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Abstract

A source of light is placed d inches apart from the center of a
detection bar of length L > d. The source spins very rapidly, while
shooting beams of light according to, say, a Poisson process with rate
A. The positions of the beams, relative to the center of the bar, are
recorded for those beams who actually hit the bar. Which law best
describes the time-average position of the beams that hit the bar given
a fixed but long time horizon t? The answer is given in this paper
by means of a uniform weak convergence result in L,d as t — oc.
Our approximating law includes as particular cases the Cauchy and
Gaussian distributions.

2000 Mathematics Subject Classification:

1 Introduction

The following physical mechanism is motivated by a construction of the
Cauchy distibution that is discussed in Ross [6], Section 5.6.3 (see also Feller
[2]. A source of light is to be placed at d inches of distance from the center
of a screen (or a bar) of L inches of length. Whenever the source is well
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calibrated, it spins very rapidly, and at exponential inter-arrival times the
source of light shoots beams of light. We think that the source of light is
not far apart from the bar, thus it is natural to ask that 0 < d < L. The
exponential times have mean 1/ and occur one after another in an i.i.d.
(independently and identically distributed) fashion and independently of the
light generator. The shoot of light travels in straight line and is detected
only when it hits the screen. At this point, the exact location of the hit — as
measured by the distance to the center of the screen — is recorded. So, for
instance, if an observer is behind the screen, facing the source, and a beam
is detected 3 inches to the right of the center, then the location is equal to 3
and if a beam is detected 3 inches to the left of the center then the location
is equal to -3.

Suppose, for the sake of an argument, that an experimenter is interested
in testing if the source is well calibrated. In order to do this he plans to run
the experiment up to a long time t so that a large number of measurements
are recorded. Note that without loss of generality, by taking the distance to
the center as the length units, we work with the normalized length of the bar
M :=L/d > 1, so that we take now d := 1. If the source is well calibrated,
the distribution of the average position will be centered around zero. The
experimenter’s job is simply to test the hypothesis that the source is well
calibrated. One possibility for the experimenter is to choose a confidence
interval around the mean to test this hypothesis. In such case, how should he
choose a distribution to compute the confidence interval? Due to the Central
Limit Theorem (CLT), one choice could be normal. Nevertheless, if the size
of the bar M is very large (which could easily occur if the experimenter
places the source of light very close to the center of the bar) the Gaussian
approximation implied by the CLT is not a good choice. To see this in an
extreme case simply think of the case M = oo, in this situation the recorded
positions are distributed Cauchy and therefore the CLT is not applicable.

Our main contribution is to characterize a family of random variables
that approximates in distribution such average position regardless of the
size of the bar M as long as the time t is chosen large enough. The precise
mathematical statement is given in Theorem 1 below. We show that the
correct family of approximating distributions depends on the relative sizes
of the time horizon and the length of the bar (or equivalently the distance
to the center of the bar). Suitable relationships between various parameters
in our family allow to recover the Gaussian or the Cauchy distribution.

The rest of the paper is organized as follows. In Section 2 we present the
precise mathematical description of our model and introduce our approxi-
mate family of distributions. The main result and its proof are in section



2 The Model and Main Result

We first provide a mathematical description of the model under consider-
ation. Then, we will introduce our family of approximating distributions
together with some of its basic properties. Finally, we present the main
result and its proof.

2.1 The Model

We now proceed to describe a mathematical model for the experiment as-
suming that the source of light is well calibrated. According to the descrip-
tion given in the Introduction we see that the source shoots beams of light
according to a Poisson process with rate A. Equivalently, one can think
of the source of light shooting a generic beam according to the following
mechanism. First, pick a point, say ©, uniformly at random from the cir-
cumference of radius one, centered at the source of light and then shoot
the beam to the selected point. The beam will reach the bar if and only if
© € (—7/2,7/2) and if Tan(O) € [-M, M] — the range of © has been taken
assuming that the observer looks the experiment from the top with the bar
on the right hand side and the source to the left. A beam of light reaches
the bar with probability

ay = PO€ (—n/2,7/2),Tan(O) € [-M, M])
= P(Tan(©) € [-M,M]|© € (—7/2,7/2)) x 1/2
P(|Z| < M) x1/2,

where the random variable Z, corresponding to the value of T'an(©) given
that © € (—m/2,7/2), is distributed Cauchy. Throughout the rest of our
discussion we shall use Z to denote a generic Cauchy random variable.

Using the Thinning Theorem (see e.g. [5]), we can model the arrival
process of the beams that do hit the bar according to a Poisson process
(N (t) : t > 0) with parameter Aajy. Since the source spins very rapidly we
can regard each of the beams of light as i.i.d. and independent of the Poisson
process. If we use X ,i\/[ to denote position of the k-th beam detected on the
screen, then for all z € R, P(XM < z) = P(Z < z|Z € [-M,M]). In
particular, the density of X ,?/[ is given by

i 1(Js) < M)
7 (1 4 22) arctan (M) — arctan (—M)’

fxpr (@) = (1)
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In [4] one can find properties of this truncated random variable, such as the
moments.
Now, let Y; be the accumulated sum of locations observed, i.e.

(t)
k=1

hence the time average position, which is our object of interest, takes the
form Y, = Y;/t.

Another study of scaled sums of truncated random variables can be found
in [1].

2.2 The Approximating Law

From the CLT for compound Poisson process (see e.g. Whitt [9]) we have
that o
Y, B tl/QYt

t1/2/\1/2a}\//[20M )\1/2@]1\//[201\4

where 0%, := Var (X]1) (here = stands for weak convergence or conver-
gence in distribution). Hence, under the conditions mentioned above, the
normal distribution would be appropiate to approximate the distribution
of Y, for large values of ¢. In particular, the result stated in (3) provides
rigorous support for the formal approximation

= N (0,1) as t — oo, (3)

- D A/ Qa}\faM
L= 1172
where N (0,1) denotes a standard Gaussian random variable.
On the other hand, if M = oo, Y; is the compound Poisson sum of i.i.d.

N(0,1),

Cauchy random variables and one can easily verify that % = Z ast —,

which provides rigorous support for the approximation Y g VA

So, how can one characterize a family of distributions that can approxi-
mate the distribution of Y; uniformly in M as long as ¢ is large? Our main
result provides an answer to this question. The approximation is given in
(7) below. However, we first, need to define our approximating family of
distributions, which comes from the limiting behavior of a suitable scaled
version of (2).

Proposition 1 Consider the time average

- N(E) 5 M)
T im kK (4)



where, for each t > 0, the set {Xfw(t), Xéw(t) ...} s a sequence of truncated

Cauchy random variables as in (1) such that M(t) = kt with 0 < kK < 00,
and {N(t), t > 0} is a Poisson process with parameter \/2. We have that
Y = Z(k), where Z(k) is a symmetric random variable with characteristic
function given by

Eexp (i02(x)) = exp (” / " (‘W) dy) . (5)

Tk y

Proof. We notice first that

Eexp (iG?t) = exp <2)\t <¢M(t) (Zf) — 1>> ,

where ¢y (i0) := Eexp (i@X,i\/[(t)) However

Kkt .
2)\/ (exp <20x> — 1> —tdxz
ket t T (14 22) ps

20 (621 (i6/1) — 1)

” 0y) — 1 f 0y) — 1
— 2)\/ (eXp (,L 22/)2 )thy — 2)\/ (expz(Z y)2 )dy
fnﬂ-(l—l_yt)pmf fnﬂ-(t_ +y)pfit
2\ " cos(fy) — 1
= — — 2 dy.
et ) (24 y2) Y

cos(fy—1)

Notice that the integrand is bounded by 2

the Dominated Convergence theorem

INE (s (i0/1) — 1) — 2 / (C()S(Hyg_l) dy

—r Y

which is integrable. By

and therefore

— " Oy) — 1
FEexp (i@Yt) — exp <2)\/ <cos(yg> dy> .
—K Y

By Lévy’s continuity theorem Y; = Z (k) where Z(x) is a random variable
with characteristic function given in (5). Since the characteristic function is
real valued, then Z is symmetric. m

Definition 2 We say that W is distributed according to an Averaged Condi-
tioned Cauchy with Changing Threshold distribution with parameter By, 1 >
0 denoted via W := W (Bq, 1) ~ ACT (B0, B1) if

B1
Bexp(ioW) = exp(6n [  leos(0y) 1)/ ).



Remark 3 The corresponding random variable is a particular case of a
family introduced, via the characteric function, in [7]. The authors in [7]
refer to these distributions as truncated stable distributions, although our
terminology seems appropiate in view of Proposition 1.

We now show some basic properties of the the ACT r.v.

Proposition 4 Suppose that W (5o, 31) ~ ACT (0o, f1). Then,

i) W is symmetric and infinitely divisible.

i) W(Bo, b1) = BoZ as p1 — o0.

i) If Bo = 1/(261) then W (8o, 1) = N (0,1) as 1 — 0.

i) W has an infinitely differentiable density. Moreover, if fé];) (1) denotes
the k-th derivative of the density of W, then we have that

00 k 1/ .
< 2/ exp(—206ofc1) |6 d0+2/ exp(—280516%c2) |0]” db,
0

e

1/B1
where ¢ = fol 1= COS( )dy € (0,00) and ¢y = 1nf0<z<1ffz 1= ifsu €
(0, 00)
Proof. i) Since sin(y)/y? is an odd function, then
B1
Eexp(i0W) =:exp<¢m'/fﬁ3[exp<i9y>——1}/y2dy>. (6)
—M1

Thus the measure v(dy) := dy/y? is such that [, min(y? 1)r(dy) < oo,
hence (6) can be written as the characteristic function of a infinitely divisi-
ble random variable, see e.g. [8], Section 1.2.4. The fact that is symmetric
can be seen from Proposition 1.

ii) Notice first that cos(fy) = cos(|f|y) always, and by the change of
varible z = |0y,

51 51
exp(— Lo /[3 [1 — cos(0y)]/y*dy) = exp(—LBol6| /ﬁ [1 — cos(z)]/xdx).

Hence, by letting 81 — oo, the integral converges and we end up with the
characteristic funtion of the Cauchy random variable.

iii) Recall first that [cos(Ay)—1]/y2 = L+ T8+ . then, if Gy = 1/(261)
and ;1 — 0, we end up with the characteristic function of N(0,1):

B 92 3 94
o [ foston) = 1y = o (2015 + 250 G ) = 2
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iv). It suffices to show (due to properties of the Fourier transform, see
for instance [8], Section 3.8.4, p.188) that

7wl .

for all k € {1,2,...}. This follows easily since

© B1 cos(lf]y)—=1 4 x4 B1 1=cos(8y) 4
/ o l=o = y|9|kd9:2/ e o do” T g k gy
0

—0o0

0 51
Eexp(io)] [0 a8 = [~ exp(y [ [cos(6]9)-11/y%dy) 01" db < o
—b1

_ 2/00 —2800 fo [1—cos(u)]/udu |9‘k do
0

00 081 1—cos(u)
— 2 //ﬂ 672/809 fO 1 7’“2 du |9‘k de
1

1/’81 081 1—cos(u)
+2 / e 200 ot =p T du g1k g,
0

Now, we have that

o0

S 051
2/ eXp(—QﬂOO/ [1—cos(u)]/udu) |0]* d < 2/ exp(—288c1) |0]* do
1/81 0 1/41

and
1/p 051
2/ exp(—2ﬁ09/ [1 — cos(u)]/udu) |6]" do
0 0
1/p1 1 661 X
~ 9 / exp(— 200 — / (1 — cos(u)]/u2du) |0]* 6
0 051 Jo
1/61
< 2 / exp(—200616%) 0]" db,
0

which concludes the proof. m

3 The Approximating Result

In order to describe our result we introduce g(z) = P(U < x) = min(max(0, z), 1),
where U is uniformly distributed in the interval [0, 1]. Then we let

1 M g2 1 M 1
p?\J:/ dezl—— ——dx,
0



and v := y(M,t) = g(M/t)"/2. Function g is really not special, but the

properties that are interesting to us are that g(z) > 0, g(-) is monotone in-

creasing continuous, g(x) /' 1 asx /" oo and g(z) ~ x as x — 0. Due to our

scaling, the behavior of ¢(-) will allow us to retrieve the CLT approximation.
Our result provides rigorous support for the approximation

Yo R oW (Bo, 1), (7)

where 5y = \/(27y) and [y = M/(~t). We now provide the statement of
our result and its proof.

Theorem 1 Define Gy := Gy(t, M) = \/(2ny) and (1 = G1(M,t) =
M/(~t). Then, we have that

lim sup |P(Yi/v < x) — P(omW (Bo(M, 1), B1(M, 1)) < z)| = 0.

100 Nr>1 26(—00,00)

Proof. We use characteristic functions and apply Esseen’s lemma (which
we quote in the appendix for convenience). We let

H(z) = P(Yi/v <) and F(z) = P(oxrW (Bo(M, 1), BL(M, 1)) < z).

We now verify the assumptions of Esseen’s lemma. First, we have that

logx(0) := logEexp(itY;/(vt)) = Aant (¢um (i6/(7t)) — 1)
A M iz tdx A M O tdx
= 5 e U =3 D Uy

Clearly, for each M € [1,00), we have that EY; = 0. Now we compute the
characteristic function of ppW (8y(M,t), f1(M,t)). We have that

log&(0) = log Eexp(ifpyW (Bo(M,t),B1(M,t)))
o1 (cos(Bpury) — 1) A MO (cos(Bpary) — 1)
bo /_,31 y? Y 27y /—M/(yt) y? Y

Using the properties derived in Proposition 4 we have that the derivative

f(-) of F(-) satisfies

[e.9]

1 1/61
Nor: |f(z)] < 2/1/6 exp(—206ofci)df + 2/0 exp(—28016%ca)db.
1

Observe that

A

A
Br=M/(vt) > ~*/y = and BBy = %51 > o



Therefore
lf(z)] <m:= 2/ exp(—Ndcy /m)dO + 2/ exp(—A\0?%cy/T)df < 0.
0 0

We can see that £(-) is continuously differentiable for each M € [1, 00) with
£(0) =1 and &'(0) = 0. Indeed, note that

P MM A 0 (eosbpun) L Span)
2 ™y 21y J-paj o) v

2 2
M

_07 . Ay /(1) +0(6%
2 Ty

log&(0) = dy

as § — 0. We now apply Esseen’s lemma to obtain that
I _ 24m
[H(z) — F(z)| < / x(0) —&(0)071do + —. (8)
T J_r T
In order to estimate the integrand in the previous display, let us introduce
the change of variables y = z/(~t) and obtain

M

log x(0) = %Vt /Z [cos(9y) — 1]7r(1fl(way)2)

~yt

M

B _1 [t (cos(By) — Ltdy A T (cos(Qy) — 1)dy
=A00) /M ()2 +y?) 2wy /_gg ()2 4y%)

_'yt

S
~

Next, we write

M

X[ 1 1 1
log y(0) = —— 0y) 1] (S + g — 5 ) d
og x(0) 97y _%[COS( Y) ](yQ + ()2 + y2) y2> Yy
! / cos(By) =1 A / (cos(By) —1+ %3°) (1) 2
oy w2 2ry Joa ()77 !
v v

n A 02 (5 (yt) 72
2y 2 Jom ()2 4y

A /17\5 [cos(O0pary) — 1]d A /Q/w{ (cos(fy) — 1+ @) (yt) 2
Y

_ _ d
2my Ju y? 2my J_u ()2 +y?) y? Y
n A /yt [cos(0y) —cos(QpMy)]d n A o 972 £n (yt) 2
2my J_m y? Y 2y 2 ) m (vt) 2+ 2
vy vy



3=

cos(By) — 1+ 622 /2 D~

O3 ) (CORENET:
M . 2 5 72
N A /w [cos(fy (;os(epMy)]dy+ A % 07 vt %dy.
2my J M y 2y 2 5 00 4y

Using previous display we define

M

A [ (yt) 2
L = —— cos(0y) — 1+ 6%4%/2 dy,
M B 2 M -2
L — A /'yt [cos(fy) (;os(HpMy)]dy+ A " 02 [ (fy_tQ dy
2my ) Y 2y 2 Jom ()P +y
so that
IX(0) — &£(0)] = &(6) [exp(Ly + I2) — 1]. (9)

We need to show that I + Is — 0 as t — oo uniformly over M > 1. In
addition, we are interested in studying the rate at which this convergence
occurs. In order to do this we first observe that vt — oo as t ~ oo
uniformly over M > 1. Note that for ¢t > 0

ty = t min[(M/t)"/?,1] = min[(Mt)"/? 1]. (10)

Now we provide a bound for the convergence to zero of I;. Using equation
(10), for t > 1, see that

L) < A /ﬁ ‘cos(@y)—1+02y2/2}dy )
T 2wy (y1)? S vt

~yt

A % |cos(fy) — 1+ 6%y?/2| MO [ |cos(z) — 1+ 2?/2]
< dy = dx
2mtl/2 J_ yt 2mtl/2 J_ x4

Next, for the last term of I3, note that if we let y = z/(~t), then

D N € AP M 1 Mo
— % dy = X X — ——dx
2my 2 ) m (vt)~2 + 92 2y 2yt M J_p 1+ 22

Y

AoePM o2 Mo A 02 2M 9
= — X — X — dr = X — X — x (1= pyy).
2y 29t M Jy 1+ a? 2y 2 ~t
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In the next calculations, by letting u = |6|y for the second equality and
x = upys for the fourth equality, we obtain

I =

2 ¥ o)~ col )+ 570~ ),
27y y? !

M6

N6 [ feos(u) — cos(upar) + (1= 2,)/2]
™ Jo u?

M|6| M6
MO [T5¢ [cos(u) — 1+ u2/2]d A |9\ i [eos(upar) — 1+ p3u? /2] du

™ Jo u? u?
Mo [ eos(u) — 1+ w2 A |9\ o /ﬂM [cos(x) — 1 +a2/2)
o J u? x2

Y %’”[cos(u)—wu?/z]d )\\H\pM/ [cos(a) =1 +2%/2)
- 2 2

™ Jo u
Al 8 [cos(z) — L+a?/2)
™ PM% a?
MO (oar — 1) 750 [cos(@) — 1+ 2/2]
- ™ 0 a? o
Mol )
MOlpy [F [cos(x) — 14 22/2] d
™ Jpy MY x?
We conclude that
0
MO = pan) ™ arjgy MOl (L — o)™ /o)
12| < T + )
B ™y vt Ty vt
where
‘cos(x) -1+ :U2/2|
r(z) = max
z€[0,z2] 2
We see that

2
=1- — - d
<2)\96’1

Therefore, C1 = supy;»1 M (1—par) < 0o. Consequently |Io| e r(M 0] /(yt))
and evidently we have that there exists Cy € (0, 00) such that for all z >0,
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r(z) < min{z2, Cy}. Therefore, recalling that v = \/g(M/t), we obtain

6> M?|0|? 6> 0)?
< A MO o M
Tyt (1) Tyt min{+;, 3=}

\O2C y min{max{M/t, (M/t)2}|6]*,Cy}
T min{M,t} '

It follows easily that for each T" > 0 fixed

2 i 2\ (n|2
lim sup AO”Cy mm{maX{M/t’ (M/t) } |9| 702} _

- 0
t—o0 MZLWIST T mln{M7 t}

and also, regarding the bound (11) of ||

MO [ |cos(z) — 1+ 2?/2]
dr =

; 0.

lim  sup
t=o0 pr>1,jo) <1 2712 ) o x

Therefore, from equations (8) and (9) we conclude that

lim sup |H(z) — F(x)] <
100 Mr>1,m6(—o00,00)

1 [T 24m  24m
li it 0) —0) 0 tap + = < T,
ti%ﬂugw/_TX( ) = £0)] YT ST

Since T > 0 is arbitrary we then conclude our result. m

3.1 Appendix
See Feller [3], p. 538 for the next result.

Lemma 5 (Esseen) Let H be a distribution function with zero expectation
and with characteristic function x () and F another distribution function.
Suppose that the difference H — F vanishes at oo and —oo and that F' has
a derivative f such that |f (x)| < m for all z € (—o00,00). Finally, suppose
that f (-) has a Fourier transform £(-) such that £(0) = 1 and &'(0) = 0.
Then, for each x € (—o0,00) and T > 0,

T m
@) - F@l <~ [ x0) - e0)107 a0+ =7
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