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FIGURE 3.1. Linear least squares fitting with
X ∈ IR2. We seek the linear function of X that mini-
mizes the sum of squared residuals from Y .
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FIGURE 3.2. The N-dimensional geometry of least
squares regression with two predictors. The outcome
vector y is orthogonally projected onto the hyperplane
spanned by the input vectors x1 and x2. The projection
ŷ represents the vector of the least squares predictions
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FIGURE 3.3. The tail probabilities Pr(|Z| > z)
for three distributions, t30, t100 and standard normal.
Shown are the appropriate quantiles for testing signif-
icance at the p = 0.05 and 0.01 levels. The difference
between t and the standard normal becomes negligible
for N bigger than about 100.
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FIGURE 3.4. Least squares regression by orthogonal-
ization of the inputs. The vector x2 is regressed on the
vector x1, leaving the residual vector z. The regression
of y on z gives the multiple regression coefficient of x2.
Adding together the projections of y on each of x1 and
z gives the least squares fit ŷ.
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FIGURE 3.5. All possible subset models for the
prostate cancer example. At each subset size is shown
the residual sum-of-squares for each model of that size.
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FIGURE 3.6. Comparison of four subset-selection
techniques on a simulated linear regression problem
Y = XT β + ε. There are N = 300 observations
on p = 31 standard Gaussian variables, with pair-
wise correlations all equal to 0.85. For 10 of the vari-
ables, the coefficients are drawn at random from a
N(0, 0.4) distribution; the rest are zero. The noise
ε ∼ N(0, 6.25), resulting in a signal-to-noise ratio of
0.64. Results are averaged over 50 simulations. Shown
is the mean-squared error of the estimated coefficient

β̂(k) at each step from the true β.
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FIGURE 3.7. Estimated prediction error curves and
their standard errors for the various selection and
shrinkage methods. Each curve is plotted as a func-
tion of the corresponding complexity parameter for that
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FIGURE 3.8. Profiles of ridge coefficients for the
prostate cancer example, as the tuning parameter λ is
varied. Coefficients are plotted versus df(λ), the ef-
fective degrees of freedom. A vertical line is drawn at
df = 5.0, the value chosen by cross-validation.
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FIGURE 3.9. Principal components of some input
data points. The largest principal component is the
direction that maximizes the variance of the projected
data, and the smallest principal component minimizes
that variance. Ridge regression projects y onto these
components, and then shrinks the coefficients of the
low-variance components more than the high-variance
components.
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FIGURE 3.10. Profiles of lasso coefficients, as the
tuning parameter t is varied. Coefficients are plot-

ted versus s = t/
Pp

1 |β̂j |. A vertical line is drawn at
s = 0.36, the value chosen by cross-validation. Com-
pare Figure 3.8 on page 9; the lasso profiles hit zero,
while those for ridge do not. The profiles are piece-wise
linear, and so are computed only at the points displayed;
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FIGURE 3.11. Estimation picture for the lasso (left)
and ridge regression (right). Shown are contours of the
error and constraint functions. The solid blue areas are
the constraint regions |β1|+ |β2| ≤ t and β2

1 + β2
2 ≤ t2,

respectively, while the red ellipses are the contours of
the least squares error function.
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FIGURE 3.12. Contours of constant value of
P

j |βj |q for given values of q.
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q = 1.2 α = 0.2

Lq Elastic Net

FIGURE 3.13. Contours of constant value of
P

j |βj |q for q = 1.2 (left plot), and the elastic-net

penalty
P

j(αβ2
j + (1−α)|βj |) for α = 0.2 (right plot).

Although visually very similar, the elastic-net has sharp
(non-differentiable) corners, while the q = 1.2 penalty
does not.
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FIGURE 3.14. Progression of the absolute correla-
tions during each step of the LAR procedure, using a
simulated data set with six predictors. The labels at the
top of the plot indicate which variables enter the active
set at each step. The step length are measured in units
of L1 arc length.
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FIGURE 3.15. Left panel shows the LAR coefficient
profiles on the simulated data, as a function of the L1

arc length. The right panel shows the Lasso profile.
They are identical until the dark-blue coefficient crosses
zero at an arc length of about 18.
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FIGURE 3.16. Comparison of LAR and lasso with
forward stepwise, forward stagewise (FS) and incre-
mental forward stagewise (FS0) regression. The setup
is the same as in Figure 3.6, except N = 100 here
rather than 300. Here the slower FS regression ulti-
mately outperforms forward stepwise. LAR and lasso
show similar behavior to FS and FS0. Since the proce-
dures take different numbers of steps (across simulation
replicates and methods), we plot the MSE as a function
of the fraction of total L1 arc-length toward the least-
-squares fit.
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FIGURE 3.17. Ridge regression shrinks the regres-
sion coefficients of the principal components, using
shrinkage factors d2

j/(d2
j + λ) as in (3.47). Princi-

pal component regression truncates them. Shown are
the shrinkage and truncation patterns corresponding to
Figure 3.7, as a function of the principal component
index.
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FIGURE 3.19. Coefficient profiles for the prostate
data. The left panel shows incremental forward stage-
wise regression with step size ε = 0.01. The right
panel shows the infinitesimal version FS0 obtained let-
ting ε → 0. This profile was fit by the modification 3.2b
to the LAR Algorithm 3.2. In this example the FS0

profiles are monotone, and hence identical to those of
lasso and LAR.
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FIGURE 3.20. The lasso and two alternative non–
convex penalties designed to penalize large coefficients
less. For SCAD we use λ = 1 and a = 4, and ν = 1
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the last panel.


