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Abstract—Interference limits performance in wireless networks
and cooperation among receivers or transmitters can help miti-
gate interference by forming distributed MIMO systems. Earlier
work [1] shows how limited receiver cooperation helps mitigate
interference. The scenario with transmitter cooperation, however,
is more difficult to tackle. In this paper we study the two-user
Gaussian interference channel with conferencing transmitters
to make progress towards this direction. We characterize the
capacity region to within 6.5 bits/s/Hz, regardless of channel
parameters. Based on the bounded-gap-to-optimality result, we
show that there is an interesting reciprocity between the scenario
with conferencing transmitters and the scenario with conferencing
receivers and their capacity regions are within a bounded gap to
each other. Hence, in the interference-limited regime, the behavior
of the benefit brought by transmitter cooperation is the same as
that by receiver cooperation.

Index Terms—Capacity to within a bounded gap, dis-
tributed MIMO system, interference management, transmitter
cooperation.

I. INTRODUCTION

I N modern wireless communication systems, interference
has become the major factor that limits performance. Inter-

ference arises whenever multiple transmitter-receiver pairs are
present and each receiver is only interested in retrieving infor-
mation from its own transmitter. Due to the broadcast and super-
position nature of wireless channels, one user’s information-car-
rying signal causes interference to other users. The interference
channel is the simplest information theoretic model for studying
this issue, where each transmitter (receiver) is assumed to be
isolated from other transmitters (receivers). In various practical
scenarios, however, they are not isolated and cooperation among
transmitters or receivers can be induced. For example, in down-
link cellular systems, base stations are connected via infrastruc-
ture backhaul networks.

In our previous work [1], we have studied the two-user
Gaussian interference channel with conferencing receivers to

Manuscript received April 29, 2010; revised September 16, 2010; accepted
January 12, 2011. Date of current version April 20, 2011. This work was sup-
ported in part by the National Science Foundation under Grant CCF-0830796
and in part by a gift from Qualcomm Corporation. The material in this paper was
presented at the IEEE International Symposium on Information Theory, Austin,
TX, June 2010.

The authors are with the Wireless Foundations, Department of EECS, Univer-
sity of California at Berkeley, Berkeley, CA 94720 USA (e-mail: ihsiang@eecs.
berkeley.edu; dtse@eecs.berkeley.edu).

Communicated by H. E. Gamal, Associate Editor for the special issue on
“Interference Networks”.

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TIT.2011.2120170

understand how limited receiver cooperation helps mitigate
interference. We proposed good coding strategies, proved tight
outer bounds and characterized the capacity region to within 2
bits/s/Hz. Based upon the bounded-gap-to-optimality result, we
identify two regions regarding the gain from receiver coopera-
tion: linear and saturation regions. In the linear region, receiver
cooperation is efficient, in the sense that the growth of each
user’s over the air data rate is roughly linear with respect to the
capacity of receiver-cooperative links. The gain in this region
is the degrees-of-freedom gain that distributed MIMO systems
provide. In the saturation region, receiver cooperation is inef-
ficient in the sense that the growth of user data rate becomes
saturated as one increases the rate in receiver-cooperative links.
The gain is the power gain which is bounded, independent
of the channel strength. Furthermore, until saturation the de-
gree-of-freedom gain is either one cooperation bit buys one
over-the-air bit or two cooperation bits buy one over-the-air
bit.

In this paper, we study its reciprocal problem, the two-user
Gaussian interference channel with conferencing transmitters,
to investigate how limited transmitter cooperation helps miti-
gate interference. A natural cooperative strategy between trans-
mitters is that, prior to each block of transmission, two trans-
mitters hold a conference to tell each other part of their mes-
sages. Hence the messages are classified into two kinds: 1) co-
operative messages, which are those known to both transmit-
ters due to the conference; and 2) noncooperative ones, which
are those unknown to the other transmitter since the cooperative
link capacities are finite. On the other hand, messages can also
be classified based on their target receivers: 1) common mes-
sages, which are those aimed at both receivers; and 2) private
ones, which are those aimed at their own receiver. Hence in total
there are four kinds of messages for each user and seven codes
for the whole system.1 Now the question is, how do we encode
these messages?

Generally speaking, Gaussian interference channels with
transmitter cooperation are more difficult to tackle than
Gaussian interference channels with receiver cooperation. Take
the following extreme case. When transmitters can cooperate
in an unlimited fashion, the scenario reduces to the MIMO
Gaussian broadcast channel. When receivers can cooperate in
an unlimited fashion, the scenario reduces to MIMO Gaussian
multiple access channel. The capacity region of the latter is
fully characterized in the 1970’s [2], [3], while that of the
former has not been solved until recently [4]. This is due to
difficulties both in achievability and outer bounds.

1There is only one cooperative common code carrying both cooperative
common messages.
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Similar phenomenon arises between Gaussian interference
channels with conferencing transmitters and Gaussian interfer-
ence channels with conferencing receivers. Compared with the
scenario with conferencing receivers [1] where each user just
has two kinds of messages (common and private), in the sce-
nario with conferencing transmitters not only does the message
structure in the strategy become more complicated due to the
collaboration among transmitters, but it is also more difficult to
prove the outer bounds since the transmitters are potentially cor-
related. In order to overcome the difficulties, we first study an
auxiliary problem in the linear deterministic setting [5], [6]. We
first characterize the capacity region of the linear deterministic
interference channel with conferencing transmitters and then
make use of the intuition there to design good coding strate-
gies and to prove outer bounds in the Gaussian scenario. Even-
tually the proposed strategy in the Gaussian setting is a simple
superposition of a pair of noncooperative common and private
codewords and a pair of cooperative common and private code-
words. For the noncooperative part, Han-Kobayashi scheme [7]
is employed and the common-private split is such that the pri-
vate interference is at or below the noise level at the unintended
receiver [8]. For the cooperative part, we use a simple linear
beamforming strategy for encoding the private messages, super-
imposed upon the common codewords. By choosing the power
split and beamforming vectors cleverly, the strategy achieves
the capacity region universally to within 6.5 bits, regardless of
channel parameters. The 6.5-bit gap is the worst-case gap which
can be loose in some regimes and it is vanishingly small at high

when compared to the capacity.
With the bounded-gap-to-optimality result, we observe an

interesting uplink-downlink reciprocity between the scenario
with conferencing receivers and the scenario with conferencing
transmitters: for the original and reciprocal channels, the ca-
pacity regions are within a bounded to each other. Hence the
fundamental gain from transmitter cooperation at high is
the same as that from receiver cooperation [1].

A. Related Works

Conferencing among transmitters is first studied by Willems
[9] in the context of multiple access channels, where the ca-
pacity region is characterized. The capacity of the Gaussian
MAC with conferencing transmitters, however, has not been
characterized explicitly in a computable form until recently by
Bross et al. [10], where the authors show that the optimization
on auxiliary random variables can be reduced to finding the op-
timal Gaussian input distribution. On the other hand, the exten-
sion to the compound MAC has been done by Maríc et al. [11].

Works on Gaussian interference channel with transmitter co-
operation can be roughly divided into two categories. One set
of works investigate cooperation in interference channels with
a setup where the cooperative links share the same band as the
links in the interference channel. Høst-Madsen [12] proposes
cooperative strategies based on decode-forward, compress-for-
ward and dirty paper coding and derives the achievable rates.
The recent work by Prabhakaran et al. [13] characterizes the
sum capacity of Gaussian interference channels with reciprocal
in-band transmitter cooperation to within a bounded gap. The

Fig. 1. Channel model.

other set of works focus on conferencing transmitters, that is, co-
operative links are orthogonal to each other as well as the links
in the interference channel. Some works are dedicated to achiev-
able rates. Cao et al. [14] derive an achievable rate region based
on superposition coding and dirty paper coding. Some works
consider special cases of the channel. One such special case at-
tracting particularly broad interest is the cognitive interference
channel, where one of the transmitters (the cognitive user) is
assumed to have full knowledge about the other’s transmission
(the primary user). It is equivalent to the case where transmitter
cooperation is unidirectional and unlimited. As for the cogni-
tive interference channel, Maríc et al. [11] characterize the ca-
pacity region in the strong interference regime. Wu et al. [15]
and Jovičić et al. [16] independently characterize the capacity
region when the interference at the primary receiver is weak.
Very recently, Rini et al. [17] characterize the capacity region
to within a bounded gap, regardless of channel parameters. On
the other hand, works on the case with limited cooperative ca-
pacities are not rich in the literature. Bagheri et al. [18] inves-
tigate symmetric Gaussian interference channel with unidirec-
tional limited transmitter cooperation and characterize the sum
capacity to within a bounded gap.

Our main contribution in this paper is characterizing the ca-
pacity region of two-user Gaussian interference channel with
conferencing transmitters to within a bounded gap for arbitrary
channel strength and cooperative link capacities. The rest of the
paper is organized as follows. After we formulate the problem
in Section II, we investigate the auxiliary linear deterministic
channel in Section III. Then we carry the intuitions and tech-
niques to solve the original problem in Section IV and charac-
terize the capacity region to within a bounded gap. In Section V
we discuss the interesting uplink-downlink reciprocity.

II. PROBLEM FORMULATION

A. Channel Model

The Gaussian interference channel with conferencing trans-
mitters is depicted in Fig. 1.

The links among transmitters and receivers are modeled as
the normalized Gaussian interference channel:

where the additive noise processes , are in-
dependent , i.i.d. over time. In this paper, we use to
denote time indices. Transmitter intends to convey message
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to receiver by encoding it into a block codeword ,
with transmit power constraints

for arbitrary block length . Note that outcome of the encoder
depends on both messages. Messages are independent.
Define channel parameters

The cooperative links between transmitters are noiseless with
finite capacity from transmitter to . Encoding must satisfy
causality constraints: for any time index ,
is only a function of .

B. Notations

We summarize below the notations used in the rest of this
paper.

• For a real number , denotes its posi-
tive part.

• For a real number , denotes the closest integer that is
not greater than .

• For sets in -dimensional space,
denotes the direct sum of and .

• With a little abuse of notations, for , denotes
the modulo- sum of and .

• Unless specified, all the logarithms are of base 2.

III. LINEAR DETERMINISTIC INTERFERENCE CHANNEL WITH

CONFERENCING TRANSMITTERS

As discussed in Section I, we shall first study an auxiliary
problem, linear deterministic interference channel with con-
ferencing transmitters, to overcome the complications both in
achievability and outer bounds.

The corresponding linear deterministic channel (LDC) is pa-
rametrized by nonnegative integers , , , , , and

, where

correspond to the channel gains in logarithmic-two scale and

correspond to the cooperative link capacities. An illustration
is depicted in Fig. 2(a) along with an example in Fig. 2(b).
Each circle or diamond represents a bit. The bit emitting from
a single circle at transmitters will broadcast noiselessly through
the edges to the circles at receivers. Multiple incoming bits at a
circle are summed up using modulo-two addition and produce a
single received bit. The diamonds represent the bits exchanged
between transmitters. In Fig. 2(b), Tx1 can send one bit to Tx2

Fig. 2. Linear deterministic interference channel with conferencing transmit-
ters. (a) Channel model. (b) Example channel.

and Tx2 can send two bits to Tx1. For more details about this
model, we point the readers to [5], [6], [19].

The following theorem characterizes the capacity region of
this channel.

Theorem 3.1: Nonnegative is achievable if and only
if it satisfies the constraints listed at the bottom of the next page.

A. Motivating Examples

Before going into technical details of proving the achiev-
ability and outer bounds, we first give several examples to mo-
tivate the scheme as well as the outer bounds. In the discussions
below, bit denotes an information bit for user 1 and sim-
ilarly denotes an information bit for user 2. The index

denotes the -th level from the most significant bit (MSB) at
the user’s transmitter. If becomes larger than the total number
of levels available at the user’s transmitter, the corresponding
bit has to be relayed to the final destination via the other trans-
mitter, as we will see in the sequel.

Achievability: The first example channel is depicted in
Fig. 2(b), where , , , , ,

. We shall use this example to argue intuitively the
need of cooperative common messages, shed some light on
how cooperative messages should be encoded and illustrate
the twofold usage of transmitter cooperation—nulling out
interferences and relaying additional information.

To achieve the rate point , one simple
strategy is depicted in Fig. 3(a). In this coding scheme, we
identify the message structure in Table I. Note that transmitter
2 sends and to transmitter 1 so that it can carry out proper
precoding to null out interference and at receiver 1.
Similarly transmitter 1 sends to transmitter 2 so that it can
null out interference at receiver 2.

On the other hand, to achieve the rate point
, one simple strategy is depicted in Fig. 3(b). In this coding
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Fig. 3. Coding strategies for example channel in Fig. 2. (a) Achieving � �

�� � � �. (b) Achieving � � �� � � �.

TABLE I
MESSAGE STRUCTURE IN FIG. 3(A)

scheme, we identify the message structure in Table II. Note that
to support a third bit for user 1, it has to occupy the topmost
circle level at transmitter 2 and both receivers, since the direct
link from transmitter 1 to receiver 1 has only two levels. Hence,
receiver 2 inevitably will decode bit , which is then classified
as cooperative common. From this example we see that coop-
erative common messages are needed and their signal should
occupy the levels that appear at both receivers cleanly. For the

TABLE II
MESSAGE STRUCTURE IN FIG. 3(B)

cooperative private parts, the example suggests that one should
design precoding cleverly such that interference is nulled out at
the unintended receiver. Based upon these intuitions, we pro-
pose an explicit scheme in Section III-E.

In the above example, we can see that the usage of the coop-
erative links is twofold: 1) null out interference, as in Fig. 3(a);
and 2) relay additional bits, as the link from transmitter 1 to 2
in Fig. 3(b). This observation is also useful in motivating outer
bounds.

Fundamental Tradeoff on and : For
outer bounds, the main difference from the interference channel
without cooperation [19], [20] is that there are two different
types of bounds on (and correspondingly).
Below we demonstrate the two different types of fundamental
tradeoff on through two examples.

The first type of tradeoff does not involve the information that
flows in the cooperative links. Consider the example channel
with , , . We first
consider the case without cooperation. Two corner points of the
capacity region are and and the optimal
strategies are depicted in Fig. 4(a) and (b), respectively. To en-
hance user 1’s rate from 4 to 5 bits, the bit has to be turned
on and causes collisions at the third level at receiver 1 and the
fifth level at receiver 2. Transmitter 2 then has to turn off bit
to avoid destroying bit and cannot be decoded since it is
corrupted by . Now consider the case with cooperation. Two
corner points of the capacity region are and

and the optimal strategies are depicted in Fig. 5(a) and
(b), respectively. Note that to enhance user 1’s rate from 4 to 5
bits, again the bit has to be turned on and again causes colli-
sions at the same places as in the case without cooperation. Note

(1)

(2)

(3)

if
if

(4)

(5)

(6)
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Fig. 4. Example channel without transmitter cooperation: Tradeoff from
�� �� � � ��� �� to ��� ��. (a) Achieving � � �� � � �. (b) Achieving
� � �� � � �.

that the bits exchanged in the cooperative links remain the same
and hence the information that flows in the cooperative links is
not involved in this tradeoff. Furthermore, the tradeoff is quali-
tatively the same as that in the case without cooperation. Later
we will see that this type of outer bound on can be
generalized from the bound in deterministic interfer-
ence channel without cooperation [20] and the proof technique
is quite similar.

The second type of tradeoff is a new phenomenon in interfer-
ence channel with cooperation and involves the information that
flows in the cooperative links. Consider the example channel in
Fig. 2(b). The two rate points and

are on the boundary of the capacity region. To enhance
user 1’s rate from 2 to 3 bits, since the number of levels from
transmitter 1 to receiver 1 is only 2, the third bit has to be re-
layed from transmitter 2 to receiver 1. Hence, the topmost level
at transmitter 2 has to be occupied by information exclusively
for user 1, that is, and at receiver 2 the topmost level is no
longer available for user 2. On the other hand, since the cooper-
ative link from transmitter 1 to transmitter 2 is now occupied by

, the opportunity of nulling out the interference at the third
level at receiver 2 is eliminated. As a consequence, the only
available level for user 2 at receiver 2 is the second level and
user 2 has to back off its rate from 3 to 1. Note that the key
difference from the first type of tradeoff is that, at the rate point

the cooperative link from transmitter 1 to 2 is

Fig. 5. Example channel with transmitter cooperation: Tradeoff from
�� �� � � ����� to �����. (a) Achieving � � �� � � �. (b) Achieving
� � �� � � �.

used for nulling out interference, while at it
is used for relaying additional bits. Hence, the information that
flows in the cooperative links is involved in this tradeoff and the
tradeoff is qualitatively different from that in the case without
cooperation. As we will show later, to prove this type of outer
bound on , we need to develop a new technique for
giving side information to the receivers.

B. Outer Bounds

To prove the converse part of Theorem 3.1, instead of giving
full details of the proof,2 here we describe the techniques used
in the proof. These techniques will be reused for proving outer
bounds in the Gaussian problem.

Bounds on and : These bounds are straightforward
cut-set bounds.

Bounds on : Bound (4) is a standard cut-set bound.
Its value is the rank of the system transfer matrix, with both
transmit signals as input and both receive signals as output as-
suming full cooperation. It is quite straightforward to see that

if and only if the system matrix is full
rank and the value of its rank is the right-hand side (RHS) of (4).

Bound (1) is obtained by providing side information
to receiver 1 so that receiver 1 is not in-

terfered by transmitter 2 at all. This leads to the part

2We will provide full details when we deal with the Gaussian problem.
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Fig. 6. Side information structure for outer bound (6).

, which is identical to the
Z-channel bound in interference channel without cooperation.
Giving the side information enhances the sum rate by at most

bits. Similar arguments works for bound
(2).

Bound (3) is obtained by providing side information
and to receiver 1 and 2, respec-

tively, where denotes the interference caused by transmitter
1 at receiver 2 (and vice versa for ). Giving side information

to both receivers enhances the sum rate by at most
bits. Finally, we are able to

prove the bound by making use of the Markov relations ob-
served first in [9] for the MAC with conferencing transmitters,
which states that given the conferencing signals, the transmit
signals and messages at two transmitters are independent:

, for or .
Bounds on and : By symmetry we shall

focus on the bounds on .
For linear deterministic interference channel without cooper-

ation, the outer bound on is proved by first creating
a copy of receiver 1 and then giving proper side information to
these three receivers [20]. The side information structure is the
following: give side information to one of the two re-
ceiver 1’s and side information to receiver 2.

As discussed in the previous section, there are two types of
tradeoff on . They correspond to bound (5) and bound
(6), respectively. Bound (5) can be obtained via a similar tech-
nique as that in [20]. The side information structure is the fol-
lowing: give side information to one of the
two receiver 1’s and to receiver 2. The role of

is the same as and the additional side information
is to make the transmitters conditionally independent.

We then make use of the above Markov property to complete the
proof.

Bound (6), which corresponds to the second type of tradeoff
discussed earlier, is obtained by splitting receiver 2’s signal into
two parts: , where is the part of trans-

mitter 2’s signal that is not corrupted by , the interference
from transmitter 1. Then we apply a cut-set bound argument on
one of the two receiver 1’s and and provide side information

to the other receiver 1. Fig. 6 provides an illustra-

tion. Since this kind of side information structure has not been
reported in literature, we detail the proof below:

Proof: If is achievable, by Fano’s inequality

where as . (a) is due to a simple fact that
. (b) is due

to that conditioning reduces entropy. (c) holds since is a
function of .

Let us revisit the example in Fig. 2(b) and demonstrate that
bound (6) is active. Plugging the channel parameters into The-
orem 3.1, we see that without bound (6), the region is

and the rate point is not on its boundary. In this ex-
ample, spans the topmost two levels at receiver 2. Hence,

and which
is active in the capacity region

C. Achievability via Linear Reciprocity

Unlike the linear deterministic interference channel with con-
ferencing receivers, it is not straightforward to directly show
that linear strategies achieves the capacity in the case with con-
ferencing transmitters. We can overcome this by using linear
reciprocity of linear deterministic networks [21] and prove the
achievability part of Theorem 3.1. We sketch the idea of the
proof as follows.

First it is not hard to show that linear strategies are optimal for
the reciprocal channel, that is, the linear deterministic interfer-
ence channel with conferencing receivers. In such linear strate-
gies, each user modulates its information bits (message) onto
the transmit signal vector via a linear transformation. Each re-
ceiver, serving as a relay, linearly transforms its received signal
and sends it to the other receiver through the finite-capacity link.
Since the channel is linear and deterministic, the exchanged sig-
nals between receivers are again linear transformations of the
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transmit information bits. Finally, each receiver solves all its re-
ceived linear equations of the transmit information bits (one set
from the other receiver and the other from the transmitters) and
recovers its desired message. Note that the decoding process is
again a linear transformation. By choosing these linear transfor-
mations (encoding, relaying and decoding) properly, the scheme
achieves the capacity.

Next by linear reciprocity, we immediately show that the ca-
pacity region of the reciprocal channel (the linear deterministic
interference channel with conferencing receivers) is an achiev-
able region of the original channel. The strategy is again linear.
Each transmitter sends a linear transformation of its informa-
tion bits to the other transmitter through the finite-capacity link.
Then it sends out a linear transformation of the received bits
from the other transmitter and its own information bits to the
receivers. Finally, each receiver solves the linear equations it
receives to recover its desired message. It remains to show that
this region coincides with that given in Theorem 3.1, which is a
straightforward calculation.

Note that in such linear strategies, there is no need to split the
messages at the transmitters and the decoding process at the re-
ceivers can be viewed as treating interference as noise. This is
first observed in Lecture Notes 6 in [22] for linear deterministic
interference channels without cooperation. This implies that the
complicated message structure described in Section I is not nec-
essary for linear deterministic interference channel with confer-
encing receivers or transmitters.

To this end, there are two paths towards constructing good
coding strategies in the Gaussian scenario. The first approach
is deriving structured lattice strategies based on the capacity-
achieving linear strategies of the corresponding linear deter-
ministic channels. This approach, however, requires an explicit
description of linear transformations in the capacity-achieving
linear strategies for the LDC. The second approach is deriving
Gaussian random coding strategies, which is the conventional
approach for additive white Gaussian noise networks. In this
paper, we will take the second approach. For this purpose, how-
ever, the proof of achievability via linear reciprocity does not
give much insight. Below we give an alternative proof of achiev-
ability, which provides guidelines for designing good Gaussian
random coding strategies in the Gaussian interference channel
with conferencing transmitters.

D. Alternative Proof of Achievability

To get a better handle to deal with the design of good Gaussian
random coding schemes, we propose a general coding strategy
that applies both the linear deterministic channel (LDC) and the
Gaussian channel. The strategy is based on Marton’s coding
scheme for general broadcast channels [23] and superposition
coding. It is described as follows: (Notations: subscript stands
for cooperative common, subscript stands for cooperative pri-
vate, subscript stands for noncooperative common and sub-
script stands for noncooperative private).

1) First, generate the cooperative common vector codeword
according to .

Denote .
2) Second, for each cooperative common , generate

the cooperative vector codeword

based on Marton’s coding scheme according to
conditional distribution

, where the aux-
iliary codewords are and .

3) Third, at transmitter , for , generate the noncoop-
erative common codeword according to distribu-
tion .

4) Fourth, at transmitter , for each generate the non-
cooperative codeword according to

.
5) Finally, superimpose these two codewords to form the

transmit codewords:

Remark 3.2: Note that in Step 4), say at transmitter 1, we
can use Gelfand-Pinsker coding (dirty paper coding) to generate
the noncooperative private codeword so that it can be protected
against known interference at transmitter 1, which is caused by
the cooperative private auxiliary codeword of the other user, that
is, . Throughout the paper, however, we will choose
cleverly such that the effect of is zero-forced exactly in LDC
and approximately in the Gaussian setting and hence Gelfand-
Pinsker coding does not provide significant improvement.

For decoding, receiver 1 looks for a unique message tuple
such that

is jointly typical, for some . Receiver 2 uses the same de-
coding rule with index 1 and 2 exchanged.

Based on the above strategy, we have the following coding
theorem.

Theorem 3.3 (Achievable Rates): A nonnegative rate tuple
is achievable if it sat-

isfies the following for some nonnegative : (denote
)

Constraints at Receiver 1:
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Constraints at Receiver 2: Above with index 1 and 2
exchanged.

Constraints at Transmitters:

for some , ,
and

Proof: The proof is quite straightforward. It involves
standard error probability analysis of superposition coding and
Marton’s coding scheme and hence is omitted here. Note we
have in total 5 independent messages to be decoded at each
receiver and hence in general there should be
inequalities. However, say at receiver 1, decoding incor-
rectly is not accounted as an error. Furthermore due to the
superposition coding of upon and the superposition
coding of upon , we remove the inequality on
and the inequalities involving but not

or involving but not . Hence in total we have
inequalities at each receiver.

Below we show that with proper choices of distribution
, the above coding

strategy can achieve the capacity region of LDC. We shall dis-
tinguish into two cases: (1) system transfer matrix is full-rank
and (2) system transfer matrix is not full-rank.

System Matrix is Full-Rank: : In
this case, for the cooperative part, we shall set to be running

over all transmit levels and choose
occupying the following numbers of least significant bits (LSB)
at receiver 1 and 2, respectively

(7)

(8)

Then we choose occupying the levels at transmitters so that
it results in at receivers. The cooperative codeword is

generated according to the distribution of . The
addition here is bit-wise modulo-two. We observe the following:

Claim 3.4: Under i.i.d. Bernoulli half inputs, mutual infor-
mation with the above choice if

and hence and are independent conditioned on
.

Remark 3.5 (Comments on Claim 3.4): Intuitively speaking,
choosing as above has an effect that the inter-
ference caused by the other user’s cooperative private signal
is nulled out at the target receiver. The reason is that, the re-

ceived signal contributed by the cooperative private signals at
a receiver, say, receiver 1, is and the conditional in-
dependence of and given cooperative common signal
implies that within there is no dependency on and hence,
the interference caused by is nulled out.

Proof: For the case ,
becomes

and the rank of the full system transfer matrix is
. Hence, under i.i.d. Bernoulli half inputs

Similar argument works for the case , .
For the case , becomes

and the rank of the transfer matrix is again, since the sub-
system (lies in the original system with as output and
the corresponding levels at transmitters as input) has channel
parameters

If , then and
and hence , .

Similarly, if , then
and and hence , .

Similar argument works for the case , .
Therefore, under i.i.d. Bernoulli half inputs, and are

independent conditioned on from the analysis of the previous
cases.

For the noncooperative part, we set such
that and are independent. is allowed to occupy all
levels at transmitter 1, while is allowed to occupy only the

LSB’s. The addition here is bit-wise modulo-two.
The same design is applied to user 2. As commented in Remark
3.5, with the above choice of and in (7) and (8), there
are no redundancy between and and hence no interfer-
ence from at receiver 1. Similar situation happens at receiver
2. Now take all inputs to be i.i.d. Bernoulli half across levels,
we obtain a set of achievable rates from Theorem 3.3. After
Fourier-Motzkin elimination, we show that the achievable re-
gion coincides with the region given in Theorem 3.1.

Lemma 3.6: The above strategy achieves the region given in
Theorem 3.1 when .

Proof: The details are left in Appendix A.

System Matrix is not Full-Rank: :
In this case, for the cooperative part, we shall again set to
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be running over all transmit levels. The difference lies in the
cooperative private part. Here we also choose

, but occupying the following numbers of LSB’s at
receiver 1 and 2, respectively

Claim 3.7: Under i.i.d. Bernoulli half inputs, mutual infor-
mation with the above choice if

.

Proof: Since only occupies levels that appear at re-
ceiver but do not appear at the other receiver, for ,
hence they are conditionally independent given under
Bernoulli half i.i.d. inputs.

For the noncooperative part, we use the same scheme as
the previous case. Now take all inputs to be i.i.d. Bernoulli
half across levels, we obtain achievable rates from Theorem
3.3. After Fourier-Motzkin elimination, we have the following
lemma.

Lemma 3.8: The above strategy achieves the region given in
Theorem 3.1 when .

Proof: The details are left in Appendix A.

We conclude this section with the following remark.

Remark 3.9 (Implications on the Gaussian Problem): The
two numbers and provide clues in determining the power
allocated to the cooperative private codewords and the design of
beamforming vectors in the Gaussian scenario. Take user 1 as
an example. When ,

which corresponds to . On the other hand, when
,

which corresponds to . This implies
that the power of conditioned on should be proportional
to

and that the beamforming vector should be a combination of
zero-forcing and matched-filter vectors.

IV. GAUSSIAN INTERFERENCE CHANNEL WITH

CONFERENCING TRANSMITTERS

With the full understanding in the linear deterministic inter-
ference channel with conferencing transmitters, now we have
enough clues to crack the original Gaussian problem. As for the
outer bounds, we shall mimic the genie-aided techniques and
the structure of side informations in Section III-B to develop the
proofs. As for the achievability, we shall mimic the choice of
auxiliary random variables and level allocation in Section III-D
to construct good schemes in the Gaussian scenario. Moreover,
the achievable rate regions obtained prior to Fourier-Motzkin
elimination can be made equivalent symbolically and hence
the proof of achieving approximate capacity in the Gaussian
channel follows closely to the proof of achieving exact capacity
in the linear deterministic channel. Although the Gaussian
interference channel with conferencing transmitters and its
corresponding linear deterministic channel are strongly related
in coding strategies, proof of achievability and outer bounds,
unlike the two-user Gaussian interference channel [19], their
capacity regions are not within a bounded gap. Similar sit-
uations happen in MIMO channel, Gaussian relay networks
[6] and the Gaussian interference channel with conferencing
receivers [1], where explicit/implicit MIMO structures lie in
the channel model.

Our main result is summarized in the following lemma and
theorem.

Lemma 4.1 (Outer Bounds): If is achievable, it sat-
isfies the constraints listed as shown in (9)–(18) at the bottom
of the next page.

Theorem 4.2 (Bounded Gap to Capacity): Outer bounds in
Lemma 4.1 is within bits per user to the capacity
region.

A. Outer Bounds

Details of the proof of Lemma 4.1 are left in Appendix D.
It follows closely to the techniques we develop in the proofs
of the LDC outer bounds. The only twist is how to mimic the
proof of bound (6), which is a new type of outer bound that does
not appear in the case without cooperation. It corresponds to
bound (17) here. Recall that in the proof there, we split receiver
2’s signal into two parts: , where is the

part of transmitter 2’s signal that is not corrupted by , the
interference from transmitter 1. Such split is not possible in the
Gaussian channel due to additive noise and carry-over in real
addition. As shown in Appendix D, we will overcome this by
providing the following side information to receiver 2:

where , i.i.d. over time and is indepen-
dent of everything else. This mimics the signal in LDC and
helps us prove the outer bound.
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B. Coding Strategy and Achievable Rates

We shall employ the coding strategy proposed in
Section III-D. The analysis in the linear deterministic set-
ting suggests that, for the cooperative private messages, in the
Gaussian setting one may choose its bearing auxiliary random
variables and to be conditionally independent given .
This implies that a simple linear beamforming strategy is suffi-
cient. On the other hand, the interference should be zero-forced
approximately. Based on this observation, we implement the
following strategy.

For the cooperative common signal, recall that in the LDC
we allow to run over all transmit levels. To mimic it, in the
Gaussian setting we choose to be Gaussian with zero mean
and a covariance matrix which has diagonal entries (values
of transmit power) that are comparable with the total transmit
power. For simplicity, we choose the covariance matrix to be
diagonal:

Here the value 1/4 is just a heuristic choice such that the transmit
power constraints will be satisfied.

For the cooperative private signal, from the discussion in
Remark 3.9, we shall make it a superposition of zero-forcing
vectors

and matched-filter vectors

For the auxiliary random variables and , we make them
distributed as identical copies of user 1 and user 2’s desired
cooperative signals received at receiver 1 and 2, respectively.
For example, would be the sum of the transmit cooperative
common signal and user 1’s cooperative private signal projected
onto the channel vector .

Hence we choose be jointly Gaussian such
that

(9)

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)
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where , , , and are independent Gaussians and
independent of everything else, with variances , , ,
and , respectively. Their values are chosen such that the total
transmit power constraint will be met and the conditional vari-
ances of and conditioned on behave as we predicted in
Remark 3.9. With this guideline, we choose

Again, the factor 1/4 is just a heuristic choice such that the
transmit power constraints will be satisfied.

For the noncooperative part, we set ,

where , for . ,
where is independent of and

, for or .
The choice of is such that the interference caused by the
other user’s noncooperative private signal is at or below the
noise level at the receiver.

At this stage, we shall check that the total transmit power
constraint is met with the above heuristic choices of factors. We
only need to show that the power for at each transmitter is at
most 1/2, which is pretty straightforward.3

Note that the variances of and conditioned on are

matching our prediction in Remark 3.9.
With this encoding, the interference caused by the other

user’s cooperative private signal should be nulled out approx-
imately, that is, its variance is at or below the noise level.
To see this, the received signals are jointly distributed with

such that

where the interferences caused by undesired cooperative private
signals are

3We have � �
� �

�
� �

� and vice

versa for � .

at receiver 1 and 2, respectively. Note that the variance of these
terms are upper bounded by a constant, since

Hence

and in effect the interference is nulled out approximately.

Remark 4.3: When the cooperative link capacities are suf-
ficiently large and the channel becomes a two-user Gaussian
MIMO broadcast channel with two transmit antennas and single
receive antenna at each receiver, the proposed scheme in The-
orem 3.3 is capacity-achieving. Dirty paper coding among co-
operative private messages is needed to achieve the capacity of
Gaussian MIMO broadcast channel exactly [4], that is, and

is not independent conditioned on and is made zero.
As shown in Appendix B and C, however, linear beamforming
strategies along with superposition coding suffice to achieve the
capacity approximately. We conjecture that dirty paper coding
among cooperative private messages will lead to a better rate re-
gion and smaller gap to the outer bounds, while the procedure
of computing the achievable region becomes complicated.

We have designed a coding strategy and its configuration
which met the observation and intuition from the analysis of
LDC and it turns out that it achieves the capacity to within a
bounded gap. This completes the proof of Theorem 4.2. The
proof is broken into two parts: (1) the computation of the
achievable rate region and (2) the evaluation of the gap among
inner and outer bounds. Details are left in Appendixs B and C,
respectively.

V. UPLINK-DOWNLINK RECIPROCITY

Recall that in Section III-C we have demonstrated the reci-
procity between linear deterministic interference channel with
conferencing receivers and the linear deterministic interference
channel with conferencing transmitters. In this section, we show
that a similar reciprocity holds in the Gaussian case.

For the channel described in Section II, we define its recip-
rocal channel as the Gaussian interference channel with confer-
encing receivers [1] with the 2-by-2 channel matrix



2952 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 57, NO. 5, MAY 2011

Fig. 7. Uplink-downlink reciprocity. (a) Original Gaussian downlink scenario.
(b) Original LDC downlink scenario. (c) Reciprocal Gaussian uplink scenario.
(d) Reciprocal LDC uplink scenario.

and cooperative link capacities from receiver 1 to 2 and
from receiver 2 to 1. Note that for the reciprocal channel, the
channel matrix is the Hermitian of the original one and the coop-
erative link capacities are swapped. Motivated by backhaul co-
operation in cellular networks where cooperation is among base
stations, we term the interference channel with conferencing re-
ceivers the uplink scenario and the interference channel with
conferencing transmitters the downlink scenario. The original
downlink and the reciprocal uplink scenarios are depicted in
Fig. 7.

Theorem 5.1: The capacity regions of the original and the
reciprocal channels are within a bounded gap, regardless of
channel parameters.

Proof: Details are left in Appendix E.

TABLE III
NOTATIONS

The reciprocity implies immediately that the gain from trans-
mitter cooperation shares the same characteristics as that from
receiver cooperation, that is, the degree-of-freedom gain is ei-
ther one bit or half a bit per cooperation bit until saturation and
the power gain is bounded no matter how large the cooperative
link capacities are after saturation.

Remark 5.2: As mentioned in Section III-C, there is an exact
reciprocity between the linear deterministic downlink scenario
and the uplink scenario. Not only are the capacity regions
of the original and the reciprocal channel the same, but the
capacity-achieving linear schemes are also reciprocal. On the
other hand, for the Gaussian downlink scenario and the uplink
scenario, combining the results in this paper and [1], it seems
such reciprocity in the proposed strategies does not exist, since
the message structures are different. Although the strategies
proposed in this paper and [1] are not reciprocal, we conjecture
that such reciprocity may be obtained via structured lattice
strategies derived from capacity-achieving linear schemes of
the corresponding linear deterministic channels. Such conver-
sion has been applied successfully in [24] to construct lattice
coding strategies for many-to-one and one-to-many Gaussian
interference channels.

APPENDIX A
PROOF OF ACHIEVABILITY IN THEOREM 3.1

A) Proof of Lemma 3.6: Plugging in the configuration, we
have the following achievable rates from Theorem 3.3: for some
nonnegative , (notations are listed in Table III)

Constraints at Transmitters:

Constraints at Receiver 1:
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Constraints at Receiver 2: Above with index 1 and 2
exchanged.

After Fourier-Motzkin elimination, we have the following
achievable rates and identify all redundant terms. The claims
used below to show the redundancy are proved in the end of this
section. We use symbol “ ” to denote “redundant.”

(1) and :

To show the redundancy, we need to prove the following
claim

Claim A.1:
•
•
• ,
• ,
(1) :

(2) and :

(3) :

To show the redundancy, we need to prove the following
claim.

Claim A.2:
•
•
After removing the redundant terms, we have the following

achievable region for LDC when :

To show that the above achievable region coincides with the
rate region given in Theorem 3.1, the following facts are crucial.

Claim A.3:
•
•
With these facts, referring to Table III and checking with the

outer bounds, we complete the proof.
B) Proof of Lemma 3.8: We have the following achievable

rates: for some nonnegative ,
Constraints at Transmitters:
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Constraints at Receiver 1:

Constraints at Receiver 2: Above with index 1 and 2 ex-
changed.

After Fourier-Motzkin elimination and removing redundant
terms based on facts derived in the previous analysis, we have
the following achievable region:

which coincides with the outer bounds. To prove this, we need
the following facts.

Claim A.4:
•
•
With the first fact

, we show that the sum rate
inner bound coincides the outer bound. With the second fact

, we show that the inner bound
is redundant. Similarly the inner bound is also
redundant. This completes the proof.

C) Proof of the Claims:
Proof of Claim A.1:

• ,
Proof:

• ,
Proof:

On the other hand, . Hence, .
Similarly .

• ,
Proof:

since . Similarly .

Proof of Claim A.2:
• ;

Proof: If

If and

If and

Hence, . Similarly, .

• ;
Proof: If ,

If and

If and , then , hence

Hence, . Similarly, .

Proof of Claim A.3:
•
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Proof: Note that

Hence

By symmetry, .

• ;
Proof:

Hence . By symmetry .

Proof of Claim A.4:
•

Proof: If , then (otherwise
contradicts the assumption ) and

If and , then (contradiction
otherwise) and

If and , then and
(contradiction otherwise) and

If , then (contradiction otherwise)
and

Hence, . Similarly,
.

• ;

Proof: Note that ,
since and

Hence

On the other hand

Hence, . Similarly, .

APPENDIX B
PROOF OF THEOREM 4.2: ACHIEVABLE RATE REGION

Plug in Theorem 3.3 and evaluate, we obtain the following
achievable rates.

Constraints at Transmitters:

for some nonnegative .
Constraints at Receiver 1: See the equations at the bottom of

the next page.
Constraints at Receiver 2: Above with index 1 and 2

exchanged.
Notice that ,

and for . For sim-
plicity, we consider the subset of the above region:

Constraints at Transmitters: The same as above.
Constraints at Receiver 1: Exactly the same expressions as

those in Appendix A-A, but the notations are defined as

instead of those in Table III.
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Constraints at Receiver 2: Above with index 1 and 2
exchanged.

Notice now the rate region is symbolically identical to that
in LDC when the system matrix is full rank. Hence, after the
Fourier-Motzkin procedure, we have achievable rates which are
also symbolically identical to those in LDC. The only difference
is that, “redundancy” is replaced by “approximate redundancy.”
Proof of the claims to show the approximate redundancy will be
given later in this section.

(1) and :
constraints:

constraints: Above with index 1 and 2 exchanged.
To show the approximate redundancy, we need to prove the

following claim.
Claim B.1:

• ,
• ,
• ,
• ,

(1) :
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To show the approximate redundancy, we need to prove the fol-
lowing claim.

Claim B.2: ,
(1) and :

To prove the approximate redundancy, we need to show the
following claim.

Claim B.3: ,
(1) :

All the above are approximately redundant.
To show the approximate redundancy, we need to prove the

following claim.
Claim B.4:

• ,
• ,
We summarize in the lemma below an achievable rate region:

Lemma B.5: If satisfies the following, it is
achievable.

In Appendix C, we will show that the above achievable rate
region is within a bounded gap from the outer bounds in
Lemma 4.1. We close this section by the proof of the above
mentioned claims.

Proof of the Claims: Prior to the proof of the above claims, we
give a bunch of useful lemmas.

Lemma B.6:

Proof: Consider the Gaussian interference channel without
cooperation. We take independent Gaussian input signals. Note
that

Corollary B.7:

Proof:

where (a) is due to Lemma B.6. Hence .

Similarly .

Lemma B.8:

Proof:
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where and . Hence

where .
Similarly, we can prove that

.

Proof of Claim B.1:
• ,

Proof:

Similarly, .

• ,
Proof:

Similarly, .

• ,
Proof:

where (a) is due to Corollary B.7. Similarly,
.

•

Proof:

Similarly, .

Remark B.9: If we want to follow the proofs in LDC
closely, we can also prove the approximate redundancy by
making use of the fact (to be proved later)

which results in a looser upper bound on the gap to outer bounds.
Proof of Claim B.2:
Proof:

where (a) is due to Corollary B.7 and (b) is due to the fact that
.

Similarly .

Proof of Claim B.3:
Proof:

where (a) is due to Corollary B.7 and (b) is due to the fact that
.

Similarly .

Proof of Claim B.4:
• ,
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Proof:

Hence, it suffice to compare

and
.

Note that from Lemma B.8, if ,

Also, . Hence, .
If ,

and

Hence, .
In summary, and similarly,

.

• ,
Proof:

Hence, it suffices to compare

and

Note that from Lemma B.8, if ,

Also, . Hence, .
If ,
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and

Hence, .
In summary, and similarly,

.

APPENDIX C
PROOF OF THEOREM 4.2: CONSTANT GAP TO OUTER BOUNDS

(1) Bounds on :
• Consider the outer bound

and the inner bound

Note that

Hence the gap is at most .

• Consider the outer bound

and the inner bound

Note that

Hence, the gap is at most

In summary, the gap is at most .
(2) : similar to , the gap is at most .
(3) :

• Consider the outer bound (11) and the inner bound

Note that

Hence the gap is at most
.

• Consider the outer bound (13) and the inner bound

Note that

and

Hence, the gap is at most
.

• Consider the outer bound (14) and the inner bound
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Note that

and

Hence, the gap is at most .
In summary, the gap is at most

.
(4) :

• Consider the outer bound (15) and the inner bound

From previous arguments, one can directly see that
the gap is at most

• Consider the outer bound (17) and the inner bounds

Note that

For the inner bounds,

and

Hence, the gap is at most
.

In summary, the gap is at most
.

(5) : similar to , the gap is at most
.

Combining the results, we characterize the capacity re-
gion to within a constant, which is

APPENDIX D
PROOF OF LEMMA 4.1

We first state a useful fact [9]:
Fact D.1 (Conditional Independence Among Messages): The
following Markov relations hold:

The proof can be found in [9].
Below we start the proof of the outer bounds stated in Lemma

4.1.
Proof:

(1) bound (9): If is achievable, by Fano’s inequality,
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where as . (a) is due to the fact that
is a function of and are all

functions of . (b) is due to conditioning reduces
entropy and the fact that is independent of everything
else.
On the other hand, if is achievable

where as .
(2) bound (10): They follow the same line as the

bounds.
(3) bound (11) and (12): Let and

. If is achievable, by Fano’s
inequality

where as .
Similarly, we prove the outer bound (12).

(4) bound (13): If is achievable, by Fano’s
inequality

where as . (a) is due to the fact that
and are independent. (b) is due to the fact that
and are independent to everything else, respectively.
(c) is due to the following fact regarding the Markov
relations:

(5) bound (14): If is achievable, by Fano’s
inequality

where as .
(6) bound (15) and bound (16): If

is achievable, by Fano’s inequality



WANG AND TSE: INTERFERENCE MITIGATION THROUGH LIMITED TRANSMITTER 2963

where as . (a) is due to the Markovity
in Fact D.1.
Similar arguments work for bound (16).

(7) bound (17) and bound (18): Using
the intuition from the study of linear deterministic
channel, we give the following side information to
receiver 2:

where , i.i.d. over time and is
independent of everything else.
Now, if is achievable, by Fano’s inequality

where as . (a) is due to a simple fact
that
and that conditioning reduces entropy. (b) holds since

is independent of and .
Similar arguments work for bound (18).

APPENDIX E
PROOF OF THEOREM 5.1

In [1], we characterized the capacity region of the Gaussian
interference channel with conferencing receivers to within 2 bits
per user. Hence by Theorem 4.2, we only need to compare the
outer bounds. Note that for the reciprocal channel, its channel
parameters are

Plugging these into the outer bounds in [1], we obtain the
outer bounds for the reciprocal channel (see the equations at the
bottom of the next page).

(1) Bounds on and : Note that

Hence the gap is at most 1 bit.
(2) Bounds on : Note that:

(a)
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(b)

(c)

Hence the gap is at most 2 bits.
(3) Bounds on and :

Note that:
(a)

(b)
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Hence the gap is at most 4 bits.
In summary, we have

(19)

where bits.
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