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Let X = {X(#)},., be a stochastic process with a stationary version X*. It is investigated when
it is possible to generate by simulation a version X of X with lower initial bias than X itself, in
the sense that either X is strictly stationary (has the same distribution as X*) or the
distribution of X is close to the distribution of X . Particular attention is given to regenerative
processes and Markov processes with a finite, countable, or general state space. The results are
both positive and negative, and indicate that the tail of the distribution of the cycle length
plays a critical role. The negative results essentially state that without some information on this
tail. no a priori computable bias reduction is possible; in particular, this is the case for the class
of all Markov processes with a countably infinite state space. On the contrary. the positive
results give algorthms for simulating X for various classes of processes with some special
structure on 7. In particular, one can generate X as strictly stationary for finite state Markoy
chains, Markov chains satisfying a Doeblin-type minorization, and regenerative processes with
the cycle length 7 bounded or having a stationary age distribution that can be generated by
simulation.
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1. INTRODUCTTION

When performing a steady-state simulation, simulation analysts are often
concerned with the problem of dealing with the initial transient. The term

Authors’ addresses: S. Asmussen, Institute of Electronic Systems, Aalborg University. Fr.
Bajersv. 7, DK-9220 Aalborg, Denmark P W Glynn. Department of Operations Research,
Stanford University, Stanford, CA 94305-4022. H. Thorrison, Science Institute, University of
[celand, Dunhaga 3, 107 Reykjavik, Iceland.

Permission to copy without fee all or part of this material 1s granted provided that the copies are
not made or distributed for direct commercial advantage, the ACM copyright notice and the title
of the publication and its date appear, and notace is given that copying is by permission of the
Association for Computing Machinery. To copy otherwise, or to republish, requires a fee and /or
specific permission.

© 1992 ACM 1049-3301 /92 /0400-0130 $01.50.

ACM Transactions on Modeling and Computer Simulation, Vol. 2, No. 2, April 1992, Pages 130-157.



Stationarity Detection . 131

“initial transient” refers to that initial segment of the simulation that is con-
taminated by bias introduced by starting the system in some state that is
not typical of the long-run behavior of the system. The observations gathered
during the initial transient are therefore not representative of the steady-state
behavior of the system and are biased. Perhaps the most popular means of
dealing with the initial transient is to discard the observations gathered
during this period. In other words, the simulation analyst lets the simulation
“warm up” before collecting any observations.

Of course, the key question is to determine how long the warm-up period
must be for a given simulation. An essentially equivalent formulation of the
problem is to identify that time at which the initial transient terminates and
steady-state behavior begins. Since steady-state behavior is characterized by
stationarity of the stochastic process, we can view the initial transient
problem as involving the determination of that time at which the simulation
is behaving like a stationary stochastic process. This paper is concerned with
the question of existence and construction of such stationarity detection times
(and suitable generalizations). The algorithms developed here are intended
primarily to establish the boundaries of what is theoretically possible, rather
than as proposals to the practical simulation analyst as to how to eliminate
initial bias in real-world simulations—in fact, most of them have a large cost
in terms of run lengths. Nevertheless, the paper seems to indicate that
sampling from stationary distributions can be done much more frequently
than usually considered possible, and thereby opens up the interesting and
important question of designing efficient algorithms.

In the set-up of the paper, we consider a stochastic process X = {X(2)},
which is available basically through simulated values. Typically, X is regen-
erative or Markovian with a finite, countably infinite, or general state space.
Note that these two settings are not intrinsically different because general
Markov processes can typically be made regenerative (see Asmussen [4]), and
conversely a regenerative process with i.i.d. cycles can be made Markovian by
adding extra variables.

In the Markov case, the problem, roughly speaking, is to determine a
random time at which the process possesses the stationary distribution. We
assume, in constructing such a random time, that the constructions depend
only on simulation of a finite time segment of the chain. In particular, we
require that the algorithm that implements the construction be independent
of the explicit transition function of the chain. We impose this requirement
because most discrete-event simulations are implemented without any need
to ever directly calculate an explicit expression for the transition function. In
addition, the development of universal algorithms that are valid over broad
classes of simulations is an important issue in writing software intended
to be of wide applicability. Finally, this assumption is necessary in order to
obtain nontrivial nonexistence results: if the algorithm is permitted to adapt
itself to the particular transition function in question, then one can design
deterministic algorithms for computing the stationary distribution numeri-
cally, so that one can then argue that the initial transient problem becomes
irrelevant.
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Similarly, in the regenerative setting the problem is to generate the
stationary delay, assuming only that the zero-delayed process is available
through simulated values.

The initial transient problem has challenged the simulation community for
many years. A few of the papers that have addressed this question are [9, 12,
32, 33], and [25]; see also Fishman [11} and Law [21]. It is probably safe to
say that no technique yet proposed satisfactorily solves this problem. It is
also worth noting that when one estimates the steady-state via multiple
replications of the process, the ability to determine the end of the initial
transient is enhanced. The basic idea is that by averaging over multiple
replicates, much of the variability in the system is damped out, so that the
convergence to steady-state is easier to determine. Among the papers that
take advantage of this idea are [20, 29, 30]. In the current paper, our interest
focuses on stationarity detection rules that are based on a single run of the
system.

We will see, in Section 2 of this paper, precisely why the initial transient
problem has been so challenging. We will prove, in a mathematically precise
sense, that without some restrictions on the class of simulations to be
considered, there can exist no universally satisfactory means for detecting
stationarity in a stochastic simulation. This negative result is probably
expected, and suggests that any successful stationarity detection rule will
need to take explicit advantage of some additional structure of the system
being simulated.

In the rest of the paper we complement the above negative result with
positive ones, which are perhaps more surprising. In Section 3 we show that
it is possible to generate a r.v. Z having the stationary distribution of a finite
Markov chain {X,}, using only simulated values and randomization, and in
Section 4 it is shown (using some recently developed ideas of [27]) that for
certain classes of regenerative stochastic processes, one can identify a ran-
dom time 7' such that the system is in exact stationarity at this instant.
These constructions are possible even for certain systems in which the
steady-state distribution is not analytically available and must be simulated.
The approach taken here to developing stationarity detection rules strongly
suggests that, in the regenerative setting, one must take advantage of a
priori knowledge of the tail behavior of the regenerative cycle-length random
variable.

Section 5 discusses settings in which approximate stationarity can be
achieved. In Section 6 we provide further discussion, and Section 7 concludes
the paper with some illustrative examples and applications. Unless otherwise
stated, all proofs are deferred to the Appendix.

2. STATIONARITY DETECTION: DEFINITIONS AND BASIC THEORY

We restrict our formulation and discussion in this section to the Markov
chain setting. However, the ideas described here can be easily extended to the
general discrete-event simulation context. One need only observe that if one
views the typical discrete-event simulation at transition epochs, one can
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make the process Markovian by adding supplementary variables to the state
description that include information on the time that remains before the
“clocks” corresponding to each possible event will trigger a state transition of
the system. It follows that a discrete-event system can be written as a
functional of a discrete-time Markov chain, taking values in a complicated
state space S in which both physical state and clock state is recorded. For
additional information on this way of looking at discrete-event simulations,
see Glynn [14].

Suppose that X ={X,},_,, = is a Markov chain taking values in S.
We can (without any loss of generality) view X as being defined on the
probability space

Q= (S % (0,1)) X (8 X (0,1)) X .

A typical element in Q then takes the form o= {(x,,u,)},_o, - The
sequence X can be defined via the coordinate projections X, () = x,,, and we
further let U be the sequence of random variables defined by U{w) = u,,.
Let K be a transition kernel defined on S, so that K(x, B) represents the
probability that the chain X moves from x into B € S in one step. For each
initial distribution p on S, we can then define a probability distribution P, x

on ) via the formula

P, x[ X, €A,,...,X, €A, U, €B,,...,U, €B,]

= [ w(dxo) [ K(x,dw) o [ K(xyoypd)- [ dyo - [ .

Hence, under the distribution P, x, X is a Markov chain having initial
distribution p and transition kernel K. Also, U is a sequence of i.i.d.-uniform
(0,1) r.v.’s which is itself independent of X. We need the uniform r.v.’s in
order to define randomized algorithms for detecting stationarity. Much of our
subsequent discussion will involve such randomized detection rules.

We let .# denote the subset of transition kernels on S such that for each
K €.#, there exists a unique stationary distribution .

We say that 7' is a random time if T is a nonnegative integer-valued r.v.
defined on Q and let X(7T'+ -)={X(T +¢)},,, be the post-T process.
Roughly speaking, our goal is to construct a random time 7 such that
X(T + -) is in steady state (is strictly stationary).

Definition 2.1. Let K €.#. The random time T is said to be a stationarity
detection time for K if for each initial distribution g

P, x(X(T+)e)=P, x(Xe<"). (2.1

One way to construct stationarity detection times is by means of random-
ized stopping times (recall that a random time T is a randomized stopping
time if for each n there exists a deterministic 0—1 valued function f, such
that I(T = n) = f,(X,,U,,...,X,,U,); sometimes also the term nonantici-
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pating 1is used for a randomized stopping time). Such randomized stopping
times have the following nice property:

PropoSITION 2.1.  Let K €.#. If T is a randomized stopping time such that
Xy has distribution wy for each initial distribution p, then T is a stationarity
detection time for K.

The proof of this follows immediately from the strong Markov property of X.

Ideally, one would like stationarity detection times to detect stationarity
immediately if the initial distribution is m,. Our first result shows that no
such stationarity detection time typically exists.

ProOpOSITION 2.2.  Let K €.# and assume that w is not concentrated on any
single point x € S. Then there exists no stationarity detection time T for K
such that

P, x(T=0)=1 (2.2)

Thus, requirement (2.2) demands too much from random time 7. If we drop
(2.2), it turns out that stationarity detection times can often be constructed:

Example 2.1. Suppose that S is finite or countably infinite and that K is
irreducible. If X is positive recurrent under K, there exists a unique station-
ary distribution ., and (by applying inversion), we can find a deterministic
function g such that g(U,) has distribution . Then

T=inf{n=0,1...: X, = g(U)}

1s a randomized stopping time such that X, has distribution @, and we
may apply Proposition 2.1.

However, this construction obviously “cheats” by constructing the function
g (and hence the stopping rule T') from explicit knowledge of m,. This
suggests that a more appropriate formulation for a stationarity detection
time ought to somehow forbid the simulation analyst from using explicit
knowledge of the stationary distribution to construct 7.

We can accomplish this by requiring that 7' work uniformly well over a
suitably large class .4 of transition kernels K. Being defined only in terms of
the simulated data X and U,T cannot explicitly modify itself to reflect
knowledge of the various stationary distributions.

Definition 2.2. Let .+ C.#. We say that a random time 7 is a ./‘uniform
stationarity detection time if T is a stationarity detection time for each
Ke.r.

Perhaps surprisingly, it is often possible to construct such detection times.

Example 2.2. Suppose again that S is finite or countably infinite. Without
loss of generality, we can take S to be {0,1,...}. Let .#, be the class of
irreducible positive recurrent transition matrices K defined on S. For x € S,
let

1 n
F(X,x)=liminf— ) I(X, <x).

no? Mgeg
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Stationarity Detection . 135

For a fixed but arbitrary K €.#,, the strong law of large numbers for X
implies that F(X, - ) is almost surely equal to the distribution function of my,
and thus,

T, =inf{n = 0,1...: X, = F (X, U,)}

coincides a.s. with the 7' of Example 2.1. Thus T is a stationarity detection
time for the given K, and hence for all K €.#].

Of course, here the difficulty is that 7' is constructed after observing the
entire (infinite) sample trajectory of X. Such a random time 7' cannot be
implemented in a practical setting. This motivates restricting attention to
stationarity detection times, which are implementable in the following sense.

Definition 2.3. A r.v. Z* is implementable, if there exists an a.s. finite
randomized stopping time B such that Z* is a deterministic function of S,

(X,,0)),...,(X5,Up) alone.

We are now ready to state cur main nonexistence result for strong station-
arity times. It proves that well-behaved stationarity detection times T fail to
exist even when one restricts attention to Markov chains with countably
infinite state space. In fact, let .#, be the class of aperiodic irreducible
positive recurrent transition matrices K.

THEOREM 2.1. Assume that S is countably infinite. Then there exists no
implementable .#, — uniform stationarity time.

In fact, an even stronger result (Theorem 2.2 below) can be proved. Recall

that the total variation distance between probability measures g and v on S
is defined by

lw — »ll = 2sup |p(B) — v(B)I.
BcS
Definition 2.4. Let # C.#. (a) The family.# is said to be a weak uniform-
ity class for the initial transient problem if, for each ¢ > 0, there exists an
implementable r.v. Z*(¢) such that

1P, x(Z*(e) € ) —mx () <e (2.3)

for any initial distribution g on S and any K €.#. (b) The family.#"is said to
be a uniformity class if there exists an implementable r.v. Z* such that
P, k(Z* € -) = mg (") for any initial distribution p on S and any K .7

We call the r.v.’s Z*(e) and Z* appearing in Definition 2.4 an e-stationary
r.v. and stationary r.v., respectively. If Z*(e) can be represented as X,.., for
some random time 7(¢), we call 7> an e-stationarity time.

Note that (a) demands only that the marginal distribution of Z*(e) be
approximately stationary. The extension from stationarity detection times to
stationary random variables is motivated by the fact that given a stationary
detection r.v. Z*, one can simulate a strictly stationary version of the Markov
chain by starting from X, =Z* and given a e-stationary r.v. Z*(e),

the version {X,} of the Markov chain started from X, = Z*(e¢) satisfies
ACM Transactions on Modeling and Computer Simulation, Vol. 2, No. 2, April 1992.
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P, K(X € 1) — wg()ll < e because of the general inequality [P, K(X e ) —
,,K(X el <llp— vl

THEOREM 2.2. Assume that S is countably infinite. Then #, is not a weak
uniformity class.

This follows from the following result:

PROPOSITION 2.3. Let S$=1{0,1,2,...), let KO = (&™),  _gs be a given
transztwn matrix in 4, and let AK ‘O)) be the set of transition matrices
=(k,), jcs €4 such that there exists an integer A = ACK") such that

ku = kfg) fori,j <A. Then MAK®) is not a e-uniformity class for 0 < € < 2.

These results suggest that the class .#" of transition kernels needs to be
carefully chosen in order to have any chance of being able to construct a
uniformly well-behaved stationarity detection rule. The remainder of this
paper is concerned with describing the type of information that needs to be
present in /" so as to permit such constructions.

3. SIMULATION OF STATIONARY FINITE MARKOV CHAINS

Our main result on finite Markov processes is the following.

THEOREM 3.1. The class .# of irreducible Markov chains with a fixed
number s of states is a uniformity class.

Thus, there exist algorithms generating an r.v. having the stationary
distribution = of a finite Markov chain using only simulated values and
randomization. We proceed to describe one such algorithm, thereby providing
a proof of Theorem 3.1.

The first step is to translate the problem into one on continuous-time
Markov process {Y(¢)},. , by uniformization (Poissonification). Indeed, it is a
standard fact that if V|,V,, ... are ii.d. exponential (say with unit rate),
then the process {Y(¢)} defined by

Y(t) =X, 0<t<V,, Y(#)=X,, Vi+ 4V, 1 <t<V - +V,

is a s-state irreducible Markov process with the same statlonary distribution
as {X,}. Note that {Y(¢)} does not necessarily jump at V; + --- +V,, but only
if X,,,#X,. In terms of the transition probab1ht1es (%, j)l JeE for {X.},
{Y(t)} has intensity A,, = k&, for jumping from i to j when 7 # ;.

The next step is to observe that the construction of a stationary detection
r.v. for {Y(¢)} is easy when s = 2 (e.g., S = {1,2}), where

Agy Arz
7Tl =, Ty = T— .
Az + Ay Aig + Aoy

Indeed, let T, be the first holding time of state i,7 = 1,2. Then T,,7, are
exponential with intensities Ay, resp. Ay, and an easy calculation shows
that

A
P(T, > T,) = ——2— — 7. (3.4)
Apg + Agy
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Thus, we have the following algorithm:

Algorithm A. (Generating a Stationary Detection r.v. Z for a Markov Chain
{X,} with two states 1,2)

1.Let j«< 1,1« 0

2. Generate V, an exponential random variable with unit intensity, and X,
starting from X, = 1. Let j « X;, ¢t <« ¢t + V

3. Ifj=2let T, < ¢;
else return to 2

4. Repeat steps 1, 2, 3 with states 1 and 2 interchanged to generate T,

5. If T, > Ty, let Z « 1;
elselet Z « 2

The last step (and the most intricate one) is to treat the case s > 2
recursively. We need to introduce the F-valued process {Y (¢)},. ,, defined
as the process {Y(#)} on F, where F C S (see, e.g., [4, pp. 13—14]). This means
that in the path of {Y(¢)} we delete all segments where Y(#)  F' and glue
together the remaining segments. Algorithmically, this can be implemented
as follows:

Algorithm B. (Generating the first holding time TF)(i) and the next state
YFU1) of {Y FU(#)} starting from YF(0) =X, =i € F)
l.Let j«<i,t<0
2. Generate V, an exponential random variable with unit intensity. If j € F,
lett <~ t+ V.
3. Generate X, starting from X, =j. Let j « X,.
4, Ifj+iand jeF,let TFG) « £, YFG) <
else return to 2

It is well known that the stationary distribution &™) of {YF(¢)} is
obtained by conditioning = = ='® to F:

1

(s
o) = — where 7, = Y, ). (3.5)
F JjeF

We also have the principle of local balance ([19, p. 8]): when {YF*%)(¢)} is in
stationarity, the rate of flow of mass from F to G is the same as the flow of
mass from G to F (here F,G are disjoint subsets of S). In terms of the
intensities /\EJF & for {YF+G)(¢)} (which exist because {YF+9(¢)} is a Markov
process—the analytical form is unimportant here) thus

(F+GN(F+G) _ F+ G (F+G)
Y mPrONGT = Y T ONE D, (3.6)
ief jeq@

where A& =T _, A9 We can rewrite (3.6) as

F+G (FWZW(F+G)y F+G OWF+G)
7TI<7‘ ) Z 7, )AZG - 77((} ) Z 7T_/( /\EF . (37)
ieF JjEG

Now assume that we can generate exponential r.v.’s T3 @, T{F*% having

parameters ¥, _ p wONET D, resp. T, o w DAL D, and stationarity detection
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r.v.’s ZF, Z'D having distributions w¥, resp. w'?). Then as in (3.4),

(FWZ(F+G)
ZzEFWz /\zG

(Fh(F+G) (GWHWF+G)
Zz-f—iFTTL /\ZG +2J€GW] /\]F
1

(GWHW(F+G) (FW(F+G)
1+Z]€G7Tj /\/F /ZLEFWL AZG

_ 1 — PG

1+ ﬂé;F+G)/7T}F+G) F 4
where we used (3.7) for the third equality. That is, we can use the ordering of
T+ TFE to decide whether ZY¥ %) should be in F or G, and next Z®)

or Z'@ to decide which value in F, G is appropriate. Thus
p(z(F+G) — L) - [}:D(TlgF+G} > T((;F-*—G))p(z(F) — L) _ 7T1(,«F+G)7T(F) = pF+&

for i € F as desired, and similarly (Z'"* % = j) = 7779 for j € G.

To construct 7%, note that the distribution of T\ *% is that of the
minimum of exponential r.v.’s W, with intensity #*AE*Y for the ith state
(i € F). If Ag*9 > 0, we can sample a Poisson stream with intensity A5
by repeatedly starting {Y**¢)(¢)} in state i and accumulate the time until
a transition to G occurs. We can then thin this stream by generating a
sequence of 1.i.d. copies of Z'%), say Z{™), Z{F) ... . The nth point is retained if
Z\) = i, thereby obtaining a Poisson stream with intensity =FA5*%). The
r.v. W, is then the first epoch of the thinned Poisson process. In practice, this
construction requires a small modification, since A5*% may be zero for some
i. However, by irreducibility A/5*9 > 0 for at least one i € F, and this
ensures that the following algorithm is valid (roughly, the idea is to visit the
states 7 in F cyclically; ¢, indicates the amount of time in which the ith
Poisson stream has been simulated so far, 7% is the current earliest occur-
rence of a transition to G, and s, = I(s, > T) is a binary variable indicating
whether it is necessary to simulate any further; by irreducibility, 75 will
assume a finite value at some stage):

Algorithm C. (Generating Z'* 97 if it is Known How to Generate Z'F, Z(®)

p(TIgF+G)>TéF+G)) _

1. Number the states in F in some way, say F = {/,, ..., L, 1}
2. Let Tp <, ¢, « 0,5, < 0,1=0,...p -1
3. Letie—p—1
4. If all s, = 1, go to 10;
elselet i « (i + 1) mod p
5. If s, = 1, return to 4
6. Generate Y7+ ), TV +4)(] ) using Algorithm B and let j « Y* G)(7),

¢, —t, + TEFHE),
If t, > Ty, let s, = 1 and return to 4
7. If j € G, generate ZF and let k « Z;
else return to 4
8. If j + &, return to 4;
else if t, < Ty, let T « ¢,
9. Return to 4
10. Repeat steps 1,...,9 with ¥ and G interchanged to generate 7
11. If Ty > Ty, generate Z) and let ZF+ ) « z(,
else generate Z‘@ and let ZF+ & « 7&
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To generate Z = Z®), start by noting that obviously Z) = { if F = {i} is a
one-point set. Using Algorithm C, one can then generate Z'* for a partition-
ing of S into two-point sets; then Z* for a coarser partitioning into three- or
four-point sets, and so on.

In Section 6, we give some (rather pessimistic) estimates indicating how
the number of steps needed to generate Z may depend on the number s of
states.

Remark 3.1. As a corollary of Theorem 3.1, it follows that there exists a
stationarity detection time T for the class 4#'® of irreducible Markov chains
with a fixed number s of states. Indeed, by a minor (though presumably less
efficient) variant of the construction, we may assume that all necessary
values of X for Z') are generated by observing a single sample path, say up
to time T, where T is a randomized stopping time. Then

T =inf{n > T,: X, = Z5)
is a stationarity detection time, i.e. P(X, = i) = 7,.

Remark 3.2. From a statistical point of view, a relevant concept to ask for
would be an unbiased sequential randomized estimator (u.s.r.e) of =, ie., a
random probability vector 4 which is measurable w.r.t. # for some random-
ized stopping time o and has the property E#r, = 7, for all i. It seems
worthwhile to note that the existence of an u.s.r.e. of w within the statistical
model of all irreducible s-state Markov chains is equivalent to the existence of
a stationarity detection rule. Indeed, obviously, a stationarity detection rule
like Z® leads immediately to an u.s.r.e by letting #, = 1 when Z'® =i, all
other 7, = 0. Conversely, if & is an u.s.r.e., we can choose an additional
uniform random number V and obtain a stationarity detection rule Z as
infli =1,...,s: 7 + -+, >V}

4. SIMULATION OF STATIONARY REGENERATIVE PROCESSES

Let S be a state space endowed with a metric under which S is separable
(e.g., RY). If X ={X(t)},., is a right-continuous stochastic process taking
values in S, we say that X is a (nondelayed) wide-sense regenerative process
if there exist random times 0 = T(0) < T'(1) < ... such that

() X(T(n) + )£ X() for n > 1;
(i) T(n) is independent of X(T(n) + -) for n > 1.

Note that we are not requiring the process evolution prior to time T'(n) to
be independent of that subsequent to T'(n). Instead, the post-T'(n) process
X(T(n) + -) is required to be independent only of the time T'(n) itself. This
extension of classical regeneration (known as wide-sense regeneration) turns
out to be useful in the study of Harris recurrent Markov chains; see pp.
150-158 of [4]. (Note that a discrete time sequence {X,},_,,  can be
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analyzed by studying the associated continuous time process {X(¢)}, . ,, where
X(t) = X|,}, and [¢] denotes the greatest integer less than or equal to 7'.)

We say that X* ={X*()},,, is a stationary version of X if X* is a
strictly stationary process possessing an associated random time 7*(0) such
that

G) XHT0) + -)Z X()
(ii) T*(0) is independent of X*(7T*(0) + - ).

In the remainder of this section, we describe two settings in which X* can
be simulated, given the ability to simulate X.

Let 7, = T(n) — T(n — 1) for n > 1, write 7 = 7, for the generic cycle, and
set m = E7. The following description of the stationary version X* is given in
[271:

PROPOSITION 4.1.  Assume m < =, Suppose that X' = {X'(¢)},., is an S-
valued stochastic process with associated random time T'(0) satisfying

P(T'(0) € dx) = %p(r < dx) (4.8)

and
P(X' € T'(0) =x) =P(X € 1, =x) (4.9)

for each x = 0. If U is a uniformly distributed r.v. on [0, 1] and independent
of X', then X* is a stationary version of X where

X*(¢) = X'(UT'(0) + ¢), t=0.

There is an intuitive explanation for why this construction should give a
stationary version. Imagine that the process X has been running for a time
interval of length ¢ and that we pick a point 7 uniformly in the interval [0, ¢].
Then, the post-n process X(n + -) converges to a stationary version X* of X
when ¢ — . The possibility of the point 1 ending in a given cycle interval of
length x should be proportional to x, and the relative number of such
intervals is P(7 € dx), which (together with the “normalization” [ xP(r € dx)
= m) gives us (4.8). Given the length of the picked cycle, it should behave as
an ordinary cycle, i.e., (4.9) should hold. Finally, the picked point should lie
uniformly within its “length-biased” interval (corresponding to the U in
Proposition 4.1), independently of everything else.

Suppose that t has a density. In that case, (4.8) states that the ratio of the
density of T'(0) to that of 7 is x/m. Hence, if the r.v. 7 is a.s. bounded above
by the deterministic finite constant a, say, the ratio will be bounded above by
a/m. It is well known (see, for example, {21])) that the boundedness of the
ratio permits one to generate the r.v. 7(0) via acceptance-rejection (given an
algorithm to generate ordinary regenerative cycle lengths with the distribu-
tion of 7). A similar analysis is valid without assuming the existence of
densities, in particular when 7 is a discrete r.v.
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Combining this acceptance-rejection idea and Proposition 3.1 leads to the
following algorithm for generating the stationary version X* corresponding
to X:

Algorithm D. (Generating a Stationary Version X* When the Cycle Lengths
Are Bounded, 7 < a < < a.s.)

.letne<«1

. Generate X over [T(n — 1), T(n))

. Generate V,, a uniform r.v. on [0, 1]

.IfaV, <1, gotob;
else let n « n + 1 and return to 2

. Generate U, a uniform r.v. on [0, 1], and let X*(¢) « X(T(n — 1) +
Ur, +t),t = 0.

O DD =

ot

Note that 7%(0) = (1 — U)r, and that the probability of acceptance at step
4 of the above algorithm is m /a; the expected number of times that the test
at step 4 is executed is therefore a/m.

Algorithm A implies that the class of wide-sense regenerative processes
with cycle lengths bounded above by a fixed constant form a uniformity class.
Because of the intimate relation between regenerative processes and recur-
rent Markov chains, it is also clear how to translate this into a result about
Markov chains.

Unfortunately, it is only rarely the case that the cycle lengths of a regener-
ative process are bounded (but see Example 7.2 for an interesting exception).
However, [27] provides us with the tools necessary to develop a second
interesting class of wide-sense regenerative processes for which generation of
the stationary version X* is possible.

PROPOSITION 4.2. Assume m < «. Then X* is a stationary version of X if
there exists an associated random time B such that

1
P(Bedx) = ZP(T>x) (4.10)

and
P(X*(t+ ) |B=¢t)=P(X(t+")c |r,>t) (4.11)

for each x,t > 0.

Note that (4.10) states that 8 has the stationary age distribution (or the
stationary excess life distribution) for the wide-sense regenerative process X;
see p. 116 of [4]. Thus, (4.11) basically asserts that the stationary version X*
can be obtained by conditioning the original process X in such a way that the
cycle currently in progress has the appropriate stationary age distribution.

The key to applying Proposition 3.2 to simulate X* is the ability to
generate the r.v. 8 from the distribution specified by (4.10). We say that the
stationary age distribution is simulatable if such variable generation is
possible. Proposition 3.2 immediately establishes the validity of the following
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algorithm:

Algorithm E. (Generating a stationary version X* when the stationary age
distribution is simulatable)

Generate a r.v. 8 with distribution (4.10)
Let n < 1

Generate X over [T(n — 1),T(n))

If r, > B, go to 4;

else let n < n + 1 and return to 2

5 Let X7(1) « X(T(n — D+ B+1¢),t=0.

LoD

Note that T*(0) = 7, — B. If B = x, the probability of acceptance in step 4
given B = x is P(r > x), so that the expected number of times N the test at
step 4 is performed is

% 1 % 1 1 = 1
[0 m—)@(ﬁde) —fo P(r > x) mP(T>x)dx—/;) mdx—oo
(unless the support of  is bounded, say « is the supremum, then we get a /m
precisely as in Algorithm D). Thus typically Algorithm E has an infinite
expected sample size. This indicates that applications that require repeated
use of Algorithm E (see, for example, Section 6) will in practice have enor-
mous sample sizes, whereas the problem is less serious if the algorithm is
only used once, for example when starting a long simulation run, and is a
strictly stationary way to eliminate bias. (It is tempting to circumvent the
problem by generating B in step 3 instead, but this idea does not lead to
the correct distribution of X*.)

Note that the r.v. IV does not represent an extreme instance of an r.v. with
a heavy-tailed distribution. Suppose for example that 7 has a geometric
distribution (see Examples 7.4, 7.5) or, more generally, that P(r > x) < e **
for some « > 0. By Jensen’s inequality,

E[N?IB=x] <E?’[NIg=x] =P(7>=x) "

for p < 1, and hence

o 1 x 1—
EN? = [[E[N7|B=x]P(Bedr) < —[ |P(r>x) " dx
0 m o

1 .=
< ~/ e P gy < oo,
mJg

One may also note that once 8 = x has been picked in step 1, the conditional
expected sample size 1/P(r > x) is finite.

One might initially expect that the only case when the stationary age
distribution is simulatable is that where the stationary distribution of X is
known in closed form, in which case one can simulate the stationary version
X* from this distribution explicitly. This, however, is not the case; see
Examples 7.3 and 7.4 for nontrivial applications of Algorithm E.

Algorithm B implies that the class of wide-sense regenerative processes
with a given simulatable stationary age distribution is a uniformity class.
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It turns out that Algorithms D and E can, in fact, be extended beyond the
setting of wide-sense regenerative processes. Variants of these algorithms
can be developed for synchronous processes; see Thorisson [28] for details. A
synchronous process is one in which the “cycles” form a stationary sequence,
but where the dependency structure between cycles can essentially be arbi-
trary. These processes arise naturally as Palm versions of stationary point
processes; see [24]. Because it is not clear to the authors how this would show
up in a simulation context, we don’t discuss this further here.

Recent research indicates that the class of regenerative processes such that
P(r > t) < g(t) for a known integrable function g is a uniformity class, which
would be a rather satisfying answer in terms of how few special properties
are actually required to generate a stationary version. Our study of this case
involves an application of Keane and O’Brien’s ongoing research [18], and will
be published elsewhere.

5. WEAK UNIFORMITY CLASSES

We start by showing that, for a certain class of Markov chains, one can
calculate a priori estimates on the rate at which the system converges to
steady-state, and thereby construct e-stationarity detection times, which are
deterministic. In the finite state space setting, estimating the convergence
rate essentially amounts to calculating a bound on the eigenvalue of K
having the second largest modulus; since this is the parameter that deter-
mines the rate at which the nth power of an irreducible transition matrix
converges to its limit. In any case, given an upper bound on the rate at which
the system converges to steady-state, we can choose a time 7" so that the total
variation distance to the steady-state distribution is arbitrarily small. The
deterministic time 7' can then be used in (2.3) to obtain an appropriate
uniform bound on the total variation distance.
We say that a transition kernel K satisfies a (A, ¢, m) minorization if

K™"(x,") = rA¢(r), x€S8. (5.1)
Here 0 < A < 1, ¢ is a probability distribution on S, and m = 1 an integer
(K™(x, B) denotes the probability that the chain X moves from x to B in m
transitions). Some discussion of condition (5.1) is given in Remark 5.1 below.

The following result is well-known and straightforward to show via coupling
(see, e.g., [22]):

PROPOSITION 5.1.  If K satisfies a (A, ¢, m) minorization, then K €.# and

sup || K"(x, )-me ()] < (1 = )"/ (5.2)

xeS
Tt follows that by choosing n sufficiently large, we can make (1 — M)!*/™!

arbitrarily small. This immediately proves that one can construct determinis-
tic e-stationarity detection times for the above class of systems.

THEOREM 5.1. Fix A > 0 and m = 1, and let .# be the family of transition
kernels defined on S such that K satisfies a (A, ¢, m) minorization for some ¢.
Then M, is a weak uniformity class, and T(€) is an e-stationarity detection
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time when T(e) is chosen as the least integer n having the property (1 —
/ml <,

We will see later (Example 7.3) that .#; is a uniformity class. In order to
achieve strict stationarity (rather than e-stationarity), we will use random-
ized stopping times (rather than the deterministic times of this section).

Remark 5.1. Condition (5.1) is closely related to the Doeblin condition
studied, for example, in Chapter 5 of [10] (it is easy to show that condition D,
stated on p. 221 of [10] implies (5.1)). In the discrete state space setting, (5.1)
is equivalent to requiring that the m-step transition matrix have a column in
which the elements are uniformly bounded away from zero (in the case of a
finite S, (5.1) holds for some (A, ¢, m) if and only if the Markov chain is
aperiodic and irreducible). Typically, we would expect (5.1) to hold when S
is compact and K(x, A) satisfies some continuity requirements [in fact, in
(6.1) we may, preliminarily, for a fixed x take m = m(x) where there is
positive probability of coupling to the stationary version in m steps starting
from x (cf., Lemma 2.2 of [5]); by continuity, the same m will then serve in a
neighborhood of x, and by compactness, a finite m will do for all x].

It turns out, that the class of chains for which deterministic detection times
work uniformly well over all possible initial distributions v is precisely
described by the set of kernels K satisfying (5.1). This follows by the
following partial converse to Theorem 5.1: suppose that for 0 < € < 1/2 there
exists a deterministic time T(€) = n such that |P, (X, € ) — wg()| < € for
each x € S. Then there exists (A, ¢, m) such that K satisfies a (A, ¢, m)
minorization. The proof is easy and therefore omitted.

One difficulty with applying Algorithm D of Section 3 is that it requires
that the cycle lengths be bounded. Very few regenerative processes have this
property, although the class of (s, S) inventory systems is a notable exception
(see Example 7.2 for further details). It is worth noting that, in general,
boundedness of the regeneration times does not imply the existence of a
deterministic stationarity detection time T'; see [15] for a discussion of the
class of chains for which such deterministic times exist.

On the other hand, one might hope that the application of an appropriately
derived truncation technique to the cycle length distribution would enable
one to use Algorithm E to construct estationarity detection times. The
development of such a methodology is given in the Appendix, where we show
the validity of the following algorithm:

Algorithm F. (Generating an e-stationarity detection time 7T'(€) when an upper
bound y on Er?*! is known)

1. Calculate a = a(e) = (4y/e2)1/?
2. Let n < 1
3. Generate X over [T(n — 1), T(n)
4. If 1, < a, go to 5;
else, let n < n + 1 and return to 3
. Generate V,, a uniform r.v. on [0, 1]
IfaeV,<71,,g0t07;
else, let n < n + 1 and return to 3
7. Generate U, a uniform r.v. on [0, 1], and let T(e) « T(n — 1) + Ur,

oy Ot
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Thus, the class of regenerative processes with Er?"! <¢ is a weak
uniformity class

6. FURTHER DISCUSSION

An underlying theme of Sections 2 through 5 is that the tail of the distribu-
tion of the cycle length  plays a critical role in whether one can construct
e-stationarity times. In particular, we have positive results for

—finite-state Markov chains (stationarity detection r.v.’s are constructed in
Algorithms A, B, C);

—wide-sense regenerative processes with bounded cycle lengths (Algorithm
D constructs stationarity detection times);

—wide-sense regenerative processes with simulatable stationary age distri-
bution (Algorithm E constructs stationarity detection times);

—wide-sense regenerative processes with bounded ( p + 1)th moment of the
cycle length (Algorithm F constructs e-stationarity detection times).

On the other hand, our principal negative result (Theorem 2.2) arises in a
setting in which no control whatsoever is placed on the behavior of the cycle
length distribution.

The critical role of the tail behavior of the cycle length distribution in
developing initial transient detection algorithms comes as no surprise, given
the intimate relationship between this tail behavior and rates of convergence
for regenerative processes (see, for example, [26]).

One obvious question of interest to the simulation analyst is whether the
ability to generate a stationary version of the process can be used to obtain a
variance reduction in the context of steady-state simulation. In particular,
suppose that X = {X(¢)},,, is a real-valued regenerative process in the

classical sense (with iid. cycles) for which E[Y? + r?] <, where Y, =
J1&2 11 X(s)l ds; to avoid trivial cases, assume that X is not constant (X(¢) =
a). Letting «4(¢) denote the time average (sample mean) ¢!/} X(s) ds, it is

well known that

. 1 1 o
ay(1) " @ = EX*(0) = —EY, = —n—liEfOX(s) ds.

The conventional approach for estimating the steady-state mean « is to use
a4(t) as point estimator, and under the conditions stated,

VE(ay(t) — a) 3 o, N(0,1), t— o, (6.3)

where o = EZ2/m, Z, = [;* (X(s) — ) ds.

However, the ability to simulate a stationary version of the regenerative
process suggests the following alternative estimator, a,(¢). Assume that the
cycle lengths are bounded and that Algorithm D is used to find a stationarity
detection time T(0), then EX(T\(0)) = EX*(0) — a. Let A, = X(T(0)), pro-
ceed to the next cycle and execute Algorithm D a second time to produce a
second independent copy A, of A,. In this way, the simulation of X over
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[0, ¢] will produce a random number x(¢) of i.i.d. copies A, A,,..., A ., of
X7 0y and we can therefore let

1 x()
ay(t) = | oy B A X =1
0 x(t) =0

Under our moment assumptions, it follows that (see [16]) a,(¢)*3 @, and

Ve (ay(t) — a) 5 oy N(0,1), t— o, (6.4)

where oy = Var X ,,-E7”, and 77 is the amount of time for which X needs
to be simulated in order that a copy of X7 , can be calculated (77 is the sum
of the cycle lengths up to the first accepted cycle; the notation indicates that
% may be thought of as a regeneration point; cf., the proof of Proposition 6.2
below). The following result is shown in the Appendix:

PRrROPOSITION 6.1. For any regenerative process satisfying the conditions of
Algorithm D, one has of > o

Thus, one never obtains an efficiency improvement by favoring a,(¢) over
a,(t) (note that o also can be interpreted as the variance per time unit in
regenerative simulation; hence, Proposition 6.1 also gives a comparison with
that method). This may not appear surprising, as «,(¢) throws away a great
deal of information that is incorporated in a,(¢). Nevertheless, a more
sophisticated idea will indeed produce variance reduction:

ProposITION 6.2. Under the assumptions of Algorithm D, there exists a
constant b (depending on X) such that the estimator ag(t) = (1 — ba,y(¢) +
ba,(t) satisfies

VE(as(t) —a) D agN(0,1), t >, (6.5)

with ol < o?. Furthermore, b can be consistently estimated, i.e., there exists
b*(t) such that b*(t) can be evaluated from the simulation in [0,t] and
b*(t)*='b, t = =, and then (6.5) holds with a,(t) replaced by (1 — b*(¢))a;
(1) + 5 () ay(t).

The evaluation of b and the construction of 5*(¢) is given in the proof (based
upon a slightly tricky application of linear control variates) in the Appendix.
It will also be seen that unless one has a process with a very special
dependence structure, the strict inequality o5 < o holds. The construction
is, however, somewhat complicated; it is also the feeling of the authors that
the variance reduction that can be obtained in this way will seldom be very
substantial. Further, even though the control variate idea carries over to
Algorithm E when simulating a fixed number of cycles of generic length 7%,
the corresponding estimator can never compete with «,(¢) when we discuss
efficiency in terms of the simulation run length ¢, since E7# = o.

As a consequence, we do not believe that the main simulation contribution
of this paper lies in the area of variance reduction. Rather, the focus is on the
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initial transient problem. The idea is to produce estimators with lower bias,
without adversely affecting the asymptotic variance or the length of the
simulation. Our results contribute to this by giving insight into how to
construct a random time T'(e) such that the post-T'(e) process is close
to stationarity. The estimator

1 .
a,(t) = —t—fOX(T(e) +8)ds

will typically have better bias characteristics than «,(¢), without affecting
the asymptotic variance (since Vt(a(t) — a) % o;N(0,1) as t - «) or the
order of magnitude of the length of the simulation for large ¢.

A second important possibility that the results of this paper create is the
ability to use simulation to numerically calculate upper bounds on the rate of
convergence of a stochastic system to its steady-state. Such upper bounds are
currently of great interest to the probability community; see, for example, [3].
As stated earlier, in the finite state Markov chain setting this is tantamount
to using simulation to numerically calculate an upper bound on the second
eigenvalue A of the transition matrix of the chain. In this case, A may often
be available by other means, but for even slightly more complicated processes
the difficulties are formidable (e.g., for queues this convergence rate is
related to the concept of relaxation time, see [4] Ch. II1.10). What we can
do is to use the method of coupling (see, e.g., [4], Ch. VI.2, for some basic
discussion and [22] for a more comprehensive treatment) to numerically
calculate the rate of convergence. The idea is to simultaneously simulate both
a stationary version X* and the nonstationary version X of the process (the
techniques of this paper would be used to generate X*), in such a way that
the coupling time is finite—by coupling time we mean a random time «
with the property that X(#) = X*(¢), ¢ > . For a positive recurrent Markov
chain with a finite or countably infinite state space S, we may start by
simulating X* and X independently, take k to be the first n such that
X, = X*, and let the processes be identical after k—whereas for nonMarko-
vian processes or processes with a continuous component of the state space,
slightly more intricate procedures may be needed (see, e.g., Example 6.1
below). In any case, the tail of the distribution of k gives an estimate of an
upper bound on the total variation distance between the distributions of the
stationary and nonstationary versions,

IP(X(2) € ) — P(X*(t) € )| < 2P(x > t), (6.6)

and by simulating i.i.d replications «, ..., ky of x, we can calculate empirical
bounds on P(x > £).

The ability to generate a stationary version of the process can have
additional benefits as well. For example, one can estimate quantiles of the
stationary distribution by generating i.i.d. samples of the process in station-
arity (in much the same way as a,(#) is constructed). The generation of
confidence intervals for quantiles in the i.i.d. setting is less complicated and
more straightforward than that in the dependent context, although it is likely
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that the asymptotic variance of this new estimator is worse than that of the
traditional one. More generally, traditional steady-state estimators like a;(#)
only capture features of the one-dimensional distribution, which does not
always tell the whole story; see the discussion in Whitt [31].

7. EXAMPLES

Example 7.1. We give some estimates indicating how the run length of
the recursive Algorithm C may depend on the number s of states of the
Markov chain {X,}. A difficulty is that this run length in general appears to
depend on the transition probabilities k,, in a complicated way, and so it may
be difficult to make comparisons for different values of s. Here we consider
an extremely simple example, a chain that goes to any other state with equal
probabilities (thus k,, = 1/(s — 1) for i # j, k,, = 0). By the “run length” [,
we understand the expected number of steps of {X } that need to be gener-
ated before Z = Z'® is observed.

Consider first the version of the algorithm where one state at a time is
added. That is, in Algorithm C, F is a one-point set. Let n, denote the run
length needed to create Z4> when A has ¢ elements. Due to the special
structure of the %, , n, does not depend on A, and obviously n; =0, n, ={,.
Now let G have ¢ elements and F one, say i. To create T'¢’, Algorithm C goes
through the states in G in succession, creates one step of {X,} at a time, and
observes whether the next value is i. The expected amount of time required
for this to turn out successfully is s — 1. Then Z'“ is generated, and the
algorithm stops strictly later than at the time when the observed value of
Z'@ ig the state from which a transition to i occurred. The probability of this
last event is 1/(¢ — 1), and thus n,.; > (s — 1 + n,X¢ — 1), from which it
follows that ny, > s — 1, ny = n,, ny > 2n,, ny = 3n,, and thus

l,=n,>(s— DL (7.7)

Now assume instead that the recursive step is carried out by letting ¥ and
G be of the same order of magnitude. For convenience, let s = 2" and let m,,
denote the run length needed to create Z‘4’ when A has 2% elements.
Assume that F and G both have 2% elements. An upper bound on the run
length needed to create 7@ is 2% (the number of states in G) multiplied by
the expected number of steps needed to create an event in the Poisson stream
with intensity ZJ(G)/\%“LG’. Arguing as above, this number is

Thus

N

mk+1—<—2'2k( 9k +mk)2k+mka

ACM Transactions on Modeling and Computer Simulation, Vol. 2, No. 2, April 1992



Stationarity Detection - 149

where the last m, comes from step 11 of Algorithm C. Letting mj} =
max{m,, (2% — 1)/2*}, it follows that m, < 2V*2, m¥,, < 22¥*5m} and thus

lyn = my < mi < 2N(N+1)+3Nmsf < QNZ+5N+2
Substituting s = 2%, this upper bound is
452 elog(sl"“/(l“gz’z) — 4g5g208logs
so that “doubling up” of states leads to
I, = O(s>les), (7.8)

which is clearly much better than the lower bound (7.7) obtained by adding
one state at a time.

For processes with a special structure for the transition graph, these
estimates can be improved somewhat. Assume, for example, that S =
{1,...,s = 2"} and that it is known that {X,} has birth-death structure. That
is, ku is only nonzerofor j=i —lorj=1+ 1wheni=2,...,s — 1, when
i=0only for j=0o0r j=1, and when i =s only for j =5 or j=s — 1.
Proceeding again by doubling up the number of states, this leads to Algorithm
C being applied for F, G neighboring intervals of length 2* (k = 1,..., N — 1).
However, when generating 7};, we need not search all states of G to watch for
a transition to F, but only the state neighboring to F. If all nonzero entries of
K are 1/2, wy is uniform on S, and we can argue as above to get

My, =22+ my)2% + m,.

Asymptotically, this is easily seen to lead to I, = O(s1%'°%) The exact
values for small N are given in the following table:

N1 2] 3] 4 5 6 7 8 9 10
s(2] 4| 8| 16 32 64 128 256 512 1024
m,, |[4| 28| 268 | 4588 | 151.468 | 9.845.548 = 9.8 - 10%| 1.3 -10°| 3.3 - 101 | 1.7- 104 | 1.7 - 10V

A further possibility for reducing the run length is that «(S,) may be
known for some partitioning of S, § = §; + - +S,, so that we can first
select one of the S; with the known probabilities and next generate only Z5.
An example would be random environment models with S, the event that the
environment is in state 7, which would typically have a known steady-state
probability.

Note that the deterministic algorithms (say Gauss elimination) for comput-
ing 7 typically have complexity O(s®); however, as discussed in the Introduc-
tion, they alsc require more detailed knowledge of the transition function
than the simulation analyst may want to impose.

Example 7.2. This example serves two purposes, the first to provide a
nonartificial example of a regenerative process with bounded cycle length and
the second to illustrate the use of coupling to estimate the rate of convergence
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to the steady-state. We considered an (s, S) inventory system with s = 0,
S = 1 and a demand process which is a superposition of a deterministic unit
rate and a compound Poisson process with arrival rate 8 and jumps which
are uniformly distributed on (0,1/2). Thus, X drifts downwards at a unit
rate between jumps and is instantaneously reset to 1 whenever (—o, 0] is hit,
which may occur either continuously at zero {no jump) or through a jump of
size exceeding the present level X(#) of stock. Note that if no arrivals occur in
[u,u + 2), we have X(v— ) = X(u) — z (mod 1). The cycle length 7 may be
taken as the time spent between consecutive visits to state 1. The process is
Markovian, but simple explicit formulas for the stationary distribution
enabling X*(0) (and thereby X*) to be simulated by standard methods, are
not available. However, since 7 < 1, we are in a position to apply Algorithm
D. For example, a coupling time between a stationary version X* and a
version X with arbitrary initial conditions can be constructed as follows:

Algorithm G. (Generating a coupling time « of a (s, .S) inventory system)

1. Generate the length g = 7*(0) of the first cycle {X"(¢£)}, _ 7+, of X™ by
Algorithm A; let Y* « 1.

2. Generate X over the time interval [0, T*(0)] by independent simulation;
let Y « X(T*(0)), t < T*0).

3. Generate Z, an exponential r.v. with rate 8;
let t < t+Z, Y=Y —-Z(mod1),Y* < Y* —Z (mod 1)

4. IfY<Y* letaeY*—3,beY;
elseleta « Y~ L, b Y*

5. Generate V, V*, independent r.v.’s on (0, 3);
let Y « Y-V, Y*e<Y*-V*

6. Ifa<Y<banda <Y*<bh,let k¢
else return to 3

We took 8= 1and B = 2, and repeated the experiment 500 times for each
value of B. Figure 1 gives the empirical values L7°° I(x, > ¢)/500 of the
survival probabilities P(x > ¢) giving an upper bound on the rate of conver-
gence to stationarity, cf., (6.6), and shows the expected tendency of slower
coupling (lower rate of convergence to stationarity) when 8 = 1. A simple
measure of this tendency is also the observed empirical means of «, which
were 5.34 and 1.49, respectively. Roughly, we may also conclude that the
process has become, for all practical purposes, stationary at time ¢ =
10 when B = 1; whereas the corresponding ¢-value is probably much higher
when B = 2. Note, however, that coupling methods typically produce only
upper bounds and that the interpretation of estimates relating to the cou-
pling epoch «, for this and other reasons, seem to require some care (in our
opinion, not least when the mean Ex is studied!)—no matter whether such
results are obtained from theory, as say in [2], [3], and [1] or from simulation
experiments as in the present work. Our point here, however is not to discuss
these issues, but only to point out that in some cases simulation presents a
feasible approach.

Example 7.3. For a simple yet nontrivial case where one can actually
simulate a r.v. having the stationary age distribution, cf., Algorithm E,
consider the M /G /1 queue. If the queue discipline is FIFO (first in first out),
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Figure 1

enough is known about the steady-state distribution to allow a stationary
version of the system to be simulated. For example, if the service time is
phase-type [23], then so is the steady-state waiting time V ([23]), and hence
straightforward to generate as initial value for the simulation. In general, we
may use the Pollaczek-Khintchine formula vZ R, + -~ +R,, where N is
geometric with rate p (the traffic intensity) and R,, R,,... are ii.d. with
common density (1 — B(x))/u, where B is the service time distribution
and w its mean; typically, this density will be simulatable given a specific
form of B.

Of course, in the FIFO case the need to simulate at all is questionable.
However, if instead we are dealing with some other work-conserving disci-
pline, such as some variant of processor-sharing or priority queueing, it will
only rarely be the case that full information on the steady-state distribution
is available. Then note that, by work conservation, the cycle length 7 has the
same distribution as for the FIFO case. To generate an r.v. § having
the stationary age distribution as required in step 2 of Algorithm B, one
simply starts a stationary FIFO system and let B be its first stationary cycle
length, noting that the stationary distributions of the age and the excess life
of the cycle are the same.

Example 7.4. Our purpose here is to present a further nontrivial case
where one can actually simulate an r.v. having the stationary age distribu-
tion, cf., Algorithm E. We take {X,} as a discrete time Harris recurrent
Markov process, say with state space S and n-step transition probabilities
K"(x,A) = P(X, € A|X, = x) on which we impose the minorization (5.1).

The splitting argument for Harris chains (see [4] for the theoretical back-
ground and [13] for the simulation implementation) now states that following
each n = 0, m,2m,..., we may let a regeneration occur at time n + m w.p.
A. In this way we obtain the distribution of the zero-delayed cycle length 7 as
geometric on a lattice, P(r = im) = e(1 — €)* !, i = 1,2,... . From this it
follows that the stationary age distribution is given by

e(1 — e)i71
P(T*(0) =im +j) = — i=1,2,..., j=0,1,...,m— 1,
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which is of a form allowing for straightforward computer generation. When
m > 1, this is a wide-sense regenerative process that does not (in general)
have i.i.d. cycles (they exhibit dependence).

Example 7.5. Consider the M/G/s/N loss system, that is, an s-server
system with Poisson arrivals at rate «, service time distribution B, and
allowing at most N customers in the system at any time; new customers
arriving when N are present are lost. The queue discipline is work-conserving,
but otherwise arbitrary. This model will serve in part as a concrete illustra-
tion of the idea of Algorithm E, and in part to illustrate the phenomenon of
continuous time but lattice-cycle-length distribution.

For simplicity, we take N = s. The states x of X(¢) can then be taken to be
of the form (u,,...,u,,0,...,0), where £ = 0,...,s is the number of cus-
tomers present and there are s — k& zeros.

We need to impose a mild condition on the tail of B, namely

B(z +y,)

B(2) > 0, z >z, (7.9)
for some 8 > 0, z,, v, < «. For example, (7.9) holds if liminf 6(z) > 0 where
b(z) is the failure rate of B at z. With m =z, + y,, it immediately follows
that the probability B(z 4+ m)/B(z) of service termination before m, given z
units of service, has been attained and is bounded below by 8 for all z > 0.
By a time transformation, we may assume m = 1. Let p(x) denote the
probability that, starting from X(0) = x, no new customers will arrive in
[0, 1] and that all customers present at time 0 will have terminated service at
time 1. That is,

k B(u, + 1)

— ,— B
p(x)=e ZUI Bw)

It follows immediately that p(x) = e #8* = €, where € = e #5° is > 0 and
independent of x.

The following algorithm describes how to generate a regenerative cycle,
with the cycle length distribution being geometric on the lattice {1,2,...},
Plr=i)=e(l -y LY i=1,2.. .:

Algorithm H. (Generating a regenerative geometric cycle 7 of a M /G /s /N loss
system)

1. Lett < 0, x < (0,...,0).
2. Simulate {X(s)}; ., . ;4 starting from X(¢) = X
let P=p(X), X « X(¢+ 1)t < ¢+ 1.
3. If X+#1(0,...,0), return to 2;
else, go to 4
4. Generate V, a uniform r.v. on [0, 1];
if V<e/P,let 7 ¢
else return to 2.

To simulate the first stationary cycle of the system, construct 8 in step 1 of
Algorithm E by simulating B,, W where P(8,=i)=€(l — €)1, i=
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1,2,..., and W is uniform on (0, 1), and putting B « B, — W. The rest then
follows Algorithm E, using Algorithm H to simulate the cycles of the zero-
delayed process.

8. APPENDIX: PROOFS

PRrROOF OF PROPOSITION 2.2. Because w is not a unit point mass distribu-
tion, there exists a probability distribution v # @ such that = and v
are equivalent (i.e., share the same sets of probability zero). Hence, P, ;
(T = 0) = 1 so that P, x(X, € -) = v(-). Since v #+ m, this implies that T is
not a stationarity detection time for K, yielding a contradiction. O

PRrOOF OF PROPOSITION 2.3. Assume that Z is a e-stationarity detection
rule in the class #{K®) associated with the randomized stopping time o,
and choose 0 < 8 < 1/2 such that 2(1 — ) > €. Let A be some large integer
to be specified later, and define K‘© e #(K®) by

R i<A
ki) = a+ (1 - a)k® i>a,i=j,
(1-a)k® i>A i #]

0<a<1lFor0<ac<l,write o' = @z and P® = Py y, for the Py
distribution of {X,}, starting from X, =0, and let 7= infln > 1: X, = 0}.
Then, letting M = max{X,: 0 < n < o}, it is easy to see that

1
Er > ——PO(M > A), (8.1)
1-wo
71 r—1
@ N N 0 . .
77',( = [E(a)T[E( )ngol(Xn =i) = [E(a)T[E( )ngo‘l(Xn =1), 1 <A (8'2)

(here (8.1) follows because K‘® adds a number of “self-loops” in states
i > A). In particular, (8.1) converges to « and (8.2) to 0 as « 11, and hence,
for some «, we have 7*X({0,..., A} < 6/2. Choose A such that PO(Z <
A M<AY>1-8/2. Since PNZ <A M <A)=PWZ <A M<A), by
construction, we get

Pz e y—m@O) 2Pz < A) — w=({o0,..., AD]
=PE(Z < A) - 70,..., A})
>PCNZ <A, M<A) - w'{0,..., A}

o1 ) 0
i e
Z( 2 2) ¢

(using & < 1/2 in the second step), a contradition. O
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Proof that Algorithm F is valid. Suppose that the cycle length 7 is not
bounded by the constant a, and consider the r.v. T,/(0) having distribution

xI(0 < x < a)P(7 € dx)

E[r;0 < 7 < a]

P(T(0) € dx) =

We note that the r.v. 7,(0) can be generated by looking at the subsequence of
the 7s for which 7, < @ and then applying to the subsequence the “length-
biased” acceptance-rejection technique of Algorithm A (see step 4). If (4.9) is
in force, then (for any measurable set B):

|P(X'(UT/(0) + -) € B) — P(X* € B)|
—|P(X'(UT}(0) + -) € B) — P(X'(UT'(0) € B)]

[PLX (UL + ) € Blr, = t](P(TL(0) € dt) — P(T'(0) € dt))
0

< [IB(T;(0) € dt) ~ P(T'(0) < dt)|
4]

_ [ ! " e d Lpired
_fox([E[T;OSTSa]*E (7€ x)+/;;(7€ x)

E[7;0 < 7 < a] E[7;7> a]
+

m m
2E[ 77> a]
Er )

We further note that if Er > 1, then

E[7;7> a]
Er
E[7Y2 - 712](7 > a)]
- Er
EV2%-EY2%[7;7 > a]
< I (Cauchy-Schwarz)
T
Er-EY?[7;7> a] )
< r (since E7 > 1)
T

=FV%r;7>a],

whereas (8.3) is bounded by E[7; 7 > a] if E7 < 1. But,
Elr;7>a] < E[(7/a)’r;7>a] <a PErP*+L.

Suppose that an upper-bound y on Er?*! can be computed. Then, for any
positive € < 1, we can choose a = a(e€) as in step 1 of Algorithm F. By doing
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so we guarantee that

2 sup|P(X'(UT/(0) + ) € B) - P(X* €B)| <e. O
B

PROOF OF PROPOSITION 6.1. Obviously, 7% is the sum of the cycle lengths
up to and including the first accepted cycle, and since a/m is the acceptance
probability, it follows by Wald’s identity that E7# = Er-a/m = a. Also, it is
standard (or seen by a simple conditioning argument based upon Proposition
3.1) that

1 [ .«
Var X*(0) = Var Xy 4, = E[E[f (X(s) — a)® ds}.
0

Thus,

EZ? 1 [ . 2
ok = ml = [E[fO(X(s)——a)ds],

m

2 __ % # _ @ T 2
o2 = Var X*(0) - Er* = —[E[ (X(s) — a)’ ds.
m Jq
However, let ¢ be fixed and let U be uniform on [0, ¢]. Then
[E[(X(U) - a)Z\X] > E2[(X(U) - @)|X]  conditionally upon X,
(8.5)

2
%fot(X(s) —a)ds > H[;(X(s) - &) ds] ,

2

fOT(X(s) ~ a)ds|,
(8.6)

a-IEfOT(X(s) —a)ds > {E[TfoT(X(s) ~ a)? ds] > F

where (8.5) follows by Cauchy-Schwarz (equality in the last step of (8.6)
would imply X(¢) = a for all ¢ € [0, 7), which is impossible because we have
excluded the case X(¢) = a). Inserting (8.6) in (8.4) completes the proof. [

PROOF OF PROPOSITION 6.2. Let T#(1) = 7f = 7%, let T#(2) be the sum
of the cycle lengths up to and including the second accepted cycle, 77 =
T#(2) — T*(1), and so on. Then the T#(n) are regeneration points for X
(obtained by randomized stopping of the initial regeneration points) and
there are y(¢) of them before ¢. Let — denote averaging from 1 to x(¢),
and put

7
#,
z¥ = [T X(s)ds, al(t) = =.
Jrr” X OB
Then the (Z#, 7, A), i =1,2,..., areiid., af(¢) is a regenerative estima-

tor, and it is standard that «f(#) and «,(¢) are asymptotically equivalent, in
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the sense that the difference is o(y?¢). Thus, in the proof, we may replace
a{t) by af(t).

Let AZ,7)=2/7,g(Z,7,A) =1 —b)f(Z,7) + bA and let f,, f, and g,
g., g4 denote the partial derivatives evaluated at (EZ*,E7#) and (EZ*, Er7,
[ A), respectively. Then

o (t) =g(Z",7%), of(t) =f(Z%,7%, A),
F(EZ* E-*) = g(EZ*, Er*, EA) = «,
and applying the Delta method shows that asymptotically,
ay(t) = a+ f(Z* — EZ*) + (7% — Er7),
a(t) = a+gy (ZF —EZ") +g,(77 — E7%) + gu(A — EA)
a+ (1=b)(f,(Z* —EZ*) + f,(7* — Er?)) + b(A — EA).

Il

Interpreting A — f,Z% — f.7# as a control on f,Z* + f.7%#, standard results
on linear control variates show that taking

COV(fZZ# +frT#’ A _sz# ‘fTT#)

b= Var(A — f,2% — f.7%)

will ensure o7 < o2, and that we will have ¢? < ¢ unless the covariance in
the definition of b vanishes; if for no other reason than that because of the
randomization in step 5 of Algorithm D, we find it hard to think of examples
where this can happen.

To obtain an estimator b#(¢) of b, just estimate the 3 X 3 covariance
matrix of (Z* 7%, A) by the empirical covariance matrix (as when doing
regression adjustment for linear eontrol variates). Note that

1 EZ*
fZ:W’ fT:_[EZT#
can be estimated by inserting the empirical means. Insert these estimates in
the definition of 5. 0O
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