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A B S T R A C T

This study aims to investigate several issues relating to the application of Runge-Kutta (RK) schemes, which are 
popularly applied to single-variable ordinary differential equations (ODEs) and multi-variable partial differential 
equations (PDEs), such as shallow water equations (SWEs). Starting with the original mathematical definition of 
the RK scheme, it was found that RK schemes are fundamentally similar to the first-order Euler forward 
predictor-corrector (PC) scheme. It is shown that 2-time stepping RK and other schemes actually are the PC 
schemes. Truncation error analysis shows that the 2-, 3-, and 4-stage PC/RK (or PC2/RK2, PC3/RK3, and PC4/ 
RK4, respectively) are of first-order accuracy in time due to the nature of the first-order Euler forward scheme at 
each stage. Truncation analysis shows that 1st-order PC/RK schemes discard the physically-based bi-harmonic 
viscosity term. This is equivalent to adding the same, but a negative viscosity to the numerical scheme, and is 
inconsistent with their original PDEs if compared to the 2nd-order accurate leapfrog scheme. It is shown that 
each step of the multi-stage PC (i.e., RK) iterative process improves the precision of its previous stage in terms of 
amplification factor and phase speed. Using a pure advection system, it is proven that any 1st-order Euler for
ward scheme in time and space cannot conserve energy. It is also confirmed that the explicit treatment of un
weighted and equally-wighted Coriolis terms in PC/RK schemes produce inertial instability, which must be 
dampened using numerical filters or by adding unrealistically high viscosity. As a result, models that use such 
schemes are overly-damping, leading to smoothing of important dynamical processes, such as mesoscale eddies, 
vertical stratification, and the strength of horizontal fronts. Three types of 3-stepping (at n-1, n, n + 1, leapfrog- 
like) schemes are investigated including the leapfrog-trapezoidal scheme, Adams-Bashforth scheme, and 
leapfrog-hoRA (high order Robert-Asselin) filter scheme. It is found that the leapfrog-hoRA scheme is advan
tageous in that 1) it is of second-order accuracy in general, and can be configured to achieve third-order accuracy 
when β=0.4, 2) it introduces no numerical viscosity, and 3) it produces nearly neutral inertial stability in terms of 
both amplification factor and phase speed.

1. Introduction

Numerical community ocean and atmospheric models are widely 
available for users to apply to environmental research, simulation, and 
forecasting. For these models that solve parabolic partial differential 

equations (PDEs) such as shallow water equations (SWEs) in a rotating 
plane, time and space are discretized. To handle temporal discretization 
for time integration schemes, conventional finite differencing methods, 
like the 3-time stepping (n + 1, n, n-1) leapfrog scheme are used and 
more and more 2-time stepping (n + 1, n) methods are used, which were 
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widely employed for solving ordinary differential equations (ODEs). 
Runge-Kutta (RK) and Adams-Bashforth (A-B) schemes are some of the 
popular 2-time stepping methods applied to geophysical fluid dynamics 
(GFD) models to solve parabolic partial differential equations (PDEs) 
such as the rotational form of the shallow water equations (SWEs). For 
example, 3-stage RK schemes (RK3) are used in both the Finite-Volume 
Community Ocean Model (FVCOM; Chen et al., 2013) and the Weather 
Research and Forecasting model (WRF; Skamarock et al. 2019; Wicker 
and Skamarock, 2002) to simulate ocean and atmospheric dynamics, 
respectively. A 2-stage RK (or called Euler forward-backward) scheme is 
also used for time integration in MOM6 (Modular Ocean Model version 
6; https://mom6.readthedocs.io/en/main/api/generated/modules/mo 
m.html), which replaces the previously utilized leapfrog scheme in the 
older version of MOM.

In the newer version of ROMS (the regional ocean modeling system), 
the barotropic mode is stepped with a 3-stage leapfrog-Adams-Moulton 
scheme with forward-backward feedback. The baroclinic mode is step
ped with a 3-stage Adams-Bashforth scheme. Tracers are stepped with a 
2-stage leapfrog scheme with a trapezoidal corrector. Details of the time- 
stepping schemes are found in Shchepetkin and McWilliams (2009). 
Schlichting et al. (2024) found that a “negative numerical viscosity” 
exists in the simulation of the coastal front using ROMS. Numerical 
mixing due to the discretization of tracer advection (Klingbeil et al. 
2014; Homes et al. 2021) is quantified for three advection schemes in 
idealized numerical simulations and mixing in frontal zones is domi
nated by numerical mixing over the physical mixing even at sub
mesoscale-resolving resolutions, which seriously suppresses (sub-) 
mesoscale eddies, and frontal structure.

Although the FVCOM is widely used in both research and operational 
models around the globe, Wang et al. (2023) found that the numerical 
damping produced by default Euler forward RK schemes results in 
overly-diffuse temperature stratification. This damping was linked to i) 
inertial instability, which can only be dampened using very small-time 
steps and unrealistically large viscosity, leading to smearing (or 
smoothing) of the thermal structure; and ii) the first order accuracy of 
the Euler forward scheme, which results in “drifting” of the numerical 
solution over time.

In a number of applications of the WRF model (Skamarock et al. 
2019), it has been reported that WRF-simulated results are quite dissi
pative, so much so that nudging to observations is required to produce 
reasonable simulations (Hutson et al. 2024). In some recent studies of 
downscaled future climate scenarios, models were run in 20-year win
dows (e.g. hindcast, mid-century, and end-century; Zobel et al. 2018). 
While these shorter simulations are sometimes justified by computa
tional resources, they also help alleviate issues caused by model drift 
that occurs over longer simulation periods, as reported by Bruyère et al. 
(2014) and Dosio and Paruolo (2011).

To correct large model drifting caused by discretized numerical 
schemes, physical parameterizations, and forcing biases, a “bias 
correction” method is widely being used to correct the simulations using 
observations and assimilated model reanalysis products (Bruyère et al. 
2014). This bias-correction method is used not only for hindcast simu
lations, but also for future climate projections (Dosio and Paruolo, 2011) 
and is often justified with a simple rationale that all numerical models 
introduce errors anyway. Our argument is that although bias-correction 
is an effective way to bring a drifting model back to the expected ob
servations or reanalysis products (e.g., treating the symptoms), it ig
nores the root causes of the errors (e.g., the disease). We further argue 
that the bias-correction should be used only after the biases resulting 
from numerical schemes, physical processes, and/or parameterizations 
have been identified and corrected.

It should be addressed that the fundamental differences between 
ordinary fluid mechanics (OFM) and geophysical fluid dynamics (GFD) 
in the ocean and atmosphere are 1) rotation and 2) stratification 
(implicitly means low viscosity), which form the core scientific topics of 
GFD (Pedlosky, 1979; Holton 1979). Therefore, finite differencing 

schemes in ocean or atmospheric models need to preserve these two 
fundamental physical properties of the continuum medium. This re
quires finite differencing schemes in a model to (i) retain a neutral in
ertial stability [i.e., the eigenvalue λ or the amplification factor (AF) 
need to be on the unit circle |λ|=1 for the inertial mode; Wang and Ikeda 
1997a, Durran 2010; Wang et al. 2023]; (ii) maintain the non-dispersive 
property of the inertial frequency, f (Wang 1996; Beckers 1999; Beckers 
and Deleersnijder 1993); and (iii) introduce no numerical viscosity (in 
the low-viscous ocean) in order to preserve vertical stratification, hori
zontal (frontal) structure, mesoscale and sub-mesoscale eddies (Wang 
and Ikeda 1997b; Schlichting et al. (2024).

It is also noted that baroclinic Rossby radii of deformation in the 
ocean (Chelton et al. 1998), which range from ~100 km at the equator 
to ~10 km at 50 N, and even a few kilometers in the Arctic seas (Nurser 
and Bacon 2014), are one magnitude of smaller than in the atmosphere 
at any latitude due to much stronger and more permanent vertical 
stratification in the ocean (Gill 1982). This implies that the inertial mode 
in the ocean is more important than in the atmosphere, and that the 
numerical schemes used in the ocean, where vertical and horizontal 
resolutions are higher, should be more sophisticated to retain the 
non-dispersive inertial mode. On the other hand, the atmosphere, 
similar to fresh water lakes (Bai et al., 2013; Cannon et al. 2023, 2024), 
has much weaker stratification because density depends primarily on 
temperature. As a result, these systems often experience deep vertical 
convection that zeros out any previously-cumulated computational 
errors/bias in vertical stratification. However, in the permanent, 
strong-stratified ocean, where salinity plays a major role in density 
stratification, the computational error would be cumulated and com
pounded in both the vertical and horizontal domain. Therefore, finite 
differencing schemes in an ocean model should be more carefully 
designed, because numerical schemes widely used for ODEs and atmo
spheric GFD models may not be suitable for strong-stratified and 
strongly-rotating (much smaller baroclinic Rossby radii of deformation) 
ocean modeling.

The explicit objective of this study is to explore the suitability of 
widely-used PC/RK schemes time integration for strong non-linear ODEs 
as applied for f-plane shallow water equations in ocean and atmospheric 
models. In doing so, we investigate the disadvantages of RK schemes in 
their application to SWEs, especially as compared to the widely-used 
leapfrog scheme. Consequently, remedies are provided to cure the 
problems from the root causes, rather than treating the symptoms by 
adding filters, increasing the viscosity to dampen existing instabilities, 
or by using bias-correction (i.e., data nudging) to forcefully bring the 
drifting model back to measurements.

In Section 2, the conventional finite differencing scheme using 
Taylor expansion only and the RK scheme using both Taylor series 
expansion and an iterative (PC) derivative method to improve the pre
cision are investigated. The similarity between the RK schemes and PC 
schemes is also revealed to confirm that RK schemes are in the same 
family as the PC framework. In Section 3, the similarity and differences 
between the RK approximation and conventional finite differencing 
approximation are shown. In Section 4, using PC as a proxy for RK, 
analyses of the truncation error, consistency, and energy conserving 
properties are conducted. In Section 5, three types of 3-time stepping 
(leapfrog-like) schemes that are widely used and their inertial stability 
and phase errors properties are investigated and compared. Finally, 
Section 6 provides conclusions including recommendation and in-depth 
discussion.

2. Runge-Kutta (RK) methods for non-linear ODEs

Runge-Kutta methods are widely used to numerically solve non- 
linear ordinary differential equations (ODEs) in the following initial 
problem (Li and Feng, 1990) 

J. Wang et al.                                                                                                                                                                                                                                    Ocean Modelling 202 (2026) 102735 

2 

https://mom6.readthedocs.io/en/main/api/generated/modules/mom.html
https://mom6.readthedocs.io/en/main/api/generated/modules/mom.html


⎧
⎨

⎩

du(t)
dt

= F(u, t),

u(t0) = u0

(1) 

where F(u, t) is the non-linear function of both u and t. Using Taylor 
series expansion, we have 

u(t1) = u(t0) +
Δt
1!

du
dt

+
Δt2

2!
d2u
dt2 +

Δt3

3!
d3u
dt3 + … +

Δtp

p!
dpu
dtp + O

(
Δtp+1)

= u(t0) +
Δt
1!

F +
Δt2

2!
Fʹ +

Δt3

3!
Fʹ́ + … +

Δtp

p!
Fp− 1 + O(Δtp) (2) 

while the conventional finite differencing approximation is shown as 

du
dt

=
u(t1) − u(t0)

Δt
−

Δt1

2!
d2u
dt2 −

Δt2

3!
d3u
dt3 − ⋯ +

Δtp− 1

p!
dpu
dtp + O(Δtp)

≈
u(t1) − u(t0)

Δt
+ O(Δt) (2́ ) 

where u(t0)=u0, u’=du
dt =F[u(t0), t0]=F(u0, t0), and the prime is the total 

derivative. Then we have the following partial derivatives (Ft = ∂F/∂t, 
…) 

u'' =
dF
dt
|t=t0 = Ft + FFu (3) 

u''' =
d
dt

(
dF
dt

)

|t=t0 =
d
dt

(Ft + FFu) = Ftt + 2FFtu + F2Fuu + FtFu + FF2
u

(4) 

because 

d
dt

(Ft) = Ftt + Ftu
du
dt

= Ftt + FFtu (5) 

d
dt

(FFu) = Fu
dF
dt

+ F
dFu
dt

= FtFu + FF2
u + FFut + F2 Fuu (6) 

while since 

Fu
dF
dt

= (Ft + FFu) Fu = FtFu + FF2
u (7) 

F
dFu
dt

= F
(

Fut + Fuu
du
dt

)

= F(Fut + Fuu F) = FFut + F2Fuu (8) 

Note that if F(u,t) is a constant, then, u’=F(t) can be solved simply 
using a typical Euler forward (finite differencing) scheme.

The unique feature of the RK method (Eq. (2)) is that the Euler for
ward scheme in time is fixed, while higher-order derivatives are applied 
to iteratively estimate the function F(u, t) in a more accurate manner. 
Under the Euler forward scheme framework, each RK iteration improves 
its local accuracy or local truncation error, as shown in Fig. 1. The dif
ference for finite differencing method is that the derivative is discretized 
to a finite differencing in time, as shown in (2′), and in space with a finite 
truncation error.

Assumed that 

φ[t, u(t), Δt] =
∑p

j=1

Δtj− 1

j!
dF[t, u(t)]j− 1

dtj− 1 (9) 

then (2) can be written as 

u(t0 +Δt) − u(t0) = Δt φ[t0, u(t0), Δt] + O
(
Δtp+1) (10) 

Removing the truncation error results in 

u1 − u0 = Δt φ(t0, u0, Δt) (11) 

So, if un is known, then 

un+1 − un = Δt φ(tn, un, Δt), n = 0, 1, 2, ⋯ (12) 

This is the single stepping method with local truncation error (LTE) 
being O(Δt p+1) on function φ [i.e., F(u, t)]. From (3), (4), and (9), φ 
based on F′s nonlinearity can be estimated. When p = 1, it becomes the 
Euler forward scheme. To calculate φ(tn , un , Δt), iterative methods are 
used to estimate φ using higher-order derivatives on F(u, t) based on its 
initial condition.

In summary, the RK scheme described above is the combination of a 
1st-order Euler forward scheme in time and the iterative estimate of 
higher-order derivative terms of local change in F, which improves the 
precision (by increasing the local truncation error or local order of ac
curacy in function F(u, t) on the right hand side). Nevertheless, the 
global truncation error (GTE) should remain 1st-order accuracy in time, 
although the local truncation error (LTE) increases with the number of 
the iterations, or with the stage of the prediction-correction process.

An explicit 2-stage Runge-Kutta scheme, also known as Heun’s 
method (see Durran 2010, p50, Section 2.3.1) is shown below 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ξ1 = φn

ξ2 = φn + Δt F(ξ1, tn)

φn+1 = φn +
Δt
2
[F(ξ1, tn) + F(ξ2, tn + Δt)]

(13) 

This can be re-written as 
⎧
⎨

⎩

(ξ2 − ξ1)/Δt = F(ξ1, tn)

(φn+1 − φn)

/

Δt = (ξn − ξ1)

/

Δt =
1
2

[F(ξ1, tn) + F(ξ2, tn + Δt)]

(14) 

which is the typical 2-stage predictor-corrector scheme described by 
Wang and Ikeda (1997a, see Section 2c). This two-stage method, also 
called the Euler forward-backward scheme, was proved to be weakly 
inertial unstable by Wang and Ikeda (1997a) and Durran (2010). 
However, Wang and Ikeda (1997a) proposed a neutral inertially stable 
scheme for the 2-stage PC scheme, as discussed shortly.

An explicit 3-stage Runge-Kutta scheme, Heun’s 3-stage method, can 

Fig. 1. Slopes used by the classical 3-stage Runge-Kutta method between (t0, 
y0) and (t1, y1).

J. Wang et al.                                                                                                                                                                                                                                    Ocean Modelling 202 (2026) 102735 

3 



be written as below [see Durran (2010), chap. 2.3.2, p53], 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ1 = φn

ξ2 = φn +
Δt
3

F(ξ1, tn)

ξ3 = φn +
2Δt
3

F
(

ξ2, tn +
Δt
3

)

φn+1 = φn +
Δt
4

[

F(ξ1, tn) + 3F
(

ξ3, tn +
2Δt
3

)]

(15) 

This formulation can be rewritten following conventional finite dif
ferencing format in a PC manner, 

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(ξ2 − ξ1)

/

Δt =
1
3

F(ξ1, tn)

(ξ3 − ξ1)

/

Δt =
2
3

F
(

ξ2, tn +
Δt
3

)

(φn+1 − φn)

/

Δt = (ξn − ξ1)

/

Δt =
1
4

[

F(ξ1, tn) + 3F
(

ξ3, tn +
2Δt
3

)]

(16) 

where the first two stages are the predictor process, and the last (third) 
one is the corrector process. Therefore, theoretically and numerically, 
the Heun’s RK3 is a typical 3-stage Euler forward predictor-corrector 
finite differencing scheme in time (see Appendix A of Wang et al. 
2023), although the function F(ξn, tn) on the right-hand side is iteratively 
updated (i.e., evaluated) at each stage using its higher-order derivatives. 
Therefore, the RK schemes can be considered structurally similar to the 
PC family, except for different combination of coefficients. This means 
that the PC/RK solutions are not unique, depending on the choice of the 
coefficients.

3. Similarities and differences between the shallow water 
equations and ODE

For the 2D shallow water equations, or the partial differential 
equations (PDEs) of the parabolic form, we choose the following form in 
the rotating system (f-plane) 
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

du(x, y, t)
∂t

= fv + Ah

(
∂2u
∂x2 +

∂2u
∂y2

)

dv(x, y, t)
∂t

= − fu + Ah

(
∂2v
∂x2 +

∂2v
∂y2

) (17) 

where f is the Coriolis parameter, Ah is the horizontal viscosity coeffi
cient, and the substantial derivative is d

∂t =
∂
∂t + u ∂

∂x+ v ∂
∂y, which includes 

the local time derivative (change) and the non-linear advection term, 
respectively. This is a typical model for wind-driven circulation.

The partial derivatives of u and v can then be written as, 
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∂u
∂t
=−

(

u
∂u
∂x

+v
∂u
∂y

)

+fv+Ah

(
∂2u
∂x2+

∂2u
∂y2

)

=Fx
(

x,y,t,fv,Ah∇
2u,u

∂u
∂x

+v
∂u
∂y

)

∂v
∂t
=−

(

u
∂v
∂x

+v
∂v
∂y

)

− fu+Ah

(
∂2v
∂x2+

∂2v
∂y2

)

=Fy
(

x,y,t,fu,Ah∇
2v,u

∂v
∂x

+v
∂v
∂y

)

(18) 

where u(x,y,t), v(x,y,t) are the functions of x, y, and t. Fx and Fy are the 
“lump sum” of the non-linear terms, Coriolis terms, and viscosity terms 

∇2u =

(
∂2u
∂x2 + ∂2u

∂y2

)

, as well as pressure gradient terms and other forcing 

terms that are not included here. The system is not only the initial 
problem, but also the boundary problem in the ocean and the 
atmosphere.

Note that although ODE (1) looks similar to the PDEs (18), they have 
substantial differences. First, ODE (1), u and F(u, t) are functions of each 
other, while in PDE (18), u and v are functions of x, y, t, and Fx and Fy on 
the right hand terms, although the advection terms are “forcefully” 
included in Fx and Fy. Second, ODE (1) is designed for strongly 
nonlinear systems, while the advection terms in the ocean and atmo
sphere are weakly nonlinear because the Rossby number Ro=U/fL [U =
1 (10) m/s, f = 10− 4 s− 1, L = 1000 (10,000) km for ocean (atmosphere), 
Ro_ocn=0.01, Ro_atm=0.01] is much smaller than 1, with only minor ex
ceptions (e.g. dam breaking in the ocean, and tornados in the atmo
sphere). Finally, ODE (1) is in a non-rotating, non-viscous system, while 
the shallow water PDEs (18) are in a rotating, low-viscous system. 
Therefore, when applying the RK method to weakly nonlinear shallow 
water PDEs in the rotating system, it should not be taken for granted 
because potential issues may still need to be addressed.

For example, when applying (3) and (4) (second and third de
rivatives) to the advection terms of the PDEs (u ∂u

∂x + v ∂u
∂y and u ∂v

∂x+ v ∂v
∂y), 

many additional terms are produced, including cross-derivative terms, 
and their physical meanings are confusing. Nevertheless, in the leapfrog 
scheme, the viscosity/diffusion terms are discretized at n-1 (Wang 1996; 
Blumberg and Mellor 1987), the dynamical reasoning is that friction 
kicks off only after the flow velocity (u, v at n) is generated, i.e., phys
ically, friction should lag the advection. In other words, applying RK 
schemes that are suitable for one variable ODEs to multi-variable PDEs 
(SWE) seems like using a simple tool to reluctantly solve a complex 
problem, lacking physical rationale.

Note that Wang (1996) conducted a global linear stability analysis of 
the complete 2D shallow water equations of Eq. (17) and derived a series 
of stability criteria including the advection and diffusion 
Courant-Friedrichs-Lewy (CFL) conditions [see criteria (f) and (a) in the 
Conclusions on page 1307] using the leapfrog scheme in time and 
centered differencing in space. Similarly, the explicit Euler-forward RK 
schemes in Eqs. (13) and (15) must satisfy corresponding necessary 
stability conditions (Durran 2010, Chapter 2.3 and Fig. 2.4), which, 
however, do not include the advection and diffusion terms.

4. Analyses of truncation error, numerical viscosity, 
consistency, and energy conservation

4.1. Analyses of truncation error and numerical viscosity

To show the truncation error in time integration scheme, simplified 
linear, inertial-diffusion equations are extracted from the shallow water 
equations: 
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∂u
∂t

− fv = Ah

(
∂2u
∂x2 +

∂2u
∂y2

)

∂v
∂t

+ fu = Ah

(
∂2v
∂x2 +

∂2v
∂y2

) (19) 

Using the Taylor series expansion, 
{

un+1 = un +
Δt
1!

∂u
∂t

+
Δt2

2!
∂2u
∂t2 +O

(
Δt3) (20) 

{

vn+1 = vn +
Δt
1!

∂v
∂t

+
Δt2

2!
∂2v
∂t2 +O

(
Δt3) (21) 

we have 
{

∂u
∂t

=
un+1 − un

Δt
−

Δt
2!

∂2u
∂t2 +O

(
Δt2) (22) 

{
∂v
∂t

=
vn+1 − vn

Δt
−

Δt
2!

∂2v
∂t2 +O

(
Δt2) (23) 

Note that in most textbooks in numerical methods, this 1st-order 

J. Wang et al.                                                                                                                                                                                                                                    Ocean Modelling 202 (2026) 102735 

4 



truncation error included in O(Δt)=O(− Δt
2!

∂2u
∂t2 ) is simply discarded, 

without looking into what physical processes may be embedded in this 
truncation error term. In physical oceanography and meteorology, this 
term may include some important hidden dynamical processes, that are 
discussed below.

Taking the derivative on u-component of (19) with respect to t gives 

∂2u
∂t2 = Ah

∂
∂t

(
∂2u
∂x2 +

∂2u
∂y2

)

+ f
∂v
∂t

(24) 

Then, the truncation error of (22) becomes 

О(Δt) ∼
Δt
2!

∂2u
∂t2 =

Δt
2!

[

Ah
∂
∂t

(
∂2u
∂x2 +

∂2u
∂y2

)

+ f
∂v
∂t

]

=
Δt
2!

[

Ah∇
2∂u

∂t
+ f

∂v
∂t

]

(25) 

where ∇2 =

(
∂2

∂x2 +
∂2

∂y2

)

is the Laplacian operator. Inserting (19) to (25) 

yields 

О(Δt) ∼
Δt
2!

∂2u
∂t2

= −
Δt
2!

[
Ah∇

2( − fv + Ah∇
2u

)
+ f

(
− fu + Ah∇

2v
)]

=
Δt
2!

[
f Ah∇

2v + A2
h∇

4u − f2u + f Ah∇
2v
]

=
Δt
2
(
A2

h∇
4u + 2fAh∇

2v − f2u
)

(26) 

Since f 2~ 10− 8 s− 1<<1, the last two terms in (26) can be neglected 
compared to -fv and Ah∇

2v in (19). Then the truncation error (26) 
becomes 

О(Δt) ∼
Δt
2!

∂2u
∂t2 =

Δt
2

A2
h∇

4u (27) 

In a similar manner of operation, the truncation error of (23) 
becomes 

О(Δt) ∼
Δt
2!

∂2v
∂t2 =

Δt
2

A2
h∇

4v (28) 

Therefore, the 1st-order Euler predictor scheme for the inertial- 
diffusion system (19) becomes (see also the derivation of Appendix C 
of Wang et al. 2023): 

un+1∗ − un

Δt
− fvn = Ah∇

2u +
Δt
2

A2
h∇

4u + O
(
Δt2) (29) 

vn+1∗ − vn

Δt
+ fun = Ah ∇2v +

Δt
2

A2
h∇

4v + O
(
Δt2) (30) 

as the stage 1 predictor scheme. Note that the last term in (29) and (30) 
are the bi-harmonic viscosity, which result from the Euler forward finite 
differencing scheme on the left hand side. The 2–stage corrector process 
is in a similar way: 

un+1 − un

Δt
− f

[
βvn+1∗ + (1 − β)vn] = Ah∇

2u +
Δt
2

A2
h∇

4u, (31) 

vn+1 − vn

Δt
+ f

[
βun+1∗ + (1 − β)un] = Ah ∇2v +

Δt
2

A2
h∇

4v, (32) 

where 0≤β≤1. To obtain neutral inertial stability, β =0.5+(fΔt)2/8 ≈
0.50012 (see Wang and Ikeda 1997a). (29) and (30) can be rewritten as 

un+1∗ = un + Fvn + Δt Ah ∇2u +
Δt2

2
A2

h∇
4u (29́ )́ 

vn+1∗ = vn − Fun + Δt Ah ∇ 2v +
Δt2

2
A2

h∇
4v (30́ )́ 

Inserting (29′) and (30′) to (31) and (32), respectively, gives 

un+1 − un

Δt
− f

{

β
[

vn − Fun +Δt Ah ∇2v+
Δt2

2
A2

h∇
4v
]

+(1 − β)vn
}

= Ah∇
2u +

Δt
2

A2
h∇

4u (33) 

vn+1 − vn

Δt
+ f

{

β
[

un + Fvn +Δt Ah ∇2u+
Δt2

2
A2

h∇
4u

]

+(1 − β)un
}

= Ah∇
2v +

Δt
2

A2
h∇

4v

(34) 

where F = fΔt. Further through some algebraic operations, we have 

un+1 − un

Δt
− fvn = Ah∇

2u +
Δt
2

A2
h∇

4u + β fΔt Ah ∇2v +
βfΔt2

2
A2

h∇
4v

− f2βΔtun

(33́ ) 

vn+1 − vn

Δt
+ fun = Ah∇

2v +
Δt
2

A2
h∇

4v − β fΔt Ah ∇2u −
βfΔt2

2
A2

h∇
4u

− f2βΔtvn

(34́ ) 

Since f = 10− 4<<1 and f 2<<f, using typical values, Ah=100 
m2s− 1, Δt = 10 s, Δx= Δy = 1 km =103m, u = 1 m s− 1, then, the scaling 
analysis shows that the 5 terms on the right-hand side are O(10− 4, 10− 7, 
10− 7, 10− 10, and 10− 7), respectively. After neglecting the terms of O 
(10− 10), i.e., O(Δt2), and the last term in comparison to the Coriolis terms 
on the left-hand side with O(fu, fv)~10− 4, (33′) and (34′) become 

un+1 − un

Δt
− fvn ≈ Ah∇

2u +
Δt
2

A2
h∇

4u + βfΔtAh∇
2v + O

(
Δt2) (35) 

vn+1 − vn

Δt
+ fun ≈ Ah∇

2v +
Δt
2

A2
h∇

4v − βfΔtAh∇
2u + O

(
Δt2) (36) 

The last viscosity terms are produced by the 2nd-stage integration (i. 
e., corrector process) using the Euler forward scheme of first-order ac
curacy. Therefore, the 2-stage predictor-corrector scheme is still of 1st- 
order accuracy in time (global truncation error) with respect to time 
О(Δt). It is noted that the 1-stage Euler forward scheme has the 1st-order 
accuracy of Δt

2 A2
h∇

4u, and the 2-stage corrector process is also of 1st- 
order accuracy in time, i.e., βfΔtAh∇ 2v. Note that the harmonic vis
cosity terms in (35) and (36) are asymmetric due to the earth rotation 
when n-stage PC/RK schemes are applied to the rotating system. In the 
predictor (stage-1) finite differencing equation, the term Δt

2 A2
h∇

4u is 
discarded, i.e., it is not included in the finite differencing scheme, which 
is equivalent to adding a same, but negative viscosity to the finite dif
ferencing schemes. This negative viscosity was found in simulation of 
the coastal front, which suppresses (sub) mesoscale eddies and weakens 
the front strength (Schlichting et al. 2024). However, in the corrector 
finite differencing scheme, βfΔtAh∇ 2v is added back to improve the 
precision of the predictor process with the missing bi-harmonic viscosity 
term (Δt

2 A2
h∇

4u). This explains that each of the n-stage Euler forward 
schemes always improves the local precision of its previous (n-1) stage; 
nevertheless, the global truncation error remains of first-order accuracy 
in time.

In a similar approach, repeating the same procedure of (29)-(32) 
easily concludes that the 3- and 4-stage predictor-corrector schemes are 
also of 1st-order accuracy in time О(Δt) with an added viscosity term of 
1st-order accuracy. Thus, the higher-stage PC/RK schemes only improve 
the local accuracy or sub-step truncation error and phase error (as dis
cussed shortly), nevertheless their global truncation errors are still of 
first-order accuracy in time under the 2-time stepping Euler forward 
framework.

Note that the truncation errors in (35) and (36) are physically 
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meaningful because they are horizontal bi-harmonic viscosity terms (the 
second last terms on the right-hand side) which were generated by the 
1st-order Euler forward finite differencing scheme of the left-hand side. 
The additional viscosity terms (the last terms on the right-hand side) in 
the finite differencing Eqs. (35) and (36) numerically compensate for the 
discarded bi-harmonic viscosity. Simply discarding these terms (the 
second last terms on the right-hand side resulted from the first-order 
Euler forward scheme) destroys the energy balance in (19), as well as 
the mass balance in both the temperature and salinity equations (not 
shown here, but can be easily derived using the same approach; also see 
Figs. 8–10 of Wang et al. 2023). This is equivalent to removing a true 
physical process (viscosity) from the SWEs, which would equivalently 
produce the same “negative viscosity” in the simulated results (Homes 
et al.2021; Schlichting et al., 2024), effectively dampening (or 
smoothing) the physical processes, including (sub) mesoscale eddies, 
front structure, and vertical stratification (see Wang and Ikeda 1997b; 
Wang et al. 2023; Schlichting et al. 2024). Richardson (1965), a fore
most pioneer in numerical weather forecasting from MIT, was perhaps 
the first scientist (in 1922) making the mistake of using a Euler forward 
scheme to predict weather in the rotating plane (Kantha and Clayson, 
2000, p. 80) and found that the predicted weather was amplified and 
drifted far away from realistic measurements. This mistake is being 
made again and again in numerical models more than a century later.

4.2. Consistency of finite differencing scheme with partial differential 
(shallow water) equations

To examine the consistency of the PC2 finite differencing Eqs. (29)-
(32) with the PDE Eqs. (19), particularly in comparison to the leapfrog 
scheme, we examine the truncation error analysis of the leapfrog scheme 
performed by Wang et al. (2023, see their Appendix C) 

un+1 − un− 1

2Δt
− fvn = Ah∇

2u +
Δt2

6
A3

h∇
6u (37) 

vn+1 − vn− 1

2Δt
+ fun = Ah∇

2v +
Δt2

6
A3

h∇
6v (38) 

which is of second-order accuracy О(Δt2). First of all, let us conduct 
scaling analysis on these two schemes. Setting Δt = 10s , Δx=Δy = 1000 
(103)m, u = v = 1 (10) m/s, Ah=100 m2/s in the ocean (atmosphere) 
models, then we have (with the same unit of ms− 2)

PC2 : Δt
2 A2

h∇
4u ~ 10¡7 (10− 10) and leapfrog: Δt2

6 A3
h∇

6u ~ 10¡10 

(10− 14) for the ocean (atmosphere). Therefore, the truncation error for 
the leapfrog scheme is three (four) orders of magnitude smaller than the 
Euler forward PC2 scheme at each time step of the model integration in 
the ocean (atmospheric) models. Furthermore, the truncation error ac
cumulates over the period of model integration, i.e., the longer the 
model integrates, the more the error would accumulate. In other words, 
reducing the time step (Δt) will not reduce the total truncation errors 
over a constant simulation period.

As for consistency, when Δt approaches (but never equals) 0, the 
truncation error of the Euler forward PC scheme approaches 0 (i.e., the 
numerical scheme converges to its PDE) at a rate of Δt, while the leap
frog approaches 0 at a rate of Δt2. In other words, not only is the trun
cation error several orders of magnitude smaller for the leapfrog scheme, 
but it also approaches zero an order of magnitude faster than the Euler 
forward PC/RK scheme (e.g. Δt = 1, 10− 1, 10− 2, 10− 3…for the Euler 
forward PC/RK scheme, then the leapfrog scheme approaches 0 at 1, 
10− 2, 10− 4, 10− 6…). As such, Euler forward PC schemes of 1st-order 
accuracy are less consistent with (i.e., slower convergent to) the corre
sponding PDEs (19) than the leapfrog scheme.

4.3. Energy conservation property of 1st-order Euler forward scheme and 
leapfrog scheme

Based on the analysis of Wang et al. (2023, see their Appendix D), the 
following Table 1 can summarize the results.

In a pure advection equation, a scheme with 2nd-order accuracy both 
in time (leapfrog) and space (centered) conserves energy, because it 
does not need extra/external viscosity to be stable. A scheme that uses 
centered differencing in time and 1st-order upwind discretization in 
space can guarantee a stable physical solution, but includes an unde
sired, unstable computational mode. By contrast, a scheme with Euler 
forward discretization in time is unconditionally unstable with either 
Euler forward (upwind) or centered discretization in space (see also 
Kantha and Clayson, 2000). In other words, a pure advection system 
with a 1st-order Euler forward scheme in time needs extra viscosity 
(and/or diffusion) to be conditionally stable.

The Runge-Kutta scheme is actually in the same family as the Euler 
forward predictor-corrector scheme of 1st-order accuracy in time. Any 
1st-order scheme in time (and in space, not shown here) produces nu
merical viscosity, preventing energy conservation by adding extra 
computational (or numerical) dissipation. Therefore, the RK schemes 
are not energy-conserving, regardless of spatial discretization. To 
conserve energy, schemes with 2nd-order accuracy in both time and 
space are essential.

5. Comparison of 3-time stepping schemes

As discussed above, 2-time stepping PC/RK schemes have serious 
numerical and physical disadvantages, we now investigate three po
tential 3-time stepping (leapfrog) schemes for improving the truncation 
error and effectively removing the computational mode. In the 
following, we examine the leapfrog-trapezoidal, Adams-Bashforth, and 
leapfrog-hoRA schemes in terms of inertial stability and phase error.

5.1. Leapfrog-trapezoidal (LF-Trap) scheme

The leapfrog scheme with a trapezoidal correction can be written as 
(see Haidvogel and Beckmann 1999, p64), which is used in the ROMS 
tracer time integration, 
⎧
⎨

⎩

u∗ = un− 1 + 2ΔtUn,

un+1 = un +
Δt
2

(Un + U∗)
(39) 

For the inertial wave motion, U=ifu. Then the LF-Trap scheme can be 
organized by plugging u* into the 2nd eq. of (39) 

un+1 = un +
Δt
2
[
ifun+if(un− 1 +2Δtifun)]

= un +
Δt
2
[
ifun + ifun− 1 − 2Δtif2un)] (40) 

=

(

1 +
ifΔt
2

− Δt2f2
)

un +
ifΔt
2

un− 1 

Using the same Fourier analysis following Wang et al. (2023), 
un=U0eifnΔt = U0 λn (λ= eifΔt) is inserted into (40), here U0, f, and Δt are 
the constant amplitude, inertial frequency, and time step. Then we have 
the amplification factor (i.e., eigenvalue) 

λ2 +

(

F2 − 1 −
iF
2

)

λ −
iF
2
= 0 (41) 

where F = fΔt. By ignoring terms of order F2 (since F~10− 3 if Δt = 10 s, f 
= 10− 4 s− 1), we have the solutions: 
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λ1,2 ≈

(

1 + iF
2

)

±

(

1 + 3iF
2

)

2
(42) 

⃒
⃒ λ1,2

⃒
⃒ ≈

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1 +
F2

2
> 1,

F2

4
→0, as Δt→0

(43) 

Although the trapezoidal correction step heavily damps the compu
tational mode as Δt approaches 0, its inertial mode (amplification factor 
or eigenvalue) is amplifying (Fig. 2), with amplification magnitudes as 
high as the Euler forward scheme (see Table 2, row 3 with β=0). 
Therefore, this scheme is unstable for the inertial mode. Note that when 
this scheme is used in the tracer’s time integration of ROMS, there is no 
Coriolis term in the tracer equation. Thus, no inertial instability exists; 
nevertheless, the scheme is still the Euler forward scheme of first-order 
accuracy in time [see eq. (39)], which introduces numerical diffusivity 
to smooth the temperature and salinity gradients (Schlichting et al., 
2024).

The phase error for the physical mode is 

ω1/(− f) = arc tan [Im(λ1) /Re(λ1)] = [arc tan (F)]/F (44) 

which under-estimates the phase speed (Fig. 3).

5.2. Adams-Bashforth (A-B) scheme

The 3-time stepping A-B scheme can be written as (Haidvogel and 
Beckmann 1999, p59) 

un+1 = un + Δt
(
3 Un /2 − Un− 1 /2

)
, (45) 

where Un = Un (un, nΔt). Using the Fourier analysis (un=U0 λn), we 
obtain the eigenvalue (AF), as 

λ2 − (1+ i3F /2) λ − iF
/
2 = 0 (46) 

The solutions are 

λ1,2 =
1
2

[
(1 ± i3F /2) + √

(
1 − 9F2 /4+ iF

)]
(47) 

Since F2<<F (F = fΔt~10− 3), by neglecting the term F2, we have the 
following solutions 

⃒
⃒ λ1,2

⃒
⃒ ≈

{
1 + F2 > 1,

F2→0, as Δt→0 (48) 

As seen here, the physical mode λ1 is as amplifying (see Fig. 2) as the 
Euler forward scheme (see Table 2, row 3 with β=0), while the 
computational mode λ2 is significantly dampened. Therefore, this 
scheme is unstable.

The phase error for the physical mode is 

ω1/(− f) = arc tan [Im(λ1) /Re(λ1)] = [arc tan (F)]/F (49) 

which is the same as LF-Trap, and under-estimates the phase speed 
(Fig. 3).

5.3. Leapfrog-hoRA (LF-hoRA) scheme

To achieve both nearly neutral stability and higher order accuracy in 
amplification factor (at least 2nd-order or higher), Li and Trenchea 
(2014) proposed a leapfrog scheme with a higher-order Robert-Asselin 
time filter (LF-hoRA), which can be re-written as 
⎧
⎨

⎩

u∗n+1 = un− 1 + 2fΔtu∗n,

un = u∗n + (β/2)
(
u∗n+1 − 2u∗n + un− 1) − (β/2)

(
u∗n − 2un− 1 + un− 2)

= (β/2)
(
u∗n+1 − 3u∗n + 3un− 1 − un− 2)

(50) 

where the dimensionless parameter β is in the interval [0, 1], u* and u 
denote the unfiltered and once-filtered values, respectively. Note that 
(β/2) (u*n+1 - 3 u*n + 3un-1 - un-2) is a finite differencing approximation to 
the third time-derivative. The finite differencing approximation of hoRA 
filter is higher than RAW filter of second time-derivative (Williams 
2009) and lower than the fourth time-derivative (Williams 2013).

The finite differencing scheme for LF-hoRA becomes (see Li and 
Trenchea 2014) 

un+1 − 2βun − (1 − 2β)un− 1 = iF
(
2un − 3βun− 1 + βun− 2), (51) 

or 

un+1 − 2(β+ iF)un + (i3βF − 1+2β)un− 1 − iβFun− 2 = 0, (51́ ) 

Using the same Fourier analysis (Wang et al. 2023), we can obtain 
the following amplification factor, i.e., eigenvalue λ, 

λ3 − (β+ iF)λ2 + (i3F − 1+2β) λ − iβF = 0, (52) 

There are three solutions to this scheme, one physical mode, and two 
computational modes.

When β=0.4, the amplification factor for the physical mode becomes 
(Li and Trenchea 2014) 

Table 1 
Stability (eigenvalue λ or the amplification factor, AF) of a pure advection equation/system with four combinations of time and space discretization. The bolded λ 
indicates a stable scheme.

Amplification factor for a pure advection equation 
∂u
∂t

+ u
∂u
∂x

= 0

1st-order Euler forward 
(in time)

2nd-order, centered differencing, leapfrog 
(in time)

1st-order upwind 
(in space)

|λ| = 1+ uΔt/Δx
[
1 − cos2(αΔx)

]
> 1 |λ1| = 1 − 2uΔt/Δx[2(1 − cos(αΔx))]1/2

< 1 
|λ2 | = 1 + 2uΔt/Δx[2(1 − cos(αΔx))]1/2

> 1
2nd-order, centered 

(in space)
|λ| =

{
1 + [(2uΔt/Δx)sin(αΔx)]2

}1/2
> 1 |λ1,2|¼1

Fig. 2. Amplification factors for 3-time stepping schemes: LF-Trap (|λ1|), A-B 
(|λ2|) (both amplifying), and LF-hoRA (|λ3|) (slightly damping, nearly neutral).
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|λ1| = 1 − 0.306F4, (53) 

and its phase speed is 

ω1
/
(− f) = 1 + 0.024F4, (54) 

Therefore, this scheme is very weakly damping or nearly neutral 
amplification (|λ1|≈1, since 0.306F4≈3.06×10− 13<<1) (Fig. 2), and the 
phase speed is very slightly accelerated (Fig. 3); nevertheless it is 
extremely close to the analytical solution, i.e., ω1/( − f) ≈ 1, since 
0.024F4≈2.4 × 10− 2×10− 12=2.4 × 10− 14<<1. In addition, when F <
0.5, the two computational modes are well controlled (see Fig. 2 of Li 
and Trenchea 2014). Therefore, this LF-hoRA with third-order accuracy 
in amplification factor is much more accurate than the leapfrog with the 
RAW filter (Williams 2009, 2013) with second order accuracy in 
amplification factor (see Table 2 of Li and Trenchea, 2014).

5.4. Inertial stability

Following O’Brien (1986), Wang and Ikeda (1997a), Durran (2010)
and Wang et al. (2023), the well-known, simplified, pure inertial oscil
lation equations (system) are introduced, which are imbedded in both 
2D and 3D shallow equations, with no viscosity (or friction) as follows: 

Table 2 
A summary of inertial stability and phase errors of different time integration schemes for inertial oscillation, F = fΔt, where f is the Coriolis parameter, and Δt is the time 
step for model integration.

Time integration scheme AF, modulus of eigenvalue, |λ|, of inertial motion. β=0, 0.5, and 1 is the 
Euler forward, centered, and backward scheme, respectively.

Inertial 
stability 
feature

Comput. 
mode?

Normalized phase frequency 
ω/(-f)=arc tan[Im(λ)/Re(λ)]

3-time stepping, centered 
differencing, leapfrog 
(Wang and Ikeda, 1997a)

|λ1,2| ≡1 Neutral Yes
ω1,2/(-f) =
±1
F

arcsinF; 

Overestimate
2-time stepping, Euler forward 

scheme 
(Wang and Ikeda, 1997a; 
Durran 2010)

|λ| =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(
1 + F2)

1
2 ≈ 1 +

F2

2
> 1, if β = 0

1, if β = 0.5
(
1 + F2)−

1
2 ≈ 1 −

F2

2
< 1, if β = 1

Amplifying/ 
Unstable 
Neutral 
Damping

No
ω
− f

=

1
F

arctan
[

F
1 − β(1 − β)F2

]

; 

Underestimate

2-time stepping, 2-stage Euler 
forward PC scheme 
(Wang and Ikeda, 1997a)

|λ| =
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 + F2

√
≈ 1 +

F2

2
> 1, if β = 0

̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 +
F4

4

√

≈ 1 +
F4

8
> 1, if β = 0.5

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 − F2 +
F4

4

√

≈ 1 −
F2

2
< 1, if β = 1

1, if β = 0.5 +
F2

8

Amplifying/ 
Unstable 
Weakly 
unstable 
Damping 
Neutral

No
ω
− f

=

1
F

arctan
(

F
1 − βF2

)

; 

β=0: Underestimate; 
β=0.5, 1: Overestimate

2-time stepping, 3-stage Euler 
forward PC scheme 
(Wang et al. 2023)

|λ1,2| =
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 + F2

√
≈ 1 +

1
2

F2 > 1, β = 0
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 −
F4

4
+

F6

16

√

≈ 1 −
1
8
F4 <, ≈ 1, β = 0.5

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − F2 − F4 + F6

√
≈ 1 −

1
2

F2 < 1, β = 1

Amplifying/ 
unstable 
Weakly 
damping 
/nearly neutral 
Damping

Yes
ω1,2/(-f) =
∓1
F

arctan
F
(
1 − β2F2)

1 − βF2 ; 

Underestimate

3-time stepping leapfrog- 
trapezoidal scheme 
(Haidvogel and Beckmann 
1999) and this study

|λ1,2|=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1 +
F2

2
> 1,

F2

4
⇒0, as Δt⇒0

Amplifying/ 
Unstable 
Damping

Yes
ω1

− f
=

1
F

arctanF 

Overestimate, similar to the 
leapfrog scheme

3-time stepping Adams-Bashforth 
scheme (Haidvogel and 
Beckmann 1999) and this study

|λ1,2|=

⎧
⎨

⎩

1 + F2 > 1,

F2 ⇒0, as Δt⇒0

Amplifying/ 
Unstable 
Damping

Yes
ω1

− f
=

1
F

arctan[F]

Overestimate, similar to the 
leapfrog scheme

3-time stepping leapfrog-hoRA 
scheme 
(Li and Trenchea 2014) and this 
study

|λ1|=1–0.306F4, when β=0.4 Nearly neutral Yes
ω1

− f
= 1 + 0.024F4 

Very slightly overestimate, nearly 
neutral

Fig. 3. Phase speed for 3-time stepping schemes: LF-Trap [ω1 /( − f)], A-B [ω2 

/( − f)] (under-estimated), and LF-hoRA [ω3/( − f)] (slightly over-estimated, 
nearly neutral).
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⎧
⎪⎪⎨

⎪⎪⎩

∂u
∂t

− fv = 0

∂v
∂t

+ fu = 0
(55) 

The stability for the inertial mode using a variety of finite differ
encing schemes can be summarized in the following Table 2, taken from 
Wang et al. (2023), for the sake of easier discussion.

Note that both physical and computational modes in the leapfrog 
scheme are neutral inertially stable, i.e., neither amplifying nor decay
ing. Thus, a Robert-Asselin-Williams (RAW) filter is implemented to 
remove the computational mode. The internal mode of the 1st-order 

Euler scheme (i.e., β=0) has |λ| =
(
1 + F2)

1
2 ≈ 1+ F2 /2 > 1, which is 

unconditionally inertial unstable. PC2 (i.e., RK2) schemes with β=0.5 

still make the inertial mode very weakly amplifying, where |λ| =
(

1 +

1
8F

4
)

/(1 − 1
8F

4), as shown in the table. However, using β =0.5+

F2

8≈0.50012 can force PC2 to be neutrally inertially stable (Wang and 
Ikeda 1997a). For example, the time integration scheme in MOM6 is the 
2-stage RK scheme (RK2 or PC2) with first-order accuracy in time, which 
is weakly unstable/amplifying in the inertial model if β =0.5, but can 
easily be modified to achieve neutral stability if β =0.5+ F2

8≈0.50012.
This analysis of inertial stability also holds true for 3D flows, as 

demonstrated in Appendix A, and is relevant for all GFD application.

5.5. Phase error between Euler forward PC and leapfrog schemes

We now compare phase error of the Euler forward schemes to the 
leapfrog scheme in depth. The phase errors for a pure inertial system, as 
derived in Wang and Ikeda (1997a), Wang et al. (2023), and this study 
(see Section 5), are summarized in Table 3.

As we see, the Euler forward (leapfrog) scheme underestimates 
(overestimates) the phase error of f-related waves. Nevertheless, the 
magnitude of the phase error for the 1st-order Euler forward scheme is 
33% larger than the leapfrog scheme when Δt is less than 10 s, and the 
error increases to nearly doubling that of the leapfrog scheme when Δt is 
100–1000 s. If the Coriolis terms are not weighted (i.e., with β=0, at the 
old value), then PC2 and PC3 have the same phase error as PC1, which is 
larger than leapfrog, in addition to the inertial instability. Therefore, the 
phase error of the leapfrog scheme is much better than the 1st-order 
Euler forward scheme.

The phase error for LF-hoRA scheme is three orders of magnitude 
smaller than any other schemes when Δt is 100–1000 s (Table 3), 
although slightly overestimated (Fig. 3). This indicates that the phase 
speed of LP-hoRA scheme is nearly perfectly preserved as the analytical 
solution (i.e. the true solution is 1). This is in contrast to the phase error 
of leapfrog and PC2 (over-estimated), and LF-Trap and Addams- 
Bashforth (under-estimated). Although the phase error of PC3 is 
slightly better than that of the leapfrog scheme (negative/under-esti
mated, but ½ magnitude), it still performs significantly worse than LF- 
hoRA.

6. Conclusions and discussion

In this work, we holistically investigated the nature of the PC/RK 
schemes from its origin of definition for a nonlinear ODE and compared 
it to the leapfrog scheme for applications in geophysical fluid dynamics. 
Then, we differentiated the RK method from the finite differencing 
scheme. Based on the investigation of truncation error, consistency, 
numerical viscosity, energy conservation, inertial stability, and phase 
error, the following conclusions can be drawn. 

1) Runge-Kutta schemes belong to the same family as Euler forward 
predictor-corrector schemes from both mathematical and physical 
point of view. Both use Euler forward in time and are of 1st-order 
truncation error (accuracy) in time based on the truncation error 
analysis. The so-called nth-order accuracy in n-stage RK (RKn) refers 
to the local truncation error, in which the function terms on the right- 
hand side of the equation are iteratively evaluated using the nth- 
derivatives, while the 2-time stepping Euler forward differencing 
scheme is fixed in time integration with O(Δt) based on its definition 
of the Taylor series expansion. The nth-stage RK schemes improve 
only the local truncation error on the function terms, but do not 
change the nature of the first-order accuracy in time, the global 
truncation error.

2) Any first-order Euler forward (including n-stage RK/PC) schemes are 
derived in such a way that they simply discard the first-order term O 
(Δt). In reality, this term represents physical (bi-harmonic) viscosity, 
and removing it is equivalent to adding the same, but negative bi- 
harmonic viscosity back into the numerical model (Schlichting 
et al., 2024). This negative viscosity destroys the momentum and 
energy balance of the dynamic system, resulting in indiscriminate 
damping of all dynamical processes, including vertical stratification, 
(sub-) mesoscale eddies, and front strength, leading to the drifting in 
model simulation.

3) Any finite differencing schemes with first-order accuracy in time are 
less consistent with their original differential equations as Δt ap
proaches zero, in comparison to the 2nd-order leapfrog scheme 
which is consistent with its PDE. The first-order truncation error in 
first-order accurate schemes is three orders of magnitude larger than 
that of the leapfrog scheme. Additionally, as Δt approaches zero, the 
leapfrog scheme approaches or converges to its PDE with a speed of 
one order of magnitude faster than typical first-order schemes.

4) In a pure advection system, the amplification factor of any first-order 
scheme in time and space is always larger than one, leading to 
nonlinear instability (Table 1). In other words, both Euler forward 
PC/RK schemes would produce non-linear stability. Thus, an 
external filter (i.e., numerical viscosity) must be used to dampen the 
non-linear instability in a model when using PC/RK schemes. This 
will lead to over-damping/mixing in such a model. It is proved that 
schemes with at least 2nd-order accuracy in both time and space are 
required to overcome the nonlinear stability without adding extra/ 
external viscosity.

5) Without weighing the Coriolis terms (i.e., β=0 in Table 2), in addi
tion to inertial instability, the phase error of the 1st-order Euler 

Table 3 
A summary of the dependence of phase errors of different time integration schemes on time step for inertial oscillation for the 1st-order Euler centered (β=0.0) and 2nd- 
order centered (leapfrog) differencing schemes: F = fΔt, where f is the Coriolis parameter (taken 10− 4 s− 1), and Δt (in seconds) is the time step for each model 
integration. The error is given by the normalized error, ω/(-f), relative to the true solution, 1, i.e., [ω/(-f) − 1]x100 %. Positive (negative) values indicate the faster 
(slower) phase speed than the exact solution. Note that the PC2 and PC3 schemes with β=0 are identical to the 1st-order Euler forward scheme.

Δt (s) F Euler Leapfrog PC2 PC3 LF-trap A-B LF-hoRA
​ ​ β=0.0 ​ β=0.5 β=0.5 ​ ​ ​
1 0.0001 − 3 × 10− 7 2 × 10− 7 2 × 10− 7 − 1 × 10− 7 − 2 × 10− 7 − 2 × 10− 7 2.4 × 10− 16

10 0.001 − 3 × 10− 5 2 × 10− 5 2 × 10− 5 − 1 × 10− 5 − 2 × 10− 5 − 2 × 10− 5 2.4 × 10− 12

100 0.01 − 0.00333 0.00167 0.00167 − 0.00083 − 0.00167 − 0.00167 2.4 × 10− 8

1000 0.1 − 0.33135 0.16742 0.16616 − 0.08259 − 0.16742 − 0.16742 2.4 × 10− 4

10,000 1 − 21.46018 57.07963 10.71487 − 1.72063 − 57.07963 − 57.07963 2.4
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forward scheme is twice as large in magnitude as the leapfrog 
scheme. Equally-weighting the Coriolis terms (β=0.5, see Table 2) 
also produces a weak inertial instability. After correctly weighing the 
Coriolis terms (β=0.5 + F2/8, see Table 2) as we proposed for PC2/ 
RK2, the scheme becomes neutral stable (AF=1). The phase error of 
PC2/RK2 schemes is as good as leapfrog scheme (twice better than 
1st-order Euler forward scheme), and PC3/RK3 is twice better than 
the leapfrog scheme, i.e., four times better than the Euler forward 
scheme (see Table 3).

6) It is confirmed that the first-order Euler forward schemes introduce a 
negative viscosity (Schlichting et al., 2024), seriously dampening 
and smoothing physical processes; however, with each stage of 
PC/RK process, a viscosity term associated with the Coriolis (rota
tion) parameter is added back to the numerical schemes to slightly 
improve the simulation. As such, the higher the stage, the less 
damping the physical processes, and the more accurate the amplifi
cation factor and phase speed. Nevertheless, the damping/smoothing 
in model simulations will always exist due to the nature of the 
first-order truncation error in Euler forward schemes.

7) We compared three schemes with 3-stepping in time: LF-Trapezoidal 
(LF-Trap), Adam-Bashforth (A-B), and LF-hoRA schemes. We found 
that although LF-Trap and A-B schemes remove much of the 
computational mode, the physical mode is amplifying, i.e., inertially 
unstable, as serious as the Euler forward scheme (β=0, see Table 2). 
Therefore, we recommend that LF-hoRA scheme be widely used to 
replace the 2-time stepping PC/RK schemes in ocean modeling, 
because it possesses nearly neutral inertial stability (Fig. 2 and 
Table 2) and its phase speed remains very close to the analytical 
solution (Fig. 3 and Table 2). In addition, the computational modes 
are well controlled when F < 0.5.

Although PC/RK (i.e., Euler forward-backward) methods are widely 
used to numerically solve non-linear ODEs, there are many major 
intrinsic shortcomings in the application to PDEs, in particular in the 
rotating, low-viscous, and strong-stratified ocean. Wang et al. (2023)
have proposed and used the leapfrog scheme to replace both the 1st-or
der Euler forward scheme in the internal mode and RK3 scheme in the 
external mode of FVCOM. Should RK schemes be used for time inte
gration schemes in ocean (like FVCOM and MOM6) and atmospheric 
(like WRF) models, we strongly recommend, at the very least, to use the 
weighted-averaging Coriolis terms (i.e., β=0.5 + F2/8, see Table 2) to 
avoid inertial instability and to improve the phase error. Nevertheless, 
even with the improved inertial stability, Euler forward PC/RK schemes 
still have intrinsic shortcomings (such as 1st-order accuracy, inconsis
tency, and lack of energy conservation) in the application to the ocean 
and atmospheric modeling.

Another issue for the application of RK methods to PDEs is that all the 
terms, each of which represents a unique physical process (e.g., 
nonlinear term, gravity wave, inertial mode, viscosity, etc.), are simply 
“lump-summed” into one term on the right-hand side of the equation at 
the same time, n. This seems awkward because PDEs are solved by 
discretizing each individual term to its physical need, i.e., with itemized 
treatment or based on individual dynamical properties. For example, the 
advection term needs an energy conserving scheme that cannot be 
achieved by using the 2-time stepping RK schemes; the Coriolis terms 
should be specially treated with a weighted average (i.e., β=0.5 + F2/8, 
see Table 2); and the viscosity term should lag the advection term in 
time. This kind of lump-summed treatment of PDEs using the 2-time 
stepping ODE method is an awkward approach in terms of physics and 
dynamical processes, and should be used cautiously.

While IMplicit-EXplicit (IMEX; Gui et al. 2024) or implicit (Conde 
et al. 2017) RK schemes have been successfully applied to various PDEs 
including Landau-Lifshitz equation with arbitrary damping for magne
tization dynamics, the schemes introduce even more numerical viscosity 
(or numerical damping) due to the implicit treatment than the explicit 
RK schemes (e.g. Heun’s 2-stage and 3-stage RK schemes; see Section 2). 

Thus, these schemes are not suitable to the low-viscous, strong-stratified 
ocean. The large numerical viscosity of IMEX and implicit RK schemes 
results not only from the first-order truncation error in time (similar to 
the explicit RK schemes), but also from the implicit (forward) treatment 
of the terms including the viscosity term.

If the 1st-order schemes, including PC/RK, must be used, we 
recommend a remedy that the discarded bi-harmonic viscosity terms 
(Δt

2 A2
h∇

4u which is equivalent to a 9-point filter) be added back to the 
finite differencing equation. When this is done, the truncation error 
becomes second order and consistency between the numerical scheme 
and physical properties of the system can be maintained, preserving the 
integrity of the dynamical system in the discretized scheme. A very 
popular approach to deal with model drifting away from observations, a 
symptom of inaccurate physical representations and unstable or over
mixing schemes, is so-called “bias correction.” This is a simple data 
nudging which “forcefully” brings a drifting model back to the mea
surement, regardless of errors resulting from numerical schemes, mixing 
schemes, and/or other improper parameterizations. As stated above, 
this bias correction seems to treat the symptoms, rather than the disease.

Although not perfect, the leapfrog scheme, nevertheless, has been 
widely used in ocean and atmospheric models because it holistically 
possesses the following important mathematical and physical proper
ties: 1) 2nd-order accuracy, 2) introduces no numerical viscosity, 3) 
consistency to its PDE, 4) neutral inertial stability and minimal phase 
error, and 5) energy conservation. The major shortcoming is that the 
leapfrog scheme introduces a computational mode, which is also intro
duced by the PC3/RK3 and PC4/RK4 schemes (Wang et al. 2023). The 
other major shortcoming is overshooting or oscillatory features when it 
is applied to a pure advection scheme with a step-like function [see Eq. 
(25) and Figs. 3-6 of Durran (1991)]. Nevertheless, in ocean dynamics 
and thermodynamics, there are no such step-like functions for temper
ature, salinity, and ocean velocity. For example, at a river mouth or 
estuary connecting to the ocean, no zero salinity is ever observed next to 
the coastal ocean (say with 25 PSU, pratical salinity unit). Another 
example is that even in the case of strong vertical stratification in the 
Arctic, the thermohaline layer always has smooth transition, rather than 
the step-like transition. Strong horizontal and vertical velocity shears 
along the strongest currents, the Kuroshio and the Gulf Stream, always 
have smooth gradient. There are no such velocity gradient changing 
from 0 ms− 1 at one grid to 1 ms− 1 at the next surrounding grids in both 
realistic measurements and model simulations. Therefore, the step-like 
function used to test the pure advection equation may be ill-posed for 
ocean temperature, salinity, and velocity. Both computational mode and 
oscillatory behavior in the leapfrog scheme can be easily controlled or 
minimized by the LF-hoRA filter (Williams, 2009, 2013; Li and 
Trenchea, 2014).

It should be pointed out that when applying a novel computational 
method developed in computational and applied mathematics (such as 
implicit-explicit and implicit RK schemes with large damping) to ocean 
and atmospheric modeling, the above mentioned five physical proper
ties should be used as criteria to gauge the suitability. A novel, efficient 
scheme in computational mathematics or other research fields is not 
necessarily a suitable scheme to GFD, because it may not fit the rota
tional, low-viscous, and strong-stratified ocean. Therefore, before the 
application, stability criteria derived in such novel, efficient schemes in 
a non-rotating, high-viscous, and non-stratified system should be ho
listically re-examined in the rotating, low-viscous, and strong-stratified 
ocean and atmospheric systems.
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Appendix A: Inertial stability in 3D stratified, shear flows

We have discussed the inertial stability of 2D shallow water equations in Section 5.4. A question may be asked: can the inertial stability (Table 2) be 
applied to 3D shear flow? In the next step we will confirm that the theoretical problem is a real problem in the 3D shear flow. This should be observable 
in the following simplified case that features only the influence of the Coriolis term, with no other wave motion.

A stable shear layer on a doubly-periodic f-plane should suffice. There, in a domain of depth 1 (− 1 ≤ z ≤ 0), one could have: 
⎧
⎪⎪⎨

⎪⎪⎩

u(t = 0) = α(z + 1/2),

v(t = 0) = 0,

T = T0 + θz,

(A1) 

(see Fig. A1) such that the Richardson number is safely above 1 (suppressing any shear instability), the baroclinic state is constant, and the Coriolis 
force applies only to the shear layer without inducing wave motion. Here α, θ are both positive constants. If this case is unstable, then the 3D fluid 
clearly has inertial instability.

Fig. A1. 3D shear flow with vertical (linear) stratification.

This is a quasi-3D problem with horizontally (y) homogeneous distribution in T, u and v, and vertically linear distribution in T (temperature 
stratification) and v (velocity shear) (Fig. 2). So, the 3D equations become, by ignoring advection terms, density forcing, gravity waves, and wind 
forcing, 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂u
∂t

− fv = Az
∂2u
∂z2

∂v
∂t

+ fu = Az
∂2v
∂z2

∂T
∂t

= Kz
∂2T
∂z2

(A2) 

Inserting (A1) into (A2) yields 
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∂u
∂t

− fv = Az
∂2u
∂z2 = 0

∂v
∂t

+ fu = Az
∂2v
∂z2 = 0

∂T
∂t

= Kz
∂2T
∂z2 = 0

(A3) 

Then this 3D system degrades into the 2-D pure inertial motion system (39) that is used for theoretical stability analysis. Therefore, all the 
theoretical results derived from (39) apply to 3D shear flow with stratification. The physical meaning behind this is that as long as a 2D (barotropic) 
inertial system is inertially unstable, its 3D (stratified) system must be unstable, because the 3D system consists of n (vertical) layers of 2D systems. 
This is why stability analysis is usually conducted in the 2D shallow water equations (Wang 1996).

Data availability

No data was used for the research described in the article.
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