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Abstract—This paper considers a random access system where
each sender is in one of two possible states, active or not active, and
the states are only known to the common receiver. Active senders
encode data into independent information streams, a subset of
which is decoded depending on the collective interference. An
information-theoretic formulation of the problem is presented
and the set of achievable rates is characterized with a guaranteed
gap to optimality. Inner and outer bounds on the capacity region
of a two-sender system are tight in the case of a binary-expansion
deterministic channel and differ by less than one bit in the case
of a Gaussian channel. In systems with an arbitrary number of
senders, the symmetric scenario of equal access probabilities and
received power constraints is studied and the system throughput,
i.e., the maximum achievable expected sum rate, is characterized.
It is shown that a simple coding scheme where active senders
transmit a single message is optimum for a binary-expansion
deterministic channel and achieves within one bit of the optimum
in the case of a Gaussian channel. Finally, a comparison with
the slotted ALOHA protocol is provided, showing that encoding
rate adaptation at the transmitters achieves constant (rather than
zero) throughput as the number of users tends to infinity.

Index Terms—Broadcast approach, capacity, multiple-access
channels, network information theory, random access, slotted
ALOHA.

I. INTRODUCTION

R ANDOM access is one of the most commonly used
medium access control schemes for channel sharing by

a number of transmitters. Despite decades of active research in
the field, the theory of random access communication is far from
complete. What has been notably pointed out by Gallager in
his review paper more than two decades ago [13] is still largely
true: on the one hand, information theory provides accurate
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models for the noise and for the interference caused by simul-
taneous transmissions, but it ignores random message arrivals
at the transmitters; on the other hand, network oriented studies
focus on the bursty nature of messages, but do not accurately
describe the underlying physical channel model. As an example
of the first approach, the classic results by Ahlswede [3] and
Liao [16] provide a complete characterization of the set of
rates that can be simultaneously achieved communicating over
a discrete memoryless multiple access channel (DM-MAC).
However, the coding scheme they develop assumes a fixed
number of transmitters with continuous presence of data to
send. As an example of the second approach, Abramson’s
classic collision model for the ALOHA network [2] assumes
that packets are transmitted at random times and are encoded at
a fixed rate, such that a packet collision occurs whenever two or
more transmitters are simultaneously active. The gap between
these two lines of research is notorious and well documented
by Ephremides and Hajek in their survey article [11].
In this paper, we try to bridge the divide between the two

approaches described above. We present the analysis of a
model which is information-theoretic in nature, but which also
accounts for the random activity of users, as in models arising
in the networking literature. We consider a crucial aspect of
random access, the fact that the number of simultaneously
transmitting users is unknown to the transmitters themselves.
This uncertainty can lead to packet collisions, which occur
whenever the underlying physical channel cannot support the
transmission rates of all active users simultaneously. However,
our viewpoint is that the random level of interference created
by the random set of transmitters can also be exploited oppor-
tunistically by allowing transmission of different data streams,
each of which might be decoded or not, depending on the
interference level at the receiver.
To be fair, the idea of transmitting information in layers

in random access communication is not new; however an
information-theoretic perspective of this layering idea was
never exposed. Previously, Medard et al. [18] studied the
performance of Gaussian superposition coding in a two-sender
additive white Gaussian noise (AWGN) system, but did not
investigate the information-theoretic optimality of such a
scheme. In the present work, we present coding schemes with
guaranteed gaps to the information-theoretic capacity. We do
so under different channel models, and also extending the treat-
ment to networks with a large number of users. Interestingly,
it turns out that in the symmetric case in which all users are
subject to the same received power constraint and are active
with the same probability, superposition coding is not needed to
achieve up to one bit from the throughput of an AWGN system.

0018-9448/$31.00 © 2012 IEEE
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The paper is organized in incremental steps, the first ones
laying the foundation for the more complex scenarios. Initially,
we consider a two-sender random access system, in which each
sender can be in two modes of operation, active or not active.
The set of active users is available to the decoder only, and
active users encode data into two streams: one high priority
stream ensures that part of the transmitted information is al-
ways received reliably, while one low priority stream oppor-
tunistically takes advantage of the channel when the other user
is not transmitting. Given this set-up, we consider two different
channel models. First, we consider a binary-expansion deter-
ministic (BD) channel model in which the input symbols are
bits and the output is the binary sum of a shifted version of
the codewords sent by the transmitters. This is a first-order ap-
proximation of an AWGN channel in which the shift of each
input sequence corresponds to the amount of path loss experi-
enced by the communication link. In this case, we exactly char-
acterize the capacity region and it turns out that senders need
to simultaneously transmit both streams to achieve capacity.
Second, we consider the AWGN channel and present a coding
scheme that combines time-sharing and Gaussian superposition
coding. This turns out to be within bit from capacity. Fur-
thermore, we also show that in the symmetric case in which
both users are subject to the same received power constraint,
superposition coding is not needed to achieve up to bit
from capacity. Next, we consider a -sender random access
system, in which active transmitters encode data into indepen-
dent streams of information, a subset of which are decoded
by a common receiver, depending on the value of the collec-
tive interference. We cast this communication problem into an
equivalent information-theoretic network with multiple trans-
mitters and receivers and we focus on the symmetric scenario
in which users are active with the same probability , inde-
pendently of each other, and are subject to the same received
power constraint, and we study the maximum achievable ex-
pected sum-rate —videlicet throughput. Given this set-up, we
again consider the two channel models described above. First,
we consider the BD channel model in the symmetric case in
which all codewords are shifted by the same amount. In this
setting, input and output symbols are bits, so that the receiver
observes the binary sum of the codewords sent by the active
transmitters. The possibility of decoding different messages in
the event of multiple simultaneous transmissions depends on the
rate at which the transmitted messages were encoded. Colliding
codewords are correctly decoded when the sum of the rates at
which they are encoded does not exceed one. This is a natural
generalization of the classic packet collision model widely used
in the networking literature, where packets are always encoded
at rate one, so that transmissions are successful only when there
is one active user. We present a simple coding scheme which
does not employ superposition coding and which achieves the
throughput. The coding scheme can be described as follows.
When is close to zero, active transmitters ignore the pres-
ence of potential interferers and transmit a stream of data en-
coded at rate equal to one. By doing so, decoding at the receiver
is successful if there is only one active user, and it fails other-
wise. This is what happens in the classic slotted ALOHA pro-
tocol, for which a collision occurs whenever two or more users

are simultaneously active in a given slot. In contrast, when is
close to one, the communication channel is well approximated
by the standard -sender binary sum DM-MAC, for which the
number of transmitters is fixed and equal to . In this regime,
active users transmit a stream of data encoded at rate equal to
, that is, each active user requests an equal fraction of the
-sender binary sum DM-MAC sum-rate capacity. Any further
increase in the per-sender encoding rate would result in a col-
lision. When is not close to either of the two extreme values,
based on the total number of users and the access probability
, transmitters estimate the number of active users by solving a
set of polynomial equations. If is the estimated number, then
transmitters send one stream of data encoded at rate , that is,

each user requests an equal fraction of the -sender binary sum
DM-MAC sum-rate capacity. Interestingly, it turns out that the
estimator needed to achieve the throughput is different from the
maximum-likelihood estimator for the number of active
users. The analysis also shows that the performance of slotted
ALOHA systems can be improved by allowing encoding rate
adaptation at the transmitters. In fact, we show that the expected
sum-rate of our proposed scheme tends to one as tends to in-
finity. Hence, there is no loss due to packet collisions in the so
called scaling limit of large networks. This is in striking con-
trast with the well known behavior of slotted ALOHA systems
in which users cannot adjust the encoding rate, for which the ex-
pected sum-rate tends to zero as tends to infinity. In practice,
however, medium access schemes such as 802.11x typically use
backoff mechanisms to effectively adapt the rates of the dif-
ferent users to the channel state. It is interesting to note that
while these rate control strategies used in practice are similar
to the information-theoretic optimum scheme described above
for the case of equal received powers, practical receivers typ-
ically implement suboptimal decoding strategies, such as de-
coding one user while treating interference as noise.
Next, we consider the case of the -sender AWGN channel.

For this channel, we present a simple coding scheme which
does not employ superposition coding and which achieves the
throughput to within one bit — for any value of the underlying
parameters. Perhaps not surprisingly, this coding scheme is sim-
ilar to the one described above for the case of the BD channel. In
fact, the close connection between these two channel models has
recently been exploited to solve capacity problems for AWGN
networks through their deterministic model counterpart [5].
Finally, we wish to mention some additional related works.

Extensions of ALOHA resorting to probabilistic models to ex-
plain when multiple packets can be decoded in the presence of
other simultaneous transmissions appear in [14] and [20]. An
information-theoretic model to study layered coding in a two-
sender AWGN-MAC with no channel state information (CSI)
available to the transmitters was presented in a preliminary in-
carnation of this work [19]. The two-sender BD channel has
been studied in the adaptive capacity framework in [15] and in
this paper we also provide a direct comparison with that model.
We also rely on the broadcast approach which has been pursued
in [21], and [23] to study multiple access channels with no CSI.
A survey of the broadcast approach and its application to the
analysis of multiple antenna systems appeared in [22], and we
refer the reader to this work and to [6] for an overview of the
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Fig. 1. The two-sender MAC with partial CSI modeling random access
communication.

method and for additional references. The DM-MAC with par-
tial CSI was studied in [8] assuming two compressed descrip-
tions of the state are available to the encoders.
The rest of the paper is organized as follows. The next section

formally defines the problem in the case of a two-sender AWGN
random access system. Section IV presents the extension to the
-sender random access system assuming an additive channel
model. Section V consider the case of a BD channel model,
while Section VI deals with the AWGN channel. A discussion
about practical considerations and limitations of our model con-
cludes the paper. Throughout the paper we use the notation in
[10].

II. SYSTEM MODEL

Consider a two-sender synchronous additive DM-MAC
where each sender can be in two modes of operation, active or
not active, independently of each other. The set of active users
is available to the decoder, while encoders only know their own
mode of operation. This problem is the compound DM-MAC
with distributed state information depicted in Fig. 1, where the
state of the channel is determined by two statistically indepen-
dent binary random variables and indicating whether
user one and user two, respectively, are active. Sender
knows its own state component , while the receiver knows
both and and thus the set of active users .
The presence of partial channel state information allows each
transmitter to adapt its coding scheme to its state component.
Assume without loss of generality that senders transmit a
codeword only when active, otherwise they remain silent.
To counter the lack of knowledge about the set of active users

at the transmitters, we apply the broadcast approach to channels
with state, originally proposed by Cover [9] and Shamai [21] in
the context of point-to-point channels, according to which each
active sender transmits several independent messages and the
receiver decodes some of these messages, depending on condi-
tion of the channel. The benefit of this strategy is that the com-
munication rate from senders to receivers changes based on the
set of active users and thus adjusts based on the level of interfer-
ence at the receiver. A natural question to ask is to characterize
the set of rates that can be simultaneously achieved by both users
in each channel state.

A. Broadcast Approach

To answer this question, wemap this communication problem
to a multi-receiver channel obtained by introducing one auxil-
iary receiver per each channel state. Specifically, for every set of

Fig. 2. The channel used to model a two-sender random access system.
and are set of messages that are always decoded,

while and are messages
that are decoded when there is no mutual interference between the two users.

active users we introduce an equivalent broadcast receiver, re-
ferred to as receiver . The resulting two-sender three-receiver
channel, illustrated in Fig. 2, is given by

(1)

where the channel inputs and outputs take values in finite sets
and the additive disturbances , , and have the same
distribution as the noise in Fig. 1. Notice that is statisti-
cally equivalent to the channel output in Fig. 1 when

, and thus models the received signal at the receiver when
only sender 1 is active. Similarly, and are equivalent
to the channel output in Fig. 1 when and

, respectively. The state where both users
are inactive is omitted because trivial. We refer to the additive
channel in (1) as an additive discrete memoryless random ac-
cess channel (DM-RAC) model.
Sender transmits a set of independent messages

where is a set of indexes and

independently of everything else. For every , re-
ceiver decodes messages

where is an index set for the messages sent by user
and decoded by receiver (see Fig. 2).
Notice that in (1) is a degraded version of and , i.e.,

and formMarkov chains for
all . In a degraded broadcast channel, the “better” re-
ceiver can always decode the message intended for the “worse”
receiver, similarly here receiver , , can decode the mes-
sages sent by sender that can decoded by receiver 12. Thus,
there is no loss of generality in assuming that

(2)

or, equivalently, that
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Then, messages in and represent in-
formation that is always decoded, regardless of the state of the
other user, while the remaining messages provide additional in-
formation that can be opportunistically decoded when one user
is inactive.
If condition (2) is satisfied, then we say that the partially or-

dered sets form a message
structure, denoted by , for the additive DM-RAC (1).
For a given message structure , let

(3)

denote the sum-rate of the messages transmitted by sender and
decoded by decoder . We say that the rate tuple

is achievable if there exists a sequence of coders
and decoders such that each receiver in Fig. 2 can decode all
intended messages with arbitrarily small error probability as the
coding block size . We define the capacity region
of the additive DM-RAC (1) with message structure as the
closure of the set of achievable rate tuples.
Observe that as we vary , , and the sets

, there are infinitely many possible message struc-
tures for the channel (1). For each one of them we define .
Next, we define the capacity of the additive DM-RAC (1)

as the closure of the union of over all possible message
structures . Note that represents the optimal tradeoff among
the rate quadruples
over all possible ways of partitioning information into different
information messages.

B. The Throughput of a Slotted Random Access System

Knowledge of the capacity so defined can be useful to
study the maximum achievable sum-rate in a slotted random ac-
cess system. Consider a time-slotted multi-access system where
each time-slot lasts time units. At the beginning of slot ,

, each sender in the system has an empty queue of
packets and it receives a new packet with probability and no
packet with probability . Thus, the set of active users is
determined by the random arrival processes of new packets at
the different users, which are supposed to be independent. Com-
munication within each slot occurs over the channel in Fig. 1,
where the random variables and represent the packet ar-
rival process at sender 1 and 2, respectively. The slot duration
is assumed to be long enough that rates arbitrarily close to the

capacity can be achieved coding over a single slot. At the end
of slot no feedback is sent from the receiver to the transmit-
ters, so active senders do not know the rate at which the trans-
mitted messages are decoded at the receiver (which depends on
the set of active users ). Packets are assumed to contain delay
sensitive information that has to be communicated within one
slot, so they are discarded by the transmitters at the end of each
slot. Based on the knowledge of , senders optimizes the coding
scheme used to send new packets such that the average sum-rate
after slots

is maximized. As the number of slots , the time average
sum-rate converges to the ensemble average

(4)

Thus, the maximum average sum-rate or throughput of the
system converges to

(5)
where the maximum is over all rate quadruples in the capacity
. This quantity represents the maximum time-average sum-rate
that can be achieved by repeating the same coding scheme over
sufficiently many slots, each viewing an independent realization
of the set of active users. To achieve (5), some level of coordi-
nation among the users is needed. In fact, these have to jointly
determine their codebooks before the system is in operation and
they have to share common randomness to achieve rate points
in by timesharing.

III. THE 2-SENDER ADDITIVE RAC

In this section we first provide outer and inner bounds on the
capacity region of the additive DM-RAC (1), then we spe-
cialize our results to two additive channels of practical interest.
The first channel is the BD channel model, for which we char-
acterize the capacity region . We show that to achieve it
suffices that each sender transmits two independent messages,
a “public” message that is decoded in all channel states and a
“private” message that is decoded only when there is no inter-
ference. Second, we consider the AWGN channel, for which we
provide a constant gap characterization of , where the constant
is universal and independent of the channel parameters. For both
channels we study the throughput (5) under symmetry assump-
tions.

A. Bounds on the Capacity Region

We begin by providing an outer bound on the capacity region
of the additive DM-RAC (1).

Theorem 1: Let denote the set of rates such that

(6)

for some . Then, .
Proof: The first two inequalities in (6) are standard

point-to-point bounds which can be derived via standard tech-
niques. To obtain the third inequality, observe that by Fano’s
inequality
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and

where as . From the independence of the mes-
sages

(7)

Using the memoryless property of the channel and the fact that
conditioning reduces the entropy, the first term at the right hand
side of (7) can be upper bounded as

(8)

where we have introduced a time-sharing random variable
independent of the other variables. On the

other hand, from the chain rule, the fact that conditioning re-
duces the entropy, and Fano’s inequality

(9)

where the last equality is obtained observing from (1) that if
is given, then is statistically equivalent to . Substituting
(8) and (9) into (7), we have that

The fourth inequality in (6) is obtained by a similar argument.
Finally, the last two inequalities in (6) follow from (2) and (3),
and the desired outer bound is obtained by letting .

Next, suppose that sender transmits two independent
messages, so

where message denotes “common” information that is de-
coded by both receiver and receiver 12, while represents
“private” information that is only decoded by receiver . Thus,
receiver 12 decodes messages

while receiver decodes messages

Let denote the corresponding message structure, given by
the following index sets

(10)

(11)

(12)

The next theorem provides an inner bound on the capacity
of the additive DM-RAC (1) with this message structure, which
in turns is an inner bound on the capacity . The coding scheme
used for the proof of the inner bound combines superposition
coding, time-sharing, rate splitting, and simultaneous decoding.

Theorem 2: Let denote the set of rates such that

(13)

for some . Then, .
Proof: Consider the message structure in (10)–(12), for

which

(14)

The coding scheme uses the idea of rate splitting. Each message
, , is divided into an independent public message

at rate and a private message at rate , such that

(15)

Fix an input distribution . Randomly
generate a time-sharing sequence according to .

Randomly and independently generate sequences
, each according to , .

For each pair , randomly and independently gen-

erate sequences , each according to
, . The so gener-

ated codebooks, including , are revealed to coders and de-
coders. To send , encoder transmits

. Upon receiving , decoder 12 find the
unique message quadruple such that
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Following similar steps as in the analysis of the probability of
error for the DM-MAC, the probability of decoding error tends
to zero as if

(16)

Upon receiving , decoder declares that
is sent if this is the unique message triple

such that

Following similar steps as in the analysis of the probability of
error for the degraded DM-BC, the probability of decoding error
tends to zero as if

(17)

Combining (14)–(17), and eliminating
from the resulting system of inequalities, we obtain

(13).

Inner and outer bounds coincide in some special cases.

Corollary 1: Any rate tuple in

for some is achievable.
Proof: It is immediate to verify that if

for some , then (13) reduces to (6) when and
, .

Remark 1: By (2) and (3), we have that
for some when sender does not transmit any pri-
vate information that is decoded only by receiver . The above
corollary shows that in such cases superposition coding is not
needed to achieve capacity.

Remark 2: In the special case where both
and the capacity region of

the additive DM-RAC (1) reduces to the capacity region of the
additive DM-MAC

which is characterized by the set of rate pairs
such that

(18)

for some . To see that in Theorem 1 re-
duces to (18), notice from (1) that given , is statistically
equivalent to , hence .
Similarly, .

Fig. 3. The two-sender BD-RAC and the message structure used in the proof
of achievability of Theorem 2.

B. Example 1: The 2-Sender BD-RAC

Suppose that the alphabet for the channel inputs and outputs
in (1) is , for some integer number , and that inputs
and outputs are related as follows:

(19)

where denotes an integer number, summation and
product are over , and denotes the

shift matrix having the th component equal to 1
if , and 0 otherwise. By pre-multiplying
by , the first components of are down-shifted by

positions and the remaining elements are set equal to
zero. We refer to this model as the 2-sender BD-RAC, see Fig. 3
for a pictorial representation. Physically, this channel represents
a first-order approximation of a wireless channel in which con-
tinuous signals are represented by their binary expansion, the
codeword length represents the noise cut-off value, and the
amount of shift corresponds to the path loss of user 2
relative to user 1 [5]. The following theorem characterizes the
capacity region of this channel.

Theorem 3: The capacity region of the two-sender
BD-RAC is the set of rates such that

(20)

Proof: The converse part follows from evaluating the
bounds in Theorem 1. For the proof of achievability it suf-
fices to show that the vertices1 of the polytope defined by
(20) are achievable, since any other point satisfying (20) can
be written as a linear combination of the vertices and thus
can be achieved by time-sharing. By Corollary 1 any vertex

such that
for some is achievable. On the

1Given a -dimensional polytope , a vector is a vertex if it satisfies
with equality sign at least of the linear inequalities defining or, equivalen-
tely, if it cannot be written as convex combination of any two distinct points
belonging to .
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other hand, the only two vertices that are not on these two hy-
perplanes are and .
To see this, notice that and are two only vectors such that

and that satisfy with equality sign four of the following
inequalities

Vector is clearly achievable because it satisfies (13) for
and , . Similarly, it is

easily seen satisfies (13) for some choice of the underlying
parameters and thus is achievable. More simply, achievability of
can be sketched as follows. Sender 1 transmits and

in the first and last components of , respectively.
Sender 2, instead, transmits only in the first components
of . Because of the downshift in , receiver 12 observes the
binary sum of and in the last components of
and from the first ones. Thus the choice of the
positions is such that and are received “aligned” at
the common receiver which can thus successfully decoded
from the first interference-free components of . In
summary, all vertices can be achieved by the inner bound in
Theorem 2, hence the proof is complete.

Remark 3: In general, to achieve capacity user 1 has to
transmit both and . However, in the symmetric case
where it suffices that each sender transmits only one
message.
1) The Throughput in the Symmetric Scenario: Consider the

problem of maximizing the throughput (5) in the symmetric sce-
nario where . This model represents a first-order
approximation of a wireless channel in which transmitted sig-
nals are received at the same power level. The codeword length
is normalized to 1 so that the maximum amount of information
which can be conveyed across the channel is one bit per channel
use regardless of the number of active users. The possibility of
decoding different messages in the event of multiple simulta-
neous transmissions depends on the rate at which the messages
were encoded. Colliding codewords are correctly decoded when
the sum of the rates at which they are encoded does not exceed
one. This is a natural generalization of the classic packet col-
lision model widely used in the networking literature, where
packets are always encoded at rate one, so that transmissions
are successful only when there is one active user.
By means of Theorem 3, it is easy to show that the solution

to (5) is in this case

The coding strategy used to achieve the throughput can be
described as follows. If the transmission probability lies
in the interval , then user transmits message
encoded at rate 1. A collision occurs in the event that both
senders are simultaneously transmitting, in which case the
common receiver cannot decode the transmitted codewords.
Decoding is successful if only one of the two users is active,
so the expected sum-rate achieved by this scheme is equal
to . If, instead, the transmission probability lies
in the interval , then user transmits message
encoded at rate , i.e., at half the sum-rate capacity of the
two-sender binary additive MAC. By doing so, the transmitted
codewords are never affected by collisions, and can be decoded
in any channel state. This yields an expected sum-rate of

. It should be highlighted that in this
symmetric scenario each user transmits only one of the two
messages for any value of . We show later in the paper that
this optimization problem can be solved in the general case of
a network with more than two users.

C. Example 2: The 2-Sender AWGN-RAC

We now turn to another example of additive channels. As-
sume that in (1) the disturbances , , and are equally
distributed according to a standard Gaussian random variable,
and that the sum is over the field of real numbers. Assume that
the channel inputs are subject to average power constraints

for some . We refer to this channel as the two-
sender AWGN-RAC. In the rest of the paper, we use the notation

.
Theorem 1 and the maximum entropy theorem give the fol-

lowing outer bound on the capacity region of this channel.

Theorem 4: Let denote the set of rates such that

(21)

Then, the capacity region of the two-sender AWGN-RAC is
contained in .
Similarly, by a standard discretization argument [10] and by

using Gaussian codebooks, Theorem 2 yields the following
inner bound.

Theorem 5: Let denote the closure of the set of rates such
that
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(22)

for some . Then, the capacity region of the
two-sender AWGN-RAC contains .
The next corollary shows the gap between the above inner

and outer bounds on is bounded by a constant independent of
and .

Corollary 2: For any rate tuple there exists an achiev-
able rate tuple such that

where denotes the -norm.
Proof: See Appendix A.

Remark 4: The above corollary shows that in general
Gaussian superposition coding achieves to within bit
from the capacity . However, the proof of Corollary 2 shows
that in the symmetric case where Gaussian super-
position coding is not needed to achieve within this level of
approximation of the capacity region.
1) An Approximate Expression for the Throughput: Consider

the symmetric scenario where . In this case,
combining Theorem 4 and Theorem 5, it is possible to show
that the solution to (5) is

where for all and ,

if ;
if ,

and

Observe that the bound on the error term holds for any choice
of the parameters and .
The coding strategy used to achieve is similar to

the one described for the case of the symmetric BD channel.
If the transmission probability lies in the interval ,
then user transmits message encoded at the maximum

Fig. 4. Comparison of the throughput of the two-sender symmetric
AWGN-RAC ( ).

point-to-point coding rate, i.e., . If, instead, the transmis-
sion probability lies in the interval , then each active
user transmits message encoded at rate , i.e., at
half the sum-rate capacity of the two-sender AWGN-MAC. The
parameter represents a threshold value below which it is
worth taking the risk of incurring in a packet collision. Observe
that as .
Fig. 4 compares to the expected sum-rate achieved

under the adaptive-rate framework [15] and to its counterpart as-
suming that full CSI is available to the transmitters. In the adap-
tive-rate framework, each sender transmits at a rate of ,
so that users can always be decoded. The figure illustrates how
our approach allows us to improve upon the expected adaptive
sum-rate for small values of , for which the collision proba-
bility is small. In this regime, our inner bound is in fact close to
the curve obtained giving full CSI to the transmitters. Later in
the paper, we shall see that the gain provided by our approach
becomes more significant when the population size of the net-
work increases.

IV. THE -SENDER ADDITIVE RAC

In this section we extend the analysis to the case of a -sender
network, where each user can be in two modes of operation,
active or not active. The set of active users

determines the state of the channel. Encoders know the max-
imum number of active users and their own mode of opera-
tion, and transmit data into independent streams of information.
The receiver knows the set of active users, and decodes subsets
of the transmitted streams depending on the state of the channel.
By introducing one auxiliary receiver per each channel state,

we can map this problem to a broadcast network with trans-
mitters and receivers. A one-to-one correspondence exists
between the set of receivers and the set of non-empty subsets of
, so that for each set of active users there exists a unique

corresponding receiver, denoted as receiver . Observe that for
a given channel state, only one among these auxiliary broadcast
receivers corresponds to the actual physical receiver.
The formal description of the problem is as follows.
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A. Problem Formulation

Definition 1: A -sender DM-RAC

consists of input sets , output sets
, and a collection of conditional probability mass func-

tions on the output sets (one for each sequence of input symbols
).

A DM-RAC is said to be additive if channel inputs and out-
puts are related by an additive map

(23)

where the are identically distributed random
variables taking values in a set and the sum is over a suitable
field.2 Specifically, in the next section we consider two classes
of additive random access channels: the symmetric BD-RAC,
for which the channel inputs are strings of bits, and the sum is
binary; and the symmetric AWGN-RAC, for which
, the channel inputs are subject to an average power constraint,
and the sum is over the reals.

Definition 2: A message structure for the additive RAC
(23) consists of
1) sets , , where in an index set for the
messages transmitted by sender .

2) sets , such that

(24)

for all . Here, is an index set for
the messages transmitted by sender that are decoded by
receiver .

Definition 3: An -code for the additive DM-RAC (23) with
message structure consists of
1) A message set for each and .
2) encoders, where encoder assigns a codeword

to each message tuple

where .
3) decoders, where for each , decoder assigns
to each received channel output sequence the
message estimates

where .
The reason for assuming (24) is as follows. Observe from (23)
that if then is a degraded version of , i.e.,

forms a Markov chain for all . Then, con-
dition (24) says that the “better” receiver must decode all

2One can choose any field such that there exists embeddings ,
, and .

the messages transmitted by sender that are decoded by the
“worse” receiver .
For every and , we assume that message is

uniformly distributed over , i.e.,

and is independent of everything else. We define

(25)

as the sum-rate of the messages transmitted by sender and
decoded by receiver .
The average probability of decoding error is defined as

Definition 4: A rate tuple is said
to be achievable for the additive DM-RAC (23) with message
structure if there exists a sequence of codes such that

.

Definition 5: The capacity region of the additive
DM-RAC (23) with message structure is closure of the set
of achievable rate tuples .

Definition 6: The capacity region of the additive DM-RAC
(23) is

Since the receivers cannot cooperate, the capacity region only
depends on the marginal distribution of the noises

in (23). This implies that there is no loss of generality in
assuming that the noises are identical, i.e., for all
, for some random variable .

B. An Outer Bound on the Capacity Region

Theorem 6: The capacity region of the additive DM-RAC
(23) is contained inside the set of rates such that

(26)

and

(27)

for all and for all permutations over the
set of users , for some pmf with the
cardinality of bounded as , where
denotes the incomplete Gamma function.

Proof: See Appendix B.

Remark 5: Observe that the above theorem reduces to the
outer bound in Theorem 1 in the special case of a two-sender
additive DM-RAC.

Remark 6: It can be easily seen by inspection of the proof of
the above theorem that the same outer bounds holds for a more
general family of maps, namely for all random access channels
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with the property that if is given, then is statistically
equivalent to , for all .

Remark 7: Observe that (27) defines inequal-
ities for each value of , and thus a total of

inequalities. It can be shown
that as .
Equation (27) is obtained by a “genie-aided” argument.

Suppose that a genie gives as side information to receiver
messages

(28)

for all . Suppose that this receiver decodes one
user at the time, starting with the messages sent by user
and progressing down to user . Let us consider the first
decoding step. By assumption, decoder can
correctly decode messages
and thus given the side information it has full knowledge of

and of the codeword transmitted by
sender . Subtracting this codeword from the received output
sequence yields . Hence, at
the end of the first decoding step decoder has
the same observation as decoder and thus
at the next decoding step it can correctly decode messages

. By proceeding this
way, at the th iteration receiver can construct

and thus decode the messages
. Then, it can make use of the side in-

formation
to compute and subtract it from the aggregate received
signal before turning to decoding the next user. In other words,
at the th step of the iteration user ’s signal is only
subject to interference from users , as the signal
of the remaining users has already been canceled. Therefore,
user communicates to the receiver at a sum-rate equal
to . In summary, (27) says that the
sum of the rates across iterations cannot exceed the mutual
information between channel inputs and outputs, regardless of
the permutation on the set of users originally chosen.

C. The Throughput of a Time-Slotted Random Access System

Consider the time-slotted random access system described in
Section II-B. Assume that the system is populated by -sender
and that in every slot each sender is active with probability , in-
dependently of other users. In each slot, communication occurs
over the additive DM-RAC (23). We have already observed that
the maximum achievable sum-rate in this system converges, as
the number of slots , to the ensemble average, where
the average is taken with respect to the set of active users, see
(4). Formally,

Definition 7: The throughput of the additive
DM-RAC (23) is defined as the maximum expected sum-rate

(29)

where the maximum is over all rates in
the capacity region .
The fact that each user is active with the same probability
has one important consequence. By expanding the objective

function in (29) as

and defining

(30)

it is clear that (29) only depends on . It follows that
in order to compute it is sufficient to characterize the
optimal tradeoff among these variables. This motivates the
following definition

Definition 8: Let denote the image of the capacity of the
additive DM-RAC (23) under the linear transformation (30).
Then,

(31)

It should be emphasized that the symmetry of the problem al-
lows us to greatly reduce the complexity of the problem: instead
of characterizing , which is a convex subset of , it suf-
fices to study the set , which is a convex subset of .
In what follows, we denote by

the probability of getting exactly successes in independent
trials with success probability , and we denote by

the probability of getting at most successes. Outer and inner
bounds on are denoted by and , respectively.

V. EXAMPLE 1: THE -SENDER SYMMETRIC BD-RAC

In this section, we consider the generalization of the sym-
metric BD-RAC considered in Section III-B, where all trans-
mitted codewords are shifted by the same amount, to the case
of -sender. Suppose the and alphabets are each the set

, the additive channel (23) is noise-free, so , and
the sum is over . Observe that this is the -sender ver-
sion of the channel model in (19) in the special case where

. The codeword length is normalized to
1. As mentioned above, this channel model can be thought of
as a generalization of the packet collision model used in the
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networking literature, where packets are always encoded at rate
one, so that transmissions are successful only when there is one
active user.
Theorem 6 yields the following outer bound on .

Proposition 1: The capacity region of the -sender sym-
metric BD-RAC is contained inside the set of rates such that
(26) holds and

(32)

for all permutations over the set of senders .

A. The Throughput of the Symmetric BD-RAC

Next, we turn to the problem of characterizing the throughput
for the symmetric BD-RAC. The following theorem

provides a characterization of for this channel.

Theorem 7: for the -sender symmetric BD-RAC is the
set of rates such that

(33a)

and

(33b)

Equivalently, is the convex hull of the all-zero vector and

(34)

where denotes the th unit vector in .
Proof: See Appendix C.

The proof of the converse in the above theorem follows com-
bining (30) and Proposition 1. For the proof of achievability, we
show that is equal to the image under the linear transforma-
tion (30) of the capacity region of the -sender symmetric
BD-RAC with message structure given by

(35)

and

(36)

for all . According to this message structure, sender
transmits independent messages and de-
coder decodes all messages with index greater than , for
all such that . In other words, messages are indexed ac-
cording to the amount of interference which they can tolerate,
so message is decoded when sender is active and there
are less than interfering users, regardless of the identity of the
interferers. Observe that this message structure reduces to the
one used in the proof of Theorem 2 for the special case .
The proof is then established noticing that to achieve , i.e.,

the th extreme point of , it suffices that user trans-
mits message encoded at rate . This implies that a simple
single-layer coding strategy can achieve all vertices of , and
the remaining points in can be achieved by time-sharing.
Having an exact characterization of at hands, we can ex-

plicitly solve the throughput optimization problem. The main
result of this section is given by the following theorem.

Theorem 8: Let represent the partition of the unit interval
into the set of intervals

where , and, for , is defined as the
unique solution in to the following polynomial equation
in

(37)

Then, the following facts hold
1) , , and for

.
2) The throughput of the -sender symmetric BD-RAC is
given by

(38)

for all .
3) is achieved when all active senders transmit a
single message encoded at rate

(39)

for all .
4) is a continuous function of ; it is concave and
strictly increasing in each interval of the partition .
Proof: See Appendix D.

Remark 8: The above theorem says that to achieve it
suffices that each active sender transmits a single message en-
coded at rate . Inspection of (42) reveals that is a
piecewise constant function of , whose value depends on the
transmission probability . If is in the th interval of the parti-
tion , then is equal to . Similarly, the corresponding
achievable throughput is a piecewise polynomial func-
tion of . The boundary values of the partition, denoted by the
sequence , are given in semi-analytic form as solutions of
(37), and closed form expressions are available only for some
special values of and . Nevertheless, Theorem 8 provides the
upper bound .
The structure of the solution is amenable to the following in-

tuitive interpretation. Based on the knowledge of and , trans-
mitters estimate the number of active users. More precisely, if
is in the th interval of the partition , i.e., ,

then the transmitters estimate that there are active users. Since
, it is interesting to observe that the computed estimator

is in general different from the maximum-likelihood estimator
. Then, they encode their data at rate . Clearly, there is a

chance that the actual number of active senders exceeds , in
which case a collision occurs. Vice-versa, the scheme results in
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Fig. 5. Comparison of the throughput of a BD-RAC with load for ALOHA and the proposed broadcast approach ( ).

an inefficient use of the channel when the number of active users
is less than . However, this strategy represents the right balance
between the risk of packet collisions and inefficiency.
It is interesting to note that when the optimal strategy

consists of encoding at rate 1, i.e., at the maximum rate sup-
ported by the channel. As already remarked, this is the coding
strategy used in the classic ALOHA protocol. Notice that since

, this strategy is optimal when the probability of being
active is less that the inverse of the population size in the net-
work. In this case, there is no advantage in exploiting the multi-
sender capability at the receiver. On the other hand, for ,
the throughput of an ALOHA system is limited by packet col-
lisions, which become more and more frequent as increases.
In this regime, the encoding rate has to decrease in order to ac-
commodate the presence of other potential active users.

B. Throughput Scaling for Increasing Values of

If we let the population size grow while keeping constant,
the law of large number implies that the number of active users
concentrates around , so the uncertainty about the number of
active users decreases as increases. This is confirmed by the
following corollary, which states that the probability of collision
tends to zero as .

Corollary 3: Let . Then, .
So far, we have been assuming that does not depend on .

Assume now that the total packet arrival rate in the system is
, and let be the arrival probability at each transmitting
node. Let denote the throughput in the limit . Then,
by applying the law of rare events to (37) and (38) we obtain the
following corollary to Theorem 8.

Corollary 4: Let , and, for , let
be defined as the unique solution in to the following

polynomial equation in

where is the incomplete Gamma function. Then, as
tends to infinity, the throughput is given by

The rate which attains the throughput is given by

Finally, is a continuous function of ; it is concave
and strictly increasing in each interval , and

.
Note that the claim above is in striking contrast with the

throughput scaling of the classic slotted ALOHA protocol. The
throughput of slotted ALOHA increases for small , it reaches
a maximum at , after which it decreases to zero as
tends to infinity. See Fig. 5 for a comparison between

and the throughput of standard ALOHA as a function of . As
already remarked, this gain comes from the fact that the receiver
can simultaneously decode multiple packets and the senders
can adjust the transmission rate as a function of the load of the
system.

VI. EXAMPLE 2: THE -SENDER SYMMETRIC AWGN-RAC

We now turn to another example of RAC, the -sender sym-
metric AWGN-RAC. Suppose that in (23) the codewords gen-
erated by the encoders are -sequences of random variables
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taking values over the reals, and whose realizations satisfy the
following average power constraint

for some positive constant . Also, suppose that ,
, where is a standard Gaussian random variable, and that

the sum in (23) is over the field of real numbers. Observe that
we focus on the symmetric case where all senders are subject to
the same transmit power constraint.
Applying Theorem 6 and the maximum entropy theorem, we

obtain the following outer bound on the capacity of this channel.

Proposition 2: The capacity region of the -sender sym-
metric AWGN-RAC is contained inside the rates such that (26)
holds and

for all and for all permutations over the
set of users .

A. An Approximate Expression to Within One Bit for the
Throughput

Next, we consider the problem of characterizing the
throughput for the symmetric AWGN-RAC as
a function of the transmission probability , the population size
, and the available power . First, we provide inner and outer
bounds on for this channel.

Theorem 9: Let denote the set of rates such
that (33a) holds and

Let denote the set of rates such that (33a) holds
and

Then, for the -sender AWGN-RAC satisfies .
The proof of the above theorem is omitted since it closely fol-

lows the proof of Theorem 7. As for the case of the BD-RAC,
the proof of achievability in the above theorem uses the mes-
sage structure defined by (35) and (36) and the corresponding
coding scheme does not require the use of Gaussian superposi-
tion coding.
In virtue of Theorem 9 it is possible to bound as

where lower and upper bounds are given by (31) after replacing
with and respectively. The following theorem provides

an expression for .

Theorem 10: Let represent the partition of the unit
interval into the set of intervals

where , and, for ,
is defined as the unique solution in to the following

polynomial equation in

(40)

Then, is a continuous function of , concave, strictly
increasing in each interval of the partition , and is given
by

(41)

if , for all . To achieve ,
it suffices that each active user transmits a unique message en-
coded at rate

(42)

for all .
The proof of the above theorem is omitted since it closely fol-

lows the proof of Theorem 7. To achieve each active
user transmits one message encoded at rate . Based
on the knowledge of and and , transmitters estimate the
number of active users. More precisely, if is in the th interval
of the partition , i.e., , then trans-
mitters estimate that there are active users. Then, they encode
their data at rate , that is, each user requests an equal
fraction of the -sender AWGN MAC sum-rate capacity.
The next theorem characterizes .

Theorem 11: Let represent the partition of the unit interval
into the set of intervals

where , and, for every , is defined as the
unique solution in to the following polynomial equation
in

(43)

Then, is a continuous function of , concave in ,
strictly increasing in each interval of the partition , and
is given by

(44)
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for all , where

,
,

,
(45)

For

,
,

,
,
(46)

For

,
,

,
(47)

For

,
. (48)

Proof: See Appendix E.

The proof of the above theorem is conceptually simple
but technical, as it requires finding the analytic solution of
a linear program. Comparing the statements of Theorem
10 and Theorem 11, observe that the basic structure of

and is the same. Notice that the sequence
defined in Theorem 10 depends on the

power constraint . It is easy to see that ,
for every .
By directly comparing and we obtain

the following result.

Theorem 12: Let , and . Then,

Proof: See Appendix F.

The above theorem shows that the proposed scheme achieves
an average sum-rate which is only 1 bit away from the optimum,
independently of the values of , , and . It it remarkable that
the gap does not increase with the population size of the system.
Thus we conclude that transmitting at rate when is
in the th interval of the partition represents the right
balance between risk of collision and efficiency: encoding rates
above would increase the collision probability, yielding
a decrease in the expected sum-rate. On the other hand, rates
lower than would result in an inefficient use of the
channel.
Fig. 6 shows plots of , , and

for the 4-sender symmetric AWGN-RAC. Observe that the
and are piecewise concave functions of

the transmission probability.

B. Comparison With Other Notions of Capacity

The expression for the throughput derived in the Section VI-B
can be compared to similar expressions obtained assuming

Fig. 6. Upper and lower bounds on the throughput of a 4-sender
symmetric AWGN-RAC (top) and encoding rate achieving the lower bound
(bottom), as functions of the transmission probability ( ).

Fig. 7. Comparison of the throughput of the symmetric AWGN-RAC as a
function of the transmission probability — and are
inner and outer bounds, respectively, for the proposed broadcast approach,

for the case of full CSI at the transmitters, for
the adaptive coding approach ( and ).

other notions of capacity. A natural outer bound is given by
the throughput achieved assuming that full CSI is available
to the transmitters. In this case, the sum-rate of the -sender
AWGN-MAC can be achieved whenever users are active.
Averaging over the set of active users, we obtain the following
expression for the throughput:

(49)

On the other hand, if we study the symmetric AWGN-RAC fol-
lowing the adaptive capacity framework as in [15], then each
transmitter designs a code which has to be decoded for any
number of active users. This is a conservative viewpoint that
forces each sender to transmit at rate so that users
can be decoded even when all transmitters are active. Thus,
we obtain

(50)
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Fig. 8. Comparison of the throughput of the symmetric AWGN-RAC as a func-
tion of the transmission probability — for the proposed coding
scheme and using an ML estimator of the number of active users
( and ).

Fig. 7 compares the obtained bounds on for the case
and to the throughput under the adap-

tive-rate framework (50), and assuming full CSI available to the
transmitters (49).
Finally, observe that in order to achieve transmit-

ters have to estimate the number of active users by solving the
polynomial equation in (40). A natural question to ask is what
is the achievable throughput performance if a maximum-likeli-
hood estimator for the number of active user is used instead.
Consider the following strategy. Suppose that, based on the
knowledge of and , and assuming no prior on the number
of active users, transmitters compute , the maximum-like-
lihood estimator for the number of active users, and encode
their data at rate . Since the most probable out-
come of Bernoulli trials3 with success probability
is the integer number between and , we have that

. Thus, we obtain the following expression for the
expected sum-rate capacity:

(51)

Fig. 8 compares and (51) for the case and
. We remark that the ML estimator of the number

of active users result in a strictly suboptimal throughput perfor-
mance.

VII. DISCUSSION AND PRACTICAL CONSIDERATIONS

In networking, much research effort has been put in the de-
sign of distributed algorithms where each agent has limited in-
formation about the global state of the network. The model we
developed in this paper allowed us to focus on the rate alloca-
tion problem that occurs when multiple nodes attempt to access
a commonmedium, and when the set of active users is not avail-
able to the transmitters. Our analysis has lead to a distributed al-
gorithm which is easily implementable in practical systems, and
which is optimal in some information-theoretic sense. The rule

3Each active transmitter estimates the state of the remaining users.

of thumb which we have developed is that, upon transmission,
senders should estimate the number of active users according to
a prescribed algorithm based on the knowledge of the popula-
tion size and the transmission probability , and then choose the
encoding rate accordingly.
In this paper we focused primarily on the problem of char-

acterizing the throughput assuming perfect symmetry in the
network, that is, the same transmission probability and re-
ceived power constraint across users. The reasons for enforcing
symmetry are twofold. First, throughput maximization is a
meaningful performance metric only in symmetric scenarios.
Second, it allows us to focus on random packet arrivals at the
transmitters, and not on the different power levels at which
transmitted signals are received by the common receiver.
This set-up is a realistic model for uplink communications in
power-controlled cellular wireless systems. Nevertheless, an
interesting open question is how to apply the layering approach
to the -sender AWGN-RAC with unequal power levels at the
receiver, assuming that each sender only knows its own power
level and state.
We made the underlying assumption that users can be syn-

chronized, both at the block and the symbol level. In light of
this assumption, a time-sharing protocol could be employed to
prove achievability results. A simple way to achieve this par-
tial form of cooperation among senders is to establish, prior to
any transmission, that different coding schemes are used in dif-
ferent fractions of the transmission time. However, in practice
achieving such complete synchronization may not be feasible.
An interesting open question is to characterize the performance
loss due to lack of synchronism. In this case, the resulting ca-
pacity region need not be convex, as for the collision model
without feedback studied by Massey and Mathys [17].
We also assumed that the receiver has perfect CSI, that is,

it knows the set of active users. This is a realistic assumption
in systems where data traffic and control traffic are transmitted
on different channels. The focus of this paper is on the data
transmitted over traffic channels, while we assume that the re-
ceiver can learn the identity of the active users from the sepa-
rate control channel. The question, relevant in practice, of how
the receiver can acquire such information is not discussed here,
and we refer the reader to the recent studies of Fletcher et al.
[12], Angelosante et al. [4], and Biglieri and Lops [7], which
address the issue using sparse signal representation techniques
and random set theory.
Finally, in this paper the transmission probability and the

number of users play a pivotal role in setting the encoding
rate, and these quantities are supposed to be known at the trans-
mitters. The probability is determined by the burstiness of the
sources, while has to be communicated from the receiver to
the transmitters. In practice, our model applies to communica-
tion scenarios in which the base station grants access to the up-
link channel to users, but where only a subset of these users
actually transmit data.

APPENDIX A
PROOF OF COROLLARY 2

By convexity, it suffices to show that for any vertex
there exists an achievable rate vector at dis-
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tance less than from . By Corollary 1, all ver-
tices of on the hyperplanes and

are achievable. We claim that all the
remaining vertices lie on the hyperplanes
and . By contradiction, suppose that there
exists a vertex
such that (the case where

can be handled in a similar way). If
, then can be written as convex

combination of and for some
, which is a contradiction with the fact that is a

vertex. Similarly, if , then can
be written as convex combination of
and for some , which is again a
contradiction and therefore the claim is proved.
Using the fact that a vertex has to satisfy at least 4 of the

inequalities describing with the equality sign, it is immediate
to verify that the vertices of on the hyperplanes

and are

Notice that satisfies (22) for and thus is achiev-
able. Also,

(54)

To show that there exists an achievable rate at distance less than
from and , consider

Notice that satisfies (22) for and , hence
. We have that

(55)

and

(56)

Combining (54), (55), and (56) we conclude that for any ex-
treme point of there exists such that ,
hence the proof is complete.

APPENDIX B
PROOF OF THEOREM 6

Inequalities (26) follow immediately from assumption (24).
Next, fix a permutation over the set of users
. Let denote the set of messages transmitted by sender ,

and denote the subset of messages transmitted by sender
and decoded by decoder . By Fano’s inequality, for all
,

(57)

where as , and in particular

(58)

Next, notice that (53) at the bottom of the this page holds for
any . Here, the last inequality follows from the mem-
oryless property of the channel, the fact that is a func-
tion of , and by introducing a time-sharing random variable

independent of everything else. On the
other hand, application of the chain rule on the second term at

(52)

(53)
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the left hand side of (53) yields (61). See equation (59)–(61) at
the bottom of the page. Here, (59) uses the fact that is a
function of , (60) uses the fact conditioning reduces the en-
tropy, and (61) follows from (58).
Therefore, substituting (61) into (53), we obtain that

and the claim is completed by introducing a standard time-
sharing random variable and letting the block size tend to
infinity.

APPENDIX C
PROOF OF THEOREM 7

Let denote the polytope defined by (33a) and (33b). To
prove that we first derive a useful identity. Let .
Then,

(62)

where the second equality uses the fact that
for any permutation over the set

. Now we can establish the necessity of (33b).

Observe that by summing both sides of (32) over all permuta-
tions over the first integers, we obtain

(63)

By means of (62), (63) can be re-written as

(64)

Dividing both sides of (64) by , we conclude that (33b) is a
necessary condition for the achievability of a rate vector .
Next, by summing both sides of (26) over all sets having

cardinality , we obtain that

(65)

Next, observe that, for every ,

(66)

(67)

(59)

(60)

(61)
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(68)

where (66) follows from (65), while (67) is obtained observing
that there are subsets of which have cardinality and con-
tain the element . After multiplying right and left hand side of
(68) by and rearranging the terms, we obtain the desired
inequality

which proves (33a). In summary, we showed that inequalities
(33a) and (33b) are necessary conditions for the achievability
of a rate vector , i.e., .
Next, we prove the reversed inclusion . To do so, it

suffices to show that the vertices of are achievable, as the rest
of the region can be achieved my means of a time-sharing pro-
tocol. We claim that is the convex hull of the all-zero vector
and , where is as in (34), . To see this, con-
sider the invertible linear transformation given by

(69)

It is straightforward to check that the image under is given
by the oriented -simplex

wherein for all . Since is invertible, the
vertices of can be obtained by applying to the vertices
of . Thus, where

. Hence (34) is proved.
Next, we show that , , is achievable. Consider

the message structure given by (35) and (36). Correspond-
ingly, sender transmits messages

(70)

and decoder decodes messages

(71)

Notice that message , , is decoded at receiver
only if user is active and there are less than interfering

users, i.e., and if . To achieve the rate vector
it suffices to set

,
otherwise.

Each active sender transmits a single message of information
encoded at rate . It follows from (71) that receiver

decodes if and . Thus, we have

and ;
otherwise.

(72)

Observe that for every receiver the sum of the rates of the
decoded messages is at most 1. It follows that decoding can be
performed by means of a standard -sender multiple-access de-
coder. By plugging (72) into (30), we obtain that the rate vector
with th component

if

otherwise,

is achievable. Hence, (34) is achievable.

APPENDIX D
PROOF OF THEOREM 8

In order to prove the theorem, we first need to state two
lemmas. The first lemma builds upon properties of the cumula-
tive distribution function of the Binomial distribution.

Lemma 1: Let . There exists a
such that

(73)

Proof: For any and , let

The binomial sum is related to the incomplete Beta
function by [1, (6.6.4) page 263]

(74)

Substituting (74) into the definition of and differentiating,
we obtain

By studying the sign of one can see that is a strictly
decreasing function of in the range , reaches a min-
imum at and is a strictly increasing in the interval

. We have , and the Taylor expansion cen-
tered at shows that increases to zero as tends
to one. Thus, . Note that so, by the
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monotonicity of and by the mean value theorem, there exists
a unique such that (73) holds.
To complete the proof, we show that . Direct compu-

tation shows that , while for , we
have that

(75)

where the inequality follows from the fact that
for , with equality iff ,

and that for .
Thus, (73) and (75) show that as claimed.

Roughly speaking, the above lemma says that to achieve the
throughput the encoding rate has to decrease as the transmission
probability increases. The second lemma shows that is the
optimal encoding rate when is in the th interval of the parti-
tion .

Lemma 2: Let . Define and and let
be as in Lemma 1. If for some ,

then

(76)

Proof: In virtue of Lemma 1, it suffices to show that
, for . As , it follows that
. Next, suppose that . Lemma 1 shows

that and that .
Thus, we have

(77)

where the inequality uses the fact that
for . Comparing (73)

and (77), we obtain the desired inequality .

By the above lemmas, it is immediate to prove Theorem 8.
Proof: Observe that the optimum value of a linear program,

if it exists, is always achieved at one of the extreme points of the
feasibility set. Thus, (34) implies that

where the last equality follows from Lemma 2.

APPENDIX E
PROOF OF THEOREM 11

To simplify the notation, here and in the following section we
let . In order to evaluate , it is convenient
to make the change of variable

(78)

Substituting the new variables into (31), (33a), and (33b) and
performing a modicum of algebra, we obtain,

(79)

where denote the set of rates such that

(80)

for all . Observe that the optimum value of the linear
program (79) is achieved at one of the extreme point of the fea-
sibility set. Therefore, to prove the theorem it suffices to show
that as defined in (45)–(48) are vertices of , and
that the objective function in (79) reaches a strict local max-
imum at when is in the th interval of the partition .
For every , it is straightforward to check that satis-

fies (80) for . Since has zero compo-
nents, we conclude that is a vertex of .
Next, we establish that if , where are

defined in Lemma 1, then the objective function reaches a local
maximum at .We proceed by showing that the objective func-
tion evaluated at is strictly greater than at any of its neigh-
boring vertices. By definition, two vertices are neighbors if they
are connected by an edge. It is possible to show that has ex-

actly neighbor vertices, which we denote by . The

proof of this fact is straightforward albeit fairly lengthy, so is
not reported here. For , we have that
• If , then

,

,

otherwise
(81)
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• If , then .
• If , then

,
,

,
otherwise

(82)

• If , then

,
,

,
(83)

• Finally, if then

,
,

,
(84)

On the other hand, for and , we have
that

,

.
(85)

It can be immediately verified that the vectors so

defined are vertices of and neighbors of .
Next, we establish that the objective function in (79) reaches

a local maximum at by comparing the value achieved at
to the one at its neighboring vertices. First, suppose

.
• If , we can observe, from plugging (81)
into (79) and performing some algebraic manipulations,
that

because if is in the th interval of
the partition .

• If , then

• If , then

• If , then

Next, suppose . Compare the utility function at and
.

Therefore, we have established that the objective function
reaches a local maximum at and completed the proof.

APPENDIX F
PROOF OF THEOREM 12

First, observe that for all and

(86)

The above inequality is tight if
, i.e., if is in th interval of the partition .

Combining (44) and (86), it follows that for all and

(87)

Then, in order to prove the theorem we show that the right hand
side of (87) is for all . First, we consider the case

. Substituting (45) into (87) and making use of the fact
that and for all , we obtain that
for all ,

(88)

By definition,

(89)

Hence,

(90)
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and

(91)

On the other hand, it can be easily seen that for all

(92)

Then, combining (88)–(92) we obtain that for all

(93)

Consider now the case . Substituting (46)
into (87)

(94)

By collecting the common term and by telescoping
the series, we can re-write the right hand side of (94) as

Hence, (89) and the fact that for yield

for all and . Finally, the
proof is concluded observing that when ,

.
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