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Abstract

This paper studies the departure process from a single-server queue in heavy-traffic over time
scales that are of diffusion time scale, and over time scales that are both shorter and longer than
diffusion time scale. In addition, the paper shows how one can compute the variance of such Brownian
departure processes using stochastic calculus methods. Furthermore, the paper studies the implications
of these results for downstream queues that are fed by such departure processes, and shows that
downstream equilibrium congestion depends on upstream departure variability over the downstream
queue’s characteristic heavy traffic time scale. These results also shed further light on the discontinuity
in departure process asymptotic variability that is known as the BRAVO effect.
© 2023 Elsevier B.V. All rights reserved.
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1. Introduction

When considering the behavior of a network of queues, the departure process from a station
is an object of central interest, since such processes generate the endogenous input traffic to
other stations in the network. For example, the Queueing Network Analyzer proposed by Whitt
[26] uses two-moment approximations to describe the departure processes from stations in a
network to develop numerical approximations to congestion measures within the network. The
study of departure processes has a long history, with early contributions by Burke [2], Finch
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[9], Chang [3], Reich [22], Daley [6], Daley [7], and Vlach and Disney [25]. In this paper, we
will focus on two-moment approximations to the departure process from a single-server station,
framed within the context of heavy-traffic limit theory. We will study this departure process
both for a single-station network and for a two-station tandem network. The latter network is
of particular interest, since it is the simplest network in which one can explore the impact of
the first station’s departure variability on downstream stations.

Our contribution centers on the behavior in heavy traffic, because such heavy-traffic limit
theory arises naturally in the setting of heavily congested networks, and because its associated
mathematical theory allows us to develop Brownian approximations for the departure process
in which the dependence on the mean and variability coefficients is especially visible. In
particular, depending on the time scale at which one is studying the departures, one may see
departure limit distributions that depend on the station’s arrival and service time distributions
only through those of the arrival process (over long time scales), on all the first and second
moment parameters of both distributions (over moderate time scales), or only on variability
characteristics of the arrival and service time distributions (over short time scales). Our theory
is intended to expose the degree to which the choice of time scale affects the way a queue’s
arrival and service time distribution parameters feed into departure time behavior. In particular,
while the departure process of a single station queue in heavy traffic has been studied in
“diffusion time scale” by earlier authors (see, for example, Hanbali et al. [12]), our discussion
in Sections 3 through 5 also encompasses shorter and longer time scales than those studied
previously in the heavy traffic literature.

Another main motivation in this paper is to offer insight into an intriguing phenomenon
identified by Nazarathy and Weiss [18] in their study of the variability of the M /M /1 queue’s
departure process. They showed that when the queue is started empty, the cumulative number
of departures Np(t) over [0, ¢] satisfies

Var Np(t) 1, r#Eu
m ———— = 5
t—~oo ENp(t) 2(1-2), r=np,

where X and p are the arrival and service rates to the queue, respectively. In view of the
fact that the value at the discontinuity is less than 1, this reduction in variability is called the
BRAVO effect, for “balancing reduces average variability of outputs”. For the general single-
server G/G/1 queue with independent streams of independent and identically distributed (iid)
inter-arrival and service times, Hanbali et al. [12] show that

2

cs, rA<pu
. Var Np(?) X
lim ——— =3 (1=2)(2 +c%), rA= 1.1
=0 ENp(f) (2 =) et en, g -
cy, A >,

where ci and ¢} are the squared coefficients of variation of the inter-arrival and service time
distributions, respectively. The second limit relation (1.1) makes clear that balancing need not
necessarily reduce long-run variability.

Nevertheless, it does point to a discontinuity that is worth understanding better. Of course,
the discontinuity appears because of a limit interchange issue, having to do with interchanging
the limit in time tending to infinity with the limit in A tending to w. This regime is exactly the
heavy traffic setting that is studied in this paper. In particular, the various departure process
time scales studied in Sections 3 through 5 clarify the settings in which one can expect to see
the BRAVO phenomenon. These limit theorems show that BRAVO manifests itself for stable
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G/G/1 queues only at short time scales and, even then, only if the system is initialized with
relatively little work. Furthermore it should be noted that even for G/G/1 systems that are in
precise balance, the BRAVO variability behavior is seen only when the system is initialized
with a small amount of work.

As noted above, Sections 3 through 5 clarify the differing behaviors of the departure
process over different time scales, and make clear which system parameters primarily affect
the departure behavior over each time scale. However, our paper makes two additional
contributions:

1. We show how to use stochastic calculus methods to compute the asymptotic variance
parameter for the Brownian limit of the departure process for the perfectly balanced
G/G/1 queue. This was previously derived by Hanbali et al. [12] via an argument based
on using the form of the limit distribution to reduce the calculation to one involving the
known distribution of the maximum of a Brownian bridge. Our approach, discussed
in Section 6, can be extended to more general Brownian departure process settings. In
particular, Theorem 8 provides a new formula for the departure variance parameter when
the arrival and service streams are correlated.

2. We show in Section 7 how the theory of Sections 3 through 5 applies to the downstream
queue in a two station tandem queueing network. We note that such tandem networks
have previously been studied via diffusion limits. In particular, both Harrison [13],
Harrison and Shepp [15] take this perspective. A distinguishing feature of this paper is
that we adopt a multiscale perspective in which we put both stations into heavy traffic,
but allow either the first or second station to be much more congested than the other. To
our understanding, this is the first such multiscale analysis for queueing networks. The
analysis shows that the downstream queue is affected by departure process variability
from the first station that is aligned with the heavy traffic time scale that goes with the
second station. This implies, for example, that when the second station is less heavily
loaded, its equilibrium depends on the first station’s departure process over a time scale
that is short as compared to the first station’s heavy traffic time scale. This translates
into a departure process that behaves as if the server at the first queue is always busy.
So, the equilibrium then has no dependence on the parameters of the arrival process to
the first station.

We believe this multiscale perspective, illustrated in this paper in the two station tandem
network setting, can be useful in other network modeling environments as well.

2. The Brownian approximation for the departure time sequence

We have the choice of studying departures from a queue either via an approximation to the
sequence of departure times, or via an approximation to the departure counting process. We
choose to study the departure time sequence, because it can be expressed directly in terms of the
Skorohod reflection map acting upon the model primitives (i.e. the arrival and service times).
In contrast, the departure counting process involves a more complex interaction between the
Skorohod reflection map and a random time change corresponding to the cumulative “busyness”
process; see, for example, p.146 of Chen and Yao [4]. Consequently, the counting process is
more challenging to represent directly in terms of the model primitives. As we shall see, we
can recover departure counting process approximations from the departure time sequence.
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We now describe the departure time sequence (D(n) : n > 0), where D(n) is the departure
time of the nth customer to arrive to the system. Clearly,

where A, is the arrival time of the nth customer, W (n) is its waiting time (exclusive of service),
and V, is its service time. We set Ap = 0 and recall that for a single-server queue with an
infinite capacity waiting room that serves customers according to a first-in/first-out (FIFO)
queue discipline,

Wn+1)=[Wn)+ Vy — xus1]”
for n > 0, where [x]* = max(x, 0) and x,.1 = A1 — A, is the (n + 1)’st inter-arrival time.
It is well-known that

W(n) = Sn)+ Y, (2.2)

where

S() = WO)+ Y [Vicr — xl
k=1

n—1

W)+ > Vi — A,
j=0

and
Y(n) = max [—SK)]T;

see p.96 of Asmussen [1]. We note that the mapping sending (S(n) : n > 0) into
(W(n), Y(n)) : n > 0) is precisely the (discrete time) Skorohod reflection map.

We now wish to study the departure sequence in the “heavy traffic” regime. We start by
introducing the parameter p € RY, the so-called fraffic intensity of the queue, and scale the
service times in the pth system by p. We will also later want to study the joint dependence
of the departure times as a function of p, n, and the initial condition W(0) = x. In view of
these considerations, let D,(n, x), W,(n, x), S,(n, x), and Y,(n, x) denote the corresponding
values of D(n), W(n), S(n), and Y (n) in the pth system when it is initialized with W(0) = x.
In particular,

D,(n, x) = A,+W,@n, x)+ pV,,
Wyn, x) = S,(n, x)+Y,(n, x),
Spn.x) = x+pY )V, — A,

and

Yy(n, x) = max [=S,(k, 0]t

We note that D,(n, x) can be re-expressed as
n
D,(n, x)=x+p Z Vi +7Y,(n, x).
J=0
To obtain our Brownian approximation for the departure time sequence, we shall impose a
strong approximation assumption on the A,’s and V,;’s. In particular, we make the following
assumption:
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(A1) There exist r € (0, 1/2), « > 0, and a probability space supporting a two-dimensional
mean zero Brownian motion process (Z1, Z») = ((Z(t), Z»(¢)) : t > 0) and a sequence
((V{_,, Ay : k = 1) such that:

() (Vier, Ao : k= 1) Z (V. A} : k > 1), where Z denotes equality in
distribution,;
(ii) ZZ;(I) Vi=oan+Z(n)+o(n") as. as n — oo, where o(n") denotes a sequence
of random variables (E, : n > 0) for which E,/n" — 0 a.s. as n — 00;
(i) A, = an+ Zy(n) + o(n”) a.s. as n — oo.

In view of the fact that the same “centering constant” an appears on the right-hand side of
both (ii) and (iii) above, it follows that when p = 1, the arrival rate to the queue is perfectly
balanced with its service rate. We therefore refer to p = 1 as the balanced case. Thus, when
p < 1, this should correspond to a stable queue, whereas when p > 1, this corresponds to an
unstable queue.

Loosely speaking, the strong approximation assumption A1l holds in great generality when
the (V;_1, x;)’s evolve in a stationary environment. For example, when (V; : j > 0) is an iid
sequence independent of the iid sequence (x; : j > 1), Al holds whenever E VO1 "+ E Xll "<
o0; see [16]. In this context, « = EVy = Exy, VarZ;(1) = VarV,, Var Z,(1) = Var xy,
and Cov(Z;(1), Z>(1)) = 0. We shall henceforth refer to this setting as the fully independent
assumption on the model primitives. We can also allow the (V;_;, x;)’s to be iid, but permit
dependence between V;_; and x;, provided r < 1/3 and EVOl/r + Exll/r < o0; see [8].
Here, « = EVy = Eyx;, Var Z,(1) = Var 'V, Var Z,(1) = Var x;, and Cov(Z (1), Z»(1)) =
Cov(Vy, x1). assumption Al also often holds when the x;’s and V;’s are dependent in j. For
example, if (V; : j > 0) and (x; : j = 1) are independent sequences that can each be
described as bounded functionals of geometrically ergodic Markov chains, one can apply the
results of Csdki and Csorgd [5] or Merlevede and Rio [17].

We henceforth take the view that our original probability space supporting the A,’s and
V,.’s also supports Z; and Z, satisfying Al (ii) and (iii), so we need not differentiate between
((Vi_;, A s k= 1) and (Vi—1, Ax) @ k > 1) in the sequel. Let

X,t, x) =x —a(l — p)t + pZ1(t) — Zo(t) + L,(2, x),
where

Ly(t, ) = max[—x +a(l = p)s = pZi(s) + Zr()]*.

We note that (X,(, x) : t > 0) is a one-dimensional reflected Brownian motion (RBM)

satisfying the stochastic differential equation (SDE)
dX(@t) = —a(l — p)dt + pdZ,(t) —dZ,(t) + dL(2),

where (L(¢) : t > 0) is the local time (at the origin) that is non-decreasing and satisfies
I(X(t) > 0)dL(t) = 0.

Note that (X,(t, x) : t > 0) is the Brownian analog to (W,(|¢], x) : ¢ > 0). This suggests that
D,(t, x) = x + pat + pZ(t) + L,(t, x)

is the natural Brownian approximation to D,([#], x). The result below makes precise the sense
in which (D, (¢, x) : t > 0) approximates (D,([z], x): t > 0).
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Theorem 1. Fix py € (0, 00). Under Al, D,(n, x) = ﬁp(n, x)+o(n") a.s. as n — oo, where
the term o(n") is uniform in x € Ry and p € [0, pol.

Proof. In view of Al, it is easy to see that

D,(n, x) = x+pan+le(n)+lr£1ka<x [—x+ak(1—p)—pZ1(k)+Z,(k)]T+o(n") a.s. (2.3)
as n — oo. Note that

max [—x +as(l — p) = pZ(s) + Za(s)] T — ohax [—x 4+ ak(l — p) — pZy(k) + Zz(k)]+’

0<s<n

<alp — 1]+ max (p max |Zi(k+s)— Z1(k)|, max |Zy(k+s)— Zg(s)|> .
0<k<n 0<s<l1 0<s<l1
Since E exp (0 maxo<s<1 |Zi(s)]) < oo for some 6 > 0 (which follows easily from the
explicit distributions that are known for

max Z(s) and max —Z(s);
0<s<l1 0<s<l1

see, for example, [14] p. 13-14), it follows from Markov’s inequality and the Borel-Cantelli
lemma that
max max |Z;(k +s) — Z,(k)| = O(logn) a.s.

0<k<n 0<s<1

as n — 0o. We similarly conclude that

max max |Zy(k + s) — Z»(k)| = O(logn) a.s.

0<k<n0<s<l

as n — o0, from which Theorem 1 follows from (2.3). [

The RBM-quantity Dp(n, x) has a magnitude of order n, with stochastic fluctuations of
order n'/?, each of which is of larger order than o(n"). As a consequence, Theorem 1 ensures
that the Brownian approximation to D,(n, x) is suitable for n large, uniformly in x and

p € [0, pol.

3. Setting 1: Diffusion time scale

We now develop some consequences of Theorem 1, in the setting that the time scale n
corresponds to what is conventionally called the diffusion time scale. Suppose p # 1, so that
the RBM X, (-, x) has non-zero drift. In the diffusion time scale, the effect of the stochastic
volatility in pZ; — Z, is roughly of the same order of the magnitude as that induced by the
non-zero drift. In particular, we are considering a time scale n in which the volatility, which
is of order n'/?, is of the same order as the cumulative drift contribution an(1 — p), so that
n is of the order of 1/(1 — p)?. In this temporal scale, both the stochastic variability and the
cumulative effect of the drift are of the order 1/|1 — p]|.

In addition, the initial condition x plays a significant role. If x > 1/|1 — p|, it is unlikely
that the RBM X, (-, x) will hit the origin over [0, n] (when 7 is of the order of 1/(1 — 0)%), so
the increasing process L,(-, x) will then be identically zero over [0, n]. As a consequence, we
expect D,(n, x) to then approximately equal x + pan 4 pZ;(n) in this setting. In other words,
the departure process from the queue behaves as if there is an infinite supply of customers
present in the queue, so that the Brownian approximation Z; to the arrival process is irrelevant
in this context. On the other hand, if x < 1/|1 — p|, it is likely that the stochastic fluctuations

6
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in pZy — Z, will cause the RBM X, (-, x) to hit the origin early in [0, n], so that D,(n, x)
will then effectively behave in the same way as D,(n, 0). For x of the order of 1/|1 — p|, the
departure quantity D,(n, x) will be significantly influenced by the initial condition x.

The following result summarizes this behavior.

Theorem 2. Assume Al. If x|1 — p| > y € R, as p — 1, then

t ot
'“’”(D”Q(l —p)ZJ’x> T —p)Z)

= —at + Z,(1) + max[—y +as — Zi(s) + Zy(s)I* (3.1)

as p /' 1 (where = denotes weak convergence) and

|1—p|( (L(l tp)zJ )‘“#)

=S at+ Z(t)+ ggai&[[—y —as — Z1(s) + Zo(H1F 3.2)
as p\ 1. If x|1 — p| > co as p — 1, then
t at

'l_p'(D”Q(l >2J >_’“—(1—p>2>:‘_m+z‘“) G
as p /' 1 and

1 D ! ot t+ 21t 34

o (o ([ ) o) o) e oY
as p N\ 1.

Remark 1. We note that if W,(0, x) = x, then the departure time for the customer arriving
at Ag = 0 is x 4+ Vjp, so all the subsequent departure times are offset by the same x. As a
consequence, our limit theorems “center” the departure times by x.

Remark 2. The departure time limit in (3.3) is smaller than that in (3.4), because our limit
regime is obtained by scaling the service times by the factor p. Consequently, the service times
when p /' 1 are slightly smaller than those arriving when p \ 1.
Proof. We note that for n = |¢/(1 — p)%], the term o(n") in Theorem 1 satisfies

11— plo(n") = [1 = plo((1 = p)™>) = 0 as.
as p — 1, so that

11— plID,(Lt/(1 = p)*). x) = Dp(L1/(1 = p)*], x)| > O as. (3.5)

uniformly in x € R, and p € [0, po]. The scaling properties of Brownian motion guarantee

that
o8 (2 ) - )
=P PG ¥) "=

9 [—at + pZi(t) + maxos,< [—x|1 — pl +as — pZi(s) + Za)]T, p < 1
at + pZi(t) + maxozs< [—x|1 — p| — a5 — pZi(s) + Za()]F, p > L.
7

(3.6)
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Sending p to 1 and applying (3.5) then yields (3.1) and (3.2). On the other hand, if x|1 — p| —
o0,

max[—x|1 — p| —as — pZ(s) + Zo(s)]T — 0

0<s<t

as p — 1, so that (3.5) and (3.6) together imply (3.3) and (3.4). U
When p is exactly 1 (so that the queue is precisely balanced), the drift in pZ; — Z, is exactly

zero. In this case, the analog to Theorem 2 is our next result.

Theorem 3. Assume Al. If xn~"/? - y e Ry as n — oo, then

n"2(Dy(n, x) — x —an) = Z(1) + Li(1, y)

—1/2

as n — oo, while if xn — 00 as n — 0o, then

n=3(Dy(n, x) — x —an) = Z,(1)
as n — oo.
We note that in the balanced case,
n~'2(Dy(n, x) — Di(n, x)) =n""?0(n") — 0 as.

uniformly in x € R;. The proof of Theorem 3 then follows immediately from the scaling
properties of Brownian motion.

When p = 1 and the queue is started empty (so y = 0), the Brownian approximation to
D,(n, 0) has the scaling property

Zi(t)+ L, 0) = (?gfli(t(zz(s) + Z1(t) — Zi(s))

1IN

x/folgfljl(zz(S) + Z1(1) = Zy(5)). (3.7

This is precisely the rv that arises in the perfectly balanced setting analyzed by Hanbali et al.
[12], and within the BRAVO literature.

We conclude this section with a brief discussion of how to recover a Brownian departure
counting process approximation from a departure time approximation, as promised in Section 2.
We start by noting that the cumulative number of departures of customers indexed by n > 0
up to time W,(0, x) is zero. So, the departure counting process is interesting only for times
s > W,(0, x) = x. So, for s > x, consider

Ay(s, x) =max{n > 0: D,(n, x) <s}.
In what follows, we will consider A,(x +1/(1 — p)%, x), so that time is again measured in the

diffusion time scale.

Theorem 4. Assume Al. If x|1 — p| > y € Ry as p — 1, then

|1—,0|<Ap<x+ ! ,x)— ! >
(1 - p)? a(l — p)?

t_ -} y s 3 3 +
=L _o37,() — max [——+——a 37,(5) +a 222(5‘)] (3.8)
o o o

0<s<t

8
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as p /1, and
t t
'1_p'(A” <x+ (1—py x) "l —p>2>
= L 43 7,0) - max [—X _ Y w374 Jr()z—%zz(s)]+ (3.9)
(07 0<s<t o o
as p N\ L If x|l — p| > oo as p — 1, then
|1—,0|(Ap <x+ ! ,x)— ! >=>£—(x%Zl(t) (3.10)
(1 - p)? a(l — p)? o
as p /' 1 and
|1—,0|(Ap <x+ ! ,x)— ! >=>—5—aizl(t) (3.11)
(1 —p)? a(l — p)? o
as p N\ 1.

Proof. For the purposes of this argument, we abbreviate A,(x +¢/(1 — p)%, x) as A,. Then,

D,(A,, x) <x+ 5 = D,(A,+1, x)

t
(I—-p)
for ¢+ > 0. It follows from Al that

t r
Dp(Ap, .X) =x+ m + O(Ap) a.s. (312)
as p — 1. As a consequence of Theorem 1 and the fact that |Z;(t)| = O(t*/?) a.s. as t — o0,
we find that

t 2
X+ ———=x+pad,+0(A}) as.
(1= p) g g

as p — 1, so that

t
(1-— ,o)zAp — — as.
o

as p — 1.
Theorem 1 and (3.12) then imply that if p 7 1,
+ d +pad, +pZ ( ! )
XT 5 =XTpo pLly\ —/——
(1= p)? ’ a(l = py?

+ +— z P )+z : '
max | —x + —— — _ _
02 1—p P \aa=p2 2\a(1 = pp

+ o((1—p)™) as.

and hence
t __pd=p) ¢ 1
(4= (Ap ~ap(l - p)2> B a (06(1 — p)2> «
S
5151?; |:—x(1 —p)+s—p(l—p)Z <m)

1-p)Z i oy
+ (A —-p)2, <m):| +o((1—p)").
9
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The scaling properties of Z;(-) and Z,(-) then immediately yield (3.8), upon recognizing that
t t
+1t4o(1)
0

p(l—p)  1-
as p /' 1. The proofs of (3.9) through (3.11) follow a similar argument. [l

4. Setting 2: Short time scales

In this section, we study the departure time sequence in time scales shorter than diffusion
time scale. In particular, when p # 1, we consider time scales n in which n is large, p is close
to 1, but n < (1 — p)~2. In this setting, the magnitude of the cumulative drift an(1 — p) is then
small relative to the stochastic variability n'/? that is present in the pre-limit and Brownian
approximation. As a consequence, the limit processes that arise in this setting all essentially
involve RBM with zero drift, and the result closely resembles Theorem 3.

Theorem 5. Assume Al and suppose that n — oo with n(1 — p)*> — 0. If xn™'/? - y e R,
as n — oo, then

n"2(D,(n, x) — x —an) = Z;(1) + Li(1, y)
as n — oo, while if xn="? — 0o as n — oo, then
n=3(D,(n, x) —x —an) = Zi(1)
as n — oo.

The proof of this result closely resembles that of Section 3, so is omitted. We note that
when y = 0, this is precisely the limit rv associated with the BRAVO literature.

5. Setting 3: Long time scales

We now consider the remaining case, in which the time n is long compared to diffusion
time scale, so that n 3> (1 — p)~2 when p # 1. In this setting, the magnitude of the cumulative
drift an(l — p) is large compared to the stochastic variability /z that is present at time n. For
a stable queue with p < 1 and initial work x, the drift will empty the queue at a time roughly
of order x/((1 — p)x). Hence, if x/((1 — p)x) is small enough relative to n, the system will
then empty repeatedly prior to time 7, so that the queue will effectively be in equilibrium at
time n. In this case, we expect the departure characteristics to be those associated with the
arrival process, as is characteristic of a stable queue. On the other hand, if x/((1 — p)x) is
large relative to n, then the likelihood that the queue will empty prior to n is small, so that
the departure characteristics then should be those associated with a queue that effectively starts
with infinite work, so that the service time process dominates the departure behavior.

For an unstable queue with p > 1, the effect of the cumulative drift an(po — 1) will be
much larger than the stochastic variability n'/2, so that any emptying time of the system would
have to occur early in [0, n]. As a consequence, the queue’s departure process again behaves
as if the system effectively started with infinite work, so that the service time process again
dominates the departure behavior.

Our next theorem makes rigorous this discussion.

Theorem 6. Assume Al with n(1 — p)*> — 00 as n — oo.
10
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(@) If p /' 1 as n — oo and lim,_, sox /(n(1 — p)) < «, then

n"2(D,(n, x) — x — an) = Z(1) (5.1)

as n — oo.
(b)If p /1 asn — oo and lim,_,  x/(n(1 — p)) > «, then

n"1(D,(n, x) — x — pan) = Z(1) (5.2)
as n — OoQ.
(c) If p \y 1 as n — o0, then
n"2(D,(n, x) — x — pan) = Z(1) (5.3)

as n — OQ.

Remark 3. We observe that over long time scales, the departure time sequence inherits either
the behavior of the arrival sequence (when the system starts with a moderate amount of work)
or that of the service time sequence (when the system starts with a substantial amount of work).
In no long time scale setting does the BRAVO limit (3.7) arise.

Proof. We start by noting that
D,(n, x) —an = Zy(n) + X;fl(n, x)+ o(n%) a.s. 5.4
as n — 00, where X;(~, z) is an RBM with initial position z that satisfies

X,(t, 2) = 2+ pat + Zi(t) — Za(t) + &lﬁft[_z — pas — Zy(s) + Za(s)]*. (5.5)

Then, (5.1) follows if X/, ,(n, x)/+/n = 0 as n — oo.
Due to the scaling properties of Brownian motion, it is evident that

1
X, _(n, ) Z T, X = ), (1= p), (5.6)

where X’ (-, 2) has drift —o. Since X' | 1s a positive recurrent diffusion, there exists a
finite-valued random variable X’ |(co) such that for each z > 0,

X', 2) = X' (c0) 5.7

as t — oo. Hence, if x = O((1 — p)~"), (5.6) immediately implies that ﬁX;fl(n, x) =0
as n — o0. On the other hand, if x(1 — p) — oo with lim x/(n(1 — p)) < o, we note that
X' (-, x(1 — p)) then hits the origin prior to time n(l — p)*(1 — &) for some 8§ > 0 with
probability converging to 1 as n — oo, by virtue of the explicit distribution for the first hitting
times of Brownian motion with drift; see, for example, [14] p.14. It follows from the strong
Markov property applied at the hitting time, and (5.7), that X ;71(n, x)/+/n = 0 as n — oo.
For (5.2), we note that the emptying time of X’ (-, x(1 — p)) will, with probability
converging to 1, occur after n(1 — p)*> when
lim, . —— >
n(l —p)

Hence, with probability converging to 1,

o.

D,(n, x) =an+ Zy(n)+x+ (p — Dan + Zi(n) — Z,(n) + o(n%)
11
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1
= x4 pan + Z;(n) +o(n2)
as n — 0o, yielding (5.2).
For (5.3), (5.4) remains valid, with (5.6) replaced by
’ 2 1 ’ 2
X, i(n, 2) = Fxl(n(p = D7 z(p — D).
Since X’1(~, z) is now an RBM with positive drift «, it is evident that X’l(-, z) either never
visits the origin, or last visits at some finite time. Hence,
Xi(t, 2)=z+at+ Z1(t) — Zr(t) + O(1) as.
as t — o0o. Consequently, we find that
1
D,(n, x) = x + pan + Z1(n) + 0,(n2)
as n — oo, yielding (5.3). O

6. Computing moments for the Brownian departure process

We now show how stochastic calculus can be used to compute various moments of the
Brownian departure process. All of the limits derived in Sections 3 through 5 can be expressed
in terms of the process

D(t) = mat + Z,(t) + X(¢) — X(0),
where (X (¢) : t > 0) is an RBM for which X(0) = x and satisfies
dX(t) =mdt +dZ(t)+dL(t),
where L satisfies I(X () > 0)dL(t) = 0 and (Z(¢) : t > 0) is a mean zero Brownian motion
that can be expressed as
Z(t) = Zi(1) — Zy(1),
with Var Z;(1) = o3, Var Zy(1) = o3, and Cov(Z,(1), Z»(1)) = to40s with the coefficient

. o A
of correlation t lying in [—1, 1]. Let 0% = VarzZ(l) = 052 — 2t0504 + ag. Note that m 4
and o3 are the mean and variance of the Brownian motion corresponding to arrivals, while

A . . .
ms = my + m and 052 are the mean and variance parameters of the service time sequence
Brownian motion.

Remark 4. In order to streamline notation, we utilize the symbol D(-) to represent the
Brownian departure process. This quantity is analyzed entirely within Section 6, and should
not cause confusion with our earlier usage of the same symbol for pre-limit departure times.

We start by deriving a partial differential equation (PDE) that computes the moment
generating function (mgf) of D(#). For 8 € R, let ¢(¢, x) = E,exp(0D(t)) be the mgf of
D(t), where E,(-) is the expectation operator defined by E,(-) = E(- | X(0) = x). We note
that if 7, = o ((Z,(s), Z>(s))| : 0 <s < 1), then for s <1,

A
E, [exp(GD(t)) | 9}] =exp(@D(s))p(t — s, X(s5)) = M(s)
and M(-) should be a martingale adapted to (%, : 0 < s < 1). Then, if ¢ is smooth,
dM(s) = d(exp(@D(s)p(t — s, X(s))) + exp(@D(s))do(t — s, X(s))
12
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+ d(exp(0 D(s)))do(t — s, X(s)),
where

d(exp(0D(s))) = 0 exp(@D(s))[mads + dZ>(s) + (mds + dZ(s) + dL(s))]
2

0
+ = exp(GD(s))ogds
2

= exp(6 D(s)) [<9m5 + %af) ds +0dZ(s) + HdL(s)} ,

do(t —s, X(s)) = —%q)(f —s, X(s))ds + %(p(z‘ — s, X(s)mds +dZ(s)+ dL(s)]
1 9? 5
+ Eﬁ(p(t — s, X(s))o“ds,
and

d(exp(@D(s)de(t — s, X(s)) = exp(@D(s))@ai(p(t — s, X(s)dZi(s)dZ(s)
X

= exp(@D(s))O%go(t — s, X(s))(af — 0504T)ds.

It follows that
2.2

0°o§ 0
dM(s) = exp(6D(s)) [<9ms + 5 ><ﬂ(l -5, X(s)) — gw(t -5, X(s))

o? 92
7@‘#0 -, X(S))i| ds

+ %fﬂ(f — 5, X(s))[m + 6(c5 — os047)] +
+ exp(@ D(s)) |:0<p(t -5, X(5)) + %(p(t -, X(s)):| dL(s)

+ exp(@ D(s)) |:49<p(t —s, X($)dZ(s) + %(p(t -, X(s))dZ(s)] .

Hence, if ¢ satisfies the PDE

9 5 9 o2 92 6%
—o(s, x) =[m+0(og _USGAT)]a‘P(S: x)+ TW(MS’ x)+ | Oms + 50s o(s, x)

as
6.1
for (s, x) € Ry x R, subject to the boundary condition
9
Oe(s, 0) + afp(s, 0=0 (6.2)

for s € R4, M(-) will be a stochastic integral (and consequently a martingale under suitable
integrability conditions). Finally, it is evident that ¢ must satisfy the initial condition ¢(0, x) =
1 for x € R4, in view of the fact that p(z, x) = E, exp(6 D(¢)).

This, of course, is a special case of the constant coefficient linear PDE

0 0 92

Ew(t, x) =cw(t, x)+ baw(t, x)+ a@w(z‘, x), (6.3)
subject to

w0, x) =1, (6.4)

13
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Ow(r, 0) + iw(t, 0)=0, (6.5)
0x

for (¢, x) € Ry xR,. The PDE (6.3), with initial condition (6.4) and boundary condition (6.5),
can be explicitly solved. The solution takes the form

w(t, x) = /oo ! ex [b(s_x)+<c—b—2)ti|
’ o 2/mat P 2a 4a

X {ex [_—(x _ §)2i| + ex |:_—(x +§)2i|
P dat P dat

0 2
— 2S/ exp[_w_sn}dn}dg,
0

dat

where s = —60 + 2%; see [20] Section 1.1.5. This simplifies to

af o bx bt — x . bt +x
w(t, x) = — e¢"a o —— —i—e"@( )
@ x) b—ab ( J2at ) J2at

b —2a6 b —2a0)t
n a o X0H(c—bO+ab?)t g _w (6.6)
b —ab 2at

whenever b # a6 and

. bt — x . bt + x
w(t, x) =P (—) +e'P <—>
/2at v 2at

whenever b = a6, where
$(x) 2 P(N(0, 1) < x),

with N(0, 1) representing a normal random variable (rv) with mean O and unit variance. We
are now ready to state our theorem that summarizes this discussion.

Theorem 7. For (t, x) € Ry x Ry, E, exp(0 D(t)) equals w(t, x) as given by (6.6), where
a=0%/2, b=m+ 9(0S2 — 0504T), and ¢ = Omg + 92032/2.

Proof. Put M(s) = exp(@D(s))w(t — s, X(s)). In view of the arguments above, the main
remaining issue involves establishing that (M(s) : 0 < s < t) possesses the integrability
necessary to ensure that its stochastic integral representation is a martingale. But w(s, -) and
% w(s, -) have uniformly (in s) bounded exponential growth at infinity, whereas the distribution
of X (s) has Gaussian tails that are uniform over s € [0, ¢] (see, for example, Section 2 of Glynn
and Wang [10]), so that

o<SSL,1§<, E, |:w(s, X(u))* + (%w(s, X(u))>2j| < 00,

thereby proving that (M(s) : 0 < s < t) is a square-integrable martingale. Hence,
E,exp(@D(s)w(t — s, X(s)))

is independent of s € [0, ], so that

E.exp(0D(t)) = w(t, x). O
14
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We can now (in principle) compute any moment of D(¢) through successive differentiation
of its mgf. As a consequence, we have the ability to compute “finite time” moments of
the Brownian departure time approximations for arbitrary initial conditions x and arbitrary
correlation structures for Z; and Z,. The existing literature provides such a first and second
moment computation only in the special case in which x =0, m = 0, and T = 0; see [12].

Given the complexity of these derivatives (in 8) for w, we now provide an alternative
approach that allows us to compute the first two moments of D(¢). The first moment is easy
to derive, since

E.D(t) = mut + E X (1), (6.7)

where E,X(t) can be computed explicitly, since P,(X(¢) € -) is known in closed form (where
P.(:) = P(- | X(0) = x)); see, for example, Section 2 of Glynn and Wang [10], where both
the spectral representation and representation in terms of ¢(-) can be found.

For the variance, we note that

Var, D(t) = Var Z,(t) + Var, X(t) + 2E, Z>(t)X (¢), (6.8)

where Var, W 2 E . W? — (E,W)? for any square-integrable rv W. Again, Var, X(¢) can be
obtained from the known closed form for P,(X(¢) € -). Since Var Z,(t) = ait, this leaves the
computation of the covariance term E, Z,(¢)X ().

We start by recalling that u(¢, x) = E,X(t) satisfies the Kolmogorov backwards partial
differential equation

D e, =m0+ T e,
—u(t, x) =m—u(t, x) + — —u(t, x),
ot x 2 9x2
subject to (0, x) = x and %u(t, 0)=0 for ¢t > 0 and x € R,.. It follows that
0 0
du(t —s, X(s)) = ——u(t —s, X(@s))+m—u(t —s, X(s))
as dax
o? 9?

TWM(I -, X(s))i| ds
+ iu(t — 5, X(s)dL(s)
ax
+ iu(t — s, X(5)dZ(s)
ax
= iu(t —s, X(s)dZ(s).
ox
Consequently,
u(0, X(t)) —u(t, X)) = / iu(t — s, X(8)dZ(s),
0 0x
so that conditional on X(0) = x,
X(@) =u(t, x) +/ iu(t —s, X($)dZ(s).
0 0x

Then,

E.Z)(t)X(t) = Esz(t)/ %u(t — 5, X(s)dZ(s).
0

15
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The integration by parts formula for semimartingales (see, for example, p.60 of Protter [21])
then implies that

Zz(t)/ aiu(t —s, X(s)dZ(s) = [ fs iu(t —r, X(r)dZ,(r)dZ(s)
0 X 0 0 ox
+ / Zo(5) 2 ult — 5, X())dZ(s)
0 3x

t
0
+ [ —u(t —s, X(s)d[Z>, Z](s), (6.9)
0 ox
where [Z,, Z](-) is the quadratic covariation of Z, and Z. In particular,
[Z2. Z1(s) = (6a0ST — 0})s

for s > 0. The integrability arguments used in the proof of Theorem 7 again apply here, so
that the local martingale stochastic integrals in (6.9) are true martingales, yielding the identity

E, Z,()X(t) = (0405T — 02) / Ex%u(t — s, X(s))ds. (6.10)
0

Since the right-hand side of (6.10) can be evaluated in terms of the known closed form for
P.(X(t) € -), we have arrived at an alternative formula for Var, D(¢) (in view of (6.8)).

We now show that (6.10) can be easily computed when x = 0 (i.e. the queue starts empty)
and m = 0 (i.e. the queue is perfectly balanced, corresponding to o = 1). It is known that
when m = 0, X(+) Zz |o B(-)|, where B(-) is a standard Brownian motion; see p.27 of Rogers
and Williams [23]. As a consequence,

u(t, x) = E|x + o B(1)|
_ [~ B O YAy
= [ () 5 [ () %
where ¢(-) is the density of a N(0, 1) rv. It follows that
iu(t, x)=1—2P(0B({) < —x)
0x
P(loB(1)| < x)

for t > 0 and x > 0. Then,
0
an—u(t — s, X(s)) = P(loB(t — )| < [0 B'(s)]),
X

where (B’(¢) : t > 0) is a standard Brownian motion independent of (B(t) : ¢t > 0) (since
X(s) Z |0 B'(s)|). Note that

1

/0 P(IB(t — )| < |B'(s)]ds = /02 P(IB(t — s)| < |B'(s)]ds

+ ﬂ P(IB(t —s) < |B'(s))ds

2
13

= /07 P(|B(t — s)| < |B'(s)]ds

+ ff P(IB(r) < |B'(t — r))dr
0

16



PW. Glynn and R.J. Wang Stochastic Processes and their Applications xxx (xxxx) xxx

fof[PuB(r — 9l < B

P(|B(s) < |B(t — s)Dlds
t

X

+

It follows from (6.10) that
t
EyZ()X(1) = (04057 = 0)7.

Also, in this setting in which m = 0,

EoX*(t) = Ego’B(t)? = 0’1,

EoX(t) = E|o B(1)] = \/gor%.

Consequently, (6.8) yields the formula

and

2
Vary D(t) = [(og — 210405 + 03) (1 — —> + JAasrj| ‘. (6.11)
i
We conclude our above discussion with the following theorem.

Theorem 8. When m = 0, Varg D(t) is given by (6.11).

This result generalizes the Brownian calculation established by Hanbali et al. [12] for the
special case T = 0 to a general dependence structure. We further note that our argument relies
on very different ideas than the Brownian bridge derivation developed there. Unlike [12], we
do not show that the Brownian variance is the heavy-traffic limit obtained from the pre-limit
variances. However, our argument does compute the distributional variability of D(¢) which is
equally important.

We note that the exact finite-time variance of the departure process for the Brownian limit
in stationarity has been computed by Whitt and You [27] when T = 0 and the RBM drift is
negative (so that a stationary version exists). They also show that the pre-limit G/G/1 departure
variance converges to the Brownian limit.

7. Implications for downstream stations

We now study the implication of the limit theory developed in Sections 3 through 5 on
queueing at downstream stations that are fed by the departure process thus far analyzed in this
paper. In particular, we consider a tandem network of two queues, in which customers from
station 1 are immediately fed into station 2 upon their departure from station 1. We assume
that both stations are single server systems with infinite capacity waiting rooms that process
their respective customers according to a FIFO queue discipline.

In this setting, we will need to add in a service time sequence at station 2 to complement the
inter-arrival and service time sequences at station 1. In particular, we will assume throughout
this section that we have three independent iid sequences (xx : kK > 1), (Vx : k > 0), and
(\7k : k > 0), where the Vk’s correspond to the service times at station 2. Since we will be
considering these stations in heavy traffic, we require that these sequences are all “in balance”
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with one another, so that
Exi=EVo=EVy=a.

We now follow the approach of Section 2 in scaling the service times at stations 1 and 2
by p1 and p, respectively. At station 1, we can again define the random variables W, (n, x),
D, (n, x), etc. (in which the V;’s are scaled by p;). Our main interest here will be in the
queueing effects at the downstream station 2, as measured by the waiting time sequence
(sz(n, x,y) : n > 0), where our notation emphasizes the fact that the nth waiting time
at station 2 depends on both the initial work x (= W,, (0, x)) at station 1 and also the initial
work y = (sz (0, x, y)) at station 2. We can now study the network in heavy traffic, so that
p1 and p, both converge to 1, with limits taken so that

1 —p
I—p

—c (7.1)

as p; — 1. We allow c to take on the value O (so that station 1 is more congested than station
2) or the value oo (so that station 2 is more congested than station 1).

We will argue in this section that the behavior of the second station depends on the first
station’s departure process over time scales that are of the same order as the second station’s
intrinsic “diffusion time scale” (that is of order (1 — p;)~2). For example, this implies that
when ¢ = 0, the first station is likely to be consistently busy over the time scale (1 — p5)~2, so
that the queueing effects at the second station depends only on the variability characteristics of
the first station’s service times (and not on the variability characteristics of the arrival process
to station (1). This occurs even though part (a) of Theorem 6 asserts that the long time scale
behavior of station 1’s departure process is determined by the arrival sequence’s variability.
(Recall that in equilibrium, the amount of work held at station 1 is of order (1 — p;)~'.)

We start by noting that because the departures from station 1 are the arrivals to station 2,

~ ~ ~ =+
Wo(n+1,x,y) = [sz(n, X, Y) 4 pVy — (D (n + 1, x) — D, (n, x))]
= W 29+ 0270 = a1 = Wy, 0+ 1, 5) = Wy, (1, )
= p(Vog1 — VIt (7.2)

Consequently, the triplet (W, (n, x), sz(n, x, y), V,) satisfies a stochastic recursion in n
that ensures that the triplet forms an Ri—valued Markov chain. (We have added V, to the
state in order to ensure that the “noise” sequence defining the recursion is independent across
n.) According to [19], this Markov chain is aperiodic and positive Harris recurrent when
p1 < 1 and py < 1. As such, it has a unique equilibrium distribution described by the triplet
(W, (00), W,,(00), Vo), Where Vi z Vj. Furthermore, it is known that when Exll/r—i—EVOl/r <
oo forr < 1/2,

(1= p)Wy (0) = & (7.3)

as p; /' 1, where & is exponentially distributed; see [1] p.287.

Our focus, in this section, is on the behavior of the second station when it is stable (in
isolation), so that p» < 1. We start with the setting in which the entire network is stable, so
that p; < 1 as well as p, < 1. Suppose then that (W (n), W), V,): n>0)is a stationary
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version of our Markov chain, so that (W (n), W(n), V) z (W), (00), sz(oo), Vo). Also,
Wn)—Wn+1) = Wn) = [Wn)+ p1 Vi — xor1]"
W(n) — (W) + p1 Vi = Xn41)
= Xn+1 — P1 V5. (7.4)
Set g(w, W, v) = w>. Then (7.2) and (7.4) imply that

IA

2
- - - +
gW@), w(), V) = ( W©O)+ Vo —x1+Wo— Wi +p1 Vo — ,01V1] )

2
a - +
< ( W)+ p2Vo — x1 + xa —,01Vo+,01V0—,01V1] )

2

- - +
- ( WO + o2 = pr V] )

- - 2
< (W(O) + 02Vo — p1 V1> ,
so that if f(w, w, v) El w, then
E W), WD, Vi) | W(0), W(0), Vo W) +2(p2 = ) W (0)
+ E(p2Vo — p1V1)?
= g(W(0), W), W)

= 2|p1 — p2laf(W(0), W(0), Vo)

+ E(mVo — pV1)?, (1.5)
provided that p; > p,. According to [11], (7.5) implies that
E(02Vo — p1 V1)?

2|p1 — p2le

IA

EW,,(c0) < (7.6)

when p; > ps. ~
Suppose that ¢ = 0 in (7.1). Then, (7.6) implies that W,,(c0) = O((1 — ) Dasp /1.
If Ny is the index of the first customer to experience no waiting at station 1, then (7.3)
implies that (1 — p;)*>Ny converges in distribution to a positive rv, from which it is evident
that (1 — p2)*Ny — o0 in probability as p; ' 1. Hence, for any + > 0 and (measurable)
C eR,,
P(W,,(00) € C) = P(W,,(n) € C) +o(1)
= P(W,,(n) € C, Ny > n) +o(1),
provided that n = |t/(1 — p»)?] for t > 0. If ]Vo is the index of the first customer to experience
no waiting time at station 2, then
P(W,,(00) € C) = P(Wyy(n) € C, No <n < No)+ O(P(Ng > n)) + o(1)
= E(P(Wp,(n) € C. No > n|[No)I(No < n)) + O(P(Ng > n)) +o(1).  (7.7)
On {Ny = k} with k < n,
P(W,,(n) € C, Ny >n | Ng=k) = P(Wy,(n—k) e C|W,,(0)=0)+o(l)
P < max S'j € C) + o(1),

0<j<n—k
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where
j—1
S; = Z(,Osz - p1V)).
=0
Since it is well known (see, for example, [1] p.287) that

- Var(Vo + V,
(1 = pyymax §; = Vot Vo) gy,
Jj=0 2a

where &(1) is an exponential rv with mean 1, our next theorem follows from (7.6) and (7.7)
(upon choosing ¢ arbitrarily large).

Theorem 9. If ¢ =0 with p; /' 1, then

Var(Vo + Vo)

2w oW

(1 — p2)Wp,(00) =
as p1 /1.

The key point in Theorem 9 is that the equilibrium distribution at the second station has no
dependence on the inter-arrival distribution in this setting, as predicted by the analysis earlier
in this section.

We turn next to the case where ¢ € (0, oo], so that the second station holds a significant
fraction of the network’s total work in equilibrium. We recall that if the network starts empty
(so that W, (0) = sz(o) = 0), then the nth departure time D, (n) at station 1 is given by

Dpl(n) = A, + Wpl(n) + 01V
n j—1 +
= pi ZVj + max. [A,- — P ZV]
j=0 i=0
+
0<j=<n

n
= max | p; Y Vi+A;
=i

Simila~rly, because the jth arrival time to station 2 is D,, (j), it follows that the nth departure
time D,,(n) from station 2 is given by

— n +
l~)p2(n) = max | D, (k) + p2 Z \7,:|

0<k<n ;
L i=k

— ' + +
n
p B DDA IR WY
i=j =
k n +
= RGO NG B 7
i=j =

The departure time representation (7.8) for tandem networks is well known; see [13] and [24].
On the other hand,

D,y (n) = D, (n) + W, (n) + p2V,
=A,+W, )+ p Vi, + Wy, (n) + 02V, (7.9)
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so the total network time-in-system for customer n is given by

T(n) = D,,(n) — A

+
k
aE T RPN
. % % ~ ~ .9
~SIHCC (Zl’ ey Xn) = (XVH ceey Xl)’ (V07 ceey Vl’l) = (V}’H ceey VO)a and (V07 D) l’t) =
(Va, ..., V), it follows that
~ %
Wy, (), T(m) = (Orgg}n Z[mvn it = i,
- n Vn —i ‘7
Osf}lsalz(sn 52;1 Xn+1—¢ + P1 Z +,02 -
] =

n—k
= (Or;l]g;l ;[pIVZ—l - xel,
B n—k
| S zkv +pzzv})
sS=n
= max Vo1 — s
<O<k<n ;[,01 -1 — Xl
j k k
max ‘7, Vs —
oax ,02; + pi ; s Z:ZIXZ

(Mi(n), Ma(n)).

Clearly,
(My(n), My(n)) = (M(c0), M>(c0)) a.s. (7.10)

as n — o0o. Furthermore, because

1< 1< 1<
- — o a.s., — Vo - a as., — Vo - o a.s.,
D AL

and p;, ;» < 1, M] (oo) and Mz(oo) are finite-valued.
If Ex 1/ + EV "+ EV0 < oo for r < 1/2, then [16] show that we may assume the
existence of 1ndependent zero mean Brownian motions for which

n
Z Vi=na+ Zi(n)+on") as.,
j=0

A, =na+ Zr,(n)+o(n") as.,

and
Z Vj =na + Z3(n) +o(n") as.
=0

as n — oo.

21



PW. Glynn and R.J. Wang Stochastic Processes and their Applications xxx (xxxx) xxx

As a result,
(1= p)(Mi(1t/(1 = p2)*]), Ma([t/(1—p2)*])) = (M](t), Mj(t))+o(t"(1—p2)' ™) as.,
(7.11)

where
M.(1) = max [—(l_pl)as—i—(l— Vo1 Z (#>—(1— )Z (Lﬂ
=5 U= PROPYEN (1= 2 AT

and
M) = —as+(1—py) z( s )—('_p‘) w—s)
S PROP2E (1= pop2 1= pp )T

u s “
1 — Zi|l—— - Zi1|———= |- d—p)Z | ——= ) |.
+( pz}p‘( 1((1—,02)2) 1((1—,02)2)) = 2((1—92)2)}

Furthermore, by virtue of the law of the iterated logarithm for Brownian motion and the
negative drift, it is evident that when ¢ € (0, oo],

(1 = p2)(M1(00) — M (1/(1 = p2)*), Ma(00) — Ma(t/(1 — p2))) = O as. (7.12)

as p» /' 1 whenever k > 2.
Finally, note that the scaling properties of Brownian motion imply that

(M)(t), M) Z (M](1), M}(t)),

where

M| (r) = max |:— <1 _Zl)as—i—plzl(s)—Zz(s)} (7.13)
2

0<s<t

and

_ ',Z;) a(u —s)+ p1(Z1(u) — Zi(s)) — ZZ(M)] )

MJ(r) = max |:—ozs + 02Z3(s) — <1

O<s<u<t 1—
As a consequence of (7.10) through (7.12), we find that if we choose x € (2, 1/r), then
(1 = p2)(M1(00) — Ma(00)) = (1 — p2)(M1([t/(1 — p2)]), M2(Lt/(1 — p2) )+ o(1) as.
(1= p)(M{([t/(1 = p2)< 1), My(Lt/(1 = p2)* ) + o(t" (1 — p2)' ™*")
(M{/(t/(1 = p2)*™2), M(t/(1 = p2)* %) + 0, (1)

(ma())([—cas + Z1(s) — Za2(s)],

19 I

!

max [—as + Z3(s) — ca(u — s) + Z1(u) — Z1(s) — Zz(u)]> (7.14)

0<s<
= (A1, A7)

as p» /' 1 when ¢ € (0, 00). On the other hand, when ¢ = oo, the drift terms converge to
—00, so that

(I = p2)(M1(00), M>(00)) = (0, max[—as + Z3(s) — Zz(S)]) . (7.15)

The maximum rv appearing on the right hand side is the equilibrium rv associated with
an RBM having drift —« and variance parameter Var x; + Var Vo, and hence is exponentially
distributed with mean (Var x; + Var \70)/ Qo).

In view of (7.8) and (7.9), we have therefore established the following result.
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Theorem 10. Under the conditions of this section,
(1 — p2)(Wp, (00), Wp,(00)) = (A1, Ay — Ay)
as py /' 1 when ¢ € (0, 00), and

. Y/ + Var V,
(1 = p2)(Wy, (00), W, (00)) = (0, %ﬁ(l))

as p» /' 1 with ¢ = oo.

Remark 5. This result is essentially that derived by Harrison [13] under different assumptions.
His result does not discuss the case ¢ = oo (nor does it deal with ¢ = 0).

Our last result describes the behavior of the second queue when the system as a whole is un-
stable, but the second station is stable. In other words, we consider here the case where p; > 1,
but p, < 1. In this context, there is no stationary distribution for (W,, (n, x), sz (n, x, y), Vo).
Nevertheless, there is a limiting distribution for sz (n, x, y), in the sense that

sz(n, X, y) = sz(oo)

as n — oo, because when n is large relative to (1 — py)~2, the second queue will empty
with high probability prior to n, as in the proof of Theorem 9. Furthermore, over the time
span that elapses between the emptying time and n, the first queue will never empty and its
inter-departure times will match the successive service times at the first queue. Hence,

J
Wpy(n, x, y) = max [Z(mvil - mvn} (7.16)
Jj=0 Py
as n — oo. The limiting rv appearing in (7.16) is, of course, the equilibrium waiting time of a
FIFO single-server queue with inter-arrival times given by the p;V;’s and service times given
by the oy Vs

By applying the heavy-traffic limit theorem (e.g. Asmussen (2003) p.287) to the right-hand
side of (7.16), we obtain our final result.

Theorem 11. Under the conditions of this section,

Var Vy 4+ Var \70
o

(p1 — P2)W,,(00) = &(1)

when py =1 o0r py \( 1 and p, /' 1.

The theorems of this section make clear that none of the equilibrium or limiting distributions
identified when the downstream station is stable depend upon the BRAVO variance parameter.
In other words, the BRAVO variance reduction that holds for the M/M/1 queue departure
process apparently does not manifest itself in the behavior of the downstream queue, no matter
how close are p; and p, to 1.

These theorems implicitly take into account the departure process variability of the first
station in equilibrium in the two station tandem setting. Whitt and You [28] compute the
stationary departure variability in a network with feedback, in both the Brownian and pre-
limit settings. In contrast, our theory focuses on the implications of departure variability on
downstream stations.
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