
Derandomizing and Rerandomizing Variance EstimatorsShane G. Henderson Peter W. GlynnDecember 22, 1997AbstractThis technical report is meant to accompany the paper [7] and should be read in conjunction withthat work. It describes several concepts which were alluded to in [7] but not elaborated on.We give algorithms for computing the derandomized estimator, introduce the concept of rerandom-ization, examine heuristically the question of how the derandomized and standard variance estimatorsbehave as the splitting constants get small, and consider the use of the derandomized estimator insequential stopping situations.1 IntroductionIn [7] we described the concept of derandomization for Markov chain regenerative simulations. The purpose ofthis technical report is to discuss the issues we chose to omit from that paper. Speci�cally, we will address fourissues: calculation of the derandomized variance estimator, rerandomization, asymptotics for the variance ofthe variance estimators for small splitting constants, and sequential calculation of the derandomized estimate.In Section 2 we restate our general framework. This section includes a more extensive discussion of thesplitting concept than in [7], as this idea is key to understanding rerandomization.Then, in Section 3, we discuss two algorithms for computing the derandomized estimator. The �rstalgorithm requires O(n2) computational e�ort for a simulation run of length n. The second requires O(n)computational e�ort and is also discussed in [7]. The decrease in computational e�ort comes at the expenseof possible numerical instability. In all of the examples we have considered, instability has not occurred, butwe believe an unstable example could be constructed.In order to obtain a numerically stable O(n) algorithm, we introduce the concept of rerandomizationin Section 4. Instead of computing the derandomized estimator, we compute a rerandomized estimator. Anumerically stable O(n) algorithm is presented for computing the rerandomized estimator. The improvedcomputational properties of the rerandomized estimator come at the cost of some statistical e�ciency, butthe loss is shown through a numerical example to be relatively small.In practice, the splitting constants used to derive regenerations may be extremely small, and so it is ofinterest to see how the derandomized and standard variance estimators behave in such situations. We examinethis question in the context of a speci�c example in Section 5 to show that both estimators asymptoticallyhave variances of the same order, although the derandomized estimator must have lower variance.Our discussion thus far focuses on �xed run-length simulations, when the simulation run-length is deter-mined in advance. Another approach is to run the simulation until some stopping criteria are met. Suchsimulations are termed \sequential" methods. We examine the problem of updating the derandomized vari-ance estimator sequentially, i.e., updating the variance estimator when one further observation is added tothe sample path. The approach we describe is potentially numerically unstable.2 Framework2.1 The process XLet X = fXn : n � 0 g be a Markov chain on a complete separable metric space S. Suppose that Xis positive Harris recurrent, so that X possesses an invariant probability distribution �. Then there is anm � 1, a probability distribution ', and a non-negative function � such that:1



1. Pm(x; �)4=P (Xm 2 �jX0 = x) � �(x)'(�) 8x 2 S;2. RS �(x)�(dx) > 0.De�nition 1 We say that (�; ') is an m-minorization of X if 1 and 2 hold.For the remainder of this section we will assume that m = 1. Let us writeP (x; �) = �(x)'(�) + (1� �(x))Q(x; �); (1)where Q(x; �)4= P (x; �)� �(x)'(�)1� �(x) (2)when �(x) < 1 and (arbitrarily) a point mass at x when �(x) = 1. This decomposition lies at the heart ofthe splitting variable approach to regenerative simulation.2.2 Splitting the Markov ChainThe material in this section is adapted from [9] and [5]. The decomposition (1) suggests generating atransition of the Markov chain from Xn = x in the following way. First, 
ip a Bernoulli rvZn with successprobability �(x). If Zn = 1, generate Xn+1 from ', otherwise generate Xn+1 from Q. The important ideahere is that if Zn = 1, Xn+1 is distributed according to ' independently of Xn. We can simulate X usingthis 2 step process, and when Zn = 1, n+ 1 is a regeneration time.A di�culty with this approach is that when Zn = 0, we must generate random variables from thedistribution Q, which may be a prohibitive task. It turns out, however, that we can avoid doing so. SupposeXn+1 is generated from Xn = x by sampling from the distribution P (x; �). Given that Xn = x, andXn+1 = y, there is some probability that Xn+1 is distributed according to ' (ie Zn = 1). (1) implies thatthe measure �(x)'(�) is absolutely continuous with respect to P (x; �). Hence there is a density w(x; y) suchthat �(x)'(dy) = w(x; y)P (x; dy)and then it is easy to see that P (Zn = 1jXn = x;Xn+1 = y) = w(x; y):This suggests the following approach. SimulateX in any convenient way, generating a sample pathX0; : : : ; XN .Then generate Zn for n = 0; : : : ; N �1 with success probability w(Xn; Xn+1). A regeneration occurs at timen+ 1 if Zn = 1.We may look at the above construction from another point of view, and this will be helpful in section4. We will give a similar development to that in Meyn and Tweedie [9]. We say that B is an atom for aMarkov chain if P (x; �) does not depend on x for every x 2 B. If Xn 2 B then Xn+1 is independent of Xn,so that n + 1 is a regeneration time. The above construction amounts to de�ning a new Markov chain X 0on an expanded state space S � f0; 1g and then noting that S � f1g is an atom for X 0.To be precise, let S0 = S � f0; 1g and let X 0 = fX 0n : n � 0 g be a Markov chain on S0 with initialdistribution �0 and transition kernel P 0(x; �). We will de�ne these measures shortly, but �rst some morenotation. For a given measure � on S de�ne �� on S0 by��(dy; ds)4= � (1� �(y))�(dy) if s = 0;�(y)�(dy) if s = 1: (3)Now, if � is the distribution of X0 then de�ne�0(A� f0g) = �(A) and �0(A� f1g) = 0:Next de�ne P 0 as P 0((x; 0); �) = P �(x; �)� �(x)'�(�)1� �(x) andP 0((x; 1); �) = '�(�):2



X 0 lives on the two-layered space S0. At each transition it moves to S � f1g with some probability,otherwise it goes to S � f0g. If X 0n 2 S � f1g we see that X 0n+1 will be distributed according to '�independently of X 0n, so that S � f1g is an atom for X 0. The �nal observation to make here is that we can\peel o�" X from the \�rst co-ordinate" of X 0. ie. X is a marginal chain of X 0.To conclude this section we describe some of the notation we will use throughout the remainder of thisreport.2.3 NotationLet f : S ! IR be a real-valued function on S. De�ne the long-run average cost by�4=�f 4= ZS f(x)�(dx):Let T0 = 0, let T1; T2; : : : be regeneration times for X and let �k = Tk � Tk�1 for (k = 1; 2; : : :) be theassociated cycle lengths. Let g : S ! IR and de�ne Yk(g) asYk(g)4= Tk�1Xj=Tk�1 g(Xj):At the regeneration times Tk, XTk � ' where ' is the splitting distribution on S and � should be read \isdistributed according to ". De�ne `(n) = supfk � 0 : Tk � ng, the number of regenerations to occur bytime n.De�ne E'(�) as RS E(�jX0 = x)'(dx) and P'(A) = E'IA, the expected value of the indicator function ofA. Standard arguments (see, for example, Chung 1967) establish that if E'((Y1(jf j))2 + �21 ) <1 then�n 4= 1n n�1Xk=0 f(Xk)! � a.s. as n!1;and pn(�n � �) ) �N(0; 1)where ) denotes convergence in distribution. Let fc(x)4= f(x)�� and fn(x)4= f(x)� �n. The constant�2 may be written as �2 = E'(Y1(fc))2E'�1 : (4)Finally let �w(x; y) = 1� w(x; y), where w(x; y) is a density of �(x)'(�) with respect to P (x; �).3 AlgorithmsThe �rst term in the derandomized estimator (see Equation (9) of [7]) presents no di�culty, so we concentrateon the second term, Bn, whereBn = 2n n�1Xj=0 fn(Xj) nXk=j+1 fn(Xk) k�1Yi=j w(Xi; Xi+1): (5)A simple algorithm for calculating this quantity is given by Algorithm 1.Algorithm 1: Calculation of BnB = 0for j = 0; : : : ; n� 1Z = fn(Xj)k = jrepeat 3



k = k + 1Z = Zw(Xk�1; Xk)B = B + fn(Xk)Zuntil (k = n) or (Z = 0)end forBn = 2B=nEnd: Calculation of BnIf w(Xk�1; Xk) > 0 for all k and we work with exact arithmetic, then this algorithm will take O(n2)time to compute Bn. In that case, for large n the e�ort required to compute Vn ultimately dominatesthe computational e�ort devoted to simulating X . We need to adopt a more e�cient approach. We nowoutline an algorithm that runs in O(n) time. It is possible that this new algorithm could exhibit numericalinstability, although that has not been our experience with the approach. In Section 4 an approach will bediscussed that overcomes such potential di�culties.Suppose (for now) that w(Xi; Xi+1) > 0 8i. De�ne�j = j�1Yi=0 w(Xi; Xi+1)for j � 1 and �0 = 1. Then n2Bn = n�1Xj=0 fn(Xj) nXk=j+1 fn(Xk)�k=�j= n�1Xj=0 fn(Xj)=�j nXk=j+1 fn(Xk)�k= n�1Xj=0 fn(Xj)bj=�j say.Now consider the more general case where we do not exclude the possibility that w(Xi; Xi+1) = 0 (i.e., i+1is a regeneration time with probability 1). In this case, many of the terms that comprise Bn are 0. LetU(1); :::; U(r��1) be the indices such that w(XU(i)�1; XU(i)) = 0, and de�ne U(0) = 0; U(r�) = n+1. Thenwe can write n2Bn = r�Xr=1 U(r)�2Xj=U(r�1) U(r)�1Xk=j+1 fn(Xj)fn(Xk) k�1Yi=j w(Xi; Xi+1)= r�Xr=1 U(r)�2Xj=U(r�1) fn(Xj)bj=�j :where �U(r) = 1; for r = 0; 1; 2; :::; r� � 1;�k = k�1Yi=U(r�1)w(Xi; Xi+1) if U(r � 1) < k < U(r); andbj = U(r)�1Xk=j+1 fn(Xk)�k if U(r � 1) � j < U(r)� 1:We therefore obtain the following algorithm for computing Bn.Algorithm 2: Calculation of Bn 4



B = 0for r = 1; :::; r�start = U(r � 1), stop = U(r) � 1if stop > start then (the sum is not vacuous)�start = 1for j = (start + 1), : : :, stop�j = �j�1w(Xj�1; Xj)end forb = 0for j = stop down to (start + 1)b = b+ fn(Xj)�jB = B + bfn(Xj�1)=�j�1end forend ifend forBn = 2B=nEnd: Calculation of BnThis new algorithm runs in O(n) time. Notice however, that in Algorithm 2 we divide certain quantitiesby �j 2 (0; 1), where the �'s are products of w's. If 0 < w(Xi; Xi+1) < 1 for all i, then �j will be small forlarge j. Consider, for example, the situation where w is constant and equal to 10�1. On a machine that canrepresent real numbers between 10�99 and 1099, �j is calculated to be 0 for j > 99, even though its truevalue is 10�j . This means that the above algorithm can exhibit instability. One solution to this problem isto use Algorithm 1 instead of Algorithm 2. This solution is unattractive due to the O(n2) running time ofAlgorithm 1. A second solution is to somehow force w(Xi; Xi+1) = 0 for several i, thereby truncating theproducts that comprise the �'s. (Recall that�k = k�1Yi=U(r�1)w(Xi; Xi+1) if U(r � 1) < k < U(r);so that �k is a product of k�U(r�1) terms. By increasing the frequency of the epochs when w(Xi; Xi+1) =0, we decrease the number of products required to calculate �k. By doing so, we immediately see thatAlgorithm 1 will run in O(n) time owing to the fact that the number of products in the inner loop becomesstochastically bounded. Furthermore, the number of products required to produce the �j 's in Algorithm 2also becomes stochastically bounded, thereby improving its numerical properties. We will show how to forcew(Xi; Xi+1) = 0 in�nitely often (i.o.) in the next section, using a device we call rerandomization.4 RerandomizationThe goal of this section is to derive the rerandomized estimator, and present a stable and e�cient algorithmfor computing it. Let us assume (for now) that the minorization constant m = 1. We will relax thisassumption later in the section. In [7] we showed that the completely derandomized variance estimator isgiven by Vn 4= 1n n�1Xk=0 fn(Xk)2 + 2n n�1Xj=0 fn(Xj) nXk=j+1 fn(Xk) k�1Yi=j w(Xi; Xi+1): (6)This estimator is based on the standard estimator~Vn = 1n n�1Xj=0 fn(Xj)2 + 2n n�1Xj=0 fn(Xj) (T`(j)+1�1)^nXk=j+1 fn(Xk) (7)In [7] we wanted a CLT for Vn, but it was not readily apparent that such a CLT existed, becausein the process of derandomizing, we removed the regenerative structure of the variance estimator. The5



rerandomized estimator �ts between the standard estimator and the completely derandomized estimator inthat it does take some advantage of derandomization while still retaining regenerative structure. Perhapsthe major quality of the rerandomized estimator is that w(Xi; Xi+1) = 0 i.o and the times at which thisoccurs give rise to regeneration times. Let us proceed to an intuitive discussion of rerandomization, followedby the theoretical development.To derandomize the variance estimator we \smoothed over" the transitions of the Markov chain. Imaginenow that we still smooth over a subset of the transitions, but on the others we toss a coin to determine whethera regeneration occurs, just as we did without any derandomization. We will therefore perform somewhere\in between" the standard and derandomized estimators. We will do the coin toss with probability p at eachtransition. It will turn out that the only way that the estimator is a�ected is that the regeneration densityw is altered.Let us describe the estimator and then prove that it is valid. Let p be a value between 0 and 1 whichindicates the degree of rerandomization we require. Every p > 0 leads to an estimator satisfying a CLT.When p = 0 we get the derandomized estimator (6), and p = 1 yields the standard estimator (7). Theestimator is computed as follows.Simulate a sample path Xn for n = 0; : : : ; N as before. Then de�ne the sequence of indicator variablesZn (for n = 0; : : : ; N � 1) by Zn � Bernoulli(pw(Xn; Xn+1)):The rerandomized estimator is then given byVn(p) = 1n n�1Xk=0 fn(Xk)2 + 2n n�1Xj=0 fn(Xj) nXk=j+1 fn(Xk) k�1Yi=j w0((Xi; Zi); (Xi+1; Zi+1)) (8)where �w0 is de�ned as w0((x; z); (y; v)) = ( 0 if z = 1w(x;y)1�pw(x;y) if z = 0We now prove that this representation is correct.Let X be the Markov chain described in section 2. ThenP (x; �) � �(x)'(�) 8x:But since 0 � p � 1 it is also true that P (x; �) � p�(x)'(�) 8x: (9)So let us de�ne the split chain X 0 using (9) as in section 2.2. The set S � f1g is then an atom for X 0.But now we �nd that X 0 also satis�es a minorization condition.Lemma 1 P 0((x; z); �) � �(x; z)'�(�) 8(x; z) (10)where �(x; z) = ( 1 if z = 1(1�p)�(x)1�p�(x) if z = 0Proof: P 0((x; 0); A0) = P �(x;A0)� p�(x)'�(A0)1� p�(x)and P �(x;A0) � �(x)'�(A0)= p�(x)'�(A0) + (1� p)�(x)'�(A0):Moving the �rst term on the right hand side across to the left, and dividing by 1� p�(x) we obtain (10) forx0 2 S � f0g. �(x; 1) is easy to compute. Note that in this case P 0((x; 1); �) = '�(�).6



2So now, what is w0(x0; �), the density of �(x0)'�(�) with respect to P 0(x0; �)? We answer this question inthe following lemma.Lemma 2 If x0 2 S � f1g then w0(x0; y0) = 1. Otherwise x0 = (x; 0) and thenw0((x; 0); (y; z)) = (1� p)w(x; y)1� pw(x; y) : (11)Proof: If x0 2 S�f1g then w0(x0; y0) is a density of '�(�) with respect to itself and therefore 1. To completethe proof, we show that w0((x; 0); (y; z))P 0((x; 0); (dy; dz)) = �(x; 0)'�(dy; dz)where w0 is de�ned as in (11). Suppose z = 1. Thenw0((x; 0); (y; z))P 0((x; 0); (dy; dz))= (1� p)w(x; y)1� pw(x; y) �(y)P (x; dy) � p�(x)�(y)'(dy)1� p�(x)= (1� p)w(x; y)1� pw(x; y) �(y)fP (x; dy)� p�(x)'(dy)g1� p�(x)= (1� p)w(x; y)1� pw(x; y) �(y)fP (x; dy)� pw(x; y)P (x; dy)g1� p�(x)= (1� p)w(x; y)1� p�(x) �(y)P (x; dy)= (1� p)w(x; y)�(x)1� p�(x) �(y)'(dy)= �(x; 0)'�(dy; dz):The case z = 0 is similar. 2In order to apply the results from Section 3 of [7] to X 0 we need to show that the moment conditionsgiven for X also hold for X 0. But this is immediate because � 01 for X 0 is equal in distribution to �1 as wenow show. Given X , we regenerate at time n in the X chain with probability w(Xn�1; Xn). Now let us �ndthe probability of regeneration q((Xn�1; Zn�1); (Xn; Zn)) in the X 0 chain (given X). We will �nd that it isthe same. q((Xn�1; Zn�1); (Xn; Zn))= (1P (Zn�1 = 1jX) + w0((Xn�1; 0); X 0n)P (Zn�1 = 0jX))= (pw(Xn�1; Xn) + (1� p)w(Xn�1; Xn)1� pw(Xn�1; Xn) (1� pw(Xn�1; Xn))= w(Xn�1; Xn):We can now apply the results from Section 3 of [7] to X 0. We then see that (8) enjoys the propertiesthat we showed for (6); i.e., weak consistency, and lower variance than the traditional estimator.We now present an e�cient and numerically stable algorithm for computing Vn(p).Algorithm 3: Calculation of Vn(p)� = 0; Vn(p) = 0for j = 0; : : : ; n� 1� = �+ f(Xj)=n 7



end forfor j = 0; : : : ; n� 1Vn(p) = Vn(p) + (f(Xj)� �)2end forfor j = 1; : : : ; nSet Z 0j�1 = 1 with probability pw(Xj�1; Xj)end forB = 0for j = 0; : : : ; n� 1Z = fn(Xj)k = jrepeatk = k + 1if Z 0k�1 = 1Z = 0else Z = Zw(Xk�1; Xk)=(1� pw(Xk�1; Xk))B = B + fn(Xk)Zuntil (k = n) or (Z = 0)end forVn(p) = Vn(p) + 2B=nEnd: Calculation of Vn(p)When p > 0, notice that the estimator Vn(p) is a regenerative quantity, with regenerative cycles de�nedby the p-regenerations. This observation immediately yields the conclusion that (under appropriate momentconditions) Vn(p) converges almost surely to �2, strengthening our earlier convergence in probability result.This result could prove useful as it is one of the requirements of sequential stopping rules as described inGlynn and Whitt (1992). In fact, for some problems wp(Xk�1; Xk) = 1 i.o. for all p. This occurs when�(Xk) = 1 i.o., which is the case in the setting of Andrad�ottir, Calvin and Glynn (1994), and so Vn(p)converges a.s. to �2 in that case.Using rerandomization with p > 0, we have achieved our goal of forcing wp(Xi�1; Xi) = 0 i.o. Therefore,the amount of computation in Algorithm 3 becomes O(n) and Algorithm 2 is more likely to be stable.However, in Algorithm 2, it is still possible that some of the �j 's may be too small to accurately representnumerically. If this occurs, then the results from the algorithm could be corrupted, and so we advocate theuse of Algorithm 3 in computing the rerandomized variance estimator Vn(p).We now present additional results from the second numerical example presented in [7]. These computa-tional results show that the rerandomized estimators can be computed quickly, and little loss in statisticale�ciency results. The results presented in [7] were for the fully derandomized estimator. Table 1 gives resultsfor the rerandomized estimators, where p ranges from 0 (the derandomized estimator) to 1 (the standardestimator). The time needed to perform the computations (in seconds) is given in brackets together withthe estimates of the variance of the variance estimators. By way of comparison, the simulation itself took76 seconds. Table 1Variances of Variance EstimatorsDerand. Rerand. Rerand. Rerand. Rerand Std.Est. p = 0:2 p = 0:4 p = 0:6 p = 0:8 Est.1.7(175) 1.7 (55) 1.9 (34) 2.0 (26) 2.0 (22) 2.9 (8)In this example, we begin to see that derandomization can be useful. Using the standard estimatorwill result in a variance of 2.9 after 76 + 8 = 84 seconds. Using the rerandomized estimator with p =0:6 results in a variance of 2.0 after 102 seconds. It would appear that in this case it is worthwhile toemploy derandomization. In more complicated simulations in which it is even more expensive to performthe simulation, derandomization is de�nitely worth considering.8



We believe that rerandomization is an elegant concept, and this is demonstrated by the way it can beextended to the case when the minorization constant m > 1. In this case the variance constant is�2 = E'(Y1(fc))2E'�1 + 2E'(Y1(fc)Y2(fc))E'�1 ; (12)the standard estimator is~Wn = 1n n�1Xj=0 f2n(Xj) + 2n n�1Xj=0 (T`(j)+1�1)^nXk=j+1 fn(Xj)fn(Xk)+ 2n n�1Xj=0 nXk=j+1fn(Xj)fn(Xk)I(T`(j)+1 �m < j < T`(j)+1 � k < T`(j)+2); (13)(see [7]) and the rerandomized estimator isWn = 1n n�1Xk=0 fn(Xk)2 + 2n n�1Xj=0 fn(Xj) nXk=j+1 fn(Xk) Yi:j<�i�kw0(X 0�i�m; X 0�i) +2nXi �i�1Xj=�i�m+1 fn(Xj)w0(X 0�i�m; X 0�i)0@ nXk=�i fn(Xk) Yh:�i<�h�kw0(X 0�h�m; X 0�h)1A : (14)The proof is virtually identical to that given for the case m = 1, and so we omit it. The following result isproved exactly as in [7].Theorem 1 If E'(T 21 + Y1(jf j)2T 21 ) <1 then Wn as de�ned in (14) enjoys the following properties.� Wn converges in P' probability to �2.� Under P', the L1 error of Wn is less than that of ~Wn (as given in (13), i.e.,E'jWn � �2j � E'j ~Wn � �2j:� var'Wn � var' ~Wn, and the inequality fails to be strict only when �(X�n�h) 2 f0; 1g 8n, ' a.s.The following result is a central limit theorem for Wn as de�ned in (14).Theorem 2 Suppose that E'(Y1(jfcj)4 + �41 ) <1 and p > 0. De�ne~Wn = 1n n�1Xj=0 f2n(Xj) + 2n n�1Xj=0 (T`(j)+1�1)^nXk=j+1 fn(Xj)fn(Xk)+ 2n n�1Xj=0 nXk=j+1 fn(Xj)fn(Xk)I(T`(j)+1 �m < j < T`(j)+1 � k < T`(j)+2)and Wn = E( ~WnjX 0). Then pn(Wn � �2) ) �2N(0; 1):
9



Proof: Let Ti be given as in section 2. Let T �0 = 0 and set T �j = inffn > T �j�1 : w0(X 0�n�m; X 0�n) = 0gfor j � 1. Let `�(n) = supfk � 0 : T �k � ng. The times fT �j : j � 0g break the sample path of X 0 into1-dependent cycles. Each one of these cycles corresponds to a geometric sum of cycles in the X chain. To seethis, recall that the Bernoulli rv's that we constructed to determine regeneration times in the X 0 chain haveprobability pw of success, whereas those in the X chain have probability w. Thus we see that (if X0 � ')T �j � T �j�1 D=T �1 = NXi=1(Ti � Ti�1)where N is a geometric(p) rv that is independent of the X chain. We can writeWn = 1n `�(n)Xr=1 [ T�r �1Xj=T�r�1fc(Xj)2 + 2T�r �1Xj=T�r�1fc(Xj) T�rXk=j+1fc(Xk)Yi:j<�i�kw0(X 0�i�m; X 0�i)+ 2 T�r �1Xj=T�r�1 fc(Xj) T�r+1�1Xk=j+1 fc(Xk)�j;k]+R�n (15)where R�n is a remainder term and �j;k is 0 if 6 9i : j < �i < j +m and�j;k = w(X�i�m; X�i)I(k � �i) Yh:�i<�h�kw(X�h�m; X�h) � 1if j < �i < j +m.Notice the regenerative structure of (15). The �rst two terms within the brackets are de�ned within onecycle, whereas the last term spans two consecutive cycles. This estimator has structure that is very similarto that of ~Wn (see the appendices of [7]), except that the cycles are longer! The term in square brackets issmaller in absolute value than 2 T�r �1Xj=T�r�1 jfc(Xj)j2 + 2 T�r�1Xj=T�r�1 jfc(Xj)j T�rXk=j+1 jfc(Xk)j+ 2 T�r �1Xj=T�r�1 jfc(Xj)j0@ T�r �1Xk=j+1 jfc(Xk)j+ T�r+1�1Xk=T�r jfc(Xk)j1A= 20@ T�r �1Xj=T�r�1 jfc(Xj)j1A2 + 2 T�r �1Xj=T�r�1 T�r+1�1Xk=T�r jfc(Xk)jD= 20@ N1Xj=1 Yj(jfcj)1A2 + 2 N1Xj=1 Yj(jfcj) N1+N2Xj=N1+1Yj(jfcj)where N1 and N2 are independent geometric(p) rv's which are independent of X . But since geometric rv'shave moments of all orders, and by our moment hypotheses, this quantity has a �nite second moment. Itis straight-forward to show that R�n converges to 0. So the result follows by an application of a CLT for2-dependent sequences, an application of Theorem 20.3 in [2], and the converging together lemma [3]. 25 Asymptotics for Small Splitting ConstantsConsider the minorization conditionPm(x; �) 4=P (Xm 2 �jX0 = x) � �(x)'(�) 8x 2 S:10



In practical examples it is often the case that the best implementable value for �(x) is far from thetheoretical maximum because �(x) is obtained from a series of applications of theoretical bounds, each ofwhich could be somewhat loose [10]. This has the e�ect of reducing the regeneration rate and is the context inwhich we believe our derandomization technique is most useful. So it is of interest to see how the estimatorsbehave for small splitting constants. We will consider a speci�c discrete-time Markov chain and comparethe estimators via an intuitive argument.We will �nd that the variances of the two estimators (standard and derandomized) are of the same orderof magnitude in our special case (although of course the derandomized estimator must have a lower variance).It is our belief that this is also true of the general case, although we have no proof of this claim.Consider a discrete-time Markov chain X = (Xn : n � 0), consisting of iid random variables. ThenP (x; �) � �(x)'(�)where �(x) � 1 and '(�) = P (Xi 2 �). Let us scale �(x) by � so thatP (x; �) � �'(�);and consider the asymptotics of our estimators as � & 0. We will use the true centered cost fc in ourcalculations for simplicity. It turns out that using the estimated function fn does change the results slightly,but does not alter the order of the estimator variances, so we omit the details. As � & 0 the cycles growin length so we must consider our estimators evaluated over a longer period of time. Hence we consider theestimators at time t=�.First consider the standard estimator ~V (n). Let Tj(�) be regeneration times when the (�; ') 1-minorizationis used, so that Tj(�) has a geometric(�) distribution. We have~V (t=�) � �t `(t=�)Xj=1 0@ Tj (�)�1Xk=Tj�1(�) fc(Xk)1A2= 1t `(t=�)Xj=1 0@�1=2 Tj(�)�1Xk=Tj�1(�) fc(Xk)1A2) 1t N(t)Xj=1  Z TjTj�1 �dB(s)!2where �2 = Ef2c (X0), B(s) is standard Brownian motion, N(t) is a Poisson process (rate 1), Tj is the timeof the jth event in the Poisson process, and N is independent of the Brownian motion B. So if we assumeuniform integrability, we obtainvar ~V (t=�)! var 0@�2t N(t)Xj=1 (B(Tj)�B(Tj�1))21A :Turning now to our derandomized estimator, we note thatV (t=�) = �t t=�Xj=0 f2c (Xj) + 2�t t=�Xj=0 t=�Xk=j+1 fc(Xj)fc(Xk)(1� �)k�j : (16)The �rst term in (16) converges to Ef2c (X0) as �& 0. It will be easier to analyze the second term if weconsider the Markov chain X in continuous time and use integrals instead of summations. This primarilyamounts to a notational change, so that the asymptotics will not be a�ected. Denote the second term in(16) by V1(t=�) so thatV1(t=�) � 2�t Z t=�0 fc(Xs) Z t=�s fc(X(u))e��(u�s)du ds11



= 2�t Z t=�0 fc(Xs) Z t=��s0 fc(X(u+ s))e��udu ds= 2�t Z t=�0 fc(Xs) Z t=��s0 fc(X(u+ s)) Z 1�u e�rdr du ds= 2t Z t=�0 �1=2fc(Xs) Z 10 e�r Z (r^(t��s))=�0 �1=2fc(X(s+ u))du dr ds) 2�2t Z t0 Z 10 e�r(B(s+ r ^ t)�B(s))dr dB(s)where the �nal line seems like the appropriate limit, but we have not attempted to prove it. Again assuminguniform integrability, we getvar V (t=�)! var �2�2t Z t0 Z 10 e�r(B(s+ r ^ t)�B(s))dr dB(s)� :So, it appears that in this case both estimators have variance of the same order of magnitude (relativeto �).6 Recursive Updating of the EstimatorWe will discuss this in the case where m = 1. Recall that while discussing the rerandomized estimator, weshowed that the rerandomized estimator converges a.s. to �2. This implies that the rerandomized estimatormight be applied in conjunction with sequential stopping rules. For ease of exposition, we will further restrictourselves to the case where w > 0 a.s. De�ne �k = Qk�1i=0 w(Xi; Xi+1) where an empty product is taken tobe 1. From (6), Vn = 1n 0@n�1Xj=0 f(Xj)2 + 2 n�1Xj=0 nXk=j+1 f(Xj)f(Xk)�k=�j1A� 2�nn 0@n�1Xj=0 f(Xj) + n�1Xj=0 nXk=j+1(f(Xj) + f(Xk))�k=�j1A+ �2nn 0@n+ 2 n�1Xj=0 nXk=j+1�k=�j1A= Ann � �nBnn + �2nCnn say.Now, (n+m)Vn+m = An+m � �n+mBn+m + �2n+mCn+m= nVn + (An+m �An)� (�n+mBn+m � �nBn)+ (�2n+mCn+m � �2nCn)= nVn + (An+m �An)� (�n+m � �n)Bn + �n+m(Bn �Bn+m) + (�2n+m � �2n)Cn + �2n+m(Cn+m � Cn)So to obtain a recursive update formula, we need to be able to maintain the quantities Bn, Cn, and calculatethe di�erences An+m � An etc quickly (it is easy to update �n to �n+m). Since An+m � An throughCn+m � Cn are all similar in structure, we show how to update An+m �An alone.An+m �An = n+m�1Xj=n f(Xj)2 + 2 n�1Xj=0 f(Xj)=�j n+mXk=n+1 f(Xk)�k12



+ 2 n+m�1Xj=n f(Xj)=�j n+mXk=j+1 f(Xk)�k:The �rst and third of these terms present no problems. The second term can be handled in O(m) time ifwe also keep track of Dn 4= Pn�1j=0 f(Xj)=�j . An examination of the quantities Bn+m �Bn and Cn+m �Cnreveals that we can update these values if we also keep track of En 4= Pn�1j=0 1=�j .Hence, it is possible to produce a recursive update which can be calculated in O(m) time. However,the nature of the updating calculations suggests that such an approach could exhibit numerical instability.Although numerical instability has not been observed in the examples we have considered, we believe thatnumerically unstable examples can be constructed, and so the one-pass method suggested by the aboveanalysis should be used with caution.References[1] Andrad�ottir, S., J. M. Calvin, and P. W. Glynn. (1995). Accelerated regeneration for Markov chainsimulations. Probab. Engrg. Inform. Sci. 9 497{523.[2] Billingsley, P. (1968). Convergence of Probability Measures. John Wiley and Sons, New York.[3] Billingsley, P. (1986). Probability and Measure, 2nd ed. John Wiley and Sons, New York.[4] Glynn, P. W. (1994). Some topics in regenerative steady-state simulation. Acta Applic. Math. 34 225{236.[5] Glynn, P. W., and P. L'Ecuyer. (1995). Likelihood ratio gradient estimation for stochastic recursions.Adv. in Appl. Probab. 27 1019{1053.[6] Glynn, P. W., and W. Whitt. (1992). The asymptotic validity of sequential stopping rules for stochasticsimulations. Ann. Appl. Probab. 2 180{198.[7] Henderson, S. G., and P. W. Glynn. (1997). Derandomizing variance estimators. Submitted.[8] Janson, S. (1983). Renewal theory for M -dependent variables. Ann. Probab. 11 558{568.[9] Meyn, S. P., and R. L. Tweedie. (1993).Markov Chains and Stochastic Stability. Springer - Verlag London.[10] Meyn, S. P., and R. L. Tweedie. (1994). Computable bounds for geometric convergence rates of Markovchains. Ann. Appl. Probab. 4 981{1011.
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