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Abstract

This blog continues the previous discussion on “online learning to precondition”, and I'll show that the
renowned quasi-Newton (QN) family carries the same “online learning” insight, albeit with a more intricate
analysis. In particular, the secant equation used in quasi-Newton methods can be interpreted as a loss
function that learns the (inverse) Hessian at the optimum.

Al-disclosure. All my blogs marked by € emphasize insights behind technical results, and I write the
whole blog draft by myself. Generative Al tools are only used for result verification/proofreading.

1 Introduction and background

Again, to simplify the discussion, I'll resort to the quadratic function convention

min  5(x, Ax)— (b,x) = f(x)

xeR”

where pl < A<LI. For unconstrained optimization of medium sizes, arguably the most widely used algo-
rithm is quasi-Newton method [NW06, Fle00]. The first quasi-Newton method, now known as DFP update,
was invented by William C. Davidon in 1959 [Dav91]. After years of development, many QN variants
have been proposed, and the most effective variants, such as BFGS and SR1, stand the test of time and are
deployed in modern numerical optimization packages.

As most textbooks teach it, locally QN mimics the behavior of Newton's method by learning the (inverse)
Hessian V2 (x*). There is a central equation behind most QN methods, known as secant equation: given two
points x and x*, for quadratic f, the following two equations hold

V¥ (xt=x) =V () =Vf(x) and  [VHF)TUVFxH)=VIx)=x"-x

Define the step vector s =x* —x and the corresponding yield vector y=V f(x*) — V f(x), the equations can
be equivalently written as

P'y-s=B*'s-y=0,

where P* = [sz(x*)]" and B* = sz(x*). Given an existing P (or B) and the secant equation P* (or B*)
should satisfy, QN looks for P, € % following the “least change” principle [Fle91]

P, = mi P
+ 31613) Va(Q, P)
subject to QOy=s,

where V;(Q, P) is a matrix Bregman divergence induced by a strictly convex kernel d. Different choices of
d, learning object P*,B*, and the set give different variants of QN.



Learning object & secant equation | Kernel d | Matrix space| Quasi-Newton variant
1,2 N Powell-symmetric-Broyden
P =[V(x")]", Py=s 3l 17 R™" Broyden's bad update
—logdet St DFP
1,2 N Powell-symmetric-Broyden
B =V?*(x*), Bs=y 2l R™" Broyden's good update
—logdet St BFGS

Table 1. Instantiations of different quasi-Newton variants.

1.1 Quasi-Newton and OL2P

To see how QN fits into the OL2P idea. I'll use Broyden's update

(Bs—y)s'
lsI?

B,=B-

as a demo and introduce a useful tool from the literature.

Proximal point and Moreau envelope descent. The QN subproblem can be written more compactly as
proximal minimization with an indicator I{Qs=y}:

B+:arngin{]I{Qs=y}+§|IQ—B||12F}, @

where p >0 is the proximal parameter. Furthermore, a proximal point update as in (1) can be further written
as gradient descent on the Moreau envelope function [PB14]

¢/5(B) = min {I{Qs =) + 710~ Bl },
where £/ (B) satisfies the following properties

Proposition 1. The function %fS(B) = ﬁllBs— yI? with s #0 has the following properties:

1. it is p-smooth and convex;

(Bs=y)s" |
Is2

2. its gradient is V€, (B) = p(B=B.) = p

3. it satisfies é}f’s(B*) =0.
Therefore, we can write
B, :B—%p(B—BJr) :B—%VW’(B).

In other words, QN can be viewed as online gradient descent on the smoothed loss £7,.

Now we can formally write Broyden's update in this format. Note that we do not consider any globalization
procedure for brevity. Also we will resort to the shorthand notation ¢ = €4 ..

Algorithm 1. Broyden's (good) update with null step

input x', B}, g :%>0.

fork=1,....K
k122 kBRI £ (k)
choose x**! to be the better among {x*, x**1/2} in terms of ||V f (x)|
compute sK=x"*12_xk and Y =VF(xk12) -V F(xh)
Biw1=Bi— V¢, (By) =argming {I{Qs* =y*} + £|0 - Bill}

end for




Note that the parameter choice 5 = p~! recovers the proximal point update, yet theoretically the analysis
would hold for fixed value of 5 < p~'. T'll also assume that B! is well-defined at each iteration.

To establish the convergence behavior, let's recall the “either-or” discussion from Blog #3: at each iteration,

k+l
« we either achieve good progress in convergence (e.g., good contraction r* = %)
o or we reduce the distance between B and B* (e.g., IB=B*||%).

The “or” relation is easy for QN. Since B* minimizes {E,f' },’le, we have reduction in the Euclidean distance:

1Bis1 =B IF = IBeoi—BIF =20 6/ (Bo) - ¢ (B") + 51V €/ (BoIF] + IV € (Bo) I}
1Biw1=B IF=20[6 (By) =6/ (B)]+2pn° L6 (Bi) = & (B)] =2V & (BY)|F
= HBk+1—B*||%—2n<1—pn>[€k (Br) =€/ (B)]1-ZIVE (BolF
IBis1=BllF=2n(1- pn)€f (Br) -2 6L (By)

(n=p"") = |Bis1-B'I}-2p7"¢/ (By),

IA

where the first inequality uses cocoercivity of convex functions [GHU?26] and the last one uses ||V €kp (By) II% =
2p €kp (By). Therefore, ||B—B‘H% is reduced by an amount that is proportional to Ek” (By).

However, there is one issue left: the quantity £/ (By) = 2Hsk\|2 | Bsk—yk|? is simply a weighted residual of secant
equation and seems irrelevant to any convergence metric. How can we connect it to a desired quantity such
as contraction? This is a nontrivial question. But fortunately, we can stand on the shoulders of the giants.
The famous (variant of) the Dennis-Moré condition provides what we need.

Lemma 1. (Dennis-Moré variant) Suppose x* =x—B~'V f(x). Then with s=x"—x,y=V f(x*) =V f(x)

B
p+1°

IBs-yI? o 12
sl 2

IVf(x*) 2o 01 B
|Vf( “2 ”BS y” > 4

where B := 7T

Hence 6, ((B) =

2\| (12

With Lemma 1, we have the desired “either-or” relation: at each iteration, we have

IVf )2

* either Sorrmp

= By is good
2 o
o or |Ber1 =B I} <1Bis1 B IF-2p 6 (Bi) <IBis1 — Bl - 555

Note that it is possible that B; — co while ¢/ (By) remains bounded, and null step guarantees that

IV £k

rk_"Vf—HQ min { B, 1}

so that the convergence metric will not blow up.

Potential reduction. As we did in Blog #3, define the learning potential:
2,2 12
¢ (x,B) :=log |V f ()| + 5B~ B[
and it is easy to show that this potential reduces by at least a constant in each iteration:

Proposition 2. We have ¢(xk+1,Bk+1) < ¢(xk, By) —% forall k>1.



And the total iteration complexity follows immediately.
Theorem 1. The total complexity for finding an g-stationary point of f is

O (2181~ B[ +log( L) ).

&€

Superlinear convergence. We can also obtain superlinear convergence result.

Theorem 2. Algorithm 1 also satisfies the following superlinear convergence rate

IV f (kD)2 < (4||BI—B‘\|%)K
IVFHIZ = 2K :

1.2 Final remarks

The perspective of viewing quasi-Newton methods through the lens of online learning is not new. For
example, in [JM26, JJM23], the authors consider the Dennis-Moré condition as an online loss function and
designs an elegant online learning procedure to learn the Hessian. My own work (0SGM) also falls into this
category, and I'll cover them in the next posts.
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A Proof of Lemma 1
For quadratic f, we have x* =x-B~!V f(x) and B(x*-x) ==V f(x), giving

Bs—y==-Vf(x)=(Vf(x")=Vf(x))=-Vf(x")

and
IBs—yI> _ _ _IVfGOP
Ils|? Jx*—x* = (x=x*)|?
1 IV £
2t =x 2+ lx—x?
V)P
£ IVeHIE P VioE
T2 VFEHIP+IVEI? 2M+1
IV

This completes the proof.



A.1 Proof of Proposition 2
By definition, we have

Xk+l 2 .
log |V f (x** 1) 2=log IV £ (x*) = log L~ = log min { By, 1)

and | By.1 - B <[1B¢~ B I} - 42

— - Hence the potential function is reduced by

¢ (x* L Briy) < @(xk, By) +logmin{fy, 1) - ﬁﬁ+1
< ¢(x Bk)+m§1x{logm1n{ﬂ 1} - ﬁﬁl}
= ¢ B -3
and this completes the proof.
A.2 Proof of Theorem 2
If <1, we have r= %— Zézé. Hence
1Besr~B I3 < B~ B I3~ 5L < B~ B'I}

2[£+1—

41B,-B
and Zk | Tk y, giving

IVFEE P I ¢ K K _ (41B:1-B'I}\K
TIVFGDIP = 7= (g Zimyn) < 12K

and completes the proof.
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