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Abstract

A classic problem in rare-event simulation concerns , namely, efficient estimation of
the probability a,, = P (S,/n € A) for large n, where S,, is a mean zero d-dimensional
random walk with finite moment generating function in a neighborhood of the origin
and A is a suitable convex set such that 0 ¢ A. This paper provides the first estimator
for a, for which one can rigorously assert that the number of simulation runs needed
to compute o, to a given relative accuracy remains bounded as a function of n.

1 Introduction

Let X, X1, X5,... be a sequence of mean zero iid d-dimensional random vectors. Assume
that A is a convex set, having a twice continuously differentiable boundary, for which 0 ¢ A.
We revisit a fundamental problem in the theory of rare-event simulation, namely that of
computing a,, = P (S, /n € A) for n large, where S, = X; + X5+ ... + X,,. In particular, we
consider the setting in which X is light-tailed. The purpose of this paper is to provide the
first simulation estimator for which the number of simulation runs needed to compute «,, to
a given relative accuracy remains bounded as a function of the parameter n.

To fix ideas, consider the one dimensional case in which A = (8,00) for § > 0. It is well
known that the use of importance sampling, as implemented through optimal exponential
tilting (OET), provides an estimator that is “logarithmically efficient” as n * oo (in the
sense that the squared coefficient of variation grows subexponentially); [8]. Recall that
OET involves an importance distribution in which each of the summands is independently
sampled from that member of the natural exponential family having mean S.In fact, it
can be further shown that OET provides the only iid importance sampling algorithm that
achieves logarithmic efficiency (see [2]). This is not surprising, given that OET agrees with
the conditional distribution of the Si’s (k < n) given {S,, > nB} in a weak convergence sense
asn ~ oo.

However, it turns out that the squared coefficient of variation associated with OET does
increase as n " 0o, so that the number of samples required to compute «a, to a given



relative accuracy increases as a function of n. In fact, in Section 2, we prove that under mild
conditions, the squared coefficient of variation grows at rate O (nl/ 2). The reason that OET
becomes less efficient with the growth of n has to do with the fact that OET fails to agree with
the conditional distribution at scales finer than that of the LLN. As one illustration of this
phenomenon, Proposition 3 establishes that the “overshoot” S, — nf > 0 is asymptotically
exponentially distributed under the conditional distribution, whereas the OET produces an
overshoot of order n'/2. In other words, the OET tends to bias the increments excessively
when the random walk is relatively close to reaching the boundary ng, thereby inducing a
large overshoot.

An algorithm having the property that the sample size required to compute «, to a given
relative accuracy is bounded as a function of n is called a “strongly efficient” algorithm; see
[2] and [7]. To produce a strongly efficient estimator, we introduce the concept of “opti-
mal state-dependent exponential tilting” (OSDET) — closely related to the solution to the
associated Isaacs equation introduced in [5]. In the one dimensional case, this corresponds
to dynamically updating the OET at each step in the algorithm based on the current posi-
tion Sy of the random walk (S : £ > 0). Our proof of strong efficiency, which relies on the
analysis of several martingales that arise naturally from the description of the algorithm,
is of independent interest. Not surprisingly, it turns out that OSDET induces a bounded
overshoot as n " oo.

A different approach based on direct approximation of the zero-variance change-of-measure
is discussed in [4] for Gaussian random walks (we mention that a subtle technical error is
present in the proof of Theorem 6 in [4]).

The rest of the paper is organized as follows. Sections 2 and 3 concentrate on the one
dimensional case. Section 2 describes explicitly our assumptions and collects some needed
results from the theory of large deviations. Section 3 analyzes the proposed algorithm in
the one dimensional case and shows that the overshoot under OSDET remains bounded as
n ' oo. Section 4 treats the multidimensional case and Section 5 includes a numerical
experiment.

2 Large Deviations Results for Light Tailed Sums

In this section, we concentrate on the one dimensional case and present some auxiliary results
from the theory of large deviations that will be useful for the description and analysis of our
algorithm.

We start with listing the assumptions that will underlie our development in Sections 2 and
3.

i) EX =0 and Var (X) = o?

ii) The logmoment generating function (¢ (0) : 6 € R), defined as 9 (6) = log Fexp (0X),



is assumed to be steep on the right. That is, for all w > 0 there exists 6,, > 0 such that
' (0,,) = w (by strict convexity the solution 6,, is unique).

iii) The rv X is nonlattice (i.e. the characteristic function has norm strictly less than one
except at the origin).

We now are ready to describe some results from large deviations that will be useful in our
development. The so-called rate function, J (-), plays a crucial role in the theory of large
deviations. In our context, J () is defined (for w € R) via

J (w) = max[fw — 1 (9)]. (1)

9>0

Assuming that w > 0 we have
J (w) £ why, — 1 (0,),

whereas J (w) = 0 for w < 0. Finally, the natural exponential family (Fy : § € R) generated
by the distribution F (-) = P (X < -) is defined via

dFy = exp (0 — 1 (0)) dF. (2)

The distribution Fy is also said to be “exponentially tilted” by the parameter 6.Let Py () be
the product probability measure generated by Fy (for § € R) under which the X;’s are iid
and let Ej (-) be the corresponding expectation operator associated with Py ().

We shall need the following elementary properties of the rate function.

Proposition 1 If assumption i) is in force, then
J (w) = o*w?/2 + O (w®)
as w N\, 0. Moreover, for each w € (0,00) we have
J(w+ k) = J(w) + 0,h+ O (h?)

as h — 0 (uniformly over w € [e,1/e] for ¢ > 0)so that J'(w) = 6,,. In fact, the rate
function (J (w) : w > 0) is infinitely differentiable at zero and its Taylor series converges in
a neighborhood of the origin; similarly for J (w + -).

Large deviations theory is intended to both address the question of how to compute asymp-
totics for rare event probabilities and to describe the conditional behavior of the underlying
system given the occurrence of the rare event. The following result is a celebrated large
deviations asymptotic approximation due to Bahadur and Rao (see [3]) that will be useful
in our development.



Theorem 1 Under assumptions i), ) and i) above,

exp (—nJ (8))

P(Sn > nﬁ) = nl/2 (27‘(’)1/2 1/]” (5)1/2 Hﬁ

(1+0(1))

asn oo for fized B > 0.

The following theorem provides an asymptotic description of the conditional behavior of the
process (Si : 0 < k < n) given that S, > fn (as n " 0o0) and provides rigorous support for
the claim that the asymptotic conditional distribution of the increments given {S, > b} is

Py, ().

Proposition 2 Suppose that i) to iii) are in force. Then, any positive integers ky < kg <
eo. < ky < 00 we have that when each xy,,1 < i < m, is a continuity point of F ()

P (Xk1 < Thy ...,ka < ]{Im| Sn > nﬁ) — Fgﬁ (l’kl) ...Fgﬂ (.’Ekm),

asn / oo.

While the above result describes the behavior of a typical increment under the conditioning,
the proposition below provides an asymptotic description of the limiting overshoot S, —ng >
0.

Proposition 3 Assume that i), ii) and iv) hold and put b = Bn for 5 > 0. Then, for all
x>0
P(S,—b>z|S,>b) — exp(—bzz)

asn /oo, where ¢’ (65) = B.

Proof. Note that by introducing the change-of-measure
dFy, (z) = exp (0px — v (0g)) dF,
(recall that ¢’ (05) = Ep, X = 8 and 9" (0p) = Varg, (X)) we can write

P(S,—b>z|S,>b)
_P(Sp—b>2) _Ees[eXp(_g/ﬂ(Sn_b));Sn_b>-T]
~ P(S.>b)  Eglexp(—05(S,—b)); S, —b>0]

Applying the local CLT as in the classical proof of Theorem 1 (see, for instance, [1]) to each
of the expectations in the previous ratio we obtain that as n oo
Eg,lexp (—0s (Sn — b)) ;.8 — b > x|
Eg,[exp (=05 (Sn — b)) ; Sn — b > 0]

— exp (—0pz) ,
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yielding the result. m

The previous result makes clear that Py, (-) does not accurately describe the behavior of the
random walk, conditioned on {S, > nf3}, at time n. Under Py, (-), the CLT implies that

(S, —np) % nl/2N (0,94" (B8)) (where the symbol 27 i non-rigorous and is intended to
suggest weak convergence of n~/2 (S, —nf3)). On the other hand, Proposition 3 indicates
that the conditional overshoot is of order O (1) (in distribution). Therefore, Py, (-) may
provide a poor description of the conditional distribution of the random walk at scales that
are finer than linear (for instance at scales of order n'/2). As a consequence, it is not
surprising that the performance of Py, () as an importance sampling distribution degrades
when measured at a fine enough scale. In particular, the estimator induced by Py, (-), namely

L = exp (—05S, + ¥ (85)) I (S > Bn), (3)

is not strongly efficient (i.e. the squared coefficient of variation of the estimator is unbounded
as n / 00). More precisely, it follows that if cv, (L) denotes the coefficient of variation of
L, then (under assumptions i) to iii))

o, (L)2 s Varg, (L) _ Varg, (L) _0 (n1/2) )

Eg, (L)*  P(S,>b)

as n " oo. In our next section, we examine the form of the optimal change-of-measure
and propose an importance sampling distribution that improves upon Py, by achieving a
bounded squared coefficient of variation.

3 A Proposed Algorithm and Efficiency Analysis

Let us start by describing the algorithm explicitly.
Algorithm 1
Setw=0>0,L=1,s=0,8=0,k=0,and A\ =28
WHILE w > 0 AND w < \

Sample X from Fj(,) and set

L <+ exp (—J' (w) X + 4 (J' (w))) L,
s— s+ X,

k+—FEk+1,

w<+— (nB—3s)/(n—k).



LOOP
Sample X1, ..., X,y iid rv’s from F(,) and set

s — X1 + ...+ Xn—k7
L<+—exp(=J (w)s +¢(J (w)))L.

OUTPUT Y, = L x I (s + s' > nf)
END

The estimator Y,, obtained from the previous algorithm can be expressed as follows. First,

define
Wj = (nB - 5;)/(n—7) (5)

for 0 < j < n — 1. Next define the following stopping times
7'1(”) = lnf{o S E<n: Wk > /\}a (6)

™ = Tén) A 7'1(”) A n.

Let 0; = J'(W;). Then we can define the OSDET (optimal state-dependent exponential
tilting) estimator as follows

r(n) 1
Y,=exp | — Z (0, X401 — v (0))) (7)
=0
x exp (—0,m (Sp — Sym) + (n— 7™ (6,m)))
x I (S, >np),

where X follows the distribution Fp, for 1 < j < 7" and X, is sampled according to the
distribution Fp = for 7+1 < j <n (note that if Tén) < 7'1(") < n then the remaining n — Tén)

increments are sampled according to the original /nominal distribution).

In simple words, the algorithm recomputes the OET at every step up until the boundary
is reached or when the random walk is far away from the boundary (i.e. the ratio between
the distance to the boundary and the remaining time is sufficiently large). If we have not
reached the time horizon, then we just simulate the remaining increments using a standard
(state-independent) OET corresponding to the current position.

The rest of the section is devoted to the proof of the following result. Let us write E (+) to
denote the expectation operator induced by the importance sampling algorithm described
in Algorithm 1.



Theorem 2 For each p > 1,

EYP .
Sup —————+—— < 00
nzlil) P (Sn > nﬂ)p

asn / oo.

Remark: In [4] an estimator is proposed for Gaussian random walks based on a direct
approximation of the zero-variance change-of-measure by means of sharp large deviations
results. In order to simplify their analysis the authors proposed a change-of-measure which
is applied all the time up to n (even if the level ng is reached before time n, i.e. Té") < n).
The proof of Theorem 6 in [4] requires verifying Proposition 5 for k = n — 1 as well (and
not only k < mn — 2 as it is done there). A similar efficiency analysis as the one that follows
below can be done by turning off importance sampling at time Tén). Time 'rl(n) is not really
necessary for Gaussian random walks. One then obtains strong efficiency for the proposed

scheme.

To prove the Theorem 2, we first recognize that 7(™is likely to occur within O(1) time of n
under the importance sampling distribution P associated with Algorithm 1, so that the key

element in the exponent of the likelihood ratio is then the term — Z]T.(:n(;_l (0; X1 — 1 (0;)).
This term in the exponent can then be simplified by first noting that

0; X1 — v (0;) = J (W;) X1 — (W)

where W; = (nf8 — S;)/(n — j). Furthermore,

' (Wj) Xjr = (W) = (n— j — 1)J(Wjsa) — (n = 5)J (W)
LI (W 4y (Xj41))
2 (n—J)
where [1;41 (Xj41)| < |[Wjs1 — W,|. Summing the above expression over j, the “collapsing
sum” on the right-hand side then yields

(X1 — W;)%,

r(n)_1
- Z (0; X501 — ¥ (6;)) = —nJ (B) + (n — 7)) T (W)

7=0
"o T (W + 141 (X))

X — W;)2
~ 2(’”-]) ( Jj+1 ])

To proceed further, we now require the following result.



Lemma 1 Let w; = (n8 —s)/(n — j).
J" (W)™ = By (Xju1 —w5)’ = Vary,) (Xjm).
Consequently, assuming that |w;| < X then there exists a constant ¢ () € (0,00) such that

Pyt Oe)) x e 1| e

(n—j) n—j (n—j)

Egi(w;) 5

Proof. The expression for J" (w;) follows from 1. For the second part we note that
Wi Xj1

Wist = wj + —2— — 2L
A T n—j—-1 n—j-1

therefore,
w; X1
i1 (Xj1)| < Wi — wy| =

n—j—1 n—j—1|
On the other hand,

, , Mj+1(Xj+1) )
J" (wj 4+ mjy1 (X)) — I (w;) = / J' (w; + s)ds,
0
which yields,

| J" (w; + 511 (Xj41)) — I (wy)|

20+ |X; X+
< |77j+1 (Xj+1)| (|wj| + |77j+1 (Xj+1)|) < ( | J+1|) (| ]+1| )

n—7j
We conclude that
J" (w; + nj41 (Xj41)) 1

Ew j i j X —w)? —
‘ J'(wj) (n—7) (Xjr1 — wj) n—j

J" (wj +nj11 (Xj41)) — J" (wy)
= |Ep ws J J 4 J X1 — w: 2

J' (wy) (n—j) ( j+1 wJ)

22+ | X Xi|l + A c(A

< EJ/(wj)( | ]+1|)(! 2]+1| )(Xj+1—wj)2 < ( )'2,
(n—j) (n—j)

where the previous inequality follows by steepness and because w; < \. m

With this result in hand, define
Dji1 (Xj1,w5) = J" (wj + njp1 (X)) (& — wy)?

and put
dj1 (W) = Eyw;) (D1 (Xjy1,w5)) -



Finally, write -
Dj+1 (Xj+1, wj) = Dj+1 (Xj-i—l, wj) - dj+1 (w])

and note that the fjﬂ (Xj4+1, W;)’s form a sequence of martingale differences. Therefore,

()1

— > (0 X501 = (6)))
=0
rmM_1 =

= ] (8) + (n = T)T (Wype) = 32 Dot T)

()1
B Z < i1 ( 1 )
n—J ~2(n—j)

T(")—l

1
> 2(n— j)’

J=0

Once again, using Lemma 1, since |W;| < XA on j < 7 we obtain that

7)1 dj1 (W;) 1 =1 e\
2 (2(n—j) _2(n—j)> e 5= 5 <o

=0 = J

On the other hand, we have that

— 0, (Sp — Spm) + (n— 7™ (6,0m))
= —(n—7MN)J (W) = 0,m) (Sn — nf)

and therefore, combining all of the previous calculations, we arrive at the following proposi-
tion.

Proposition 4 There exists a constant m (\) € (0, 00)

M1 =

D .
YP? <m(Nexp | —pnJ (0 Z d ]+1 n _;1)’ i)

(n _ ) 4 1)1)/2

X 7 exp (—pb,m) (S, —nB)) I (S, > np)

exp (—pnd 0)

np/ 2

p/2

<m()) — 7 4 1)

M1 —=
D X
X exp Z pDj1 (X401, Wj)

= 2(n —j)




Let us use E (-) to denote the change-of-measure induced by Algorithm 1. The previous
proposition indicates that

_Eyaj§7n(k)exp(—an(0D
n np/g

M1 —

=~ pDj1 (X401, Wj) n
x E | exp —Z ]2(n—3j) 2 (n—7™+1)
=0

Using the Cauchy-Schwarz inequality, we obtain

1 —=

7 pDji1 (Xj41, W) (n)
Elexp| - . n—r1™ 41
;; 2(n —j) ( )
Sy — 1/2
<Flep (-3 pDj1 (Xj1, W)
= (n—Jj)

B ((n-r+ 1))

In order to verify strong efficiency of the algorithm we must show that

rn_1 —

= pDjs1 (Xj1, W) _
E | exp —Z 2(n—J) =0(1),

7=0

E((n—7"+1)")=0(1)

as n ' co. Observe that the latter O(1) statement asserts, as suggested earlier, that (")
does indeed occur within O(1) time of n.

We first establish the required property for E ((n — 7 4 1)p).

Proposition 5 For any p € (1,00) we have that

supE <(n — T("))p> < 0.

n>1

Proof. Clearly,

3
—

E ((n - T<n>)f’) =S (n— kPP (+™ = k)

1

£
Il

and
P(rW=k) <P (1™ >k—-1,Wy > X) + P (r™ > k — 1, W, <0).

10



Now, define the martingale difference D, = (W; — W;_1)xI (1(" > j — 1) (for 1 < j < n—1)
and note that

k
=1

k
P(r™ >k —1,W;<0)=P <T<n> >k—1,) D)< —5> .
=1
We will show that there exist constant m; € (0, 00) such that
AL
P (ZD; > A—B) < myexp (—(n—k)?). (8)

i=1

To see this, note that given Wj,_; = wy_1 we can write

D;:<M> x I (" >k—1).

n—=k

Thus, if n € (0, 00) then

E (e (D) D}y s D) = e (30 (7)),

where

( n ) nwg_11 (T(”) >k — 1)
Xe | — | =

n—k n—=k
—nI (1M >k —1
+Y ( 7 ( ) +0k—1)
n—=k
— P (Op—1) -
If n = (n — k)3, then because 7 > k — 1 and ' (f;_1) = wy_1, there exists a constant

(
ma (A) € (0,00) such that

. (n ’ k) < e ;A)‘)*/E"'

Applying the previous considerations subsequently for j = k — 1,k — 2,...,1 we obtain that

E <exp ((n — k)1/3 ZD;)) < exp (Z %)

j=1 (n—17)
> Mo A
< exp (Zl _j4§3)> = m;.

11



Chebyshev’s inequality then yields inequality (8) as indicated. A completely analogous
estimate can be obtained for

E((n—r™)") = z_j(n — kP (r™ = k)
<2 ; (n — k)Pmyexp (—(n — k)3 =0 (1)

asn /S oo. m
Finally, we turn to the remaining result required to establish strong efficiency, namely,

Proposition 6 For each n > 0 we have that

M1 —

~ D X1, W;
sup E | exp E nDj1 (X1, W) < 0
n>1 (n—7)
7=0

Proof. Define E;-H = Djy1(Xj41, W;) I (1™ > j)and note that for any n > 0 we have

#(n)

Z 77DJ+1 (X]+17W)
= (n —J)

Now, we have that W; = w; and ™ > 4

E' eXp | — nﬁ;—i_l X1,y Xj = €exp é-j - (T(n)> J) » Wy )
(n—J) n—j

& (6,w;) =log Eexp (0D;41 (Xj41,w5)) -
It is important to observe that {; (6, w;) < oo for § < 0. Moreover, we have that &} (0,w;) = 0
and therefore on 7(™ > j (which implies that 0 < w; < \) there exists m3 () € (0, 00) such

that ) ) ()\)
— m
& ( 7 ) < ?772 sup & (0) < 77732
n—7 2(n—J)" —n/(n—j)<6<0 2(n—j)

Iterating the previous calculations for j =n — 1,n — 2,...,0 we obtain that

where

1 — n—1
nDj1 (Xj41, Wj) < ’ms () |
P Z (n—J) = Zj_lz(n—jf —ow

12



as n /' 0o, which yields the result. m

In the Introduction we emphasized the distinction between OET and the zero-variance
change-of-measure in the sense that the overshoot is controlled as n * co under the zero-
variance change-of-measure but grows under OET. As the next result shows, under our
sampler the overshoot stays bounded in expectation.

Proposition 7 B
sup E (]S, — nf]|) < oo
n>1

Proof. We first write

E|S, —nf| < E|Sy — x| + E|Syom —nf.
We analyze the latter term first, therefore note that

1S5 — Spim| < max [ANn — 7)), | X | + A] .

Then look at the expected value of X ) based on the value of 7(®). In particular, we have
that for each p > 1

-1

E|X P = Z (IXalPs 7™ =5 + 1,77 > 5)

S

Q.
._.o

3

B (|1 X;af?; 7™ > )7 B (v = j 4+ 1)
=0

<.

It follows from steepness and the fact that 7(") > j that there exists a constant cg (\) € (0, 00)
such that

E (lXj+1|2p‘ T(n) > j) <c ()\) .
As we established in the proof of Proposition 5, it follows that
P (T(”) =7+ 1) <P (T(") <j+ 1) < my exp (—(n — j)1/3)
for some constant m; € (0,00). Therefore, we obtain that

sup E| X m[" < co (V)2 1/226 xp (—5/%/2) < o0 (9)

n>1

and therefore,
sup E [|S;m) — nf|] < oo

n>1

The proof will be completed once we show that E [|S, — S, |] stays bounded with n. First,
note that _
E (18— Sl ri? < oY) < (BIXa]) B(n — ),

13



(observe E|X;| appears because from time Tén) + 1 up to n the sampling is done under the

original / nominal distribution). So, it suffices to consider
E (|Sn — S| > 7'1(”)) .
Let us define _
,U,(WTl(n)) =F <|X]| ‘f_’{n)) .
Using the triangle inequality, conditioning and Cauchy-Schwarz we get the following,
E (|Sn — ST(n)|;T1(n) < T2(n))
B[ 3 A <At =
j=r{M41

< B (1,7 = )

<Y (= BE (u(W, )" = k)

< B (uw o) "m0 (B (0 =)

As we noted before, from the proof of Proposition 5, it follows that

sup nz:_l(n — k) <ﬁ (7'1(") = k>>1/2 < 0.

nzl B

Therefore, it remains to show that E (u(WT(n))2) stays bounded as n goes to infinity. Notice
1

that
0< WT(n) <)A+1+ ‘XT(n) .
1 1

A similar analysis behind equation (9) then allows us to conclude

supE' ((WT<n))p) < 0.
n>1 1

Finally, observe that

J

=" (om) + (# (00))

¥ (0gn) < 0,00 (0,0) = O W

(W, )" < E <X2|7:Tl<n>)

However,

14



Because 1) (+) is steep, ¢’ () must exhibit at least linear growth and therefore there exists a
constant ¢; € (0, 00) such that

" <0T(n)) < 01WT2(n)
and therefore 2
sup E (/L(Wﬁ(m)z) <(1+c)supE <(Wff"’> ) <0

n>1 n>1

This estimate allows us to conclude the proof of the proposition. m

4 The Multidimensional Case

In this section we impose the following assumptions:

[i] X, X1, Xs,... is a sequence of iid d-dimensional random vectors with mean zero and con-
tinuous distribution

[ii] Let A C R? be a convex set with twice continuously differentiable boundary.

[iii] Given ¢ € R? define o (¢) = log Eexp (¢7X), put I (z) = maxscpa(¢”z — 0(¢)) and
suppose that there exists £, € A and ¢, € R? such that

I(&)=¢l& —o(d.) = inf I'(2).

iv] Define Y; = ¢T X;, ¢ (0) = log E exp (8Y;) and assume that for each a > 0 there exists
6, > 0 such that ¢’ (6,) = a. Moreover, put

J (w) = ww — 3 ()
for w > 0 and J (w) = 0 for w < 0.

Under assumptions [i] to [iv], we shall develop a strongly efficient estimator for computing
P(S,/ne€ A)asn /oo where S, = X; + ... + X,,. The key reduction step involves noting
that because we are assuming that A has a smooth boundary, the most likely path associated
with the event S, € nA essentially involves a one dimensional large deviation on the part
of the random walk associated with the Yj’s. This one dimensional reduction is suggested
by the following result by [6]. Such a one dimensional reduction is not, in general, possible.
(Consider, for example, the case where A = [1,00) x [1,00) and the two components of
the random vector X evolve independently, in which case the asymptotic below involves a
prefactor of order 1/n rather than the ”one-dimensional” n~'/2seen below.)

Theorem 3 Under assumptions [i] to [iii], there exists a constant c (A) such that

P(S./n e A) ~ AW exn (Cni (0)) (10)

nl/2

asn / oo.
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We now provide an explicit description of the proposed algorithm.
Algorithm 2
Set w=¢lé, >0, L=1,5=0,5 =0, k=0, and X a large positive constant.
WHILE w > 0 AND w < A

Sample X from Fji(y)s, and set

L+ exp [~ (w) ¢7X + 9 (' (w))] L.
s+— s+ X,

k+—Fk+1,

w +— ¢y (n& —s) /(n — k).

LOOP
Sample X1, ..., X,  iid rv’s from Fj(,)4r and set

s e— X1+ ...+ Xok,
L+ exp [-J' (w) ¢l's' + (n— k)¢ (J' (w))] L.

OUTPUT Z, =L x I(s+ s € nA)
END

Theorem 4 Let E () be the expectation operator associated with the change-of-measure de-
scribed by Algorithm 2. Then, for each p > 1 we have

E (Z?)
z =0(1
P (S,/n € A (1)
asn / oo.
Proof. First define the half-space
H={zeR:2"¢, > ¢l¢} (11)

Note that we have the following reduction
P(S,enH)=P (Y1 +..Y, > n¢l&,),

and therefore it is possible to use Algorithm 1 to form an estimator R,, for estimating this
probability. Then we have to following three results.
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1. Z, < R, since by definition A C H, and the likelihood ratios generated for these two
estimators are identical.

2. From Theorem 2 we know that for each p > 1 that
EYP
su
w2t P (8] = ngTe.)

5 < 00.

3. Due to the definition of ¢,, &, it follows that

n>1 P (S, € nH) =yt P(S, €nH) =

Combining these three items gives the desired result. m

5 Numerical Results

For illustration of the OSDET algorithm, which is defined in equation (7), we consider the
problem of estimating P(S,, € nA). The increments of the sum X; are iid with multivariate
Laplacian distribution. What is meant by this is that X; = VZY where Z; and Y; are
mutually iid sequences with the following distributions Z; ~ exp(«) and Y; ~ N(0,T"). For
the example under consideration we set

1.684  .3459 6776
=1 3459 409 —1.5864 |, and A =1.7.
6776 —1.5864 1.5411

In addition we define the convex set
A={zeR® a3 > (z1 +a1)* + (z2 + a2)® + b},
with a; = 0.8, as = —0.7, and b= 0.5.

For comparison we also run the OET algorithm, defined in equation (3), to estimate this
problem. In the table and figure below results corresponding to this algorithm are denoted
by Traditional IS. Results derived using Algorithm 2 are denoted by Dynamic IS.

In the table and figure below note that the coefficient of variation, see equation (4), of our
algorithm does not grow with the large deviations parameter. However the coefficient of
variation of the OET algorithm does grow.

Acknowledgement 1 We gratefully acknowledge various illuminating conversations with
Xiao-Li Meng about this problem, as well as his suggestion (which we happily adopted) for
the title of this paper.
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n OSDET OET
10 5.09 x 1077 4.24 x 1077 Estimate
.0484 .0622 Coefficient of Variation
[4.61 x 107°,5.57 x 107%] | [3.72 x 107%,4.75 x 1077 Confid. Interval
30 4.35 x 1072 4.63 x 10~
.048 .076
[3.94 x 10721,4.76 x 1072!] | [3.95 x 10721,5.32 x 1072}]
50 5.42 x 10733 5.27 x 10733
.046 .09
[4.92 x 10733,5.91 x 1073%] | [4.34 x 10733,6.20 x 10733]

Table 1: Comparison of estimates, coefficient of variation, and confidence intervals for both

algorithms.

10 : : . e — _
i —%— OSDET ]
—o— OET

x*

10

Figure 1: Log-Log plot of Coefficient of variation vs. Large deviations parameter n, for both

algorithms.
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