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Kolmogorov's Definition of Probability
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Probability Measure and Probability Space

Fix a measurable space (S, X),
where S is a set of unknown states of the world.

Then X is a o-algebra of unknown events.
A probability measure on (S,¥) is a measure P: ¥ — R,
satisfying the requirement that P(S) = 1.

Countable additivity implies that P(E) + P(E€) =1
for every event E € ¥, where E€:= S\ E.

It follows that P(E) € [0, 1] for every E € X.
A probability space is a triple (S, X, P) where:
1. (5,%) is a measurable space;
2. X3 E— P(E) €0,1] is a probability measure on (S, X),
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Properties of Probability

Theorem
Let (S,%,P) be a probability space.
Then the following hold for all X -measurable sets E, E’ etc.
1. P(E)<1land P(S\E)=1-P(E);
2. P(E\E')=P(E)-P(ENE'") and
P(EUE")Y=P(E)+P(E')—P(ENE’),;
3. for every partition {E,}"_; of S
into m pairwise disjoint ¥ -measurable sets,
one has P(E) =" P(E N Ep);
4. P(ENE")>P(E)+P(E")—1.
5. P(UpZ1 En) < 32021 P(En).

Proof.

We leave the routine proof as an exercise. O
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Two Limiting Properties

Theorem
Let (S,%,IP) be a probability space,
and (Ep)S° an infinite sequence of ¥-measurable sets.
1. IfE, C Eqqq forall n €N,
then P(UX 1 Ep) = limp_,o0 P(E,) = sup,, P(E,).
2. If E, D Epyq forall n € N,
then P(N0 4 Ep) = limyyoo P(Ep) = inf, P(Ep).
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Proving the Two Limiting Properties

Proof.
1. Because E, C E,41 for all n € N, one has

En = E1U[Uf_n(Ex\ Ex-1)]
and UX, E, = EU[Uro(Ex\ Ex—1)]

where the sets £y and {Ex \ Ex—1 | k=2,3,...}
are all pairwise disjoint. Hence

P(E,) = P(E1)+> 5 _oP(Ex\ Ek-1)
P(UEn) = P(E1) + D52 P(Ex \ Ex—1)
= limp_o0 [P(Er) + D ko P(Eic \ Ex-1)]
— limps o0 P(E,)

2. Apply part 1 to the complements of the sets E,,. O
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Conditional Probability: First Definition

Let (S,%,P) be a probability space.
Let E* € X be such that P(E*) > 0.
Define ¥(E*) := {E € ¥ | E C E*}.

The conditional probability measure on E* is the mapping

S(E*) 3 E v P(E|E*) := EIEJ((;)) € [0, 1]

The triple (E*, £(E*), P(-|E*)) with
S(E*):={ENE*|Ecx}={E€X|ECE"}

is then a conditional probability space given the event E*.

P(E)
P(E*)
is sometimes known as Bayes' Rule.

The formula P(E|E*) = for all measurable E C E*
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Conditional Probability: Two Key Properties

Theorem
Provided that P(E) € (0,1), one has

P(E') = P(E)P(E'|E) + (1 — P(E))P(E'|E)
Theorem

Let (Ex);_, be any finite list of sets in ¥.
Provided that P(N_1E) > 0, one has

P(Nf_1Ex) = P(E1) P(E2| Ey) P(E3|EL N By) ... P(E,| NRZT Ek)
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Independence

The finite or countably infinite family {Ex}xek of events
in the probability space (S, %, P) is:
» pairwise independent
if P(EN E") =P(E)P(E’) whenever E # E,
» independent if for any finite subfamily {Ex}]_,
one has P(N7_; Ex) = [ 15— P(Ex).

Exercise
Consider the probability space (S,2°,P)
where S = {1,2,3,4,5,6,7,8,9} and P({s}) =1/9 for all s € S.

Consider the three events
E1 = {1,2,7}, E2 = {3,4, 7} and E3 = {5,6,7}

Are these events pairwise independent? Are they independent?
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Implications of Independence

Exercise
Consider the probability space (S, X, P).
If the pair of events {E, E} in ¥ is independent, then:
1. the pairs {ES, E} and {E, E€} are both independent;

2. provided that P(E) and P(E) are both positive,
the conditional probabilities satisfy:
> P(E|E) =P(EN E)/P(E) = P(E), independent of E;
> P(E|E) =P(EN E)/P(E) = P(E), independent of E.

Exercise
Prove that if {E, E'} is independent, then so is {E€, E'}.
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Random Variables and Their Distribution and Density Functions
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Random Variables

Definition
Let (S, %, P) be a fixed probability space.
» The function X : S — R is X-measurable just in case
for every x € R one has

X1 ((=00,x])i={s€S|X(s)<x}€X

» A random variable (with values in R)
is a X-measurable function S 5 s — X(s) € R.

» The distribution function or cumulative distribution function
(cdf) of X is the mapping Fx : R — [0, 1] defined by

x5 Fx(x) =P({s € S | X(s) < x}) = P (X" ((—00,x]))
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Properties of Distribution Functions, |

Theorem
The CDF of any random variable s — X(s) satisfies:

1.

AN

6.

limy— 0o Fx(x) =0 and limy_ o Fx(x) = 1.

x > x" implies Fx(x) > Fx(x').

|imh¢0 Fx(X + h) = Fx(X).

P({se€ S| X(s) > x}) =1— Fx(x).
P({se€S:x< X(s) <x'})=Fx(x") — Fx(x)
whenever x < x',

P({s € S: X(s) = x}) = Fx(x) — limpo Fx(x + h).

CDFs are sometimes said to be cadlag,
which is a French acronym for continue a droite, limite a gauche
(continuous on the right, limit on the left).
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Properties of Distribution Functions, |l

Definition
A continuity point of the CDF Fx : R — [0, 1]
is an X € R at which the mapping x — Fx(x) is continuous.

Is it always true that limpp Fx(x + h) = Fx(x)?

Exercise
Let Fx : R — [0,1] be the CDF
of any random variable S > s — X(s) — R, and x € R any point.
Prove that the following three conditions are equivalent:
1. X is a continuity point of Fx;
2. P{se S| X(s)=x})=0;
3. |ith0 Fx()_< + h) == Fx()_()
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Continuous Random Variables

Definition
» A random variable S 3 s+ X(s) - R is
1. continuously distributed just in case x — Fx(x) is continuous;
2. absolutely continuous just in case
there exists a density function R 3 x — fx(x) — Ry
such that Fx(x) = [*__ fx(u)du for all x € R.
» The support of the random variable S 5 s — X(s) - R
is the closure of the set on which Fx is strictly increasing.

Example
The uniform distribution on a closed interval [a, b] of R
has density function f and distribution function F given by

0 if x<a
1 X — .
fx(x) = El[a,b](x) and Fx(x) := - if x € [a, b]
1 if x> b

University of Warwick, EC9A0 Maths for Economists Peter J. Hammond 15 of 66



The Normal or Gaussian Distribution

Example

The standard normal distribution on R
has density function f given by

1.0
fx(x) := ke™ 2%

1
where k := 1/+/27 is chosen so that [©° ke 2% dx = 1.

Its mean and variance are

1., 1,
+o0 —5X : +a —5X
[Tl kxeT 2 dx = limaseo [ kxe” 2 dx

1 1
= limase0[— foa kxe 2% dx + foa kxe 2% dx|
=0

1
f_Jmo ke 2% dx = 1
oo
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Expected Values
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Expectation w.r.t. a Probability Measure

Given the probability space (S, X, P),
consider the ¥-measurable random variable § 5 s — X(s) € R.

Provided that S 5 s — |g(s)| € R4 is integrable,

with [5|X(s)|P(ds) < +o0,

we can define the expectation of the random variable s — X(s)
as the integral [¢ X(s)P(ds).
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Expectation w.r.t. a Density Function

Let g : R — R be any Borel function,
and x — fx(x) the density function of the random variable X.

Whenever the integral [*_|g(x)|fx(x)dx exists,
the expectation of g o X is deflned as

E(g(X)) = / " g (x)dx

—0o0

Theorem
Let g1,82 : R — R and a, b,c € R. Then:

1. E(agi(X) + bga(X) + ¢) = aE(g1(X)) + bE(g2(X)) + c.
2. If g1 >0, then E(g1(X)) > 0.
3. If g1 = g2, then E(g1(X)) > E(g2(X)).
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Chebychev's Inequality

Theorem
For any random variable S > s — X(s) € Z,
fix any measurable function g : Z — Ry with E[g(X(s))] < +o0.

1
Then for all r > 0 one has P(g(X) > r) < ;E[g(X)].
Proof.
The two indicator functions s +— 1,(x)>,(s) and s+ 15(x)<,(s)
satisfy 15(x)>r(S) + 1gx)<r(s) =L foralls € S.
Because g(X(s)) > 0 for all s € S, one has

Elg(X)] = E[{Igx)>r(s) + Lgx)<r(s)} 8(X(s))]
E[lg(x)=r(s) 8(X())] + Ellg(x)<r(s) 8(X(s))]
> rE[lgx)=r(s)] = rP(g(X) =)

Dividing by r implies that 1IE[g(X)] > P(g(X) > r). O
r
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Moments and Central Moments

For a random variable X and any k € N:
> its k" (noncentral) moment is E[XX];

> its k™" central moment is E[(X — E[X])X],
assuming that E[X] exists in R;

» its variance, Var X, is its second central moment.
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Odd Central Moments of the Gaussian Distribution

Given any n € N and any a > 0,

1
define my(a) : f+a L —=x"e —2% dx.
When n is odd, one has (—x)” = —x", so
+a 1x2
mp(a) = ——x"e" 2% dx
n(a) T
0 +a
1, 1. / 1 _1,
= ——x"e 2% dx + ——x"e” 2% dx
—aV2rm 0o V2w
1

/+a n _lxzd /+a 1 n _lxzd
- — — x"e™ 2 X + —x'e 2 X
0o V2m 0o V2m

=0

. 1,
This allows us to define m, := fj;o kx"e” 2% dx
as the nth central moment of the standard normal distribution,
and to assert that m, = 0 when n is odd.
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Even Central Moments of the Gaussian Distribution
Now suppose n = 2r, where r € N.

d _1l. Lo ) .
Because d—e 2% = —xe 27, integrating by parts gives
Ix
a1 1, ta 1 d 1,
——x"e 2% dx = — ——x"t <e_2x ) dx
—a V27 _a V27 dx

+a

_1., _15
+a anle 5% + (n_l)Xn—Ze 5X dx

1
—? \2r _a V27

_L[an_l _ (_a)n_]_]e—%a2 + +a 1
2 _a V27

Taking the limit as a — oo, one obtains m, = (n — 1)mp_».

1
(n— l)x”*ze_fx2 dx

Note that mg = 1, so when n is an even integer 2r, one has

my, = (2r—1)(2r—3)---5-3-1
2r(2r —1)(2r —2)(2r —3)---5-4-3-2-1 _ (2r)!
2r(2r—2)(2r—4)---6-4-2 o 2ryl
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Multiple Random Variables

Let S 35— X(s) = (X, (s))N

n=1
be an N-dimensional vector of random variables
defined on the probability space (S, X, P).

P lIts joint distribution function is the mapping defined by
RN 5 x = Fx(x) :=P({s € S| X(s) < x})

» The random vector X is absolutely continuous
just in case there exists a density function fx : RV — R,
such that

Fx(x) = /< fx(u)du for all x € RN
usx
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Independent Random Variables

Let X be an N-dimensional vector valued random variable.

> If X is absolutely continuous,
the marginal density R 5 x — fx, (x) of its nth component X,
is defined as the N — 1-dimensional iterated integral

fxn(x):/~-~/fx(x1,...,Xn_l,x,xn+1,...,xN) dxq ...dxy

in which every variable except X, gets “integrated out”.

» The N components of X are independent

just in case fx = ngl

fx,.
» The infinite sequence (X,)7; of random variables
is independent just in case

every finite subsequence (X,),ek (K finite) is independent.
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Expectations of a Function of N Variables

Let X be an N-dimensional vector valued random variable,
and g : RN — R a measurable function.

The expectation of g(X) is defined as the N-dimensional integral
Blg(X)] == [ | e(u)i(w)du
RN
Theorem
If the collection (X,)N_, of random variables is independent, then

Exercise
Prove that if the pair (X1, X2) of r.v.s is independent,
then its covariance satisfies

COV()(l7 X2) = E[(Xl — E[X]_])(X2 — E[X2])] =0
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Marginal and Conditional Density
Fix the pair (X1, X2) of random variables.
» The marginal density of Xj is

le(Xl) - / I((X17X2)(X1,X2)dX2.

—00

> At points x; where fx,(x1) > 0,
the conditional density of X5 given that X; = xy is

fixi,x) (X1, x2)
sz\Xl(X2’X1) = : 17“)(2)(X1)
1

Theorem
If the pair (X1, X2) is independent and fx,(x1) > 0, then

ol (X2 x1) = £x, (x2)
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Conditional Expectations
Fix the pair (X1, X2) of random variables.
» The conditional expectation of g(X>) given that X; = xg is

[e.e]

Elg(X2)| X1 = x] = / £ x2) i x, (2l ).

—00
» Given any measurable function (x1, x2) — g(x1, x2),
the law of iterated expectations states that

Bty xp [8((X1, X2)(5))] = Eg [Egy . [8((X1, X2)(5))]]
Proof.

Efy, 58] = 2 8( XlaX2) f(X1 x2)(X1, x2) dx1 dxo
= Jr [Jrgba,x2) fxyx (alxi) dxa] fix, (x1) dx
= Eg [Efy, x, 80x1: x2)]]

O
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Outline

Limit Theorems
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Convergence of Random Variables

The sequence (X,)72; of random variables:

» converges in probability to X (written as X, LN X)
just in case, for all € > 0, one has

lim P(| X, — X| <€) =1.
n—oo
e . d
» converges in distribution to X (written as X, — X)
just in case, for all x at which Fx is continuous,

lim Fx (x) = Fx(x)

n—o0
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Definition of Weak Convergence

Definition
Let (X, X, P) be any probability space.

Then a continuity set of (X, X, P)
is any set B € ¥ whose boundary 0B satisfies P(0B) = 0.

Definition

Let (X, d) be a metric space with its Borel o-algebra .
A sequence (Pp)nen of probability measures

on the measurable space (X, X) converges weakly

to the probability measure P, written P, = P,

just in case P,(B) — P(B) as n — o

for any continuity set of (X, X, P).
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Portmanteau Theorem

Theorem

Let P and (Pp)nen be probability measures
on the measurable space (X, X).

Then P, = P if and only if:

1. for all bounded continuous functions f : X — R, one has:

/X F(x)Pa(dx) — /X F(x)P(dx)

2. limsup P,(C) < P(C) for every closed subset C C X;

n—oo

3. Iir’linf P,(U) > P(U) for every open set U C X.
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Convergence of Distribution Functions

Theorem

Let F and (Fp)nen be cumulative distribution functions on R
with associated probability measures P and (Pp,)pen

on the Lebesgue real line that satisfy

F(x) = P((—o0,x]) and Fp(x)= Pn((—00,x]) (neN)

on the measurable space (X, X).

Then P, = P if and only if F,(x) — F(x)
for all x at which F is continuous.
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The Weak Law of Large Numbers

» The sequence (X,)32; of random variables is i.i.d.

— i.e., independently and identically distributed
— just in case

1. it is independent, and
2. for every Borel set D C R, one has P(X, € D) =P(X, € D).

» The weak law of large numbers:
Let (X,)52, bei.id. with E(X,) = u.
Define the sequence

Ko = (5 50, %)

of sample means. Then, X, 5 4.

o

n=1
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A “Frequentist” Interpretation of Probability

Prove the following:
Let v = p(X € Q) € (0,1).

Consider the following experiment:
“n realizations of X are taken independently.”

Let G, be the relative frequency with which a realization in Q
is obtained in the experiment.

Then, G, LA .
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The Central Limit Theorem

» The central limit theorem:
Let (Xk)22; be an infinite sequence of i.i.d. random variables
with common mean E(Xx) = p and variance V(X) = o2.

For each n € N, define X,, := %22:1 Xy
as the sample average of n observations. Then:

1.

2.

c no® o2
B(Xn) = uandV( n) = 2Zk1 V(Xi )_?:7;
Xn = pu

For each n € N, the random variable Z, := \/n
o
is standardized in the sense that E[Z,] = 0 and E[Z2] = 1.

. One has Z, Ay where Y has the standard normal cdf

given by Fy(x) = r . e~ 2" du for all x € R,
In particular, E(Y) =0 and E(Y?) = 1.
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The Fundamental Theorems

Let (X,)52, bei.i.d., with E[X,] = u and V(X,) = 0. Then:

» by the law of large numbers,
X 2 p;
so B
Xn LS 1%
P but by the central limit theorem,
X, — — I d 1 X Lp
(o/vm) Vo )
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Concepts of Convergence, |

Definition

Say that the sequence X, of random variables
converges almost surely or with probability 1 or strongly
towards X just in case

ILnlLrlfIP’({w € Q| Xp(w) — X(w)| <e})=1

Hence, the values of X, approach those of X,
in the sense that the event that X,(w)
does not converge to X(w) has probability 0.

Almost sure convergence is often denoted by X, — X,
P—a.s.

with the letters a.s. over the arrow that indicates convergence.
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Concepts of Convergence, Il

For generic random elements X,, on a metric space (S, d),
almost sure convergence is defined similarly,

replacing the absolute value | X,(w) — X(w)|

by the distance d(X,(w), X(w)).

Almost sure convergence implies convergence in probability,
and a fortiori convergence in distribution.

It is the notion of convergence
used in the strong law of large numbers.
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The Strong Law

Definition

The strong law of large numbers (or SLLN)

states that the sample average X,

converges almost surely to the expected value p = EX.
It is this law (rather than the weak LLN)

that justifies the intuitive interpretation

of the expected value of a random variable

as its “long-term average when sampling repeatedly.”
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Differences Between the Weak and Strong Laws

The weak law states that for a specified large n, the average X,
is likely to be near p.

This leaves open the possibility that | X, — | > ¢
happens an infinite number of times, although at
infrequent intervals.

The strong law shows that this almost surely will not occur.

In particular, it implies that with probability 1,
for any € > 0 there exists n,
such that | X, — p| < € holds for all n > n,.
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Monte Carlo Integration
Because of the strong law of large numbers, here is one way
to approximate numerically the integral [, f(x) pu(dx)
of a complicated function of ¢ variables, where K C R¢
has an ¢-dimensional Lebesgue measure u(K) < +oo.
1. First, choose a large sample (x")7_; of n points
that are independent and identically distributed random draws
from the set K, with common probability measure 7
satisfying m(B) = u(B)/u(K) for all Borel sets B C K.
2. Second, calculate the sample average function value

M) = =3 F()

n

3. Third, observe that, by the strong law of large numbers,
the sample average M"((x")_;) converges almost surely
as n — oo to the theoretical mean

B [F(x*)] = /K f(x)rr(dx>=u(1K) /K F(x) u(dx)
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A Process with a Continuum of |ID Random Variables

Let B denote the Borel o-field on R,

and let / denote the unit interval [0, 1].

Definition

A process with a continuum of iid random variables
on the Lebesgue unit interval (1, £, \) is:

» a sample probability space (2, F,P);
» a mapping | x Q35 (i,w) — f(i,w) € R satisfying
P(Npen{w € Q| f(in,w) € Bn})
_H P({w e Q| f(in,w) € By})

for every countable collection (i, BY)
of pairs (i,B) € | x B. O
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The Monte Carlo Integral: Rescuing Macroeconomics

Definition

Given the process | x Q 3 (i,w) — f(i,w) € R

with a continuum of iid random variables,

define the Monte Carlo integral as the random variable

Q3w MC/f(i,W))\(di) eR
1

as the almost sure limit as n — oo of the average < Y7, f(ix,w)
when the n points (ix)7_, are independent draws
from the Lebesgue unit interval (/, £, \).

Then, even though the Lebesgue integral [, f(i,w)\(di)

is almost surely undefined, the strong law of large numbers
implies that the Monte Carlo integral wmcf, f(i,w)A(di)

is well defined as a degenerate random variable Q 5 w — d,(w)
that attaches probability one

to the common theoretical mean m := [, f(i,w) P(dw).
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Outline

Convergence Results
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Moment-Generating Functions

Definition

The nth moment about the origin is defined as m, := E[X"].
This may not exist for large n

unless the random variable X is essentially bounded,

meaning that there exists an upper bound X
such that P({w € Q | | X(w) < x}) = 1.

Definition
The moment-generating function of a random variable X is

R > t — Mx(t) := E[e?]

wherever this expectation exists.
At t =0, of course, Mx(0) = 1.

For t #£ 0, however, unless X is essentially bounded above,
the expectation typically may not exist

because eX can be unbounded.
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The Gaussian Case
For a normal or Gaussian distribution N(u,o?),
even though the random variable is unbounded,
the tails of the distribution are thin enough
to ensure that the moment generating function exists and is given
by

M(t; L, 0_2) E[etX] _/ m (X_M)2/202dx

_/ ex—(x—u)2/202dx
—c0 V2702

Now make the substitution y = (x — u — o?t) /o,
implying that dx = ody and that

(x = p)? 1.2 1 2.2
This transforms the integral to

> 1 12,2
M(t; p,o? :/ e~ Y htt30%t dy = el'tt2
( ) .
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From Moment-Generating Functions to Moments
Note that

eX =14+ tX +

X2 3x3 t"X" o t"X"
Taking the expectation term by term

and then using the definition of the moments of the distribution,
one obtains

Mx(t) = E[e™]

t2 t3 "
= 1+ tE[X]+ EE[XQ] + ﬁE[X3] +o S EXT
t2 ! t3 ! tk n!

00 tk
o Zkzoﬂmk
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Derivatives of the Moment-Generating Function

Suppose we find the nth derivative with respect to t
k
t

of Mx(t) = > kZo Mk

One can easily proved by induction on n that

dn . Ko
=k(k—1)(k—2)...(k— )t " = ————t"
So differentiating t — Mx(t) term by term n times, one obtains
(n) B d" x| oo Kkl th=n
My'(t) = E [dt”e ] = 2 (k—n)l kI "k

tk—n

= Zzn mmk

Putting t = 0 yields the equality I\/l)(<")(0) = %mn = M.

In this sense, the moment-generating function
does “exponentially generate”
the moments of the probability distribution.
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Definition of Characteristic Functions

The moment-generating function may not exist
because the expectation need not converge absolutely.
By contrast, the expectation of the bounded function X
always lies in the unit disc of the complex plane C.

So the characteristic function

that we are about to introduce always exists,

which makes it more useful in many contexts.

Definition

For a scalar random variable X with CDF x — Fx(x),

the characteristic function is defined

as the (complex) expected value of e™X = cos tX + isin tX,

where i = /—1 is the imaginary unit,

and t € R is the argument of the characteristic function:
+0o0

RSt éx(t) = Be™ = / e dFy(x) € C

—00
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Gaussian Case

Consider a normally distributed random variable X

with mean y and variance o2.

Its characteristic function can be found
by replacing t by it in the expression for the moment

M(t; i, 0%) = E[eX] = ettt30°¢
Recalling that (it)? = —t2, the result is

f%(xf,u)z/cﬂdx — ei,utf%02t2

oot [Ce
SD 2102

In the standard normal or N(0,1) case, when p = 0 and 02 = 1,
L1

one has ¢(t; 0,1) = e 2
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Use of Characteristic Functions

Characteristic functions can be used
to give superficially simple proofs
of both the LLN and the classical central limit theorems.

The following merely sketches the argument.

For much more careful detail,
see Richard M. Dudley's major text, Real Analysis and Probability.

A key tool is Lévy's continuity theorem.

For a sequence of random variables,
this connects convergence in distribution
to pointwise convergence of their characteristic functions.
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Statement of Lévy's Continuity Theorem

Theorem

Suppose (X,)02; is a sequence of random variables,
not necessarily sharing a common probability space,
with the corresponding sequence

R >t p,(t) =Ee™ e C (neN)

of complex-valued characteristic functions.

If X, converges in distribution to the random variable X,
then t — @,(t) converges pointwise to t — ¢(t) = Ee'X,
the characteristic function of X.

Conversely, if t — n(t) converges pointwise

to a function t — ¢(t) which is continuous at t =0,

then t — ¢(t) is the characteristic function Ee™X

of a random variable X, and X, converges in distribution to X.
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Linear Approximation to the Characteristic Function

Suppose that the random variable X
has a mean px == EX = [% xdF(x).

One can then differentiate within the expectation to obtain

d_ . d
a]Eelf.‘X —F |:dt ItX:| E[IXEItX]

Consider the linear approximation
Ee™X =14 i[u+&(h)]h where &(h) := (Ee™ — 1 — ihu)/h
By I'Hé6pital’s rule, one has

lim £(h) = "0/0" = il)i_n}qo(IE[iXe"hX] —iu)/1=E[iX]—ip=0
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Quadratic Approximation to the Characteristic Function
Next, suppose that the random variable X
has not only a mean px = [ xdF(x),
but also a variance 0% = [ (x — p)?dF(x).
One can then differentiate twice within the expectation to obtain
d* - ix d? X 2_itX 2_itX
d2E Ed2 = E[(iX)“e'"™"] = —E[X“e"""]
Consider the quadratic approximation
Ee™ =1+ iuh— §[0® + 1 + n(h)]h°
where n(h) := (1/h?)[Ee™ — 1 — ihu] + (o + p?).
Applying I'Hopital’s rule twice, one has

I|m0—[Ee’hX 1 — ihu] = “0/0" = I|m —(E[/Xe’hx] i)
= "0/0" = lim LE[(iX)2e™X] = —%IEX2 =10 +1?)
4>

implying that n(h) — 0 as h — 0.
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A Useful Lemma

Lemma
Suppose that R 5 h — ((h) € C satisfies ((h) — 0 as h — 0.

Then for all z € C, one has {1+ L[z +((1/n)]}" — €7 as n — <.

For a sketch proof, first one can show that
fim {1+ > [z + C(1/n)]}" = lim (14 2)"
Jm 1+l + /" = Jim 1+ 2
Second, in case z € R, putting h = 1/n and taking logs gives
: 1 n : 1/h
In|lim (14 =2)"| =In|lim(1+ hz)
n—o00 n h—0

=z

.1 d
= /![>n0 E[In(l + hz) —Inl] = e In(1+ hz) .

implying that (1 4+ %z)” — e% as n — 0.

Dealing with the case when z is complex is more tricky.
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Sketch Proof of the Weak LLN, |

Consider now any infinite sequence Xi, Xp, ... of observations
of 11D random variables drawn from a common CDF F(x) on R,
with common characteristic function t — px(t) = E[e™X].

For each n € N, let X, := %27:1 denote the random variable
whose value is the sample mean of the first n observations.

This sample mean has its own characteristic function
_ — itXn] _ o itX;/n
ex,(8) = Ele™™] = E [ &™)

Then ) | | n
SO)_(n(t) = Hj:1 E[eltxj/n] _ (E[eltX/n]>

because the random variables X;
are respectively independently and identically distributed.
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Sketch Proof of the Weak LLN, II

Suppose we take the linear approximation
Ee™ =1+ i[u+&(h)h where &(h) =0 as h—0

and replace h by t/n to obtain

E[e"X] = {1+ (it/n)[u + &(t/m)]}"

Because £(t/n) — 0 as n — oo and so h=t/n — 0, one has

Jim (L4 it €(e/n)])" = lim (14 itp)" = e = B[]

lim
n—oo
where E[e'] is the characteristic function
of a degenerate random variable Y
which is equal to p with probability 1.

Using the Lévy theorem, it follows that the distribution of X,
converges to this degenerate distribution,
implying that X, converges to p in probability.
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Sketch Proof of the Classical CLT, |

For each j € N, let Z; denote the standardized value (X; — p1)/o
of X;, defined to have the property that EZ; = 0 and I[:?JZJ2 =1

Now define Z, := Py %

This is called the standardized mean because:

1. linearity implies that EZ, = \% > i EZi=0;

2. independence implies that EZ2 = %EJ'-'ZI IEZJ-2 =1.
Putting # = 0 and ¢ = 1 in the quadratic approximation

Ee™ =1+ iuh— %[02 + 12 + n(h)H?
implies Ee’"? = 1 — 1[1 4 n(h)]h* where n(h) — 0 as h — 0.
Replacing hX by tZ;//n in this quadratic approximation yields

E[e™4/Vr] =1 — ;f[l +n(t/n)]

University of Warwick, EC9OA0 Maths for Economists Peter J. Hammond 59 of 66



Sketch Proof of the Classical CLT, Il

Now independence implies that

E[e"?] =E [eXP (lt ZJ . Jﬂ = H;Zl E[e"% /v/n]

Hence, another careful limiting argument shows that
it7 1 t2 " _Llp
E[e"™] =31 —3—[1+n(t/n)]p —e 2" asn— o0
n

. v
But we showed that this limit e 2"
is precisely the characteristic function
of a standard normal distribution N(0,1).

Because t — e_%t2 is continuous at t = 0,

the central limit theorem follows from the Lévy continuity theorem,
which confirms that the convergence of characteristic functions
implies convergence in distribution.
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Outline

Non-integrability for Macroeconomists
A Continuum of Independent Random Variables
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A Continuum of Independent Random Variables

Hotelling had a continuum of ice cream buyers

distributed along a finite beach.

Vickrey and Mirrlees considered optimal income taxation

when a population of workers have continuous distributed skills.
Aumann and Hildenbrand modelled

a perfectly competitive market system

with a continuum of traders

who each have negligible individual influence over market prices.

Market clearing in the economy as a whole requires,
for each separate commodity, equality between:
(i) mean demand per trader; and (ii) mean endowment per trader.

Bewley considered a continuum of consumers
with “independently fluctuating” random endowments.

Then, is mean endowment in the population even defined?
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Difficulty Illustrated

In the following graphs, think of the horizontal axis
as the Lebesgue unit interval, indicating something like
a U.S. social security number (SSN) (x107?).

Think of the horizontal axis as the Lebesgue unit interval,
indicating something like an individual’s height,
measured as a percentile.

Assume that SSN gives no information about height.

Then the heights of, approximately, a continuum of individuals
may be regarded as statistically IID random variables.
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Difficulty Illustrated: 25 Random Draws

1
0.9
08
07
06
05 %
0.4 %
03
02
0.1

0 LN B S B N R B B BN BN RN N S BN BN BN RN BN BN S BN B B |

The points have x € {(1/25)(n— 3) | n € {1,...,25}}
and y pseudo-randomly drawn from a uniform distribution on [0, 1].
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Difficulty Illustrated: 200 Random Draws

09
08
0.7
06
05
04
03
0.2
01

e X % A WX KX
O X o X X % ol T, e
. W XWX % % X %

L s XK xR X X XX X X

Ko X X T %

s B A TR VRV

v X X % X X 3¢
xx & KX X x o X X

% X X X X X% % X)\X

><>><< X sk ¥ X X >$§< 4 X Xx X %

The points have x € {(1/200)(n— %) | n € {1,...,200}}

and y pseudo-randomly drawn from a uniform distribution on [0, 1].
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A Theorem on Non-Measurable Sample Paths
Recall that the supremum is the least upper bound,
and the infimum is the greatest lower bound.

Define the essential supremum and infimum
of each random variable w — f(i,w) as:

esssupf(i,w) = inf{beR|P{we Q| f(i,w) <b})=1}
essinf f(i,w) = sup{aeR|P{we Q]| f(i,w)>a})=1}

For all the IID random variables w — f(i,w),
let a € R denote the common value of essinf f(i,w)
and b € R the common value of esssup f(i,w).

Theorem

Whenever a < b,

the sample path | > i — f(i,w) is P-a.s. non measurable.
Of course, when a = b, then P-a.s. one has f(i,w) =a=b
— i.e., the process (i,w) — f(i,w) is essentially constant.

The key idea in the proof is to show that the sample path

has a lower integral a and an upper integral b.
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