C ⊗ D where
⊗ is the Kronecker product. Two random variables related by
x ∼ y means that they are statistically the same. �x� gives the
smallest integer equal to or greater than x.

II. SCATTERING MODEL

Following [11], we use the continuous-array model which
eliminates the need to specify a priori the number of antennas
and their relative positions. The commonly used MIMO model
is a sampled version of it. Linear arrays are used to bring out
the key concept. In a frequency non-selective fading channel,
the transmit and the receive signals, x(p) and y(q), at a
particular time are related by

y(q) =
∫

c(q, p)x(p) dp + z(q) (2)

The channel response c(p, q) gives the signal arrived at point
q on the receive array due to a unit point source applied at
point p on the transmit array. The additive noise z(·) is a
white complex Gaussian random process with zero mean. The
input signal is normalized such that E

[‖x(p)‖2
]

= SNR, the
transmit SNR.

The channel response is a composition of array responses
and scattering response:

c(q, p) =
∫∫

a∗
r(β, q)h(β, α)at(α, p) dαdβ (3)

In the expression, the positions p and q are normalized to a
wavelength for conciseness. In the far-field, the array responses
are given by

at(α, p) = e−j2παp, |p| ≤ Lt

2
(4a)

ar(β, q) = e−j2πβq, |q| ≤ Lr

2
(4b)

where α := cos θ is the directional cosine with respect to the
axis of the transmit array and β := cosϑ is that with respect
to the receive array (see Fig. 1). The length L t and Lr denote
the normalized length of the transmit and the receive arrays
respectively. Note that we only consider the array responses,
and ignore the mutual coupling between adjacent antenna ele-
ments and between the antenna element and its surroundings.
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Fig. 3. Illustrates specular reflection.

When antennas are putting closer to each other, there is mutual
coupling among them that should not be ignored [16], [17]. In
this case, the array response can be modeled as a product of the
array response assuming no coupling and the active element
response [18], [19]. The active element response then depends
on the antenna spacing. To obtain a reasonable model for the
active element response would require more information about
the antenna type, and the dielectric properties of the antenna
itself and its surroundings which is out of the scope of this
paper.

The scattering response h(β, α) gives the signal received
from direction β due to a unit impulse radiated to direction α.
It captures the scattering condition of physical environment.
As scattered paths are typically clustered around a number
of disjoint angular intervals, h(·, ·) is non-zero in multiple
sub-intervals only. With reference to Fig. 1, suppose there
are Mt scattering clusters illuminated by the transmit array
with angular sub-intervals Θt,i (i = 1, · · · , Mt) and Mr

clusters observed from the receive array with sub-intervals
Θr,i (i = 1, · · · , Mr). Defining Ωt,i :=

{
cos θ : θ ∈ Θt,i

}
and

Ωr,j :=
{
cosϑ : ϑ ∈ Θr,j

}
, and denoting Ωt :=

⋃Mt

i=1 Ωt,i

and Ωr :=
⋃Mr

i=1 Ωr,i, the scattering response satisfies

h(β, α) 
= 0 only if (β, α) ∈ Ωr × Ωt (5)

We will next model h(·, ·) within the non-zero region Ωr×Ωt.
Three scattering mechanisms are considered. The choice of

them is inspired by how they affect the path-loss exponent
in the log-distance path-loss model, a classical propagation
model used to estimate the received signal strength as a
function of transmit-receive separation. The path-loss exponent
due to specular reflection is around 2 whereas the exponent
due to diffuse scattering depends on the number of bouncing
encountered by physical paths before reaching the receiver.
When it is single-bounce, the exponent is around 4. In the
case of multi-bounce, the exponent is around 2(ν + 1) where
ν denotes the number of scattering clusters along the physical
path. For example, the multi-bounce diffuse scattering shown
in Fig. 2 has an exponent of around 6. The larger the exponent
is, the more diffuse the channel is, and the less dependence
in the joint response would be. Channel measurements [13]
report that the path-loss exponent ranges from 2 up to 6 with
typical values between 2 and 4. This implies that there is
substantial dependence in the joint response. Analyses based
on the Kronecker model are therefore not sufficient.

Specular Reflection

Starting with specular reflection, it occurs when the scatter-
ing source is smooth and large as compared to a wavelength,
for example, back-wall reflection. The incident and reflected

k^
κ̂

Fig. 4. Illustrates diffuse scattering from a cluster of scatterers.

directions make equal angles from the surface normal. With
reference to Fig. 3, suppose n̂i is the unit normal of the
ith scattering cluster. For an impulse applied in the direction
k̂ = [sin θ cos θ]†, the signal received from the direction
κ̂ = [sin ϑ cosϑ]† is

e−j2πfcτi(k̂)δ
(
κ̂ − Θ(n̂i)k̂

)
ΓSP,i(n̂i × k̂, k̂) (6)

for k̂ ∈ Ωt,i, i = 1, · · · , Mt, where fc is the carrier frequency,
τi(k̂) is the propagation delay along k̂, Θ(n̂i) = I − 2n̂in̂

†
i

gives the rotation on the transmit direction, and ΓSP,i(·, ·)
denotes the change in polarization1. The response is inherently
deterministic, and the transmit and receive directions are in
one-to-one correspondence. Furthermore, as ‖Θ( n̂i)‖ is unity
implying |dκ̂| = |dk̂|, that is, |Ωt,i| = |Ωr,i|, we model the
specular response as

hSP (β, α) = e−j2πfcτ(α)δ(β − α), β, α ∈ Ωt = Ωr (7)

Note that only the measures |Ωt,i| and |Ωr,i| are required to
be the same whereas the sets Ωt,i and Ωr,i need not be the
same. For convenience, we assume that they are the same.

Diffuse Scattering

Diffuse scattering occurs when the scattering source is
composed of a volume of small discrete scatterers, small
as compared to a wavelength, for example, scattering by
furniture. Upon impinging, the incident fields induce electric
and magnetic dipoles on each discrete scatterer. The induced
dipoles then re-radiate energy to directions other than the
incident direction, like a secondary source or passive relay, as
shown in Fig. 4. Let us look at the response of the ith scattering
cluster. Suppose rn is the position of the n-th scatterer relative
to the centroid of the cluster. For an impulse applied to the
direction k̂, the signal scattered to the direction κ̂ can be
approximated by the Rayleigh scattering mechanism [20] and
is

1√
N

N∑
n=1

ejk†
e,i(κ̂,k̂)rnΓSD,i(κ̂, k̂) (8)

1The polarization matrix for specular reflection is given by

ΓSP,i(v, k̂) =
η2
√

1−v2−
�

η2
1−η2

2v2

η2
√

1−v2+
�

η2
1−η2

2v2
v̂v̂†

− η2
1/η2

√
1−v2−

�
η2
1−η2

2v2

η2
1/η2

√
1−v2+

�
η2
1−η2

2v2
(v̂ × k̂)(v̂ × k̂)†

where v is the magnitude of v, and η1 and η2 are the intrinsic impedance of
free space and the scattering cluster respectively.
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where ke,i(κ̂, k̂) is the effective wavenumber vector of the
scattering cluster along impinging direction k̂ and scattered
direction κ̂, and ΓSD,i(·, ·) is the polarization matrix2. Com-
pared to specular reflection, the response is inherently stochas-
tic, and the transmit and receive directions are no longer in
one-to-one correspondence. As the size of scattering cluster
is typically large as compared to a wavelength and contains
a lot of discrete scatterers, the displacement vector rn can
be modeled as a random variable in space and the phase lag
k†

e,i(κ̂, k̂)rn is approximately uniformly distributed in [0, 2π).
By the central limit theorem,

1√
N

N∑
n=1

ejk†
e,i(κ̂,k̂)rn ∼ CN (0, 1)

and is a function of κ̂ and k̂. Ignoring polarization effect,
the response of a single cluster is then a complex Gaussian
random process with zero mean. The second order statistics
depend on the density or roughness of the cluster as well as
its dielectric properties. Without further information about the
characteristics of the scattering cluster, we will model it as
a white process over the angular intervals subtended by the
cluster. Furthermore, we assume that clusters are uncorrelated.
As a result, the single-bounce diffuse response hSD(β, α)
satisfies

E
[
hSD(β, α)h∗

SD(β′, α′)
]

= δ(β − β′)δ(α − α′),

(β, α) ∈
Mt⋃
i=1

Ωr,i × Ωt,i (9)

Because of the secondary-source property of diffuse scat-
tering, the multi-bounce diffuse response is a convolution
of single-bounce diffuse responses. The signal radiated to
θ ∈ Θt,i (i = 1, · · · , Mt) is spreaded out and reaches
the receiver from all directions over Θr,1 ∪ · · · ∪ Θr,Mr , as
illustrated in Fig. 2b. Now, we can model the multi-bounce
diffuse response as ν−1 convolution of independent complex
Gaussian processes, each having the form of (9) where ν is the
number of bouncing encountered by physical paths. But this
would be difficult for closed-form analyses. To make the model
more tractable while preserving the unique property of multi-
bounce diffuse channel, we model the multi-bounce diffuse
response, hMD(β, α) as a zero-mean uncorrelated complex
Gaussian random process satisfying

E
[
hMD(β, α)h∗

MD(β′, α′)
]

=
1

lν−1
δ(β − β′)δ(α − α′),

(β, α) ∈ Ωr × Ωt (10)

where l denotes the transmitter-receiver separation. The nor-
malization by lν−1 is due to the differential from the ν − 1
convolution operations.

In general, the scattering response h(β, α) is a superposition
of hSP (β, α), hSD(β, α), and hMD(β, α). Those component

2The polarization matrix for diffuse scattering is given by

ΓSD,i(κ̂, k̂) =
εr − 1

εr + 2
(I − k̂k̂†) +

μr − 1

μr + 2
(κ̂k̂† − κ̂†k̂I)

where εr and μr are the relative permittivity and relative permeability of the
scatterers respectively.

responses have very different path-loss exponent. Depending
on the physical environment and the carrier frequency, h(β, α)
is usually dominated by one of them. Therefore, we will
perform analyses on them individually.

III. CAPACITY

As the channel responses are continuous, we will apply
singular function expansion and result from Landau and
Widom [21] on the singular value distribution to compute the
capacity for the specular, multi-bounce diffuse, and single-
bounce diffuse channels.

A. Specular Channel

In (3), the scattering response is sandwiched between two
integral kernels:

at(α, p), (α, p) ∈ Ωt × [−Lt/2, Lt/2] (11a)

ar(β, q), (β, q) ∈ Ωr × [−Lr/2, Lr/2] (11b)

As these kernels are non-zero and square integrable, there exist
two sets of orthonormal functions {ηt,m(α)} and {ξt,m(p)},
and a sequence of positive numbers in a decreasing order
{σt,m} such that

at(α, p), (α, p) ∈ Ωt × [−Lt/2, Lt/2]

=
∞∑

m=1

σt,mηt,m(α)ξt,m(p) (12)

The expansion is equivalent to the singular value decomposi-
tion on finite dimensional matrices and σt,m’s are the singular
values. Similarly,

ar(β, q), (β, q) ∈ Ωr × [−Lr/2, Lr/2]

=
∞∑

n=1

σr,nηr,n(β)ξr,n(q) (13)

We project the scattering response onto the set of singular
functions

{
η∗

r,n(β)ηt,m(α)
}

, the input signal onto
{
ξt,m(p)

}
,

and the output signal and additive noise onto
{
ξr,n(q)

}
. The

input-output model in (2) and (3) becomes

yn =
∞∑

m=1

σr,nHnmσt,mxm + zn, n = 1, 2, · · · (14)

For the specular channel,

Hnm =
∫

e−j2πfcτ(α)η∗
r,n(α)ηt,m(α) dα (15)

To keep up the deterministic nature of specular channel, we
assume that

Hnm = e−jφnm

∫
η∗

r,n(α)ηt,m(α) dα (16)

The assumption is justified for large arrays due to their good
angular resolution. When Lt = Lr,

Hnm = e−jφnnδnm (17)
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Fig. 5. Plots the distribution of σ2
t,m for large Lt|Ωt|.

which is diagonal. When Lt 
= Lr, we expect it as band
diagonal. For simplicity, this paper focuses on L t = Lr. The
inputs and outputs in (14) are then related by

yn = e−jφnnσ2
t,nxn + zn, n = 1, 2, · · · (18)

The channel is composed of multiple parallel sub-channels.
The capacity is therefore obtained by waterfilling over these
sub-channels and is summarized in the following lemma.

Lemma 3.1: Suppose Ωr and Ωt are known a priori at the
transmitter and the receiver respectively, Lt = Lr, and the
receiver estimates φnn’s. The capacity of specular channel is

CSP =
[
Lt|Ωt| + Mt ln(2πLt|Ωt|)f1(SNR)

]
log
(
1 +

SNR

Lt|Ωt|
)

+ o
(
ln(Lt|Ωt|)

)
(19)

as Lt|Ωt| → ∞, where

f1(SNR) =
1

4π2
ln

SNR

Lt|Ωt| + o(ln SNR) (20)

as SNR → ∞.
To prove the above lemma, we need to know the distribution

of σ2
t,m. Fortunately, Landau and Widom [21] showed that the

number of σ2
t,m greater than x is given by

Ḡ(x) = Lt|Ωt|+ 1
π2

Mt ln(2πLt|Ωt|) ln
1 − x

x
+o
(
ln(Lt|Ωt|)

)
(21)

as Lt|Ωt| → ∞. This formula was first conjectured by Slepian
in 1965 for the case when Mt = 1 [22]. It gave a precise
interpretation of the 2WT degrees of freedom in a class of
signals that are approximately time-limited to [−T/2, T/2]
and frequency-limited to [−W, W ] in [23]. Later in 1980,
Landau and Widom proved the result for arbitrary M t [21].

To get an idea, Fig. 5 plots the distribution of σ 2
t,m. There

are approximately Lt|Ωt| − Mt ln(2πLt|Ωt|)/(2π2) number
of σ2

t,m’s equal to 1, and Mt ln(2πLt|Ωt|)/π2 in between 0
and 1. When Lt|Ωt| is large, those in between 0 and 1 are
negligible. But when Lt|Ωt| is not large, the fraction of σ2

t,m’s
in the transition region becomes significant. Based on the
Landau-Widom formula, we derive the asymptotic cumulative
distribution of σ2

t,m. The result is summarized in the following
lemma.

Lemma 3.2: Define

G(x) := − 1
π2

Mt ln(2πLt|Ωt|) ln
1 − x

x
(22)

for 0 < x < ε, where ε satisfies

ln
ε

1 − ε
= − π2Lt|Ωt|

Mt ln(2πLt|Ωt|) (23)

For any increasing and bounded function f(x), we have

∑
x∈{σ2

t,m}, x≥a

f(x) =
∫ 1−ε

a

f(x) dG(x) + o
(
ln(Lt|Ωt|)

)
(24)

Now, the capacity of the specular channel can be written as

CSP =
∑

x∈{σ2
t,m}

log(x2μ)+ (25a)

=
∫ 1−ε

1/
√

μ

(
log(x2μ)

)+
dG(x) + o

(
ln(Lt|Ωt|)

)
(25b)

where μ satisfies

SNR =
∑

x∈{σ2
t,m}

(
μ − 1

x2

)+

(26a)

=
∫ (

μ − 1
x2

)+

dG(x) + o
(
ln(Lt|Ωt|)

)
(26b)

The rest of the proof for Lemma 3.1 is included in Appendix I.

B. Diffuse Channels

We start with the multi-bounce diffuse channel where we
have

Hnm =
∫∫

η∗
r,1(β)hMD(β, α)ηt,1(α) dαdβ (27a)

(a)∼ 1
l(ν−1)/2

∫
Ωr

∫
Ωt

η∗
r,1(β)hw(β, α)ηt,1(α) dαdβ

(27b)

(b)∼ 1
l(ν−1)/2

∫∫
η∗

r,1(β)hw(β, α)ηt,1(α) dαdβ (27c)

(c)∼ 1
l(ν−1)/2

CN (0, 1) (27d)

The hw(β, α) is a white complex normal process over all
β and α. As hMD(β, α) is a zero-mean white complex
Gaussian random process over Ωr×Ωt, (a) holds. The singular
functions ηr,n(·) and ηt,m(·) are non-zero only over Ωr and Ωt

respectively so (b) holds. The circularly symmetric property
of hw(β, α) implies (c). In conjunction with the orthonormal
property of the singular functions, Hnm’s are independent.
Apparently, the channel now becomes the standard Kronecker
MIMO model. However unlike the Kronecker model, the
dimension of the fading matrix in our case is not known a
priori. It depends on the scattering condition, array sizes, and
the SNR. To compute the channel capacity, we will first derive
a lower bound using tools from random matrix theory and then
derive an upper bound. We will show that these bounds are
asymptotically tight.

Note that the asymptotic cumulative distribution of σ 2
t,m

depends on Lt|Ωt| and Mt only. That is, two channels with
different Ωt but same measure |Ωt| and same number of
disjoint sub-intervals Mt will yield the same performance for
large Lt. For simplicity, this paper focuses on the scenario
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where Lt|Ωt| = Lr|Ωr| and Mt = Mr. That is, we consider
the case where the asymptotic cumulative distribution of σ 2

t,m

and that of σ2
r,n are approximately the same.

For any ε, if we consider only those σ2
t,m’s greater than ε

and pour equal power over them, this will give a lower bound.
Recall that Ḡ(ε) in (21) gives the number of σ2

t,m greater than
ε. We define the empirical distribution of σ2

t,m by

Fε(x) :=
Ḡ(ε) − Ḡ(x)

Ḡ(ε)
(28)

and its inverse map by F −1
ε (x). For a fixed ε, as Lt|Ωt| in-

creases, random matrix results in Girko [24] are applied to ob-
tain the limiting eigenvalue distribution for l1−νΣ2

εHεΣ2
εH

†
ε ,

denoted by Fc(x), where Σε is a diagonal matrix of dimension
Ḡ(ε) with the nth diagonal element being σt,n and Hε is a
Ḡ(ε)×Ḡ(ε) matrix with the (n, m)th element being Hnm. [3]
showed that the Steltjes’ transform3 of Fc(x) is given by

mFc(z) =
∫ 1

0

u(x, z) dx

and u(x, z) is the unique solution to the fixed-point equation

u(x, z)

=
[
−z + F−1

ε (x)
∫ 1

0

F−1
ε (p) dp

1 + F−1
ε (p)

∫ 1

0
u(q, z)F−1

ε (q) dq

]−1

Hence, the capacity of multi-bounce diffuse channel, CMD is
lower-bounded by

CMD ≥ Ḡ(ε)
∫ ∞

0

log
(
1 +

SNR

lν−1
x
)

dFc(x) (29)

At high SNR, it approximates

CMD � Ḡ(ε)
[
log

SNR

lν−1e
+ 2

∫ 1

0

log F−1
ε (x) dx

]
(30a)

= Ḡ(ε)
[
log

SNR

lν−1e
+ 2

∫ 1

ε

log xdFε(x)
]

(30b)

The lower-bound is computed and summarized in the follow-
ing lemma, and the proof is included in Appendix II.

Lemma 3.3: Suppose Ωr and Ωt are known a priori at the
transmitter and the receiver respectively, Lt|Ωt| = Lr|Ωr|,
Mt = Mr, and Hnm’s are known at the receiver. The ergodic
capacity of the multi-bounce diffuse channel is approximately
lower-bounded by

CMD �
[
Lt|Ωt| + Mt ln(2πLt|Ωt|)f2(SNR)

]
log

SNR

lν−1e
+ o
(
ln(Lt|Ωt|)

)
(31)

as Lt|Ωt| → ∞, where

f2(SNR) =
1

4π2
ln

SNR

lν−1
+ o(ln SNR) (32)

as SNR → ∞.

3The Steltjes’ transform of a distribution F (·) is defined by

mF (z) :=

�
1

x − z
dF (x)

Because σ2
t,m’s are less than 1 and log det is concave, the

capacity is therefore upper-bounded by

CMD ≤
∑
m

log
(
1 +

SNR

lν−1
σ2

t,m

)
(33a)

=
∫ 1−ε

0

log
(
1 +

SNR

lν−1
x
)

dG(x) + o
(
ln(Lt|Ωt|)

)
(33b)

It is computed in Appendix III and the result is summarized
by the following lemma.

Lemma 3.4: Suppose Ωr and Ωt are known a priori at the
transmitter and the receiver respectively, Lt|Ωt| = Lr|Ωr|,
Mt = Mr, and Hnm’s are known at the receiver. The ergodic
capacity of the multi-bounce diffuse channel is upper-bounded
by

CMD ≤
[
Lt|Ωt| + Mt ln(2πLt|Ωt|)f3(SNR)

]
log
(
1 +

SNR

lν−1

)
+ o
(
ln(Lt|Ωt|)

)
(34)

as Lt|Ωt| → ∞, where

f3(SNR) =
1

2π2
ln

SNR

lν−1
+ o(ln SNR) (35)

as SNR → ∞.
Now, we proceed to the single-bounce diffuse channel.

When Lt and Lr are large, the single-bounce channel is
approximately equivalent to Mt independent single-cluster
multi-bounce diffuse channels. Fischer’s inequality assures
that the optimal input covariance is separable among the M t

parallel clustered channels. Asymptotic results from multi-
bounce diffuse channel are applied to obtain the asymptotic
capacity of single-bounce diffuse channel and is summarized
in Theorem 3.5.

C. Asymptotic Maximum Multiplexing Gain

Theorem 3.5: Suppose Ωt and Ωr are known a priori at the
transmitter and the receiver respectively.

• Specular channels. Assume Lt = Lr. The channel capac-
ity is

CSP = Lt|Ωt| log
(
1 +

SNR

Lt|Ωt|
)

+ o(Lt|Ωt|) (36)

as Lt|Ωt| → ∞.
• Multi-bounce diffuse channels. Assume Lt|Ωt| = Lr|Ωr|

and Mt = Mr. The ergodic capacity is bounded by

Lt|Ωt| log
SNR

lν−1e
+ o(Lt|Ωt|)

� CMD ≤ Lt|Ωt| log
(
1 +

SNR

lν−1

)
+ o(Lt|Ωt|) (37)

as Lt|Ωt| → ∞.
• Single-bounce diffuse channels. Assume L t|Ωt,i| =

Lr|Ωr,j | = Lt|Ωt|
Mt

∀i, j, and Mt is finite. The ergodic
capacity is bounded by

Lt|Ωt| log
SNR

Mte
+ o(Lt|Ωt|)

� CSD ≤ Lt|Ωt| log
(
1 +

SNR

Mt

)
+ o(Lt|Ωt|) (38)
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as Lt|Ωt| → ∞.
Theorem 3.5 summaries the asymptotic capacity results.

All channels have the same asymptotic number of spatial
degrees of freedom equal to Lt|Ωt| – the maximum spatial
multiplexing gain. It is insensitive to the underlying scattering
mechanisms. This result agrees with the degree-of-freedom
formula in [11] where scattering mechanisms are not modeled.
It supplements [11] with the capacity analysis for linear arrays.
For other array geometries, the difficulty lies in finding the
distribution for the singular values σt,m and σr,n which could
be a possible extension of this work.

The underlying scattering mechanisms affect the received
SNR on each spatially multiplexed channel. Several observa-
tions are worth pointing out:

• In the specular channel, as the transmit and the receive
directions are in one-to-one correspondence, the received
SNR per spatial channel is scaled by the number of spatial
channels supported.

• In the multi-bounce diffuse channel, as the transmit power
to a particular direction is spread out over the entire Ωr,
there is no scaling of SNR by the number of spatial
channels. This phenomenon is similar to the spreading
gain in waveform channels where a data symbol can be
spread over multiple time-samples and/or sub-carriers to
increase the robustness against channel fading. In wave-
form channels, the spreading is done explicitly whereas in
multiple-antenna channels, the secondary-source property
of diffuse scattering brings forth the spreading implicitly.
Also because of the secondary-source property of diffuse
scattering, a fraction of power is lost in each bouncing
and therefore the received SNR is scaled by l (ν−1).

• In the single-bounce diffuse channel, the transmit power
emanated from Ωt,i is spread over Ωr,i only so the receive
SNR per spatial channel is scaled by the number of
clusters only.

Finally, we reiterate that the spreading benefit and path loss
counteract each other in diffuse channels. Similar observation
is reported in [27]. In [7], [14], channel capacities are, how-
ever, shown to be increasing with less dependence between
the transmit and the receive directions, that is, multi-bounce
diffuse channels would have better performance than specular
channels. The inconsistency stems from [7], [14] keeping the
receive SNR per spatial channel constant while we are keeping
the total SNR constant.

D. SNR-Dependence of Usable Degrees of Freedom

At high SNR, the capacity of specular channel given in
Lemma 3.1 can be approximated by

CSP ≈
[
Lt|Ωt|+ 1

4π2
Mt ln(2πLt|Ωt|) ln

SNR

Lt|Ωt|
]
log

SNR

Lt|Ωt|
(39)

while the capacity of multi-bounce diffuse channel given in
Lemma 3.3–3.4 is approximately equal to

CMD ≈
[
Lt|Ωt| + 1

cπ2
Mt ln(2πLt|Ωt|) ln

SNR

lν−1

]
log

SNR

lν−1

(40)
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Fig. 6. Plots σ2
t,m for Θt = [25◦, 55◦] ∪ [80◦, 110◦] ∪ [145◦, 175◦]

(|Ωt| = 1.0254) and Lt varying from 2 to 64.

for some constant c ∈ [2, 4]. Apparently, there is an addition
of 1

4π2 Mt ln(2πLt|Ωt|) ln SNR
Lt|Ωt| degrees of freedom in the

specular channel and 1
cπ2 Mt ln(2πLt|Ωt|) ln SNR

lν−1 in the multi-
bounce diffuse channel. These additional degrees of freedom
as compared to Lt|Ωt| is negligible as Lt|Ωt| → ∞ but
become increasingly significant as Lt|Ωt| reduces to more
practical value.

The integral kernels in (11) have infinite number of non-
zero singular values. In theory, if there is no noise, there will
be an infinite number of degrees of freedom for information
transmission. Because no matter how small the gain of a
degree-of-freedom is, an infinite-precision system should be
able to recover the signal carried by it. In practice, we cannot
recover the signal carried by a degree-of-freedom that has gain
far below the noise level. When Lt and Lr are large, the
transition between good and bad singular values is so abrupt
that the usable degrees of freedom is Lt|Ωt|. However when
Lt and Lr are far from infinite, the distribution of singular
values is smoother. To get an idea, Fig. 6 plots the distribution
for different array sizes. In contrast to the discrete array model
where the maximum spatial multiplexing gain does not depend
on the SNR, the number of usable degrees of freedom in
the continuous model depends on the noise level. That is,
if we have the flexibility to place any number of antennas
on the finite array aperture, it becomes difficult to define the
maximum spatial multiplexing gain. If the aperture size does
not go to infinity while the SNR does, the maximum spatial
multiplexing gain would be infinite. The same argument can
be obtained from the concept of super-resolution [28], [29].

How can the spatial multiplexing gain go to infinity for a
finite aperture? In principle, any radiating system can generate
infinite number of transmission modes implying that a small
array can generate the same set of transmission modes as a
large array. However, in order to excite transmission modes
with the same strength on both arrays, one needs to pack at
least the same amount of moving charges in both arrays. More
power is needed to keep the charges in the small array than
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Fig. 7. Plots the expected mutual information versus the number of spatial
channels at different receive SNR for Lt = 2. The dotted line shows the
upper bound.

in the large array4. Therefore, a higher SNR is required for
a smaller array to have the same number of usable degrees
of freedom as a larger array. When SNR goes to infinity, the
number of usable degrees of freedom goes to infinity as well.

The SNR-dependence implies that the number of antennas
used should also depend on the SNR. To illustrate this point,
let us look at a numerical example. We consider a multi-
bounce diffuse channel with 3 randomly placed scattering
clusters each of angle 30◦ (E

[|Ωt|
]

= E
[|Ωr|

]
= 1) and array

length of 2 wavelength. Waterfilling is performed over singular
values σ2

t,m to determine the number of spatial channels used
and the amount of transmit power poured over them. The
expected mutual information and the corresponding number
of spatial channels for different receive SNR are plotted in
Fig. 7. The upper bound shown is the ergodic capacity with full
channel state information at both transmitter and receiver. The
graph illustrates that the expected mutual information closely
tracks the upper bound and the number of spatial channels
increases with SNR. At receive SNR of 0 dB, the number of
spatial channels is greater than Lt|Ωt| on average. At receive
SNR of 20 dB, the number of spatial channels is greater than
2Lt which corresponds to antenna spacing of less than half-
wavelength.

IV. DIVERSITY

Last section shows that the asymptotic ergodic capacity is
insensitive to the underlying scattering mechanisms. In this
section, we will show that these mechanisms have significant
impact in slow fading channels. In particular, we will illustrate
how the trading between spatial multiplexing gain and diver-
sity gain varies with the underlying scattering mechanisms.
The discussion in this section will focus on the large-array
regime.

Asymptotically, there are Lt|Ωt| significant σ2
t,m and Lr|Ωr|

significant σ2
r,n, and these eigenvalues are all asymptotically

equal to 1. The multi-bounce diffuse channel is therefore

4Since the amount of moving charges is the same, the small array has a
higher current density than the large array. A higher current density, in turn,
builds up a larger radiation reaction, the self force to hold charges together.
Hence, the small array will have a poorer radiation efficiency because most
of its energy is consumed to hold the charges in a small volume instead of
radiating out.

approximately mimic the standard i.i.d. fading model for
multiple-antenna systems where the maximum diversity gain
is LtLr|Ωt||Ωr|. Similarly, the single-bounce diffuse channel
is approximately modeled by

y =

⎡
⎢⎣
H1 0

. . .
0 HMt

⎤
⎥⎦x + z (41)

where Hi ∼ CN (0, ILr|Ωr,i| ⊗ ILt|Ωt,i|
)

for i = 1, · · · , Mt.
The maximum diversity gain is

∑
i LtLr|Ωt,i||Ωr,i|.

Underlying scattering mechanisms not only affect the maxi-
mum diversity gain but also the trade-off between multiplexing
gain and diversity gain. To illustrate this point, we use the
trade-off formulation proposed in [15]. At a fixed target data
rate, the outage probability would decay like SNR−d0 at high
SNR where d0 is the maximum diversity gain. Increasing the
target rate R = r log SNR (bits/s/Hz), we would expect an
increase in the outage probability or equivalently, the outage
probability delays like SNR−d(r) in which the exponent d(r)
is less than d0 and decreases with increasing r. The curve
d(r) then characterizes the trade-off between the data rate
(multiplexing gain) and diversity gain. A formal definition
is given below. More in-depth discussions on its operational
interpretation can be found in [30, Chapter 9]. Finally, other
formulations such as using the variance of mutual informa-
tion [31] can also be used to illustrate such a trade-off.

Definition 4.1: A diversity gain d(r) is achieved at multi-
plexing gain r if the data rate is

R = r log SNR,

and the outage probability is

Pout(R) ≈ SNR−d(r)

or more precisely,

lim
SNR→∞

log Pout(r log SNR)
log SNR

= −d(r)

The curve d(r) characterizes the multiplexing-diversity trade-
off of the channel.

As the multi-bounce diffuse channel mimic the standard
i.i.d. fading channel, the trade-off curve dMD(r) has solved
in [15]. For the single-bounce diffuse channel, the trade-off
curve dSD(r) is given by solving

lim
SNR→∞

log P
[∏Mt

i=1 det(I + SNRH†
iHi) < SNRr

]
log SNR

= −dSD(r) (42)

The curve is computed in Appendix IV and is summarized in
Theorem 4.2.

Theorem 4.2: Suppose Ωt and Ωr are known a priori at the
transmitter and the receiver respectively, and Hnm’s are known
at the receiver. Denote the maximum multiplexing gain as

r0 := min
{
Lt|Ωt|, Lr|Ωr|

}
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• Multi-bounce diffuse channels. The trade-off curve is
given by a piecewise linear function connecting the points
(r, dMD(r)), r = 0, · · · , r0, where

dMD(r) = (Lt|Ωt| − r)(Lr |Ωr| − r) (43)

• Single-bounce diffuse channels. The trade-off curve is

dSD(r) = d1(r) ⊕ d2(r) ⊕ · · · ⊕ dMt(r) (44)

where di(r) is a piecewise linear function connecting the
points (r, di(r)), r = 0, · · · , min{Lt|Ωt,i|, Lr|Ωr,i|} and

di(r) = (Lt|Ωt,i| − r)(Lr|Ωr,i| − r) (45)

The operation ⊕ denotes the min-plus convolution and is
defined as

(f ⊕ g)(t) = inf
0≤s≤t

{
f(t − s) + g(s)

}
(46)

Descriptively, the trade-off curve is obtained by putting
end-to-end the different linear pieces in d i(r)’s, sorted
by increasing slopes (or equivalently, decreasing negative
slopes).

To get an idea on the differences in the trade-off, let us con-
sider the scenario where the number of disjoint sub-intervals
in Ωt and Ωr are equal, and the respective sub-intervals are
of equal length. Then, dSD(r) is the piecewise linear function
connecting the points (m, dSD(r)), r = 0, Mt, · · · , r0, where

dSD(r) =
1

Mt
(Lt|Ωt| − r)(Lr|Ωr| − r) (47)

Compared to dMD(r) in (43), the multi-bounce channel
achieves an Mt-fold better diversity gain than the single-
bounce channel in supporting a multiplexing gain which is
a multiple of Mt. Fig. 8 plots the two curves for r0 = 4 and
Mt = 2.

Recent space-time code design mainly focuses on the i.i.d
fading channel (equivalent to the multi-bounce diffuse chan-
nel). However, real channels are more specular and single-
bounce diffuse in nature. Understanding the differences on the

Transmit
array

Receive
array

.

.

.
.
.
.

.

.

.

b

a

.

.

.

Fig. 9. A physical environment with an infinite line of scattering clusters in
the midway between transmitter and receiver.

trade-off sheds light on designing more efficient space-time
coding schemes that can adapt to the physical environment.
Imagining if we design a space-time code that is optimal for
the i.i.d fading channel and use it in a single-bounce diffuse
channel, the link reliability can be much worse.

Finally, it is possible to turn a single-bounce diffuse chan-
nel into a multi-bounce diffuse channel by increasing the
antenna spacing. This plausibly increases the diversity gain
and validate the performance analyses based on the i.i.d.
fading model. However, when the array length is fixed, using
less antennas decreases the spatial degrees of freedom. The
resulting trade-off curve remains upper-bounded by the curve
given in Theorem 4.2.

V. PROPAGATION RANGE

As the scattering mechanisms are tied up with the path-
loss model, the propagation range are therefore related to
the multiplexing gain and diversity gain. For example, [27]
points out the trade-off between path-loss and multiplexing
gain across different scattering mechanisms: specular reflec-
tion has better path-loss but worse multiplexing gain whereas
diffuse scattering has worse path-loss but better multiplexing
gain. Under the same scattering mechanism, we will illustrate
that there is also a trade-off between propagation range and
multiplexing gain. The analysis involved is not as vigorous
as that in previous sections on ergodic capacity and diversity
gain. At the least, it gives us a more comprehensive perspective
on the range-multiplexing-diversity trade-off.

If the scattering clusters remain fixed while the transmitter-
receiver separation is changing, we would expect

|Ωt|, |Ωr| ∝ 1
l

(48)
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Recall that l is the propagation range. As the asymptotic
multiplexing gain is proportional to |Ωt|, |Ωr|, there exists
a trade-off between multiplexing gain and propagation range
under the same scattering mechanism. However, in general
changing the transmitter-receiver separation will bring in or
fade out scattering clusters. For example, Fig. 9 shows a
physical environment where scattering clusters are located
in the midway between transmitter and receiver. When the
transmitter and receiver are farther apart, there are apparently
more clusters visible by them. On the other hand, when they
are closer, there are less clusters. Now let us compute the total
angle spread. Denote the diameter of the cluster by a and the
cluster-cluster separation by b. The distance between the center
of the nth cluster to the center of the antenna array is

ρ =
√

(n + 1/2)2b2 + (l/2)2

The angle spread due to the nth cluster is

l/2
ρ

· a

ρ
=

la

2ρ2

The total angle spread is therefore given by the sum

|Ωt| = |Ωr| =
4a

l

∞∑
n=0

1
1 + (2n + 1)2(b/l)2

(49)

If b > a, it is bounded by

πa

bl

(
1 − 2

π
tan−1 b

l

) ≤ |Ωt| = |Ωr| ≤ πa

bl

(
1 +

2
π

tan−1 b

l

)
(50)

implying

|Ωt| = |Ωr| =
πa

b

1
l

+ o(1/l) (51)

for large l. The total angle spread remains inversely pro-
portional to the propagation range. Suppose |Ω t0| and |Ωr0|
are the respective transmit and receive angle spread at the
reference range l0 = 1m. We draw the following hypothesis:

|Ωt| =
|Ωt0|

l
and |Ωr| =

|Ωr0|
l

(52)

Now to achieve a propagation range of l, the maximum
multiplexing gain would be

r0(l) =
1
l

min
{
Lt|Ωt0|, Lr|Ωr0|

}
One can sacrifice some of the multiplexing gain to obtain a
better diversity gain. The trade-off involved depends on the
underlying scattering mechanisms. Fig. 10 gives an example
of such trade-offs among multiplexing gain, diversity gain, and
propagation range for the case r(l0) = 4 and Mt = 2.

VI. CONCLUSIONS

We use the angular intervals subtended by clusters of
scatterers to characterize the scattering condition, and study
linear arrays that are limited in length but not the number of
antennas. Then we model the response within those angular
intervals due to basic scattering mechanisms. In the capacity
anlysis, we show that for arrays of length L in a physical
environment of total angle spread |Ω|, the ergodic capacity
increases linearly with L|Ω| for large arrays. But when antenna

0 1 2 3 4
0

2

4

6

8

10

12

14

16

Multiplexing gain, r

D
iv

er
si

ty
 g

ai
n,

 d
(r

)

( = r0)

Multi-bounce
Single-bounce

l = 2l0

l = l0

Fig. 10. Illustrates the multiplexing-diversity-range trade-offs for Mt =
Mr = 2 at l = l0 and 2l0.

arrays reduce to more practical sizes, the number of spatial
degrees of freedom depends on the SNR as well. This implies
that the number of antennas used would depend on the SNR.
In the diversity analysis, we focus on the trade-off between
multiplexing gain (data rate) and diversity gain. Unlike the
ergodic capacity, the different scattering mechanisms have
distinguishable trade-offs. These differences would give us
more insights into space-time code design. Finally, we attempt
to quantify the trade-off among propagation range, diversity
gain, and multiplexing gain which gives us a more compre-
hensive perspective on the interplay between possible benefits
of multiple-antenna systems.

APPENDIX I
PROOF OF LEMMA 3.1

First, we solve for μ in (26):

SNR =
∫ (

μ − 1
x2

)+

dG(x) + o
(
ln(Lt|Ωt|)

)
= (μ − 1)Lt|Ωt| + 1

π2
Mt ln(2πLt|Ωt|)

[
(μ − 1)

ln(
√

μ − 1) − μ

2
−√

μ +
1

2(1 − ε)2
+

1
1 − ε

]
+ o
(
ln(Lt|Ωt|)

)
= (μ − 1)Lt|Ωt| + o

(
ln(Lt|Ωt|)

)
which gives

μ = 1 +
SNR

Lt|Ωt| + o(1)

as Lt|Ωt| → ∞. The capacity can be written as

CSP =
∫ 1−ε

1/
√

μ

log(x2μ) dG(x) + o
(
ln(Lt|Ωt|)

)

= log μ

∫ 1−ε

1/
√

μ

dG(x) + 2
∫ 1−ε

1/
√

μ

log xdG(x)

+ o
(
ln(Lt|Ωt|)

)
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The first integral is

Lt|Ωt| + 1
π2

Mt ln(2πLt|Ωt|) ln(
√

μ − 1)

and the second integral is

1
π2 ln 2

Mt ln(2πLt|Ωt|)
∫ 1−ε

1/
√

μ

ln x

x
+

ln x

1 − x
dx

=
1

π2 ln 2
Mt ln(2πLt|Ωt|)

[1
2

ln2(1 − ε) − 1
8

ln2 μ + Li2(ε)

− Li2(1 − 1/
√

μ)
]

As ε tends to 0 when Lt|Ωt| tends to ∞, the capacity can be
re-written as

CSP =
[
Lt|Ωt| + Mt ln(2πLt|Ωt|)f1(SNR)

]
log μ

+ o
(
ln(Lt|Ωt|)

)
as Lt|Ωt| → ∞, where

f1(SNR)

=
1
π2

[
ln(

√
μ − 1) − 1

4
ln μ − 2

ln 2
Li2(1 − 1/

√
μ)/ log μ

]
=

1
4π2

ln
SNR

Lt|Ωt| + o(ln SNR)

as SNR → ∞.

APPENDIX II
PROOF OF LEMMA 3.3

The Fε(x) can be expressed as

Fε(x) =
Mt ln(2πLt|Ωt|)

π2Ḡ(ε)

(
ln

1 − ε

ε
− ln

1 − x

x

)

+ o
( ln(Lt|Ωt|)

Lt|Ωt|
)

Now, we have∫ 1

ε

log xdFε(x) = −Mt ln(2πLt|Ωt|)
2π2Ḡ(ε) ln 2

[
ln2 ε

+ 2 Li2(1 − ε)
]
+ o
( ln(Lt|Ωt|)

Lt|Ωt|
)

which yields

CMD � Lt|Ωt| log
SNR

lν−1e
+

1
π2

Mt ln(2πLt|Ωt|)[
log

SNR

lν−1e
ln

1 − ε

ε
− log ε ln ε − 2

ln 2
Li2(1 − ε)

]
+ o
(
ln(Lt|Ωt|)

)
as Lt|Ωt| → ∞, for all ε ∈ (0, 1). Now, we pick

ε =
(√ SNR

lν−1e

)−1

(53)

and complete the proof.

APPENDIX III
PROOF OF LEMMA 3.4

We have

CMD ≤
∫ 1−ε

0

log
(
1 +

SNR

lν−1
x
)

dG(x) + o
(
ln(Lt|Ωt|)

)
=

1
π2 ln 2

Mt ln(2πLt|Ωt|)
∫ 1−ε

0

1
x

ln
(
1 +

SNR

lν−1
x
)

+
1

1 − x
ln
(
1 +

SNR

lν−1
x
)

dx + o
(
ln(Lt|Ωt|)

)
The first integral is

−Li2
(
−SNR

lν−1
(1 − ε)

)
and the second integral is

π2Lt|Ωt|
Mt ln(2πLt|Ωt|) ln

(
1 +

SNR

lν−1
(1 − ε)

)

− ln
(
1 +

SNR

lν−1
(1 − ε)

)
ln

SNR/lν−1(1 − ε)
1 + SNR/lν−1

− Li2
(1 + SNR/lν−1(1 − ε)

1 + SNR/lν−1

)
+ Li2

( 1
1 + SNR/lν−1

)
As ε approaches 0 for large Lt|Ωt| and

lim
SNR→∞

−Li2(−SNR/lν−1)
ln2(SNR/lν−1)

=
1
2

the upper-bound can be expressed as

CMD ≤
[
Lt|Ωt| + Mt ln(2πLt|Ωt|)f3(SNR)

]
log
(
1 +

SNR

lν−1

)
+ o
(
ln(Lt|Ωt|)

)
as Lt|Ωt| → ∞, where

f3(SNR) =
1

2π2
ln

SNR

lν−1
+ o(ln SNR)

as SNR → ∞.

APPENDIX IV
PROOF OF THEOREM 4.2

The channel matrix for the single-bounce diffuse channel is
block diagonal and each diagonal sub-block is an i.i.d. fading
channel by itself. Suppose di(r) satisfy

lim
SNR→∞

log P
[
det(I + SNRH†

iHi) < SNRr
]

log SNR
= −di(r)

for i = 1, · · · , Mt. We follow the notation in [15] and use the
symbol

.= to denote

lim
SNR→∞

log g(SNR)
log2 SNR

= b ⇐⇒ g(SNR) .= SNRb

Then, di(r) satisfies

P
[
det(I + SNRH†

iHi) < SNRr
] .= SNR−di(r)

Let SNRθi = det(I + SNRH†
iHi). The cdf of θi is

Fθi(θ) = P (θi < θ) .= SNR−di(θ)
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and thus, its pdf is

fθi(θ)
.=

d

dθ
SNR−di(θ)

= SNR−di(θ) ln SNR
d

dθ
di(θ)

.= SNR−di(θ)

ignoring the sign. Since the sub-blocks are independent, so

P

[ Mt∏
i=1

det
(
I + SNRH†

iHi

)
< SNRr

]

= P

( Mt∑
i=1

θi < r

)

= (Fθ1 ∗ fθ2 ∗ · · · ∗ fθMt
)(r)

.= SNR−dSD(r)

where
dSD(r) = (d1 ⊕ d2 ⊕ · · · ⊕ dMt)(r)

Now, we will show that dSD(r) is obtained by putting end-
to-end the different linear pieces in di(r)’s, sorted by increas-
ing slopes (or equivalently, decreasing negative slopes). It is
sufficient to show that it holds for Mt = 2. Let d̃(r) denote the
claimed curve, and the slopes of d1(r) and d2(r) be 0 ≥ s1 ≥
s2 ≥ · · · ≥ sL, with the corresponding length of projection
onto the horizontal axis being α1, α2, · · · , αL where L =
min{Lt|Ωt,1|, Lr|Ωr,1|} + min{Lt|Ωt,2|, Lr|Ωr,2|}. Further-
more, let Sn be the set of index of slopes belonging to dn(r),
for n = 1, 2. Then, for r ∈ [L−∑l

i=1 αi, L−∑l−1
i=1 αi

]
, the

claimed curve is given by

d̃(r) = −
l−1∑
i=1

siαi − sl

(
L −

l−1∑
i=1

αi − r

)

Assume without loss of generality, l ∈ S2. We will show that
when r = L −∑l−1

i=1 αi − Δ for some Δ ∈ [0, αl),

d1(u) + d2(r − u) ≥ d1(a) + d2(b), ∀u ∈ [0, r]

where

a = min{Lt|Ωt,1|, Lr|Ωr,1|} −
∑

1≤i≤l−1

i∈S1

αi

b = min{Lt|Ωt,2|, Lr|Ωr,2|} −
∑

1≤i≤l−1

i∈S2

αi − Δ

As dn(r)’s are decreasing and piecewise linear, when u ≤ a,

d1(u) − d1(a) ≥ −sl(a − u)

Note that a + b = r and hence r − u ≥ b. Thus,

d2(b) − d2(r − u) ≤ −sl(r − u − b) = −sl(a − u)

Combining both inequalities gives the desired result. Similarly,
when u > a,

d1(a) − d1(u) ≤ −sl(u − a)
d2(r − u) − d2(b) ≥ −sl(b − r + u) = −sl(u − a)

Combining them gives the desired result as well. Furthermore,
we have

d1(a) + d2(b) = −
∑

1≤i≤l−1

i∈S1

siαi −
∑

1≤i≤l−1

i∈S2

siαi − slΔ

= −
l−1∑
i=1

siαi − sl

(
L −

l−1∑
i=1

αi − r

)

= d̃(r)

This implies that d1(u) + d2(r − u) ≥ d̃(r). Since dSD(r) is
the infimum of the sum on the left over all u from 0 to r, it
must coincide with the claimed curve on the right.
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