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In financial markets traders often protect their position from a significant decline by using a
trailing stop. Assume the trader is long the market (owns the security). A trailing stop is an
order to sell the security at the market, if the price of the security drops to the stop price. The
stop price is always less than the market price when the stop is entered. As the price fluctuates,
the stop is raised to remain a fixed distance from the maximum price at which the security
trades. In this paper we consider two models for the price process: a discrete time random walk
and continuous time Brownian motion, both with positive drift. For these price processes we
compute the distribution, mean, and variance of the gain to the trader as well as the duration
of the trade when a trailing stop strategy is used. Also discussed is the question of optimizing
the distance from the current price to the stop.

(Brownian Motion; Financial Securities; Geometric Brownian Motion; GI /G /1 Queue; Itd’s Formula;
Random Walk; Reflecting Brownian Motion; Regenerative Processes; Stochastic Differential Equation)

1. Introduction

A common trading maxim is to ““cut your losses and let
your profits run.” To implement this policy traders often
use what is called a trailing stop. Suppose a trader buys
a security for $100 in hopes that it will appreciate in
price. At the time of purchase he enters in the market
a stop order to sell at $95, say. In this case the stop
order becomes a market order if the security trades at
$95 or lower. The market can gap down through the
$95 level, but the sale price is normally close to $95. In
placing this stop order, the trader is limiting his loss to
approximately $5. Now as the security trades, the stop
order is moved to $5 below the maximum price attained
by the security. Since the maximum price is never less
than $100, the stop order can never be less than $95.
The trade will be “stopped out”” whenever the price of
the security suffers a $5 “draw down’ from its peak
price. Being stopped out is essentially guaranteed. This
procedure has also been called “trading the line.” The
questions we address in this paper involve the distri-
bution and moments of the gain to the trader in follow-
ing this strategy as well as the duration of the trade.
Also of interest is the optimal value of the distance to
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the stop, $5 in the above example. This model can of
course be inverted to handle short selling.

We shall study both discrete and continuous time
versions of the price process. In the discrete time version
we assume that the price process is a random walk: the
sum of independent, identically distributed (i.i.d.) ran-
dom variables (r.v.s). Since we have in mind the case
of an appreciating security, we shall be principally in-
terested in random walks with positive one-period ex-
pected price change. It turns out that this problem is
closely related to the behavior of the waiting time pro-
cess for the stable single-server queue. For the special
case of a simple random walk (price changes of +1 with
probability p and —1 with probability ) explicit for-
mulas can be derived for the quantities of interest. Par-
tial results can also be obtained for more general random
walks.

In the continuous time version we assume the price
process is given by a Brownian motion process with
mean price change per unit time of ¢ and variance of
price change per unit time of o*. With this price process,
explicit formulas can be derived for the quantities of
interest. A geometric Brownian motion price process can

0025-1909/95/4106/1096$01.25
Copyright © 1995, Institute for Operations Research
and the Management Sciences

Copyright © 2001 All Rights Reserved



GLYNN AND IGLEHART
Trading Securities Using Trailing Stops

also be handled if the stop criterion is changed from a
fixed drop ($5) to a percentage loss.

This paper is organized as follows. Section 2 contains
the analysis of the discrete time model and §3 of the
Brownian model. Section 4 is devoted to optimizing the
distance to the stop, $5 in our example.

2. Discrete Time Model

In this model the security only changes price at a discrete
set of equally spaced time points, for example, every
week, day, or five minutes. Assume that the security is
purchased at time 0 at price P, = 0. Let Y, denote the
price change in the kth time period, where the r.v.s
{Y: k= 1} arei.i.d. We are principally interested in the
case where EY; = » > 0. The price at the end of period
n is

P=Y +:+++Y, n=1

The maximum price achieved by the security up to time
n is given by

M,=max{P:0<k=<n},

The trading strategy to be used is a trailing stop L (>0)
units lower than the maximum price reached by the
security up to the current period. Thus the trade will
be stopped out at the end of period 7 if and only if M,
—L<Pfork=0,1,...,n—1,and M, — L = P,. We
let

T(L) =inf{n>0: P, <M, — L},

the number of periods before the trade terminates. Each
time the price process reaches a new high, the stop is
raised by the difference between the new high and the
previous high. Let R, denote the total amount the stop
has been raised up to the end of period n. The draw-
down of the trade at the end of period 7 is given by D,
= M, — P,, the amount the trade has lost relative to its
best level to date.

As we mentioned above, this model is closely related
to the general single-server queueing model, GI/G /1.
To display this relationship, let X, = =Y, (k = 1), 5
=(0,and S, =X, + - -+ + X,, n = 1. Observe that

D,=M,—P,=S5, —min(5:0=<k=<n), n=1
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In queueing parlance D, represents the waiting time (in
queue) or delay time for customer 1, where the X;s are
differences of service and interarrival times. Hence T(L)
is the first time the waiting time process equals or ex-
ceeds level L. The assumption that » > 0 implies that
EX; = u < 0 and that the queue is stable.

The process { D,: n = 0 } is a regenerative process and
is conveniently analyzed by decomposing its sample
paths into i.i.d. regenerative cycles. Each such cycle be-
gins at a random time point n for which D, = 0. Since
u < 0, there will be an infinite number of such times
which we denote by 0 = Ny < N; < N, < + -+, Let n,
= Ny — Ni_1, k = 1. Each N, corresponds to a period
where the process {S,: n = 0} makes or ties an all-time
low. This in turn means that the price process {P,: n
> 0} makes or ties an all-time high. Every time the price
makes a new high we raise our stop. The amount by
which the stop is raised is —(Sy, — Sw,_,) = i which is
the length of the kth descending ladder height in ran-
dom walk theory, or in queueing theory the length of
the kth idle period.

To continue the analysis, let

N(L)=sup{k=0: N, <T(L)},

the number of times the stop is raised before time T(L).
Define

M, =max{D;: N;_; <j < N},

the maximum drawdown between the (k — 1)st and
kth times the price process makes or ties an all-time
high. Since the regenerative cycles are i.i.d., the r.v.
N(L) has a geometric distribution given by

P{N(L)y=k} = (v(L)'s(L), k=0,1,...,

where y(L) = P{M; <L}, and §(L) = 1 — y(L). The
amount the stop is raised before the trade terminates is

Rray =11+ -+« +iyg

and the total gain on the trade is G(L) = Ry — Dr).
In the Bernoulli case, Dy, = L. However, with more
general distributions for the X;s, Dy, may jump over
L. In the latter case, D7, will typically be close to L.
Our goal is to compute the distributions and moments
for T(L) and G(L). A sample path of the price process
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is shown in Figure 1, illustrating being stopped out at
time T(L) with a gain of G(L).

ExampPLE 1. Consider the Bernoulli case for which
Y; = +1 with probability p and Y; = —1 with probability
g =1 — p. Converting to the queueing interpretation,
X; = +1 with probability g and X; = —1 with probability
p.Letr, =inf{n>0:S,=k},0=<k=<L,and P,{-}
denote the conditional probability of some event given
the random walk {S,: n = 0} starts in state x at time 0.
The following probability is well known; cf., Ross (1983,
p. 116):

a(l)y= Py{r <714}

1/L, P=1
- 1__@& £ 1
=/pt P

This is simply the probability that the random walk
{S,: n = 0} hits state L before it hits state 0, given 5,
= 1. To analyze the regenerative cycle structure we note
that three types of cycles can occur before time T(L).
First, we have B, cycles in which n, = 1 and i = 1. In
this case the stop would be raised one unit in the security
problem and the trade is not stopped out. Second, we
have B, cycles in which n, > 1 and M, < L. Here the
trade is not stopped out and the stop is not raised, i;
= 0. Finally, there is one final cycle for which n, > 1
and M, = L; the trade is stopped out and the stop is not
raised. The total gain on the trade G(L) = B, — L
= —Srq)- Let B(L) = 1 — a(L). First we compute the
distribution of B:
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= [k
P{Bl=l}=qa(L>kz=I(k_l)
PN (g8, 120
© (m o+l
- gawp' 3 (" )aswy”

= ga(L)p'(1 — gB(L) "

__qe(l) ( 4 )’
1—gB(L) \1—4gB(L)
So B, has a geometric distribution with mean and vari-

ance given by

P

E{B,} = 7aL) and
2 _ p(1 —gB(L))
B = et

We then have immediately the mean and variance of
the gain G(L):

N
E{G(L)} _qa(L) L and
) _ p(1 - g8(L))
a*{G(L)} (qa(l)?

The fact that My, has a geometric distribution is con-
tained in Problems 15 and 16 on p. 79 of Karlin and
Taylor (1975).

To compute the mean of T(L) we use the fact that
G(L) = —Srq, and Wald’s equation to conclude for p
# g that

E{T(L)} = E{G(L)}/(p — 9)- (2.1)
Forp=4q=13,
E{G(L)} =0, ¢*{G(L)}=L+L? and

E{T(L)} =(L+1L%/2;

the latter expression is obtained by applying L'Hospital’s
ruleto (2.1)asp/q—> 1.

ExaMPLE 2. This example treats the trading problem
associated with the M /M /1 queue. For this queue the
interarrival times are exponential with parameter A and
the service times are exponential with parameter u, with
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A < u. The density of the X;s is a two-sided exponential
given by

A
a e, x=0
Atpu
fx](x)= A
E_en x<o.
A+ u

The discrete analog of our continuous Brownian price
process (see §3) is a price increment that is normally
distributed with positive mean and fixed variance. This
two-sided exponential distribution is similar to the nor-
mal but with heavier tails, in keeping with previous
models that have been suggested in the financial liter-
ature. It has the further asset that explicit expressions
can be obtained for quantities of interest. For this queue
the function y(L) = P{M,; < L} is known and given by

1 _ pe—xL
Ly=s ——F—,
’Y( ) 1 . pZE—KL
where p = A /u and « = p — XA; see Iglehart and Stone
(1983) for this result. In this model the is are i.i.d.
exponential with parameter A. For this example we can
represent the gain as

G](L) = il + iz + o0 + iN(L) - (L + e(L)),

where ¢(L) is the amount of the overshoot of L at the
time the process {D,: =0} first exceeds L. For this model
the ascending ladder heights, H,, have a defective
density Ae™** for x > 0; cf., Feller (1971, p. 193). The
value of the defectis 1 — p, which we arbitrarily assign
to the value 0 to create a distribution with mass one.

The defect is the probability that the downward
trending random walk has reached its maximum. The
conditional distribution of HY, given Hf > 0, is ex-
ponential with parameter u. Hence the overshoot ran-
dom variable is the excess over L in a renewal process
with interrenewal times which are exponential with pa-
rameter u. The loss of memory property of the expo-
nential leads to the fact that e(L) is also exponential
with parameter u. Since the random variable i; + - -
+ iyq) is determined by the first N(L) cycles and e(L)
is determined by cycle N(L) + 1,i; + + -+ + iyq)and
e(L) are conditionally independent given N(L). Also
the random variable N(L) is independent of the idle
times iy, i,, .. . . Now we can easily compute the mean
and variance of G(L):
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E{G(L)} = NE{N(L)} — (L + u™)
=A"y(L)/6(L) — (L+ p7') and
o?{G(L)} = E{N(L)}o?{i,}
+(E{i)20N(L)} + 2
= y(L)/N%(L) + v(L)/N*6*(L) + u2.

Observe also that the stop is raised N(L) times with
E{N(L)} = %(L)/8(L) and ¢*{N(L)} = v(L)/5*(L).
As in Example 1, we can use the fact that G(L) = — Sy,
and Wald'’s equation to conclude that

E{T(L)} = —E{G(L)}/E{X:}
= YrE{G(L)} /(1 = N).

An expression for y(L) is available for the M/G /1
queue (Cohen 1969, p. 606) and for the M/PH /1
queue (Asmussen and Perry 1991). With some effort
the computations for M/M /1 given above could be
obtained for M/G/1 and M/PH /1.

ExaMPLE 3. For the general GI /G /1 queue and cor-
responding trading model, we can obtain a limit theorem
for L = 0. Recall that

G(Ly= (i1 + i+ « -« +iygy) — (L +e(L)).

We need to know the behavior of §(L) = P{M, > L}
as L = co. However, we know under certain regularity

conditions on the moment generating function of X,
that

O(L) ~ [(1 — E{e*n})/xuE{n,}]e

(see Iglehart 1972, Lemma 1). It is easy to see that
as L - oo, 6(L) = 0, 6(L)e(L) = 0, and 8§(L)N(L)
= exp(1), an exponential random variable with pa-
rameter 1. Now write

i]+i2+ A +ZN(L)

N(L)

= (6(L)L + &(L)e(L))
= E{i;}-exp(1).

S(LYG(L) = ( )5(L)N(L)

This concludes our discussion of the discrete model,
and we turn to the continuous time version involving
Brownian motion.
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3. Continuous Time Model

We now turn to a continuous time price process formed
from standard Brownian motion, {B(t): t = 0}, with
B(0) = 0. For finite u and ¢* > 0, we take as our price
process P(t) = ut + ¢B(t), t = 0. Note that P(0) = 0.
As for the discrete model, the trader will be stopped
out of the trade whenever the price drops below the
maximum price attained by L units. To continue the
analysis we define the following processes:

M(t)=sup{P(s):0<s=<t},
T(L)=inf{t = 0: P(t) < M(t) — L},
G(L) = P(T(L)) = M(T(L)) - L,

X (t) = oB(t) — ut,
m(t)=inf{X(s):0<s=<t}, and
D(t) = M(t) — P(¢).

As in our discrete model, D(#) denotes the drawdown
at time ¢. Using the fact that Brownian motion, { B(#):
t = 0} has the same distribution as { =B(t):t = 0}, we
can write

D(t) = sup{us + oB(s): 0 <s <t} — ut — oB(t)

RS

sup{us — oB(s): 0 <s =<t} — ut + oB(#)

sup{—X(s):0=<s=<t}+X(¢)

= X(t) — m(t),
where 2 denotes two processes with the same distri-
bution. (The process Z = {X (t) — m(¢): t = 0} is what
Harrison (1985, p. xii), refers to as regulated Brownian

motion.)
Now let

I(t) =sup{X(s):0=<s=<t},

where x~ = max(0, —x). The quantity I(t) represents

the local time in the interval [0, ¢] corresponding to Z

= 0. In our security model I(t) also represents the

amount the stop has been raised in the interval [0, ¢],

that is locked in profit. We also have the representation
Z(H)y=X(t)+I(t), t=0

(see Harrison 1985, p. 18). From above we see that
T(L) 2 inf{t = 0: Z(t) = L}.

Since L will remain a fixed positive number throughout
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this section, we shall drop the Lin T(L) and G(L). Since
Z is a Markov process, we can let P,{-} = P{-| Z(0)
=z}and E,;{-} =E{-] Z(0) = z}. Our first task is to
find the Laplace transform of T. Harrison (1985, p. 95,
Problems 3 and 4), discusses this transform. We derive
the transform here as the method of proof will be used
later.

ProPOSITION 1. For A > 0, let u be a twice continu-
ously differentiable function on [0, L] satisfying the differ-
ential equation

g
S — ' =y =0
2u uu u

with X > 0 and boundary conditions u'(0) = 0 and u(L)
= 1. Then,

u(x) = E.{exp(—AT)},
is the Laplace transform of T for Z(0) = x.

O<x=<L

PROOF. Let
v(t, Z(t)) = exp(—A)u(Z(t)).

Then using the product rule for differentiation and It6’s
formula we obtain

dv(t, Z(t)) = —\ exp(— M) u(X (t))dt
+ exp(—A)[odB(t) — udt + dI(t)]
<u'(Z(1))

2

+ exp(—xt)f'z—dtu"(zu))

or in integrated form

v(t, X(t)) —v(0, Z(0))
=£ exp(—)\s)[% u"(Z(s))
— uu'(Z(5)) — Mu(Z(s)) |ds

+ o fot exp(—As)u'(Z(s))dB(s)

+ J: exp(—As)u'(Z(s))dI(s).

The first term is zero, since (¢?/2)u” — uu’' — Au = 0,
and the last term is

MANAGEMENT SCIENCE/Vol. 41, No. 6, June 1995

Copyright © 2001 All Rights Reserved



GLYNN AND IGLEHART
Trading Securities Using Trailing Stops

u'(0) J: exp(—As)dI(s),

since I increases only when Z(-) = 0. However, because
u'(0) = 0 this term also vanishes. We are left with

v(t, Z(t)) — v(0, Z(0))

= aft exp(—=As)u'(Z(s))dB(s).  (3.1)

The integral on the right-hand side above is a martin-
gale, since it is an Itd integral with respect to standard
Brownian motion, { B(t): t = 0}. We wish to apply the
optimal stopping theorem to this martingale. Since u is
twice continuously differentiable on [0, L], u'(Z(s)) is
bounded for 0 < s < T. Thus

Ex{fm(exp(—xs)>2u'<X(s)>2ds]

=< KI:",({J(;OL exp(—2>\s)ds] < 0.
Hence we can apply the optional stopping theorem to
the right-hand side of (3.1) and conclude that
E{v(T,Z(T))} = v(0, x) = u(x).
So,
u(x) = E, {exp(=AT)u(Z(T)}.
But Z(T) = L and u(L) = 1, thus
u(x) = E,{exp(—AT)},

We proceed now to solve the differential equation
given in Proposition 1. A trial solution of the form u(x)
= exp(rx) leads to the equation

O0<x<L. 0O

[gz—z- 12— ur — A]u(x) =0.

Setting the bracketed term equal to 0 yields two distinct
roots:

B Vu? + 2ho?

7= + and
Vg2 o3
T i U
2 0'2 0'2 ’

Thus our solution # becomes

u(x) = A exp(r;x) + B exp(rx).

MANAGEMENT SCIENCE/Vol. 41, No. 6, June 1995

To fix the boundary conditions, note that
u'(0)=rnA+nB=0,
u'(L) = exp(riL)A + exp(r,L)B = 1.
Solving this pair of simultaneous equations, we have

§)

A= d
r1 exp(r,L) — r, exp(riL) an

"
B = .
r1 exp(r,L) ~ r, exp(r,L)

Finally, the Laplace transform of T for initial state x
=0, u(0), is

n—n
i exp(r,L) — ra exp(riL)

Eo{exp(—AT)} = (3.2)

To compute E;{ T} we can either differentiate the La-
place transform of T or use the fact that
P(T)=M(T)—-L=G(L). (3.3)

Since { P(t): t = 0} is assumed to be a (u, ¢%) Brownian
motion, we have for every t > 0 ‘

Eo{P(T A t)} = uEo{T At} + oE;{B(T A t)}
= pE{T A t}.

We let t > +00, and note that by monotone conver-
gence Eg{T A t} = E{T}. Next use the inequalities

Eo{[P(T A £)|} = Eo{|X(T A )}
< E{|Z(T A )|} + Eo{I(T A 1)}
<L+ E{M(T)} < oo (3.4)

plus dominated convergence to conclude from (3.3) and
(3.4) that
rE{T} = Eo{G(L)}.

Finally, we have
L L
Eo{T(L)} = — [exp(B) — 1]~ —.
uB p

Next we seek the Laplace transform for M(T ), which
is equal to the gain G(L) except for a factor of —L. Note
that for initial state Z(0) = 0, M(T) = I(T).

PROPOSITION 2. For A > 0, let u be a twice continu-
ously differentiable function on [0, L] satisfying the differ-
ential equation

1101
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2
g
?u”—uu’=0

with boundary conditions u'(0) — Au(0) = 0 and u(L)
=1.Then, for0 <x <L,

u(x) = E;{exp(=M(T))},
and thus
u(0) = Eo{exp(=AM(T))}.
PrROOF. Let
v(t, Z(t)) = exp(—A(1))u(Z(t)).

Then following the procedure used in Proposition 1,
we obtain

dv(t, Z(t)) = exp(— M (t))(—MI{t))u(Z(t))
+ exp(— M (t))du(Z(t))
= —Au(Z(t)) exp(— N (t))dI(t)
+ exp(— N (t))[odB(t) — pdt + dI(t)]
-u'(Z(8)) + exp(—M(t))%dtu"(Z(t))

or in integrated form

v(t, Z(T)) — v(0, Z(0))

2

=f0' exp(—M(s))[";u"(Z(s»—uu'<2(s)> ds
+ aff exp(—M(s))u'(Z(s))dB(s)

+_L exp(—A(s))[u'(Z(s)) — Mu(Z(s))]dI(s).

The first term is zero since (0?) /2u” — pu' = 0, and the
last term is zero since I only increases when Z(-) = 0
and u’(0) — Au(0) = 0. This leaves

v(t, Z(t)) — v(0, Z(0))
i1
= af exp(— A (s))u'(Z(s))dB(s),
0
a martingale. From here the argument follows that used
in Proposition 1. 0O

To solve the differential equation given in Proposition
2 we again try a solution of the form u(x) = exp(rx).
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Then 6%2%/2 — ur = 0,s0r = 0 and r = 2u/c?.
Therefore,

u(x) = A + B exp(2ux/d?).
Since u'(0) — Au(0) = 0 and u(L) = 1, we have
2Bu/o? — NA+B)=0 and
A+ Bexp(2ul/c?) = 1.
Solving for A and B yields
4= 2u/a*— \
Mexp(2uL/o?) = 1)+ 2u/q?
B= A .
Mexp(2uL/62) — 1) + 2u/ o?

and

Hence,
u(0) = Eo{exp(—AM(T))}

2u[o*(exp(2uL/a?) — )]
2ufo?(exp(2p/0®) — )]+ N

This Laplace transform reveals that M(T) is expo-
nentially distributed with parameter 8 /[exp(8) — 1]L,
where 8 = 2uL / o2, This result is known in the literature.
Karatzas and Shreve (1987, p. 429, Eq. (4.16)) estab-
lished the result for p = 0 as an application of the
Feyman-Kac formula. Athreya and Weerasinghe (1989,
Theorem 2 ) extended the result to more general reflect-
ing diffusions by a method different from the one used
here. The proof given here is different and included for
the sake of completeness. The mean and variance of
the gain, G(L) = M(T) — L, are given by

E{G(L)} = L{(exp(8) ~ 1)/B — 1]
and
a?{G(L)} = L’[exp(B) — 1]*/8*.

Now we turn to two ways of computing discounted
rewards. First, suppose that the reward from a trade is
earned at the end of the trade, namely, at time T. Then
the discounted reward, R;(L), is given by

Ry(L) = exp(—pT)[M(T) — L],

where p > 0 is the discount factor. On the other hand,
if the reward is earned continuously in time as the stop
is raised, the discounted reward, R,(L), is given by
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Ry(L) = J; exp(—ps)dM(s) — L exp(—pT).

We would like to obtain the expected value of both
Ry(L) and R;(L). The next two propositions are directed
to that end. (Note that from Proposition 1 we already
have the value of E;{exp(—pT)}.)

ProposITION 3. For p, 8> 0, let u be a twice contin-
uously differentiable function on [0, L] satisfying

2

o

—u"—pu' —pu =20
> " p

with boundary conditions u'(0) — Bu(0) = 0 and u(L)
=1, Then, forO=x <L,

u(x) = E.{exp(—pT — BI(T))}.
PROOF. Let
v(t, 1(t), Z(1)) = exp(—pt = BI(t))u(Z(t)).
Then using Itd’s formula results in
du(t, I(t), Z(t))

= (—pdt — BdI(t)) exp(—pt — BI(t))u(Z(t))
+ exp(—pt — BI(t))
[odB(t) — pdt + dI(t)]u'(Z(t))

+ exp(—pt — BI(t)) % dtu"(Z(1))

or in integrated form (after using the boundary con-
ditions)

v(t, I(t), Z(t)) = u(Z(0))
+ afo exp(—ps — BI(s))u'(Z(s))dB(s).

Again using the optimal sampling theorem and u(L)
= 1, we obtain the desired conclusion. O

We solve the differential equation in Proposition 3
using the same method applied above and find that

u(x) = A exp(rix) + B exp(rx),

where
I Vu? + 2p0?
12 =;5+_“‘—02 ’ (3.5)
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_x Vi + 200
rz—;‘——;z—, (3.6)

A= —(r2 = B)/[(rn — B) exp(r,L)
= (r, — B) exp(r,L)], and
B = (r—B)/[(r1 — B) exp(r,L) — (r, — B) exp(r,L)].
Since u(0) = A + B,
Eo{exp(—pT — BM(T)} = A + B.

Differentiating with respect to 8 and setting 8 = 0 yields
an expression for Eo { M(T ) exp(—pT)}. This together
with the expression for Ey{exp(—pT} gives the value
of Eo{Ri(L)}.

PROPOSITION 4. For p > 0, let u be a twice continuously
differentiable function on [0, L] satisfying
< w —pu' —pu=20
7 U P
with boundary conditions u'(0) = —1 and u(L) = 0. Then,
for0<x<L,

u(x) = EX{J;T exp(—ps)dl(s)] .

PROOF. We proceed as in Proposition 1 by setting

v(t, Z(t)) = exp(—pt)u(Z(t)).
From the proof of Proposition 1, we see that

v(t, Z(t)) = v(0, Z(0))

¢
+ (IJ; exp(—ps)u'(Z(s))dB(s)

+ u'(0) J: exp(—As)dI(s).

Now applying optimal sampling as in Proposition 1, we
see that

E{e™"u(Z(T))}

= u(x) — Ex“; exp(—ps)dl(s)] .

Since Z(T) = L and u(L) = 0, we have the desired
conclusion. [J

Solving the differential equation in Proposition 4 we
find that
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u(x) = A exp(ri1x) + B exp(r2x),
where r;, and r, are defined in (3.5) and (3.6),
A=[rexp((rn—1r)L)—r]", and
B = —A exp((r1 — 12)L).
Since u(0) = A + B, we have

Eo[fr exp(—ps)dM(s)}

_ exp(r;L) — exp(r.L)
r, exp(r2L) — ro exp(riLl)

This expression together with Eq { exp(—pT) } from (3.1)
gives the value of Eq{R,(L)}.

4. Optimizing the Stop Parameter
In the previous sections we have treated L, the distance
from the current price to the stop, as a fixed parameter.
Here we explore various criteria that could be used to
select an optimal value of L. In this section we consider
only the continuous time model of §3.

Let

a=2u/c*> and vy =a/(exp(al)—1).

Recall that the gain, G(L), is an exponential random
variable with parameter v, minus the constant L. So its
mean for u # 0 is given by

E{G(L)} = [(exp(al) = 1)/ea] — L.

For u = 0, it is easy to show that the function satisfying
the conditions of Proposition 2 is

(4.1)

u(x) = (1 + Ax)/(1+ AL).

In this case the exponential parameter y = 1 /L.

When p > 0 (and hence « > 0), Equation (4.1) shows
that E{G(L)} grows exponentially in L. Thus if the cri-
terion being optimized is to maximize E{G(L) } the ob-
vious solution is to select L* = oo; that is, to effectively
not use a stop. If the criterion is to maximize E{G(L)} /
a{G(L)}, the conclusion is the same; namely, L* = co.
Of course, when L* = o, the trade in progress never
ends. A value of L* = oo represents a trader with very
deep pockets, unrealistic in practice. The value L* = oo
is a consequence of the price process drifting up at a
linear rate, ut, and the standard deviation of the fluc-
tuations being at'/2.
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What motivation might the trader have for selecting
a finite L*, 0 < L* < o0? We suggest several:

(4.2) a utility function which places an extremely
heavy penalty on any losses;

(4.3) a concern that the unknown parameter & might
be negative; and

(4.4) a desire to end the game in finite time.

As an example of where (4.2) comes into play, assume
that ¢ > 0 and we are maximizing the expected utility
of the gain for a utility function given by

w(x) = [exp(—5x) +1,

cx, x>0,

x=<0

where ¢ and § are two positive parameters. Then

E(u(G(LY)} = [ [=e v+ 1)y exp(~vy)dy

+c f:o (y — L)y exp(—vy)dy.

bl
= e (1 — e—(6+7)L)
v+ 0o

+1—e "™+ cy et (4.5)

Observe that for « > 0, y(L) ~ a exp(—al) as
L - . Using this fact in (4.5) shows that the
lim;—.,, E{u(G(L))} = —oo, provided & 2a. Since
E{u(G(L))} is continuous in L and positive for small
L, the value L* that maximizes E{u(G(L))} must be
finite, if the penalty for losses is sufficiently large,
namely, § > 2a.

As for (4.3), consider the case where « is unknown
but where « has a prior density f. Suppose we wish to
maximize the expected gain

s1) = [ EGW) f(a)da

= fw (e—d-(—;—l)f(a)dx—L.

a0

If the mean of the density f is negative and f places
positive mass on (0, «), it is easy to show that the
optimal L* = 0. Of course, if the mean of f is positive,

* = oo. If fhas supporton (—oo, 0], then L* =0. To
obtain an L* such that 0 < L* < o0, one needs to intro-
duce a utility function that dampens the expected utility
when « is positive and places some conditions on the

MANAGEMENT SCIENCE/Vol. 41, No. 6, June 1995
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Figure 2 S&P 500 Stock Index, January 30, 1992
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density f. This computation would probably have to be
carried out numerically.

Finally, consider (4.4), where the trader wishes to
end the game in finite time. Here the expected dis-
counted rewards, E{R;(L) } and E{R,(L)}, can be used

as an optimization criterion. Both of these criteria de-
pend on the discount factor p, and thus the optimal

L*(p) will depend on p. The computation of L*(p) would
have to be carried out numerically. Using the Cauchy-
Schwarz inequality, the exponential distribution of
M(T), and the Laplace transform of T it is easy to show
that

E{M(T)exp(—pT)} >0 as L—>

for sufficiently large p. This shows that L*(p) for criteria
E{R,(L)} must be finite for sufficiently large p. The
same conclusion holds for criteria E{R,(L)} using the
explicit expression for E{R,(L)}.

5. An Example of Trailing Stops
The model described above is a highly idealized model
for trading financial securities. Before presenting our

MANAGEMENT SCIENCE/Vol. 41, No. 6, June 1995

example we mention some of the shortcomings of the
model and several implementation issues.

Our model assumes a price process which is homo-
geneous in time: the distribution of price increments is
invariant over time. While this might be true for certain

securities over a short time frame, it is unlikely to be
true globally. The issue of how good the random walk

or Brownian motion processes are in general as models
of price processes needs to be considered.

Given that our random walk or Brownian motion
processes are used to model prices, the trader needs to
estimate the distribution of the price increment for the
random walk model or the values of x4 and ¢2 for the
Brownian motion model. Statistical techniques would,
of course, be required to estimate these items based on
historical values of the price. For the estimation of ¢2
in the Brownian model, an interesting method was re-
cently developed by Rodgers and Satchell (1991). This
method uses only the high, low, and closing prices for
the period in question. Data of this sort is reported daily
by the financial press. Estimating u can be done by tak-
ing the sample mean of increments of {P(¢): t = 0},
since the increments are i.i.d. normal.
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The example illustrated in Figure 2 is the price process
traced out by the Standard & Poors (S&P) 500 Stock
Index during the period November 2, 1991, to January
29, 1992. We have shown the trailing stops for both
long and short positions. Short positions are taken on
November 15 and January 29, and a long position is
taken on December 2. Clearly, trailing stops will work
best in trending markets as opposed to markets confined
to a trading range.’
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