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Consider a multidimensional diffusion process X = {X (t) : ¢ €
[0,1]}. Let € > 0 be a deterministic, user defined, tolerance error pa-
rameter. Under standard regularity conditions on the drift and dif-
fusion coefficients of X, we construct a probability space, supporting
both X and an explicit, piecewise constant, fully simulatable process
X. such that

sup [ Xe (1) = X ()]l <e

0<t<1
with probability one. Moreover, the user can adaptively choose &' €
(0,¢) so that X, (also piecewise constant and fully simulatable) can
be constructed conditional on X. to ensure an error smaller than
¢’ with probability one. Our construction requires a detailed study
of continuity estimates of the It6 map using Lyons’ theory of rough
paths. We approximate the underlying Brownian motion, jointly with
the Lévy areas with a deterministic € error in the underlying rough
path metric.

1. Introduction. Consider the It6 Stochastic Differential Equation (SDE)

(1.1) dX () = p(X (1)dt + o(X (£))dZ(t) , X(0) = z(0)

where Z (-) is a d’-dimensional Brownian motion, and x(-) : R — R? and
o(-): R — R4 gatisfy suitable regularity conditions. We shall assume, in
particular, that both u (-) and o (-) are Lipschitz continuous so that a strong
solution to the SDE is guaranteed to exist. Additional assumptions on the
first and second order derivatives of x (-) and o (), which are standard in
the theory of rough paths, will be discussed in the sequel.

Our contribution in this paper is the joint construction of X = {X (¢) :
t € [0,1]} and a family of processes X, = {X.(¢t) : t € [0,1]}, for each
e € (0,1), supported on a probability space (2, F, P), and such that the
following properties hold:
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(T1) The process X is piecewise constant, with finitely many discontinuities
in [0, 1].

(T2) The process X. can be simulated exactly and, since it takes only
finitely many values, its path can be fully stored.

(T3) We have that with P-probability one

(1.2) sup || X: (t) — X (t)]| <e.
te(0,1]

(T4) For any m > 1 and 0 < g, < ... < g1 < 1 we can simulate X

conditional on X, ,.... X, ..

We refer to the class of procedures which achieve the construction of such
family {X. : ¢ € (0,1)} as Tolerance-Enforced Simulation (TES) or e-strong
simulation methods. Throughout the paper we use || - ||oc to denote the
max-norm on R%.

This paper provides the first construction of a Tolerance-Enforced Sim-
ulation procedure for multidimensional SDEs in substantial generality. All
other TES or e-strong simulation procedures up to now are applicable to one
dimensional processes or multidimensional processes with constant diffusion
matrix (i.e. o () = o).

Let us discuss some considerations that motivate our study. We first dis-
cuss how this paper relates to the current literature on e-strong simulation
of stochastic processes, which is a recent area of research. The paper of [6]
provides the construction of X, satisfying only (T1) to (T3), in one dimen-
sion. In particular, bound (1.2) is satisfied for a given fixed ¢g = ¢ > 0
and it is not clear how to jointly simulate {X., }, ~; as e, \, 0 applying
the technique in [6]. The motivation of constructing X., for [6] came from
the desire to produce exact samples from a one dimensional diffusion X (-)
satisfying (1.1), and also assuming o (-) constant.

The authors in [6] were interested in extending the applicability of an al-
gorithm introduced by Beskos and Roberts, see [2]. The procedure of Beskos
and Roberts, applicable to one dimensional diffusions, imposed strong bound-
edness assumptions on the drift coeflicient and its derivative. The technique
in [6] enabled an extension which is free of such boundedness assumptions
by using a localization technique that allowed to apply the ideas behind the
algorithm in [2]; see also [3] for another approach which eliminates bound-
edness assumptions. We emphasize that all of the developments in [2], [3],
and [6] are obtained in the one-dimensional case.

The assumption of a constant diffusion coefficient comes at basically no
cost in generality when considering one dimensional diffusions because one
can always apply Lamperti’s (one-to-one) transformation. Such transforma-
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tion allows to recast the simulation problem to one involving a diffusion
with constant o (). Lamperti’s transformation cannot be generally applied
in higher dimensions.

The paper of [4] extends the work of [6] in that their algorithms satisfy
(T1) to (T4), but also in the context of one dimensional processes. The paper
[11] not only provides an additional extension which allows to deal with one
dimensional SDEs with jumps, but also contains a comprehensive discussion
on exact and e-strong simulation for SDEs. Property (T4) in the definition
of TES is desirable because it provides another approach at constructing
unbiased estimators for expectations of the form Ef (X), where f (-) is,
say, a continuous function of the sample path X. In order to see this, let
us assume for simplicity that f () is positive and Lipschitz continuous in
the uniform norm with Lipschitz constant K. Then, let T" be any positive
random variable with a strictly positive density ¢ () on [0,00) and define

(1.3) Z=1(f(X)>T)/g(T).
Observe that

E|Z] = E[E(2|X]) = E [ / Tr ) > 0 2% = By (x)),

g(t)

so Z is an unbiased estimator for Ef (X). So, if Properties (1) to (4) can
hold, it is possible to simulate Z by noting that f(X.) > T + Ke implies
f(X)>Tand if f(X;) < T — Ke, then f(X) < T. Since (T4) allows to
keep simulating as € becomes smaller and T is independent of X. with a
positive density g (-), then one eventually is able to simulate Z exactly.

The major obstacle involved in developing exact sampling algorithms for
multidimensional diffusions is the fact that o (-) cannot be assumed to be
constant. Moreover, even in the case of multidimensional diffusions with
constant o (-), the one dimensional algorithms developed so far can only be
extended to the case in which the drift coefficient u(-) is the gradient of
some function, that is, if i () = Vo (x) for some v (+). The reason is that in
this case one can represent the likelihood ratio L (t), between the solution
to (1.1) and Brownian motion (assuming o = I for simplicity) involving a
Riemann integral as follows

L (1) = exp (/Oth ()) dX (s) - ;/Otumx <s>>||§ds>

_epX(m) ] ) ds
(1.4) = o (0 (X)) p< Q/OA(X())d),
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for A (z) = Av (x) 4 ||V (2)]|3. The fact that the stochastic integral can be
transformed into a Riemann integral facilitates the execution of acceptance-
rejection because one can interpret (up to a constant and using localization
as in [6]) the exponential of the integral of A () as the probability that no
arrivals occur in a Poisson process with a stochastic intensity. Such event
(i.e. no arrivals) can be simulated by thinning.

So, our motivation in this paper is to investigate a novel approach that
allows to study e-strong simulation for multidimensional diffusions in sub-
stantial generality, without imposing the assumption that o (-) is constant or
that a Lamperti-type transformation can be applied. Given the previous dis-
cussion on the connections between exact sampling and e-strong simulation,
and the limitations of the current techniques, we believe that our results
here provide an important step in the development of exact sampling algo-
rithms for general multidimensional diffusions. For example, in contrast to
existing techniques, which demand L (t) to be expressed in terms of a Rie-
mann integral as indicated in (1.4), our results here allow to approximate
directly L (t) in terms of the stochastic integral representation (and thus one
does not need to assume that p(z) = Vv (z)). We plan to report on these
implications in future papers.

Our results already allow to obtain unbiased estimator of expectations
of sample path functionals via (1.3). However, it is noted in [4] that the
expected number of random variables required to simulate Z is typically
infinite. The recent paper [11] discusses via numerical examples the practi-
cal limitations of these types of estimators. The work of [12], also proposes
unbiased estimators for the expectation of Lipschitz continuous functions
of X (1) using randomized multilevel Monte Carlo. Nevertheless, their algo-
rithm also exhibits infinite expected termination time, except when one can
simulate the Lévy areas exactly, which currently can be done only in the
context of two dimensional SDEs using the results in [9].

The authors in [1] also use rough path analysis for Monte Carlo estimation,
but their focus is on connections to multilevel techniques and not on e-strong
simulation.

In this paper we concentrate only on what is possible to do in terms of
e-strong simulation procedures and how to enable the use of rough path
theory for e-strong simulation. We shall study efficient implementations of
the algorithms proposed in a separate paper.

Finally, we note that in order to build our Tolerance-Enforced Simulation
procedure we had to obtain new tools for the analysis of Lévy areas and
associated conditional large deviations results for Lévy areas given the in-
crements of Brownian motion. We believe that these technical results might
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be of independent interest.

The rest of the paper is organized as follows. In Section 2 we describe
the two main results of the paper. The first of them, Theorem 2.1, provides
an error bound between the solution to the SDE described in (1.1) and a
suitable piecewise constant approximation. The second result, Theorem 2.2,
refers to the procedures that are involved in simulating the bounds, jointly
with the piecewise constant approximation, thereby yielding (1.2). Section 3
is divided into two subsections and it builds the elements behind the proof of
Theorem 2.2. As it turns out, one needs to simulate bounds on the so-called
Holder norms of the underlying Brownian motion and the corresponding
Lévy areas. Section 4 lays out the details of the simulation of the Brownian
motion and an upper bound of its a-Holder norm and Section 5 lays out
the details of the simulation of the Lévy areas and an upper bound of its
2a-Holder norm. Section 6 is also divided in several parts, corresponding to
the elements of rough path theory required to analyze the SDE described
in (1.1) as a continuous map of Brownian motion under a suitable metric
(described in Section 2). While the final form of the estimates in Section 6
might be somewhat different than those obtained in the literature on rough
path analysis, the techniques that we use here are certainly standard in that
literature. We have chosen to present the details because the techniques
might not be well known to the Monte Carlo simulation community and
also because our emphasis is in finding explicit constants (i.e. bounds) that
are amenable to simulation.

2. Main Results. Our approach consists in studying the process X as
a transformation of the underlying Brownian motion Z. Such transformation
is known as the It6-Lyons map and its continuity properties are studied in
the theory of rough paths, pioneered by T. Lyons, in [10]. The theory of
rough paths allows to define the solution to an SDE such as (1.1) in a path-
by-path basis (free of probability) by imposing constraints on the regularity
of the iterated integrals of the underlying process Z. Namely, integrals of
the form

(2.1) A (s,t)—/ (Z: () = Zi (s)) dZ; (u).

The theory results in different interpretations of the solution to (1.1)
depending on how the iterated integrals of Z are interpreted. In this paper,
we interpret the integral in (2.1) in the sense of It6.

It turns out that the Ito-Lyons map is continuous under a suitable a-
Holder metric defined in the space of rough paths. In particular, such metric
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can be expressed as the maximum of the following two quantities:

(22) 1Zlle = sup UZD =26l

. = |
0<s<t<1 |t — s|@

(23) HAHQa = sup max M

0<s<t<11<ij<d [t —s[?®

As we shall discuss, continuity estimates of the It6-Lyons map can be given
explicitly in terms of these two quantities.

In the case of Brownian motion, as we consider here, we have that o €
(1/3,1/2). It is shown in [7], that under suitable regularity conditions on
i (+) and o (-), which we shall discuss momentarily, the Euler scheme pro-
vides an almost sure approximation in uniform norm to the solution to the
SDE (1.1). Our first result provides an explicit characterization of all of
the (path-dependent) quantities that are involved in the final error analysis
(such as ||Z]], and ||Al]y,),the difference between our analysis and what
has been done in previous developments is that ultimately we must be able
to implement the Euler scheme jointly with the path-dependent quantities
that are involved in the error analysis. So, it is not sufficient to argue that
there exists a path-dependent constant that serves as a bound of some sort,
we actually must provide a suitable representation that can be simulated in
finite time.

In order to provide our first result, we introduce some notations. Let D,,
denote the dyadic discretization of order n and A,, denote the mesh of the
discretization. Specifically, D,, := {tf,t7,...,t5.} where t} = k/2" for k =
0,1,2,...,2" and A,, = 1/2". Suppose we have a discretized approximation
scheme.

Given X™(0) = x(0), define {X"(t) : t € D,,} by the following recursion:

d/
X)) = XPUR) + (X)) An+ D 00y (X E)(Zi(th11) — Z5(t7))
=1
d d d . : A _
(2.4) DD 00 (X)) onm (X" (6)) A, 5 (67, ti4),

j=1 1=1 m=1

where A7, (1 t,,) = Aui(t th ) = (Zi(th ) — Zi(t)?/2 — An/2, and
AR (tp,th ) = 0 for i # j. We let X"(t) = X"([t]) where [t] = max{t} :
ty <t} for t € [0,1]. We denote

m

R ) = > {Asgtioy ) = ALt}
k=l+1
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and for fixed 5 € (1 — «, 2«), write

I'r :=sup sup max .
n 0<s<t<lsteD, 1<ij<d" |t — s|BAL

We notice that when i = j, Ry;(t]',t,) = 0; when i # j, RY;({7,17,) =

l2"m 1)"m

ZZL:IH A; (7, t7). We also redefine || Z||o and ||A]|24 as

12l 1= sup sup 1Z(t) — Z(5)]|o
o )
n 0<s<t<l,s,t€Dn |t — s|*

[4i5(s, )]

All2q := sup sup m .
14120 n 0<s<t<l.steDy, 1<ij<d [t — s|?@
The new definitions are equivalent to (2.2) and (2.3) since both Z and A
are continuous processes. It is well known that a solution to X can be con-
structed path-by-path (see [7] and Section 6). The next result characterizes
an explicit bound for the error obtained by approximating X using X™.

THEOREM 2.1.  Suppose that there ezists a constant M such that ||p||ec <
M, |Villoo < M and ||cD||oe < M fori=0,1,2,3, where ¢® denote the
i-th derivative of 0. If || Z|], < Ko < 00, ||A]ly, < Koo < 00, andT'g < Kg,
we can compute G explicitly in terms of M, K., Koo and Kg, such that

sup [|[X"™(t) = X (t)||o < GAZ*P.
te(0,1]

Remark: A recipe that explains step-by-step how to compute G in terms
of algebraic expressions involving M, K, Ko, and K is given in Procedure
A in the appendix to this section.

Using Theorem 2.1, we can proceed to state the main contribution of this
paper.

THEOREM 2.2. In the context of Theorem 2.1, there is an explicit Monte
Carlo procedure that allows us to simulate random variables K., Ko, and
Kpg jointly with {Z(t) :t € Dy} for any n > 1. Consequently, given any
deterministic € > 0 we can select n () such that GAia_ﬁ < ¢ and then set

(€)
X (t) = X™(t) so that

(2.5) sup || Xc(t) — X(t)[loo <,
te(0,1]

with probability one.
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Remark: An explicit description of the algorithm involved in the Monte
Carlo procedure of Theorem 2.2 is given in Algorithm II at the end of Section
5.3, and the discussion that follows it.

Given {Z(t) : t € Dy() } so that (2.5) holds, the discussion in the remark
that follows Algorithm II explains how to further simulate {Z(t) : t € D,/ }
for any n’ > n (). This refinement is useful in order to satisfy the important
property (T4) given in the Introduction. In detail, once Ky, Koo, and Kp
have been simulated then G has also been simulated and evaluated. Conse-
quently, given any sequence €, < €yn—1 < ... < €1 we just need to obtain
n; such that GAZ*™? < &;. Then simulate {Z(t) : t € D,,,} and construct
X™i(-) according to (2.4). We let X., (t) = X™i(t) and, owing to Theorem
2.1, we immediately obtain

sup || Xe, (t) — X(t)]loo < &
te(0,1]

with probability one, as desired.

2.1. On Relazing Boundedness Assumptions. The construction of X"(-)
in order to satisfy (2.5) assumes that [[ullec < M, ||[pM]|ee < M and
|lo®||oe < M for i = 0,1,2,3. Although these assumptions are strong,
here we explain how to relax them. Theorem 2.2 extends directly to the case
in which p and o are Lipschitz continuous, with p differentiable and o three
times differentiable. Since p and o are Lipschitz continuous we know that
X () has a strong solution which is non-explosive.

We can always construct s and oy so that (9 (z) = ,ug\é[) (x) for ||z||, <

ey and i = 0,1, and 0@ (z) = a](\? (x) for ||z||, < em fori=0,1,2,3. Also
we can construct cps, where cpy — 0o as M — oo, and ||par]lec < M,
118 Joo < M and [|o%)]| 0 < M for i =0,1,2,3.

For M > 1 we consider the SDE (1.1) with pps and oy as drift and
diffusion coefficients, respectively, and let Xj; () be the corresponding so-
lution to (1.1). We start by picking some My > 1 such that € < c¢py, and
let M = My. Then run Algorithm IT to produce {X7,(t) : t € [0,1]}, which
according to Theorem 2.2 satisfies,

sup [|X77(t) = Xar(t)]]oo < e
te[0,1]

Note that only Steps 5 to 8 in Algorithm IT depend on the SDE (1.1), through
the evaluation of G, which depends on M and so we write Gp; = G. If
SUPye[0,1] HX}}/[(t)HOO < epr — €, then we must have that X (t) = Xy (¢) for
t € [0,1] and we are done. Otherwise, we let M <— 2M and run again only
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Steps 5 to 8 of Algorithm II. We repeat doubling M and re-running Steps 5 to
8 (updating Gar) until we obtain a solution for which supycp 17 [| X3/ (#)]|oo <
cy — €. Eventually this must occur because

lim sup [|[Xp(t) — X()|loo =0
M—>oote[071]

almost surely and X (-) is non explosive.

2.2. The Evaluation of G. We next summarize the way to calculate G
in terms of M, K,, Ky, and Kr. We write d = max{d, d'}

Procedure A.
1. Find ¢ and C;(6) > 0 for ¢ = 1,2, 3 that satisfies the following relations
(their existence is given in the proof of Lemma 4.1):
C1(8) >C5(0)0%% + M&' ™ + dM K, + d> M?Ky,0%
Cy(8) >C3(8)0% + d> M? Ko,

2 _
C3(9) Zm{Mcl(d) +dMCy(0)° Ko + d*MCo(8)Ka
+ 2d° M2 C1 (6) Ko }
2. Set Cq = 201(5), Cy = %(02(5) + MCq + CZMClKa) and

2

C3 = 1— 2173a

(MCy 4+ dMC?K, + d*MCy Ky, + 2d° M?C1 Ka,)

3. Find ¢’ and B;(¢’) for i = 1,2, 3 that satisfies the following relations:

B1(8) >B3(6")6"* + 2M "™ + 2M K, + 4M?K5,0"
Bo(6') >B3(8')6" + 4AM* Ky,

Bs(d) > {MB;(8") + MB1(6”)Ky + MBs(8') K,

4
1— 21—3a
+ 2M?B1(8') Koo}
4. Set B = 2B1(d)

Set G1 = (14 B)Cj
6. Find 6" and C4(6") such that

o

Bé//a S 2&-}—5 —9

2 + B(S”a

) Y BEPM?Kpg + 2d* M*C1 KR)
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7. Set Cy = (14 B&")Cy (68" M? K + 2d* M?C1 KR) /8"
8. Set Go = Cy + d>M?*Kp
9. Set G = G1 + Gy

3. The main idea of the algorithmic development. Based on The-
orem 2.2, our main task is to calculate/simulate the upper bound for ||Z||a,
||Al|2o and I'g respectively. In this section, we will introduce the main idea
of our algorithmic development.

The development can be decomposed into two tasks. The first one is to
find an infinite sum representation of the subjects that we are interested in.
The second one is to truncate the infinite sums up to a finite but random
level so that the remaining terms in the summation don’t impose much
error. The second task is where some novel construction is required. To see
this, notice that with the truncation up to a finite but random level, there
are infinite many terms remaining. Simulating these infinite many terms is
impossible, so we need to find an efficient to extract the minimum amount
of information we need to know /simulate to bound the error (contribution)
of these terms. We next carry out the two tasks one by one.

3.1. Infinite sum representation of Brownian Motion and Lévy area. We
start by introducing a wavelet synthesis of Brownian Motion, {Z(¢) : 0 <
t < 1}, called the Lévy-Ciesielski construction of Brownian motion (Steele
[13] pages 34-39).

First we need to define a step function H(-) on [0, 1] by

H(it)=1(0<t<1/2)—1(1/2<t<1).
We then define a family of functions
HP(t) =2"2H(2" 't —k+1)
for all n > 0 and 1 < k < 271 Set HJ(t) = 1. Then one obtains the

following infinite sum representation of Brownian motion.

THEOREM 3.1 (Lévy-Ciesielski Construction). If{W:1<k<2""!n>
0} is a sequence of independent standard normal random variables, then the
series defined by

0o 2n—1

31 Z() =W /Otﬂg(s) as+5 Y (W,:/Otﬂg(s) ds)

n=1 k=1

converges uniformly on [0,1] with probability one. Moreover, the process
{Z(t):t €0,1]} is a standard Brownian motion on [0, 1].
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Fi1G 1. Lévy-Ciesielski Construction of Brownian Motion on [0, 1]

N, 1
LN 1 _AqNOoD NO.2) 4NOD
. NO,-) - NO,~) Y-7

P 4.7 1 4 //

Pl - NO,2)_ 47
- .’ g
Paed R ,” /” _ ¢
0 1 1 0 1 1 0 1 1
2 2 4 2

Figure 1 demonstrate the basic idea of the Lévy-Ciesielski Construction
using properties of the Brownian bridge. Specifically, as Z(1) ~ N(0,1), we
set Z(1) = WY. Conditional on the value of Z(0) = 0 and Z(1), Z(1/2) ~
N(Z(1)/2,1/4). Thus we set Z(1/2) = Z(1)/2 + 1/2W}. In general, condi-
tional on the value of Z(t’,;_l) and Z(tZ;i), for k=0,1,...,2"71,

Z(tyg41) ~ N ((Z(tZ’l) + Z@Z;%)) /2, Ani1)

Thus we set

n n— n— 1/2 n
Z(ther) = (20 + 2(6070) 2+ AV W,

Eventually we will simulate the series up to a finite but random level Ny
to be discussed later. By level we mean the order of dyadic discretization.
As we are simulating the discretization levels sequentially, we often refer to
“time” when discussing levels.

We next analyze the Lévy area, A; (i, 15, ), for 1 <i,j < d',n > 1,
0 <k <2™—1. Using the algebraic property

Ai,j ( Za 7/72+1) :Ai,j (t;‘;l,t;‘,ﬁl) + Am‘ (tglﬁptg:jz)

+(Zi (t5500) = 2 (37)) (25 (85475) — 2 (6375)) -

we have the following infinite sum representation of A; ; (¢}, ], ).
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LEMMA 3.1. Forn>1,0<k<2"—1,

) 2h n—1
h
AR ti) = Z Z {( oo 1) — Zi(tghfnkmz_z))
h=n+1 I[=1

X (Zj(tgh—nmzz) — Zj(th g 1)>}

The inner summation terms in the expression for A;;(t}, ¢}, ;) moti-
vates the definition of the following family of processes (L7; (k) : k =
0,1,..,2" L n>1).

L};(0) =0
Lij(k) := Lilj(k = 1) + (Zitzp—1) = Zitax—2))(Zj(t3y,) = Zj(t3-1))

for k=1,2,..,2" L
Using thls deﬁmtlon and Lemma 3.1 we can succinctly write A; (¢}, ¢} a1)
as

[e.9]

(32) Ayt ti) = Y (LK + 1) = Li (2" ")),
h=n+1

3.2. The idea of record breakers. To truncate the infinite sum up to a
finite but random level, we use a strategy called record breakers. Specifically,
we first definite a sequence of “record breakers”. We then formulate the
“future” information we need to know as a sequence of “yes or no” questions.
Specifically, the yes or no question is formulated as “will there be a new
record breaker?” and answering the yes/no question is equivalent to simulate
a properly defined Bernoulli random variable in simulation.

The definition of the record breakers need to satisfy the following two
conditions:

C1. The following event happens with probability one: beyond some ran-
dom but finite time, there will be no more record breakers.

C2. By knowing that there are no more record breakers, the contribution
of the terms that we have not simulated yet are well under control (i.e.
bounded by a user defined tolerance error).

We next explain how the above strategy is applied to the Brownian motion
and the Lévy area respectively.
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We have d’ independent Brownian motions and we will use W, for i €
{1,...,d'} to denote the (n, k) coefficient in the expansion (3.1) for the i-th
Brownian motion.

For ||Z||a, we say a record is broken at (i,n,k), for 1 <i <d’, n >0 and

1<k<ort if

Let Ni := max{n > 1: |[W/,| > 4y/n+1for some 1 < k < -l <<
d'}. Tt is the last time the record breaker happens. The following Lemma
shows that Condition 1 is satisfied.

LEMMA 3.2. There exists an integer valued random wvariable Ny, with
E[N1] < oo, such that for allm > N1, 1 <k <2"—1and1 <i<d

W;‘k < 4+v/n+ 1.

We next check Condition 2. Define V" = max;<j<on-1 |[W}'|. We have the
following auxiliary lemma.

LEMMA 3.3. -
||Z||a < 92a+1 Z 27n(%7a)vn'

n=0

Once we found N7, we have

N1 0
||Z||a < 22a+122—n(1/2—a)vn+22a+3 Z 2—n(1/2—a)\/m

n=0 ’I’L:N1+1
9—1/2(N1+1)(1/2—a)

N1
2a+1 —n(1/2—a)y/n 20+3
<22ty "o V4 2O

n=0

where C' = max, >, +1{2~/20/2=9) /n 1 1}.

For the Lévy area, we first notice that when ¢ = j,

sup sup 7Ai’i(s’ 2
n 0<s<t<lsteD, (t —8)**
e (BO-BEP (-7
— P p 2(t _ S)2a
n 0<s<t<l,s,teD,
11215 +1
= 2 )
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and

l>"m

When i # j, the record breaker is defined for the random walk L} ;’s. Specit-
ically, for L, we say a record is broken at (i,7,n,k, k), for 1 < i,j < d,
i#£j,n>1,0<k<k <2nl if

L5 (k') = L5 (k)] > (K — k)7 A%,

where 8 € (1 — a,2a). Let Ny := max{n > 1:[L7;(k') — L};(k)| > (k' —
k)PA2Y for some 0 < k < k' <2711 <i,j <d,i+#j}. Tt is the last time
the record breaker happens. The following lemma shows that Condition 1 is
satisfied.

LEMMA 3.4. There exists an integer valued random variable N, with
E[Ny] = o((1—2a)™?), such that for alln > Ny and all 0 < | < m <
2"~1 we have |L7;(m) — L (D] < (m — DPA2Y for o € (1/3,1/2) and
Be(l—aa).

We next check condition 2. The following corollary follows directly form
(3.2) and the definition of R ;.

COROLLARY 3.1. Fori #j,
Rty = S0 (2l (27w = 2l (27
h=n+1
Then we have the following bounds for ||A||2q and 'z based on the Na.

LEMMA 3.5. Suppose that Na is chosen according to Lemma 3.4. We
define

m) 011\

'y := max {1, max  max max {

1<i,j<d’ i#j n<Nz 0<l<m<2n—1 (m —1)B A2
Then
9—(20—p5)
PR o Gam 't
and .
2 , 2l
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In what follows, we shall explain how to simulate the random numbers
(N7 and N2) jointly with the wavelet construction using the “record breaker”
strategy introduced in the previous section. Specifically, we first find all
the record breakers in sequence and then simulate the rest of the process
conditional on the information of the record breakers. The challenge lines
in the fact that the probability of success of the Bernoulli trials, which
corresponds to the yes/no questions defined in terms of the record breakers,
is not known to us. We start with the procedure to simulate N7 in Section
4, which is built on a sandwiching idea. Then conditional on the value of
N1, we introduce the procedure to simulation Ns in Section 5 based on
an acceptance-rejection scheme, where the proposal distribution is built on
some exponential tilting.

4. Tolerance-Enforced Simulation of Bounds on a-H6lder Norms

We first note that Nj is not a stopping time with respect to the filtration
generated by {(Wﬁk 0<k<2"—-1,1<i<d):n>1}.

For the simplicity of demonstration, we shall focus on the 1-dimensional
case. For d’ > 1, we apply the same procedure for each brownian motion. In
what follows in this subsection, we shall drop the subscription 3.

We call a pair (n,k) a record-broken-pair if [W}*| > 4v/n + 1. All pairs
(both record-broken-pairs and non record-broken-pairs) can be totally or-
dered lexicographically, i.e. using 2"~ + k. The distribution of subsequent
pairs at which records are broken is not difficult to compute (because of
the independence of the W}/'’s). So, using a sequential acceptance / rejec-
tion procedure we can simulate all of the record-broken-pairs. Conditional
on these pairs the distribution of the {(W}! : 0 <k < 2" —1):n > 1} is
straightforward to describe. Precisely, if (k,n) is a record-broken-pair, then
W} is conditioned on |W}'| > 4v/n + 1 and thus is straightforward to simu-
late. Similarly, if (k,n) is not a record-broken-pair, then W}' is conditioned
on [W['| <4y/n+ 1 and also can be easily simulated.

The simulation of the record-broken-pairs has been studied in [5]. The idea
is to find all the record breakers sequentially until there are no more record
breakers. The challenge lies in sampling the Bernoulli random variable de-
fined as “is it the last record breaker”. We take sampling the first breaker as
an example. The probability that there are no more record breakers beyond
1is

oo 2"—1
p(1) =] II P (Wi > 4vn+1),
n=1 k=0

which involves evaluating the product of infinite many terms and we do not
know its value in closed form. However, we can find a sequence of upper
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bound and lower bounds of p(1), which are defined as

h

U = [T 2 (Wi = 4v/logy ] +1)

r=1

where r = 2*(")=1 4 k(r) and
Dy(1) = (1= W=E2)0,

respectively. The upper and lower bounds satisfy that Dy (1) < Dpy1(1) <
p(l) < Uh(l) < Uh+1(1) and limyp,_, o Dh(l) = p(l) = limp_oo Uh(l). We
also have that Uy (1) —Uj1(1) is equal to the probability that the first record
breaker happens at position h. Thus we can check whether the Bernoulli trial
is a success or failure by updating the upper and lower bounds sequentially.
Moreover, if the Bernoulli trial is a failure (there are more record break-
ers beyond the current index), we also know the index of the next record
breaker. We synthesize algorithm 2W in [5] for our purposes next.

Algorithm I: Simulate N; jointly with the record-broken-pairs

Output: A vector S which gives all the indices | = 2"+ k such that (n, k)
is a broken-record-pair.

Step 0: Initialize R = 0 and S to be an empty array.

Step 1: Set U =1, D = 0. Simulate V' ~ Uniform(0, 1).

Step 2: While U > V > D, set R < R+ 1 and U « P(|W}| <
4y/Tlogy R] + 1) x U and D + (1 — R*#/2) x U.

Step 3: If V > U, add R to the end of S, i.e. S =[S, R], and return to
Step 1.

Step 4: If V < D, N = [log, max(S)].

Step 5: Output 5.
End of Algorithm I

Remark: Observe that for every [ = 2"~ 4+ k € S, we can generate wi
conditional on the event {|W}'| > 4y/n + 1}; for other [ (i.e. [ ¢ S), generate
W given {|W}| < 4v/n + 1}. Note that at the end of Algorithm 1 and after
simulating W;' for n < N one can compute

9—1/2(N1+1)(1/2-a)
1 —92-1/2(1/2—a) ’

N
Ka — 22a+1 Zl: 27n(1/27a)vn + 22a+30

n=0

where C' = max, >, +1{27/20/2=9) /n 1 1}.
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5. Tolerance-Enforced Simulation for Bounds on 2a-Holder Norms

of Lévy Areas. The simulation of Ns, is a lot more complicated, compar-
ing to N1, because there is fair amount of dependence on the structure of
the L7, (k)’s as one varies n. Let us provide a general idea of our simulation
procedure in order to set the stage for the definitions and estimates that
must be studied first.

Suppose we have simulated {(W/, :0 <k <2"-1,1<i<d):n < N}
for some N (to be discussed momeﬁtarily) and define

n(N)=inf{ln>N+1 : [L};(m)—L;(1)] > (m—1)°AX
forsome 0 <l <m< 2"_1}.

Because of Lemma 3.4 we have that the event {7 (V) = oo} has positive
probability. We will explain how to simulate a Bernoulli random variable
with probability of success P(7y (N) = oo|Fy ). If such Bernoulli is a success,
then we have that No = N and we would have basically concluded the
difficult part of the simulation procedure (the rest of the process can be
simulated under a series of conditioning events whose probability increases
to one as n grows). If the Bernoulli is a failure (i.e. its value is zero), then we
will find 71 (N) and simulte all the information up to 7 (N). We repeat the
above Bernoulli trial with updated probability of success until we obtain a
successful Bernoulli trial.

Now, part of the problem is that Algorithm I has been already executed,
so N > Ny, in other words, while the random variables { ;?k 1 <k <
27~11 are independent (for fixed n > N), they are no longer identically
distributed. Instead, Wfk is standard Gaussian conditional on the event

{IWl] < 4vn+ 1}

Nevertheless, if n is large enough, all of the events {|W/}| < 4y/n + 1}
will occur with high probability. So, we shall first proceed to explain how to
simulate a Bernoulli random variable with probability of success P(71 (n') =
00| F,) assuming n’ is a deterministic number. The procedure actually will
produce both the outcome of the Bernoulli trial and if such outcome is a
failure (i.e. 71 (n') < 00), also the sample path

{VVZ”,; 1<k<2™ln/<m<n (n’)}

Our procedure is based on acceptance / rejection using a carefully chosen
proposal distribution for the W/ ’s, n > n’ based on exponential tilting of
LY, (k)’s, conditional on F,. To this end, we will need to compute the con-
ditional moment generating function (conditional on J,/) of L, (k)’s and
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the family of distributions induced over W} ’s and WJ’-:”k’s under the expo-
nentially tilting. This will be done in Section 5.1. Then, we need some large
deviation estimates to bound the likelihood ratio of a certain randomiza-
tion procedure. These bounds are developed in Section 5.2. These are the
main elements needed to simulate No together with the wavelet construc-
tion. We introduce the actual randomization procedure and the details of
the algorithm in Section 5.3.

5.1. Conditional Moment Generating Functions and Associated Exponen-
tial Tilting. Define

fn:J{(W{'i 1<k<2mhim< n}
and for the conditional expectation given F,, we write
En[ - ]:=E[- | Fal.

In this section we characterize the distribution of {(Wln,j mel1 <k <
27tm=1) . ym > 1} under the exponential tilting conditional on F,.

In order to reduce the length of some of the equations that follow, we
write, for each r € {1,2,...,2"},

(5.1) A7) = Zi(t?) = Zi(t7 1)
Then we have the following recursive relations for A% (t)’s.
LEMMA 5.1. Fork=1,2,...,2""1
NI ) = G () + AYEW
AT = SAT ) — AV
From Lemma 5.1, we can see that
Fo=0{ZtP) —Z{t) :0<k<k <2™ ' m<n}.

Assume that k& < &/, we will iteratively compute the conditional moment
generating function as

(5.2) E, [exp (90 {ngm (') — Ly (k)})]
= Eu|Bust |- Bt [exp (00 {21 (k) = L™ () })] ||
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Recall that, for 1 < k < 2771,
k
Ly (k)= A} (t5.1) A} (15,).
r=1

We shall start from the expectation of exp (90./\;”7" (t;ﬂrf) A;Hm (tg;“ m))

conditional on Fpqp—1.
COROLLARY 5.1.  For i # j,
Bnemer [exp (BAT* (#57) A7 (157)) |
= (1= 6387 n) P exp (AT () AT (1))
X exp <171A;-L+m71 (t?+m_1)2 + 7711\1“7”71 (t?+m_1)2> ;
where
b1 =6 (1 - 9(2)A3z+m+1)_1 /4, m = 98 (1 - 98Ai+m+1)_1 Antm/8.

Moreover, define

/ n+m n+m
P g (W2 € A W2 € )

 Butmo 1 (Wi e AW e B) exp (GA7T (650) AT (8577)) |

Epimo [exp (GoA7+™ (850) A+ () )|

Y

then under P’ - and given Fpim—1, we have that (Wffm,ijm)
sl b b

n+
follows a Gaussian distribution with covariance matrix
S0, () = o < 1 —00Antm+1 >
A I- 9(2]A$L+m+1 —00Antm+1 1 ’

and mean vector

n+m-+1

—OoAL2 APl (gnmely /g

. . 90A1/2 An+m—1(tn+m—1)/2
o 02) =2 1) - .
n+m+1
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So, from Corollary 5.1 we conclude that

k/
- (eo S A (gm) qrm <t;¢m>>]

r=k+1

Enerfl

kl
= (1 — 0(2)A31+m+1)7(k —k)/2 exp (01 Z A;L+m71 (t?+m—1) A?*mﬂ (t;“rm_l))
r=k+1

(5.3)

K’ k'
, —1\2 - —1\2
X exp <771 Z A;.‘er 1 (t?—l-m 1) +m Z A;Hrm 1 (t?+m 1) ) )
r=k+1 r=k+1
If m > 2, we can continue taking the corresponding conditional expecta-
tion given F,4m—2. Due to the recursive nature of (5.2) and the linear and
quadratic terms that arise in (5.3), it is convenient to consider
2n+mfl

(54) Z 0, (t;Lerfl) A}H_m_l (t:}+mfl) A?—&-m—l (t?erfl)

r=1

2n+m—1

+ Z m (t?+m71) (A}H-m—l (t;Lerfl)? 4 A}H-m—l (t;Lerfl)Q) ’
r=1
where
Or (T ) =0 x I (ref{k+1,..,k}),
m ) =g x I (re{k+1,..,K}).
We also introduce the following notations to simply the presentation of our

tilting parameters. Due to the difference in the recursive relation for A7'(¢})
between odd and even 7’s, we recursively define for [ = 2, ..., m.

(5.5) 6% (tﬁ*m*l) =0, (tgj_"{‘l“) + 0,1 (t;‘jm—l“) :

6 (t?+m—l) =0, (tg;:”}*lJrl) o, (t;‘jm*lﬂ) |
77{1- (t:f-%m—l) =M1 (tg:'jll—lﬂ) P (tgj‘m—lﬂ) |
77[_ (t:}-i-m—l) =T-1 (tgrtnf*lJrl) e (tgjm’”l) ’
Pl (t;}-ﬁ-m—l) _ An+mfl+20i (t?-l—m—l) |

1= 20 miqny (t;,n+n—z)
X (t;}er_l) - Anym—i42

2 )
(1= 280t (87777) (1 — ot >
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and set

()
a 4

+ 4917 (tTernfl) 7717 (t?v:nJrnfl) o (t:nJrnfl)}’

6, (t;n—i-n—l)
NACAS)
S E—

4 hl <t77nn+n—l> {01_ (t;n-i-n—l) 77l— (t;n-i-n—l)
1 l m~+n—I 2 m+n—I| l m—+n—l1 2 m~+n—I|
+ 19— (tr ) g (tr ) + - (tr ) pi (tr )}

Finally, we decompose (5.4) into two parts (the cross term and the quadratic
term) by defining

_l’_

A (t?-i-m—l) — el—l (tg;r_ﬂ}*lJrl An+m I+1 tn+m l+1)An+m l+1(tn+m l+1)

+9l 1 (tn-f—m l—l—l) An+m I+1 tn—‘rm l+1)An+m l+1(tn+m l+1)

B (t?+m—l) =1 (tgj;n,{lil+1

+ M1 (tn+m l-l—l) An+m I+1 tn-‘rm l+1) +A;}+m—l+1(t721;|—m—l+1) )

Aner +1 tn+m l+1) An+m l+1(tn+m l+1) )

2r1 2r—1

I

and

() = (128 () (1 7))

Then (5.4) can be written as

-1/2

27L+7n72

Y. (MA@ +B (),

r=1

and the following result is key in evaluating (5.2).



22 J BLANCHET, X. CHEN AND J. DONG

COROLLARY 5.2. Fori#j,1=2.3,...mandr=1,2,.. 2"
Bt o (4 () 4. ()
=C <t:}+m—l) exp <9l (t:%-&-n—l) Az’ (t:%-&-n—l) Aj (t;n-&-n—l))

X exp <m (t:”"—l) <Ai (t;’””‘l)z + A, (t;”+”—l)2>> .

Moreover, define

P (WnerflJrl € A, W]njm—lﬂ c B)

ntm—I+1,gntmoitl LT

Entm—1 [I (Wﬁfm_lﬂ €A, ijm_lH € B) exp (A (trt™~1) + B (t;wrm—l))}

Bt [exp (A (677 ) + 5 (5777))

)

then under P;L+m—l+1 prbm—L41 and given Fp+m—1, we have that (Wi’:‘jm*lﬂ, W]ﬂjm*”l)
follows a Gaussian distribution with covariance matriz
0] +m—I+1

En—&-m—l—&—l (t? " )
_ 1
- 2

I—pi <t71+”_l>

_y 1 B
o[ (1 2Bt (7470) G I
g (£ (1 =28 4m-tqany (6747

where gi(tM ") = A28y (82T (1= 2804 m—i42m) (t?*m*l))ﬂ.
and mean vector
Hiem (t7+m_l“)
:Aiz/fm—l-l-lziz’im—l-i—l (t?+m_l+1>
(MmN G das el ) )
Ay (=)l () + g () 0L ()

Using Corollary 5.2 we conclude that

2n+m—l
Bt o |2 (4 (80) 3 (50)
r=1
2n+mfl 2n+m7171

— n+m—l n+m—Il—1 n+m—Il—1
T e e X (a(e) ca ()

r=1
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Therefore, combining Corollary 5.1 and repeatedly iterating the previous
expression we conclude that
En [exp(@o{ Ly ™ () = L™ (k)]

m 2n+m7l

=(=ehai) UPITIT o (i)

=2 r=1
(5.6)

2m 2n
< exp (Z b (E2) 82 ) 5 8 + 2 (8 {0 )7 4 <t:f>2}> .

5.2. Conditional Large Deviations Estimates for L}, (k). We wish to es-
timate, for 1 <i,j <d',i# j, k' >k and k', k € {0,1, ..., 27"~}
n+m n-+m B A2a
P, (\LJ (K) = LI (k)| > (K — k)° A2 +m)
<exp(—fo (K — k)" AZ,,) x {Enlexp(6o{ L™ (K) — LT (k)})]
+ Enlexp(=0o{ L™ (k) — L™ (k) D]}

We borrow some intuition from the proof of Lemma 3.4 and select

Iy b
(57) 00(m7 k 7k) L 90 - (k’/ - k)1/2 A%O/Am.

We will drop the dependence on (m, k', k) for brevity. In addition, we pick
v<1/4 and o € (a,1/2) so that

exp(—0o (k' — /-c)'B A2

n+m

) = exp(—y (K — k)77 Ao Az

Our next task is to control the E, [exp(GO{L?jm(k’) - L?;rm(k:)})}, which
is the purpose of the following result, proved in the appendix to this section.

LEMMA 5.2.  Fori # j, suppose that 0y is chosen according to (5.7), and
n is chosen such that

(5.5) macl |4 ()], 1A, ()]} < AF

and for eg € (0,1/2)

D M)A ()

r=Il+1

(5.9) < eo(m—1)PAZ forall0 <l <m<2"
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with o' € (a,1/2), then
Eufexp(o{ L™ (K) = L™ (R)D) < dexp (s07(K — k)7~1/2).

Remark: It is very important to note that due to Lemma 3.2 we can al-

< 4+/n + 1}
in case n > Nj) to make sure that (5.8) holds for some n. Similarly, con-
dition (5.9) can be simultaneously enforced with (5.8) because of Lemma
3.4. Actually, Lemma 3.2 and Lemma 3.4 indicate that conditions (5.8) and
(5.9) will occur eventually for all n larger than some random threshold. Our
simulation algorithms will ultimately detect such threshold, but Lemma 5.2
does not require that we know that threshold.

ways continue simulating the W/, ’s (maybe conditional on { ‘Wl”k,

As a consequence of Lemma 5.2, using Chernoff’s bound, we obtain the
following proposition.

PROPOSITION 5.1.  For i # j, if n is chosen such that (5.8) and (5.9)
hold, then

P (1L = L™ ()] > (K = k)7 AZY,,)

§8 eXp (_;/—y (k/ _ k)ﬁ—l/Q Ai(a—a/)Agr?_l) '

5.3. Joint Tolerance-Enforced Simulation for a-Hoélder Norms and Proof
of Theorem 2.2.. Define

Cu(m) = {ILZ™(K) = LI (k)] > (K — k)P AR

n+m

for some 0 < k < k' < 2"t 1 <4, j<d,i+#j},
and put 71 (n) = inf{m > 1 : Cn(m) occurs}. We write C,(m) for the
complement of C,,(m), so that

P,(r1 (n Z P(C NN L (D)) -

m=1

To facilitate the explanation, we next introduce a few more notations. Let

Wnenam = {W, k 0<k<2"-1,1<i<d,n<l<n+m}.
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In addition, define
1 _ /
v (k, k'|m) =8 exp (—27 (K — k:)ﬁ 1/2 A2le—a m?g—l)

xI(0<k<k <2 1) I(m=>1)

b (m) := > on (K, K'|m)
0<k<k’/<2m+n—1
/ '_’Un(k, k/‘m)
qn(k, k' |m) '_7bn(m)

and
By [T @nnim € exp (60{LIT™ (k) = LIT™(1)}) ]
Ey |exp (Go{LE}™ () = L™ (k)} ) |

Prz;,:%c’k/ (Wnimtm € +) =

We also denote
Gn(m, i, j, b, ) = log By [exp (60 { L2 (K) = L2 (1) })]

Observe that

bn (M) = Z 8 exp <—;7 (k:’ — ]{;)’8_1/2 Ai(a—a’)Azg%)

0<k<k/<on+m-—1

< 22(m+n)+3 exp (_;,yAi(a_a’)A?na—l> )

Thus, b,(m) — 0 as n — oo. Then we can select any probability mass

function {g(m) : m > 1}, e.g. g(m) = e~ '/(m — 1)! for m > 1, by assuming
that n is sufficiently large,

g(m) > d’an(m)

Now consider the following procedure, which we called Procedure Aux,
Aux for “auxiliar”, which is given for pedagogical purposes, because as we
shall see shortly it is not directly applicable but useful to understand the
nature of the method that we shall ultimately use.

Procedure Aux
Input: We assume that we have simulated {(W}%, : 0 <k < 2'):1 < n}}.
Output: A Bernoulli /' with parameter P, (7 (n) < 00), and if FF =1,
also
Wriry (n) = {Wil’k 1<k < ol — 1,1 << d’,n <l < Tl(n)}
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conditional on the event 71(n) < oo.

Step 1: Sample M according to g (m).

Step 2: Given M = m sample [ and J (I # J) uniformly over the set
{1,2,...,d'}.Then, sample K', K from g, (k, k'|m).

Step 3: Given M =m, I =i,J = j,K =k, and K’ = k/, simulate wy.,1m
from P,iﬂ;f ok (). Note that simulation from P/ k! () can be done according
to Corollary 5.2.

Step 4: Compute

En(ma ’L',j, ka kla Wn:ner)
1

g(m) (& (& = 1))~ gk, &[m) exp (6o L™ (W) = L™ (k)} = a(m iy, k, K))

No(my= > 1

1<i,j<d’,ij 1<h<h/<2ntm—1

nrm nrm 2c
L™ (W) — Ly} (h)‘ (h— h’)BAn+m).

Step 5: Simulate U uniformly distributed on [0, 1] independent of every-
thing else and output

F=I{U<I ({ LI (k) szm(k)‘ (& )BAiﬁm} A mgl@n(l)>
X En(m,z’,j,k:, k/awn:n+m)//\/n(m)}.

If FF =1, also output wn.ptm-
End of Procedure Aux

We first notice that when

n+m _ rntm B A2
L™ (K) = L™ (k)| > (k = K)PA

n+m»

g(m) (d/(d = 1)) " gk, K'[m) exp (B LI ™ (K) = LIF™(k)} = n(m, i j, b, ) ) > 1

Thus E,,(m, i, J, k, k', wnmtm) < 1. That is to say the likelihood ration func-
tion is bounded and the Bernoulli random variable F' is well defined.

We claim that the output F' is distributed as a Bernoulli random variable
with parameter P, (71(n) < co). Moreover, we claim that if ' = 1, then,
Wnomtn 18 distributed according to P, (wn:ﬁ(n) €| 7(n) < oo). We first
verify the claim that the outcome in Step 5 follows a Bernoulli with pa-
rameter P, (71(n) < 00). In order to see this, let Q),, denote the distribution
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induced by Procedure Aux. Note that
Qu(U < I ({[ (k") = LM ()| > (K = K A% L, f 0 nie,)
X E”(Ma I,J K, Klawn:n+M)/Nn (m))
=B ({|Er ) - )| > (K - K2 A2, b nniiea)
X En(Ma Ia J7 Ku K/,Wn;n+M)/Nn (m)]

>y oy e

m=11<i,j<d’ 1<k<k/<2nt+m—1
x b ( ) X . ]
PSR N (m)

LT () = L ()| > (k= K)PA2L, b 0 A ea(n)

L) = Lm0 > (k= K)PAZ, | 0o )

o[l

11<i,j<d’ 1<k<k/<2nt+m—1

K

m

ot

P, (Co(m) NN CA(D))
1
=P, (11 (n) < c0).

3
Il

Similarly, for the second claim,

O (wnerM cAU<I (Cn(M) N m?ﬁ;lc‘n(z)) 2.(M, 1, J, K, K’7wn;n+M))

s 0 dB{j;?]{K’K/ M—15
=3 B9 (wnnm € A T (Wi T (Cn(m) N AM; cn(z)) /P,(m1 (n) < 0)

m=1 dPn
:an(wn:n+m€147 Tl(n):m)/Pn(Tl(n)<Oo)
m=1

=P, (wnm+ﬁ(n) € A|1i(n) <o)

The deficiency of Procedure Aux is that it does not recognize that n > Nj.
Let us now account for this fact and note that conditional on Fy, we have
that W, ’s are i.i.d. N(0,1) but conditional on {|W/,| < 4v/n + 1} for all
n > N1.7 Define 7

Hp = {Wh| <aVh+1:0<k<2"—1n<h<n+m}

In order to simulate Py, (71(/N1) < 00) we modify step 3 of Procedure Aux.
Specifically, we have
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Procedure B

Input: We assume that we have simulated {(Wllk :0<k<2):1<n}
So, the W/%’s are i.i.d. N(0,1) but conditional on {|W/};| < 4y/m + 1} for
all m > n. We also assume that conditions (5.8) and (59) hold in Lemma
5.2; note the discussion following Lemma 5.2 which notes that this can
be assumed at the expense of simulating additional W;}’s (with {[W]]
<4vm+ 1} if m > Ny).

Output: A Bernoulli F' with parameter P, (71(n) < oo, HY), and if F =
1, also

Wnin4ri(n) = {Wil,k 1<k < 2n7 1<:< dlan <l<n+mn (n)}

conditional on 71(n) < co and on H.

Step 1: Sample M according to g (m).

Step 2: Given M = m sample [ and J (I # J) uniformly over the set
{1,2,...,d'}.Then, sample K', K from g, (k, k'|m).

Step 3: Given M =m, I =i,J = j,K =k, and K’ = k/, simulate wy.,1m
from Pfﬂmk ok (). Note that simulation from Pfﬂmkkl () can be done according
to Corollary 5.2. Check if ‘H’, occurs. If yes, continue to Step 4; otherwise,
go back to Step 1.

Step 4: Compute

En(ma iv jv ka k/a Wn:ner)
1
9(m) (@@ = 1)~ gu (b, Km) exp (G LT (k) = L™ (000} = a1, 1) )

and

No(m)y= 3" >

1<i,j<d! ij 1<k<k/<2n+tm—1

L") = L 0] > (b= KA,

Step 5: Simulate U uniformly distributed on [0, 1] independent of every-
thing else and output

I (H;g N { L™ (k) - L;ij(k)‘ > (k- k’)ﬁAfﬁ;m} N m{ﬁ;lc‘na)) P (H™™)

F=I{U«< PHL)

X En(m) i)j) kv kl? wnn+m)/Nn(m)}
(Notice that P(HZ™)/P(HL) = P(H].,,) and can be computed in finite

steps.)
If FF =1, also output wy.ptm.
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End of Procedure B

Let @, denote the distribution induced by Procedure B. Following the
same analysis as that given for Procedure Aux, we can verify that

I(Hgm{

LZ;—m%/) - L?jm(k) > (k- k’)ﬁAfﬁrm} N m{‘i?@z@)) P (H™)

@V < P L)

X En(m, i, 4,k K wnenpm) [NR(m))) = P (11(n) < 00| HZ,) .

And if the Bernoulli trial is a success, then, wy.,+as is distributed according
to
P, (wn:n+71(n) € - ‘ Tl(n) < OO,’HQO) .
Finally, if 7 (n) = oo, we may still need to simulate wy.p 4 for any m > 1,
but now, conditional on {71(n) = co, H }. Note that

Py (Wnintm € A | 11(n) = 0o, HY)
Py (Wnimtm € A, Ti(n) = 00, HE,)
P, (11(n) = oo, H.)
Enl(wpimtm € Ami(n) > m, HE) Pt (T1(n +m) = oo, ™)
Py, (11(n) = oo, H™) '

Thus we can sample wy,p+m, from P, (-) and accept the path with probability
I(r1(n) > m, HE) Pron (T1(n 4+ m) = oo, HZ™).

This clearly can be done since we can easily simulate Bernoulli’s with prob-
ability

Py (T(ntm) = 00, HiI™) = Poym(71(ntm) = 0o | HI™) Poym (H™).
We summarize the algorithm as follows:

Algorithm II: Simulate N; and N> jointly with Wg}k’s for 1 < n < Ny,
where Ny is chosen such that sup,c( | XNo(4) — X(1)||oo < €

Input: The parameters required to run Algorithm I, and Procedures A
and B. These are the tilting parameters 6;’s.

Step 1: Simulate N; jointly with W/%’s for 0 < m < N; using Algorithm
I (see the remark that follows after Algorithm I). Let n = Nj.

Step 2: If any of the conditions (5.8) and (5.9) from Lemma 5.2 are not
satisfied keep simulating W;:i’s for m > n until the first level m > n for
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which conditions (5.8) and (5.9) are satisfied. Redefine n to be such first
level m.

Step 3: Run Procedure B and obtain as output F' and if F' = 1 also
obtain wy.p 41 (n)-

Step 4: If 7(n) < oo (i.e. F'=1) set n <— 7(n) and go back to Step 2.
Otherwise, go to Step 4.

Step 5: Calculate G according to Procedure A and solve for Ny such that
GAR ™ <.

Step 6: If Ny > n sample wy. n, from P,(-) and sample a Bernoulli random
variable, I with probability of success Py, (7(Ng) = oo, HY0).

Step 7: If I =0, go back to Step 6.

Step 8: Output wo.ny-
End of Algorithm II

We obtain {W}, : 0 < k < 2,1 < Np,1 < i < d} from Algorithm II. We
have from recursions in Lemma 5.1 how to obtain

(5.10) {(Zi(t) — Zi(th 1)) s 1 <r <201 <1< Np, 1 < < d}
and then we can compute {X™No(t) : t € Dy, } using equation (2.4).

Remark: Observe that after completion of Algorithm II, one can actually
continue the simulation of increments in order to obtain an approximation
with an error ¢ < e. In particular, this is done by repeating Steps 4 to 8.
Start from Step 4 with n = Ny. The value of G has been computed, it does
not depend on e. However, one needs to recompute Ny := Ny (¢) such that
GA?\%fﬁ < ¢/. Then we can implement Steps 5 to 8 without change. One
obtains an output that, as before, can be transformed into (5.10) via the
recursions (5.1), yielding {XNoE)(¢) : ¢ € Dpy(ery} with a guaranteed error
smaller than ¢’ in uniform norm with probability 1.

6. Rough Differential Equations, Error Analysis, and The Proof
of Theorem 2.1. The analysis in this section follows closely the discussion
from [7] Section 3 and Section 7; see also [8] Chapter 10. We made some
modifications to account for the drift of the process and also to be able
to explicitly calculate the constant G. Let us start with the definition of a
solution to (1.1) using the theory of rough differential equations.
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DEFINITION 6.1. X (-) is a solution of (1.1) on [0,1] if X(0) = 2(0) and

|Xz(t) - X’L(S) - ,“z( t - 3 Z Uz,] (t) Zj(s))

d
- ZZ Z 0,04,5(X (8))01m (X (5)) Am i (5,1)] = o(t — 5)
=1 m=1

7j=1

fori=1,2,...,d and 0 < s <t <1, where A;; (-) satisfies
(6.1)  Aij(r,t) = Ai;j(r,s) + Aij(s,t) + (Zi(s) — Zi(r))(Z;(t) — Z;(s))
for0<r<s<t<l.

The previous definition is motivated by the following Taylor-type devel-
opment,

Xi(t+h)
t+h ' ptth
=Xi(t) + i(X (w))du + 0ij (X (w))dZ;(u)
/t 1% ;/t J J
t+h
~X(t) + / (X () )
d  rtth
+ Z/ 01 (X)) + u(X®)(u—1t) + (X)) (Z(u) — Z(t))) dZ;(u)
j=1""
~Xi(t) + (X () h + Z i, (X ($)(Z;(t + ) — Z;(t))

d t+h
£33 3 Gy (X () oum(X(0) / (Zon(0) = Zun(1))dZ ().

j=11=1 m=1

The previous Taylor development suggests defining A; ;(s,t) := f;(Z,(u) —
Zi(s))dZ;(u). Depending on how one interprets A(s, t), e.g. via It6 or Stratonovich
integrals, one obtains a solution X (-) which is interpreted in the correspond-
ing context.

In order to obtain the It6 interpretation of the solution to equation (1.1)
via definition (6.1) we shall interpret the integrals in the sense of It6. In
addition, as we shall explain, some technical conditions (in addition to the
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standard Lipschitz continuity typically required to obtain a strong solution)
must be imposed in order to enforce the existence of a unique solution to
(6.1).

There are two sources of errors when using X" in equation (2.4) to ap-
proximate X. One is the discretization on the dyadic grid, but assuming
that A; ; (tz,tz +1) is known; this type of analysis is the one that is most
common in the literature on rough paths (see [7]). The second source of
error arises due to the fact that A; ; (tg, iy +1) is not known for ¢ # j. Thus
we divide the proof of Theorem 2.1 into two steps (two propositions), each
dealing with one source of error.

Similar to X" (t), we define {X"(t) : t € D, } by the following recursion:
given X"(0) = X (0),

&

X7 () =X70) + pa (X G An + Y 0 (XM G (Z(t741) — Z5(17))
j=1

(6.2) + Z Z Z 010, (X (81))o1m (X (8)) A, (8 thige1)

j=11=1 m=1

and for ¢t € [0,1], we let X"(t) = X"([t]), where in this context [t| =
max{s € D,, : s < t}.

PROPOSITION 6.1.  Under the conditions of Theorem 2.1, we can com-
pute a constant Gy explicitly in terms of M, ||Z||a and ||Al|2a, such that for
n large enough

X" () = X(1)]|oo < GrAZT.

The proof of Proposition 6.1 will be given after introducing some defini-
tions and key auxiliary results. We denote

I (r,t) = X7 () — X3 (r) — pa (X" (r)) (E—7) Zaw (X™(r)(Z;(t) = Z;(r))
and
d d d
JM(r,t) == =D Z 0105 (X" (1)) 01y (X (1) A j (1, 1).

j=1ll=1m

The following lemmas introduce the main technical results for the proof
of Proposition 6.1.



e-STRONG SIMULATION FOR SDES 33

LEMMA 6.1.  Under the conditions of Theorem 2.1, there exist constants
C1, Cy and Cs that depend only on M, ||Z||s and ||A||2q, such that for any
large enough n and r,t € D,,,

[1X"(#) = X" (r)]loo < Cult =7,
17 (r, )]0 < Calt — >,

and
™ (r, )]0 < Cslt —r[**.

PrRoOOF. For r < s < t, r,;s,t € D,, we have the following important
recursions:

I (r ) =17 (r8) + 13 (s, ) + (i (X" (8)) — pa(X"(r))) (£ — 8)

d
+ > (00(X™(s) — aig(X™(r))(Z;(t) = Z;(s))
j=1

=Ji(rys) + Jj" (s, 1) + (pa(X"(8)) = pa(X™(r))) (t = 5)
d

d
+ Z[Ui,j(Xn(S)) — 03, (X"(r)) - Z A0, (X" (r)) (X" (s) — X' (r))

+ Zazow I (r. ) +Zazou ") (X7 () (s = DI(Z5(0) — Z4(s))

I=1
(6. 3)

+ z 5 z 101075 (X" ()01 (X7 (5)) — 01073 (X" (7)) (X" ()] A (5, )
=1 m=1

j=1

We next divide the proof into two parts. We first prove that there exists a
small enough constant 6 > 0 and three large enough constants C1(d), C2(0)
and C3(0), all independent of n, such that for [t—r| < §, || X" ()= X" (1)||oo <
Cr(8)lt =11, |11, Dl|ow < Ca(6)t—r[2® and [[J(r, B||oe < Ca(6)]t —r ™.
We prove it by induction. First we have J"(r,r) =0 and J"(r,7 + A,) = 0.
Suppose the result hold for all pairs of rg,ty € D,, with [tg — 7| < |t — 7.
We then pick s € D, as the largest point between r and ¢ such that
|s —r] < |t — r|/2. Then we also have |s + A, —r| > |t — r|/2 and
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[t—(s4+Ay)| < [t—r|/2. For simplicity of notation, we denote d = max{d, d'}.

As
dl
XP(8) = XP(s) =T (5,1) + pa( X" ()t = 5) + D 0ij(X™(9))(Z5(8) = Z;(5))
=1
d d d ’
Y DD 000 {(X7(8))01m (X (5)) Am,j (5, 1),
Jj=11=1 m=1
we have

| X7 (1) — X7 (s)]
<C3(0)[t — s> + M|t — s| + dM|| Z||a|t — s|* + & M>||Al| 20t — s|**
<(C3(0)6% + M™% + dM || Z||o + A M?||Al|206%)|t — s|*
<Ci(8)|t — s|*

for C1(8) > C3(6)6% + M= + dM||Z||a + BPM?||A||306°.
And as
d d d
IM(s,t) = T (5,6) + > ) ) 0103 5(X7(9))01,m (X (5)) A j (5, 1),
j=11=1m=1

we have

|17 (s, )] < C3(8)|t — s + &° M?|| Al 2]t — s**
< (C3(8)6% + d*M?||Al|2a) [t — 5[** < Ca(6) [t — s[>

for Co(8) > C3(86)5® + d>M?||Al|2a-
We now analyze the recursion (6.3) term by term. First,

i (X™ () — (X" ()] < MC1(6)[s —7[%,

d
07,3 (X"(8)) =030, (X" (1)) =Y Buorig (X" () (X[ ()= X[ ()] < MC1(8)*|s—r[**,
=1
d
1> 005 (X" ()] (1, 9)] < AMC(8)|s — 7[>,
=1

d
> 0o (X" () (X™ (1) (s — ) < dM?[s — 7|
=1
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and
10107, (X™(8))0m (X" (5)) = A (X7 (1)1, (X" ()| < 2M2C1 (3)] s — v,
Then

|Ji* (r, )]

<|JE(r, 8)| + | (5, 1)]
+ (MC1(8) + dMC1(8)%| Z)|o + M Co(8)[| Z||a + &> M?||Z] |
+2d*M?C1L(9)[|Alla) ]t — ]

Likewise, we have

| Ji* (s, )]

<|J(s, s+ Ap)| + | (s + Ap,t)]
+ (MC1(6) + dMC1(8)?|| Z||a + A2 M Co(8)|| Z||a + d>M?|| Z||
+2d° M?C1 () || Alla) [t — s>

=|J7* (s + Ap, 1)
+ (MC1(8) + dMC1(8)*|| Z| + M Co(6)[| Z||o + d*M?|| Z||o
+ 23 M2C1(6)]|Alla) |t — s[>

Then

| Ji* (1, 1))

<|JM(r, 8)| 4 |1 (s + Ap, t)]
+2(MC1(8) + AMC1(8)?[|Z]o + > MC2(8)|| Z||o + d° M?[| Z] o
+2d° M?C1 (5) || Alla) |t — s>

<{21732C5(6) + 2(MC1(8) + AMCy (8)?(| 2| + M C2(8)||Z]|a
+ M| Z||o + 2d° M2C1 (8)]| Ala) it — s[*

<Cs(0)|t — s*,

for

(1-2"73Cy(8) > 2(MC1(5) + AMC1(8)*]|Z]|o + P MC(8)]| 2]
+ @M1 Z|o + 2P M2 (B)]|All).
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Therefore, if we deliberately choose d§, C1(d), C2(d) and C5(d) such that
C1(8) > C3(6)6%* 4+ M™% + dM || Z|| o + d°> M?|| Al |20,0%
Co(8) > C5(8)6* + d* M?||Al|2a
03(5) > m
(6.4) + & M?||Z||o + 2d°M>C1(5)]| Alla)

(MC1(6) + dMC1(8)?||Z|a + d*MC2(8)[| Z||a

Then we have for |t — 7| < 4,

X7 () = X7 (r)]]oo < CL(O)]E = 7|7,
117 (r, t)lloo < C2(0)[t — 7[>,
177 (r, 1)l |oe < C3(d)|t = >,

We notice we can set C1(8) = dM||Z||oa+1/2, C2(8) = d>M?||A||2o+1/2 and
C3(0) = 1gt=5a (MC1(8) +dMC1(8)*|| Z||o+d* M Co(8) || Z| |a+d* M?|| Z] |0+
2d3M?2C1(6)]|Alla). Then we can pick § small enough, such that C3(8)§? +
M = + dBM?||Al|2a0% < 1/2 and C3(6)6“ < 1/2. Thus, 6, C1(d), Ca(6)
and C3(9) satisfying the system of inequalities (6.4) always exist.

We now extend the analysis to the case when [t —r| > . For n large
enough (A, < §/2), if |t —r| > 9, we can always find points s; € D,
and r = 59 < 51 < --- < s, = t such that maxj<;<x|s; — si—1| < 0 and
min<;< |s; — Si—1| > /2. Then

k
| X7 (t) Z | X7 (s1) Psi—1)| S kECL(O)|[t—r|* < =Cy(9)[t—r]*

SR )

Let C; = 2C1(d) and we can write || X"(t) — X"(7)||eo < C1]t — 7|*. Next,

Ea

7201 < 3 st 50]+ (X7 () = X o)) o = 51)

+ | Z(Uii(X"(Sz)) — 0 (X" (s0)))(Zj (s141) — Zj(s1))[}
j=1

<k[Ca(8)|t — 7> + MCy|t — r|"T® + dMC1|| Z||a|t — 7]%°]

<2 (Co(8) + MCy 4 dMCH|| Z|o) |t — 72

04\[\3

By setting Co = 2(Co(8) + MCy + dMC1||Z||), we have ||[I"(r,t)|[e <
CQ’t—T'|2a.
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Now following the same induction analysis on J/*(s,t) as we did in the case
|t — s| < 0, we have

2
[ Ji*(r, )] <535 Calt — r|*

+2(MCy + dMCY||Z||o + d*MCy| Z||o + 2d° M>C1 || Al|o) |t — 7[>

If we choose

Cs (MCy + dAMC2(|Z||0 + BMCs||Z]|o + 28 M2Ch||Al]o),

- 1 — 21-3c
then |[J"(r,1)]|oo < Cslt — s[3%.
O

LEMMA 6.2. Let 2(0) and #(0) € R? be two different vectors. We denote
X"(t) and X" (t) for t € D, as the n-th dyadic approzimation defined by
(6.2) with initial value x(0) and Z(0) respectively. Under the conditions of
Theorem 2.1, there exists a constant B, independent of n, such that for
t € Dy,

X7 () = X™(t) = (X™(0) = X"(0))]|oo < Bt*|X™(0) = X"(0)[]oo-
Moreover,
X7 (1) = X" ()]loo < (1 + B)[[X™(0) = X™(0)]o0-

PROOF. Let ~
n X7(t) — XP(t)
Yi(t) = —— =
[1X5(0) = X3(0)]]oo

We define 0/0 = 0.
Then following the recursion (6.2), we have

Y (1)

_yny 4 M) = pi(X(1))

[1X7(0) = X(0)]

n

d ~
7ig (X)) = 785 (X)) )y n y 7 o
+jz=:1 |1X7(0) — X7(0)]]oc (Zj(thi) = Z5(t5))
(6.5)
+ i: zd: i 0104, (X" (E)) 01 (X (£2)) — 010 3 (X (17)) orim (X" (7))

j=1 1=1 m=1 |1X7(0) = X™(0)]]oo

Am,j(

n
k>

n
k+1

)
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Then (6.2) and (6.5) together define an recursion to generate X™, X™ and
Y™, Following Lemma 6.1, there exists a constant B that depends only on
M, ||Z]|a and ||A||24, such that

Y7 (t) = Y™(0)|c < BE™.
Thus,
X7 () = X™(t) = (X™(0) = X"(0))]|oo < Bt*|X™(0) = X"(0)[]oc

and
1X7(t) = X" ()] |oo < (1+ B)||X™(0) = X™(0)]]oc-

We are now ready to prove Proposition 6.1.

PROOF OF PROPOSITION 6.1. From Lemma 6.1 we have || X" () —X"(7)]|oo <
Ci|t — r|*. By Arzela-Ascoli Theorem, there exits a subsequence of {X"}
that converges uniformly to some continuous function X on [0, 1]. Moreover
we have || X (t) — X(7)|]oo < C1|t — r|* and

p
| Xi(t) — Xi(r) — pa(X(r) — Z i (X (r)(Z;(t) — Z;(r))

d

— Z > Z 01055 (X (1)1 (X (1) A j (r, 1) < Calt — r[3

j=11=1 m=1

Therefore, the limit X is a solution to the SDE.
Let X™®)(t; X (s)) := X"(t—s)|X"(0) = X (s). Specifically, we have X™(0)(¢; X (0)) =
X"(t) with X™(0) = X(0), and X™®(t; X(t)) = X(t). Then we can write

XM (t) = X(t) = Y (XDt X(1) — X060 (61, X (41)))

k=1

By Lemma 6.2, [|X™ 1) (t0: X (£7))~X™H- (60 X (67_)llow < (14 B)I|X (8]) -
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Xnvtill(tz; X(t7 1))||oo- We also have

n Gy n
[Xa(tR) = X (s X (6)|

= Xi(t7) = Xi(th—1) — (X (t7_0) (7 Zaw (D)) (Zi(t7) = Z5(

d d d
= 0 00 (Xt ) orm (X (E7_1)) A g (71, t7)]
j=11=1 m=1
<Cslth —tp_, [

Thus,

X7 () = X ()] loo < Z X0 (s X (17) = X ™0 (80 X (8_1)loe

m(l + B)C3A3e

<
< (14 B)CzA3 L,

O

Next we turn to the analysis of the error induced by approximating the
Lévy area.

PropoSsITION 6.2.  Under the conditions of Theorem 2.1, we can com-
pute a constant Go explicitly in terms of M, ||Z]|a, ||All2a and T'r, such
that for n large enough

X7 () = X" (t)]oo < G227,
where B € (1 — a,2a).

The proof of Proposition 6.2 uses a similar technique as the proof of
Proposition 6.1 and also relies on some auxiliary results. Let

UP(s,t) = X”( t) — X" % X"(s))

+ZZ Z 801§ (X™(8))o1,m (X" ()R, (5, 1)
7j=1

=1 m=1

We first prove the following technical result.

n
k—1

)
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LEMMA 6.3. Under the conditions of Theorem 2.1, there exists a con-
stant Cy, that depends only on M, ||Z]|a, ||All2a and T g, such that

1T (r,)[|oo < Calt —r|*HPAZE
PrOOF. For 0 <r<s<t<1,nrs,te D,, we have

U (r,t)

=U(r,s) + U (s,t)
[ X X (s) = X0 X)) - (X () - X0 (5 X7(0))|

d
Ty (1013 (X" ()o1,m(X7(5)) = D0 (X" ())or,m (X7 (1)) Ry (5.1
=1

7j=1 m=1

From Lemma 6.2,
X0 X0 ) = X0 (1 X0 0) = (R0 (5) = X (s X)) ) |
<Blt — s[*||X"(s) — X™) (5; X(r)) |l

From Lemma 6.1,

A

(21015 (X7 ()10 (X7(5)) = 0 (X ()1 (X7(1)) i (5.1)
<2M?2Cy|s — r|°Tg|t — s|P A20F
QMO TRt — r|@TP A2

Therefore,

U™ (r, £)]loo

<[U™(r, 8)loo + U (5, 8)] |00 + Bt = 5|%|| X" (s) = X™ ) (53 X" (7)) |ow
+ 2d3 M2C Tyt — r|@tP A20=P

<[[U"(r,5)[loc + HU"(S t)!loo + Blt — s|*(|[U"(r, 8)l]oo

—|—B|t—8|amaX{|Zz Zalaz,] Ulm(Xn( ))R?n,j(n S)|}

j=11=1m=1
+ 23 M2CiT Rt — r|*tB A2
<(L+ BJt = s[M)NU™ (1, 8)|loc + U™ (5,800
(6.6)
+ (BEM T g + 28 M?CiTg) [t — r[* I A2—5
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where d = max{d, d'}.

Like the proof of Lemma 6.1, we divide the proof into two parts. We first
prove that there exist a small enough constant 6 > 0 and a large enough
constant Cy(9), both independent of n, such that for |t —r| < §, [U"(r,t)] <
Cu(8)|t—r|*TPA2*P _ And we prove it by induction. First we have Upgn =0
and U %JZH = 0. Suppose the bound holds for all pairs rg,ty € ﬁn with
[to — ro| < |t —r|. We pick s € D,, as the largest point between r and ¢ such
that |s — 7| < 1/2|t — r|. Then we also have |(s + A,) —r| > 1/2|t — r| and
[t —(s+ Ay <1/2]t —r|.

U™ (r,0)]|oo <(1+ Blt = s[*)[|U"(r, 8)loo + [[U" (5, 1)]]oo
+ (BAM® T 4 2> M2CiTg)|t — r|*TP A2

and

U™ (5,1)]|oo
<1+ BAD)IU"(s,5+ An)lloc + [[U™(s + An, 1) oo
+ (B&M* T + 28 M*CiTg)|t — s|*TPAZ=F
<|U™(s + Ay, t)||oo + (BEM?T g + 242 M>?CiTR)|t — r|*TPA20—8

Therefore,

U™ (r, £)]loo

<L+ BS)NU™(r, 8)|loo + [IU"(s + An, 1]
+ 2(Bd*M?T'g + 2d> M2CiT'R)|t — r|* TP A20—F
2 + Bs§®

< arg Ca(O)lt - r|@tA A28 L (BB M T g + 2d* M2C\TR)|t — r|@ P A28

If we pick 6 and Cy(9) such that
B§™ <208 2

and
2+ Bo¢

(1= =575 )Ca(0) > 2(Bd*MT' + 28° M*CiT'p),

Then ||U™(r,t)||cc < C(O)|t — T|O‘+f3A%a7ﬁ. We next extend the result to the
case when [t — 7| > 0. We can always divide the interval [r,¢] into smaller
intervals of length less than ¢, specifically, for n large enough, we consider
r=359 <8 <--<8p==twheres; € D, and 1/2§ < |s; — s;—1| < 0 for
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i=1,2,...,k. Then k < 2|t —r|/d <2/ and

U™ (r,t)]loo
<(1+ Bls1 — so|*)[[U™(s0, 50)|loo + [[U" (51, 52)]|oo
+ (B3M?T'r + 23 M2C TR)|t — r|*HP A20—8
k
<> (14 B)||[U™(si-1, 8i)|loo + k(B M T g + 2d° M*ChTg)|t — r|* TP AZF

=1

k
<(1+ BS*)C4(8)A2PN " |5y — 554 [*
=1
+ k(BBMT g + 2d° M?C T R)|t — r|*FPA20—5

2
<(1 4+ B&)Cy(8)[t — r|* TP AP 4 S(BJ3M2FR + 23 MPC T R)|t — r|*TFA20=5
<Cylm — k|*FPA2—B

for Cy > (1 + B§*)Cy(0) + 2(Bd>M?T' g + 2d>M?C1T'g) /4.

O
We are now ready to prove Proposition 6.2.
PROOF OF PROPOSITION 6.2. From Lemma 6.3, we have
[|U™(0,)||oo < Cut*TPAZ=E,
Then
d d d
X7 = XPOI<UPO0I+ YD > 10100,(X(0))o1,m (X (0))]| By, (0, 1)]
j=11=1 m=1
< Cut*PAZOP 4 BMOT ptP A2
< (Cy + BPMT)AZB,
O
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APPENDIX A: PROOFS OF RESULTS IN SECTION 3

We start by recalling the following algebraic property of the Lévy areas:
foreach 0 <r<s<t

(A1) Aij(rt) = Aij(r,s) + Aij (s,0) +(Zi(s) = Zi (1) (Z; (t) — Zj (s)) -
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Using this property and a simple use of the Borel-Cantelli lemma we can
obtain the proof of Lemma 3.1.

PrROOF OF LEMMA 3.1. We use (A.1) repeatedly. First, note that
_ +1 yn+1 +1 yn+l
Aig (t i) =Aig (o i) + Ay (B o)
+1 +1 +1 +1
+(Zi () — Zi (t37)) (25 (i) — 25 (thy)) -
We continue, this time splitting A; ; (t;‘;l,tg:jl) and A; ; (t;;jl,tg,j_b),
thereby obtaining
A (8- thy)
_ +1 +1 +1 +1
= (2 (t500) = Zi (1)) (25 (t5i2) — 25 (8341))
+2 in+2 +2 +2
+Aij (t;% ’t32k+1> +Aiy <t§2k+1’t§2k+2)
(A2 _ o (gnt2 (2 \ o (2
+ (ZZ (t;L?kJrl) Zi (t;L?k )) (ZJ (tg2k+2> Zj (t§2k+l))
. +2 +2 . +2 +2
+ AZ,J (tg2k+2vtg2k+3) + A%J (tg2k+3’tg2k+4)

(2 (552) - 2 (1322)) (2 (32.) - 2 (1332))

Suppose by iterating the previous splitting procedure m times, we have

(A.2)

Aij (th:thsn)
m 2h—n—1
_ h h h h
- Z Z [Zi <t2h*”k+2l—1) —Zi (tQh*"k+2l—2>} [Zj (tQh*”k+2l) - Zj <t2h*"k+21—1)}
h=n+1 I[=1
2777,77171 2777,777,71

m m m m
+ Z A g (Emnppo1—g9s thm—ngor—1) + Z A (Emnppor—1 thm—ng i) -
=1 =1
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Then for the (m + 1)-th iteration, we have

m 2h7n71
h h h h
- Z Z [Zi <t2h*"k+2l—1) —Zi (tQh*"k+2l—2)} [Zj (tQh*nk-i-Ql) —Zj (tQh*”k-s-Ql—l)}

h=n+1 I[=1

2m7n71

(1 +1
+ Z {4 <t§2m*"k+2l—2)’t;TEQ’"*”k—i-Ql—Q)—i—l)
=1

- +1 +1
+ Aij <t§2m—nk+21—2)+1’ t%m—nk+2l—2)+2)
+1 +1
+ [Zi (t$27"*"k+2l—2)+1) —Z <tgf2mfnk+2zfz)>}

+1 +1
X [Zi (tgz2m*"k+2l—2)+2) —Zi <t$2m*”k+2l—2)+1>]}

2m—n—1

[ gm+1 m+1
+ Z {A%] (t2(2m—”k+2l—l)’t2(2m—”k+2l—1)+l)
=1

‘ +1 +1
+ A (thEQm—”k+2lfl)+l’ tgh(b2m—nk+2171)+2)
+1 +1
+ [Zi (tgz2m*"k+2l—1)+1) —Zi (tgfzm*nsz—n)}

. +1 A +1
x [ZZ (t%m—nkwl—l)ﬂ) —Z <t§2m—nk+2Z—1)+1>]}
m+1 2h—n—1

h h h h
- Z Z [Zi <t2h*"k;+2l—1) —Zi (tQh*"k+2l—2>} [Zj <t2h*nk+2l) —Zj (tghfnk+21—1)}
h=n+1 I=1

om—n 2m+17n71

o am4+1 m+1 o agm41 m+1
+ Z AZJ (t2m+1—"k+21—2’t2m+1—”k+2l—1) + AZJ <t2m+1—”k+2l—1’t2m+1—”k+2l> '
=1 =1

Thus, (A.2) holds by induction.
We next claim that

(A.3)

2m7'n71

§ : A%J (t2m*"k+2172’t27”*"k+2171)+ AZ,J (t2m*”k+2l717t2m*"k+2l) —0
=1 =1

2"177171
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almost surely as m — oo. To see this note that

2777,77171

h h
P Z Aij <t2h—”k+2l—2’t2h—”k+2l—1> >1/m
=1

2mfn71

A'rn
<t 30 B AL (B o)) w2 E [ 2 (5
=1

=m?2" AL = 27" A,

Since Y0, m2A,, < oo, we conclude by Borel-Cantelli’s lemma that, al-
most surely, for m large enough

2m—n—1

h h
Z Ai <t2h—"k+21727 t2h—"k+2l—1) <1/m
=1
Thus, we have (A.3) holds almost surely and therefore, from (A.2), by send-

ing m — oo we obtain the conclusion of the lemma. O

PROOF OF LEMMA 3.2. Let N;; = max{n > 1: |W/,| > 4y/n+ 1 for some 1 <
k< 2n71}' Then Ny = maxi{Ni’l}.

E[Ni,l] = ZP(Nz,l Zn)
n=1
co oo 2m~1
< XD P(WH > 4vm £ 1)

n=1m=n k=1

< Z Z 2"~ L exp(—8m)
n=1m=n
< i exp(—(8 — log 2)n)

1 —exp(—(8 —log2))

_ exp(—(8 — log2)) “

(1 —exp(—(8 —log2)))?

Thus E[N] < oco. We also notice that E[N;] is independent of our choice of
a and f. O

n=1

PrOOF OF LEMMA 3.3. For any interval [¢t,t + §] C [0,1], there exists
m € Z*, such that 2=(m*D < § < 27 We next divide the analysis into

two cases.
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Casel. There exist two level m dyadic points ¢} and ¢}, |, such that [t,t+6] C

(13" 7 )-
Case 2. There exist three level m dyadic points ¢, ;" | and ¢} |, such that
te [t ] and t+ 8 € [17, 7).

In Case 1, using the Lévy-Ciesielski construction, we have

t+8) — Z(t)| <27mV0 £ Y 2y R
Z(t+6)—Z om0 o—mt T yn 2 vn.

n=1 n=m-+1
Since § > 27 (m+1)  we have
1Z(t+6) — Z(t)|
60&
<92 (2—(1—a>m—avo + i 9-(-a)m—at+iztymn 4 i 2—"31+a<m+1>vn>
n=1 n=m-+1

<22a <Z2 (1- o¢n+2Vn+ Z 9- +anvn>

n=m+1
S22a Z 9—n(3—
n=0

Similar to Case 1, in Case 2, we have

1Z2(t+0) =21 < [2(t7) = 2O+ 12t +0) = Z(ti)]
< 2<V i Y 4 Z 2"31V">.
=1 n=m+1
Then
D20 ¢ s S
As the interval [¢,¢ + d] is arbitrarily chosen, we obtain the result. O

PROOF OF LEMMA 3.4. Fori # j, let Nj jo = max{n : L} ;(m)—L];(1)| >
(m—l)’BA%a for some 0 <1 <m < 2n—1}. Then Ny = maX1§i7j§d/7i¢j{Ni7j72}.

Fix any (i, 7) pair, Define

Cn = {|L};(m) — L} ()] > (m — 1)’ AZ* for some 0 <1 <m < 2" '},
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We will show that the events {C,, : n > 0} occur finitely many times. Note
that

(A4) PC)< Y 2P((ng(m)—L;fj(Z))>(m—1)5A?f).

0<l<m<2n—1

Also observe that for fixed m and n, L{; (m) is the sum of m i.i.d. random
variables, each of which is distributed as (Z;(t}) — Z;(t5))(Z;(t5) — Z;(t7))
and

Elexp (0(Z:(17) — Zi(t§)(Z(85) — Z;(E1)] = (1 — °A2) 2,

We apply Chernoff’s bound and have
P ((L350m) = L5 (0) > (m = 1P A%)

1
<exp (—0 (m —1)° A2 — i(m —1)log (1 — 02Ai)> .

Select 6 = 0’ (m —1)""/2 A7 for ¢ € (0,1/4)
P ((LZJ(m) - L:j(l)) > (m — l)ﬁAia) < exp (fgf (m _ l)5*1/2 Aia—l + 1> .

Hence,
(A.5)

P (Cn) < Z 2 exp (—9, (m — l)'Bfl/Q A%O‘—l + 1) < 22n exp (_0/2n(1—2a)) ‘

0<l<m<2n—1

We notice that 2a < 1.

J’ ZP ,J2>n

and
o

P(Nij2>n) < Z P(C
From (A.5), we denote
M := min {n : 2% exp <—9'2”(1_20‘)> < 1/4} :
Then M = o ((1 — 2a)~2). We also notice that for n > M,

22(n+1) exp (—9/2(”“)(1720‘)) < (22" exp (—0/2"(1720‘)))2
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Thus, > o4 P(Crm) < (1/2)F and
oo o0
E[Nijo) <M =14 > P(Cn) <
n=M m=n

Thus, E[Ns] = o ((1 — 2a)7?%). O

The proof of Corollary 3.1 follows directly from Lemma 3.1 and Lemma
3.4.

PROOF OF COROLLARY 3.1. Using Lemma 3.1 we obtain that
(A.6) N Z Z L 2"k + 1)) — L (2" K)).
k=l4+1 h=n+1
On the other hand, due to Lemma 3.4 if n > Ny

Z Z ILE (2" (k+ 1)) — L} (2" k)]

k= l+1h n+1

Z Z Mk41)—27"k)PAZTF < oo

k=l+1 h=n+1

because § < 2. Thus (by Fubini’s theorem) the order of the summations
in (A.6) can be exchanged and we obtain the result. O

PROOF OF LEMMA 3.5. We start by showing the bound on I'p. By the
definition of I'y,, for any n

L} (m) — L7 (1)] < Tp(m — )P A2

Consequently, for any 0 <1 < m < 2771,

’R (tla )|§ Z

ri@Mmm) — L (2h )

h=n-+1
oo
< Z Lp(m—DP20=mBARY =T (m — )PAS Y™ AFF
h=n-+1 h=n+1

—(2a—-p)
1 —92-(2a-p)"
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Therefore, we conclude that

‘]%Zj(87t)|
I'r:= max sup sup T Y]
1<i,j<d’ n>0 0<s<t<l,s,teD, |t — s|P A}
9—(2a—p)

< -
ST oG
Let 7(n,l,m) = min{h : |t]}, — t}'| > Ay}. For simplicity of notation, we
define the following sequence of operators of time:
s"(t) = min{t} : 6 > 7'}
(") = max{t} : th <t}
for r(n,l,m) < h<n
Then
A (8 )
<A (A7 8" E)| A+ [An (8" 8" )]+ [Aay (87 (E) 1)
+1Zi(s" ) = Zie)I1Z;(5" T (E)) — Zi(s" ()
+1Zi(5" () = Zi(t)11Z; () — Z; (3" ()]

Suppose by iterating the above procedure up to level v, where r(n,l,m) <
v < n, we have

!A' i@ t)]

lr"m
< Z | A (" (1), " 1) + | Ai (7 (1), 57 (1))

h= 7+1

+ Z |4 (5" (8), 8" (E7)
h=~v+1

+ 0 12" (@) = Zils" T ENNZ (8" () = Zi(s" ()
h=v+1

+ D 125" ) = Zils" ()N 28" (8,) — Z; (5" (85)]
h=vy+1

Then for level y—1, as s" 71 (s" (7)) = s"~1(¢}) and 8" (5" (7)) = 5"~ L1(¢7)
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for h < n, we have

[ A (85t

> (s, s" )]

h=v+1

+HAL (7 (1), 87 (87 (1))

HAL (8N (1), 37N E ()] + 1A (37 (37 (87,)), 57 (6)]
HZi(s (1)) = Zi(s (D125 (57 (37 (6)) = Zi(87 (87 (1))
HZi(57HE () — Zi(S ()25 (t,)) = Z3(3 (37 (1))

n

Y AE ) S )]

h—r(n I,m)+1

= ZIAu ), "L + 1A (871 (A7), 8 (Ep)

IN

+Z|Au tr) 8" ()
+Z|Zi(§h‘1(t?))—2( ENNZ5 (8" () = Zi(s" ()]
h=v

+ 3 12" (E)) = Zi(s" (E)I1Z5(58" () — Z5(8" ()
h=~

Thus, the following inequality holds by induction.

[ A g (85 )]
< D A A, ST A (T (), 87 (i)
h=r(n,l,m)+1
Y A E ), T ()]
h=r(n,l,m)+1
Y 1z — Zils NN Z (" () — Zi(s )]
h=r(n,l,m)+1

+ ) 1ZE ) = Zi D25 () = 258" ()]

h=r(n,l,m)+1
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We make the following important observations,

ey - st = {0 i) = ()

A; otherwise

0 f h—1 tn — zh tn
Eh(t?n) gh 1(t¢n): s (m) § (m)
Aj, otherwise
0 if §r(n,l,m) (t?) _ gr(n,l,m) (tnm>

Ap(nim) otherwise.

gr(n,l,m) (t%) . §r(n,l,m) (t?) _ {

Then
| Ai i (s )]

[>"m

(t” tn>2a

OC
< Z R — 2a +Tr+ Z FRA + Z HZHQ + Z 1Z Hai
h=r+1 T(n,l,m) h=r+1 T(ml,m) h=r+1 T(n7l,m) h=r+1
217a

<r .
>R 1 _9-a

m*‘”ﬂb

Therefore,

Al = |[Aij (s)]

max sup sup
<i<j<d’ n>10<s<t<l;st€D, |t - 8|2a
9 ) 21701

<Tri 5=

APPENDIX B: PROOFS OF RESULTS IN SECTION 5
B.0.1. Proof of results in Section 5.1.

PROOFS OF LEMMA 5.1. We first notice that t5, = ¢} ' fork =0,1,2,...,2" L.
From the Lévy-Ciesielski Construction, we have

(D + Zi ) + AL

Zi(tyg—1) = 2 n+1

Then

n/n n n— 1 n— n— 1/2 n
AP (1) = Zilt5h 1) = Zi6io]) = S(Zi6]) = Zulti ) + AW,
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and

nin n— n 1 n— n— n
A (83) = Zi(5 ") = Zilt 1) = S(Zilt]) = Zi(i ) = AW

Before we prove Corollary 5.1, we first provide the following auxiliary
result which summarizes basic computations of moment generating functions
of quadratic forms of bivariate Gaussian random variables.

LEMMA B.1. Suppose thatY and Z are i.i.d. N (0,1) random variables,
then for any numbers ay,a2,b,c1,co € R define

¢ (a,b,c) == Eexp (1Y +asZ +bYZ 4+ c1Y? + 2 2%),
then we have that if |2¢;| <1 fori=1,2, and |b| < (1 —2¢1) (1 — 2¢2)

Bla.bc) = (1—201) /2 (1 2e2) 2 (1 (b1 —2e0) 2 (1 - ch)*W)?)*l/2

2 -1 2 -1 -1 -1
aj(l—2 +a5(1 —2 + 2a1a9b(1 — 2 1-2
% e < 1( Cl) 2( 02) 1642 ( Cl) ( 02) >

2(1 = 02(1 — 2¢1)71(1 — 2¢9)7 1)
Moreover, if we let

exp (a1y + agz + byz + c1y® + 6222)
¢ (0;a,b,c) ’

then under P’ (-) we have that (Y, Z) are distributed bivariate Gaussian with
covariance matrix

P (Y edy,Ze€dz)=P(Y €dy,Z € dz)

% (a,b,c¢)
B 1
C1—02(1—2c) (1= 2¢) 7t

(1—20 )*1 b(1—20 )_1(1—26 )—1
* ( b1 - 2e1) " (1 — 269)"! 020yt ) ,

and mean vector

i) =ana ().
a2

PROOF. First it follows easily that E exp (c1Y? + ¢2%) = (1—2¢1)~1/2(1—
202)*1/ 2 and under the probability measure

exp (cly2 + 0222)

P (Y edy.Z edz) =
1 (Y € dy.Z € dz) Elexp (c1Y? + ¢ Z2)]

P(Y edy)P(Z € dz)
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Y and Z are independent with distributions N (1, (1 —2¢1)~!) and N (1, (1 —
2c9) 1), respectively. Therefore,
¢ (a,b,¢) =(1 = 2¢1)"Y2(1 = 2¢0) V2B  exp (1Y + asZ + bY 2)
=(1 — 2¢1)"Y2(1 — 2¢9) /2
x Elexp{a1Y (1 — 2¢1) Y2 + ag Z(1 — 2¢5) /2
+b(1 —2¢1)"Y2(1 — 2¢0) Y2y ZY).

Now, given |0| < 1 define P, (-) via

P(Y € dy,Z € dz) exp (xyz)
Elexp (xY 2)]

P(Y edy,Z € dz) =
Observe that

1
P(Y edy,Z € dz)exp (xyz) = o, €XP (—y2/2 —22/2+ xyz)

2
and
—1(Y
—y?/2— 2% /2 + xyz = —(y,2)S " <Z> /2,
where
1 —
-1 _ X
YT ( -x 1 ) ’
and thus

5 1 1 x .
1—x2\ x 1

Therefore, under Py(+), (Y, Z) is distributed bivariate normal with mean zero
and covariance matrix X, with

x = b(1 —2¢1) V2 (1 — 2¢9) 712
and we also must have that if |y| < 1,

-1/2

Elexp (¢Y Z)] = (1 — x?) (1 —(b(1—2c))* (1~ 262)71/2)2)_1/2 :

Consequently, we conclude that
—-1/2
6 (a,b,¢) = (1= 261) ™/ (1= 262) ™ (1= (b (1 = 261) 7/ (1 = 260)7/)?)

X Fo [exp(alY(l — 201)71/2 tayZ(1— 202)71/2)} '
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The final expression for ¢ (a, b, c) is obtained from the fact that
E, [exp(alY(l —2¢1) Y2 4+ apZ(1 — 202)*1/2)}
=exp (Varg(alY(l —2¢1) V2 4 axZ(1 - 202)_1/2)/2> .

And P’ (-) is equivalent to a standard exponentially tilting to the measure
P5(+) using as the natural parameter the vector

<CL1(1 — 201)_1/2, a2(1 — 202)_1/2> ,

and thus under P’ (-) the covariance matrix is the same as under P»(-) and
the mean vector is equal to u(a,b,c). O

We now are ready to provide the proof of Corollary 5.1.

PROOF OF COROLLARY 5.1. Let us examine the term of the form
AT (5,00) Ay (t5,7™), for i # j,

AT (85,70) A (85,)

=AY 24 AV WIS (AT Y f2 = AV W

n+m-+1 n+m-+1
A AT () [0 A W
1/2 -1 -1 1/2 —1 -1
+ An/er HWij mA;””” (trtm=1y /2 — Anﬁm JerVij;F mA;”m (trtm=1y /2,

Then, we have that Corollary 5.1 follows immediately from Lemma B.1. [J

Finally, we provide the proof of Corollary 5.2.
PROOF OF COROLLARY 5.2. Recall that for each r € {1,2,...,2"},
NG (7)== (Zi(t}) = Zi(t7-1))-
So

n/m n/n— 1/2 n
AP (t5, 1) = AP /2+ An{l—lwi,rv
A7 (3,)

APy /2 — AV2 W

) n+1""1,7r"
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We perform the first iteration in full detail, the rest are immediate just
adjusting the notation. From Corollary 5.1 we obtain that, for ¢ # j,

Epim1 €Xp (00 Ly (k) - Ly (k)])

K K
1 9(2]An+m+1 n+m—1\2 1 QgAn+m+1 -1 2)
=exp | = E A (t + = § A (grtm
<2 r=k+1 4 (1 o O(Q)Ai-&-m—l-l) Z ( ' ) 2 r=k+1 4 (1 o 0(2)A721+m) ! ( ' )

k./
O0Aptm+1 n+m—1 ntm—1 . ry
X exp E A; (87 ) A (87 )| x (1—682a2,, ) |

<rk+1 4 (1 o 98A721+m+1) J 082 n4+m+1

Using the definitions in (5.5) we have that the exponential component
% W

1 egATH-m-f—l (4n+m—1\2 1 agAn—i—m—i—l (n+m—1)2
2o qiogar, NG 2 g, b ETT)

r=k+ n+m+1 Narwt 2
+ kzl OoAntmt1 A; (#77Fm1) A (g
G A= 05AT )T s (I
is equal to
gntm—2
S b () A () (6 A ()
e
+ 0 I I A T () A ()
S

+ L (T A (T A ()
r=1
00 () A (157 Ay (657
We next expand each of the terms. To simplify the notation, we write
T = Wi"jm_l and y = W]-Tf:'m_l.
Define VA = Ai/—fm? put w = A; (£77™72) and v = A; (¢ 2)

A () = u/2 + VEe, A () = u2— VB,
Aj (™) =v/2 4+ VAy, A (15T = v/2 = VAy.
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Now, for brevity let us write 1, = ny (t5 "1 "!) and 7, = m (t57™71) (‘o' is

used for odd, and ‘e’ for even)
O (177471 A (15,7571 o (850 1) s (5,
o () A (N () A (7))
2 2 2 2
= <770 (u/2 + x/Zm) + 7e (u/2 - x/&c) + 7o (v/2 + x/Ky) + e (v/2 - \/Ey) >

1 1
= (e +110) + 70 (e + 10) + u(1o - 1e)VAZ + v(n — ne)VAY

+ (1 + Ano) Az® + (1e + 10) Ay,
Likewise, put 0, = 61 (tgj_"f_l) and 0, = 04 (tgf m_l)

00 (67 1) A (E25770) Ay (57 0) 61 (51) A (50) A, (87)
=0, (u/2 + \/Zx) (U/2 + \/Ey) + 0c <u/2 - \/Z3:> (v/2 - \/Ky>

1 1 1
:Zuv(Ge +60,) + (0 + 6,)Azy + §U(0° —0.)VAz + iu(ﬁo — 0.V Ay

We then collect the terms free of x and y and obtain
u? 2

v
— (e +10) + —

uv

Now the coefficients of z,y, z2,4?, and zy

{ulo = 1) + 30000 — 0D IVAT + {ulio = 1) + 3u(6, — 00}y
+ (e +10) Az + (e + 10) Ay

+ (e + 6,)Axy.
And finally we can apply Lemma B.1 to get the corresponding results. [
B.0.2. Proofs of results in Section 5.2.

PROOF OF LEMMA 5.2. Recalling expression (5.6), we establish the bound
for E, [exp (00{L?j1(k’) - L?jm(k:)}ﬂ, for ¢ # j, by controlling the con-
tribution of the term

m 2n+m7l

(B.1) II11] ¢ (t;z+m—l) .

=2 r=1
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and the exponential term

on on
(B.2)  exp (Z Om (E )N (EA () + D (87) (Mil8])” + Aj(t?)2)>
r=1 r=1

separately.

We start by analyzing 6; and 7;. From Corollary 5.1, we have

ZA
01 _ 00 and m = 00 n+m+1
( —0 An-l—m—&-l) ( —0 An-‘rm-&-l)
We notice that 2n; < H%An+m+1 < (5/2)m

Let
u=max{h:k —k > 2"}

We also denote
b(1) := min{r : 6;(t**™Y) > 0}

and B
b(l) := max{r : 6;(t"*™ 1) > 0}.

The strategy throughout the rest of the proof proceeds as follows. We have
that the 6;(t7+™=!)’s and n(t7+1Y’s, r = 1,2,...,2""™~! are nonnega-
tive. We also have that for [ < u A m, the number of positive 6;(t"+™~!)’s
and 7;(t"+™~!)’s reduces by about a half at each step [ and also the actual
value of the positive 6;(t7+™~!)’s and 7, (t?»*™~!)’s shrinks by at least 1/2.
We will establish that if m > wu, for u < [ < m, there are at most two
positive 6;(t"™!)’s and two positive n;(t7T"!)’s and at each step [, their
values shrink by more than 273/2. Using these observations we will establish
some facts and then use them to estimate (B.1) and finally (B.2). We now
proceed to carry out this strategy.

We first verify the following claims.

Claim 1:

For | < u, we claim that 6;(#*™=1) n,(tn+™=1) > 0 forallr = 1,2, ..., 2n+tm~!
and 6,(t"*™=1)’s are equal for r € (b(l),b(l)) and we denote their val-
ues as 6. So, following the recursion in (5.5) we have that 6; = A;_16;.

If Oty ™) # el(tnj)“;ll) then el(t"j)m#) < Oty = 6, and if

0, (thrm l) ?é el(thlr)mll) then 6; (tg(lJr)m l) < Gl(tZ(Jlr)m l) = 0;. Likewise,

m (tf*m ')’s are equal for r € (b(1),b(l)); we denote their common values as
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7 and we have from (5.5) that n; = A;_ymp. If m(tg&r)m*l) = ni( Z’J{ﬁ;l), then
M) < (B, and I m (62 2 (g, then (2 <
m (tg(lJr)"jl_l) In other words, at each step, [ for I < u, 6;(t"+™=1) and n; (£7+m 1)

decay at rate 1/2 if it is not at the boundary (r € (b(1),b(l))), and the bound-

ary ones (6(#75™"), Bu(tg ™) and (87 ), (757 ), may decay at

a faster rate.

We now prove the claim by induction using the recursive relation in (5.5).
The claim is immediate for #; and 7;. Now suppose it holds for 8;(t?T™~!)
and n ("™, r = 1,2,...,2""™~L We next show that the claim holds
for O (tntm=I=h) = 1,2,...,27"m =1 a5 well. We omit the proof
of 1 ("™ =I=1) here, as it follows exactly the same line of analysis as
91+1(t?+m_l_1).

We divide the analysis into five cases.
Case 1. 0, (15:17") = 0, (1557~ ) and (#5757 ) = i (#3777). Then
oL (emtn=t) = 20, (tg;at’;*l“) and 01 (tmH7=1) = 0. Likewise n', ' (#mF77!) =
2m <t§;‘iﬁl*l+l) and n*! (#m+7=1) = 0. From (5.5), we have ¢, (#7+"~1=1) =
el—l (t;r;i?_l—i_l) /2 and m (t;p—&—n—l—l) =1 (tgiq—l-&-l) /2'
Case 2. 6, (tg;ﬁf?_l) =0, 0, (tg;‘f”_l) > 0 and n; (tgfi’i”_l) =0,n (t;’frn_l) >
0. Then we know that 2 = b(l). We also have HTI (tmtn=t=1) = g, (tg}fr”_l)
and 911 (g tn—i1) = g (tg}f"_l). Likewise, '™t (tm+n=1=1) =y, <tgﬁ+"_l>

and n!*! (tmAn=t=1) = —p (tgfﬁ'”_l) . We rewrite the expression for 6, (t»T™m~=1)
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in (5.5) as
Ot <t;n+n—l—1>
A L A e [P (PG AT V)

1 _
+ Zhl+1(t:«n+n_l_l)|91—+1(t5n+n_l_1)|Pl+1(tT+n_l b

t;nJrnflfl)

+n—l—1y, 41 ymtn—1—1\2 Pr1(
+ b (7T )T () |elﬂ(ﬂjﬂﬁn,l,l”}

- 1 - -
=00t ) < {7+ b (7T ()

1 - _ o
+ hea (N0 e (7T

(B.3)
e o (B
+hl+1(tm+n l l)m(tgn—&-n l>2 - }
r T al(tgr;—i-n l)
As 1
HlAn-i-m—l < elAn+m71 < Z
and 1
nlAn+m—l < 771An—i-m—1 < @7
then
l 1) %% 1
pa(ETTT) < <
" 1— 518 15
and L
I 1
hHl(tm-i-n—l—l)el(trQn—l—n—l) < 4 < =
’ ' (1-33) (1-m2) 3
Likewise,
hia (8D () < 1/95
and (it l 1)
Sy P (T
(gl <1/95
n ( 2r ) el (tgr:fnfl) /

Plug these in (B.3), we have

%01 (tg}f”_l) < 041 (t;”*”*Fl) < %91 < gelJrl-
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Case 3. 0; (tg}i?_l> > 0,0, (tg?n_l) =0andn (tg’}i’i”_l) >0, (t;’}f""_l) =
0. Then we know that 2r — 1 = l_)(l). Following the same line of analysis as
in Case 2, we have

1 n— m+n—I— 3 3
191 (t7272~+ l) < 91+1 (tr +n—l 1) < TOGI < g@prl.

Case 4.0 < 6, (t;’}i’ll_l) <0 (tngn—l) and 0 < n, (tg;trlz—l) <0 (tg;‘-"-n—l)'

Then we know that 2r—1 = b(l). There exist & < 1, such that 6, (tgfi?_l) <

4591 <t$+n_l> = 5A17191 and m (tg;t?_l) S {771 (t;ﬁ_n_l) = {Alflnl. From
(5.5), we have

011 (t;nJrnflfl)

41 mtn—i-1y ) L meAn—l—1y, 141 gmn—i—1y2 P T
§9+ (tr ) Z_‘_h‘l-i-l(tr )777 (tr ) el+1<tm+n—l—1)
+ T

S i G T VT (e [ (|

1 i - -
+ R (BT T o (7T )

As |0 (gmtn—=h) < g and |[pFEmtnoi=1)] < g, following the same
calculation as in Case 2, it is easy to check that

1
O (twn*l*l) < gL (gmin—io1) <4 + 0.01) 1 ]gH (g1 0,05

Since 01 (£ 1) 4 |0 (1) = 6, we have
eHleﬁﬂhFﬂ<<m<(i+001—omg(1+§y+0%)
:;@<;+Qm+04%><§=ﬂHL
Case 5. 0 (t;’;‘tﬁ‘_l) > 0 (t;}f”_l) > 0 and 1 (tg}iﬁ"_l) > 0 <tgﬁ+”_l> >

0. Then we know that 2r = b(l). Following the same line of analysis as in
Case 4, we have

0141 (t?wrn*l*l) <041
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We thus prove that the claim holds for 61 (t7F"=1=1) r = 1,2,... 2ntm=i=1
as well.

We have established Claim 1. We now continue with a second claim.

Claim 2:
For v < | < m, we have at most two positive 6;(t"+"~!)’s, namely

Gl(tgzl')m_l) and OZ(tg(L;)'"_l). Notice that it is possible that b(l) = b(l). We

then claim that if b # b,6( ggg”—l) < Ay_10,27 =172 and 9l(tggg”—l) <

Ay_160,270=u=1/2 Similarly nl(tzzl‘*)‘”—l) < Ap_ym2 U172 4pg nl(tgzl-s)-n—l> <

Ap_ym2” eV IEb() = B(1), Gty ") < Armabr2m (D2 gy () <

A1710127(17u72)/2 and 771( Zzl-g—n—l) < Alfl77127(17U72)/27 m(t%r(zl—;-n—l) < Alfl77127(l7U72)/2-

We prove the claim by induction. We shall give the proof of 8;(t™+"~!)
only, as the proof of 7;(t"*+"!) follows exactly the same line of analysis. For
I = u, we have the following cases.

i) b(1) = b(1)+2, b(1) is odd. In this case, elﬂ(t’(ggg—l’);;) < A0y, which fol-

lows from the analysis in Case 4 for [ < u. And 91+1(t?§(—5n+_1[)7§) < (3/5)A64,

following the analysis in Case 3 for I < u.

ii) b(1) = b(l) + 2, b(l) is even. In this case, 91+1(t%§72_l_1) < (3/5)A61,

which follows from the analysis in Case 2 for I < u. And 0l+1(tgzl§727171) <

A0, following the analysis in Case 5, for [ < u.

iii) b(1) = b(1)+1, b(l) is odd. In this case, let §; = max {6, (tgr(LlJ)r”_l), Gl(tgzl';”_l)},

Then following the same analysis as in Case 4 or Case 5 for [ < u (de-

pending on which one of 6( ZZZ—; "=y and 01(75%';”_1) is smaller), we have

91+1(t£1+n_l_1) < §1/2 < Ao

0)/2
iv) b(1) = b(1) + 1, b(l) is even. In this case, O (t;)75 1) < (3/5) Ay,
which follows from the analysis in Case 2 for [ < u. And 01+1(t’(7g&”)"+_11)7;) <

(3/5)A;0;, following the analysis in Case 3 for | < u.

Therefore, the claim holds for -+ 1. Suppose the claim holds for | > u+1.
Then when moving from level [ to level [+ 1, one of the following three cases
can happen.
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a) b(l) = b(l) + 1 and b(l) is even. In this case, following the analysis in
Case 2 and Case 3 for | < u, we have

3
m+n—I[—1 m4n—I —(l—u)/2
O (Gl ) < 10t ) < A2
and 5
m+n—I—1 m+n—I —(l—u)/2
i1 (i) o) < 100Gy ™) < Adr27 07072,
b) b(I) = b(l). In this case, following the analysis in Case 2 or Case 3 for
| < wu (depending on whether b(1) is odd or even), we have

m-rn—Li— 3 m-+n— —(l—u—
O (ol ) < Tl ) < Audr2 (D

c) b(1) = b(l)-+1 and b(1) is odd. In this case, we let 6 = max{@l(t;)’(‘;)r”_l), Hl(t%?l”;"_l)},
Then we can use the same analysis as in Case 4 or Case 5 for [ < u (de-
pending on which one of 6;( Z(L;)r”*l) and 6, (tgzg "1} is smaller) to conclude
that )

m+n—I[— 1~ —(l—u—
0l+1(tl_;(l—~)_/2 ! 1) < 591 < A1612 (¢ 1)/2.

We notice that case ¢) can happen only once.
We are now ready to control the contribution of the term (B.1). As
Appmetp2nt (82 < 1/30 and py(#77™71) < 1/7, we have when m < u

m 2n+m—l

H H C(t;Lerfl)
r=1

2n+m—l

H exp <4An+m—l+277i(t:}+m—l)+pl(t?+m—l)2)
2 r=1

€xp < <16An+m771 +

IA
o

l

(4An+m01)2
(1 - 8An+m771>

11 72 1-2o , 0 72 2—4a’ /
eXp<<5k;’kA” +5k’—kA” (K" —k)A+2) .

IA
s

) (= 18+ 2))

N
[|
N

IN
3

l

Il
)

The last inequality follows from Corollary 2 that 61 = 6o/4(1 — 03A2 ),

n+m

m = 020, m/2(1 — 62A2, ), and our choice of 6y = ~/(kK/2A2YA,,).

n+m
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Then, as (K — k)1 <27™,

m 2ntm=l

H tn+mfl)
=2 r=
5 (ZAZ +2(m Am> + g'f (Z Ay +2(m — 1)Am>>

I/\
OT‘H |

(3
oo (3)

When m > u,

| /\

m 2n+m l

111 e
=2

m 2n+m 1

H exp (4An+m—l+277£|-(t:}+m—l)+pl(t?+m—l)2>
2 r=1

11 42 oy 6 A2 e ,
= Al-2a’ D —R)A 42
eXp<<5k’—k no TR RS (K = k)A+2)

IN
—

~

IN
=

N
[|
I\

1-2a’ A 1/2 6 2—4a/
xllllexp(wl FATNLL o+ 5k:’ kA Alu2>
As (K — k)"t <27y,

m 2n+m7l

IT II ce
=2 r=1
Sexp{%'yz (ZAI +2(u—1)A, + Z A1/2>

l=u+1

(ZA,+2 (u—1)A, + Z A 2>

l=u+1
(2)
Sexp 5 .

For (B.2), we notice that under condition (5.8) and (5.9), we have

U!\CD

(VA (EA ()] < 01 Am_1e0((K — k) Am)P A2 + 201 Ay A2

<eoy(k' — k)P 4 27,
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and
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27L
S (8) (A ()2 + A (5)%) | < (K — B) A +2) 11 Ay 1227
r=1

<292

Combining the analysis for (B.1) and (B.2), we have

1]

Eyexp(fo{Ly ™ (k") — Li'}™(K)})
1
<exp <6§Ai+m(k’ —k)+5+ coy(K — k)12 42y + 272)

<4exp (qyy(k:' — k)5_1/2> .
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