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ABSTRACT. We present a novel inference approach which we call Sample Out-of-Sample (or SOS)
inference. The approach can be used widely, ranging from semi-supervised learning to stress-testing
and it is fundamental in the application of data-driven Distributionally Robust Optimization (DRO).
Our method enables measuring the impact of (plausible) out-of-sample scenarios on a given per-
formance measure of interest (such as a financial loss). The methodology is inspired by Empirical
Likelihood (EL), but we optimize the empirical Wasserstein distance (instead of the empirical like-
lihood) induced by observations. From a methodological standpoint, our analysis of the asymptotic
behavior of the induced Wasserstein-distance profile function shows dramatic qualitative differences
relative to EL. For instance, in contrast to EL, which typically yields chi-squared weak convergence
limits, our asymptotic distributions are often not chi-squared. Also, the rates of convergence that
we obtain have some dependence on the dimension in a non-trivial way but which remains controlled
as the dimension increases.

Subject classifications: Non-parametric statistics; Probability; Distributionally Robust Opti-
mization

Area of review: Stochastic Models.
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1. INTRODUCTION

The goal of this paper is to introduce a novel methodology for non-parametric inference which allows
incorporating the adverse impact of out-of-sample scenarios. We call the procedure Sample Out-
of-Sample inference or SOS inference. Our method is general, and we discuss several applications,
including Distributional Robust Optimization (DRO), semi-supervised learning and a novel stress-
testing framework. We use the DRO framework in the introduction to put our contributions in
perspective. We elaborate on semi-supervised learning and stress-testing applications in Section 2.
A data-driven DRO problem takes the form

1 i Epll(6, X)),
(1) G Pello (Do) Pl (0, X)]

where [ : R¥! — [0,00) is a cost (or loss) function, X € R! is a random element, and § € R? is a
decision. Often, [ (-, x) is assumed to be strictly convex and smooth (e.g. twice differentiable) and we
will assume this throughout our motivating discussion. The notation Ep (-) denotes the expectation
operator associated to the probability measure P. We use P,, to denote the empirical measure
corresponding to {X;};", i.i.d. observations which follow the distribution P,. The set Us (Py) is
the distributional uncertainty set. The parameter § > 0 is called the “size of the distributional
uncertainty” so that the family of sets (Us (P,,) : § > 0) is increasing (in the sense of inclusion) as
a 0 > 0 increases and so that for § = 0, Uy (P,) = {P,}. So, intuitively, P, is the “center” of the

“radius”.

distributional uncertainty region and § > 0 can be thought of as its
Ideally, one would like to compute 0, = argmin Ep_ [l (¢, X)], but Py is unknown. So, the intuition
behind formulation (1) is that one is interested in choosing a decision #, which performs well
uniformly over a range of models which constitute reasonable (or plausible) variations of the data
(encoded by P,).

We are interested in variations of the empirical distribution P, (the elements in Us (P,)) which
systematically explore the impact of out-of-sample scenarios in the loss function [(-). So, P €
Us (P,) should not be supported only on the underlying data set. Instead, we are interested in a
framework which admits models in P € Us (P,,) which may be supported outside the sample { X;}7_;.

Because of this out-of-sample exploration feature, we choose Us (P,) based on the Wasserstein

distance of order 2, which is explained in Section 3.
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Distributionally robust optimization formulations such as (1) based on the Wasserstein distances
have been studied recently in a wide range of settings, especially in applications to machine learning
and artificial intelligence, see for example, [39, 29, 48, 10, 17, 8, 47, 41, 18, 43, 14, 9].

All of these studies focus on the setting in which the support of the distributions inside Us (F,,) is
R?. Moreover, within the current literature, only [8] studies the optimal selection of the parameter §
by defining a natural optimization criterion. The work of [8] also shows that such criterion recovers
choices which have been argued to be effective for recovery in machine learning settings for which
a DRO representation can be posed.

In contrast, compared to [8], our work is the first one that studies the statistical implications of
choosing the support of the members of the distributional uncertainty P € Us (P,) in a data-driven
way. One of our main contributions in this paper consists in providing a comprehensive study of
an optimal data-driven choice of uncertainty size, d, when the support of the members in Us (P,)
is obtained from an arbitrary random sample whose size is increasing with n.

More generally, our contributions can be viewed in the lens of a novel inference framework which
we call Sample-out-of-Sample inference, based on the analysis of the so-called SOS profile function
for estimating equations.

In the DRO framework, we consider enriching the empirical data set X, = {X;}!'; (which is
assumed to be i.i.d.) by including a set of scenarios {Y;}", (which is also assumed to be i.i.d.), with
m = [kn] for some k € [0,00). The Y;’s and the X;’s are not assumed share the same distribution.
In order to unify the notation we write Z; = X; fori =1,....,n, Z,,p =Yy for k= 1,...,m and set
Znam =1{Z; };Lilm . (We use P to denote the probability measure supporting the infinite sequences
{Xi}i>1 and {Yi}i>1.)

In order to emphasize the difference between the analysis in [8] and our analysis here, we write
Us (Po; R to denote the full support case (studied in [8]) and Us (Py; Zn4m) for the uncertainty
set considered in our current setting.

Let us describe the optimality criterion discussed in [8] for choosing . Since the set Us (P,) is

interpreted as the set of plausible variations of the data, then the set

(2) As (P,) ={0:60 =argmin Ep[l (0, X)] for P € Us (Pp; Zntm)}
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corresponds to the set of plausible decisions, those which are compatible with the distributional
uncertainty region. Note that As (P,) is a random set which can be interpreted as a confidence

region. The criterion that we utilize is the following
(3) min{d : P (6. € As (P,)) > a},

where « is a desired confidence level.

To analyze (3) we first argue that

(4) {0 € As (P)} = {R)) (0.) < 4},

n

for a suitably function, R} (-), which we call the SOS profile function (Sample-out-of-Sample
profile function). In simple words, R} (6,) can be computed directly in terms of the shortest
Wasserstein distance between P, and the set of probability models P € Us (Py; Z54m) for which
Ep [Vl (0.,2)] = 0.

As a consequence of (4), the optimal ¢ solving (3) is simply the a-quantile of RY (6.).

In general, we can use our methodology to test the hypothesis that 6, satisfies Ep, (h (04, 2)) = 0,
simply replacing Vgl (6, x) by h (0, x) in the definition of the SOS profile function. The hypothesis is
rejected for high values of the statistics R}’ (6,). Thus, it is important to compute the asymptotic
distribution R (6.).

Our contributions are then stated at this level of generality (i.e. asymptotic analysis of RY (6,) for

the purpose of hypothesis testing). In the end, this paper involves two main contributions:

A) First, we characterize the asymptotic distribution of R (6.) as n — oo, see Theorems 1- 3.

We explain how to compute the asymptotic limiting distributions in Section 4.1.1.

B) Second, we discuss various extensions which, we believe, are natural to study in order to de-
fine DRO optimal transport cost functions. These include implicit DRO formulations and plug-in
estimators. We illustrate the extensions in the empirical result section. For example, writing
0. = (7, vs«) we develop the asymptotic distribution of R (v.,%,), where @, is a suitable consis-
tent plug-in estimator for v, as n — oo, see Corollary 2. The construction of v, may be based on
standard empirical estimators. This extension may be used in the context of stochastic optimization

with constraints, as illustrated in Section 5.
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The theory that we develop in this paper parallels the main fundamental results obtained in the
context of Empirical Likelihood (EL), introduced by Art Owen in [34, 32, 35]. In fact, the con-
struction of the function R} (-), borrows a great deal of inspiration from the Empirical Likelihood
Profile function (and its extensions based on divergence criteria, rather than the likelihood function,
see [35]). There are, however, several important characteristics of our framework that, we believe,
add significant value to the non-parametric inference literature.

First, from a conceptual standpoint, the EL framework restricts the support of the outcomes only
to the observed empirical sample and, therefore, there is no reason to expect particularly good out
of sample performance of estimates based on EL. In fact, the out-of-sample problems which arise
from using divergence criteria for data-driven distributional robust optimization (closely related to
EL) are noted in the stochastic optimization literature, see [16]; see also [45, 3], for related work.
Second, from a methodological standpoint, the mathematical techniques needed to understand the
asymptotic behavior of R (6,) are qualitatively different from those arising typically in the context
of EL. We will show that if [ > 3, then the following weak convergence limit holds (under suitable

assumptions on [ (+)),

nt/2HBIRHE RW 9y = R (6,),

as n — oo. Note that the scaling depends on the dimension of the random vector X in a very
particular way. In contrast, the Empirical Likelihood Profile function is always scaled linearly in
n and the asymptotic limiting distribution is generally a chi-squared distribution with appropriate
degrees of freedom and a constant scaling factor.

In our case, R () can be explicitly characterized, depending on the dimension in a non-trivial way,
but it is no longer a suitably scaled chi-squared distribution. When [ = 1, we obtain a similar
limiting distribution as in the EL case. The case | = 2, interestingly, requires a special analysis. In
this case, the scaling remains linear in n (as in the case [ = 1), although the limiting distribution is
not exactly chi-squared, but a suitable quadratic form of a multivariate Gaussian random vector.
For the case [ > 3 the limiting distribution is not a quadratic transformation of a multivariate
Gaussian, but a more complex (yet still explicit) polynomial function depending on the dimension.
At a high level, some of the qualitative distinctions in the methodology arises because of the linear
programming formulation underlying the SOS function, which will typically lead to corner solutions

(i.e. basic feasible solutions in the language of linear programming). The high level intuition of
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the scaling is associated with the interplay between the linear programming formulation and the
coverage of a sample of size n in a space in I dimension. A high level intuition is given in more detail
in Section 7.1. In contrast to the analysis of the SOS function, in the EL analysis of the profile
function, the optimal solutions are amenable to a smooth perturbation analysis as n — oo using
a Taylor expansion of second (and higher) order terms. The lack of a continuously differentiable
derivative (of the optimal solution as a function of ) requires a different type of analysis relative
to the approach (traced back to the classical Wilk’s theorem, [46]) which lies at the core of EL
analysis.

The high-level intuition developed in Section 7.1 also underscores the distinction between our devel-
opment here and the analysis in [8]. In contrast to our development here, the scaling in [8] is always
dimension independent. This is because the issue involving the coverage of the random scenarios in
the support of the alternative distributions is not an issue that needs to be controlled. Moreover,
the current setting introduces a correlation structure in the optimal transportation map, which is
not present in the analysis of [8]. This is because the feasible transportation locations are now given
by a random sample. To this end, we take advantage of recent sample-path martingale inequalities.
The use of these inequalities is showcased in the technical Section 7.2.7 and we believe that these
techniques may be applicable more broadly in non-parametric statistical analysis.

The rest of the paper is organized as follows. In Section 2 we discuss semi-supervised learn-
ing and stress testing applications which motivate the formulation in which the support of P €
Us (Py; Zy4m) is data-driven. Basic definitions, including a review of the Wasserstein distance, are
given in Section 3. Our main technical results are described in Section 4. We include applications
of our results to settings such as stochastic optimization, risk analysis, and semi-supervised learning
in Section 5. A short section including conclusions and additional discussions is given in Section 6.
Finally, our technical development is given in Section 7, starting with a high level intuition of the

nature of our results and scaling in Section 7.1.

2. MOTIVATING SETTINGS

2.1. Semi-supervised Learning Applications. The setting of semi-supervised learning can be
used to illustrate our framework. Consider a classification problem which the takes the form D,, =

{(X;, i)}, and Y; € {—1,1} is the i-th response variable and X; € R! is the i-th the predictor.
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For concreteness, let us consider the logistic regression setting in which

exp (V.67 X,)
PY, =1X;) = =1-P; = -1|X;).
W= 1) = Tz — 1 P= T

Suppose that we have access to an unlabeled data set {X/};", and we are interested in using this
data in a meaningful way for estimating SB.. This is the semi-supervised learning setting which
arises in cases in which obtaining responses or labels for every individual may be costly.

The work of [6] proposes combining both the label and unlabeled data by forming the set X, ,, =
DU ({X[}", x {1,—1}]_,) (i.e. the original data set is enriched by considering the unlabeled data
with all the possible responses recorded by the labeled data).

Then, [6] considers a Distributionally Robust Optimization (DRO) formulation for estimating (.
in which the distributional uncertainty region is defined in terms of the Wasserstein distance. The
DRO formulation proposed in [6] is equivalent to the problem

5 i Epll(X.,Y,5)],
Y s 0

which corresponds to (1).

The formulation of [6] (i.e. (5)) is of significant interest because it is a natural semi-supervised
learning extension version of regularized linear regression, which is a highly popular supervised
machine learning estimator (see [20]). In particular, it is shown in [8], see also [39], that replac-
ing Us (Pp; Xnm) by Us (Pn;Rl) in (5) one recovers exactly regularized logistic regression and ¢
corresponds exactly to the regularization parameter. This connection between Wasserstein DRO
and mainstream supervised learning estimators has been established for a large class of methods,
including, square-root Lasso ([8]), support vector machines ([8]), group Lasso ([5]), adaptive Lasso
(19]), etc.

The methods developed in this paper provide the theoretical underpinning for the choice of the
uncertainty size § in the context of (5) which yield regularized estimators which are informed by

the unlabeled data in a meaningful way.

2.2. Novel Stress-testing Framework. Consider the following stress-testing exercise. An in-
surance company wishes to estimate a certain expectation of interest, say Ep«(L(X)), where X
might represent one or several risk factors, L (X) is the corresponding financial loss and P* (+) is

the underlying probability measure which may be unknown.



8 BLANCHET AND KANG

The insurance company may estimate E* (L(X)) based on n ii.d. (independent and identically
distributed) empirical samples X1, ..., X,, € R!. However, the regulator (or auditor) is also interested
in quantifying the potential financial loss based on stress scenarios, say an i.i.d. sample Y7,...,Y,, €
R!, where m = [skn] with x € [0,00). It may be natural to choose k = 1 so that the amount of
information provided by the regulator and the company is balanced, but this is not necessary.
The scenarios provided by the regulator may or may not come from the same distribution as the
X;’s. In fact, typically they will come from a different distribution. The regulator’s beliefs are
captured by the distribution of the Y;’s. These beliefs may, in turn, be informed by the knowledge
which is accessible only by the regulator and not by the insurance company. The regulator may
not necessarily question the fact that the historical data from the X;’s follows distribution P (+),
but he/she might be concerned that the insurance company lacks additional information to assess
the overall risk exposure better.

The scenarios provided by the regulator may or may not come from the same distribution as the
X;’s. In fact, typically they will come from a different distribution. The regulator’s beliefs are
captured by the distribution of the Y;’s. These beliefs may, in turn, be informed by the knowledge
which is accessible only by the regulator and not by the insurance company. The regulator may
not necessarily question the fact that the historical data from the X;’s follows distribution P (+),
but he/she might be concerned that the insurance company lacks additional information to assess
the overall risk exposure better.

On the one hand, the insurance company clearly knows well its idiosyncratic risk exposures, so the
data represented by the X,,’s, arising from a model with such idiosyncratic information is meaningful
and should be considered carefully. On the other hand, it is also correct that the regulator possesses
additional information which should be considered in evaluating the potential impact of scenarios
which may not be appropriately captured by the data of the insurance company.

So, how does one incorporate both the X,,’s and the Y;’s in a meaningful way for the purposes of
evaluating the risk of the company?

The methodology developed in this paper allows incorporating both the empirical data of the
insurance company and the stress scenarios provided by the regulator a Distributionally Robust
Performance Analysis (DRPA) formulation (closely related to Distributionally Robust Optimization

— DRO) as we describe next.



SAMPLE OUT-OF-SAMPLE INFERENCE 9

Define Z = Xj and Z,,1 = Y for k = 1,...,m (i.e. merge both the empirical samples and the

stress scenarios into a set Z,1m = {Z1, ..., Zntm}). We let

Py (dz) =n"") " d(x,) (d)
k=1

be the empirical distribution of the data generated by the insurance company. A natural estimate

for E* (L(X)) based on the insurance company’s data is given by
n
Ep, (L(X) =n '3 L(Xe).
k=1

Now, let P (Z,+m) be the set of all probability distributions with support on Z,,,. Our DRPA
approach consists in providing estimates for Ep (L(X)) via

(6) 0_(9),0+ ()= min, max Ep(L(X)).
PEUS(Pn;Zn,m)S(S

We believe that the DRPA formulation (6) provides a reasonable approach for combining both the
insurance company’s information and the regulator’s beliefs. We do not disregard the data coming
from the insurance company (in fact, the empirical distribution P, is placed at the center of the
uncertainty set), but we also capture the potential impact of out-of-sample scenarios based on the
regulator’s beliefs.

Formulation (6) is closely related to (1) and the methodology that we present in this paper can
be used to find an optimal choice for §. In particular, an equivalent way of representing the range
[0_ (0),0 (8)] is in terms of a suitably defined SOS profile function (or “SOS function”), R} (-),

as we shall see, so that
(7) [min{0 : RY (6) < 6}, max{6: RY (6) < 5}] = [0 (5) 6. (3)]

So, the study of the function R} (-) is key in the analysis of (6) and the selection of § based on

statistical principles, and this leads us to our contributions A)-B) described in the Introduction.

3. BASIC DEFINITIONS

Throughout our development we adopt the convention that all vectors we consider are expressed

as columns, so, for example, 27 = (1, ..., xy) is a row vector in R (here we use 2T to denote the
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transpose of ). Also, given a random variable W € R? so that E (W) = 0 and E (HWH;) < 00, we

use Var (W) =E (WWT) to denote the covariance matrix of W.

3.1. On Wasserstein Distance and Distributional Uncertainty. As we mentioned in the
introduction, we utilize the Wasserstein distance of order 2 to describe the distributional uncertainty
region. We consider two closed subsets of R, namely X and Z. We use the notation P (X x Z)
to denote all the Borel probability measures 7 with support on X x Z. Any 7 € P (X x Z) can
be thought of as the joint distribution of a pair of random vectors (X, Z). We use the notation 7x
to denote the marginal distribution of X under m; similarly, 7z is the marginal distribution of Z
under 7.

The Wasserstein distance (of order 2) between the Borel probability measures p and v, supported

on X and Z, respectively, is defined as /D (u, v), where

D (p,v) :inf{//Hl’—ZH;Tr(dl',dZ)ZWEP(X X Z),mx = pu, Tz = v}.

In simple words, the square of the Wasserstein distance of order 2 (under the Euclidean metric) is
defined as the minimum cost of transporting the mass encoded by p into the mass encoded by v;
computing the unitary-cost-per-transportation of a unit of mass from z to y as the square of the
Euclidean distance between the source (z) and destination (y).

In the sequel, X and Z are finite cardinality sets. So, in this case, the evaluation of D (u,v) is a
finite dimensional linear programming problem and so, conceptually, computing D (u, v) is straight-
forward. The Wasserstein distance is defined in great generality (for arbitrary metric spaces) as the
solution of the Monge-Kantorovich problem with the cost-per-transportation defined in terms of the
underlying metric. We refer the reader to [42], for more information on Wasserstein distances. Since
we focus on the finite-cardinality case, it is enough with elementary notions of finite dimensional
linear programming to understand the definition we use in this paper.

The distributional uncertainty set, Us (P, ), mentioned in the Introduction to motivate our contri-

butions can then be defined by choosing X = X, and Z = Z,,,,, and letting

Us (P) = Us (Po; Znim) = {P: D (P,, P) < 5}
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3.2. The SOS Profile Function. To motivate the definition of the SOS Profile function, once

again, we return to the DRO framework defined in the Introduction. We note from (2) that
As (Pp)={0: Ep[h(X,0)] =0for PecUs(P,)},

where h (X, 0) = Vgl (X, 0). So (by convexity) we have that 0, € As (P,) if and only if there exists
P € Us (P,) such that

(8) Ep[h(X,0,)] =0.

Let RY (0.) be the smallest transportation cost (measured by D (P,, P)) between P, and any
member P € P (Z,,,) for which (8). It is easy to reason that R} (6,) < ¢ if and only if 0, €

As (P,). Formally, we have the following definition for the SOS profile function R} (#), namely
(9) RY () = min{D (P,, P) : Ep [h(X,0)] = 0}.

The goal of this paper is to study the behavior of R (6,) under the estimating equation assumption
(10) Ep, [h(X,0.)] =0,

and the {X;}! | being an ii.d. sample from P,. We will formulate our results in terms of the
estimating equation (10) for general h () (not necessarily arising from an optimization problem).

We consider this more general framework because we believe that our results may be applicable to
inference settings other than DRO, for instance, the stress testing framework described earlier. In

fact, we now return to such setting to explain how to use the SOS profile function in this case.

3.2.1. The SOS Profile function for stress testing setting. In the stress testing setting described
earlier, we wish to select § just as large to guarantee that 0, := Ep«(L(X)) € [0— (8),0+ (0)] with a
certain degree of confidence, which we shall denote by «.

Therefore, because of equation (7), we are interested in choosing the smallest ¢ so that
(1) P{0, € [0- (6),04 (9)]} = P{RY (9.) < 6} = a.
In other words, § is chosen to be the a-quantile of the random variable

RY (6,) = min{D (P,, P) : Ep [L(X) — 6] = 0}.
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Note that this formulation is a particular case of the one introduced in (10) by letting h (x,0) =
L (z) — 6. For pedagogical reasons, we will present our results first for the SOS profile function for

means first (i.e. assuming that L (x) = z) and later we move to more general estimating equations.

4. MAIN RESULTS

4.1. SOS Function for Means. We state the following underlying assumption throughout this
subsection.

A1): Let us write &, = {X1, ..., X;,} C R! to denote an i.i.d. sample from a continuous distribution.
So, the cardinality of the set A}, is n.

A2): We also consider an independent ii.d. sample V,, = {V1,...,Y;,} € R! from a continuous
distribution. Throughout our discussion we shall assume that m = [kn] with & € [0, c0).

A3): Assume that E || X,[|5 + E|[|Y1]|5 < co.

A4): If | = 1 we assume that X; and Y; have positive densities fx (-) and fy (-). If | > 2 we assume
that X; and Y; have differentiable positive densities fx (-) and fy (-), with bounded gradients.
Define Zyym = {Z1,.... Zntm} = X UV, with Z, = Xj, for k = 1,...,n, and Z,4; = Y, for
j = 1,...,m. For any closed set C let us write P (C) to denote the set of probability measures
supported on C. So, in particular, a typical element v, € P (Z,4,,) takes the form

n+m

vy, (dz) = Z v (k)dz, (dz),

k=1
where 0z, (dz) is a Dirac measure centered at Z;. Now, we shall use u, € P (X,) to denote the

empirical measure associated to A,,, that is,
1 n
o (da) = = " b, (da).

n -
=1

Given any m € P (X, X Zp4m) we write mx € P (AX,) to denote the marginal distribution with
respect to the first coordinate, namely 7x (dz) =

iz € P(Z2y) as mz (dz) = ||

xT

fzez(n+m) 7 (dz,dz) and, likewise, we define
cx, T (dz, d2).

We have the following formal definition of the SOS function for estimating means.
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Definition 1. The SOS function, RY (), to estimate 0, = E (X) is defined as

(12) RY (,) = mf{// & — 2|3 7 (d, dz) :
s.t. mEP( Xy X Zpgm) s TX = lin, Tz = vn,/zvn (dz) = 0.},
= inf{// & — 2|3 7 (d, dz) :
st. meP(Xy X Zngm) ,Tx = ,un,/z7rz (dz) = 0.} .

(Here and throughout the paper s.t. abbreviates “subject to”.)
We now state the following asymptotic distributional result for the SOS function.

Theorem 1 (SOS Profile Function Analysis for Means). In addition to Assumptions A1)-A3),

suppose that the covariance matriz of X, Var (X), exists. The following asymptotic result follows

o Whenl=1,

nRY (0.) = o°xi

where 02 = Var (X).
o Whenl=2, define Z ~ N (0,Var (X)) € R!, then

- . - . )
w00 =0 (2) (2-7(2)0(2)) 7],
where p 1= p (Z) 18 the unique solution to the equation
1 B ~
-=9 (pZ ) ;
p
and §: RY = R is a deterministic function defined as
g(@) =P (7 <llz)3).
where T is a random variable satisfying

P (7 >1t) = Elexp (= (fx (X1) + sfy (X1)) 7t)].
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And the function 7 : Rt — R is a deterministic function given as

i(x)=E [max (1 - T/Hx\|§7o)} .

o Whenl > 3,

e
ZH i
2 +2 H ,

(B [ (i (0 + ey ()] )

n/*tam RV (9,) =

where Z ~ N (0,Var (X)) € R.

4.1.1. Evaluating the Limiting Distribution. In Theorem 1 and in the rest of our results, the limiting
distribution depends on parameters that might be unknown. For example, take the case [ > 3 in

Theorem 1. We obtain that

1=
1/24 555 pW 2l+2HZH2 -
(13> n 2l+2Rn (6*) = l+2 (Co)l/(l+1)7
where
/2
co = T2 +1) (fx (X1) +Kfy (Xl))]

and Z ~ N (0, Var (X)). This situation is quite standard when developing asymptotic distributions
for hypothesis testing and the remedy is to simply use any consistent plug-in estimator to estimate

the unknown quantities. For instance, we can use

S = 2 37 (X = Br, (X)) (X; = EBn, (X))
j=1

instead of ¥ = Var (X). We can also use any consistent estimator (converging on compact sets
and with rapid decay at infinity) for the densities of fx (-) and fy (-), say f)((" ) (-) and f}(,n) (+),

respectively, and estimate ¢y via
1/2
4 () (n)
—Ep |—1 ( X X ) ,
which is consistent as n — co. Because the asymptotic distribution in (13) is continuous in ¢y and
Y, it follows that estimating quantiles based on the plug-in estimators ¢y (n) and X, in place of

co and ¥ leads to asymptotically equivalent specifications for the asymptotic quantiles of RY (6.).
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These quantiles, in turn, can be estimated by Monte Carlo using the asymptotic limits, with the
plug-in estimators in place. A completely analogous approach can be followed for the asymptotic

distributions obtained in our the developments that we discuss next.

4.2. SOS Function for Estimating Equations. Throughout this subsection we assume that
A1) and A2) are in force. Let us assume that h : R¢ x R' — RY, we assume that ¢ < d. We impose
the following assumptions.
B1) Assume 6, € RY satisfies

E (h (0, X)) =0.

B2) Furthermore, suppose that
2
E R (0., X)||3 < oo.

Our goal is to estimate 6, under two reasonable SOS function formulations, which we shall discuss.
These are “implicit” or “indirect” and “explicit” or “direct” formulations, we will explain their

nature next.

4.2.1. Implicit SOS Formulation for Estimating Equations. The first SOS function form for esti-
mating equations is the following, we call it Implicit SOS or Indirect SOS function because the
Wasserstein distance is applied to h (6, X;) and h (0, Z) and thus it implicitly or indirectly induces

a notion of proximity among the samples.

Definition 2 (Implicit SOS Profile Function for Estimating Equations). Let us write X" (6,) =
(h (04, Xi): X; € Xy} and 2P (0,) = {h (0., Z1,) : Zy € 23} then

(14) RV (0.) :inf{//\h(ﬁ*,x) b (0, 2) |27 (da, dz) -
st meP (X0 x 210) 7x = un,/h(ﬁ*,z) 7z (d2) = 0}

The Implicit SOS formulation might lead to dimension reductions if [ ( the dimension of the ambient
space of X) is large. In addition, the presence of h (-) in the distance evaluation allows the procedure
to use the available information in a more efficient way. For instance, if h(0,2) = |z| — 6, then
the sign of x is irrelevant for the estimation problem and this will have the effect of increasing the

power of the Implicit SOS function relative to the explicit counterpart.
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The analysis of the Implicit SOS function follows as a direct consequence of Theorem 1; just redefine
X; + h(0+,X;), Z < h (04, Zy), and apply Theorem 1 directly. Thus the proof of the next result

is omitted.

Theorem 2 (Implicit SOS Profile Function Analysis). Let us use denote gx(-) is the density for
h (0, X;) € RY and gy (-) for the density of h (0.,Y;) € RY. Then, the Wasserstein profile function

defined in Equation (14) have following asymptotic results:

o When g=1,
nRY (0.) = Var (h (6., X1)) X3

o When q=2, if Z ~ N (0,Var (h(0s,X))) € R? then

nrl 0. =0 (2) [2-n(2) 0 (2)] | 2],

2

where p <Z> is the unique solution to the equation

/1) =3 (pZ ) ,
and g : R? — R is a deterministic function defined as
g@) =P (e} = 7).
where T is a random variable satisfying
P[r > t] = E[exp (— [g9x (1 (0s, X1)) + £gy (h (0x, X1))] 7t)] .

And the function 1 : R? — R is a deterministic continuous function given as

i(x)=E [max (1 - T/qug,o)} .

o When q > 3,

1
Mo

2

Z

2q+ 2 ‘

n* o RW (9,) = ;

q+2 (E [ﬁz{il) (gx (1 (64, X1)) + Kgy (h (0*’X1)))Dm

where Z ~ N (0, Var (h (64, X))) € R4
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4.2.2. Explicit SOS Formulation for Estimating Equations. The second SOS function form we call
Explicit SOS function because the Wasserstein distance is explicitly or directly applied to the

samples and the scenarios.

Definition 3 (Explicit SOS Profile Function for Estimating Equations).

(15) RV (6.) —inf{// e — 2|27 (da, d2) -
s.t. m™e p(Xn X Z(n+m)) ,TTX :,un,/h((?*,z)ﬂz(dz) = 0} .

Both the implicit and explicit SOS have their merits. We have discussed the merit of the implicit
SOS formulation. For the Explicit SOS formulation, consider the stress testing application discussed
in Section 2.2. The interest of an auditor or a regulator might be on the impact of scenarios on
a specific performance measure of interest. One might think that the regulator applies the same
stress scenarios to different insurance companies or banks, and therefore the function & (-) is unique
to each insurance company. The regulator is interested in the impact of stress testing scenarios on
the structure of the bank (modeled by h (-)). In this setting, the Explicit SOS formulation appears
more appropriate.

While the analysis of the Explicit SOS formulation is also largely based on the techniques developed
for Theorem 1, it does require some additional assumptions that are not immediately clear without
examining the proof of Theorem 1. In particular, in addition to A1), A2), B1) and B2), here we
impose the following assumptions.

BE1) Assume that the derivative of & (6, ) with respect to (w.r.t.) =, Dyh (6y,-) : Rt — R?! is
continuous function of x and the second derivative w.r.t. x is bounded, i.e. HD%h (0, )H < K for
all x.

BE2) Define V; = D,h (0, X;) - Duh (64, X;)T € R9? and assume that T = E(V;) is strictly
positive definite.

We provide the proof of the next result in our technical Section 3.3.

Theorem 3 (Explicit SOS Profile Function Analysis). Under assumptions A1)-A2), B1)-B2) and
BE1)-BE2), we have that (15) satisfies
o Whenl=1,
nRY 0, = ZzTr1Z
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where Z ~ N (0, Var (h (6, X))) € R,
e Assume that | = 2. Let Z ~ N (0,Var (h(6s,X))) € RI. It is possible to uniquely define

deterministic continuous mapping, E :R? — RY?, such that 5(2) 1s defined via

2= -E VI (r < ()Wl (2)] <),
where T is independent of V1 satisfying

P(r>t)=E(exp(—[fx (X1) + kfy (X1)] 7)) .
Then, we have that,
Rl (0.) = ~227C(2) - T (2) G (¢(2))(2)

where G : R — RY%4 45 q deterministic continuous mapping defined as,

G (¢) =E [Vimax (1 —7/(¢'Vi(),0)].
e Suppose that | > 3. It is possible to uniquely define deterministic continuous mapping

¢ :R? — RY, such that
72 (fx (X1) + kfy (X1))

= —p [ UEL R Gy (e ) oo,

(note that Vi is a function of X1, so these are correlated). Moreover,
e /o 2 .
n?raE RV (9,) = —227¢ <Z> - 50 <Z) ,

where Z ~ N (0,Var (h(65,X))) € R? and G : RY — R is a deterministic continuous

function defined as,

3 /2

G()=E TU2+1) (fx (X1) + Kfy (X1)) (CTV1C)Z/2+1] .

We should observe that unlike the implicit formulation, the rate of convergence will only depend
on the dimension of data X; € R!, but the shape of asymptotic distribution is determined by the

estimating functions h (6., X;) € RY.



SAMPLE OUT-OF-SAMPLE INFERENCE 19

4.3. Plug-in Estimators for SOS Functions. In many situations, for example in the context
of stochastic optimization, we are interested in a specific parameter 6, = (i, v4) € R such that
E [h («, Vs, X)] = 0, where v, € RP is the nuisance parameter (for example Lagrange multipliers in
the setting of constrained optimization).

We shall discuss a method that allows us to deal with the nuisance parameter using a plug-in
estimator, while taking advantage of the SOS framework for the estimation of v,. After we state
our assumptions we will provide the results in this section and the proofs, which follow closely those
of Theorems 3 and 2 will be given in Section 7.

Throughout this subsection, let us suppose that h(v,v,2) € R? In addition, we impose the
following assumptions.

C1) Given 7, there is a unique v, € RP such that

(16) E[h(v,v, X)] =0

and, given v, we also assume that -, satisfies

(17) E[h (7, v, X)] = 0.

C2) We have access to a suitable estimator v, such that the sequence

{n1/2 (v, — V*)}oo , is tight,

n—
and

n
\/1% ; h (Ye, 0, Xi) = 2/,

for some random variable Z', as n — oo.

C3) Assume that h(7v,-,z) is continuously differentiable a.e. (almost everywhere with respect to

the Lebesgue measure) in some neighborhood V around v.

C4) Suppose that there is a function M (-) : Rt — (0,00) satisfying that

17 (e, v, w)H% < M(x) for a.e. v €V,

| Dk (e, v, ) ||5 < M(z) for ae. v eV,

and E (M (X)) < oo.
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4.3.1. Plug-in Estimators for Implicit SOS Functions. We are interested in studying the

plug-in implicit SOS function (or implicit pseudo-SOS profile function) given by

(18)  RY (1) = inf{ / / 1 (s 0y @) — B (s 0, 2|2 0 (d, d2)
st. meP <X7}zl (v*avn) X Zn-l—m) (’Y*,Un)) yTX = ,LLn,/h(’)/*,’Un,Z) Tz (dZ) = O}a

where,

XJLL (f)/*avn) - {h (7*,1)”,[13) NS Xn}a Zr}zl+m (f)/*avn) - {h (7*70’/“2) VS Z(n+m)}

We typically will use (16) to find a plug-in estimator v,. Under suitable assumptions on the
consistency and convergence rate of the plug-in estimator we have an asymptotic result for (18), as

we indicate next.

Corollary 1 (Plug-in for Implicit SOS Formulation). Assuming A1)-A2), and C1)-C4) hold.
Moreover, suppose denote gx(-) as the density for h (v« ve, X;) € RY and gy (-) for the density
of h (4, v4,Y;) € RY. We notice Z' € RY is defined in C2). We obtain that (18) has following

asymptotic behavior
o When q=1,
nRY () = (Z’>2.
o When q =2,
=0 (2) -1 (2)o(2)] |2

where p (Z) is the unique solution to the equation

2
2

1 B -
*=g(pZ>,
P

and g : R? — R is a deterministic continuous function defined as

g(@) =P (Jlzl3 = 7).

The function 1 : R — R s a deterministic continuous function defined as

i) =E [max (1 — /|2, o)} .
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Moreover, Z' is defined in assumption C2) and T satisfies

P[r > 1] = E [exp (— [9x (h (7%, Vs, X1)) + K9y (B (Ye, v, X1))] 78)] -

o When q > 3,
it
3 2q+ 2 HZ, o
n1/2+mRW( *> = q 2 2 1 -
" q+ w4/ o
(E [ﬁﬁ'l) (gX (h ('7*7 V*le)) + Kgy (h (PY*’ V*’Xl)))]> "

4.3.2. Plug-in Estimators for Explicit SOS Functions. We can also analyze plug-in estima-
tors for Explicit SOS profile functions. We now define the explicit plug-in (or pseudo) SOS function

based on (15) as simply plugging-in the nuisance parameter:

(19) RV (y.) = inf{// |z — z||§7r(dx, dz) :
st. meP ()C;f (Vs V) X Z,}L‘Mn (’y*,vn)> L, X = ,un,/h(’y*,vn,z) Tz (dz) = 0}.

In addition to C1) to C4) introduced at the beginning of this subsection, we shall impose the
following additional assumptions:

C5) Define V; (vs) = Dyh (s, Vs, Xi) - Doh (5, v, Xi)T and assume that T = E (V;) is strictly
positive definite.

C6) The function M (-) from condition C4) also satisfies
|Doh (e, v, ) |5 < M(z) for ae. v e V.
D, Doh (e, v, ) |3 < M(z) for ae. v e V.

C7) The second derivative w.r.t. x exist and bounded, i.e. HD%h (v v, 2)|| < K for a.e. v €V and

all z.

Corollary 2 (Plug-in for Explicit SOS Formulation). X; € R, h(y,v,z) € RY. Assume that Al)-
A2) and C1)-C7) hold. We notice Z' is defined in C2). Then, the SOS profile function defined in

Equation (19) has the following asymptotic properties.

o Whenl=1,
nRY (v,) = Z2'TY"17".
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e Suppose that | = 2. It is possible to uniquely define deterministic continuous mapping

¢ :R? — RY, such that
2= B[N (r < () Wil (2)] (o),
where T is independent of Vi and it satisfies

P(r>1t) =E(exp (— [fx (X1) + &fy (X1)]7t)).
Furthermore,
nRY(0,) = —2¢T (Z’) A (Z’) G (5 (Z’)) ¢ (Z’) :

where G : R — R is a deterministic continuous mapping defined as,

G (¢) =E [Vimax (1 —7/(¢'11¢),0)].
o Assume that | > 3. A deterministic and continuous mapping 5 : R — RY? can be defined

uniquely so that

/2 . o o )
[ s

(note that Vi is a function of X1). Moreover,

W R (0) = 28T (7) 7 - 256 (S (7)),

where G : R?T — R s a deterministic continuous function defined as,

1/2+1

- 7l/2 _
G()=E [F(Z/2+1) (fx (X1) + &ty (X1)) (¢TViQ)

5. APPLICATION TO STOCHASTIC OPTIMIZATION AND STRESS TESTING

We will provide an application of the SOS inference framework to quantify model uncertainty in the
context of stochastic programming. Motivating applications include the evaluation of Conditional
Value at Risk (C-VaR) and semi-supervised learning settings, as we shall discuss in the examples

below.
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We are interested in the value function of a stochastic programming problem formulation via

(20) C. =min E[m(0, X)

s.t. E[¢(0, X)] < 0.

We assume that the objective function ¢ () = E[m(0,X)] is a convex function in #; while the
constraints E[p(6, X)] < 0 specify a convex region in §; for example we shall assume that ¢(-, z) is
a convex function for any .

Following [10], the goal is to estimate the optimal value function using the SOS formulation and
we will apply a plug-in estimator for 6, (which is treated as a nuisance parameter). Subsequently,
when introducing the Lagrangian relaxation of (20) we will be able to also introduce a plug-in
estimator for the associated Lagrange multiplier. Therefore, for simplicity, we shall focus on the
unconstrained minimization problem C, = ming {E [m(0, X)]}.

The authors in [24, 25] provide a discussion for some potential approaches to derive nonparametric
confidence interval (including Empirical Likelihood, a Bayesian approach, Bootstrap and the Delta
method). In [24, 25] it is argued that the Empirical Likelihood method tends to have superior finite
sample performance, and [7] provides an optimal (in certain sense) specification for the Empirical
Likelihood approach. More importantly, in [7] an approach combining Empirical Likelihood and a
plug-in estimator for the optimizer is introduced, which avoids solving a non-convex optimization
problem introduced in the discussion of [24].

Our goal in this section is to derive a plug-in estimator based on the SOS inference approach
introduced in Section 4. The approach that we introduce next is the analog of the plug-in strategy
discussed in [7] in order to find a robustified confidence interval for Cl,.

The following corollary plays the key role in specifying confidence interval for C,. The result is a
direct extension of Corollary 1 and Corollary 2, provided the following assumptions are in place.
D1): Assume % (-) is convex differentiable in 6 and there is a unique optimizer 0,.

D2): Assume that 1) () is strongly convex at 6., that is, for every 6 there exist 6 > 0, such that
M (0) > M (0.) +50 — 6.2,

Corollary 3. Let us consider stochastic programming problem C, = ming M (0) = ming E [m(0, X)].

Assume that D1)-D2) hold. We consider the estimating equations to be the derivative condition and
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value function condition
E [m(0s, X) — Ci] =0, and E[Dgym (0., X)] = 0.

For simplicity, let us denote h (0., Cy,x) = <m(9*,m) — Cy, Dgm (9*,X)T)T. We are interested in
Cy only and consider a sample average approzimation (SAA) estimator for 0, to be Oga4. For
h(-,Cy,x) we assume C1)-C7) hold. Let us denote U ~ N (0, Var(m (6, X))) € R and U(0) =
(U, 6>T € R4 Recall the implicit and explicit formulations for general estimating equation SOS
function defined in Definition 2 and Definition 3, we have the following asymptotic results.

For the implicit SOS formulation, we have

o When d =1 (estimating equation dimension is d+1 = 2)
nRy (C.) = p(U)[2 =7 (U) p (U)] U*

where p (U) is the unique solution to

/1) =g (pU),
and §: R — R is a deterministic continuous function defined as

g (x) :P[xQ >7|.
7 (x) is also a deterministic function, defined as
7l (z) = E [max (1 — /22, 0)],

and T satisfies
P [T > t] =E (eXp (_g (h (9*7 Cs, Xl)) Wt)) :
o Whend > 2,
2d + 4 U=

d+3 a(d+1)/2 ﬁ .
E | t{asym9x (h(0x Gy, X1))

n/*aE RW (0,) =

For the explicit formulation, we have following asymptotic results (we use (1) denote first element

of vector ()
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o Whenl=1,
nRY (C.) = v1 U,

where vy 1 is the (1,1) element of matriz Y1,

o Suppose that | = 2. It is possible to uniquely define deterministic continuous mapping

{:RY — R, such that
e=—E [Nl (r < ()l (2)] ).
where T is independent of U satisfying
P(r > t) = E(exp (~ [fx (X0) + kfy (X)) ).

Furthermore,

nRYY (6.) = —20y - CT (U (0) G (¢) C(U()),

where G : R — RI%9 is a deterministic continuous mapping defined as

~ _ T
G()=E |V 1———,0
© == [famax (1- 70}
and U is independent with Vi and T.

o Assume that | > 3. A continuous function ¢ : R? — R? can be defined uniquely so that

/2 . D e o
et 0, oo

z=—

(note that Vi is a function of X1). Moreover,

n!/2r e R (0,) = —2U ¢y — HQQG (5 (U(O))) :

where G : R — R is a deterministic function given as

N /2 .
G(()=E mfx (X)) (CTvlc)l/}H] 7

and U and X1 are independent.
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As indicated earlier, the corollary is a special case of Corollary 1 and Corollary 2, so the proof is
omitted. The estimating equations correspond to the first order optimality condition (i.e. the first
derivative equal to zero), condition and the corresponding optimal value equation. We use sample
average approximation estimator as the underlying plug-in estimator.

We notice that for sample average approximation, under assumptions D1)-D2), it has been shown

in [38, 40] that the optimizer Og44 and the optimal value function % Yogm (éSAA, Xi) satisfy
fsas— 0, =0 <1/n1/2>
1 n
- Z Vgm <9SAA, Xi) =0,

IZ ( (95,4,4, > — C*> = N(O,Val" (m ((%,X)))

So, Corollary 2 and Corollary 1 apply.

Similar as the derivation in [7] in the setting of Empirical Likelihood, for the plug-in estimator
derived from sample average approximation, if we denote nl/2+3/(2d+4) g1V (imp lmt)(C’*) = R(()imp ticit)
and nl/2+3/(2+2) W (czp liCit)(C’*) = R(()emp lim), we can specify a robust 95% confidence interval for

C, under both explicit and implicit formulation by:

a1 (c,) = {0 cR

RO (C) < Ry (95%) }

where a depends on the formulation and dimension as in Corollary 3 and Ro (95%) is the upper
95% quantile for R(()wp ticit) (or R(()mp lmt)). The upper /lower bound of confidence interval (C’u'p / C’l((')))
can be found by solving the linear programming problem

Up/clo —maﬁ mm{ Z m(0saa, Xi)

n

s.t. m(i,7) Z 7(i,7) = 1/n; Z (i, 7) | X — X||2<RO (95%)}.

J=1 ,5=1

Next, we are going to provide a numerical example in quantifying C-VaR using the methodology

we developed above.
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Example 1 (Quantify the uncertainty of Conditional Value at Risk (C-VaR)). In this example we
would like to consider find a SOS based 95% confidence interval for conditional value at risk with
90% level. The conditional value at risk with a—level is given as solving the stochastic programming

problem:

.
C-VaR(a) = inf 0—|——E <ZX )

We shall test our method using simulated data under different distributional assumptions. We a
sample i.i.d. observations {X;}; | C RL. We will apply the SOS inference procedure to provide a
non-parametric confidence interval for C-VaR(90%). In order to verify the coverage probability we
use data simulated from normal distribution and Laplace (double exponential) distributions. We
consider the case | = 4. For the normal distribution setting we assume X; ~ N (0, I4x4), while for
Laplace distribution we consider for each k =1, ..., 4, Xf ~ Laplace(0,1) and all of these random
variables are independent. For these two cases, we can calculate the solution in closed form; for the
normal setting the optimizer is 0* = 2.5632 and optimal value function is C-VaR(0.9) = 3.510; for
Laplace setting the optimizer is 0* = 3.497 with optimal value function equal to C-VaR(0.9) = 5.066.
As for this example, we have three approaches in which our SOS procedure can be applied: 1) implicit
SOS formulation (ISOS); 2) explicit SOS formulation assuming data being of dimension | (ESOS-
0), i.e. X; = (XZ.(l), . ,Xi(l))T € R!; 3) eaplicit formulation assuming data being of dimension
1 (ESOS-C), i.e. X; = XZ»(l) +...+ Xi(l) € R. We compare our methods with empirical likelithood
method (EL) in [7], nonparametric bootstrap method (BT), and CLT based Delta method (CLT)
discussed in Theorem 5.7 [40]. We consider four settings n = 20, 50,100 and 500. For each setting,
we repeat the experiment N = 1000 times, and note down the empirical coverage probability, mean
of upper and lower bounds, and the mean and standard deviation of the interval width for each
method. The results are summarized in Table 1 for Normal distribution and Table 2 for Laplace
distribution below.

We can observe that, the three SOS-based approaches tend to have better coverage probabilities in all
cases for both distributions comparing to EL, bootstrap and the Delta method. Especially for small
sample situations (n = 10,20) EL and all of the SOS-based approaches appear to perform better
than everything else. It is discussed in [24] that EL has better finite sample performance compared
to the Delta method and bootstrap. We can also notice that all empirical SOS methods tend to

have smaller variance compared to others, especially for relatively large sample sizes (n = 100,500 ).
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Between the three SOS methods, we can see that explicit formulations work better comparing to
implicit, which follows our discussion after Definition 3. For the two explicit-formulation methods,
since we know the data affects the objective function in the form Xi(l) +...+ XZ.(Z), we would expect

better performance if we combine the data in a single dimension. The numerical results validate

our intuition.

Coverage Mean Lower  Mean Upper  Mean Interval S.D. of
n_ | Method | probability  Bound Bound © Length Length
ESOS-C' | 79.8% 2.59 4.68 2.09 0.79
20 | ESOS-0 | 73.4% 2.55 4.65 2.10 1.21
ISOS 70.8% 2.34 4.87 2.53 0.82
EL 71.7% 2.61 5.18 2.57 1.92
BT 55.6% 1.76 3.88 2.12 1.23
CLT 71.8% 2.01 4.52 2.51 1.87
ESOS-C | 93.3% 2.67 4.57 1.90 0.30
50 | ESOS-0 | 91.0% 2.63 4.54 1.91 0.57
1508 87.3% 2.70 4.75 2.05 0.56
EL 89.2% 2.81 4.78 1.96 0.83
BT 82.7% 2.30 4.25 1.95 0.77
CLT 86.6% 2.47 4.44 1.97 0.78
ESOS-C | 92.8% 2.84 4.20 1.36 0.08
100 | ESOS-0 | 92.4% 2.80 4.22 1.42 0.23
1508 91.3% 2.89 4.32 1.53 0.25
EL 91.4% 2.94 4.46 1.52 0.43
BT 90.1% 2.67 4.16 1.49 0.41
CLT 90.4% 2.75 4.17 1.42 0.39
ESOS-C | 95.3% 3.16 3.85 0.69 0.01
500 | ESOS-0 | 94.9% 3.14 3.77 0.63 0.05
ISOS 91.2% 3.19 3.88 0.79 0.03
EL 93.9% 3.20 3.93 0.73 0.08
BT 94.2% 3.16 3.84 0.68 0.07
CcLT 94.7% 3.1 67 0.08

TABLE 1. o = 0.9—C0ndi1:i0nal7 Value at %{814511{ with Gz(i)ﬁssian Data. The data
X is simulated from 4-dim standard Gaussian distribution, while each dimension
is independent. We consider sample size n = 20, 50,100, and 500. We repeat the
experiments N = 1000 times and record the coverage probability for the confidence
interval (CI), the average upper and lower bound for CI, also the average length and
standard deviation for CI. ESOS-C is the explicit formulation of SOS with combined
data, ESOS-O stands for explicit-SOS with original data, ISOS is the implicit SOS,
EL stands for empirical likelihood, BT is short for nonparametric bootstrap, and
CLT is the asymptotic CI method.

Example 2 (Semi-supervised Learning). We consider the DRO formulation for Semi-Supervised
Learning (SSL) as suggested in [6]. We formulate the data-driven DRO problem and compare
the results for choosing the distributional uncertainty size with the above asymptotic results of SOS
function as suggested in Corollary 3. We consider the minibone data set from UCI machine learning
data base [4]. We consider logistic regression as our baseline model and form SSL-DRO formulation.
For each iteration, we ramdomly split the data into labeled training set with size n = 30, unlabeled
training set with size N —n = 5000, and testing set with size n = 125034. We compare the choice of

the uncertainty size using 5-fold cross-validation and SoS asymptotic results. We also include the
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Coverage Mean Lower  Mean Upper  Mean Interval — S.D. of

n | Method | propability — Bound Bound __ Length Length
ESOS-C'| 78.2% 3.57 6.89 3.32 1.10
20 | ESOS-0 | 73.8% 3.48 7.10 3.62 1.91
IS0S 73.1% 3.87 7.55 3.68 1.16
EL 72.3% 3.56 8.00 4.44 3.30
BT 58.1% 2.40 6.01 3.61 2.40
CLT 70.5% 2.53 6.90 4.37 3.24
ESOS-C | 89.4% 3.78 6.64 2.86 0.42
50 | ESOS-0 | 89.3% 3.69 6.78 3.09 0.89
IN{ON] 80.1% 4.21 7.17 2.96 0.63
EL 86.2% 3.89 7.43 3.53 1.66
BT 80.5% 3.15 6.58 3.43 1.54
CLT 83.6% 3.29 6.64 3.35 1.54
ESOS-C 1 91.9% 3.93 6.22 2.29 0.14
100 | ESOS-0O | 90.8% 3.88 6.30 2.42 0.43
1ISOS 86.6% 4.30 6.78 2.44 0.36
EL 89.9% 4.10 6.66 2.56 0.86
BT 86.2% 3.71 6.16 2.45 0.81
CLT 87.6% 3.76 6.17 2.41 0.79
ESOS-C | 94.7% 4.53 5.62 1.09 0.06
500 | £SOS-0 | 94.3% 4.46 5.59 1.13 0.08
1508 92.1% 4.43 5.61 1.17 0.13
. 4.53 5.78 1.25 0.18
BT 92.2% 4.46 5.58 1.12 0.16
CLT 93.1% 4.45 5.48 1.13 0.15

TABLE 2. «a = 0.9—Conditional Value at Risk with Laplace Data. The data
X is simulated from 4-dim standard Laplace distribution, while each dimension is
independent. We consider sample size n = 20, 50,100, and 500. We repeat the
experiments N = 1000 times and record the coverage probability for the confidence
interval (CI), the average upper and lower bound for CI, also the average length and
standard deviation for CI. ESOS-C is the explicit formulation of SOS with combined
data, ESOS-O stands for explicit-SOS with original data, ISOS is the implicit SOS,
EL stands for empirical likelihood, BT is short for nonparametric bootstrap, and
CLT is the asymptotic CI method.

results for logistic regression and regularized logistic regression as reference. We report the average
training error and testing error as log-exponential loss and testing accuracy as accurate classification
rate. The mean and standard deviation of the training error, testing error, and testing accuracy are

evaluated via 500 independent experiments. The details are included in Table 3.

Training Error Testing Error Testing Accuracy
Logistic Regression 0+0 18.2+10.0 .678 +.059
LRL1 with CV 401 £+ .167 910 £+ .131 717 £.041
DRO-SSL with CV | .287 +.047 .609 4 .054 710 £ .032
DRO-SSL with SoS | .304 £ .045 .682 4 .048 709 £ .028

TABLE 3. Numerical Results for Semi-supervised Learning.

6. CONCLUSIONS AND DISCUSSION

This paper introduces a methodology inspired by Empirical Likelihood, but in which the likelihood

ratio function is replaced by a Wasserstein distance. The method that we propose is motivated by
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the problem of systematically finding estimators which are incorporate out-of-sample performance
in their design. s

In turn, as a motivation for the need of finding these types of estimators we discussed applications
to stress testing and semi-supervised learning, which have been discussed in the body of this paper.
a Another way in which we can justify our framework is as an approximation approach to solving
the problem

min  max Ep[l(X,0)].
OER! Pelts(Pp;RY)

It turns out that in great generality (see [16])

Peuir@iw) Epll(X,0)] = lgg{M + Ep,[f (X, 6; M)},

where f (x,0; )\) is defined as the solution of an optimization problem involving a parameter y € R?
which we refer to as the “inner optimization problem”. The inner optimization problem is typically
not convex and therefore it is challenging to solve. There are cases in which the inner optimization
problem can be solved in closed form, however, and many of those cases have been documented in
the literature in [16]. Our results can be used to suitably calibrate an alternative formulation which
may be more tractable given that y € R is replaced by y € Znm-

There are a number of structural properties in our procedure that are worth investigating and which
we plan to explore in future work. For instance, the choice of a particular Wasserstein’s metric, we
believe it deserves substantial analysis. In this paper we have chosen the L, Wasserstein metric to
illustrate our results. The methodology that we propose can be extended to cover other Wasserstein
metrics, so on the technical side our work provides the foundations for such extensions. However, it
is the impact of such selection what appears to also bring about interesting connections; this already
is made evident from our work [8] in which we see that the connections that we mentioned earlier
in this discussion (to LASSO and SVM) are made after carefully choosing a natural Wasserstein
metric.

In addition, given the parallel philosophy underpinning the method that we proposed (based on
Empirical Likelihood), the results on this paper open up a significant amount of research opportu-
nities which are parallel to the substantial literature produced in the area of Empirical Likelihood

during the last three decades. We mention, in particular, applications to regression problems (see
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[33, 12, 44, 49, 13, 30, 26, 21, 27, 15, 45, 50]), econometrics (see [31, 11, 23, 1, 19, 22]), and addi-
tional recent work on stochastic optimization (see [24, 25, 7]). The methodology we propose could
be extended to the above applications by simply replacing the Empirical Likelihood function by the

SOS function and by applying asymptotic theorems developed in this paper (or natural extensions).

7. METHODOLOGICAL DEVELOPMENT

We shall analyze the limiting distribution of the SOS profile function for means first. In order to
gain some intuition let us perform some basic manipulations. First, without loss of generality we

assume 0, = 0, otherwise, we can let X; = X; — 6, and apply the analysis to the Xi’s.

7.1. The Dual Problem and High-Level Understanding of Results.

The Dual Problem. Let us revisit the definition of (12) and write it as a linear programming problem,

n m-4+n
(21) RY(6.) = W(irrb,i)réo SN w6,4) 1% - 75
JIZE a1 =1

t ZEZT") n(i,7) = 1/n, for all ¢
s.t.

+ ..
S (i (i) 2 = 0
We know with probability 1 when n — oo, 0 is in the convex hull of Z;, thus the original linear
programming problem is feasible for all n large enough with probability one. Applying the strong
duality theorem for linear programming problem, see for example, [28], we can write (21) in the
dual formulation as

17’L
jng
Ry (6,) = max —*E i
n (0) )\@{nil’Y}

Vi

st A+ | Xi — Zjl|5 — ATZ; > 0 for all i, 5.

Let us define 7; = 7; — AT Z;. By the constraint in the above optimization problem, if we take i = j,
we have 4; > AT Z;, which is equivalent to 7; > 0. Then, we can write the optimization problem in

v;'s as

_ 1 &
W T
R x) = I - X,— - g i
n (9) /\,’Y?;{O{ A ni:ly}

s.t. — )\TXZ -7 < —)\TZJ' + ||Xz — Z]H;, for all 4, j.
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We can further simplify the constraints by minimizing over j, while keeping ¢ fixed, therefore arriving

to the simplified dual formulation

_ 1 &
Wipg \ — T .
(22) Ry (0.) = Jnax, {—A X = ;:1 %}
st —ATX; —y; < ir}f {—)\TZJ- + |1 X — Z]||§} , for all .

High-Level Intuitive Analysis. At this point we can perform a high-level analysis which can
help us guide our intuition about our result. First, consider an approximation performed by freeing
the Z; in the constraints of (22), in this portion the reader can appreciate that the assumption that

X has a density yields
(23) inf {112; = (X + M2)[3} = e ().

where error €, (i) is small as n — oo and it will be discussed momentarily. Equation (23) is
equivalent to

inf {—)\TZj X — Zjug} = ATX; — A2 /4 + en (4).
J

Hence, the i-th constraint in (22) takes the form
“ATXG =3 € =ATXG = A5 /4 + e (3),

and thus (22) can ultimately be written as
1 n
w _ : T ¥ Z ,
(24) Rn (0*) - )\I’glilgo {)\ X+ E — 71}

sty > (1= €, (1)) |A||3 /4 for all i.

Now, observe that if Z; was free, then the optimal choice in (23) would be a, (i) = X; + /2.

Consider the case [ = 1, in this case it is not difficult to convince ourselves (because of the existence
of a density) that €, (i) = O, (1/n) as n — oo (basically with a probability which is bounded away
from zero there will be a point in the sample {71, ..., Z,, 4 }\X; which is within O (1/n) distance

of a, (7)). Then it is intuitive to expect the approximation

RY(0.) = — min {AXn + (14 0, (1/n)) X?/4},
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which formally yields an optimal selection
X,

T R R A CL L

and therefore we expect, due to the Central Limit Theorem (CLT), that
(25) nR)Y (0,) = nX2 +nO, (1/n3/2) = Var (X)x3,

as n — oo. This analysis will be made rigorous in the next subsection.

Let us continue our discussion in order to elucidate why the rate of convergence in the asymptotic
distribution of R}V (6.) depends on the dimension. Such dependence arises due to the presence
of the error term ¢, (7). Note that in dimension | = 2, we expect €, (i) = O, (1/n1/2); this
time, with positive probability (uniformly as n — oo) we must have that a point in the sample
{Z1, s Zinsn Y\ X; is within O, (1/n'/?) distance of a, (i) (because the probability that X; lies

1/2 around a point a is of order O (1/n1/2)). Therefore, in the case [ = 2

inside a ball of size 1/n
we formally have A, (n) = —X,, + O, (n~'/2), but we know from the CLT that X,, = O, (n~/2) so
this time contribution of ¢; (n) is non-negligible.

Similarly, when [ > 3 this simple analysis allows us to conclude that the contribution of ¢; (n) =
(@] (n_l/ l) will actually dominate the behavior of A, (n) and this explains why the rate of convergence
depends on the dimension of the vector X;, namely, [. The specific rate depends on a delicate
analysis of the error being ¢; (n) which is performed in the next sub-section. A key technical device
introduced in our proof technique is a Poisson point process which approximates the number of
points in {Z1, ..., Zym4n }\X; which are within a distance of size O (nil/ l) from the free optimizer
ay (1) arising in (23).

The introduction of this point process, which in turn is required to analyze €; (n), makes the proof

of our result substantially different from the standard approach used in the theory of Empirical

Likelihood (see [34, 32, 36]), which builds on [46].

7.2. Proof of Theorem 1. The proof of Theorem 1 is divided in several steps which we will

carefully record so that we can build from these steps in order to prove the remaining results in the

paper.
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7.2.1. Step 1 (Dual Formulation and Lower Bound): Using the same transformations intro-
duced in (21) we can obtain the dual formulation of the SOS profile function (12), which is a natural

adaptation of (22), namely

_ 1 &
w _ _ I )
Ry (0.) = ﬂ?ﬁ‘o{ AXp = ;_1 %}
sto = AKX < inf {—)\TZJ- X — Zj||§} , for all .

Observe that the following lower bound applies by optimizing over a € R instead of a = Z; € Zy,

therefore obtaining the lower bound
inf {—ATZj X — Zj||§} > inf {—ATa X — a”g}
Vi a
= =X — A3 /4,

with the optimizer a, (X;, ) = X; + A/2.

7.2.2. Step 2 (Auxiliary Poisson Point Processes): Then, for each i let us define a point

process,

N ) = # {25117 - ar (X, VI3 < 2 25 # Ko

(recall that Z; € R'). Observe that, actually, we have
Nt A) = NP0 1) + NP (8N, 2),
where

N A1) = # {5 11X - an (Xa N3 < ¥ X5 # X

NO@A2) = # (Y5 1Y — . (X, VI < /021

For any X; with j # 7, conditional on X;, due to the assumption of density and the formula for the

volume of [-dimensional ball ([37]), we have,

PIX; — a (Xi M3 < 2/ /02| X

/2 t 7'l'l/2 t
~+op(t/n) = fx (Xi+A/2) & o Hon(t/n).

= fx (@ (Xi, N) ¢ Ti2+1)

1/2+1)
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Similarly,

2 _ 2/, 2/l /2t
PV — 0w (Xa, M3 < /| X] = fy (X + 0/2) d

T2+ n + 0p(t/n).

Since we have i.i.d. structure for the data points, thus we know, N,Si)(t,)\,l) and NT(Li)(t,)\, 2)

conditional on X; follow binomial distributions,
NO(t, A\, 1)|X; ~ Bin (fX (X; + A/2) _ =t +o,(t/n),n — 1)

moT ' r(d/2+1)n 207 ’

1/2

N (tA,2)[X; ~ Bin (f V(5402 gy

t

— +oy(t/n), [m}) :
n

NP (8,0 = NP (A1) + NP (8., 2).

Moreover, we have as n — 00,

1/2 1/2
e X (1= 1) = fx (X + A/2) o

fx (X +A/2) T mt.

(1/2+1)n

Thus, by Poisson approximation to the binomial distribution, we have the weak convergence result
Q) 71.1/2
an (', )\, 1)’X1 = Poisson fX (Xl + )\/2) m y

in D|0, c0).
So we have that NT(Li)(~,)\, 1), conditional on Xj, is asymptotically a time homogeneous Poisson
process with rate fx (X;+ \/2)7%?/T'(d/2 + 1). Similar considerations apply to N,(li)(-,)\,2)]Xi
which yield that

N (- NI XG = Poi (A (X3, A) ),

where
1/2
AXiN) = [fx (X +M/2) + wfy (X + A/2)] U210

Let us write T; (n) to denote the first arrival time of Nr(f)(', A), that is,

T, (n) = inf{t >0: NO(t,\) > 1}
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Then, we can specify the survival function for T; (n) to be:
(26) P[Ti(n)>t| X =P [N,(f)(t, A) =0 ] Xi] = exp (—A (X5, \) 1) (1 +0 (1/n1/l)) ,

uniformly on ¢ over compact sets. The error rate O (1 / nl/t ) is obtained by a simple Taylor expansion
of the exponential function applied to the middle term in the previous string of equalities. Motivated

by the form in the right hand side of (26) we define 7; (X;) to be a random variable such that
P [TZ' (XZ) > t|XZ] = exp (—A (X“ )\) t) R

and we drop the dependence on X; and the subindex ¢ when we refer to the unconditional version
of 7; (X;), namely
Plr > t] =E[exp (—A (X1,A) t)].

We finish Step 2 with the statement of two technical lemmas. The first provides a rate of convergence

for the Glivenko-Cantelli theorem associated to the sequence {T; (n)} .

Lemma 1. For any T € (0,00) (deterministic) and o € (0, 2], we have that

lim, oo E sup
t€[0,7]

s Z — P[T; (n) < 1))

and

1/2 Z max T;(n)* 0) —E [max (t2 — Tz(n)a,O)])') < 00.

lim, 002 ( sup

The second technical lemma deals with local properties of the distribution of T; (n). The proofs of

both of these technical results are given at the end of the proof of Theorem 1, in Section 7.2.7.

Lemma 2. For X; € R! and any finite t, we have the Poisson approzimation to binomial as:

P[T; (n) <t]—Plr <t] = OV mt/h),

and

P [T} (n) St]—]P’[TSt]:P[T>t]0(1/nl).
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7.2.3. Step 3 (Closest Point and SOS Function Simplification): Note that the i-th con-
straint, namely,
—i < /\TXZ‘ + inf {—/\TZj + ”XZ — Z]HS} ,
J
can be written as
i < inf {-NT(Z; - Xo) + 1% - 7113}
J
= — A1 4+ int {12, = (A2 + X013}
2/1
= — A3 /4 + T (n) /"

However, since 7; > 0 we must have that

. l
i <~ M /4 -+ min (T2 () /2 X3 /4)

Therefore, the SOS profile function takes the form

RW(H)zmax{—)\TX INE /e L me<T2ﬂ< LN /4>}
n \V* \ 2 2/1 2

To simplify the notation, let us redefine A +— 2X then we have that the simplified SOS profile

function becomes:

27 RY(8,) = ATX, LYy A2 Tiz/l(”)o
( ) n(* _m)iax - n_nzmax H ’2_ n2/l ' :

i=1

7.2.4. Step 4 (Case | =1): When [ = 1, let’s denote /nX,, = Z, and \/n\ = (, where by CLT

we can show Z, = Z ~ N(0,02), where when [ = 1 we have 02 = ¥. Then, as n — oo, we have:

nRY (0,) = max {—QCZ,L - ;;max (¢ —T7 (n) n_l,O)}
= max {-2¢Z, — E [max (¢* = T? (n) n™",0)] } + 0p(1)

The second equation follows the estimate in (Lemma 1). We know the objective function as a
function of ¢ is a strictly convex function. Since as ( = b|Z,| with b — +oo implies that the
objective function will tend to —oo, we conclude that the sequence of global optimizers is compact
and each optimizer (i.e. for each n) could be characterized by the first order optimality condition

almost surely. To make the analysis more clear, let us denote the expectation in the maximization
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problem to be g (¢,n), as a function of ¢, i.e.
G (¢,n) = B [max (2 — T2 (n)n~,0)] |

which is a deterministic function of ¢ and for any n it is convex. Moreover, the derivative of G ({,n)
is,
9(¢m) = V(G (¢n) = 2P (T (n) < nc?).

We need to notice that while taking the derivative we require exchanging the derivative and expec-

tation, this can be done true hereby the Dominated Convergence Theorem since
67" jmax (¢ +6)> = T2 () n™",0) = max (¢* = T2 (n)n™",0) | < 2Ic],

for all 6 > 0. We can take the derivative with respect to ¢ in —2(Z,, — G ({,n) and set it to zero,

as n — 0o we obtain
Zp=—(CP (Tz(n) < nCQ) =—(P (7’ < nCQ) +0p(1) = —=C + 0p(1).

This estimate follows the second result of Lemma 2. Therefore, the optimizer (¥, satisfies ( =
—Zy +0p(1), as n — oco. Then, we plug it into the objective function to obtain that the scaled SOS

profile function satisfies
nRY (0,) = 222 — G (Zn,n) + 0, (1) as n — oo.

We should notice G (Z,,n) is a function defined via expectation and evaluated at Z,, thus it is a
random variable depends on Z,,. By definition and E [|X|] = [[°P[|X]| > ] dt, we know as n — oo,

2

G(g,n):/o P[T? (n) <n (¢* —1t)] dt
<2
= [ P <a(@ =]+ on)

= /C 1dt + o(1) = ¢ + o(1),
0



SAMPLE OUT-OF-SAMPLE INFERENCE 39

where the second equality is derived from the second argument of Lemma 2. Then for the SOS

profile function, it becomes,
nRY (0,) =222 — Z2 + 0,(1) = Z2 4 0p(1) as n — oco.
Applying the continuous mapping theorem and the Central Limit Theorem for Z,,, we have
nRY (0,) = o3

7.2.5. Step 5 (Case | = 2): Once again we introduce the substitution ¢ = \/nA and /nX, = Z,

into (27). Then, scaling the profile function by n, as n — oo we have
WRY (0.) =max { ~2¢7Z, — 2 3" max (¢l ~ 7 (n) 0)
n ¢ n P 2 ’
2
(28) = max {~2¢" 2, — B [max (<l = T (n) ,0) | } + 0,(1),

where the previous estimate follows by applying Lemma 1 (the error is obtained by localizing ¢ on a
compact set, which is valid because the sequence of global optimizers is easily seen to be tight). The
objective function is strictly convex as a function of ( and we know when ||(||, — oo the objective
function tends to —oo, thus each global maximizer (for each n) can be characterized by the first

order optimality condition almost surely. Similar as Case [ = 1, let us denote
G (¢.n) = E [max (|I¢[3 — T (n) ,0) |
It is a continuous differentiable and convex function in ¢ and with derivative equals
9(¢:n) = VG (¢,m) = 2B (¢} = Ts (m)| = 2P [[¢]3 = 7| + 0(1) as n = ox,

where the first equality requires applying the Dominated Convergence Theorem, as in the case [ = 1
and the second estimate follows the first argument in Lemma 2. Combining the above estimation,

we have the first order optimality condition becomes
(29) Zn = =CP [ICI3 = 7] + 0p(1) = =¢7 () + 0p(1) as n = o0,

where g (() =P [HC I3 > Ti| is a deterministic function of ¢. Using equation (29), we conclude that

the optimizer (}, satisfies (;} = —pZ,, + op, (1), for some p. In turn, plugging in this representation
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into equation (29), as n — oo we have

1Gall2 9 (6a) + 0p(1) = [ Znll, -

Sending n — oo, we conclude that p is the unique solution to
(30) L 5 ( Z)
—=g\ps).
p

Since the objective function is strictly convex and the above equation is derived from first order
optimality condition, we know the solution exists and is unique (alternatively we can use the conti-
nuity and monotonicity of left and right hand side of (30), to argue the existence and uniqueness).
Let us plug in the optimizer back to the objective function and we can see the scaled SOS profile

function becomes
N2
ot 0 =20 (|2 ) 12008 - 6 G+ 00

For a positive random variable Y, we have: E[Y] = [[°P[Y > ¢]dt. Therefore, for ¢ in a compact

set, as n — oo we have the following estimate
<3 9
Gem = [Pl - T = ] a
19 ,
_/0 P(IICI3 — 7 = ¢ dt + o(1)

- ||<||§/01P 1= 7/ICl3 = 5] ds +o(1)
= [ICI3 E [max (1= /I¢]3,0) | +o(1)
= €37 (¢) + o(1),

where we define 77(() = E [max (1 —7/|ICII3, O)] is a deterministic continuous function of ¢. The
second equation follows the first result of Lemma 2. Finally combine G (¢,n) and the first term,
using the CLT and continuous mapping theorem, where we denote Z,, = Z~N (0,Var(X)), as

n — 0o we have:

nBY (0.) = 20 (2) 12l — 0 (2) 1(20) 1201 + 0p(1)

=2 (2)]2,-+(2) 7(2) ]2,

Sl
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7.2.6. Step 6 (Case | > 3): For simplicity, let us write \/nX,, = Z, and R\ — ¢, then as

n — 0o we have

'Rl (9,)
:max{—QCTZn —n(1/2+21%_%)32max ( ¢ 2 — 1 (n) O)}
¢ ni4 nlarz 1) 2 ' 7
_ T (1/24525-2) ¢ 2 2/1
= mcax 2Tz, —n zi+2~ 1/ |max m ) - 17" (n),0 + 0p(1).

The estimate in the previous display is due to an application of Lemma 1. Similar as for the lower

max <

being a deterministic function continuous and differentiable as a function of (. As we discussed for

dimensional case, let us denote

¢

nlaz—1)

G (C7 n) = n(1/2+ﬁ_%)ﬂa

)

2
—le/l(n),0>

2

the case | = 2 case, the objective function is strictly convex in (, the global optimizers are not only
tight, but each optimizer is also characterized by first order optimality conditions almost surely.

We can apply the Dominated Convergence Theorem, as we discussed for [ = 1 and the gradient of

i

G (¢, n) has the following estimate as n — oo,

2
1

9(¢:m) = VG (¢,n) = 2n(!/3 o= Tcp {T () < [en~(aia D)

_ 2n(1/2+T3‘2_%)CP [T < Hgn—(ﬁ—%) ’;] + o(1).

The second equality estimate is considering ¢ within a compact set and the derivation follows the
first argument in Lemma 2. Then the first order optimality condition for the SOS profile function

becomes,

l
2

Z, = _n(1/2+zz3ﬁ—%)g[p> [T < Hgn—(ﬁ‘%) ’ } +0o(1) as n — oo.

For notation simplicity, let us define

Kp = Cni(ﬁi%)
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s 1y .
We can observe for ¢ in a compact set, Cn_(2l+2 ) ’ = H/<cn||l2 — 0, as n — oo, then we can write
2

Plr< lmally] =1-P[7 > llsallh] =1-E [P[r > Ixall} ‘ x|

—F|1— exp <_7rl/2 (fX (Xl + Kn) + fY (Xl + K/n)) ||I{n||l2>]

T(/2+1)

e ]
", [W [fx (X1) + fy (XD] [Balls | + 0p (n*(mﬂ))

= C [[anlly + 0 (n~ =)

where we denote
/2

T T{/2+1)

Plug it back into the optimizer, and as n — oo we have:

c E[fx (X1) + fy (X1)].

__3 _ 3l
Z = —Cn V27 St eIl 4 0p(1) = —CC [IC]L + 0p(1).

We know that within the objective function, the second term is only based on the Lo norm of (,
thus to maximize the objective function we will asymptotically select (! = —c.Z,, (1 + 0 (1)), where

¢« > 0 is suitably chosen, thus, we conclude that the optimizer takes the form,

I S
¢ = 21 Za) S 10 1 0 (0).

n

Plugging-in the optimizer back into the objective function, as n — ocowe have:
3 X %
PR RY (0.) = 260 T 20— G (Gn) + 0p(1).

Let us focus on the analysis of G ((,n) in a compact set. By definition, we can notice that inside

2
¢ _ 2
n(21§-2_%> ) H”nHQ,

the previous expectation there is a positive random variable bounded by
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thus as n — oo we have the following estimate for the expectation as.

E [max (Hf@nﬂg — 1 (n) o)} —E [E [max (||Hn\|§ — 1 (n) ,o) ] X1H

—E /0 P [Tl (n) < (kn — )12 \ Xl} dt}

[ rlisnll 1/2
=E / “p |:7' < <||,<;nH§ —t) / ’ Xl] +0 (1/n*1/2+1/l> dt]
0

/2 Xi+—S5 )+ f X1+
l5nl3 @ (fX ( 1 3) y | A1+ 5 12
_E /0 I —exp | - ki T2 ((lwall3 ) dt

T(/2+1)

10 (1/n—1/2+3/1—ﬁ)

1+2
e ¢ y 40 (1/n71/2+3/l*2l%>
2042 1T

The estimate in third equation follows by applying the first argument in Lemma 2. The final
2
’2 — 0 as n — 0o. Then, owing to the previous

2

=C
[+2

equality estimate is due to H/@J\% = Hgn_(ﬁ_%)

results, as n — oo we have estimate for G ({,n) as

G<c,n>——12+02"(”2+”12‘”n(‘“ G +of1)
B 2
= 211 + o).

Finally, we can know that, as n — 0o, by the CLT we have Z, = Z, then using continuous mapping

theorem, we have that the scaled SOS profile function has the asymptotic distribution given by

n1/2+TiQRZV(9*)

1 1+
PP A A T LA AL
C’z+1 [+2 Cl+1 b
Ity Hl“
20+ 2 || Zn |5 21 + 2
= 1 +0P(1):>
l+2 Cl+1 l+2 Cl+1

7.2.7. Proofs of Technical Lemmas in Step 2 .
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Proof of Lemma 1. We shall introduce some notation which will be convenient throughout our

development. Define for ¢t > 0,

Therefore, we are interested in studying

Fult) = 1= 15 S (T (n) < 1)~ B (£).

nl/2 4

We will start by studying
Elsup{ Py (t) : ¢ € [0,T]}].

First, we define

where, for a given function {g(¢) : t € [0,T]}, we define

g (t) = sup{g (S) 1S € [O7t]}7

t
9] (£) = /0 (dg (5))*

In addition, [g] (¢) is defined as the quadratic variational process, i.e.,

[d@%nggilP(tﬁ)—g<@_3Xtﬂ2.

In particular,
n

Y I(Ti(n)<t).

=1

[Fn] (t) =

1
n

We observe that F* (t) > 1, therefore h,, (t) is well defined; moreover, note that

hy (£)% < 1.
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We invoke Theorem 1.2 of [2] and conclude that

T
sup Fy (1) < 64/[F] (T) +2 /O o (t) dF, (2)

0<t<T

Now we analyze the integral in the right hand side of the previous display. Observe that

E(/OThn (t)an(t)> = nll/QgE </0Thn(t)d[)i(t)>

(31) =n!/?E </OT h (t) dDy (t)> .

Let us write
1, (1) = Fy (8) = Dy (1) /n/?,
that is, we simply remove the last term in the sum defining F}, (t). We have that

1Fo (t) + Dy () /nt/?

hy (t) = |
(F’i (t_)2 + [IFTJ (t—) + [D1] (t-) /n> 12
L (8) = By (0] < 1/,
We then can write
(32) o (1) = 1P (t2) + Dy (t-) /n'?

1/2

(F;; (t)% + [1Fu] (t-) + [D1] (t-) /n)
F, (t_ Ly (t-
_ 11 (1) - <1+ (t ))7

nl/2

(1F2 (¢ + LB (1))

where we can select a deterministic constant ¢ € (0,00) such that |L, (t)] < ¢ for j = 0 and 1
assuming n > 4 (this constrain in n is imposed so that a Taylor expansion for the function 1/(1 —z)

can be developed for z € (0,1)). We now insert (32) into (31) and conclude that if we define

7 1Fn (t-)
(1B 2+ bR () "

it suffices to verify that
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Define hy, (t) to be a copy of hy, (t), independent of X1 and T (n). In particular, hy, (t) is constructed
by using all of the X;’s except for X, which might be replaced by an independent copy, X7, of X;.
Observe that the number of processes {D; (t) : t < T'} that depend on T} (n) and X is smaller than
N, (T, \,1). Therefore, similarly as we obtained from the analysis leading to the definition of h, (-),
we have that a random variable I_LNR(T,AJ) can be defined so that |ENR(T,)\71)‘ <c(1+ N, (T,\1))

for some (deterministic) ¢ > 0 and n > 4 and satisfying

We have that

B (Lyuran/n'?)| < [E (e + Na (T A D) 012 = 0 (1/0172).

Consequently, we conclude that

n'/’E </OT h (t) dDy (t)) =0(1),

as n — 0o, as required. Thus we proved that the first part of the lemma holds. For the second

part, we observe that

limy, B | sup
te[0,T]

n1/2 Z max ( T;(n)*,0) — E [max (t2 - E(n)a,O)])D

)

# Z (2t1 (T3 (n) < t2) — 2P[T}* (n) < ¢°]) D "

><oo.

Hence, applying the result for the first part of the lemma, we conclude the second part as well. [

= lim,, ,ooE [ sup / 73 Z (28 (T (n) < 8%) = 2sP[T (n) < s%]) ds
t€[0,T nl/2

T
S mn%oo / E sup
0 t€[0,T]

< 2T2Hn_>oo sup
te[o, 7] |1

1/2 Z t) — P[T; (n) < t])
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Proof of Lemma 2.

P[T;(n) <] =P (Bm (]P’ (HXi —a(Xi, N, < tl/l/nl/l) n— 1) > 1)

—1— (1=P (1% — a (Xi, Nl < /' /n!") )
Then, as n — oo and ¢t — 07
P (ij —a (X, \)||, < tV/! /nl/l) = cot/n + eit/n -t 4o (tlﬂ/l /nm/l) :
Therefore by the Poisson approximation to the Binomial distribution we know:
P[T; (n) <t]=1—exp(—cot) + O (tl'H/l/nl/l) ,
Plr <t]=1—exp(—cot).
Thus we proved the first claim:

P[T;(n) <t] ~Plr <t]=0 <t1+1/l/n1/l> .

The second claim follows the definition of 7 and equation (26), where as n — oo we have

P[T;(n) <]~ P[r <] =P[T;(n) > t] = P|r > {]
=Elexp (-A (0, X1))] (140 (1/n') ) = Elexp (-A (A, X1))]

—Plr >t]0(1/nl).

7.3. Proofs of Additional Theorems. In this subsection, we are going to provide the proofs of
the remaining theorems and corollaries (Theorem 2, Theorem 3, Corollary 1 and Corollary 2). We

are going to follow closely the proof of Theorem 1 and discuss the differences inside each of its steps.

7.3.1. Proofs of SOS Theorems for General Estimation. We will first prove the correspond-
ing theorems for general estimating equations. As we discussed before, Theorem 2 is the direct

generalization of Theorem 1 and we are going to only discuss the proof of Theorem 3 in this part.
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Proof of Theorem 3. Let us first denote h, (§) = 1 > h(0,X;). The analogue of Step 1,

—n

namely, the dual formulation takes the form
_ 1< +
RY(6,) = max {—)\Thn (6.) — = max {)\Th (64, Z;) — \Th (0., X3) — || X; — Zjug} } :
A i

Step 2 and 3 are given as follows, for [ = 1 and [ = 2, let us denote \/nhy, (0x) = Z, and \/n\ = 2(,

we can scale the SOS profile function by n, arriving to

1o < ¢r a
RY(6,) = 21z, — = 2>—h(0,,7;) —2==h (0., X;) — || X — Z; .
nRY 6.) mgx{ T S s {2k 01.29) =2 ok 0 X0 < 15 4l

For each i, let us consider the maximization problem

T T

Similar as Step 1 of the proof for Theorem 1, we would like to solve the maximization problem (33)
by first minimizing over z (as a free variable), instead of over j and then quantify the gap. Observe
that the uniform bound || D2k (6.,-)|| < K stated in BE1) implies that for all n large enough (in
particular, n'/2 > 2K ||||) implies that

(34) max {Q\C/;h 0y, 2) — 2\/Tﬁh (04, Xi) — [| X — ZH%} )

has an optimizer in the interior. Therefore, by the differentiability assumption stated in BE1) we

know that any global minimizer, a, (X;, (), of the problem (34) satisfies

_ _ ¢
0 (X5, ) = Xi + Dah (6,0 (X5, O) - 5
X+ Db (00X 0 (12 p s e (x,
(35) = X; + Dyh (04, X;) .n1/2+ n [ Dzl (0, s (X3, O)lg | -
Moreover, owing to BE1), we obtain that
_ = 1<l
(36) | Dzh (0x, ax (X4, C)) — Dzh (9*,XZ-)H2 < KW

Consequently, if we define

¢
0 (X, Q) = Xi+ Doh (0., Xi)" - 275,
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we obtain due to (35) and (36) that

2
MAxanmxxm:0<%Pwawwm%+f%>>

Then, after performing a Taylor expansion and applying inequality (36) we obtain that

\/ﬁ Y 3 \/?L ) (3 (2 (2] 2
\/ﬁ Y K3 \/ﬁ * (2] (2 * (2] 2

3 N2 3
+O<Mn>+oommwﬁxmmmﬁ‘

n3/2 n3/2
In turn, a direct calculation gives that, as n — oo

¢'vi¢ ¢ ’ 2
— _Zﬁh(e*,Xi)—Qﬁh(G*,a* (Xi,0)) + 1 X — ax (X3, Q) |I5

2 3
+Oowmwm&mum>‘

n3/2

Similarly as in Step 2 of the proof of Theorem 1 we can define the point process N () (t,¢) and
T; (n). We know the gap between freeing the variable z and restricting the maximization over the
Zj’s (i.e. the difference between (34) and (33)) is

T T

Loy (98 NP N X — 72
mjax{nc ViC (2\/ﬁh(9*,Zg) 2\/ﬁh(9*,X1) (B Z]H2)}

2 3
+OCwaM&wum>.

n3/2

By the definition of T; (n), we can write the profile function for [ =1 as

nRY (6.)

L T2 (n) DR (6., X lI¢]1®
= mcax {—2CTZn — E ;max (CTVZC - T + 0 ( nl/2 0 )

Note that the sequence of global optimizers is tight as n — oo because E (V) is assumed to be

strictly positive definite with probability one. In turn, from the previous expression we obtain,

following a similar derivation as in the proof of Theorem 1 (invoking Lemma 1) and using the fact
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that ¢ can be restricted to compact sets, that as n — oo

nRy (6.) = max {—2¢Tzn ~E [max (gTvlg - Tfé@)] } +o,(1).

Then, for [ = 2, as n — oo we have estimate for the profile function as
nRY (0.) = max{ 2¢"Z, — E [max (("Vi¢ — T (n))] } + 0, (1)

When [ > 3, let us denote \/nh, (6.) = Z, and nﬁ/\ = 2(, we can scale profile function by

1,3 ..
n2 " 2+2 and write it as

1, 3 W
n2" A2 R (9*)

_ 2¢T 1N 3+are CT h(0,, Z; CT ———h (0, X X Z:1? :
— — _ T ) L . .
mcax ¢ Zy - ;:1 n max (0, ) —3 (04, Xi) — 1| X5 JH2

J n2z+2 n2l+2

By applying same derivation as for [ = 1 and 2 above, we can define a point process N () (t,¢) and

T; (n) as in the proof of Theorem 1. As n — 0o, we have the estimate for profile function becomes
1 3
ni AR RY (6.)

1
:m?x{ 277, —n2tae- ?ﬁ max (n*(ﬁ*?)ng—Tf/l (n),o)}+op(1)
=1

2
[}

E [max (n*(ﬁ*%)gﬁflg — 1 (n) ,0) H +o,(1).

= IH?X {—QCTZn — n%+ﬁf

The final estimation follows as in the proof for Theorem 1 (i.e. applying Lemma 1).

In Step 4 for [ =1, as n — oo the objective function is

nRgV(a*):mgx{—QgTZn (0,) — [max (g Vi — n(”) 0>]}+op(1).

Let us denote G : R — R to be a deterministic continuous function, defined as
T T2 (n)
G/(¢n) = E |max ( (TVi¢ = =22 0) |

We know T = E[V4] is symmetric strictly positive definite matrix, then the objective function is

strictly convex and differentiable in ¢. Thus the (unique) global maximizer is characterized by

the first order optimality condition almost surely. We take derivative w.r.t. ¢ and set it to be 0,
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applying the same estimation in the original proof the first order optimality condition becomes
(37) Zn =—="Y(+0p(1) as n — oo.

Since T is invertible, for any n we can solve optimal ¢ = —T'Z, + 0,(1). Plugging ¢} in the

objective function, as n — oo we have
nRY (0.) =2ZE Y1 Z, — G (=Y Zy,n) + 0p(1).
As n — oo, we can apply the same estimation in the proof of Theorem 1, it becomes
nRY(6,) = ZTr"12.

Thus we proof the claim for [ = 1.

In Step 5 for [ = 2, as n — oo the objective function has estimate
nRY (6,) = max {-2¢"Z, (6.) — E [max (¢"Vi¢ — T (n),0)] } + op(1).
Still, we denote G ((,n) to be a deterministic function given as,
G (¢,n) = E [max (("Vi¢ — Ty (n),0)] .

Same as discussed in for [ = 1, the objective function is strictly convex and differentiable in , thus
the (unique) global maximizer could be characterized via first order optimality condition almost
surely. We take derivative w.r.t. ¢ and set it to be 0, applying same estimation in the proof of

Theorem 1 the first order optimality condition becomes
(38) Zn =-FKE |:‘/11(7’§CTV1<)i| C + Op(].) as n — Q.

We know the objective function is strictly convex differentiable, then for fixed Z, there is a unique
¢ that satisfies the first order optimality condition (38). We plug in the optimizer and the objective
function becomes

nRY (0.) = —2ZL¢: — G (¢, n) + 0p(1) as n — oo.
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As n — oo, we can apply the same estimation in the proof of Theorem 1, we have
nRlY (0.) = —227C = TG (C) €,

where G : R? — R? x R? is a deterministic continuous mapping defined as,

G (¢) =E [Vimax (1 —7/(¢"Vi¢),0)],

and ¢ = f (Z) is the unique solution to

Z =—(E [Wl(rgchlc‘)} :

Then we proved the claim for [ = 2.

Finally, in Step 6 for [ > 3, as n — oo the objective function is

1/24 555 pW
n /TR R (64)
2 2
7

= HléiX {—QCTZn (e E {max (n_<#3r?_ >CTV1C - Tf/l (n) ,O)} } +0p(1).

We denote G ((,n) to be a deterministic function defined as,

G(¢,n)= (V2R [max (nf(Tsﬂf%)(TVl( — Tf/l (n) ,0)} .
Follows the same discussion above for [ = 1 and 2, we know the objective function is strictly convex
differentiable in ¢ and the global maximizer is characterized by first order optimality condition
almost surely. We take derivative of the objective function w.r.t. ¢ and set it to be 0. We apply
the same technique as in the proof of Theorem 1, the first order optimality condition becomes

2 (fx (X1) + K fy (X1))

r{i/24+1) Vi (CTVlg)l ¢+op(l). asn — oo

(39) Zn=-E |V

The objective condition is strictly convex differentiable and for fixed Z,, there is a unique ¢ satis-

fying the first optimality condition (39). We plug ¢ into the objective function and it becomes

n1/2+2l3ﬁRE/(9*) = —2ZFC — G (¢, n) + op(1) as n — oo.
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As n — oo, we can apply same estimate in the proof of Theorem 1, we have
23t RW (0,) = —227C — —2_G (©)

where G : R? — R is a deterministic continuous function given as,

- 2 (fx(X1) + kfy (X
G()=E [ (fXF( (ll/)Q—:- 1])”3/( 1)) (CTV1C)Z/2+1] |

and 5 = CN (Z) is the unique solution to

5 w2 (fx (X1) + kfy (X1)) !
7Z=-FE i (¢" :
Vi ri/24+1) 1(< Vlc) ¢
We proved the claim for [ > 3 and finish the proof for Theorem 3. g

7.3.2. Proofs of SOS Theorems for General Estimation with Plug-In. The proofs of the
plug-in version of SOS theorems for general estimation equation also mainly follows the proof of

Theorem 1, we are going to discuss the different steps here.

Proof of Corollary 1. For implicit formulation, as we discussed for Theorem 2, we can redefine
Xi < h (Ve Uny Xi), Zi = B (Yay Uny Zi), Xi() <= h (e, Vi, Xi) and Zg(x) < h (7s, v4, Xi). Then
the proof for the implicit formulation with plug-in goes as follows.

In Step 1, the dual formulation is similar given as
1 n
1% _ v .
Ry () = max {—AXn - ;%}
s.t. —v < min {)\TXZ- - X'z 41X - Zj||§} , for all .
J

We can apply first order Taylor expansion to h (s, vy, X;) w.r.t. v, then we have

DVh *77n,Xi
h('Y*vVnaXi):h(7*7V*,Xi)+Op(|| (e, 7 )H)’

nl/2

where 7, is a point between v, and v,. By our change of notation for X;, X;(x), Z; and Zi(x) and

the above Taylor expansion, we can observe

Z = Zk(*) + €n (Zk) s
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where €, (Z1,) = Oy (|| Duh (e, Uns Zit) || /n1/2).

In Step 2 we can define a point process N (t,\) and T; (n) as in the proof of Theorem 1, but the
rate becomes

1/2

™

AXN) =[x (X + M2+ 60 (X3) + 8y (Xi +2/2 4 €n (X)) NOCES

As n — oo, same as in the proof of Theorem 1 and Theorem 3 we can argue A — 0. Then we can

define 7 same as in the proof of Theorem 1 and has the with same distribution

Plr>t]=E

/2
exp (‘ (i (00) % Ry (X)) r<z/2+1>>

Then the rest of the proof in Step 3, 4, 5 and 6 stay the same as that of Theorem 1, but replacing
the CLT for Z,, by the asymptotic distribution given in C2). g

Proof of Corollary 2. For explicit formulation, the proof follows more closely the proof of The-
orem 3 and we are discussing the differences as follows.

In Step 1, the dual formulation takes the form

Ry (6.)

_ mﬁx{_vh () - Zmax{A G s Z3) = AT (v, X0) = 116 = 2313} }
Step 2 and 3 Follows the same as for the proof of Theorem 3 however we need to notice that

difference is the definition of a. (X;, (), for [ =1 and 2 we have

¢

(40) @ (X5, Q) = Xi + Dah (e, v, 8 (X3, Q) - 75

2
= X4 Dah (e X2) - 5 40 (”i" D2 (e, (X c>>||2>

¢llz _
= Xi + Dzh (s, Vi, X5) - % +0 <‘n|2 | Dah (s Un, G (X5 Q)]
(41) +0 (152 I = vl 1D (v 0 (6 ) DD s (5D )

where 7, is a point between v, and v.. By assumption C5)-C7) we can notice the rest of step
2 and 3 stay the same as in the proof of Theorem 3. In Step 4, 5 and 6 we use Z, =
# S h (Ve ny Xi) = Z/ given in C2). O
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