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ABSTRACT

Consider a measure θ on Rd and a point x ∈ support (θ). Use a “micro-
scope” with a continuous knob, centered on x, to enlarge θ by a factor of
et; call the enlarged measure θx,t. The scaling scenery map t 7→ θx,t is a
continuous-time signal with a “measure-valued alphabet”: as such, it may or
may not have a limiting empirical distribution. In case it does, it corresponds
to a measure-valued stationary process, µ [θ, x]. The map x 7→ µ [θ, x] is an
interesting structure attached to θ, pertaining to its fractal behavior. This
structure is simplest when the map x 7→ µ [θ, x] is θ-a.e constant, namely
when θ exhibits just a single process µ [θ] - regardless of where we place our
microscope. Do nontrivial measures with such uniform scaling scenery exist?
A typical Brownian occupation measure in Rd (d ≥ 3) is a natural example.
What is perhaps more surprising, the classical Cantor measure is another;
This stems from the following general framework. I will describe a class of
natural, discrete-time, measure-valued Markov processes, called CP- (Con-
ditional Probability) Processes, which have applications in fractal geometry,
and show how any ergodic CP-process generates many non-trivial measures
with uniform scaling scenery. We will discuss what is already understood
about this intriguing connection between CP-processes (which are discrete-
time and therefore possess inherent scale) and measures with uniform scaling
scenery (a property that does not depend on scale). I will use this connection
to relate uniform scaling scenery to “self-similarity”, and place in context
questions that seem to have nothing to do with continuous microscopes, such
as the behavior of the classical Cantor set under the map x 7→ 2x mod 1.

CP-Systems (and other notions above) were introduced by Hillel Fursten-
berg, who suggested and supervised this work.


