
Rare-event simulation for multidimensional
random walks with t distributed increments

Blanchet, J. and Liu, J. C.

June, 2007

Abstract

In this paper we consider a stylized multidimensional rare-event
simulation problem for a heavy-tailed process. More precisely, the
problem of e¢ cient estimation via simulation of �rst passage time
probabilities for a multidimensional random walk with t distributed
increments. This problem is a natural generalization of ruin probabili-
ties in insurance, in which the focus is a one dimensional random walk
and captures important features of large deviations for multidimen-
sional heavy-tailed processes. We develop a state-dependent impor-
tance sampling estimator for this class of multidimensional problems.
Then, we argue, using techniques based on Lyapunov type inequalities
that our estimator is strongly e¢ cient.

1 Introduction

Estimation of large deviations probabilities for heavy-tailed processes is a
known challenging problem. The focus in the literature has been dominated
by the analysis of one dimensional random walks. Undoudebtly, however, a
general theory of rare-event analysis for heavy-tailed processes should also
deal with random walks in several dimensions. Indeed, one does not need to
go far to see why is this the case �just note that a large class of queueing mod-
els and stochastic networks can be related to multidimensional random walks
with contrained boundaries. In several dimensions, however, even a conve-
nient de�nition of a heavy-tailed random variable, that is both rich enough
to capture stylized features observed in applied models and that allows the
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development of a theory that paralles that of one dimensional random walks
seems to be di¢ cult to put forward. Recent advances in large deviations the-
ory for regularly varying processes, see for instance Hult et al (2005), suggest
that we are in the mists of the development of general theory for large devi-
ations in an important heavy-tailed environment, namely, regularly varying
distributions. Nevertheless, despite the new possibilities that this develop-
ment has opened up, such theory does not seem to be naturally coupled with
e¢ cient rare-event simulation algorithms (as is the case of the well-developed
large deviations theory for light-tailed systems, in which often exponential
changes-of-measure suggest e¢ cient importance sampling schemes).
Motivated by the need of exploring the connections between e¢ cient im-

portance sampling algorithms and the development of large deviations results
for heavy-tailed systems in several dimensions, we study a stylized rare-event
simulation problem for a multidimensional process. In particular, we consider
a multidimensional random walk with t distributed increments and estimate
�rst-passage time probabilities to polyhedra. This problem is the natural
generalization of the classical problem of estimating the tail of the maximum
of a one dimensional random walk �a quantity that yields the ruin prob-
ability of an insurance company that follows a renewal risk process. The
one dimensional case has been substantially studied in the literature; see, for
instance, the text of Asmussen (2003) and references therein for a detailed
account problem and its connections ot insurance and queueing). Hult and
Lindskog (2006) argue that calculating �rst-passage time probabilities for
multidimensional random walks correspond to computing ruin probabilities
for insurance companies with several lines of business. In order to simplify
the technical aspects of the discussion, in this paper we decided to deal with
the case of t distributed increments and polyhedral sets. However, basically
all of the ideas extend to multidimensional regularly varying increments and
more general sets. Such extensions are given in Blanchet and Liu (2007).
In this paper, we illustrate a strategy that can be used both in the e¢ -

cient the design of rare-event simulation for heavy-tailed systems and also in
the development of asymptotic upper bounds for large deviations. In order
to achieve this, we propose using a parametric family of importance samplers
based on mixtures. The mixture idea has also been used in the rare-event
simulation literature for light-tailed systems (see, for instance, Sadowsky
and Bucklew (1990) and, more recently, Glasserman and Juneja (2007)).
In the heavy-tailed case, this idea was used by Dupuis, Leder and Wang
(2006) for a geometric sum of one dimensional iid regularly varying variables.
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More recently, Blanchet, Glynn and Liu (2007a, 2007b) have exploited this
idea more systematically and in more general environments in which rare
events are caused by several heavy-tailed jumps in sequence (rather than
just one). Now, a remarkable feature to be emphasized in the current work
(and also in the cited work related to heavy-tailed case) is that that the mix-
ture parameters are state-dependent. As a consequence, since the suggested
change-of-measure is state-dependent, the e¢ ciency analysis of the algorithm
is not completely direct. Fortunately, recently developed techniques based
on Lyapunov inequalities for Markov processes (see, for instance, Blanchet
and Glynn (2007) or Blanchet, Liu and Glynn (2007a)) come into play, al-
lowing us to bound the second moment of the estimator and conclude the
strong e¢ ciency of our algorithm. As we shall see, a Lyapunov inequality
involves �nding a function (that we refer to as Lyapunov function) which
satis�es a system of linear equations. The use of Lyapunov inequalities in
the analysis of state-dependent rare-event simulation algorithms was intro-
duced by Blanchet and Glynn (2007) in the context of a one dimensional
�rst-passage time problem for heavy-tailed random walks (not necessarily
regularly varying, but also including more general tails such as Weibull and
lognormal among many other types). Blanchet and Glynn (2007) proposed
the use of a well-known approximation for such �rst-passage time probabil-
ity and develop the algorithm using such approximation directly in order to
construct their importance sampling estimator. An important di¤erence be-
tween Blanchet and Glynn�s approach and our development here is that we
do not make direct use of the approximations for the construction of our es-
timator, but instead propose a speci�c parametric family based on mixtures.
In fact, only an asymptotic lower bound for the probability of interest is re-
quired because the verifying strong e¢ ciency in our procedure automatically
yields the asymptotic upper bound.
Our strategy consists in proposing a family of changes-of-measure that

captures, at an intuitive level, the qualitative behavior induced by the zero-
variance importance sampler. Such changes-of-measure are parameterized by
few constants. In particular, roughly speaking, at each step, we consider a
mixture between a large increment that makes the random walk hit the target
set and an increment that follows the nominal (original) distribution. The
mixture probability must be chosen depending on the current position of the
random walk. In order to properly chose the mixture probability, one needs
to make sure that the Lyapunov inequality is satis�ed �which eventually is
used to guarantee the strong e¢ ciency of the estimator. Now, the Lyapunov
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inequality requires the choice of a convenient Lyapunov function (i.e. the
solution to a system of linear equations), which is obtained using heuristics
based on a so-called �uid analysis � a standard technique in heavy-tailed
approximations. The heuristics then are made rigorous by going through the
veri�cation of the Lyapunov inequality, which involves tunning parameters
such as the mixture probabilities. Once the inequality is rigorously veri�ed,
we are able to �nd an upper bound that controls the behavior of the second
moment of the estimator and therefore conclude strong e¢ ciency. Now, on
the side of the asymptotics, the bound on the second moment of the impor-
tance sampling estimator can be translated, by means of Jensen�s inequality,
to an asymptotic upper bound on the �rst-passage time probability of inter-
est. Since, upper bounds in large deviations analysis are often di¢ cult to
obtain, the techniques explained in Section 4 are of interest in asymptotic
analysis in general.
The rest of the paper is organized as follows. In Section 2 we discuss

basic concepts involving state-dependent importance sampling and e¢ ciency
in rare-event simulation. Section 3 describes the speci�c problem formulation
and discussed basic results on large deviations. The analysis of the algorithm
and numerical experiments are given in Section 4.

2 State-dependent Important Sampling and
Strong E¢ ciency

We shall design our estimator using state-dependent importance sampling.
LetW = (Wn : n � 0) be a Markov chain, living in a space X endowed with a
�-�eld FX , and with transition kernel (K (x;A) : x 2 X , A 2 FX ). A state-
dependent importance sampler is described by a transition kernel Kq (�) of
the form

Kq (x; dy) = r (x; y)
�1K (x; dy) ;

where r (�) is normalized so that Kq (�) is a well de�ned Markov transition
kernel. In the particular setting that is the focus of this paper,W is a random
walk and

K (x; dy) = f (x� y) dy; Kq (x; dy) = r (x; y)
�1 f (x� y) dy;

where f (�) is the density of a multivariate t distribution and r (�) shall be
picked in the next section involving mixtures. In addition, we use the symbols
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PQw (EQw ) to denote the probability measure (expectation operator) induced
by Kq (�) on the path space of W given that W0 = w. Similarly, for the
probabilty induced by K (�) we use Pw (and Ew).
Throughout the rest of the paper we shall write TAb to denote the �rst-

passage time of the underlying chain (in this case W ) to the set Ab. More
precisely, TAb = inffn > 0 : Wn 2 Abg �the subscript b will eventually be
the so-called rarity parameter. Consider the problem of estimating e¢ ciently
via simulation

ub (w) = Pw (TAb <1) ;
where we assume that ub (w)& 0 as b%1. An unbiased estimator of ub (w)
is given by

Z (b) = I (TAb <1)
TAb�1Y
i=0

r (Wi;Wi+1) ;

where W in the previous expression follows the law PQw ; in other words,
EQwZ = ub (w).
Ultimately, we are interested in selecting r (�) in order to achieve good

complexity properties. In particular, we shall select r (�) in order to achieve
strong e¢ ciency, which means that

sup
b�1

EQw
�
Z (b)2

�
ub (w)

2 � � <1:

The number of replications required to achieve a good relative precision for
a strongly e¢ cienct estimator is unsensitive to how small is ub (w). In par-
ticular, if we generate n iid copies (Zj (b) : 1 � j � n) of Z (b) and consider

Yn (b) =
1

n

nX
j=1

Zj (b) ;

then, using Chebyshev�s inequality we obtain (for all b � 1)

P (jYn (b)� ub (w)j � "ub (w)) �
�

"2n
:

This implies, as we indicated that in order to achieve relative precision " with
probability at least 1 � �, we require O ("�2��1) uniformly as ub (w) & 0.
Now, clearly strong e¢ ciency is not enough to characterize the complexity of
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an algorithm. In particular, we need also to consider the computational cost
per replication of the Z (b). This is particularly important in our context
because variate generation of multidimensional increments is not in general
straightforward. As we shall see, in our current situation r (�) can be chosen so
that the variate generation of the increments under the importance sampler
can be done easily.
The following proposition, proved in Blanchet and Glynn (2007) provides

means to evaluate the second moment of state-dependent importance sam-
pling estimators.

Proposition 1 Suppose that there exists a non-negative function (gb (w) :
w 2 X ) such that

EQw r (w;W1)
2 gb (W1) = Ewr (w;W1) gb (W1) � gb (w) (1)

for w 2 Acb and gb (w) � " for w 2 Ab. Then,

EQw
�
Z (b)2

�
� "�1gb (w)

if w 2 Acb.

Remark The bound (1) is what we call a Lyapunov inequality and gb (�)
is the corresponding Lyapunov function. Ultimately, the design and perfor-
mance analysis of the proposed estimator boils down to �nding a solution
(gb (w) : w 2 X ) to the Lyapunov inequality. It is not di¢ cult to see that
if one chooses the zero-variance importance sampler, then gb (w) equal to
ub (w)

2 is a feasible Lyapunov function. Since we expect to select r (�) in
order to mimic the behavior of the zero-variance importance sampler, then it
is natural to use a guess for ub (�)2 as guidance for constructing gb (�). Such
approach is pursued in Section 4.

3 Problem setting and intuition behind large
deviations ideas

Let us start by describing our problem setting in precise terms. Consider
a d-dimensional random walk with increment density proportional to (1 +
(x � e�)T�(x � e�))�(�+d)=2,where � > 2, � is a symmetric positive de�nite
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matrix and e� is a non-zero vector �such density is a general multivariate t
density. We are interested in estimating via simulation the probability that
the corresponding random walk hits a rare set say eA that we parameterize as
a convex polyhedra (i.e. the intersaction of �nitely many hyperplanes). Note
that by applying G (with GGT = �) both to the random walk and to the
rare set, we can focus on standard t distributed random vectors. More pre-
cisely, it su¢ ces to consider a sequence of iid d-dimensional random vectors
(Xk : k � 1) with density

fX1 (x1; :::; xd) =
�d�

1 + (x� �)T (x� �)
�(�+d)=2 ;

where � 6= 0, and put Sn = X1 + :::+Xn.
Our objective is to estimate via simulation.

ub (0) = P0 (TbA <1)

as b % 1, where A = fx 2 Rd : Cx � �g for some matrix C and bB =
fy : y = bx; x 2 Bg. In order to make sure that ub (0) & 0 as b % 1, we
shall impose some regularly conditions to the set A.
The conditions under which ub (0) & 0 as b % 1 and the rate at which

this occurs are delicate questions �specially in the context of general reg-
ularly varying multivariate random vectors. Su¢ cient conditions have been
developed in the work of Hult et al (2005) and Hult and Lindskog (2006). We
shall adopt those conditions in our development here. In order to describe
our assumptions, we �rst, need to compute the associated limiting regularly
varying measure for the Xk�s. Such measure, which we denote by � (�), is
de�ned on the Borel sets that do not contain zero, namely B

�
Rdn f0g

�
, and

it satis�es

� (A) = lim
t�!1

t��P (X1 2 tA) =
Z
A

�d

(yTy)(�+d)=2
dy:

Also note that P (kX1k2 > t) = ct�� (1 + o (1)) as t % 1 for some c > 0.
The measure � (�) plays an important role in the large deviations behavior
of S = (Sn : n � 0). For instance, if the increments of the random walk had
d independent coordinates, the measure � (�) would have been concentrated
along the axis, which would imply that extreme behavior is caused by indi-
vidual jumps given by single coordinates (i.e. no two coordinates exhibit joint
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large jumps). The fact that � (�) has a density with respect to the Lebesgue
measure in Rdnf0g, in particular implies that when a coordinate exhibits a
large jump, then the rest of the coordinates will also tend to be large �such
feature is often the reason for which some people advocate t-copulas when
modeling extreme dependence, see for instance, in credit risk (see, Embrechts
et al (2001)).
Now, given that the random walk has drift EXk = �, it is not di¢ cult to

see geometrically that some conditions must be imposed to on A in order to
have a meaningful rare-event situation. In order to rule out non rare-event
situations, we should assume at least that the set A does not intersect the
ray R� = ft� : t > 0g. However, little thought reveals that this condition
is not strong enough to rule out degenerate situations. In particular, two
situations can occur, in one had it could be the case that A lives in a lower
dimensional manifold (like a line in Rd for d > 1), in which case the random
walk will not hit A ever. The second situation arises, for instance, when one
of the faces of the polyhedra is parallel to the �, in which case, Central Limit
Theorem �uctuations would eventually make the random walk hit the target
set. In order to rule out these two cases we impose the following assumption.

A) Assume that � (A) > 0 and, in addition, suppose that there exists
v� 2 Rd, � > 0 such that kv�k2 = 1, �Tv� < �� and zTv� � 0 for all z 2 A.

η

A

*v

η

A

*v

Diagram illustrating Assumption A or a two dimensional random walk

Now, we are ready to provide some estimates on the rate of convergence
to zero of ub (0). Since � (A) > 0 then the large deviations behavior of the
system will be governed by a single large jump that makes the random walk
eventually reach the target set. Note that the extreme dependence of the t
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distributed model is a convenient feature that allows to pose the problem in
great generality in terms of the geometry of the target set bA (which could
be disconnected or wide spread accross the space). Let us borrow some of
the intuition from the one dimensional case. In such case, we know that the
random walk evolves according to its nominal (original) dynamics for O (b)
steps until a large jump occurs that causes the random walk to reach a large
threshold b. Using this intuition, we propose the following lower bound for
our multidimensional problem.

Proposition 2 There exists a constant c > 0 such that

ub (0) � P0
�
Sbbc 2 bA

�
� cbP (kXk2 > b)

as b%1

Proof. The �rst inequality from left to right is immediate. Now, it follows
using regular variation and the de�nition of v� that there exists �1 2 (0; 1)
and �2 > 0

P0
�
Sbbc 2 bA

�
� �1P0

�
v�TSbbc > �2b

�
:

Therefore, the follows from properties of one dimensional regularly varying
random variables (see, Rozovskii (1989)).

The most interesting portion of the large deviation estimate for ub (0)
involves developing an upper bound. The strategy that we shall pursue in
the next section allows to obtain the desired upper bound by showing that
the second moment of a suitable importance sampling estimator is of order
O
�
b2P (X1 2 bA)2

�
as b % 1. This will imply both strong e¢ ciency and

also that ub (0) = O (bP (X1 2 bA)) as b % 1. It should be noted that
the constant multiplying the previous �big-O�asymptotic for ub (0) can be
computed explicitly (see Hult et al (2005)). However, such information is
not necessary for showing strong e¢ ciency of the estimator.

4 Proposed Algorithm and Analysis

As we discussed in the Introduction, our strategy involves the use of a para-
metric family of changes-of-measure that mimics the behavior of the zero-
variance importance sampler �which corresponds to the conditional distri-
bution of the random walk given that the rare-event occurs. Now, as we
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indicated before, in this case the rare-event is caused at some point by a sin-
gle large jump while keeping �roughly speaking �all the increments prior to
that point evolving according to the nominal dynamics. This suggests using
as a family of importance sampling distributions for the increments a mix-
ture of two components: one that induces a large jump that and another one
that basically involves the corresponding nominal dynamics. More precisely,
given that the current position of the walk is s and that we have not reached
the target set bA, we propose sampling the next increment according to a
mixture density of the form

qXjs (x) = p (s)
fX (x) I (x 2 Bs;bA)
P (X 2 Bs;bA)

+ (1� p (s))
fX (x) I

�
x 2 Bcs;bA

�
P
�
X 2 Bcs;bA

� ; (2)

where the mixture probability p (s) is allows to depend on the current state
and the set Bs;bA is closely related (in a precise way to be described later)
to the translated set bA � s. Now, we also know from the literature on
rare-event simulation for heavy-tailed systems that in order to control the
variance of the estimator is important to recognize the contribution of such
sample paths that achieve the rare-event due to more than one large jump.
Therefore, to account for the contribution of such sample paths, we allow
the set Bs;bA to contain bA � s in a suitable way. The construction of the
set Bs;bA pays attention not only to the contribution of sample paths that
take more than one large jump to reach the target set but also to the ability
of the simulator to implement the path generation under the importance
sampling distribution. Hence, the set Bs;bA is de�ned as follows. First let
�� = supf� > 0 : zTv� > � for all z 2 Ag (where v� is de�ned in Assumption
A) and put A� = fx 2 Rd : xTv� � ��g. Then, pick a 2 (0; 1) and �nally
de�ne

Bs;bA =

�
x 2 Rd : kxk2 > a infy2A�

kby � sk2 ; xTv� � 0
�
:

The likelihood ratio corresponding to (2) takes the form (using a notation
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consistent with the statement of Proposition 1)

qXjs (x)

fX (x)
, r (s; x+ s) (3)

=
P (X1 2 Bs;bA)

p (s)
I (x 2 Bs;bA)

+
P
�
X1 2 Bca;s;bA

�
1� p (s) I

�
x 2 Bca;s;bA

�
:

Finally, the corresponding (unbiased) estimator for ub (0) is

Zb =

Tb�A�1Y
k=0

r (Sk; Sk+1) I (Tb�A <1) :

Once we have proposed a suitable parametric family of importance sampling
distributions, we need to tune the mixture parameter in order to satisfy the
Lyapunov inequality. For this matter, we also need to propose a parametric
expression for the candidate Lyapunov function. As we discussed in the
remark following Proposition 1, if the proposed importance sampler is close
enough to the zero-variance change-of-measure, then we expect the Lyapunov
inequality to be satis�ed by a function that behaves like (or is an upper bound
for) (Ps (TbA <1)2 : s 2 Rd). Therefore, a natural strategy is to obtain
a heuristic guess Ps (TbA <1) and use this guess to propose an explicit
form for the Lyapunov function that then will be tested rigorously. Note
that Ps (TbA <1) � Ps (TbA� <1), so trying to test a Lyapunov function
that approximates

�
Ps (TbA� <1)2 : s 2 Rd

�
seems adequate for obtaining

an upper bound. Now, a rough analysis suggests

Ps (TbA� <1) �
Z 1

0

P (X1 + s+ �t 2 bA�) dt:

This type of heuristic development is often called a ��uid analysis�. The
idea is to replace the dynamics of the random walk by the motion suggested
using the Law of Large Numbers and also recognize that the rare event is
caused by a single large jump. We then de�ne

hb (s) =

Z 1

0

P (X1 + s+ �t 2 bA�) dt
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and out candidate as Lyapunov function takes the form

gb (s) = min
�
cg � hb (s)2 ; 1

�
(4)

for some constant cg > 0 (to be determined over the course of the veri�cation
of the Lyapunov inequality)
Verifying the Lypunov inequality involves checking, for all s 2 Rd,

1 � Eq
�
gb (s+X)

gb (s)
r (s; s+X)2

�
= E

�
gb (s+X)

gb (s)
r (s; s+X)

�
(5)

= E

�
gb (s+X)

gb (s)
;X 2 Bs;bA

�
1

p (s)

+ E

�
gb (s+X)

gb (s)
;X 2 Bcs;bA

�
1

1� p (s) :

(where Eq (�) represents the expection induced by the density qXjs (�)). Let
us de�ne

J1 = E

�
gb (s+X)

gb (s)
;X 2 Bs;bA

�
P (X 2 Bs;bA)

p (s)
;

J2 = E

�
gb (s+X)

gb (s)
;X 2 Bcs;bA

�
P
�
X 2 Bcs;bA

�
1� p (s) :

Assume that gb (s) < 1 (note that if gb (s) � 1 we can just not apply im-
portance sampling at all and the Lyapunov inequality will be automatically
satis�ed). An immediate upper bound is obtained for J1, namely,

J1 �
P (X 2 Bs;bA)2

cghb (s)
2 p (s)

: (6)

For J2 we obtain

J2 �
1

1� p (s)E
�
gb (s+X)

gb (s)
;X 2 Bs;bA

�
:

Using a Taylor development with remainder we obtain

E

�
gb (s+X)

gb (s)
;X 2 Ba;bA

�
= E

�
1 +

XTrgb (s+ UX)
gb (s)

;X 2 Ba;bA
�
;
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where U is distributed as U (0; 1) and independent of X. In order to see
how all the pieces come in to play in the veri�cation process, let us provide
a sketch of the ideas behind the analysis of J2. Since

�Trhb (s)

= lim
"#0

1

"
(hb (s+ "�)� hb (s))

= lim
"#0

1

"

Z 1

0

(P (X + s+ � (t+ ") 2 bA�)� P (X + s+ �t 2 bA�)) dt

= lim
"#0

1

"

�Z 1

"

P (X + s+ �t 2 bA�) dt�
Z 1

0

P (X + s+ �t 2 bA�) dt
�

= lim
"#0

�1
"

Z "

0

P (X + s+ �t 2 bA�) dt = �P (X + s 2 bA�) ;

then, with some more work which can be consulted in Blanchet and Liu
(2007), we obtain

Lemma 3 There exist computable constants b0,
1 > 0 such that for all s 2
Rd and all b � b0

E

�
XTrgb (s+ UX)

gb (s)
;X 2 Ba;bA

�
� 
1
2

�Trgb (s)
gb (s)

= �
1
P (X + s 2 bA�)

hb (s)
:

The previous lemma combined with (6) yields

J1 + J2 �
1

1� p (s) +
P (X 2 Bs;bA)2

cghb (s)
2 p (s)

� 
1
P (X + s 2 bA�)

hb (s)
:

Therefore, if we select (for some �2 > 0)

p (s) = min

�
�2
P (X 2 Bs;bA)

hb (s)
; 1=2

�
; (7)

we conclude that

J1 + J2 � 1 + 2�2
P (X 2 Bs;bA)

hb (s)

+
P (X 2 Bs;bA)
cg�2hb (s)

� 
1
P (X + s 2 bA�)

hb (s)
: (8)

13



Now, our job is to appropriately select �2 and cg in order to make the right
hand side of the previous inequality less than 1. The next technical result
allows to conclude that �2 and cg can indeed be appropriately selected (the
proof is an application of standard regularly varying properties, the details
are given in Blanchet and Liu (2007)).

Lemma 4 One can compute 
2 2 (0;1) such that

P (X 2 Bs;bA) � 
2P (X + s 2 bA�)

for all s 2 Rd.

Applying the previous result to (8) we conclude that

J1 + J2 � 1 + 2�2
2
P (X + s 2 bA�)

hb (s)

+ 
2
P (X + s 2 bA�)
cg�2hb (s)

� 
1
P (X + s 2 bA�)

hb (s)
: (9)

Therefore, the Lyapunov inequality is satis�ed if we select �2 and cg such
that

2�2
2 +

2
cg�2

� 
1 � 0: (10)

This inequality can be achived by �rst selecting �2 small (say �2 � 
1= (4
2))
and then cg large enough (say cg � 4
22=
1).
We conclude with a summary of the proposed algorithm (for the genera-

tion of a single replication of Zb)
Algorithm
Set b > 0 and �x a 2 (0; 1). Initialize w = 0, REACH = 0 and Z = 1.

Assume that cg and �2 have been selected in order to satisfy (10) and set
gb (w) according to (4)
STEP 1

While REACH = 0
If gb (s) = 1 then sample X according to the nominal distribu-

tion.
Else set

p � min
�
�2
P (X 2 Bs;bA)

hb (s)
; 1=2

�
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and sample X as follows. With probability p generate X with law L( XjX 2
Bs;bA), with probability 1 � p sample X with law L( XjX 2 Bcs;bA). Then,
update

Z  � Z � [p�1P (X 2 Bs;bA) I (X 2 Bs;bA)
+ (1� p)�1 P

�
X 2 Bcs;bA

�
I
�
X 2 Bcs;bA

�
]:

Endif
Update

s � s+X;
If w 2 bA then REACH  � 1
Endif

Loop
STEP 2 RETURN Z.

Before we summarize the e¢ ciency properties of the estimator proposed
by the previous algorithm, let us provide a graphical explanation of how the
algorithm evolves. Figure 4 contains, in addition to the elements illustrated
in Figure 3, the construction of the set A�. In the diagram, we show the
evolution of a typical path of the algorithm in �uid scale right before a big
jump (coming from the mixture component with probability p (s)) occurs.
The next step of the random walk will be selected according to a conditional
density that is supported in the gray area. Note that it is possible for the
increment to jump outside the set A.

The evolution of a typical sample path generated by the algorithm, right
before obtaining a large jump.

The next result summarizes the complexity of the algorithm.
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Theorem 5 If Assumption A is in force, then the previous algorithm takes
on average O (b) variates to terminate. In addition, the estimator, Z, ob-
tained at Step 2 is strongly e¢ cient.

Proof. From inequality (9) and Proposition 1 we conclude

gb (0) � E
"
Tb�A�1Y
k=0

r (Sk; Sk+1)
2 I (TbA <1)

#
:

On the other hand, combining the lower bound obtained in Proposition 2
together with the fact that gb (0) = O(P (kXk2 > b)2b2) as b % 1, we
conclude that

sup
b�1

Eq (Z2)

P (Tb�A <1)2
� sup

b�1

gb (0)

cP (kXk2 > b)2b2
<1:

The fact that the expected number of increments required to reach bA follows
again using a Lyapunov-type argument as in Blanchet and Glynn (2007). The
details are given in Blanchet and Liu (2007).

We close this section with the some numerical experiments. We assume
that d = 2, � = 3, � = I and � = (0;�1)|. We consider target sets of the
form bA, where A = f(x; y) ; x > 1; y > 1g and b = 10; 20, and 50. Note that
Assumption A is satis�ed with v� = ��
. K�

c = f(x; y) ; y � 0g, and "� = 1. We choose a = 0:9. We choose b = 10;
20; and 50. We also use crude Monte Carlo to estimate the probability when
b = 10. Based on 200k simulations 0:00174 (9:319e� 05).

b Est SD Sample size
10 1:843e� 03 8:449e� 03 20; 000
20 4:550e� 04 1:761e� 03 20; 000
50 9:807e� 05 3:106e� 04 20; 000

In practice, it may take long time to have the random walk reach the
target region, depending on the choice of Bs;bA. Therefore, we modify the
algorithm a little in the following way,
Algorithm
Set b > 0 and �x a 2 (0; 1). Initialize w = 0, REACH = 0 and Z = 1.

Assume that cg and �2 have been selected in order to satisfy (10) and set
g (w) according to (4)
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STEP 1
While REACH = 0

If g (s) = 1 then sampleX according to the nominal distribution.
(F)Elseif d

�
s;K�

c

�
> Kb, Z  � Z � P̂ and REACH  � 1.

Else set

p � min
�
�2
P (X 2 Bs;bA)

h (s)
; 1=2

�
and sample X as follows. With probability p generate X with law L( XjX 2
Bs;bA), with probability 1 � p sample X with law L( XjX 2 Bcs;bA). Then,
update

Z  � Z � [p�1P (X 2 Bs;bA) I (X 2 Bs;bA)
+ (1� p)�1 P

�
X 2 Bcs;bA

�
I
�
X 2 Bcs;bA

�
]:

Endif
Update

s � s+X;
If w 2 bA then REACH  � 1
Endif

Loop
STEP 2 RETURN Z.
P̂ is some convenient large deviation approximation to P (�bA�s <1). In

our implentation, we choose P̂ = d(s;bA)
14

P (kXk2 > d (s; bA)). The number 14
is computed empirically. The introduction of step (F) will lead to a bias of
order P (�bA) =K2. We choose K such that P (�bA) =K2 is much smaller than
the anticipated standard error. In this implementation, we chose K = 20.
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