arXiv:1606.02795v2 [math.PR] 19 Apr 2017

Sample Path Large Deviations for Heavy-Tailed Lévy Processes
and Random Walks

Chang-Han Rhee!? Jose Blanchet?? Bert Zwart!?

April 7, 2017

Abstract

Let X be a Lévy process with regularly varying Lévy measure v. We obtain sample-path large
deviations of scaled processes X, (t) = X(nt)/n and obtain a similar result for random walks. Our
results yield detailed asymptotic estimates in scenarios where multiple big jumps in the increment are
required to make a rare event happen; we illustrate this through detailed conditional limit theorems. In
addition, we investigate connections with the classical large-deviations framework. In that setting, we
show that a weak large-deviations principle (with logarithmic speed) holds, but a full large-deviations
principle does not hold.
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1 Introduction

In this paper, we develop sample-path large deviations for one-dimensional Lévy processes and random
walks, assuming the jump sizes are heavy-tailed. Specifically, let X (¢),¢ > 0, be a centered Lévy process.
Assume that P(X (1) > z) is regularly varying of index —«, and that P(X (1) < —xz) is regularly varying
of index —f; i.e. there exist slowly varying functions L4 and L_ such that

P(X(1) >z)=Li(x)z™ 7, P(X(1) < —2) = L_(z)z~". (1.1)

Throughout the paper, we assume «, 8 > 1. We also consider spectrally one-sided processes; in that case
only a plays a role. Define X,, = {X,,(t),t € [0,1]}, with X,,(t) = X (nt)/n,t > 0. We are interested in
large deviations of X,,.

This topic fits well in a branch of limit theory that has a long history, has intimate connections to
point processes and extreme value theory, and is still a subject of intense activity. The investigation of
tail estimates of the one-dimensional distributions of X, (or random walks with heavy-tailed step size
distribution) was initiated in Nagaev (1969, 1977). The state of the art of such results is well summarized
in Borovkov and Borovkov (2008); Denisov et al. (2008); Embrechts et al. (1997); Foss et al. (2011). In
particular, Denisov et al. (2008) describe in detail how fast x needs to grow with n for the asymptotic
relation

P(X(n)>z) =nP(X(1) > z)(1+0(1)) (1.2)
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to hold, as n — oo, in settings that go beyond (1.1). If (1.2) is valid, the so-called principle of one
big jump is said to hold. A functional version of this insight has been derived in Hult et al. (2005). A
significant number of studies investigate the question if and how the principle of a single big jump is
affected by the impact of (various forms of) dependence, and cover stable processes, autoregressive pro-
cesses, modulated processes, and stochastic differential equations; see Buraczewski et al. (2013); Foss et al.
(2007); Hult and Lindskog (2007); Konstantinides and Mikosch (2005); Mikosch and Wintenberger (2013);
Mikosch and Samorodnitsky (2000); Samorodnitsky (2004).

The problem we investigate in this paper is markedly different from all of these works. Our aim is
to develop asymptotic estimates of P(X,, € A) for a sufficiently general collection of sets A, so that it is
possible to study continuous functionals of X,, in a systematic manner. For many of such functionals, and
many sets A, the associated rare event will not be caused by a single big jump, but multiple jumps. The
results in this domain (e.g. Blanchet and Shi (2012); Foss and Korshunov (2012); Zwart et al. (2004)) are
few, each with an ad-hoc approach. As in large-deviations theory for light tails, it is desirable to have more
general tools available.

Another aspect of heavy-tailed large deviations we aim to clarify in this paper is the connection with
the standard large-deviations approach, which has not been touched upon in any of the above-mentioned
references. In our setting, the goal would be to obtain a function I such that

— inf I(§) < liminfw < limsupw < — inf I(8), (1.3)
£€A° n—00 logn n—oo logn EcA-
where A° and A~ are the interior and closure of A; all our large deviations results are derived in the
Skorokhod J; topology. Equation (1.3) is a classical large deviations principle (LDP) with sub-linear speed
(cf. Dembo and Zeitouni (2009)). Using existing results in the literature (e.g. Denisov et al. (2008)), it is
not, difficult to show that X (n)/n = X,,(1) satisfies an LDP with rate function I; = I;(z) which is 0 at 0,
equal to (o —1)if > 0, and (8—1) if # < 0. This is a lower-semicontinuous function of which the level sets
are not compact. Thus, in large-deviations terminology, I; is a rate function, but is not a good one. This
implies that techniques such as the projective limit approach cannot be applied. In fact, in Section 4.4, we
show that there does not exist an LDP of the form (1.3) for general sets A, by giving a counterexample. A
version of (1.3) for compact sets is derived in Section 4.3, as a corollary of our main results. A result similar
o (1.3) for random walks with semi-exponential (Weibullian) tails has been derived in Gantert (1998)
(see also Gantert (2000); Gantert et al. (2014) for related results). Though an LDP for finite-dimensional
distributions can be derived, lack of exponential tightness also persists at the sample-path level. To make
the rate function good (i.e., to have compact level sets), a topology chosen in Gantert (1998) is considerably
weaker than any of the Skorokhod topologies (but sufficient for the application that is central in that work).
The approach followed in the present paper is based on the recent developments in the theory of regular
variation. In particular, in Lindskog et al. (2014), the classical notion of regular variation is re-defined
through a new convergence concept called M-convergence (this is in itself a refinement of other reformula-
tions of regular variation in function spaces; see de Haan and Lin (2001); Hult and Lindskog (2005, 2006)).
In Section 2, we further investigate the M-convergence framework by deriving a number of general results
that facilitate the development of our proofs.
This paves the way towards our main large deviations results, which are presented in Section 3. We
actually obtain estimates that are sharper than (1.3), though we impose a condition on A. For one-sided
Lévy processes, our result takes the form

o 1 .. P(X,€A) : P(X, € A) -
CJ(A)(A ) < hnrglo%fW < hglﬁsol(lij < CJ(A)(A ) (1.4)

Precise definitions can be found in Section 3.1; for now it is important to note that the function [J(A)
is defined as inf,_ , Dy (€), with D, (¢) the number of discontinuites of &, and D] the set of all non-
increasing step functions vanishing at the origin. Throughout the paper, we adopt the convention that the



infimum over an empty set is co. Letting ID; and ID¢; be the sets of step functions vanishing at the origin
with precisely j and at most j steps respectively, we note that the measure C;, defined on D\ Dg;_; has its
support on ;. A crucial assumption for (1.4) to hold is that the Skorokhod J; distance between the sets
A and D¢ 7(a)—1 is strictly positive. For A such that J(A) = 1 this result has been shown in Hult et al.
(2005). The interpretation of the “rate function” J(A) is that it provides the number of jumps in the
Lévy process that are necessary to make the event A happen. This can be seen as an extension of the
principle of a single big jump to multiple jumps. A rigorous statement on when (1.4) holds can be found
in Theorem 3.1, which is the first main result of the paper.

The result that comes closest to (1.4) is Theorem 5.1 in Lindskog et al. (2014) which considers the
M-convergence of v[n,00) P (X/n € A). This result could be used as a starting point to investigate rare
events that happen on a time-scale of O(1). However, in the large-deviations scaling we consider rare
events happen on a time-scale of O(n). Controlling the Lévy process on this larger time-scale requires more
delicate estimates, eventually leading to a an additional factor n? in the asymptotic estimates. We further
show that the choice j = J(A) is the only choice that leads to a non-trivial limit. One useful notion that
we develop and rely on in our setting is a form of asymptotic equivalence which can best be compared with
exponential equivalence in classical large deviations theory.

In Section 3.2 we present sample-path large deviations for two-sided Lévy processes. Our main results
in this case are Theorems 3.3-3.5. In the two-sided case, determining the most likely path requires resolving
significant combinatorial issues which do not appear in the one sided case. The polynomial rate of decay
for P(X,, € A) described by the function [J(A) in the one-sided case has a more complicated description;
the corresponding polynomial rate in the two-sided case is

il (o= DD4(E) + (5 - )DL, (15)
§,CeDs; £-CeA

Note that this is a result that one could expect from the result for one-sided Lévy processes and a heuristic
application of the contraction principle. A rigorous treatment of the two-sided case requires a more delicate
argument compared to the one-sided case: in the one-sided case, the argument simplifies since if one
takes j largest jumps away from X,,, then the probability that the residual process is of significant size is
o((nv[n,00))’) so that it doesn’t contribute in (1.4), while in two-sided case, taking j largest upward jumps
and k largest downward jumps from X,, doesn’t guarantee that the residual process remains small with high
enough probability—i.e., the probability that the residual process is of significant size cannot be bounded
by o((nv[n,0))’ (nv(—o0, —n])*). In addition, it may be the case that multiple pairs (j, k) of jumps lead
to optimal solutions of (1.5). To overcome such difficulties, we first develop general tools—Lemma 2.3 and
2.4—that establish a suitable notion of M-convergence on product spaces. Using these results, we prove
in Theorem 3.6 the suitable M-convergence for multiple Lévy processes in the associated product space.
Viewing the two-sided Lévy process as a superposition of one-sided Lévy processes, we then apply the
continuous mapping principle for M-convergence to Theorem 3.6 to establish our main results. Although
no further implications are discussed in this paper, we believe that Theorem 3.6 itself is of independent
interest as well because it can be applied to generate large deviations results for a general class of functionals
of multiple Lévy processes.

We derive analogous results for random walks in Section 4.1. Random walks cannot be decomposed into
independent components with small jumps and large jumps as easily as Lévy processes, making the analysis
of random walks more technical if done directly. However, it is possible to follow an indirect approach.
Given a random walk Si,k > 0, one can study a subordinated version Sy ),t > 0 with N(t),t > 0 an
independent unit rate Poisson process. The Skorokhod J; distance between rescaled versions of Sy, k > 0
and Sy(),t > 0 can then be bounded in terms of the deviations of N(t) from ¢, which have been studied
thoroughly. We have not seen this generally applicable idea in other studies.

In Section 4.2, we provide conditional limit theorems which give a precise description of the limit behavior
of X,, given that X,, € A as n — oo. For random walks, such a result was shown in Durrett (1980) in the



special case of finite variance and the event A = {X,,(1) > a}.

We prove an LDP of the form (1.3) in Section 4.3, where the upper bound requires a compactness
assumption. We construct a counterexample showing that the compactness assumption cannot be totally
removed, and thus, a full LDP does not hold. Essentially, if a rare event is caused by j big jumps, then
the framework developed in this paper applies if each of these jumps is bounded away from below by a
strictly positive constant. Our counterexample in Section 4.4 indicates that it is not trivial to remove this
condition.

As one may expect, it is not possible to apply classical variational methods to derive an expression for
the exponent J(A), as is often the case in large deviations for light tails. Nevertheless, there seems to be
a generic connection with a class of control problems called impulse control problems. Equation (1.5) is a
specific deterministic impulse-control problem, which is related to Barles (1985). We expect that techniques
similar to those in Barles (1985) will be useful to characterize optimality of solutions to problems like (1.5).

The latter challenge is not taken up in the present study. Instead, in Section 5, we analyse (1.5) directly
in a few specific applications. In particular, we consider two applications to financial mathematics, involving
the computation of a Value-at-Risk (VaR) measure (Section 5.1), and the valuation of a specific exotic option
(Section 5.2). We also demonstrate how to explicitly solve (1.5) in the case where A = {& : I(t) < &(t) < u(t)}
for some function [ and w in Section 5.3. Last, in Section 5.4 we illustrate how to deal with the case where
(1.5) has multiple minima.

In each of these examples, a condition needs to be checked to see whether our framework is applicable.
We provide a general result that essentially states that we only need to check this condition for step functions
in A, which makes this check rather easy in applications. The applications in the present paper mainly serve
to illustrate our main results. More involved applications to Lévy-driven stochastic differential equations,
stable processes, Markov additive processes, traffic networks, and rare event simulation now seem to be
within reach, and will be considered elsewhere.

In summary, this paper is organized as follows. After developing some preliminary results in Section 2,
we present our main results in Section 3. Applications to random walks and connections with classical large
deviations theory are investigated in Section 4. In Section 5, we consider four applications of our main
results. Section 6 is devoted to proofs. We collect some useful bounds in Appendix A, and Appendix B
gives an overview of all notational conventions that are introduced throughout the paper.

2 Me-convergence

This section reviews and develops general concepts and tools that are useful in deriving our large devia-
tions results. The proofs of the lemmas and corollaries stated throughout this section are deferred until
Section 6.1. We start with briefly reviewing the notion of M-convergence, introduced in Lindskog et al.
(2014).

Let (S,d) be a complete separable metric space, and . be the Borel o-algebra on S. Given a closed
subset C of S, let S\ C be equipped with the relative topology as a subspace of S, and consider the associated
sub o-algebra S c = {A: A C S\ C, 4 € .} onit. Define C" 2 {z € S: d(z,C) < r} for r > 0, and
let M(S\ C) be the class of measures defined on .#5 ¢ whose restrictions to S\ C" are finite for all » > 0.
Topologize M(S \ C) with a sub-basis {{r € M(S\ C) : v(f) € G}: f € Cs\¢, G open in Ry} where Cs\¢ is
the set of real-valued, non-negative, bounded, continuous functions whose support is bounded away from
C (i-e., f(C") = {0} for some r > 0). A sequence of measures p, € M(S \ C) converges to u € M(S \ C)
if pn(f) — p(f) for each f € Cs\c. Note that this notion of convergence in M(S \ C) coincides with the
classical notion of weak convergence of measures (Billingsley, 2013) if C is an empty set. An important
characterization of M(S \ C)-convergence is as follows:



Result 1 (Theorem 2.1 of Lindskog et al., 2014). Let u, p, € M(S\ C). Then p, — p in M(S\ C) as
n — oo if and only if
lim sup iy (F) < p(F) (2.1)

n—r oo
for all closed F' € S\ ¢ bounded away from C and
lim inf 1, (G) > p(G) (2.2)

n—oo -

for all open G € Fg\¢ bounded away from C.

We now introduce a new notion of equivalence between two families of random objects, which will prove
to be useful in Section 3.1, and Section 3.2. Let F5 £ {x € S: d(x, F) <} and G=° £ ((G°)s)°. (Compare
these notations to C”; note that we are using the convention that superscript implies open sets and subscript
implies closed sets.)

Definition 1. Suppose that X,, and Y, are random elements taking values in a complete separable metric
space (S,d). Y, is said to be asymptotically equivalent to X, with respect to €, if for each § > 0,
limsup e, 'P(d(X,,Y,) > 6) = 0.

n—00

The usefulness of this notion of equivalence comes from the following result.

Lemma 2.1. Suppose that €, 'P(X,, € -) = u(-) in M(S\ C) for some sequence €. IfY,, is asymptotically
equivalent to X,, with respect to €,, then the law of Y, has the same (normalized) limit, i.c., €, P(Y,, €
) = () in M(S\ C).

Another useful observation regarding asymptotic equivalence is that one can extend the lower and upper
bounds to more general sets, in case there are asymptotically equivalent distributions that are supported
on a subspace of the original space.

Lemma 2.2. Suppose that €, P(X,, € -) = u(-) in M(S\ C) for some sequence €, and a closed set C. In
addition, suppose that 1(S\ So) = 0 and P(X,, € Sp) =1 for each n. If Y, is asymptotically equivalent to
X, with respect to €,, then

liminf e, 'P(X,, € G) > u(G)

n—r oo

if G is open and G NSy is bounded away from C;

limsupe, 'P(X, € F) < u(F)

n—00

if F is closed and there is a § > 0 such that F5s NSy is bounded away from C.

This lemma is particularly important for the applications in Section 5 of this paper, where we work in
Skorokhod space, and where Sy is the class of step functions. We use the lemma to check the validity of
our main results in specific situations.

Next, we discuss the M-convergence in a product space as a result of the M-convergences on each space.

Lemma 2.3. Suppose that S, ...,Sq are separable metric spaces, Cy, ..., Cq are closed cones in Sy, ..., Sq,
respectively. If ,u,(f)(-) — pD () in M(S; \ C;) for eachi=1,...,d then,

1D o gD () oD o @) (2.3)

in M((H?:lgi) \Uz('izl ((Hz;ll Sj) x Ci x (H;’l:i—i-l Sj)))'



It should be noted that Lemma 2.3 itself is not exactly “right” in the sense that the set we take away
is unnecessarily large, and hence, has limited applicability. More specifically, the M-convergence in (2.3)
applies only to the sets that are contained in a “rectangular” domain H?:1(Si \ C;). Our next observation
allows one to combine multiple instances of M-convergences to establish a more refined one so that (2.3)
applies to a class of sets that are not confined to a rectangular domain. In particular, we will see later that
in combination with Lemma 2.3, the following lemma produces the “right” M-convergence for two-sided
Lévy processes and random walks.

Lemma 2.4. Consider a family of measures {,u(i)}i:OJ _____ m and a family of closed cones {C(i)}izo.1,...m
such that ﬁP(Xn € ) = p() in M(S\ C(3)) for i = 0,...,m where {{e,(i) : n > 1}}
is the family of associated normalizing sequences. Suppose that limsup,,_, 2:((6)) =0 fori=1,...,m;
and for each v > 0, there exist positive numbers ro, ... ,rn, such that (i, C(i)" C (N, (C(i))r. Then,

p® e M(S\N~, C()) and

i=0,1,...,m

P(X, €)= u®

en(())
in M(S\ N2, Ci)).

A version of the continuous mapping principle is satisfied by M-convergence. Let (S',d’) be a complete
separable metric space, and let C’ be a closed subset of S'.

Result 2 (Mapping theorem; Theorem 2.3 of Lindskog et al. (2014)). Let h : (S\C, Zs\¢) — (S'\C', Z5\¢)
be a measurable mapping such that h=(A’) is bounded away from C for any A’ € Fsncr bounded away

from C'. Then h : M(S\ C) — M(S' \ C) defined by h(v) = voh™' is continuous at p provided ju(Dy) = 0,
where Dy, is the set of discontinuity points of h.

For our purpose, the following slight extension will prove to be useful in developing rigorous arguments.

Lemma 2.5. Let Sy be a measurable subset of S, and h : (So,7s,) — (8" \ €', /) be a measurable
mapping such that h=(A’) is bounded away from C for any A" € Ssnc bounded away from C'. Then
h:M(S\ C) = M(S'\ C) defined by h(v) =voh™' is continuous at pu provided that 11(0So \ C") = 0 and
w(Dp \ C") =0 for all r > 0, where Dy, is the set of discontinuity points of h.

When we focus on Lévy processes, we are specifically interested in the case where S is Riw x [0, 1]°°,

where Rfi £{z €R¥ 21 > 25 > ...}, and §' is the Skorokhod space D = D([0,1],R) — the space of

S \mi—yﬂ/\l

real-valued RCLL functions on [0,1]. We use the usual product metrics dpeoi (z,y) = > .2, =% and
+

dio,= (2,y) = 32724 —lxi;yi‘ for Rf¢ and [0, 1]°°, respectively. For the finite product of metric spaces, we
ads. (z;,y;) for the

4L

use the maximum metric; i.e., we use ds, x...xs, (1, ..., 2d), (Y1, ---,Yd)) 2 max;—
product S; X --- x S4 of metric spaces (S;,ds;). For D, we use the usual Skorokhod J; metric d(z,y)
infaea |A—e|| V ||z oA —yl|, where A denotes the set of all non-decreasing homeomorphisms from [0, 1] onto

itself, e denotes the identity, and || - || denotes the supremum norm. Let
S; & {(z,u) € Rfi x [0,1]°°:0,1,uq,...,u; are all distinct}.

This set will play the role of Sg of Lemma 2.5. Define T} : S; — D to be Tj(x,u) = 25:1 wilpy, 1) Let D
be the subspaces of the Skorokhod space consisting of nondecreasing step functions, vanishing at the origin,
with exactly j jumps, and Dg; = Uo<i< ; Di—i.e., nondecreasing step functions vanishing at the origin with
at most j jumps. Define H; 2 {z € RS : 2; > 0,241 = 0}, and He; £ {z € R?Y : ;11 = 0}. The
continuous mapping principle applies to T}, as we can see in the following result.



Result 3 (Lemma 5.3 and Lemma 5.4 of Lindskog et al., 2014). Suppose A C D is bounded away from
Dgj—1. Then, Tj_l(A) is bounded away from Hg;—1 x [0,1]°. Moreover, T : S; — I is continuous.

A consequence of Result 3 and Lemma 2.5 along with the observation that S; is open is that one can
derive a limit theorem in path space from a limit theorem for jump sizes.

Corollary 2.1. If i, — p in IMI((IRfi x [0,1]%°) \ (Hg,;—1 x [0, 1]00)), and ,u(SJC» \ (Hg;—1 x [0, 1]°°)T) =0
for all r > 0, then p, o Tfl — o T;l in M(D\ Dg;—1).

To obtain the large deviations for two-sided Lévy measures, we will first establish the large deviations
for independent spectrally positive Lévy processes, and then apply Lemma 2.5 with h(€,{) = £ — (. The
next lemma verifies two important conditions of Lemma 2.5 for such h. Let Dy ,, denote the subspace of
the Skorokhod space consisting of step functions vanishing at the origin with exactly [ upward jumps and
m downward jumps. Let D £ U(l,m)elq,k Dy and Doy g £ U(l,m)el<m D; x Dy, where I £
{(t,m) e ZZ\{(.k)} : («a = 1)l+ (B—1)m < (a —1)j + (8 — 1)k} and Z, denotes the set of non-negative
integers. .

Lemma 2.6. Let h: D x D — D be defined as h(€,() 2 € — (. Then, h is continuous at (£,¢) € D x D such
that (£(t) — &(t—=))(C(t) — ¢(t=)) = 0 for all t € (0,1]. Moreover, h=1(A) C D x D is bounded away from
Dok for any A C D bounded away from D .

We next characterize convergence-determining classes for the convergence in M(S \ C).

Lemma 2.7. Suppose

(i) A, is a w-system;

(ii) each open set G C S bounded away from C is a countable union of sets in A,;

(ili) for each closed set F' C'S bounded away from C, there is a set A € A, bounded away from C such that
F C A° and u(A\ A°) = 0.

If e M(S\ C) and pn(A) — p(A) for every A € A, such that A is bounded away from C, then p, — p
in M(S\ C).

Remark 1. Since S is a separable metric space, the Lindelof property holds. Therefore, a sufficient con-
dition for assumption (i) of Lemma 2.7 is that for every x € S\ C and € > 0, there is A € A, such that
x € A° C B(x,¢). To see that this implies assumption (ii), note that for any given open set G, one can
construct a cover {(Ay)° : x € G} of G by choosing A, so that x € (A;)° C G and then extract a countable
subcover (due to the Lindelof property) whose union is equal to G. Note also that if A in assumption (iii)
is open, then p(A\ A°) = u(0) = 0 automatically.

3 Sample-Path Large Deviations

In this section, we present large-deviations results for scaled Lévy processes with heavy-tailed Lévy measures.
Section 3.1 studies a special case, where the Lévy measure is concentrated on the positive part of the real
line, and Section 3.2 extends this result to Lévy processes with two-sided Lévy measures. In both cases, let
X,.(t) £ X (nt) be a scaled process of X, where X is a Lévy process with a Lévy measure v. Recall that
X, has It representation:

X, (s) = nsa+ B(ns) +/

z[N([0,ns] x dz) — nsv(dz)] +/ xN([0,ns] x dz), (3.1)
lz|<1

|z|>1

with @ a drift parameter, B a Brownian motion, and N a Poisson random measure with mean measure
Lebxv on [0,n] x (0,00); Leb denotes the Lebesgue measure.



3.1 Omne-sided Large Deviations

Let X be a Lévy process with Lévy measure v. In this section, we assume that v is a regularly varying
(at infinity, with index —a < —1) Lévy measure concentrated on (0,00). Consider a centered and scaled
process

- 1
Xa(s) 2 ;Xn(s) — sa — pjvys,

where p £ % f[lm) av(dz), and v £ v[1,00). Let 1, denote the restriction (to R7") of the j-fold product
measure of v, where v, (z,00) 2 27%. Let Cy(-) = o(-) be the Dirac measure concentrated on the zero
function. Additionally, for each j > 1, define a measure C;(-) £ E{ug{y € (0,00)7 : 37, vil, 1] € -}

concentrated on D;, where the random variables U;,i > 1 are i.i.d. uniform on [0,1]. Let D! denote the
subset of D consisting of non-decreasing step functions vanishing at the origin, and let D4 (§) denote the
number of upward jumps of an element £ in . Finally, set

J(A) & inf DL(€). (3.2)

geblinA
The main result of this section is the following large-deviations theorem for X,.

Theorem 3.1. Suppose that A is a measurable set. If J(A) < oo, and if A is bounded away from D¢ 7(a)—1,
then _ _
o . P(X, €A ) P(X, € A) _
< - - <K o vn-") <

Cray(A°) < hnn—1>1£f (i, 00)) T = hyrlri)solip (i, 00)) 7@ = Cray(A7). (3.3)
Proof. Note first that J(A°) > J(A) implies that A° doesn’t contain any element of D¢ 7(4). Hence,
A°is a Cz¢qy-null set, since C7(4) is supported on D¢ 7(4). Therefore, the lower bound holds trivially if
J(A°) > J(A). On the other hand, J(A) = J(A™), since A is bounded away from D¢ 7(4). In view of
these observations, we can assume w.l.0.g. that J(A4°) = J(A) = J(A™). Theorem 3.1 is now an immediate
consequence of Theorem 3.2, given below. O

Remark 2. In the proof of Theorem 3.2, we establish the asymptotic equivalence of X, to a process that
is supported on D z(4y. Therefore, Lemma 2.2 applies, and (3.3) remains valid for all sets A such that
As "Dy is bounded away from D¢ 7(a)—1 for some § > 0.

Remark 3. If J(A) = oo, and A is bounded away from Dg; 1 for some i > 1, then Theorem 3.2 applies
with j =i to give that (nv[n, o)) "P(X,, € A) — 0.

Theorem 3.2. For each j >0, o

(nv[n,0))’P(X, € ) = C;(-), (3.4)
in M(D\ Dg;—1), as n — oo.
Proof Sketch. The proof of Theorem 3.2 is based on establishing the asymptotic equivalence of X,, and the
process obtained by just keeping its j biggest jumps, which we will denote by J$/ in Section 6. Such an

equivalence is established via Proposition 6.1, and Proposition 6.2. Then, Proposition 6.3 identifies the limit
of J$J, which coincides with the limit in (3.4). The full proof of Theorem 3.2 is provided in Section 6.2. [

Theorem 3.1 dictates the “right” choice of j in Theorem 3.2 for which (3.4) can lead to a limit in (0, 00).
We conclude this section with an investigation of a sufficient condition for Cj-continuity; i.e., we provide a
sufficient condition on A which guarantees C;(9A) = 0. The latter property implies

Cj(A%) = Cj(A) = C;(A7), (3-5)



implying that the liminf and limsup in our asymptotic estimates yield the same result. Assume that A is
a subset of D; bounded away from D¢;_1; i.e., d(4,Dg;j_1) > v for some v > 0. Consider a path £ € A.
Note that every { € D; is determined by the pair of jump sizes and jump times (z,u) € (0,00)? x [0, 1]?;
ie, &(t) = Zgzl 217y, 17(t). Formally, we define a mapping Tj : Sj — Dj by Tj(:zr,u) = Zgzl Til[y,,1)5
where S; 2 {(z,u) € Rf} x [0,1)7 : 0,1,u1,...,u; are all distinct}. Since d(A,D<;_1) > 7, we know that
Tj(z,u) € A implies = € (v,00)7; see Lemma 6.4 (b). In view of this, we can see that (3.5) holds if the
Lebesgue measure of ijl((?A) is 0 since C;(A) = f(m)u)eTj—l(A) dudvi (x). As we will see in Section 5, one
of the typical settings that arises in applications is that the set A can be written as a finite combination
of unions and intersections of ¢;*(41),..., ¢, (Ay), where each ¢; : D — S; is a continuous function, and
all sets A; are subsets of general topological space S;. If we denote this operation of taking unions and
intersections by ¥ (i.e., A = U(¢; (A1), ..., 05 (An))), then

U(py H(AS), ..., 07, (A5,)) CA°CAC A CU (¢ (AY),. .-, 0, (A1)

m

Therefore, (3.5) holds if ijl(\lf(qﬁfl(Af), ces YA\ ijl(\lf(qﬁfl(A‘f), co, Ol (A2)) has Lebesgue
measure zero. A similar principle holds for the limit measures Cj , defined in the next section where we
deal with two-sided Lévy processes. For more concrete examples, see Section 5.1 and Section 5.2.

3.2 Two-sided Large Deviations

Consider a two-sided Lévy measure v for which v[z, 00) is regularly varying with index —« and v(—oo, —x]
is regularly varying with index —/f. Let

_ 1 R
Xu(s) £ EXH(S) —sa— (pfv = pyvy)s,

where

1 -1
Fa wv(de), v 2v[le0),  pp & — wv(de), vy = w(=o0,—1].

7 =
v o) Y1 (o0, —1]

The limit measures ()} in the main results of this section are concentrated on D;, which we define as
the subspace of D, consisting of step functions vanishing at the origin with exactly j upward jumps and k
downward jumps.

Let v/, be as defined in Section 3.1. Similarly, let 1/’6C denote the restriction (to Rlﬁ) of the k-fold product

measure of vg, where vg(z,00) £ 277, Let Cyo(-) £ o(-) be the Dirac measure concentrated on the zero
function. For each (j, k) € Z3 \ {(0,0)}, define a measure C;x(-) £ E|v] x vE{(x,y) € (0,00)7 x (0,00)* :
Egzl zily, 1) — Ele yiliy, 1) € }} concentrated on D 5, where U;’s and V;’s are i.i.d. uniform on [0, 1].
Recall that Dk = U mer.,, Dim and Iejx = {(t,m) e ZZ\{(, k)} : (= DI+ (B-1)m < (a—1)j +
(B—1)k}. Let Z(j, k) £ (a« —1)j + (8 — 1)k, and consider a pair of integers (7 (A), K(A)) such that
(J(A),K(A)) € argmin Z(j, k). (3.6)

(J.k)EZY
D;,xNA#£D

The next theorem applies to the case where the minimizing argument in (3.6) is a single pair (which is
implied by its assumption).



Theorem 3.3. Suppose that A is a measurable set. If the argument minimum in (3.6) is non-empty and
A is bounded away from D. 74y k(a), then

. P(X, € A)
C A°) <1 f
T ) =B G ST (o0, — e (37)
P(X, € A) '

<l
=Y (wfn, 00) 7@ (nu(—o0, —n

L < Criayca)(A7).

Proof. Note that, in general,

min_ Z(j,k) <T(T(A),K(A) < min_ Z(j,k),

(G.k)eZ? T Ghkez?
D, xNA~#0 D, xNA°#D

and the left inequality cannot be strict since A is bounded away from D 7(4) x(4)- On the other hand,

if the right inequality is strict, then Dz 4y c(a) N A° = 0, which in turn implies Cz (4 xa)(4°) = 0,

since C7(4) x(4) is supported on D 7(4) xc(a). Therefore, the lower bound is trivial if the right inequal-

ity is strict. In view of these observations, we can assume w.l.o.g. that (J(A4),/K(A4)) is also in both

ez? Z(j, k) and argmin Gk)ez? Z(j, k). Now, (3.7) is an immediate consequence of Theo-
D; xNA°#Q D; rNA~#0

rem 3.5, given below. O

arg min (k)

Remark 4. If the argument minimum in (3.6) is empty and A is bounded away from Dy for some
(I,m) € Z2\{(0,0)}, then Theorem 3.5 applies with (j,k) = (I, m) to give (nv[n, 00)) ! (nv(—oo, —n]) ""P(X,, €
A) =0 asn — oo.

In case one is interested in a set for which the argmin of Z in (3.6) is not unique, a natural approach
is to partition A into smaller sets and analyze each element separately. In the next theorem, we show
that this strategy can be successfully employed with a minimal requirement on A. However, due to the
presence of two different slowly varying functions n®v[n, c0) and n’v(—oo, —n], the limit behavior may not
be dominated by a single Dy ,.

To deal with this case, let I_;, = {(I,m): (a = 1)+ (8—1)m = (a—1)j+ (8- Dk}, I<;jr = {(I,m):
(@=1l+ (B ~1m < (a—=1)j+ 8-k}, Dojk £ Ugmyer, , Dims and Dy 2 Ugmyer,  Dime-
Denote the slowly varying functions n®v[n, oc) and n’v(—oo, —n] by Ly (n) and L_(n), respectively.

Theorem 3.4. Suppose that A is a measurable set. If the argument minimum in (5.6) is non-empty and
A is bounded away from D 7(a) xc(a), then for any given € > 0, there exists N € N such that

Xtm) (Crm(A%) = ) Ly (n) L™ (n) Xtm) (Crm(A7) + €) Ly (n) L™ (n)
(@ DT A+ (B-DK(A) (@ DI A+ (- DK (A)

<P(X, €4 <

for alln > N, where the summations are over the pairs (I,m) € I_7(a),c04)-

Proof. Let (I,m) € I_7(a),x(a). We first claim that A being bounded away from D 7(4) x(4) implies that
for any (j,k) € I_7(ay,ca) \ {(I,m)}, there exists § > 0 such that AN (D;,)s is bounded away from D 4.
We will justify this claim at the end of the proof of this theorem. From that claim, one can choose ¢ so that
AN (Dym)s is bounded away from the entire Do ,,. To derive the lower bound, we first apply Theorem 3.3
to A° N (Dy,,) % and obtain

B o P(X, € A°N (D)%) L P(X, € AND; )
° 9 < ’ < ’ ,
Cim (A7 0 (Dn) ™) < hnrglgf (nv[n, 00)) (nv(—o0, —n])™ ~ hnrglgf (nv[n, 00)) (nv(—o0, —n])™
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Taking § — 0, we obtain

Clm(A° N Dy ) < lim inf P(Xn € ANDim)

n=o0 (nvn, 00))!(nv(—o0, —n])™"
That is, for any given € > 0, there exists an N;,, € N such that

(Crom(A° N Dyyy,) — €) LY (n)L™(n)

@D (A—1)m <P(X, € ANDy,m), (3.8)

for all n > Nj ,,,. Meanwhile, an obvious bound holds for A\ U(l,m)elzj(m,;c(m Dy ;e
0<P (Xn € ANUmper_yoaeca, DLm) . (3.9)
Since (a—=1)I+(B—1)m = (a—1)T(A) + (B8 —1)K(A) for (I,m) € I_7(a),k(4), sSumming (3.8) over (I,m) €
I_ 7(4),x(4) together with (3.9), we arrive at the lower bound of the theorem, with N = MAX(,m)eT_ s aypc(a) Vbm-
Turning to the upper bound, we apply Theorem 3.3 to A~ N (Dy,,)s to get
. P(Xn cA N (Dl m)5) _ _
1 : < Crm(A~ Ny m)s) = Crm(A7).
S T, oo o (oo, —my < Ot (471 (Bm)s) = Ciim(47)
That is, for any given € > 0, there exists Nll,m € N such that
¢ Clm(A™) +¢/2) LY (n) L™
P(X, € AN (Dym)s) < (Com(A7) +¢/2) L (n) L () (3.10)

nla=1)IT(A)+(B-1)K(A) ?

for alln > Ny ,,. On the other hand, since A~ \ |J,
Deg(a)ka);

S .
Lm)€l 7y x(a) (D m,)° is closed and bounded away from

X 5
P (Xn e A \ U(l,m) (Dl,m) ) <c (Ai \U (D )5)
])IC(A) = Y J(A),K(A) (t,m)\Wi,m ,

.
P (nv[n, 00))7 A (nv(—o0, —n

where the union is over the pairs (I,m) € I_ 7(4) x(a). Therefore, there exists N such that
_ J(A K(A
] (o (A \ U @in)?) +€/2) LT @) 15D ()
P (X” €A\ U(lnn) (Dr,m) ) < nla—1)J(A)+(B-1)K(A)

A K(A
(/LI ) L5 )
nla=1)T(A)+(B-1)K(A) ~’

(3.11)

since A7\ U(l,m) (Dy.n)° is disjoint from the support of C7(a),k(a)- Summing (3.10) over (I,m) € I_7(a),k(4)

and (3.11),

> (m) (Crm (A7) + )Ly (n) L™ (n)
@D (A)T(B-DK(A) )

for n > N, where N = N’V MAX(1m)ET_ (4 x(a) Ny -

Now, we are left with justifying the claim made at the beginning of this proof. To prove the claim,
suppose that (I,m) and (4, k) are two distinct pairs that belong to I_ 7 () x(4) and assume w.l.o.g. that j <.
(If j > 1, it should be the case that k < m, and hence one can proceed similarly by switching the roles of
upward jumps and downward jumps in the following argument.) Suppose also that d(A, D 7ca).x( A)) >y

P(X, € A) < (3.12)

11



for some v > 0, and £ € AN (D)5, where v = ¢d for some large ¢ > 0 (we will see how large ¢ has to

be later). Then, there exists a ¢ € Dy, such that d(¢,£) < 26. Note that d(¢,De7(a),xc(a)) = (¢ — 2)8;

in particular, d((,]D)j,m) > (c— 2)6. If we write ¢ £ Zé:l Tilpy,1) — > Yil[,,1), this implies that

Ti1 > “;‘?‘5. Otherwise, (c—2)8 > Y51 @5 = [|(—¢'|| > d(¢, (), where ¢’ 2 (=30 @il 1) € Djm.
Therefore, d(¢,D; ) > (26(1:23;;, which in turn implies d(§,D; ) > (26(;23;; — 26. In Conclusion, by picking a
large enough ¢ so that % — 2§ > 0, one can make AN (D;,,)s bounded away from D 1. O

Remark 5. As in the one-sided case, we can relax the condition that A is bounded away from D 7(a),xc(A)-

Note first that (Djk)s € (D=jk)s, and hence A~ \ U(l,m)elzj(A) ,C(A)(Dhm)(s is bounded away from

D 7a).x04), for all A. In addition, if AN (D) is bounded away from D 7(ayxc(a), then there ea-
ists &' > 0 such that AN (Dym)s is bounded away from Dy, by the claim stated at the beginning of
the proof. With these two observations, one can check that the proof of Theorem 3.4 is still valid (with-
out assuming that the entire A is bounded away from D 7(ayk(a)), as long as there exists a § > 0 such
that AN (Dy,m)s is bounded away from D 7(ay xca) for each (I,m) € I-7(a)xa)- Now, since the exis-
tence of & > 0 such that d(A N (Dl7m)§,D<<J(A))/C(A)) > 0 is implied by the existence of § > 0 such that
d(A(; N Dl,maD<<j(A),IC(A)) > 0, we can conclude that Theorem 3.4 applies if there exists § > 0 such that
As ND_7(a),k(a) 18 bounded away from D 7(a),k(4)-

Remark 6. If the argument minimum in (3.6) is empty and A is bounded away from D, for some
(j, k) € Z3.\ {(0,0)}, then a similar argument as in the proof of Theorem 3.4 leads to

n(afl)j‘i’(ﬁ*l)k

P(X, € A) = 0.
Mg e LDy €4

Theorem 3.5. For each (j, k) € 72,
(nv[n, 00)) ™ (nv(—o0, —n]) *P(X,, € -) = C;x (") (3.13)
in M(D\ Djx) as n — oo.

We present the proof of Theorem 3.5 after the following theorem, which plays a key role in the proof.
Let Do £ Up<yo; D1 and Doy, iy = Ugytwrerag, . [T, Di, where Iogj, .y 2 {(h,.. ., la) €
Z49\A{ (1, Ja)}t s (e = Dy + -+ + (g — Dlg < (01 — 1)j1 + -+ + (aa — 1)ja}. For each | € Z; and
i=1,...,d,let Cl(i)(-) £ E[V(l%{,f € (0,00)! : S

=1 %l ) € }} where Uy, ..., U; are iid uniform on [0, 1],

and v}, denotes the restriction (to Rli) of the I-fold product measure of v, (r,00) £ 7%,
Theorem 3.6. Consider independent 1-dimensional Lévy processes XV ... X4 with spectrally positive
Lévy measures v1(+), ..., vq(-), respectively. Suppose that each v; is regularly varying (at infinity) with index

—qa; < —1, and let )_(,(f) be centered and scaled scaled version of X9 for each i =1,...,d. Then, for each
(jlu e 7jd) S Zi;

v (1) () .
P(()Ufn oo Xn )6 ) _>CJ(11) X re XC](ZI)(.)

[Ti=: (nviln, 00))™
, d
m M( [T D\ D<(j17-~-;jd)) :
Proof. From Theorem 3.2, we know that (nv;[n, oo))_jP(Xff) €)= Ci()in M(D\ D) fori=1,...,d
and any j > 0. This along with Lemma 2.3, for each (1, ...,l;) € Z4 we obtain

(nfn,00)) P(XD, . X)) = O x o x OO

d
=1

K2
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/jth) =(2,2)

— [y

6°°<.8

Figure 1: An example of I(;, . ;,) and Jj,
dots represent the elements of I

jo Where d =2, j; =2, jo =2, a1 = 2, and a2 = 3. The blue
The dashed red

.....

and the red dots represent the elements of J;
line represents (I1,l2) such that (ag — 1)l; + (a2 — 1)la = (a1 — 1)j1 + (a2 — 1) 2.

Ji,J2)» 1,J2°

..........

..........

_____ j.) as a finite one to facilitate the application of the lemma.
Consider a partial order < on Z% such that (l1,...,lq) < (m,...,mgq) if and only if Curyota) E Clma,ooooma)-
Note that this is equivalent to [; < m; fori =1,...,d and l; < m; for at least one i = 1,...,d. Let Jj, . ;,
be the subset of Z% consisting of the minimal elements of Z4 \ I(;, ., ie, i ., = {(l1,...,la) €
Z4\ Iciiy,..goy » (ma,...,ma) < (l1,...,1lq) implies (m1,...,mq) € I« .. )} Figure 1 illustrates how
the sets I(j, .. ;) and Jj, . j, look when d = 2, j1 = 2, jo = 2, ag = 2, az = 3. It is straightforward
to show that |Jj, . j,| < oo, and that (m1,...,mq) ¢ I, .. ;,) implies C, . 1,y € Ciny,. my) for some
(li,. .. la) € Jj, ... jq; therefore, Do, ) = ﬂ(ll _____ l)ed;, Cu,,....1z)- In view of this and the fact that

.....

d nr;|n,oo ol
lim sup —= E E : ;;h — 0for (l1,...,la) € Jjy....5. \{(j1, ..., Ja)}, the conclusion of the theorem follows
¢y (nvi[n,c0

from Lemma 2.4 if we show that for each r > 0, &€ £ (£1,...,&,) ¢ (U(ll,...,ld)el<h i H?Zl Dli)r implies

¢ ¢ (Ca,,..up)" for some (I1,...,la) € Jj,, .. j,- To see that this is the case, suppose that & is bounded

el s H?:l Dy, by 7 > 0. Let m; £ inf{k >0:¢ € (D<k)"}. In case m; = oo for
some 4, one can pick a large enough M € Z, such that Me; ¢ I(;, . ;,) where e; is the unit vector with 0
entries except for the i-th coordinate. Letting (1,...,lq) € Jj, ... j, be an index such that C, .. ;,) € Chye,,
we find that § ¢ (C(,,..1,))" € (Cae,)" verifying the premise. If max;—1  am; < o0, § € (H?:l Dpn,)"
and hence, (m1,...,ma) ¢ I<(,, ... j,), which, in turn, implies that there exists (I1,...,ls) € Jj, .. j,
such that Cy, . 1,0 € Cpmy,...;my)- However, due to the construction of m;’s, each §; is bounded away
from D,,, by 7, and hence, ¢ is bounded away from D! x D.,,, x D¥~% by r for each i. Therefore,
¢ (Cuy,..i;))” € (Cpm,,....m,))", and hence, the premise is verified. Now we can apply Lemma 2.4 to reach
the conclusion of the theorem. O

away from U(ll,...,

.....

Proof of Theorem 3.5. Let X(t) and X (=) be Levy processes with spectrally positive Lévy measures v
and v_ respectively, where vy [z, 00) = v[z,00) and v_[z, 00) = v(—o0, —z] for each = > 0, and denote the
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corresponding scaled processes as X,(L+)(~) 2 X (n-)/n and )7(7(1_)() 2 X()(n-)/n. More specifically, let

n n

XM (s) = sa+ B(ns)/n + l/I - z[N ([0, ns] x dz) — nsv(dz)] + 1 />1 xN([0,ns] x dz),

X()(s) = 1 /<1:1:N([O,ns] x dz).

n

From Theorem 3.6, we know that (nv[n, oo))_j(m/(—oo,—n])_kP((Xff),Xr(f)) €)= CJ‘-Ir x Cp (+) in
M((D x D) \ D)) where C;‘() = E[Vg[{:v € (0,00)7 : 25:1 rily, 1 € }} and C, () £ E[Vg{y €
(0,00)* : Ele yiliw, 1) € }} In view of Lemma 2.6 and that C;‘ xC {(&¢) eDxD: (£(t)—&(t—))(C(t) —
((t=)) # 0 for some t € (0,1]} = 0, we can apply Lemma 2.5 for h(¢,() = £ — (. Noting that Cj(-) =
(C’;L x Cp) o h™'(+), we conclude that (nv[n,o0)) ™ (nv(—oo, —n])_kP(X,(f) B = ) = Cjk(-) in
M(D \ Djix). Since X, has the same distribution as X — X7, the desired M(D \ D )-convergence
for X,, follows. O

4 Implications

This section explores the implications of the large-deviations results in Section 3, and is organized as
follows. Section 4.1 proves a result similar to Theorem 3.3, now focusing on random walks with heavy-
tailed increments. Section 4.2 illustrates that conditional limit theorems can easily be studied by means
of the limit theorems established in Section 3. Section 4.3 develops a weak large deviation priciple (LDP)
of the form (1.3) for the scaled Lévy processes. Finally, Section 4.4 shows that the weak LDP proved in
Section 4.3 is the best one can hope for in the presence of regularly varying tails, by showing that a full
LDP of the form (1.3) does not exist.

4.1 Random Walks

Let S,k > 0, be a random walk, set S,(t) = Sp/n,t > 0, and define S, = {S,(t),t € [0,1]}. Let
N(t),t > 0, be an independent unit rate Poisson process. Define the Lévy process X (t) £ Sn),t >0, and
set X,,(t) = X (nt)/n,t > 0. The goal is to prove an analogue of Theorem 3.3 for the scaled random walk

Sn. Let J(+), K(-), and C; x(-) be defined as in Section 3.2.

Theorem 4.1. Suppose that P(S1 > x) is regularly varying with index —« and P(S1 < —x) is regularly
varying with index —f3. Let A be a measurable set bounded away from D 7(ayxc(a)- Then

- P(S, € A)
C A°) <liminf
7(a)ka)(A7) < min (nP(S1 > n)))7 D (nP(S; < —n))kA) 1)
P(S, € A) '

I GBS, = )T (s, < ey = Tt
Proof. The idea is to combine our notion of asymptotic equivalence with Theorem 3.3. First, we need
to derive the asymptotic behavior of the Lévy measure of the constructed Lévy process. From Example
A3.17 in Embrechts et al. (1997), we obtain P(X (1) > z) ~ P(S1 > x). Moreover, Embrechts et al. (1979)
implies that v(z,00) ~ P(X(1) > ). Similarly, it follows that v(—oco, —z) ~ P(S; < —x).
Second, note that the proof of Theorem 3.3 now carries over without modification if (3.13) holds for S,
also. In view of Lemma 2.1, the proof will be completed if we prove the asymptotic equivalence between
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X, and S,, (w.r.t. a geometrically decaying sequence). To prove the asymptotic equivalence, we first argue
that the Skorokhod distance between S,, and X,, is bounded by Supyeo,q) [V (tn)/n —t|. To see this, define
the homeomorphism A, (¢) as the linear interpolation of the jump points of N(nt)/n, and observe that
X, (t) = S,(An(t)). Thus, the distance between S,, and X, is bounded by Supyeo,1) [An(t) — t| which, in
itself, is bounded by sup,c(o,1) [V (tn)/n — t|. From Lemma A.1,

P( sup |[N(tn)/n —t|) >6) <3 sup P(|N(tn)/n —t]) > §/3),
te[0,1] te[0,1]

where P(|N(tn)/n — t|) > ¢§/3) vanishes at a geometric rate w.r.t. n uniform in ¢ € [0, 1], from which the
asymptotic equivalence follows. O

4.2 Conditional Limit Theorems

As before, X,, denotes the scaled Lévy process defined as in Section 3.1 for the one-sided case and Section
3.2 for the two-sided case, respectively. In this section, we present conditional limit theorems which give a
precise description of the limit law of X,,, conditional on X,, € A.

The next result, for the one-sided case, follows immediately from the definition of weak convergence and
Theorem 3.1.

Corollary 4.1. Suppose that a subset B of D satisfies the conditions in Theorem 3.1 and that Cz(py(B°) =
Cy)(B) =Cgp(B~) > 0. Let XIP be a process having the conditional law of X, given that X, € B,

then there exists a process )_(J)f such that
XB = XIB,
in D. Moreover, if PIB (-) is the law of X2 then
pls (X'B € ) _Gee(nB)
OO CyB)(B)

Let us provide a more direct probabilistic description of the process )_(J)f . Directly from the definition
of PIB we have that

(B)
xB) = Z Xnlw, 1 (),
n=1
where Uy, ...,Uz(p) are i.i.d. uniform random variables on [0, 1] and

P5 (x1 € dz1, ..., x7(p) € dz7(B))
B Hijz(lB) (ax; = tdz;) [(z7(5) > ... > 21 >0)P (27‘17:(]13) Tpliy, 1) () € B)
- Cy(p)(B) '

An easier to interpret description of PP can be obtained by using the fact that 6z := d (B, ng(B),l) >

0. Define an auxiliary probability measure, PLf, under which, not only Uy, ..., Uz (p) areii.d. Uniform(0,1),
but also x1, ..., x7(p) are i.i.d. distributed Pareto(a, p) and independent of the U;’s; that is,

Pif (Xl € dxq, o XJ(B) € dl‘j(B)) = (a/éB)j(B)Hg:(fg)(xi/ég)_a_ldxiH(CL‘i > (53).

Then, we have that
plP (X(Lf € ) =Pl (XLOB e | XIBe B) : (4.2)
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Moreover, note that
1 (X(L{f e B) = 5,7 PO (B) >0, (4.3)

In view of (4.2) and (4.3) one can say, at least qualitatively, that the most likely way in which the
event X,, € B is seen to occur is by means of J(B) i.i.d. jumps which are suitably Pareto distributed and
occurring uniformly throughout the time interval [0, 1].

We now are ready to provide the corresponding conditional limit theorem for the two-sided case, building
on Theorem 3.3. The proof is again immediate, using the definition of weak convergence.

Corollary 4.2. Suppose that a subset B of D satisfies the conditions in Theorem 3.8 and that
Cam.x)(B°) = Cg(m).xm)(B) = Cq(m)x(3)(B7) > 0.
Let XJIB be a process having the conditional law of X, given that X,, € B, then
XB = XIB,

in . Moreover, if PB (-) is the law of XL?, then

_ C -NB
plE (XJ,f c ) _ Yamrxm(NB)
CyBy.xB)(B)

A probabilistic description, completely analogous to that given for the one-sided case, can also be

provided in this case. Define i = d (B, D<j(B)),C(B)) > (0 and introduce a probability measure PL‘f under

which we have the following: First, Uy, ...,Uz(p), V1, ..., Vk(p) are iid. U (0,1); second, x1, s XJ(B) are
ii.d. Pareto(a,dp), and, finally o1, ..., 0x(p) are i.i.d. Pareto(3,dp) random variables (all of these random
variables are mutually independent). Then, write

- (B) (B)
X (t) = Z Xnlw, 1 (1) — Z onlpy, 1 (1)
n=1 n=1
Applying the same reasoning as in the one sided case we have that
P‘B(X],fe-) :Pf(XLfe~|X(LfeB)
and B (% B)(a+2)—K(B)(8+2
Pl# (X(‘)f S B) = 5§J( )at2)—K(B)(B+ )CJ(B),/C(B)(B) > 0.
We note that these results also hold for random walks, and thus is a significant extension of Theorem

3.1 in Durrett (1980), where it is assumed that o > 2 and B = {X,, (1) > a}.
4.3 Large Deviation Principle

In this section, we show that X, satisfies a weak large deviation principle with speed logn, and a rate
function which is piece-wise linear in the number of discontinuities. More specifically, define

I(e) & (a—=1D)Dy(&) + (B—1)D_(&), if £ is a step function with £(0) =0, m
(€) = 00, otherwise. ‘ (4.4)
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Theorem 4.2. The scaled process X, satisfies the weak large deviation principle with rate function I and
speed logn, i.e., -
logP(X,, € G)

. < i '
T < 9
for every open set G, and ~
logP(X,, € K )
fim sup % < - b 1@) (4.6)

for every compact set K.

The proof of Theorem 4.2 is provided in Section 6. It is based on Theorem 3.3, and a reduction of the
case of general A to open neighborhoods; reminiscent of arguments made in the proof of Cramérs theorem
Dembo and Zeitouni (2009).

4.4 Nonexistence of Strong Large Deviation Principle

We conclude the current section by showing that the weak LDP presented in the previous section is the

best one can hope for in our setting, in the sense that for any Lévy process X with a regularly varying Lévy

measure, X,, cannot satisfy a strong LDP; i.e., (4.6) in Theorem 4.2 cannot be extended to all closed sets.
Consider a mapping 7 : D — Ri that maps paths in D to their largest jump sizes, i.e.,

7(&) 2 (sup (&)~ &), sup (6(t-) =€)

te(0,1] te(0,1]

Note that 7 is continuous, since each coordinate is continuous: for example, if the first coordinate (the largest
upward jump sizes) of 7(§) and 7(¢) differ by e then d(&, () > €/2, which implies that the first coordinate is
continuous. Now, to derive a contradiction, suppose that X,, satisfies a strong LDP. In particular, suppose
(4.6) in Theorem 4.2 is true for all closed sets rather than just compact sets. Since 7 is continuous w.r.t.
the J; metric, 7(X,) has to satisfy a strong LDP with rate function I’(y) = inf{I(¢) : £ € D,y = 7(z)}
by the contraction principle, in case I’ is a rate function. (Since I is not a good rate function, I’ is not
automatically guaranteed to be a rate function per se; see, for example, Theorem 4.2.1 and the subsequent

remarks of Dembo and Zeitouni (2009).) From the exact form of I’, given by

I'(y1,y2) = (= I(y1 > 0) + (6 — 1)I(y2 > 0),

one can check that I’ indeed happens to be a rate function. For the sake of simplicity, suppose that
o= =2, and v[z,00) = v(—00, —z] = 2. Let JS' £ LQ: (T1)1y, 1 and Kst & LR (A1) 1y, 1) where
Q5 (y) £ inf{s > 0: nv[s,00) < y} = (n/y)l/2 and R (y) £ inf{s > 0 : nv(—o0, —s] < y} = (n/y)l/z.
The random variables T'; and A; are standard exponential, and Uy, V4 uniform [0, 1] (see also Section 6 for
similar and more general notational conventions). Note that Y,, = (jngl, f(fl) is exponentially equivalent
to 7(X,) if we couple 7(X,) and (JS!, KS1), using the representation of X, as in (6.4): for any § > 0,
P(|Y,—7(X,)| > 6) <P(Y, #7(X,)) =P(Qf (T'1) < 1 or R (A1) < 1), which decays at an exponential
rate. Hence,
log P(|Y, — m(X,)| > 9)

logn

— —00,

as n — oo, where | - | is the Euclidean distance. As a result, Y, should satisfy the same (strong) LDP as
7(X,). Now, consider the set A £ i ,[logk,o0) x [k~/2,00). Then, since [logk, o) x [k~1/2,00) C A
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for k > 2,

P(Y,€A) > JSUKSY) € [logn, 00) x [n_1/2,oo))
> nlogn, R (A1) > n1/2)

0\ /2 n \ /2
=P <F_1> > nlogn, (A_l) > nl/?

= (F1 < m) P(A; <1)

—(1— e mom?)(1 — e b).

—

=
-

-

Thus,
1
_ 1 1 —¢ nogmZ)(] —e !
limsupP(Y,, € A) > limsup og(l — e =€)
n—oo n—o0 logn
log —t— (1 — L)1 —e) (4.7)
> lim sup n(logn)? 2n(logn)? - _1
n—oco logn

On the other hand, since A C (0, 00) x (0, 00),

— inf  I'(y1,y0) = —2. 4.8
(y1,y2)€A (yl y2) ( )

Noting that A is a closed (but not compagt) set, we arrive at a contradiction to the large deviation upper
bound for Y,,. This, in turn, proves that X,, cannot satisfy a full LDP.

5 Applications

In this section, we illustrate the use of our main results, established in Section 3, in several problem contexts
that arise in control, insurance, and finance. In all examples, we assume that X,, (t) = X (nt) /n, where
X (+) is a centered Lévy process satisfying (1.1).

5.1 Crossing High Levels with Moderate Jumps

We are interested in level crossing probabilities of Lévy processes where the jumps are conditioned to be mod-

erate. More precisely, we are interested in probabilities of the form P (supte[m] [Xn(t) — ct] > a; SUP;¢o,1] [Xn(t) — X, (t—))]

We make a technical assumption that a is not a multiple of b and focus on the case where the Lévy process
X, is spectrally positive.

The setting of this example is relevant in, for example, insurance, where huge claims may be reinsured
and therefore do not play a role in the ruin of an insurance company. Asmussen and Pihlsgard (2005) focus
on obtaining various estimates of infinite-time ruin probabilities using analytic methods. Here, we provide
complementary sharp asymptotics for the finite-time ruin probability, using probabilistic techniques.

Set A= {¢eD: supyeo1][§(t) — ct] > a;supyep 1[§(t) — €(t—)] < b} and define j £ [a/b]. Intuitively, j
should be the key parameter, as it takes at least 7 jumps of size b to cross level a. Our goal is to make this
intuition rigorous by applying Theorem 3.1 and by showing that the upper and lower bounds are tight.

In view of Remark 2, we first check that A; N D; is bounded away from the closed set D¢;_; for some
6 > 0. To see this, it suffices to show that

1) supyepo,[§(t) — ()] < b and sup,¢(o 41[C(t) — ¢(t—)] > b imply d(&, () > %; and
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2) supyejo,y[(t) — ct] < a’ and sup,eo 1)[¢(t) — et] > a imply d(€, ) > %55

It is straightforward to check 1). To see 2), note that for any € > 0, one can find t* such that {(¢*) — ct* >
a —e. Of course, E(A(t*)) — cA(t*) < o’ for any homeomorphism A(-). Subtracting the latter inequality from
the former inequality, we obtain

Ct*) —ENEY) > a—a —e+c(t™ — AtY)). (5.1)

One can choose A so that d(&,() +¢€ > [|A—e| > A(t*) —t* and d((,€) +€ > || — Eo || = C(#*) — EA(E)),
which together with (5.1) yields

d(&,¢) >a—a —(c+1)e—cd(& Q).

This leads to d(¢, () > 35 _ by taking € — 0. With 1) and 2) in hand, it follows that ¢ (£) £ SuPyeo, 11§ (t) —

£(t—)] and ¢(&) & Sup;eo,)[§(t) — ct] are continuous functionals and As; C A(d), where A(9) £{ceD:
Supiepo,1[§(t) — ct] > a — (c+ 1)d;supyepo [§(t) — €(t—)] < b+ 36} Since & € A(5) ND; implies that the
jump size of & is bounded from below by (b+ 39)j — (a — (¢ + 1)d), one can choose § > 0 so that A(J) ND;
is bounded away from D,;_;. This implies that A5 ND; is also bounded away from D¢;_; for sufficiently
small § > 0. Hence, Theorem 3.1 applies with J(A) = j.

Next, to identify the limit, recall the discussion at the end of Section 3.1. Note that A = ¢; [, 00) N
¢y ' (—00,b] and

(x,u) € S ZZ 1T > a4 cmax;—y . U, MaXi—1,  jT; < b},

T (¢ Ha, 00) N gyt (= (5:2)
; :

(¢1 (av OO) n ¢2

/—/H/—/H

..........

We see that T]71(¢f1[a, 00) N ¢yt (—o00,b]) \ Tfl(qﬁfl(a, 00) N ¢y ' (—00,b)) has Lebesgue measure 0, and
hence, A is Cj-continuous. Thus, (3.5) holds with

Ci(A) =B [12{(0, 00 szUueA}

J
/ H[awi_o‘_ld:vidui] > 0.
(m,u)e’f’jfl(A) i=1

Therefore, we conclude that

P (t;ép”[mw ~et] 2 a; sup [Xa() = Xa(t-)] < b) ~ C;(A) ([, 00))’. (5.3)

In particular, the probability of interest is regularly varying with index —(a — 1)[a/b].

5.2 A Two-sided Barrier Crossing Problem

We consider a Lévy-driven Ornstein-Uhlenbeck process of the form
dY, (t) = —kdY, (t) +dX, (1), Y, (0) =0.
We apply our results to provide sharp large-deviations estimates for

b(n)=P (inf{Yn (t):0<t<1} < —a_,Y, (1) > a+)
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as n — 00, where a_,ay > 0. This probability can be interpreted as the price of a barrier digital option
(see Cont and Tankov, 2004, Section 11.3). In order to apply our results it is useful to represent Y;, as an
explicit function of X,,. In particular, we have that

Y, (t) = exp (—kt) (Yn (0) + /0 exp (ks) dX,, (s)> (5.4)
= X, (t) — kexp (—xt) /0 exp (ks) X,, (s) ds. (5.5)

Hence, if ¢ : D ([0, 1],R) — D ([0, 1], R) is defined via

6(6) (1) = £ (1) — mexp (—rt) / exp () € (s) ds,

then Y, = ¢ ()_(n) Moreover, if we let

A= {5 D it 6(6)(1) < —a0(6) (1) > a+},

then we obtain -
b(n) =P (X, €A).

In order to easily verify topological properties of A, let us define m,m : D([0,1],R) = R by m (&) =
info<i<1 £ (t), and m1 (€) = £(1). Note that 7 is continuous (see Billingsley, 2013, Theorem 12.5), that m
is continuous as well, and so is ¢. Thus, m o ¢ and 7 o ¢ are continuous. We can therefore write

A= (mo¢)™" (—o0,—a_] N (m 06) " [ar,00),

concluding that A is a closed set. We now apply Theorem 3.3. To show that ;¢ is bounded away
from (mo¢) " (oo, —a_], select 0 such that d (6,D;0) < r with 7 < a_/ (14 kexp (k)). There exists a
& € D, o such that d(0,£) < r and & satisfies £ (t) = Z;Zl w1y, 1) (t), with @ > 1. There also exists a
homeomorphism A : [0,1] — [0, 1] such that

tg%plll)\(t)—flv [(€oA) () =0 ()] < (5.6)

Now, define ¢ = 0 — (£ o A). Due to the linearity of ¢, and representations (5.4) and (5.5), we obtain that
¢ (0) (t) = (€0 N) () + ¢ (¢) (1)

= exp (—kt) Z exp (KA (1)) @il n—1 (uy),1) (8) + 0 (£) — K exp (—kt) /0 exp (ks) Y (s) ds.
j=1

Since x; > 0, applying the triangle inequality and inequality (5.6) we conclude (by our choice of r), that

0221(;5(0) (t) > —r(1+ kexp(k)) > —a_.

A similar argument allows us to conclude that Dy ; is bounded away from (m; 0 ¢)” " [ay,00). Hence, in
addition to being closed, A is bounded away from Dy ; UD; ¢ for any ¢ > 1. Moreover, let £ € AND;y 1, with

g(t) = 'rI[u,l] (t) - yI[v,l] (t)a (57)
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where > 0 and y > 0. Using (5.4), we obtain that £ € AN Dy 1, is equivalent to
y>a_, u>v,and z > apexp(k(l —u)) +yexp(—k (u—0)).

Now, we claim that

A°—{seD: in ¢<§><t><—a,¢<a><1>>a+} (5.8)

0<t<1
=(mog¢)~" (=00, —a_)N(m0¢) " (ar,).

It is clear that A° contains the open set in the right hand side. We now argue that such a set is actually
maximal, so that equality holds. Suppose that ¢ (§) (1) = a4+, while ming<;<1 ¢ (§) () < —a—. We then
consider ¢ = —d1;1y (t) with § > 0, and note that d (£, + 1) < 6, and

P (E+9) (1) = (&) (1) [jo,1) (B) + (ay —6) I1y (1),

so that £ + ¢ ¢ A. Similarly, we can see that the other inequality (involving a_) must also be strict, hence
concluding that (5.8) holds.
We deduce that, if £ € A° N Dy ; with £ satisfying (5.7), then

y>a_, u>v,z>arexp(k(l—u))+yexp(—k(u—v)).

Thus, we can see that A is C1 1 (+)-continuous, either directly or by invoking our discussion in Section 3.1
regarding continuity of sets. Therefore, applying Theorem 3.3, we conclude that

b(n) ~ nvin,co)nv(—oo, —n|Cy 1 (A)

as n — 0o, where

1 oo 1 e8]
Ci1(A) = / / / / Vo(dz) duvg(dy)dv.
0 Ja_ Jv Jagexp(k(l—u))+yexp(—r(u—v))

In particular, the probability of interest is regularly varying with index 2 — a — 3.

5.3 Identifying the Optimal Number of Jumps for Sets of the Form A = {¢ :
I <&<u}

The sets that appeared in the examples in Section 5.1 and Section 5.2 lend themselves to a direct character-
ization of the optimal numbers of jumps (7 (A), KC(A)). However, in more complicated problems, deciding
what kind of paths the most probable limit behaviors consist of may not be as obvious. In this section,
we show that for sets of a certain form, we can identify an optimal path. Consider continuous real-valued
functions ! and u, which satisfy 1(t) < u(t) for every t € [0, 1], and suppose that [(0) < 0 < u(0). Define
A={&:1(t) <&(t) <wu(t)}. We assume that both «, 8 < oo, which is the most interesting case.

The goal of this section is to construct an algorithm which yields an expression for J(A) and £(A4). In
fact, we can completely identify a function h that solves the optimization problem defining (7 (A), IC(A)).
This function will be a step function with both positive and negative steps. We first construct such a
function, and then verify its optimality. The first step is to identify the times at which this function jumps.
Define the sets

Ay & {2 1(t) <@ <)}, ALy 2 NozrzeAr,
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and the times (¢,,n > 1) by
tni1 = LAIf{t > ¢, : A, =0} for n>2, t1 2 1AIf{t>0:0¢ A}

Let n* = inf{n > 1:t, = 1}. Assume that n* > 1, since the zero function is the obvious optimal path in
case n* = 1. Due to the construction of the times ¢,,,n > 1, we have the following properties:

e Either I(t1) = 0 or u(t1) = 0.

e Foreveryn=1,...,n" =2, supycpy, 4,1 1(t) = infiepr,, 1, ult).
o Hyjip £ [Supte[tn*,l,tn*] 1), infiep, . 40 u(t)] is nonempty.

Set h, £ SUDte(t,, tnsa] I(t)forn=1,...,n* — 1, and set hy«_1 = hpy, for any hpi, € Hpin. Define now h(t)
asOont € [0,t1), h(t) =hpont € [ty,tnt1) forn=1,....,n* =2, and h(t) = hp=—1 ont € [t,+_1,1]. We
claim now that (J(A),K(A4)) = (F({h}),K({h})). In fact, we can prove that if g € A is a step function,
D4(g) > D4 (h) and D_(g) > D_(h), which implies the optimality of h. The proof is based on the following
observation. At each t,1, either

1) for any € > 0 one can find t € [ty41, tnt1 + €] such that u(t) < hy, or
2) for any € > 0 one can find ¢ € [ty11,tn+1 + €] such that I(t) > hy,.

Otherwise, there exists € > 0 such that h, € A¢_ 4., 4, contradicting the definition of ¢,, which requires
At tni1+e = 0. From this observation, we can prove that on each interval (¢,,t,1], any feasible path must
jump at least once in the same direction as that of the jump of h. To see this, first suppose that 1) is the
case at t,11, and g € A is a step function. Note that due to its continuity, I(-) should have achieved its
supremum at tsyp € [tn, tnt1], i-6., {(tsup) = hn, and hence, g(tsup) > hy. On the other hand, due to the
right continuity of g and 1), g has to be strictly less than h,, at t,t1, i.e., g(tnt1) < h,. Therefore, g must
have a downward jump on (¢sup, tnt1] C (tn,tnt1]. Note that the direction of the jump of h in the interval
(tn, tnt+1] (more specifically at t,11) also has to be downward. Since g is an arbitrary feasible path, this
means that whenever h jumps downward on (t,,%,+1), any feasible path in A should also jump downward.
Hence, any feasible path must have either equal or a greater number of downward jumps as h’s on [0, 1].
Case 2) leads to a similar conclusion about the number of upward jumps of feasible paths. The number of
upward jumps of h is optimal, proving that h is indeed the optimal path.

5.4 Multiple Optima

This section illustrates how to handle a case where we require Theorem 3.4, and consider an illustrative

example where a rare event can be caused by two different configurations of big jumps. Suppose that the

regularly varying indices —« and —f for positive and negative parts of the Lévy measure v of X are equal,

and consider the set A £ {¢ € D : |[£(t)] >t — 1/2}. Then, argmin G.k)ez? Z(j,k) = {(1,0),(0,1)}, and
Dj,xNAZD

D«i1,0 = Do,1 = Dogyo. Since |£(1)] > 1/2 for any £ € A, d(A,Dgo) = 1/2 > 0. Theorem 3.4 therefore

applies, and for each € > 0, there exists N such that

(Clim(A° ND1g) — €) Ly (n) + (Crm(A° NDo1) — €)L_(n)

P(X,cA) > i ;
ne—

— (Olﬁm(Ai n DI,O) =+ E)LJr (n) =+ (Olﬁm(Ai N DO,I) =+ E)L,(n)

P(X,€A)< e ,
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for all n > N. Note that A is closed, since if there is £ € D and s € [0,1] such that |£(s)] < s — 1/2,
then B(¢, W) C A°. Therefore, A~ NDy o= ANDy o ={{ =l 2 >1/2,0<u < 1/2}, and
hence, C1,0(A™ NDy ) = P(U;r € (0,1/2])va[1/2,0) = (1/2)17. Noting that A° N Dy 2 (ANDy,)°
{€=alp 2 >1/2,0 <u < 1/2}, we deduce Cpo(A° NDy) > P(Uy € (0,1/2))r0(1/2,00) = (1/2) .
Therefore, Clyo(Ao N DLO) = 0110(A7 N DLO) = (1/2)170‘. Slmllarly, we can check that Coyl(Ao N ]D)()_’l) =
Co1(A~ NDgy) = (1/2)P (= (1/2)'~%). Therefore, for n > N,

((1/2)' = = (Ls(n) + L_(n))n' = < P(X, € 4) < ((1/2)" + )(Lo(n) + L_(m))n' .

el

This is equivalent to

-« e e j et
(l> < lim inf P(Xn € 4) < limsup P(Xn € 4) < (1> .

2 W (L (n) + L)t = s (T (n) + L ()= = \2
Hence,
, P(X, € A) ('
nll—{réo (Ly(n)+ L_(n))nt— B (2) '
6 Proofs

Section 6.1, Section 6.2, and Section 6.3 provide proofs of the results in Section 2, Section 3, and Section 4,
respectively.

6.1 Proofs of Section 2
Recall that Fs = {x € S: d(x, F) <4} and G0 = ((G®)5)°.

Proof of Lemma 2.1. Let G be an open set bounded away from C so that G C (S\ C)~7 for some v > 0.
For a given ¢ > 0, due to the assumed asymptotic equivalence, P(d(X,,Y,) > d) = o(e,). Therefore,
liminfe, "P(Y, € G) > liminf e, 'P (X, € G~°,d(X,,Yy,) <9)
=liminfe, ! {P (X, € G™°) =P (X, € G7°,d(X,,,Y5) > 0) } 61)
=liminf ¢, 'P (X, € G~°)

n—oo

> (G

Since G is an open set, G = [Jsoo G~°. Due to the continuity of measures, lims_,o u(G~%) = pu(G), and
hence, we arrive at the lower bound
liminf e, 'P(X,, € G) > u(G)
n—00
by taking § — 0. Now, turning to the upper bound, consider a closed set F' bounded away from C so that
F C (S\C)~" for some v > 0. Given a § > 0, by the equivalence assumption, P(d(X,,Y,) > ) = o(e,).
Therefore,
limsupe, 'P(Y,, € F) =limsupe, ' {P (Y, € F, d(X,,,Y,,) <) + P (Y, € F, d(X,,,Y,) > 6)}
n—r oo n—oo
<limsupe,' {P (X, € F5) + P (Y, € (S\C) 7", d(X,,Y,) > 0)}
= limsupe, ' P (X, € Fs)
n—00

< u(Fs)
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as far as § is small enough so that Fs is bounded away from C. Note that {Fs} is a decreasing sequence
of sets, ' =[5 Fs (since F'is closed), and p € M(S \ C) (and hence p is a finite measure on S\ C" for
some r > 0 such that F5 C S\ C" for some ¢ > 0). Due to the continuity (from above) of finite measures,
lims_,o p(Fs) = p(F). Therefore, we arrive at the upper bound

limsupe, 'P(X, € F) < u(F)

n—oo

by taking § — O. O

Proof of Lemma 2.2. The argument is identical to the proof of Lemma 2.1, except for the last inequalities of
(6.1) and (6.2). To see the last inequality of (6.1), note that one can pick » > 0 such that G=°NSyNC, = 0,
and G~2 N CS is an open set bounded away from C. Hence
liminf e, 'P(X, € G7%) =liminfe,'P(X, € G °NSy) = liminfe, 'P(X, € G2 NSy NCS)
n—oo

n—oo n—oo

=liminfe, 'P(X, e G2NCE) > u(G°NCS) = u(G° NCENSy)

n—00

= u(G™° NSo) = u(G™0),

which validates the last inequality in (6.1). To validate the last inequality of (6.2), since Fs NSy is also
bounded away from C,

limsupe, 'P(X,, € F5) = limsupe,, '"P(X,, € FsNSp) < limsupe,'P(X, € F5sNSy)

n—r oo n—r oo n—oo

<u(FsnNSo) = u(FsNSo NSo) < pu(Fs5NSo) = p(Fs) = pu(Ey).

For a measure x on a measurable space S, denote the restriction of u to a subspace O C S with uq.

Proof of Lemma 2.3. We provide a proof for d = 2 which suffices for the application in this article.
The extension to general d is straightforward, and hence, omitted. In view of the Portmanteau theo-
rem for M-convergence—in particular item (v) of Theorem 2.1 of Lindskog et al. (2014)—it is enough
to show that for all but countably many » > 0, (uS) X ‘LL512))|(§1XSZ)\((ClXSZ)U(Slxcz))r(') converges to
(1) X 1), x5\ ((C1 x82)U(S1 x Ca)) (+) Weakly on (S xS2)\ ((C1 xS2)U(S1 xC2))", which is equipped with
the relative topology as a subspace of S; XS3. From the assumptions of the lemma and again by Portmanteau
theorem for M-convergence, we note that NS) s;\c; converges to p IS1\C] weakly in S; \ C7, and ,ugf) IS2\C5

converges to u(2)|S2\C§ weakly in So\ C} for all but countably many r > 0. For such r’s, MS) IS1\C X MS") 1S2\C}

converges weakly to p(!) IS1\CT x ) 52\, in (S1\CF) x (S2\C5). Noting that (S; xS2)\ ((C1xS2)U(S1xC2))"
coincides with (S; \ Cf) x (Sp\ C3), and puM g \cr x g, c; and uﬁﬂ)‘gl\cl X uﬁf)‘&\(& coincide with
(1D % 1 ®)) (8, x82)\ ((C1 x52)U(E1 xCs))r and (1) x Mg))uslxsz)\((clxs2)u(s1xcc2))m respectively, we reach the
conclusion. (]

Proof of Lemma 2.4. Starting with the upper bound, suppose that F' is a closed set bounded away from
Ni~o C(i). From the assumption, there exist 7o, ..., 7, such that F C ;" ,(S\ C(¢)"*), and hence,

P(X, € FN(S\CH)™)) enli) <hmsupz P(X, eF\C() 1) enld)

P
lim sup ———= (Xn 0 < lim sup Z

n—o00 €n ( ) n—oo T, ('L) (O n—oo ) fn(O)
— lim sup P(Xn GEF('O\)C(O)TO) 0) (F \ (C(O)TO) < M(O)(F)
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Turning to the lower bound, if G is an open set bounded away from (., C(i),

lim inf 7P(Xn €G) > liminf P(X, € G\ C(0),)

n—o0 en(O) n— o0 en(O)

> 1(G\ C(0),).

Taking r — 0 yields the lower bound.
Finally, for any given 7 > 0 we pick 7g, . .., 7m so that (7", C(i),, € Nit, C(i)?" C (N2, C(5))". Then,

HOE\ (OZ.CEH)) < WOE\ ,C),,) < liminr T2 EUmaS1C0r)

n— 00 en(())

< ilimsup P(X, € S\ C(@)"?) eni) < p9(S\ C(0)/?) < cc.
i=0

n—roc €n(7) €n(0)

Therefore, u(® € M(S\ N, C(7)). O

Proof of Lemma 2.5. The proof is an easy adaptation of the proof of Result 2 based on the fact that
Oh~Y(A’) €S\ C for some r > 0 due to the assumption, and the fact that h=1(A4’) C h=1(A") N Dy N
0Sp. O

Proof of Lemma 2.6. The continuity of h is well known; see, for example, Whitt (1980). For the second
claim, it is enough to prove that for each j and k, h™'(A) C D x D is bounded away from D; x Dy
whenever A C D is bounded away from D; ;. Given j and k, let A C D be bounded away from D ;. To
prove that h=1(A) is bounded away from D; x Dy by contradiction, suppose that it is not. Then, for any
given € > 0, one can find £ € D and ¢ € D such that d(§,D;) < €/2, d(¢,Dx) < €/2, and £ — ¢ € A.
Since a time-change of a step function doesn’t change the number of jumps and jump-sizes, there exist
& € D, and ¢ € Dy such that ||€ — &'||oc < €/2 and || — ('||oc < €/2. Therefore, d(§ — ¢, & — (') <
16— Q) = (€' = Voo < 1€ — €lloo + I — Cllow < e. From this along with the property d(¢’ — ¢', Dy ;) = 0,
we conclude that d(§ — ¢,D; ) < e. Taking e — 0, we arrive at d(A,D; x Di) = 0 which is contradictory
to the assumption. O

Proof of Lemma 2.7. From (i) and the inclusion-exclusion formula, p, (U~ 4;) = p(Ui~, A;) as n — oo
for any finite m if A; € A, is bounded away from C for ¢ = 1,...,m. If G is open and bounded away from C,
there is a sequence of sets A;,i > 1 in A, such that G = [J;2, A;; note that since G is bounded away from

C, A;’s are also bounded away from C. For any € > 0, one can find M, such that ,LL(UiAiel Ai) > Q) — e,
and hence,

M. M.
lim inf 11,(G) 2 liminf 2, (| A;) = u(Ul Ai) > p(G) —e.

n—o00 |
i=1

Taking ¢ — 0, we arrive at the lower bound (2.2). Turning to the upper bound, given a closed set F', we
pick A € A, bounded away from C such that F* C A°. Then,

w(A) —limsup p, (F) = lim p,(A) + liminf(—p, (F))
n—oo n—oo n—oo
= liminf(p, (A) — pn(F)) = liminf g, (A\ F)
n—oo n—oo
> liminf i, (4°\ F) > p(4° \ F)
n—oo
— u(A) - u(F).
Note that pu(A) < co since A is bounded away from C, which together with the above inequality establishes
the upper bound (2.2). O
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6.2 Proofs of Section 3

This section provides the proofs for the limit theorem presented in Section 3. The theorems are based on

1. The asymptotic equivalence between the target object X,, and the process obtained by keeping its
j largest jumps, which will be denoted as JS$7: Proposition 6.1 and Proposition 6.2 prove such
asymptotic equivalences. Two technical lemmas (Lemma 6.1 and Lemma 6.2) play key roles in
Proposition 6.2.

2. M-convergence of J$/: Lemma 6.3 identifies the convergence of jump size sequences, and Proposi-
tion 6.3 deduces the convergence of JSJ from the convergence of the jump size sequences via the
mapping theorem established in Section 2.

Lemma 6.4 collects properties of D; useful throughout this section.

Recall that X, (t) 2 X (nt) is a scaled process of X, where X is a Lévy process with a Lévy measure v
supported on R, . Also recall that X,, has It representation

X, (s) = nsa + B(ns) + /

lz[<1

z[N([0, ns] x dz) — nsv(dz)) —|—/ xN([0, ns] X dx), (6.3)

|z[>1

where N is the Poisson random measure with mean measure Lebxv on [0,n] X (0, 00) and Leb denotes the
Lebesgue measure. It is easy to see that

Nr

T2 Y QL) 2 [ N (0.ms] x do),

-1 |z|>1

where I} = E1 + Fo + ... + Ej; E;’s are i.i.d. and standard exponential random variables; U;’s are i.i.d.
and uniform variables in [0,1]; N,, = N, ([0,1] x [1,00)); Ny = 3212 8,0+ (1)) Where ;) is the Dirac
measure concentrated on (z,y); Qn(z) £ nvfz,00), Q5 (y) £ inf{s > 0 : nv[s,00) < y}. Note that N, is
the number of I';’s such that T'; < nv;", where v;” £ v[1,00), and hence, N,, ~ Poisson(nv;"). Throughout
the rest of this section, we use the following representation for the centered and scaled process X,, = }LX :

X (s) Lz %J (s) + B(ns) ! /| - z[N([0,ns] x dz) — nsv(dx)] — (ufvih)s. (6.4)

Proof of Theorem 3.2. We decompose X,, into a centered compound Poisson process J,,, a centered Lévy
process with small jumps and continuous increments Y;,, and a residual process that arises due to centering
Z,. After that, we will show that the compound Poisson process determines the limit. More specifically,
consider the following decomposition:

n(s) +

D

_l’_
Y, (s) £ / ([0,ns] x dz) — nsv(dzx)],

3|}—l "<|

3|}—‘

N

_ 1 n

Jn(s) £ - Z(Q:(Fz) — ), 1) (),
=1
N’Vl

Zn(5) & — ZM Ly, 1(s — s

(6.5)
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where pf £ + f xu (dz). Let JA@ = l j 1 @5 (T1)1jy, 1) be, roughly speaking, the process obtained

by just keepmg the ] largest (un- centered) jumps of J,,. In view of Lemma 2.1 and Proposition 6.3, it
suffices to show that X, and J$ ]I are asymptotically equivalent. Proposition 6.1 along with Proposition 6.2
prove the desired asymptotic equivalence, and hence, conclude the proof of the Theorem 3.2. O

Proposition 6.1. Let X, and J,, be as in the proof of Theorem 3.2. Then, X,, and J, are asymptotically
equivalent w.r.t. (nu[n, oo))J for any j > 0.

Proof. In view of the decomposition (6.5), we are done if we show that P(||Y,|| > ) = o ((nv[n,0))~7)
and P(||Z,,|| > §) = o ((nv[n,00))™7). For the tail probability of [|¥,|],

P[ sup |V, (t)] > 5]
t€(0,1]

< P{ sup |B(t)| > n5/2] —I—P{ sup
te[0,n] te[0,n]

/| - [N ((0,t] x dz) — tv(dx)]

> n6/2}

We have an explicit expression for the first term by the reflection principle, and in particular, it decays at a
A

geometric rate w.r.t. n. For the second term, let Y'(t) = f\w\<1 [N ((0,t] x dx) — tv(dz)]. Using Etemadi’s
bound for Lévy processes (see Lemma A.1), we obtain

P [ sup
te[0,n]

/ - [N ([0,t] x dz) — tv(dx)]

> n6/2}

<3 sup P[|Y’(t)| > n5/6}
t€[0,n]

<3 sup {P [|Y'(m)| > 715/12} +P [|Y'(t) —Y'([t])] > na/UH

t€[0,n]

<3 sup P[|Y (1£])] >n5/12} +3 sup P[|Y'(t)_y'(m)| >n5/12}
t€[0,n] t€[0,n]

=3 sup P{|Y’ |>n5/12] +3 sup P{|Y()| >n5/12}

1<k<n t€[0,1]
k
=3 sup P{ Z{Y’ (i — 1)}‘ > n5/12] +3 sup P[|Y’(t)| > n5/12}
1<k<n t€[0,1]

Since Y'(i) — Y'(i — 1) are i.i.d. with Y'(¢) — Y'(i — 1) £ Y'(1) = f|m|§1 z[N((0,1] x dz) — v(dx)] and
Y’(1) has exponential moments, the first term decreases at a geometric rate w.r.t. n due to the Chernoff
bound; on the other hand, in the proof of Lemma 5.1 of Lindskog et al. (2014), the second term is proved
to be bounded by % for any m. Therefore, by choosing m large enough, this term can be discarded.
For the tail probability of ||Z, ||, note that Z,, is a mean zero Levy process with the same distribution as
w (N(ns)/n — v{s), where N is the Poisson process with rate vj". Therefore, again from the continuous-

time version of Etemadi’s bound, we see that P(||Z,|| > §) decays at a geometric rate w.r.t. n for any
d>0. O

Proposition 6.2. For each j > 0, let J,, and jfj be defined as in the proof of Theorem 3.2. Then, J,, and

JSI are asymptotically equivalent w.r-.t. (nv[n, oo))g
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Proof. With the convention that the summation is 0 in case the superscript is strictly smaller than the
subscript, consider the following decomposition of J,,:

1 a1

ST E -~ ZQ;L_(FI)I[UL,IM S n Z_“fl[Uh”’
=1 =1

o M = [ ’

Tl =~ > (@5 (M) = )y, Ry 2 ~I(Ny < j) > (@TT) = wD)lw, .
I=j+1 l:Nn-‘rl

so that
Jn=JS + IS+ T2 — R,
Note that P(||J$7|| > 6) = 0 for sufficiently large n since ||| = ju1/n. On the other hand, P(|| R, | > 6)
decays at a geometric rate since {||Ry,|| > 6} € {N,, < j} and P(N,, < j) decays at a geometric rate. Since
P([J77]1 = 6) < P(I177]] = 6.Q5 (T;) = ny) + P(lJ77]] = 6,Q5 (T';) < ny), Lemma 6.1 and Lemma 6.2
given below imply P(|[J7]| > &) = o ((nv[n,00))?) by choosing v small enough. Therefore, JS/ and J,
are asymptotically equivalent w.r.t. (nv[n,cc))’. O

Define a measure u((xj ) on Rfi by

J 00
M((IJ) (dxy,dxg,---) £ H Va(dxi)]l[mlzm22...zzj>o] H do(dx;), ve(x,00) =2~%
i=1 i=j 41

where dg is the Dirac measure concentrated at 0.

Proposition 6.3. For each 7 > 0,
(nvln, o0)) 7jP(JA§j €)= C;(")
in M(D\ Dgj—1) as n — oo.

Proof. Noting that (15 x Leb)oT5:"' = 0 and P(J&7 € -) = P(((Q (T0)/n,1 > 1), (U, 1 > 1)) € T; (),
Lemma 6.3 and Corollary 2.1 prove the first claim. O

Lemma 6.1. For any fized v > 0, § > 0,and j > 0,
P {|[777]l 2 6,Q5 (T3) = nv} = o ((nv[n, 00))) . (6.6)

Proof. (Throughout the proof of this lemma, we use p; and v; in place of uf and v respectively.) We

start with the following decomposition of J.>7: for any fixed \ € (O, T

N
1 &
Il = - > (@5 (Th) = ) 1w, 1y
I=j+1
- j7[lj+1,m/1(1+>\)] _j7[11\~/n+1,nu1(1+)\)]H(Nn <nv(1+N) +j7[1nvl(1+)\)+l,]\~fn]H(Nn > (1 + \)),
where
b ol L)
o bl A
Tt & - z—z(:w(Q:(Fl) = 1)Ly, 1)
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Therefore,
P {||l7;7] = 6,Q5 (T;) = n7}

<P ( ]ﬂg“mw(lﬂﬂ H > §/3,Q5(T;) > m) +P (Hj,gﬁﬁlv"w(l“)l H > 5/3) +P (Nn > (1 + )\))
= (i) + (i) + (iid).

Noting that

[N L (1)) H < (11 (14+X) = Ny, /n)p1 — recall that N, is defined to be the number of I’s
such that Q% (T';) > 1, and hence, 0 < Q¢ (T;) < 1 for I > N,, — we see that (ii) is bounded by

. N, J
_ >§/3) =P —< -
P((1(1+X) = No/n)u 2 6/3) =P (nul =i+ 3V1u1> 7

which decays at a geometric rate w.r.t. n since N, is Poisson with rate nr;. For the same reason, (iii) decays
at a geometric rate w.r.t. n. We are done if we prove that (i) is o ((nv[n,0))?). Note that Q“( i) > ny
implies @, (ny) > T';, and hence,

(14X ) (14X )
Z (Q T =T+ Qn(ny) — p1) Ly, 1y < Z (Qf () — 1) 1, 1)
I=j+1 l=j+1
(14+X)nwn
< Y (@ @—Ty) —m)lw,
I=j+1

Therefore, if we define

A £{Q (1)) > nv},
(14+XN)nvy
B, 24 if Y (Q (T =T+ Qu(ny) = 1)Ly, () < —nd o,
el S5
(14+X)ne
By&S sup > (Q (T —T5) — )y, qy(t) > nd »
tel01] 25

then we have that
(i) <P(A, N (B, UBy)) <P(A,NB,) +P(A, N B,) =P(A,)(P(B,) + P(By,))

Due to Lemma 6.4 (c) and Proposition 6.3, P(4,) = P(JS € (D \ Dg;_1)7/2) = O ((nv[n, 00))?), and
hence, it suffices to show that

(14+XN)nvy
P< sup Z (Q;—(Fl —-T;) - ,Ul)l[Ul,l] (t)<ndp —1, (6.7)
te(0.1] 550
and
(I4+X)nwy
POoint S (@i (M= T+ Qulmy) = i)l (1) = —nd b = 1. (6.8)
T l=5+1
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for any fixed v > 0. Starting with (6.7)

(1+X)nwn
Poosup > (Qy (T =T5) — )L,y
tef0.1] 5
(14+XN)nvy—j
=P¢sup Y (QE (M) = pm)lyyt) <n
t€l0,1] =1
(14+XN)nvy—j ~
>PS sup Y (Qy (1Y) = pa) 1w, () < né, Ny < (14 Ny — j
t€l0,1] =1
Nn ~
>P osup Y (Q5(Ty) — ) L, yy(t) < nd, Ny < (14 Mnwy — j
tel0,1] ;5
Nn ~
>P S}lp] Z (Qi (Ty) — p1) 1, 1y(t) <nd) p — P {Nn > (14 Nny —j} .
tef0.1] 7=

The second inequality is due to the definition of Q5 and that p; > 1 (and hence Q; (I';) — 1 < 0 on
I > Ny), while the last inequality comes from the generic inequality P(ANB) > P(A) —P(B¢). The second
probability converges to 0 since N is Poisson with rate nv;. Moving on to the first probability in the last
expression, observe that ZN” (Qi (1) — 1) 1(y,,1 () has the same distribution as the compound Poisson
process ZZ 1 (D — p1), where J is a Poisson process with rate vy and D;’s are i.i.d. random variables with
the distribution v conditioned (and normalized) on [1,00), i.e., P{D; > s} = 1 Av[s,00)/v[l,00). Using
this, we obtain

sup Z — )1y, 1 (t) <nd

te0,1] 1=,

=P { sup i(Dl —p1) < n5} (6.9)

1<m<J(n) |

ZP{ sup Z(Dl—ul)gné,J(n)§2m/1}

1<m<2nv; =1

ZP{ sup i(Dl—ul)gné}—P{J(n)>2m/1}

1<m<2n1; -1

The second probability vanishes at a geometric rate w.r.t. n because J(n) is Poisson with rate nyy. The first
term can be investigated by the generalized Kolmogorov inequality, cf. Shneer and Wachtel (2009) (given
as Result 4 in Appendix A):

P ( max 3 °(Dy ) 2 n6/2> < BV (noj2)

1<m<2nu 4o (nd/2)?
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where V(z) = E[(D; — 1) 11 — 2 < Dy < py + 2] < p? + E[D?; Dy < py + x]. Note that

Vs, 00)
v[1,00)

1 w1+
E[D? D) < py + 2] = / 2sd8+/ 2s ds
0 1
2
=1+ (u1+l‘) “L(p1 + ),

for some slowly varying L. Hence,

— < >1- — >
P <1S7r71112§(nu1 ;(Dl p1) < n5> >21-P (Kglgcml ;(Dl p1) > n5/2> —1

as n — oo.
Now, turning to (6.8), let v, £ Qn(nv).

(I4+X)nwy
P{oinf > (Qy (T =T+ Qn(ny)) — )1, 1(t) > —nd
te0,1] 1511
(I+M)nv1—j
=P it Y QT+ yn) — )l ) = —nd

=1

(I4+XN)nv1—3

P nf >0 QT+ ) = ) (6) 2 —nd, By > 7
=1

(I4+XN)nv1—j
teﬂ[%fl] > (@ (Ti+ Eo) — )1, 1(t) = —né, By > v
=1
{ (14+XN)nvi—j+1
)

inf Z (Q:? (Fl) - /Ll)l[Uz,l] (t) > _navrl > Tn

te[0,1] =

(14+XN)nv1—j+1

inf > Q4 (T — ) L) = —nd ¢ — P{T1 < 7}

te[0,1] =

= (4) = (B),

where Ej is a standard exponential random variable. (Recall that I'; L2 FE+E+---

+ E;, and hence

(I + Ep, Ul) (Tit1, Ul) (Ti41,Ui4+1).) Since (B) = P {1 < v,} — 0 (recall that v, = nv[ny, oo

31



v is regularly varying with index —a < —1), we focus on proving that the first term (A) converges to 1:

(14+XN)nv1—j+1
(A)=P teif(l)fl] > (@) = )l y(t) > —nd
’ =2
(I14+XN)nv—j+1

>P{ inf () — p)l t) > —nd, N, < (1+ A —j+1
> telf(l).,u ; (Qn(l) Ml) [,,1)(t) > —no, < (A4 Mnvy -5+

ei][%fu —(Q5 (1) = )1, () > —nd/3,

N,
>P tei%fl] Z (Qf (Ty) — pa) 1y, () > _n5/3,t
=1

(14+XN)nv—j+1

. o - - »
dnf, | %: 1 (Q (X)) = 1)1y, 1y (t) > —néd/3, Ny < (L+ Ny —ji+1
=No+t

Nn
>P tei%f:u ; (@5 (T1) = pa) 1w, (1) > —nd/3, o +P{Qy (T1) — 1 < nd/3}

(14+XN)nvy—j+1
+PS b T QM) m) () > —nd/3 +P{ Ny < (L4 N —j+1} -3
I=N,+1
= (AD) + (AII) + (AIII) + (AIV) — 3,

The third inequality comes from applying the generic inequality P(AN B) > P(A) + P(B) — 1 three times.
Since N,, is Poisson with rate nuvq,

N N, i—1
(AIV):P{Nng(1+/\)nu1—j+1}:P I R S
nry nry

For the first term (AI),

Nn
(Al) =P té[%fl] (@5 (T1) = )1y, 1y(t) > —nd/3
A4
Nﬂ
=P{ sup > (1 — Q5 (T) 1y, y(t) < nd/3
tel0,1]1 71

= P{ sup i(ul - D)) < n5/3} ,

1<m<J(n) |5

where D; is defined as before. Note that this is of exactly same form as (6.9) except for the sign of D;, and
hence, we can proceed exactly the same way using the generalized Kolmogorov inequality to prove that this
quantity converges to 1 — recall that the formula only involves the square of the increments, and hence,
the change of the sign has no effect. For the second term (AII),

(AID) > P{T'y > Qu(nd/3+ p1)} — 1,
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since @n(nd/3 + p11) — 0. For the third term (AIII),

(14+XN)nv—j+1
= 1 e - >_
M) =P 4t 3 @50 - )l > -
=Nn+

te[0,1] —
I=N,+1
(14+XN)nvy—j+1

>P (1 — 1) < nd/3

(14+XN)nv—j+1
>PQ oinf Y (1= )y, y(t) > —nd/3

I=N,+1

> P{( = 1)((1+ N — j — Ny +1) < nd/3}

since A < This concludes the proof of the lemma. O

s
3v1(p1—1)°

Lemma 6.2. For any j >0, 6 >0, and m < oo, there is vo > 0 such that
P {[|777]| > 6,Q5 (T;) < nyo} = o(n™™).

Proof. (Throughout the proof of this lemma, we use p; and v4 in place of p” and v, respectively, for the
sake of notational simplicity.) Note first that @ (I';) = oo if j = 0 and hence the claim of the lemma is
trivial. Therefore, we assume j > 1 throughout the rest of the proof. Since for any A > 0

P {||737]| > 6, Q5 (T)) < nv}

N - )
= N, j
< > (1)) — S(T) <y, = e | .
<P l:jH(Qn (T0) = p) 1y, 11|| > nd, Q, (L) < ny, s € LWI 1+ /\} (6.10)

+P{&¢ {L,ljt)\]},
nry nry

and P {7]5—1;; ¢ {L, 1+ /\}} decays at a geometric rate w.r.t. n, it suffices to show that (6.10) is o(n™"™)

nvy

for small enough v > 0. First, recall that by the definition of Qf (-),
Qn(@)=s <= 2<Quls)

and

nw(Qy (z),00) < o < n[Q (x), 00).
Let L be a random variable conditionally (on Nn) independent of everything else and uniformly sampled
on {j+1,j+2,...,N,}. Recall that given N,, and I'j, the distribution of {I'j+1,Tj12,...,T'5 } is same
as that of the order statistics of N,, — j uniform random variables on [[';, nv[l,00)]. Let D;,1 > 1, be
i.i.d. random variables whose conditional distribution is the same as the conditional distribution of Q{ (T'z)

given N,, and T';. Then the conditional distribution of Zfi’}+l(Qn(Fl) — 1)1y, 1) is the same as that of
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i\inl—j(Dl — p1)1y, 1. Therefore, the conditional distribution of HZZJ\QZH(Qn(Fz) - /‘1)1[Uz71]H is the

same as the corresponding conditional distribution of sup,,,, .5 j S (D — ul)‘. To make use of this
in the analysis what follows, we make a few observations on the conditional distribution of @y, (T'z) given
I'; and N,,.

(a) The conditional distribution of Qf (T'r):
Let ¢ = Q (T;). Since I'z, is uniformly distributed on [T';, @, (1)] = [I';, nv[1, 00)], the tail probability
is

P{Qy (Tr) 2 5|0, N} = P{T'1 < Qu(s)|T;, Nn} = P{I', < nvfs,00)[T;, Ny}

I < nvfs,00) — T T, N,
nv[l,00) —T'; — nv[l,00) =T

~ nv[s,00) =T
- nv[l,00) =T

for s € [1, ¢|; since this is non-increasing w.r.t. I'; and nv(g,00) <T'; < nv|g, 00), we have that

4l

)

Vs
1

Q

V[57Q) — N
V[Lq) S P{Qn (I‘L) Z S|FJ7N71} S I/[

=B

(b) Difference in mean between conditional and unconditional distribution:
From (a), we obtain

fin 2 B[Q5 (L), N, € [1 n /j 59) 41 4 /j k) ds} ,

V[l q) V[l q]
and hence,
o v[L,q) [° Vs, 00)ds — v[1,00) [{' V[s, q)ds
=l = Lo )
y v[1,q] floo v[s, o0)ds — v[1, 00) flq v(s, qlds
v[1,00)r[1,q] '
Since
v[L,q) [ Vs, 00)ds — v[1,00) [{'V[s, q)ds
v[1,00)v[1,q)
_ v[g,0) . fqoo v[s, 00)ds _ v]g, o) flq Vs, 00)ds
"o YT T Moopllg)
and

v[l,q) floo v[s,00)ds — v[1,0) flq vls,q)ds 3 v[1,q] floo v[s,00)ds — v[l,00) flq v]s, qlds
v[l,00)v[1,q) v[1,00)v[1,q]
v{q} ((q —1)v[l,00) + fqoo v[s,00)ds + flq vls, oo)ds)
- VL oo)(v[Lg) + v{a}) |

we see that |u; — [in| is bounded by a regularly varying function with index 1 — « (w.r.t. ¢) from
Karamata’s theorem.
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(¢) Variance of Qf (I'z): Turning to the variance, we observe that, if o < 2,

1 q ) q
E[Q (D.)2|T;. N, < [ 2sds+2 vlsidl ;o oy —/ ds =1+ ¢ °L 11
[Qn( L) | VE ]_/0 sas + /1 Sl/[l,q] s< 1+ 1/[17(1] ) SV[S,OO) S +q (q) (6 )

for some slowly varying function L(-). If a > 2, the variance is bounded w.r.t. g.

Now, with (b) and (c) in hand, we can proceed with an explicit bound since all the randomness is contained
in q. Namely, we infer

N < .
. N, [
P[> @ @) -l ST <my, e |14
< 5 1(Qn ( l) Hl) [U1,1] > n67 Qn ( ) ny, n, € |:TLV17 )\:| )

N ~ .
X N,
= E (@5 (Ty) = 1)Ly, 1y|| > nd, T > Qu(ny), — € [—j 1+ )\]
=11 nry nrq

o0

N, .
. ~ —
=B P( POICIDEVAITN IRt Fj,Nn>;rszn<m>,n—yle [—@H}

- nvy
:JJ,»l

(o 30
1<m<Np,—j =1

By Etemadi’s bound (Result 5 in Appendix),

o0

. N, ]

> nd

nry

P max >nd| i, N,

<l<m<Nn —j z; J )

<3 max P(Z > nd| T N) (6.12)
1<m<N, =

<3 max P ) >nd
< 1<m<Nn{ (}: )

r;,N, ) +P (i(ul — D)) >nd

=1

)

and as |D; — [i,,| is bounded by ¢, we can apply Prokhorov’s bound (Result 6 in Appendix) to get

<zm: ) >né|T;, N )
Pj,Nn>

1
- Dl >nd — m(ul lln)
< - Dl > no — nul(l + )\)(/Ll lln)
=1

7 EMs

(S

I /\

T, Nn>

n(6—vy1 (A+N) (k1 —An))
2q

IN

( qn(d — (L4 A)(m — ﬂn))>_
mvar (Qf (I'z))

IN

n(6—v1 (4N (k1 —An))
( nv1(1+ Nvar (Q5 (T'y)) ) 2
=11+ A) (1 — fin))

35



n(6—v1(1+2)a' =¥ Lo (a)

(A (146~ L1 (@) e ~
(=) fax<2

n(6—v1 (1+X)a! =¥ Lo (a)

v1(1+X)C 2q .
(qw—m(fﬂ)qlf%z(q))) otherwise,

for some C > 0 if m < (1 4+ A)nvy. Therefore, there exist constants M and ¢ such that ¢ > M (ie.,
I'; < Qn(M)) implies

P <zm:(ul —Dy) = né

=1

Fj) < c(ql—a/\2)§—§
and since we are conditioning on ¢ = @} (I';) < nv,

C(ql—a/\2)g—§ < C(ql—a/\2)%
Hence,

P<Z<u1—pl>zna ) (@i () —)

=1

With the same argument, we also get

p <zm:(Dz—#1) >nd|T; ) < e (QL (1) —on2)

=1

Combining (6.12) with the two previous estimates, we obtain

P max
1<m<N,— —J

onT'; > Qn(ny), N, —j<nn(l+X),and I'; < Q,(M). Now,

m

2D

=1

o
8y

T, N><60(Q“( P s

> nd

m

2D

p< -

1<m< N, —j [

< E{P< e zf;(Dl — 1)
+P(T; > Qn(M))

< B [6e (@) (1)) % | + P(T; > Qu(M)

< B[6c(Q) (1)'*2)% Q5 (Ty) = ] + P (Q5 (1)) < n”) + P(T; > Qu(M))

E > no

nry

wv) L) Qulny) & 2 e [L,HA]

> no

Fijn>;Fj > Qn(n’}/); n—IZ € |:ni,1+/\:| ;Fj < Qn(M>]

IA
=)

c

nB(l—a/\2))g 4+ P (I‘ > Qn(nﬂ)) “+ P(FJ > Qn(M))

< 6¢ (
for any 8 > 0. If one chooses 3 so that 1 — a3 > 0 (for example, 5 = ) the second and third terms vanish
at a geometric rate w.r.t. n. On the other hand, we can pick ~y small enough compared to §, so that the
first term is decreasing at an arbitrarily fast polynomial rate. This concludes the proof of the lemma. [

B(1- a/\2)) +P (T; > (n'*L(n))) + P(T; > Q.(M)),
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Recall that we denote the Lebesgue measure on [0, 1]*° with Leb and defined measures ug ) and ,ug ) on
Rfi as
J 00
,ugf)(da:l, desy,...) 2 H Vo (d2i) iz, >00>. >2,>0] H do(dx;), va(x,00) =2a"%,
i=1 i=j+1
where §g is the Dirac measure concentrated at 0.

Lemma 6.3. For each j > 0,
(nv[n, 00)) TP[((Qf (1) /n, 1 = 1), (Uil 2 1)) € ] = () x Leb) (")
in MR % [0,1]°) \ (Hg;—1 x [0,1]™)) as n — co.
Proof. We first prove that
(nv[n, 00) P((Q5 (1) /n 1 > 1) € ] = p) () (6.13)

in I\/JI(IRfLOi \ Hg;—1) as n — co. To show this, we check the cases j =0, j = 1, and j = 2 for convergence-
determining class of sets A; = {{z € Riw P Xy < 21, < zip ol > jixn,., x> O}, instead of
checking for all j’s. To see that 4; is a convergence-determining class for I\/JI(IRfLOi \ Hg,_1)-convergence,
note that .A; 4 {{z € Rfi 1<z <y, x <z <yr:l>gx,...,m > O} (where y;’s are allowed
to assume oo) satisfies conditions (i), (ii), and (iii) of Lemma 2.7, and hence, is a convergence-determining
class. Now define A;(i)’s recursively as A;(i + 1) £ {B\ A: A, B € A;(i),A C B}, A;(0) = A;. Since
we restrict the set-difference operation between nested sets, the limit associated with the sets in A; (¢ + 1)
is determined by the sets in A;(i), and eventually, A;. Noting that A} C ;2 A;(i), we see that A; is
indeed a convergence-determining class.

Now starting from j = 0, since z’ (dxi1,dza,...) = [[;2; do(dx;), we see that P[(Qf ([)/n,l > 1) €
(z e R .z < 2 }] =PIQ5 (T))/n>a] = P[Ty < Qu(na)] = (1 — e @) 5 0= D ({z e R 1 2 <
z1}) for z > 0, and P[(QF (T))/n,l > 1) € Rfi] =151=p (Rfi) confirming that the limit for the
sets in Ap indeed coincide with the limit in (6.13). For j = 1,

(nv[n,00))"'P[Q; (T1)/n > z] = (nv[n,00)) 'P[[y < Qu(na)] = (nw[n, 00) 7} (1 — e~ @ ("))

~ (nv[n,00)) tQn(nx) = % — 27 = vu(z, 00).

On the other hand, we have

(nv[n, 00)) ' PIQy (T1)/n > z,Qy (T2) /n > y
1

= (nv[n,00)) " Pl < Qn(nx),I's < Qn(ny)]

< (nv[n, 00)) TPz < Qu(na) V Qn(ny)]

< (mln, 00)) TPz < Qu(na Any)]

= (nv[n, 00)) (1 — e~ @nnzAny) _ Qn(nz A ny)e_Q"("I/\"y))
< (nv[n, 00)) "M (Qn(nw Any) — Qu(na Any)(e” "))
< (nwln, 00)) " (Qu(na A ny))?

= (nv[n, 00)) *(nv[n(z Ay),00))? — 0.
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For j = 2, first consider the case z >y > 0O:
P[Q;, (I'1)/n >z, Q) (I'2)/n > y]
=PIy < Qn(n), T2 < Qu(ny)] =1 — e — Qp(na)e” )
~ Qu(nz) — Qn(n2)?/2 + O(Qn(n2)*) — Qu(nz) (1 — Qu(ny) + O(Qn(ny)*))
= Qn(n2)Qn(ny) — Qu(nz)*/2+ O(Qn(n2)’) + Qun(nz)O(Qn(ny)?).
Therefore,
(nvln, 00)) *P[Q5 (I1)/n > 2, Q5 (T2)/n > y]
~ (nv[n, 00)) 2 (nv[nx, 00))(nv[ny, 00)) — (nv[n, 00)) " 2(nv[nz, 00))? /2
+O((nv[n, 00)) 7 (nv[nz, 00))?) — (nvfn, 00)) ~* (nw[na, 00))O((nv[ny, 0c))?))
ST 27222 = Dz e RV 2 > 1, 20 > ).
Similarly for y > x > 0,
(nv[n, 00)) 2P[Q (T1)/n > 2, Q5 (Ta)/n > y] =y~ 2%/2 =P (2 e RV : 2y >z, 25 > y).

For x >0,y >0, 2> 0,

(nv[n, 00)) *P[Qy (T1)/n > ,Q;7 (T2)/n >y, Q5 (Is) > Z]

< (nv[n, ) "2P[[s < Qu(nz) V Qu(ny) V Qu(n2)]

— (nvfn, 0)) 2P[[s < Qu(n(w Ay A 2))]

- [n,00))~2(1 — e~ @n(n(zAyAz)) _ Qn(n(z Ay A Z))G—Qn(n(mym))
— Quln(a Ay A 2))2em Q0D )

(nv

From the Taylor expansion of e=%, i.e., e™% = 1 —x + 22/2 + O(a?),

(nv[n, 00)) *PQy (I1)/n > z,Qy (T2)/n >y, Qi (Is) > 2]
= (n[n, 00))20(Qu(n(z Ay A 2))*)
= (nv[n, 00)) 20((nvn(z Ay A 2),00))?) = 0.

From (6.13), the independence of T';’s and U,’s, and Lemma 2.3, the conclusions of the lemma follows. O

Lemma 6.4. Suppose that x1 > --->x; > 0; u; € (0,1) fori=1,...,5; 51 > -+ >y > 0; v; € (0,1) for
t=1,...,k ui,...,uj,v1,...,v; are all distinct.

(a) For any e > 0,
{x € G d(z,y) < (1+€)d impliesy € Gy CG° C{x € G :d(x,y) <6 implies y € G}.
Also, (ANB)s C AsN Bs and A= UB™°% C (AUB)™° for any A and B.
(b) Zgzl Tilpy,1) € (]D)\]D)gj,l)f‘s implies xj > 9.
(c) 25:1 Tilpy, 1) & (D\ Dgjo1) ™% implies z; < 26.

(d) Zgzl Tily, 1) — Zle Yilpw, 1) € (]D)\]D)q-,k)*‘s implies x; > § and yi > 6.
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(e) Suppose that & € D . Ifl < j orm <k, then £ is bounded away from Dy .
(f) IfI1(§) > (e —1)j + (B — 1)k, then & is bounded away from D UD; .

Proof. (a) Immediate consequences of the definition.

(b) From (a), we see that Y7 z;1,, 1) € (D\Dg;—1)~° and Zz;ll wilpy,,1) € Dgj—1 implies d( 25:1 i1, 15
Ef;ll xil[ui)l]) > 9, which is not poss1ble if x5 < 6.

(c) We prove that for any € > 0, 25:1 2ilp, 1) € (D\ Dgj—1)7% implies z; < (24 €)d. To show this, in
turn, we work with the contrapositive. Suppose that x; > (2 +€)d. If d(zj 1%l ,6) < (1+¢€/2)0, by
the definition of the Skorokhod metric, there exists a non-decreasing homeomorphism ¢ of [0, 1] onto itself
such that || EJ 12l 1) — Co @lle < (14 €/2)d. Note that at each discontinuity point of Y7, i1, 1,
¢ o ¢ should also be discontinuous. Otherwise, the supremum distance between Ei:l Til[y, 1) and (o ¢
has to be greater than (1 + €/2)d, since the smallest jump size of Y 7_, i1y, 1) is greater than (2 + €)d.
Hence, there has to be at least j discontinuities in the path of ¢; ie., ¢ € D \ Dg¢;j—1. We have shown
that d(>°7_; zilp,1),¢) < (1 + €/2)0 implies ( € D\ Dg;_1, which in turn, along with (a), shows that

>y @il € (D\Dgj1)™° _
(d) Suppose that >>7_; @ilp, 1) = Simy Uil € (D\ D) ™0 Since 72 @ilp, 1 — Sy ilp,. ¢

D\D<j,/€7
j k j—1 k
zj > dgp (Z Tilpy, 1] — Zyil[vi,lp inl[ui,l] - Zyil[vi,1]> 2.
=1 =1 =1 =1

Similarly, we get yi > 0.

(e) We omit a detailed proof of (e) since it is almost identical to the proof of (c); roughly speaking, the
distance between & and any element in D ,,, is at least half of i) the smallest upward jump size of £ in case
[ < j, or ii) the smallest downward jump size of £ in case m < k.

(f) Note that in case I(§) is finite, D4 (§) > j or D_(£) > k. In this case, the conclusion is immediate
from (e). In case I(§) = oo, either D1 ({) = oo, D_({) = o0, £(0) # 0, or £ contains a continuous non-
constant piece. By containing a continuous non-constant piece, we refer to the case that there exist ¢; and
to such that t; < to, £(t1) # £(t2—) and £ is continuous on (¢1,t2). For the first two cases where the number
of jumps is infinite, the conclusion is an immediate consequence of (e). The case £(0) # 0 is also obvious.
Now we are left with dealing with the last case, where £ has a continuous non-constant piece. To discuss
this case, assume w.l.o.g. that £(t1) < {(t2—). We claim that d({,D; ) > % Note that for any
step function ¢,

1€ = ¢l = [€(t2=) = C(t2=)[ V [€(E1) = C(t1))]

> (E(ta—) = ((t2=)) V (C(t1) = &(t1))

> {(€6tm) 600 - ((tam) - <)}

> ety e - X (0 -c-))
te(t,t2)

> %{(5@—) —€(n) - 2D ~ I},

where the fourth inequality is due to the fact that || — (|| > % for all t € (t1,%2). From this, we get

§(ta—) — &(t) > §(ta—) — &(t1)

A NG ES (RS VI
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for ¢ € Dj . Now, suppose that ¢ € D; ;. Since (o¢ is again in D; ;, for any non-decreasing homeomorphism
¢ of [0,1] onto itself,
§(ta—) —&(t1)

A60) 2 >0

which proves the claim. O

6.3 Proofs for Section 4

Recall that

I(e) & (a = 1)D4(§) + (B —1)D_(&) if £ is a step function with £(0) =0
(€)= 00 otherwise

Proof of Theorem 4.2. Observe first that I(-) is a rate function. The level sets {£ : I(§) < z} equal
U (Lm)ez? Dy, and are therefore closed—note the level sets are not compact so I(-) is not a good
(a=1)I+(B-1)m< |z

rate function (see, for example, Dembo and Zeitouni (2009) for the definition and properties of good rate
functions).

Starting with the lower bound, suppose that G is an open set. We assume w.l.o.g. that infecq 1(§) < oo,
since the inequality is trivial otherwise. Due to the discrete nature of I(-), there exists a £&* € G such that
I(¢*) = infeeg I(£). Set j 2 Dy(€) and k = D_(£*). Let uf,... ,u;L be the sorted (from the earliest to

the latest) upward jump times of £*; 27, ... ,azj be the sorted (from the largest to the smallest) upward
jump sizes of £*; u, ..., u, be the sorted downward jump times of {*; z1,...,z, be the sorted downward
jump sizes of £*. Also, let ,T;L_H =, =0, uar =u, =0, and u;rH =u,,; = 1. Note that if ¢ € I, for
I < j, then d(&*,¢) > x;L/2 via a similar argument as in the proof of Lemma 6.4 (a). Likewise, if ¢ € Dy,

for m < k, then d(¢*,¢) > x, /2. Therefore, d(D<;,&*) > (x;r Az )/2. On the other hand, since G is

an open set, we can pick &y > 0 so that the open ball Be« 5, = {¢ € D : d((,€) < o} centered at £* with
radius Jp is a subset of G—i.e., Be» 5, C G. Let § = (69 A a:j Nz )/4. If j =k =0, then & = 0, and
hence, {X,, € G} contains {||X,|| < &} which is a subset of B¢ 5. One can apply Lemma A.1 to show that
P(X,, € G) converges to 1, which, in turn, proves the inequality. Now, suppose that either j > 1 or k > 1.
Then, d(Be¢+ 5,D<jr) > 6. As d(Bg+s,Dejr) > 0 and Be+ 5 is open, we see from our sharp asymptotics
(Theorem 3.2) that

Cjk(Bers) < linrr_l)ioréf(nu[n, 00)) 7 (nv(—o0, —n]) ¥ P(X,, € Be- ).
From the definition of C} j, it follows that C;(Bg+ 5) > 0. To see this, note first that we can assume w.lL.o.g.
that :Ejt’s are all distinct since G is open (because, if some of the jump sizes are identical, we can pick €
such that B¢« . C G, and then perturb those jump sizes by € to get a new £* which still belongs to G' while
whose jump sizes are all distinct.) Suppose that £* = >7_, :v;; Lty — Zle xl_f L) where {i}, ... ,ij[
are permutations of {1,...,5}. Let 28’ £ S AAT AAT AAL AAL, where A = ming—1 11 (uf —ul ),
AF =min,_y (x| —2f), A, =min;—1_gy1(u; —u; ), and A, =min;—;__x(2; , —2; ). Consider
a subset B’ of B« s:

J k
S — .
S DITEITRNED SN

=1 =1
v;r IS (u:r—é’,u;r—l—(s/),y;r € (a::r —5’,17?4—5’),1': 1,...,7;

K3 2

vy € (uj — & u; +0'),y; € (x; =8, 2] +4'),i= 1k}
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Then,
Cjk(Be5)
> Cjk(B') = (o X o X Leb x Leb) o T; 1 (B')

dLeb - / dvg,
(u1+—6’,u;r+5’)><m>< (u;—é’,u;-{-é’) (mf—&’,mf—i—é’)x»»»x (w;—é’,w;r—i-é’)

/ dLeb / dvg
(uy =8 uy +6") XX (uy —6",u;, +0") (g =0" @y +0")x X (x, =6z, +0")

> (26')7 (26" (1)) (28")* (26" (27)")* > 0.
We conclude that

log P(X,, € G) log P(X,, € Be+5)

lim inf > lim inf
n—00 logn n—00 logn
; X J _ _n\k
> lim inf 28(Cik (Be 5) (w[n, 00))? (nv(~c0, —n)*(1 + o(1))) (6.14)
n—00 logn

=—((@=1)j+ (8 - 1)k),

which is the lower bound. Turning to the upper bound, suppose that K is a compact set. We first consider
the case where infeci I(€) < oo. Pick &%, j and k as in the lower bound, i.e., I(¢*) £ infeex I(€),
j 2 Dy(€), and k 2 D_(¢*). Here we can assume w.l.o.g. either j > 1 or & > 1 since the inequality is
trivial in case j = k = 0. For each ¢ € K, either I(¢) > I(£*), or I(¢) = I(£*). We construct an open cover
of K by considering these two cases separately:

o If 1(¢) > I(£*), ¢ is bounded away from D;; UD;, (Lemma 6.4 (f)). For each such (’s, pick a
d¢ > 0 in such a way that d(¢,D<;jx UD;x) > d¢. Set j¢ £ j and k¢ £ k. Note that in this case
Cjc»kc (B<15<) =0.

o If I(¢) = I(£%), set jo = Dy(¢) and k¢ = D_(¢). Since they are bounded away from D, k.
(Lemma 6.4 (e)), we can choose d; > 0 such that d(¢(,D<;j. x.) > d¢ and Cj r (B¢,s.) < 0o.

Consider an open cover {B;s. : ¢ € K} of K and its finite subcover {Bgi;gci }i=1,...m. For each (;, we apply
the sharp asymptotics (Theorem 3.5) to Bci;% and repeat a similar argument to (6.14) to get

i IOgP(Xn € BC'L;(;Q) < 1) Nk, — —J(*
im sup Tog < (a=1)j¢, + (B = ke, = —1(£7).
Therefore,

log P(X, € F log 321", P(X,, € Be,s,
lim sup o An € F) ( €F) < lim sup 82 =1 ( < ’541)
n—o0 10gn n— o0 lOgTL

log P(Xn S BCN;Q)

= max limsup

i=1,...om p—soo logn
< —J(E)=—inf I
< —I(£) Jnf (),

completing the proof of the upper bound in case the right-hand side is finite.
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Now, turning to the case infecx I(§) = oo, fix an arbitrary finite real number m. Then, Dy, is
bounded away from each ¢ € K. A similar but simpler argument as for the case of finite infimum, one can
show that _

log P(X,, € K
limsup 28 PER€E)
n—oo logn

Taking m — oo, we arrive at the upper bound. O
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A Inequalities
Result 4 (Generalized Kolmogorov inequality; Shneer and Wachtel (2009)). Let S, = X1 +---+ X, be a
random walk with mean zero increments, i.e., EX; = 0. Then,

nV(x)
2

3

P(max Sy > z) <C
k<n

where V(x) = E(X?; | X1| < ), for all z > 0.

Result 5 (Etemadi’s inequality). Let Xi,..., X, be independent real-valued random variables defined on
some common probability space, and let a« > 0. Let Sy denote the partial sum S = X1 + -+ + Xg. Then

P( max |Sg| > 3a) < 3 max ]P’(|Sk| > a).
1<k<n 1<k<n

Result 6 (Prokhorov’s inequality; Prokhorov (1959)). Suppose that &;, i = 1,...,n are independent,
zero-mean random variables such that there exists a constant ¢ for which || < ¢ for i = 1,...,n, and
Yo varg; < oo. Then

- T . xc
P <;€Z > x) S exp {—% arCSlnhm} y

~ cx ~3
i <Ef ”) = (Z?_lvar@) |

Lemma A.1 (Etemadi’s inequality for Lévy processes). Let Z be a Lévy process. Then,

which, in turn, implies

]P’( sup |Z(t)| > 5) <3 sup P(|Z(t)] > 6/3).
t€[0,n] t€[0,n]

Proof. Since Z (and hence |Z| also) is in I, supy<j<om |Z(2£)| converges to SUPeo,n) |Z(t)] almost surely

as m — oo. To see this, note that one can choose t;’s such that |Z(t;)| > supe(o . [Z(t)] —i~". Since

{t;}’s are in a compact set [0,n], there is a subsequence, say, t;, such that t; — ¢¢ for some ¢y € [0, n].
The supremum has to be achieved at either ¢, or to. Either way, with large enough m, supy<;<om |Z (Z5)]
becomes arbitrarily close to the supremum. Now, by bounded convergence,

P{ sup |Z(t)|>6}: lim P{ sup Z(n—k)’>6}
t€[0,n] m—oo  |o<k<am | 2™
= lim P{ su zk: <Z(”—i) _ iz 1))> >
m—oo OSkSpT" et 2m 2m
< lim 3 sup P zk:<2(”—i)—2(”(i_1))> >5/3

= lim 3 sup P{'Z(”—j)‘>5/3}

m—r oo 0<k<2m 2
<3 sup P{|Z(t)| > 6/3}, (A1)
telo,n]
where Z(t) £ 0 for t < 0. O
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List of Notations

(S, d): complete separable metric space
Fs2{xeD:d(z,F) <6}
G0 2 (G)5)°

A°: interior of A
A~ closure of A
0A = A~ \ A°: boundary of A

v: regularly varying Lévy measure with index —a and —f3
ie., v[n,00) =n"*Ly(n) and v(—oo0, —n] = n"PL_(n)
Li(n) =n%[n,o0)

L_(n) = nPv(—o0, —n]

X: Lévy process with Lévy measure v
X, (t) = X(nt)

Xn(t) = %Xn(t) —ta — pi vt or X,(t) = %Xn(t) —ta— (uy vy —pyvp )t

l,m) € ZZ\A{(j.k)} : (a = I+ (B —1)m < (= 1)j + (B — 1)k}
Im)eZ? : (a—1)l+(B-1)m=(a—1)j+ (8- 1)k}
Lejr = {(l,;m) € 23 : (a = )l + (B = 1)m < (= 1)j + (8 — 1)k}
Ie(yrgn) = {155 1a) € ZEN{ (s -+, 3a)} - (aa=D)li4- -4 (aa—1)la < (a1 =1)j1+- -+ (aa—1)ja}
J>(j1 7777 ja) = {(ll, cee ,ld) S Zi : (al—l)ll—I—- . -+(ad—1)ld > (al—l)jl—i—- . -+(ad—1)jd}U{(j1, cee ,jd)}

R, : set of non-negative real numbers
Z: set of non-negative integers

Rfiz{xeszxl > a9 > ...}
Rﬁ:{l'ERiLZ;ClZJJgZ...Z!Tj}
Hj:{l'ERf‘LZJJj>O,LL'j+1:O}
ng:{xERfJ’:xjH ZO}

D = D([0, 1], R): real-valued RCLL functions on [0, 1]

DT: subspace of D consisting of non-decreasing step functions vanishing at 0

D;: subspace of D consisting of non-decreasing step functions vanishing at 0 with j jumps
D; 1: subspace of D consisting of step functions vanishing at 0 with j upward jumps and k downward
jumps

Dgj = Uogzgj D

De; = 0<i<j Dy

Dejr = (Im)El;k D,

Dy = Uumer, , Di X Dm

Djr = Umyer_, , Dim

Dejk = U(z,m)el<<j,,c Di,m

Ctyonta) = Uiy (D71 x Doy, x DA~7)
d: Skorokhod metric on D([0, 1], R)
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S = {(z,u) € RZ} x [0,1)7 : 0,1, uq,...,u; are all distinct}
S; ={(z,u) € Rfi x [0,1]%:0,1,uq,...,u; are all distinct}
Ty : S; — D; defined by Tj(z,u) = S7_, Tily, 1)

Ty : S — D defined by Tp (@, u) = 31" iy, 1)

Vo(x,00) = 27¢
vl restriction (to Rf ) of j-fold product measure of v,

Ui, Vi: i.i.d. uniform random variables on [0, 1]

Ci()=E [Vé{y € (0,000 : 0 yiljy,) € '}}
ijk(') = E|:V<JJ-¢ X V]g{(xay) € (ano>j X (O,oo)k : E‘zjzl xil[Ui,l] - Zle yzl[vhl] S }:|

v =v[l,00)

pi o= U11+ 1, )IV(dz)

v =v(—o00,—1]

ny Vll, f( oor—1] zv(dr)

D4+ (&): number of upward jumps of £ € D
D_(&): number of downward jumps of £ € D

j(A) = infgg]n)lmA D+(§)
Z(j,k) = (a—=1)j+(B-1)k
(J(A), K(A)) = argmin (; )52 L(j, k)

Dj,kNAFD

1) 2 { (a—=1)Dy(&) + (B—1)D_(&) if £ is a step function with £(0) =0

] otherwise
d(x,y): Dirac measure concentrated on (x,y)

Qn(x) = nvjz, o)

Qy (v) = inf{s > 0: nv[s,00) < y}
N, = N, ([0,1] x [1,00))

Nn =322 10w,Q5 (1)

Tn(s) = S0 Qi ()L, 1)(s) = [, 2N (0, n5] x da)
I1=F1+E+...+F

FE;’s are i.i.d. standard exponential random variables
U’s are i.i.d. uniform variables in [0, 1]

_ Nn

To = & 3021 (Q (T0) = i)y
T8 = X0 My

Tl =150 =il

. N,
Jn>J = %Zl:jJrl(Q:l_(Fl) - Nf)l[Ul,l]a

Ry = JI(Nn < 5) X5 (@i (T) = 1)1, v,
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