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Chapter 1
Introduction

This dissertation focuses on the development of limit theorems and approximations
for several performance measures that play an important role in a great variety of
applied disciplines including: Insurance Risk Theory, Queueing Theory, Statistical
Sequential Analysis, and Time Series Analysis, among others. To be more precise, let
us utilize the insurance setting as a vehicle to provide a unified overview of the types
of results that are developed in the subsequent chapters of this dissertation.

When dealing with the contingent nature of the insurance business, risk man-
agers take advantage of stochastic models and tools that are used to effectively assess
the risk of insurance portfolios (see Bowers et al (1997)). A popular model, widely
used in the insurance community to analyze collective risk models is the so-called
renewal model (see Bowers et al (1997) p. 432 and Asmussen (2001) Ch. 5). The
renewal model assumes that the claims arrive according to a renewal process, with in-
dependent and identically distributed (iid) inter-arrival times. It is also assumed that
the claims sizes are represented by a sequence of iid non-negative random variables
(rv’s), independent of the arrival process. Finally, the model specifies a constant (ag-
gregated) premium rate, which is received by the insurance company. A fundamental
quantity in the risk analysis of insurance portfolios is the so-called ruin probability
or probability of bankruptcy. Of course, if the premium rate charged is less than or
equal to the equilibrium pay-out rate, then the LLN implies that the company will go

bankrupt eventually with probability one. Consequently, insurance companies would
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typically charge a positive “safety loading” in addition to the equilibrium pay-out
rate. Note, however, that in competitive environments, one would typically expect
insurance companies to charge small safety loadings to their customers.

The first portion of this dissertation addresses the problem of understanding the
probability of eventual ruin, parametrically in the premium rate, under low safety
loading environments. This problem, in turn, involves studying the mathematical
structure of random walk with small negative drift. Indeed, the time to bankruptcy
in the renewal model can be represented as the first hitting time to a certain level
(which is just the initial reserve level of the company) for a random walk that has a
negative drift proportional to the safety loading. As a result, the ruin occurs in finite
time if the maximum of a random walk with negative drift ever hits a certain level,
or, equivalently, if the corresponding first hitting time to this level is finite. Conse-
quently, the aforementioned insurance problem motivates the parametric analysis of
the distribution of the maximum of a random walk with small negative drift.

Incidentally, the distribution of the all time maximum of random walk with nega-
tive drift corresponds to the steady-state waiting time distribution (excluding service)
of the single server queue (which is one of the most fundamental models in the theory
of queues). As in the insurance setting discussed previously, the underlying ran-
dom walk would often have close to zero drift, which translates into the so-called
heavy traffic regime that is widely used in the modern analysis of queueing systems.
Heavy traffic analysis is often done through diffusion approximations. In fact, as we
shall see in Chapter 2, our parametric analysis of the distribution of the maximum
of random walk, with close to zero drift, corrects the natural diffusion approxima-
tion based on Brownian motion (which provides a crude “first order” approximation
to the distribution of the all time maximum of random walk). Corrected diffusion
approximations (CDA’s) for the distribution of the maximum of random walk were
introduced by Siegmund (1979). Siegmund’s second order correction to the standard
Brownian approximation was motivated by applications in Statistical Sequential Anal-
ysis. Specifically, applications related to proper design of statistical tests that run
up to a suitably defined first hitting time of an underlying random walk. The theory
presented in Chapter 2 extends the development initiated by Siegmund (1979) and
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subsequent results in Statistical Sequential Analysis (see, for example, Chang (1992)
and Chang and Peres (1997)).

The previous discussion presents some examples of applied disciplines that can po-
tentially benefit from the results in the second chapter of this dissertation. Of course,
in some of these disciplines, stylized features arising from modeling considerations,
and statistical analysis of the data may give rise to additional technical complications
that must be addressed. For example, in the insurance setting described before, it
turns out that, in several branches of the insurance business (such as property insur-
ance), heavy tailed structure (in particular, claims sizes that do not have exponential
moments) seems to be an appropriate modeling feature to consider. (Other examples
are discussed in Chapter 3 below.) Unfortunately, techniques (such as exponential
changes of measure) that are extremely useful in the analysis of light tailed systems
(i.e. assuming the existence of exponential moments) do not extend to the heavy tailed
case. For instance, again coming back to the insurance arena, the corrected diffusion
approximation by Siegmund (1979), and the extension provided in Chapter 2 of this
dissertation, rely on light tailed techniques. Also, another approximation for the ruin
probability, which is typically very powerful in light tailed settings, is the celebrated
Cramer-Lundberg approximation. It turns out that, in the light tailed case, both
the CDA presented in Chapter 2 and the Cramer-Lundberg approximation are inti-
mately connected. Due to its success in applications involving light tailed character-
istics, analogous forms of the Cramer-Lundberg approximation have been developed
to cover a large class of heavy tailed claims (more precisely, subexponential claims,
see Embrechts, Kliippelberg and Mikosch (1997)). These extensions to heavy tailed
contexts are developed for large values of the initial reserve and fixed safety loading
and typically provide a poor performance for typical values of the initial reserve in
practical applications (see Embrechts, Kliippelberg and Mikosch (1997) p. 54). In
Chapter 3, we introduce a new interpretation of the Cramer-Lundberg approximation
for heavy tailed claims under the low safety loading asymptotic regime. In this dis-
sertation (specifically in Chapter 3) we only focus on the proposed Cramer-Lundberg
type of approximation in diffusion scale, which is related to the CDA presented in

Chapter 2. Thus, in simple terms, Chapter 3 provides a new Cramer-Lundberg type
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of approximation for heavy tailed claims, interpreted in a low safety loading asymp-
totic regime, that seems to perform well in practical applications. (See Asmussen
and Binswanger (1997), who analyzed a related approximation provided by Hogan
(1986), which is discussed in Chapter 3 of this dissertation.) The approximation pro-
vided in Chapter 3 blends accurate approximations in diffusion scale with standard
Cramer-Lundberg asymptotics for large values of the reserve in a coherent way; this
parallels the relationship between the CDA of Chapter 2 and the Cramer-Lundberg
asymptotic in the light tailed case.

As was mentioned before, the analysis of stochastic systems with heavy tailed
characteristics gives rise to technical complications due to the fact that standard
light tailed techniques are infeasible. In order to deal with the problem of providing
accurate approximations for the probability of bankruptcy in heavy tailed contexts,
we developed new techniques that, in particular, are applied to obtain the results
described in the previous paragraph. These new techniques are presented in Chapter
4 of this dissertation. More precisely, Chapter 4 develops asymptotic expansions
of so-called random geometric sums (or geometric convolutions) when the success
parameter of the geometric random variable is close to zero. The direct connection to
the ruin problem and the distribution of the maximum of random walk comes from
a well known representation of the all time maximum of random walk as a geometric
number of iid positive random variables. The techniques developed in Chapter 4
have implications beyond the ruin problem previously discussed. In particular, as we
shall see, asymptotic expansions of geometric sums are closely related to so-called
defective renewal equations. As we discuss in Chapter 4, these types of integral
equations arise naturally in many areas of applied probability (including queueing
theory and insurance risk theory). The asymptotics developed for geometric sums are
then used to obtain expansion for defective renewal equations that are close to being
proper. Again, this asymptotic regime arises repeatedly in queueing and insurance.
For instance, as we shall see in Chapter 4, these results are useful in the development
of corrected heavy traffic approximations for M/G/c queueing models and in the
analysis of generalizations of classical renewal risk models.

Finally, it should be recognized that investments may play an important role in
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the bankruptcy of insurance companies. Indeed, it follows that if one introduces in-
vestment effects in the risk reserve, the probability of bankruptcy can be expressed in
terms of the distribution of a so-called perpetuity or infinite horizon discounted reward
(see Asmussen (2001) Ch. 7). This motivates the theme of the last chapter of this
dissertation, namely Chapter 5. Specifically, in Chapter 5 we develop approximation
for the distribution of infinite horizon discounted rewards. The theory provided in
Chapter 5 is developed, just as in the previous chapters in a “low profit environment”
which again is natural in many applications settings (such as the insurance context
that we have been emphasizing). In particular, we develop central limit theorems,
laws of large numbers, Edgeworth expansions and large deviation principles (rough
and exact) for the distribution of perpetuities under low interest rates. As we shall
also discuss in Chapter 5, these approximations are relevant not only to the insurance
ruin problem, but also for other applied disciplines (including time series analysis and

finance).



Chapter 2

Corrected Diffusion Approximation
for the Maximum of Random Walk

Let (X,, : n > 1) be a sequence of independent and identically distributed (iid) random
variables (rv’s), and let S = (.S, : n > 0) be its associated random walk (so that Sy = 0
and S, = Xj + ... + X,, for n > 1). In this chapter, we focus on the development of

high accuracy approximations to the distribution of the maximum r.v.
M = max{S,, : n > 0}.

Clearly, —p1 2 EX; must typically be negative in order that M be finite-valued. The
distribution of M is of importance in a number of different disciplines.

For x > 0, {M > z} = {7 () < oo}, where 7(z) = inf{n > 1: 5, > z}, so
that computing the tail of M is equivalent to computing a level crossing probability
for the random walk S. Because of this level crossing interpretation, the tail of M
is of great interest to both the sequential analysis and risk theory communities. In
particular, in the setting of insurance risk, P (7 (z) < 00) is the probability that an
insurer will face ruin in finite time (when the insurer starts with initial reserve x and
is subjected to iid claims over time); see, for example, Asmussen (2000).

The distribution of M also arises in the analysis of the single most important model
in queueing theory, namely the single-server queue. If the inter-arrival and service

times for successive customers are iid with a mean arrival rate less than the mean
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service rate, then W = (W,, : n > 0) is a positive recurrent Markov chain on [0, c0),
where W, is the waiting time (exclusive of service) for customer n. If W, is a random
variable having the stationary distribution of W, then Kiefer and Wolfowitz (1956)
showed that W, has the distribution of M for an appropriately defined random walk.
As a consequence, computing the distribution of M is of fundamental importance to
queueing theorists.

Since W is a positive recurrent Markov chain, the distribution of M can be com-
puted as the solution to the equation describing the stationary distribution of W.
This linear integral equation is known as Lindley’s equation (see Lindley (1952)) and
is of Wiener-Hopf type; it is challenging to solve, both analytically and numerically.
As a result, approximations are frequently employed instead. One important such
approximation holds as p ™\, 0. This asymptotic regime corresponds in risk theory to
the setting in which the “safety loading” is small (i.e. the premium charged is close to
the typical pay-out for claims) and in queueing theory to the “heavy traffic” setting
in which the server is utilized close to 100% of the time. Thus, this asymptotic regime
is of great interest from an applications standpoint. Kingman (1963) showed that the

approximation
P (M > z) = exp (—2uz/0?) (1)

is valid as p \, 0, where 0% = Var (X;). (A more precise statement of this result
will be given in Section 2.) Because the right hand side of (1) is the exact value of
the level crossing probability for the natural Brownian approximation to the random
walk S, (1) is often called the diffusion approximation to the distribution of M.

As with any such approximation, there are applications for which (1) delivers
poor results. Siegmund (1979) therefore proposed a so-called “corrected diffusion
approximation” that reflects information in the increment distribution beyond the
mean and variance. This corrected diffusion approximation computes the next term in
the asymptotic (as u \, 0) beyond that given by the right hand side of (1). The main
result in this chapter (Theorem 1) is a development of the full asymptotic expansion
initiated by Siegmund. We compute all the terms in the asymptotic expansion for

general random walks with increments having exponential moments; see Section 6 for
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details on the calculation of the relevant coefficients in the expansion. Our theorem
can be viewed as a non-Gaussian counterpart to the corresponding expansion provided
recently by Chang and Peres (1997) for Gaussian random walks. As perhaps expected,
the mathematical approach followed here is quite different from that used by Chang
and Peres.

As is well known in the literature, there is a close connection between such cor-
rections and asymptotic expansions for the moments of the ascending ladder height
random variables associated with the random walk. Theorem 2 establishes an asymp-
totic expansion for the mean of the first strict ascending ladder height for random
walks with light-tailed symmetric and continuous increments. As indicated in Sec-
tion 6, this permits one to develop asymptotic expansions for all the moments of the
ascending ladder heights (and for the limiting overshoot induced by the associated
renewal process); see also Theorem 4.

This chapter is organized as follows. The main results are described in Section
2. A key connection to asymptotic expansions for the “short-time” behavior of the
Cauchy process is made in Section 3. Section 4 shows how all the integrals required
for our asymptotic expansion can be reduced to the short-time asymptotics of Section
3. Finally, Section 5 provides rigorous support for the remaining details in the ar-
gument used to compute the coefficients in the expansion. Section 6 summarizes the
computation of the coefficients, and discusses an expansion related to the moments
of the strict ascending ladder height. Any proof that does not follows the statement

of the result can be found in our final section, namely Section 7.

2.1 The Main Results

To state our main results, we adopt the parameterization utilized by Siegmund (1979).
We assume throughout this chapter that the X;’s have exponential moments, so that

Eexp (6X;) < oo for 6 in a neighborhood containing the origin. For such 6, define

¥ (6) = log B (exp (0X1))
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Then, for each such 6, we can define the probability measure Py having the property
that for n > 0,

Py (A) = E (exp (85, — n) (6)) L)

for A € 0(S;:0<j<n). Asis well known, S is again a random walk with iid

increments under Py, having common increment distribution
Py (X, € dx) =exp (0z — 1 (0)) P (X, € dx)

for ¥ € R (with mean EyX; = ¢’ () and variance Vary (X;) = ¢" (6)). Without
any loss of generality, assume that £X; = 0 and Var (X;) = 1. Since 9 (+) is strictly
convex on its domain of finiteness, FyX; < 0 for § < 0. Thus, Py induces a random
walk with negative drift when 8 < 0. We therefore focus on corrected approximations
to Pp(M > x)as 8 /0.

A key step to the analysis of Py (M > x) is the judicious application of Wald’s
likelihood ratio identity; see, for example Siegmund (1985), p. 13. For 6, in some
interval of the form (—7,0), there exists a positive ¢; such that ¥ (6y) = ¥ (6,).
Set A = 6; — 6y. Note that parameterizing in terms of A is essentially equivalent
to parameterization in terms of #y (or parameterization in terms of the drift p =
—1)’ (6p)). The likelihood ratio identity then asserts that

Py, (7 () < 00) = Eg, exp (— (61 — 60) Sr(x))
= exp (— (61 — bo) ) Ep, exp (— (61 — 0o) R (2)), (2)

where R (z) = S;(;) — « is the so-called “overshoot” at level x.

Suppose now that X is strongly non-lattice, in the sense that for each 6 > 0,

Inf, [1-g(N)| >0, (3)

where g (A\) = Eexp (iAX7) is the characteristic function of X; (under Fp). Applying
renewal theory to the random walk at strictly increasing ladder epochs establishes
then

E91 exp (— (91 — 90) R (I‘)) — Egl exXp (— (91 — 90) R (OO)) (4)
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as T — 00.
Siegmund (1979) showed that the renewal theorem can be applied uniformly for
A < 7 (see also Chang (1992)). Hence, (2) yields

Py, (M > z) = exp (—Az) Ey, exp (—AR (00)) + 0 (exp(— (A + 1) x)) (5)

for some r > 0 (uniformly in 6y > —n/2). In insurance risk theory, A is called
the “adjustment coefficient” and the quantity Ejy, exp (—AR (00)) is known as the
Cramer-Lundberg constant (c.f. Asmussen (2001)).

Relation (5) may alternatively be written as
Py, (AM > z) = exp (—z) Ey, exp (—AR (00)) + o (exp (—rz/A)) (6)

where o (exp (—rz/A)) is uniform in 6y > —n/2. Note that exp (—z) is precisely the
level crossing probability of level /A for a Brownian motion with drift —A/2 and
unit variance. Since Fy, X; ~ —A/2 as 0y ' 0, (6) provides rigorous support for
the diffusion approximation (1). Furthermore, a correction to the diffusion approxi-
mation described at the beginning of this chapter can be obtained by developing an
asymptotic expansion for Ey, exp (—AR (00)).

Siegmund (1979) obtained his corrected diffusion approximation by showing that

Ep, exp (~AR (00)) = exp (—AB;) + 0 (A%) (7)
as A | 0, where (3; can be computed explicitly as
gy L [T L _ 2
Br=SEXP - o / SrRelogl2(1-g (1) /X (8)

Note that by computing the single integral (8), Siegmund’s corrected diffusion ap-
proximation to the distribution of M provides a parametric approximation that is
valid for all random walks having negative drift sufficiently close to zero. Such para-
metric approximations are convenient in many applications settings (i.e. in studying
the behavior of a queue when utilization is close to 100%).

Our main theorem shows that there is a full asymptotic expansion for

7 (A) £ log Ey, exp (—AR (00)).
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Theorem 1 Suppose that X, has exponential moments and is strongly non-lattice.
Then, r(-) (initially defined on [0,v) for v > 0) admits an analytic extension on a

netghborhood of the origin in the complex plane.

Remark An immediate consequence of Theorem 1 and the implicit function the-
orem is that the Cramer-Lundberg constant, namely exp (7 (A (6p))), initially defined
for all #, < 0 sufficiently close to zero, admits an analytic extension on a disc con-

taining the origin in the complex plane.

According to Theorem 1,

Ey, exp (AR (00)) = exp (Z ﬂnA"> ; (9)
n=1
where (3, is given by (8) and 3, = 0. (This latter equality follows from the fact that
the error term in (7) is o (A?).) Obviously, in order for (9) to be useful from an
applied standpoint, we need a means of numerically computing the 3,,’s. This issue
is discussed in Section 6. We establish there that the 3,,’s can be successively com-
puted via a finite number of one-dimensional integrations reminiscent of the integral
appearing in (8). Thus, the (,’s can easily be computed, thereby yielding cheaply
computable high-order parametric corrections to the diffusion approximation (1).
The argument above also permits us to establish asymptotic expansions for certain
ladder height quantities. As noted earlier, renewal theory applies to the random walk
when sampled at strictly increasing ladder epochs. The renewal theorem invoked

above actually establishes that

1 — Ep, exp (—ASTJr)
AFEy S;, ’

Ey, exp (AR (00)) = (10)

where 7 = inf{n > 1 : 5, > 0} is the first (strict) increasing ladder epoch (see
Asmussen (1987)). In view of (2), it follows that

1 — Ey, exp (=AS;,) = Py, (14 = 00). (11)
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Random walk duality (see, for example, p. 173 of Siegmund (1985)) implies that

P6’0 (T_|_ = OO) = 1/E90T_, (12)
where 7_ = inf{n > 1 : S, < 0}. If the X;’s are symmetric rv’s with common
continuous distribution function, A = 26, and Ey,7_ = Ey, 7. Furthermore, (10) to

(12) then imply that

1

Ep, exp (AR (00)) = 20, (E0157-+) (E917'+).

In view of Wald’s identity, we then obtain the relation

/
0
Ey,exp (~AR (00)) = —0)_
201 (Ey, S-.)
As a consequence, Theorem 1 then yields a full asymptotic expansion for the expected
ladder height Ejy, S-,. We record this result as our Theorem 2.

Theorem 2 Assume that X, has exponential moments and is symmetric with a con-

tinuous distribution function. Then,

/ 6 1 0 m
Eﬂ6‘1S7'4r - %ﬁl) €xXp <_§ Z ﬂ2m+1 (281)2 +1> .
m=0

Given our above argument, the only remaining issue in proving Theorem 2 is
establishing that 3,, = 0 for n > 1 in the presence of symmetry. This fact is proven
in Section 2.6.

The most important device that we use to prove Theorems 1 and 2 is a convenient
representation for r (A). This representation is a key idea in our mathematical de-
velopment. To introduce our representation put ¢ (f) = Eexp (0X;) for § € R and,
for 2 € C, set v (2) = Fexp (2X1). Note that ¢ is finite-valued on a neighborhood N
of the origin and ~ is analytic on the strip {z +iy : x € N, y € R}. For non-negative
0 € N and b € R, put

p (0,b) =log Eyexp (—bR (c0)) .
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Note 7 (A) = p(01,A), where 6, = 01 (A) > 0y (A) = 0y is such that ¥ (6, (A)) =
¥ (0 (A)). Woodroofe (1979) showed that

R 7(O) —v (@ +iN
p(9,b)—%/_oo (b+z’)\)i)\log< —idl (0) X )dA’ (13)

see also Corollary 8.45 and Theorem 8.51 of Siegmund (1985). While (13) is conve-

nient for many purposes, it presents difficulties in the current circumstances because

of the singularity (in the logarithm) that arises when 6 N\ 0. The following represen-

tation for p (6,0) is free of such singularities.

Theorem 3 Suppose X has exponential moments and is strongly non-lattice. Then,
for non-negative 6 € N and b > 0,

Lt b (200) (01 i)
r00=5 | (e ) W

Siegmund’s computation of 3, takes advantage of the fact that the first order
behavior of  (A) should match that of

s(A) =log Eyexp (AR (00)) . (15)

Since s (A) = p(0,A), Theorem 3 implies that

s(A) = % /Z ﬁ log (2(1—g(A\) A7?) dX; (16)

see also p. 226 of Siegmund (1985). We proceed to analyze p (6, b) by writing p (6,b) =
s(b) 4+ 1(0,b). In view of both Theorem 3 and (16),

_L b (A E) —y (91 iN)
1005 | e (G oty) & 0

In the next sections, we develop asymptotics, as b \, 0, appropriate to the inte-

grals arising in (16) and (17). Such asymptotics can be used to provide asymptotic
expansions for the moments (or, equivalently, the cumulants) of the limiting expected
overshoot r.v.R (00) under Py as 6\, 0. Specifically, for n > 1, let

an

(6,0)

fin (0) = (=1)" =7p .



CHAPTER 2. CORRECTED DIFFUSION APPROXIMATIONS 14

Theorem 4 Assume that Xy has exponential moments and is strongly non-lattice.
Then (for alln > 1) Kk, (+), initially defined on [0,v) for v > 0, can be extended to be

an analytic function throughout a disc in the complex plane containing the origin.

An important implication of Theorem 4 is that it can be directly applied to obtain
complete asymptotics for the steady-state mean of the waiting time sequence, namely
Eg,M (= Ep,W). In particular, Siegmund (1979) shows (see also Theorem 6.7, p.
275, of Asmussen (1987)) that

EHO (ST+}T+ < OO)

S N <)
_ Ep5r, eXp( )
11— Ep, exp ( AS’T+)
_ By (1 - R(o0))exp (AR (0))
AEy, exp (—AR (c0))
1 10
= Z+Z%p(91’A)' (18)
Thus, since
0 N m b
%p (07 b) = n;) (_1) Km+1 (0> m’

it follows that Theorem 4 can be applied directly to provide the full asymptotic
expansion for Ep,M. Indeed, our analysis in Sections 3 to 5 yield an asymptotic
expansion for , (-) around zero which in turn implies the expansion
~ 61 (A A™ ntl
M——+ZZ kD )T—+0(A )

m!
m=0 j=0

valid for all n > 0. The explicit computation of the derivatives /{,Ei{rl (0), for j,m >0,
is discussed in Section 2.5.2.
Finally, the analytic extension of k,, (-) and r (+) is a consequence of the following

result.

Proposition 1 If X; has exponential moments and strongly non-lattice distribution,
then, I (-) (defined as in (17) on a domain containing [0,v) x [0,v) with v > 0) can

be analytically extended throughout a disc containing the origin in C x C.



CHAPTER 2. CORRECTED DIFFUSION APPROXIMATIONS 15

Moreover, with the aid of Theorem 1 it follows easily (from (18) and the implicit
function theorem) that AFEp, M (initially defined for 6y < 0) can be analytically
extended (as a function of A (fp)) in a neighborhood of the origin in the complex

plane.

2.2 Short-time Asymptotics for the Cauchy Pro-

Ccess

The approach described in Section 2 suggests computing an asymptotic expansion
for 7 (A) by developing appropriate expansions for s (A) and I (61, A). In this sec-
tion, we will show how asymptotics for s (A) can be obtained. Section 4 shows how
asymptotics for I (0, A) (and, as a result, also for I (6; (A),A)) can be reduced to
the types of integrals considered here.

Since s () is real for b positive, it follows that the integral of the imaginary part

of (16) must vanish. Hence, s (b) equals the integral of the real part of (16), so that

1 [~ b _
s(b) = o _meelog@(l—g(A)))\ %) dA (19)
1 [ b

Both of the above integrals take the form

1 [ b
EQ@f) = 5 mf()\) dA (20)
1 [ 1
T or 1+)\2f<)\b)d)\'

for suitably defined f. Note that if Y = (Y (¢) : ¢ > 0) is a standard Cauchy pro-
cess (so that Y (1) is distributed as a standard Cauchy r.v.), K (¢, f) can then be

represented as
K (t,f) = 3B (f(V ()| X = 0).

Hence, representing K (¢, f) as a power series in ¢ is equivalent to the development of

short-time asymptotics of the Cauchy process. Such asymptotics are also of general
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analytical interest, because of their relevance to Fourier analysis. Integrals of the
type (20) are closely related to “approximate identities of the Fejer type”; see p. 31
of Butzer (1971).

Let £ be the space of functions f : R — C for which E |f (Y (1))| is finite and for
which f is infinitely differentiable at zero. For f : R — Clet f be the symmetrization
of f defined via f(x) = (f (z) + f (—2)) /2. The following result provides our short-

time asymptotic expansion for K (¢, f).

Proposition 2 Suppose f belongs to £ . Then, K (-, f) is infinitely differentiable at

the origin and

(—=1)™? £ (0) n even

() _
K70, 7) {(—1)‘71‘1)/%!%](’; (Ttn-1)/2£) (\)dA . odd

where, for 7 >0, T; acts on even functions in £ as

£ ) = 305 FRR (0) X/ (2K)
A\ '

Furthermore, the family of linear operators (T,, : n > 0) is a commutative semigroup,

so that Ty = T, T, m,n > 0.

T, (V) =

Remark Note that the even derivatives of f match those of f(-). One might
therefore be tempted to write the derivatives of K (-, f) in terms of integrals of 7} f
rather than Tjf. The problem is that T;f typically has a singularity at the origin,
unless the odd derivatives of f at zero vanish. As a consequence, the integrals defining
the derivative of K (-, f) may diverge if they were defined directly in terms of f. To

avoid this, we use the symmetrization f.

Proof of Proposition 2. The fact that 7T, is a linear operator, and forms a
commutative semigroup is straightforward. To obtain the formula for the derivatives
of K (-, f) at the origin, note that K (-, f) = K (-, f) where f is the symmetrization
of f given by f(-) = (f(-) + f(—-)) /2. Furthermore, if f € £ then f is also in £.

Observe that the Dominated Convergence Theorem implies that

K (t,f) = £(0)/2
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as t \, 0. This motivates writing

K (t, f) =i(O)/2+%/OO #(i(/\)—i(o))d/\.

Since E |f (Y (1))| is finite, it follows that the above integrand is uniformly domi-
nated by an integrable function for || bounded away from zero. On the other hand,
S(A) =f(0) = O (X?) as A — 0, so the integrand is also uniformly (in ¢) dominated
for |A| small. Hence, the Dominated Convergence Theorem yields the conclusion that

K(t,f):i(O)/2+i/Ool(f()\)—i(o))d)dro(t)

2 J_ oo 12 =

as t — 0. In fact,

Kt =10 /245 [ 5 (EW-£0)d
et UN-F0)
21 | o 2+ N2 22
= £ (0) /z+%/ (T1f) (N dx — K (t,T1f) . (21)

If we apply (21) recursively to K ('>T1i)7 K (',Tgi),... we find that K (t, f) satisfies

K(t f)= Z (_1>j (t ’ (Téi) (0) n tzj;l /OO (T]—s—li) (A) dA)

j=0 —o0

+ (=) VK (8, Ty )
yielding the result.

With Proposition 2 in hand, our asymptotic expansion for s (A) follows immedi-

ately.

2.3 Reducing the Analysis to Cauchy Process Short-
time Asymptotics

As we discussed earlier in Section 2, the backbone of our asymptotic analysis for
r(A) is given by the relation p (6,b) = s (b)+ 1 (6,b). In Section 3, we studied how to
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develop asymptotics for s (b). In this section, we will study how to reduce the analysis
of the remaining term 7 (0,b) to that already studied in Section 3. Recall that

1

I(&,b):§/Zﬁlog(l—v(9,)\))d&

where

2 — :
p@ N = (20O 7B (O +iN
)\—2l¢ ((9) A 1_9()\)
A natural strategy to now follow is to express the logarithm as a power series in

v (6, A), followed by an expansion for v as

v(0,0) =Y vn (i)) i—j. (22)

One could then apply Proposition 2 (as for (19)) to the real and imaginary parts in
each of the resulting integrals that would appear as coefficients for 8". However, the
expansion (22) requires that the function v be expressible as a joint power series in
non-negative powers of 6 and A. Unfortunately, the presence of the term (A — 2i¢’ (6))
in the denominator of v precludes the existence of such a joint power series.

To avoid this difficulty we write v as
AH (0, A
o= 22ON

so that

28 (0) A (O) (B +iN
H (0.0 =1- =5 =

The function H (-) is well behaved because the term 2i¢’ (6) /A controls the behavior of
(v (8) =7 (6 +iN) (1 —g(N) " as A\, 0. As a consequence, H (-) can be smoothly
defined at A = 0 via the relation H (0,0) =1 — ¢" (f). Our next result describes the

analytic structure of H (-).

Proposition 3 Let D, s = {z € C: |z| < n/2} and, for (z1,2) € Dyj2x (Dy2 UR),
put H

() () =y tiz)

H =1-2
(21, 22) 29 1 —(iz9)
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Then, for every zy € Dy s, the function H (z1,-) is analytic on Dy y. Similarly, for
every zo € DyplJR, the function H (-, z) is analytic on Dyjs. Finally, H (2, \)
can be represented as an absolutely and uniformly convergent series, for A € R and

21 € Dy, namely

> k

H(2,0) =Y hy (i) % (23)

where hy, (iX) £ (Y® (iA) — i) / (1 = g (X)) = (241 /A) . In particular, this implies
that

sup |H (z1,A)| — 0
AR

as z1 — 0.

Remark Note that the function H (21,22) = H (21, 20)—H (0,0) = H (21, 2)— 1+
" (2,), satisfies the same properties stated for H (-) in Proposition 3 with fy, (i) £
hi (iX) + 1440, this follows from the analyticity of v (-) and the fact that " (0) = 1.

Moreover, observe that completely analogous analytic properties apply to the function

G (z1,22) = (v (zl))*1 H (21, 25) defined on D, /5 x (DW/QUR)-

—-1/2

Note that [/ (A —2i¢’ (6))] = |\ ()\2 +(2¢' (9))2) < 1. It follows from
Proposition 3 that for » > 0 small enough,
sup sup |v (6, N)] < 1.
0e(0,r) AeR
Therefore, for all 0 < 6 < r, we can proceed to expand log (1 — v) in powers of v and
formally integrate each term in the obtained expansion to express I (6,b) in terms of
integrals of the form
1 [~  —b ix \"
J b, f)=— A) dA 24
e(a5,f) 27r/oo(b+z')\)i)\(a—l—z')\) JA) dX, (24)
where a,b > 0, f (i-) € £ and k > 0. Because Jy (a,b, f) = Jo (b, f) can be written as
1 [~ b ‘ 1 .
/l' o0

Ton _oob2+/\2(

Im f (iA) + A" Re f (i\)) dA, (25)
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it follows that asymptotics for Jy can be computed in terms of asymptotics for the
K-type integrals that are subject of Proposition 2. In view of the development leading
to (24), a key to our asymptotic expansion for I (6,b) is therefore the reduction of
integrals Ji (a,b, f) for k& > 1 to integrals of the form Jy (b, f). A key identity in

establishing this reduction step is the following.

Lemma 1 Suppose that a,b > 0. Then, for m,n > 0,

Y - (i)™

— d\ = 0.
21 oo (D+1N) I (@ +iX)™ "

Furthermore,
1 [ —

— [ T _log (1 +ai))d) =0.
o1 )0 (1 +iN)iN og (1 + aid)dA =0

Proof. For a,b > 0, let the function of a complex variable f (-) be defined as

—b (iz)™*!
(b + iZ) 12 (a + iz)m+n+1 )

f(z) =

Consider the contour (in the clockwise direction) C (r) = Cy(r) + Cy(r), where
Ci(r)={re™: =7 <7 <0} and Cy(r) = {\: X\ € [-r,r]}. Since f is (complex)
analytic on Im (z) < 0, Cauchy’s theorem yields

1 _b . \m+1
5 N (ZZ) mardz =0
27 Jogry (b+1i2) iz (a +iz)
This, in turn, implies that
1 ("  —b (i)™ —1 —b (iz)"*!

2m ) BN A @+ i) 2T Sy 02 i
o /0 b (ir)" ! elmHD)i

= dr.
21 J . (b +irem) (a + drer)™

Letting r — 0o, we obtain (by virtue of dominated convergence) the first part of the
lemma. For the second part, let us define

£i(a) = = /OO—((1+i)\)z’)\)_llog(1+ai)\)d)\.

:% N
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A routine dominated convergence argument, combined with our previous analysis,

shows that

1 [ 1
fila)= 27?/ (1+z’)\)(1—l—az‘)\)d>\:0'

The proof of the lemma is completed by observing that f; (a) — 0 as a \, 0.

Let £y be the subspace of £ (recall the definition of £ preceding Proposition 2)
for which f(0) = 0. Also, for f € £, let f() = f()—f(0)(€ £). We are now
ready to offer a proposition that reduces the evaluation of the integrals Ji (a, b, f) for
k > 1 to that of integrals such as Jy (b, f), thereby permitting the application of the

short-time asymptotics of Section 3.

Proposition 4 Suppose that f € £y. Then, for k> 1 andn > 0,
k o
Ji(a.b, f) = (b Z( - )]ij> +bo(a"), (26)

where the linear operator TJ (j > 0) acts on functions f (i-) € £y as

T Ni — J N(m) i m m)
<Tj]?><i)\):f()\) m:?ij;)j (0) (iN)" /m!

Moreover, the family of operators (’f] 17> O) constitutes a commutative semigroup,

so that T T = Tm+n

Remark As for Proposition 2, one might be tempted to express the right-hand
side of (26) in terms of f rather that f However, i f is generally non-integrable with
respect to the kernel that defines Jy. Finally, note that, if all integrals are interpreted
in terms of Cauchy principal value, one can apply Proposition 4 directly to functions
that do not vanish at the origin by defining Jo (b, ) = Jo (b, f (-) — £ (0)) + £ (0) /2.

Proof of Proposition 4. That (T} 1> 0) is a family of linear operators
forming a commutative semigroup is immediate. By virtue of Lemma 1, it follows
that

Im(a,6, f) = 217r /00 C —i—_ii) i\ (a?u)mﬂm dA
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Observe that f (i-) is now in the domain of the operators Tj,, n > 1. On the other

hand, we can write

“bﬂ 27r/ b—l—z)\ (M)d)\
A o) e

() =2 (e

Once again, by appealing to Lemma 1 and to the definition of ’fkf, it follows that,
form>k>1,

N Y o R (P ) K
akjm<a7b,ka>—%/oo (b+i>\)2)\ (a—i—@)\)mf( )

Combining this observation with (27), we obtain

T (a,b, f) = <abf>_J0<bf> Z( )’“Jm<a7b,fkf>. (28)

The recursive relation (28) can now be expressed in operator form as

I, (a,b, f) — Jo <bf> + T, (a,b, (1 - (1 +af>m> f) .

(Here, we have used the semigroup property of the family of operators fm) Iterating

Note that

the previous expression, we arrive at
I (.6, ) = (0.0, F) = ZJO( (1= (1+7)")'F)
# (a0 (1 (1407)") )

_J (b, Y (mﬂ N 1) (—a)jifjf> +bo (a"), (29)

J
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where the last equality in (29) has been obtained by using the semigroup property of
the operators T}, and by noting that the coefficient of a TJ in (29) (for j < mn) must

match that of 7 in the formal expansion of

IR ) (o A
A ey oy s i s A G

That the error term in (29) is bo (a™) comes from the fact that a.J, (a, b, f) = bo (1),

as a \, 0, as it can be seen as follows,

0t (a0, F)| = | 5= /_ : (;Tiil)_(li(zi@&‘
-
<

S50 N

f (ida)

where the last step follows by a dominated convergence argument. This concludes

the proof of the proposition.

Proposition 4, combined with our development for K (t,-) in Section 3, provides
all the elements required to develop asymptotic expansions for integrals of the form
Jm (a,b, f). Since, as discussed earlier at a formal level, I (6, ) can be expressed as a
sum of terms such as J,, (a, b, f), it follows that the whole asymptotic analysis of 7 (A)
and p (0, b) can be reduced to that of Section 3. A complete rigorous justification for

this representation for I (6,b) is one of the main issues discussed in Section 5.

2.4 An Asymptotic Expansion for [ (0,0)

In Sections 3 and 4, we have developed the tools required to obtain asymptotic ex-
pansions, in powers of b, for s(b) and I (0,b). We have done this by showing that
the problem can be reduced to short-time asymptotics for the Cauchy process. The
purpose of this section is to make rigorous the expansion for I (,b), in powers of 6,

that was outlined in Section 4.
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Noting the important role that functions vanishing at the origin plays in Propo-

sition 4, it seems appropriate to define
H(O,)\) £ H(@O,N—H(@®,0) =H(®X—1+¢" (8
— SR, (30)
k=1
where (iA) £ (Y™ (X)) = ) /(1= g (X)) = (2ip41 /) + pg2 18 such that T (0) = 0.

The next proposition shows how a simplified expression for I (6, b) in terms of H can

be obtained.

Proposition 5 Define ¥ (0) = 2¢' (0) /¢" (9). Then,
o0 7 -1\ 77
1(6,b) = i/ _—bmlog (1 _ 6 A (M)) d. (31)

or ) o (b+iA (O — 40 (0))

Proof. Just note that

(A=W (0)¢"(0)) (A —1¥(0)¢"(0))

B i\ (0) +1 ¢" (0)"" NH (0, \)
e (M ©)/¥(0) + 1) s (1 =) ) |

log (1 — v (6, 1)) = log (1— MO0 A1=¢"(0) )

Thus, (31) follows from Lemma 1 by noting that

1 [~  —b i\ (0) +1
o /oo (b + i\ i log (z')\gzﬁ” (0) /Y (0) + 1> “

1o -1 iAb/W(0) + 1 B
~ o /OO (11 iN) i log (i)\bgb” ©) /T (0) + 1) A =0.

Additional simplifications reduce the complexity of the expansion for I (6,b). In

particular, the expression for the integral Jy (b, f) simplifies when it is known that
Jo (b, f) is real; see (25). Fortunately, our analysis of I (6,b) gives rise to such real-
valued Jy (b, f)’s. To establish this result, we introduce the following family of func-

tions.

Definition A function f : R — C is said to have the “parity property” if Re f (i-)
and Im f (i) are even and odd functions respectively. The class of functions possessing

the parity property will be denoted by P.
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Note that if f (i) is in the domain of Jy (b, -) and f possesses the parity property,
then we must have that Im Jy (b, f) = 0 (since it corresponds to an integral on the
real line of an odd integrable function). The family of functions enjoying the parity
property has certain closure characteristics that will be useful for the rest of our

development. These closure properties are discussed in the next proposition.

Proposition 6 The class P of functions forms an algebra on R (i.e. a vector space
on R that is closed under product of functions). In addition, if f € P, then 1/f(-)
(defined on its domain of finiteness) also possesses the parity property. Finally, if f
is in the domain of T and has the parity property, then T feP.

Proof. Certainly P constitutes a vector space on R and it is almost imme-
diate that T preserves the parity property. Now, if fi,fo € P, then Re(fif2) =
Re (fi1) Re(f2) — Im (f1) Im (f2) must clearly be even. Similarly, Im (f; fo) must be
odd , which implies that f;fs € P. Finally, note that

1 Re (f) : Im (f)

g i :
Jo Re(f)+Im(f)*  Re(f)*+Im(f)’

which immediately implies that Re1/f and Im1/f are even and odd functions re-

spectively and thus 1/f € P.

We now present the main result of this section, which yields an expansion for
I(0,b) in powers of 6 and coefficients involving only integrals of the form Jy (b, f)
with f satisfying the parity property.

Proposition 7 For k,m > 1, let the coefficient multiplying 6% in the power se-
ries representation of G (6, \)™ £ <qb" ()™ H (8, /\)> be defined as Gim (i\). Then,

Grm () € P can be recursively computed via

k
gk,erl (Z)\) = Z§n+1,m (1)\) gkfn,l (Z)\) :

n=0
Consider b > 0 and let x (6) = —V (0) /6. Then,

n m—1

I (97 b) = Z o™ Z X (Q)J Jo (b7 Ej,m) + bo (en) ) (32)
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where E; ., (iX), defined for0 <j<m—1andm>1 as
mIt 1 m—k—1\~
Ej,m = — Z m——j—]{j( j )Egk,m—j—ka
k=0
satisfies the parity property.
Proof. Since v (i\) = Eycos (AX;) +iEysin (AX}), it follows that 4*) (i) — ,, €
P, as does the function 1 —+ (iA). By the closure properties described in Proposition
6, we may easily conclude that g, € P. A second application of Proposition 6 shows

that gi ., € P and Ej;,, € P. The recursive expression provided for gy, ,, follows from

standard convolution operations of power series. For n > 1, define
~ n ok
A ~ .
G (6,0) £ " Gia (iA) o
k=1

and

G (0,0 A G (6,0) A
- (1 ) m) o (1 ) m)

\ (én ,)) — G (9, A))
R G 00— )

u(e,b)—g/mml"g (“Wd(@)) "

Note that

=log | 1—

On the other hand, from the remark following Proposition 3 and because log (1 + z) =
z(1+¢e(z)) for z € C, where |e (2)| < |z| for |z] < 1/2 (see Proposition 8.46, Breiman
(1992)), we can see that there exists a constant B > 0 such that

B /oo b)én (9,)\)—5(9,)\)‘

<
=+ X) (X4 20 0)°)

dA.

- o 1/2
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Essentially by making the change of variables u = A0 we then see that for all § € (0, §)

for some § > 0 we have

‘I<b’ 9) - In (b’ 9)‘ <

. /oo ‘én (0,70) — G (6, )\9)‘
27 v A (A2 4 1)
It follows easily from the previous inequality and the Dominated Convergence Theo-

rem that
I(b,8)—1,(b,0)="0bo(0").

Using the expansion of log (14 2) at z = 0 and a similar dominated convergence
argument, we can write

-1 m ) ]

m n—m

_1/ (b4 i) z/\Z (M—l—lll( )) Zek+mgkm(1)\)d)\

_ +bo (07).  (33)

I, (b,0) =

Using Proposition 4 and (33), we obtain that
I(0,b)

n m—1 ~
_ m 9km n
— mz::le ;Jmk(@(é),b,m_k>+bo(9)

n m—1 n . ~
=SS " U o, (m_k.”_l) (=0 () T-2Em ) 4 bo (67)
— = m—k

m=1 k=0 = J
n m—1
. 1\ ~
— N0 S ey (0) (b, (m R )T g’“mk) +bo (67)
m=1  j=0 J
- i - I o — ke — 1 ~ 7 z)\
= g™ x (0)Y Jo | b,— ( , T km ( +bo(0"), (34)

which yields the desired conclusion.

In view of the previous result, an explicit expression for the coefficients in the
expansion for Jy (-, f), when f satisfies the parity property, deserves special attention.

Providing such explicit expressions is the aim of the next proposition.
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Proposition 8 Suppose that f (i) € Lo has the parity property. Then, Jy (-, f) is

infinitely differentiable at zero and
o (—1)"/2( ©0) = 2 [ (T frar) V) d/\> n even
0, f = n (n+1) | oo
(1)t <(T()) — 3 [ (Tinryafre) (V) dA) n odd
(35)
where frar (iA) =Im f (IAN) X and fre (iX) = Re f (i)).

Proof. The proof follows by a direct application of Proposition 2 combined with
the fact that Re Jy (b, f) = 0.

We close this section with some remarks that clarify how the expansion just de-
rived for I (6,b) can alternatively be viewed through the prism of a formal operator
expansion. The analytic properties stated in Proposition 1 provide rigorous justifica-
tion for the expansions outlined next. First, we note that if 8 > 0 is small enough

and b > 0, we can formally write

Eo_o:k ( b,¢" (6)7 H" (0,-))- (36)

| —

—m

Formally interpreting (1 + aT) as
1+aTl ) = —a)"T",
( S (")

in combination with the expansion (26) developed for Ji (a,b, f) and equality (36),

allows us to write
=1 B o\ —k ~
-> =0 (b, ¢" (0)F (1 + 0 (6) T) H* (0, .)> .
k=1

If we introduce the convention that for commutative operators By (6), By (6) and
functions Fi (6,-), F (6,-), expressions of the form B (6) Fy (0,-) By (0) F» (0, ) (or

any permutation of this form) are always interpreted as

(B (0) B2 (0)) (F1(0,-) F>(0,-))
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then we can write
1(6,b) = Jy (b, log (1 — ¢ (0)" (1 +T(0) f)l (o, ))) . (37)

Expression (37) provides a convenient shorthand notation for the expansion of I (6,b),
in powers of # and with coefficients in terms of integrals of the form Jy (b,-). In
addition, note that, in order to recover the coefficients in the expansion for I (6; (-),-)
one can apply formal differentiation to (37) in both arguments 6 and b (always having
in mind that (37) is just a formalism representing a certain asymptotic expansion).

Hence, for example, one can obtain the first term in the expansion for I (6, (-),-) as
Oal (01 (A), A)| Ay = 0 (0,0) Oab: (0) + 051 (0,0),

where the formal derivatives applied to (37) must be interpreted using the formal
operator convention introduced earlier. Thus, for example, if B () is an operator of

the form
00 fk
B(6) = P
(0) =D bt
k=0
applied to a function F (§,\) = 3 fi (i\) 6% /k!, we interpret the formal derivative
Oplog (1 — B (0) F (0,-)) as

Oplog (1 —B(0)F(6,-)) = —dB(0)(1—B(6)F(6,)" F (6,
—B(@)(1-B(O)F(6,) " 0F(®,).

where
8B (0)(1—B(0)F(6,) " F(,)
_ kf: (893 ) B (9)’“) F(0,)",
and, similarly, h
B(#)(1—B()F(6,) " dF (0.
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Thus, it is possible to combine this formalism with the expansion
Jo (b, f) =" J™ (0, f)b"/nl + O (™)
n=1

to recover the coefficients in the expansion for I (6, () ,-) in powers of A.

2.5 Expansions for r (A) and EyR"* (00)

In previous sections, we developed all the elements required to rigorously compute a
full asymptotic expansion for r (-) in powers of A. In the first part of this section, as
a summary, we indicate how the developments obtained in the previous three sections
can be applied to provide an asymptotic expansion for 7 (-) in powers of A. In view of
the level of complexity in the computation of the constants (3,,, the description in this
section is intended to provide guidance for an easy-to-design practical implementation
in a computational package such as Mathematica or Matlab. An efficient implemen-
tation of the procedure will appear elsewhere. In the second part of this section, also
as a direct consequence of the analysis in the previous sections, we will develop a

rigorous asymptotic expansion for the cumulants of R (co) under Py in powers of 6.

2.5.1 The Expansion for r (A)

An algorithm for computing (3, for k < n proceeds as follows:

1. Expand s (A) up to terms of order O (A™"!) using Proposition 8.

2. Similarly, expand the functions Jy (-, Ej ) up to terms O (A™™™) with 0 < j <
m — 1 and 1 < m < n. This also can be done by applying Proposition 8, since

E; , has the parity property.

3. Finally, the terms obtained can be combined with an expansion for 6; (A) up
to terms of order O (A™*1). Such an expansion can be easily obtained using the

implicit function theorem and therefore is omitted.
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Observe that the previous algorithm provides an asymptotic expansion for r (-) in
powers of A. However, because of Theorem 1, we actually have that this asymptotic
expansion converges absolutely in a neighborhood of the origin.

As a simple application of the previous expansion, we show that 5, = 0.

Proposition 9 Suppose that X, has exponential moments and is strongly non-lattice.

Then
r(A)=—-Ap,+0 (AS)

Proof. We only need to show that 3, = 0. Note that by virtue of Proposition 8,
the coefficient multiplying A? in the expansion of s (A) equals

L[ (e )

S9 = — — )\

21 ) o A2
(/12— 42/19).

In order to show that 3, = 0 it suffices to show that 6;J (A, Ey;) ~ —AZ%s, or (since
J (A, Ej,m) =0 (A), 61/2 ~ A and (Z5H (01) ~ 1), that AJ (A, E0,1> ~ —2A282, where

1 o —-A "(1 21
AJ (A, Ey,y) = _/ ( V(A 20 +u3) dA

21 J oo (A4 A)iN \1—g(\) A

_l [oe] A2 . ’}//(2)\) _%
_w/o (A2+>\2)R (1—9(A) AM‘Q’)CM (38)

A [ A? VN 2
_;/0 (A2+)\2))\Im<1_g()\) _7“‘3) d). (39)

Note that ¢’ (A) = 7/ (i) and that Imlog (2A~?) = 0; hence, we can write

() ot 5001

which implies, using integration by parts, that the integral in (38) equals

_?1 000 —(A?f;)z Im (log (2(1 = g (A) A™?) — pgi)) dA
A% [ 2 (Imlog(l —g(\)

A Y )

- u3> dA, (40)
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where (40) has been obtained using dominated convergence and simple manipulations.
It follows from Proposition 2 and a first order asymptotic expansion of Ep; (i\) that
(39) equals —A? (p2/9 — 11,/6). Combining this last estimate together with (40) into
(38) and (39) yields AJ (A, Eg1) ~ —2A%sy which is exactly what we wanted to show
to conclude that 3, = 0.

2.5.2 The Expansion for E4R (c0)" as 6\, 0

We shall provide asymptotics for EyR (00)* = E, (SE)/ (K'Es (S

T+

)) via the cu-
mulants (k; (6) : j > k) of R(oco0) under Py. In particular, these estimates yield the
proof of Theorem 4 stated in Section 2. The idea is to develop an asymptotic expan-
sion, in powers of b, for s (b) and I (,b) respectively and to match coeflicients in the

expression
p(0,0) = —ky (0)b+ ko (0)6%/2 — k3 (0) b° /3! + ...
=s(b)+1(0,b). (41)

In order to perform this task, we will take advantage of Proposition 7 as follows; first
let us define, for k > 1, oy jm = Jék) (0, B} ) /k! (which can be explicitly computed

via Proposition 8). With this notation, we can write, for {,n > 1,

n m—1 l
I(6,0) = > 0™ x(0) (Z g jmb® + O (bl+1)) +bo (6"

k=1
l n m—1
= D Y D 0™ (0) akgm + 00 () + bo (67)
k=1 m=1 j=0

Therefore, we obtain that, for all s,n > 1, k, () satisfies

ks (0) = (—1)° (FLS (0) + s! Z Z_: 0™y (0 Oés,j’m> +0 (6").

m=1 j=1
Consequently, k, (+) is an infinitely differentiable function at § = 0 and for m > 0

and n > 1 we have

m—1m—1-s

(m)
Kn (O) n Fn (0)
’fL' - <_1> 7’1,' + ZO ZO Xs,jan,j,m—&
S=l ]:
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where, for n,j > 1, x,, ; is the coefficient multiplying 6" in the expansion for x On

In particular, the x,, ; can be computed recursively as

k
Xngir = 3 X XE(0) / (k= n)l,

with x,,; = x™ (0) /n!.

2.6 Technical Proofs

Proof of Theorem 3. Using Lemma 1, we can add

1

00 b . .

to expression (13) for p (6, b) to obtain

p(0,b) = 27T/ (b+z>\) ( W(@)A(HM/% (6 ))) “
1 2(v(0) —v(0+1iN)
Tor ) b+m o log A(A 2w5 0)) >dk’

yielding the conclusion of the theorem.

Proof of Proposition 3. It follows immediately, by a Taylor series expansion
of 7 (+), that a series representation for H can be written (for fixed A and € such that

0<|A+10] <n) as

2i¢" (0) v (0) =7 (0+1iN)

H,\) = 1- . (Y
2 6" 1 e "
= 1=-= e — AR (; Z
o0 ek
= ) e (iN) 5
pst k!

In fact, the functions hy, (i-) can be analytically extended throughout the disc D,,/» =
{z € C: |z| < n/2}. This is easily seen as follows, recall that v (-) (and therefore
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7®) (.)) are analytic on NV (defined in Section 2). Also, observe that 1 —y (iz) ~ 22/2
and v®) (iz) — p, ~ izpyy as z — 0. Thus, (v (iz) — ) / (1 — 7 (iz)) possesses a
simple pole at 0 with residue equal to 2iy,_ ;, which implies that the natural extension
of h; defined as

W G2) — e iy (VW (2) — ) 2 — 2y (1 — v (i2))
1 — 7 (iz) z (1= (iz)) 2

is analytic on D, ;. Now, by virtue of the maximum principle (see, for example,
Rudin (1987), p. 253) we have that if 6 > 0 is suitably small,

sup |hy (i2)| < sup |hg (i2)].
|2]<6 |26

Since 7 (2) is a non-constant analytic function defined on D, /; (which is an open set
and thus has an accumulation point), then 1 — v (z) has an isolated zero at z = 0.

Thus, it is possible to choose 6 > 0 in such a way that

|i?—f5|1 — v (iz)] > e >0,

for some £ > 0. Consequently,

) . 1 ) .
|31|1<I()$ |y (i2)] < \SF% |y (i2)| < =5 |Sl|1£:$ | (V(k) (iz) — Mk) Z+ 2 q (1—7 (ZZ))| .

Observe that, for |z| < 1/2, v% (2) = E, (X*exp (2X)). Therefore, if z = z + iy,
with |z| = 6,

[/ (i2)] < Eo (X" lexp (122)] ) = Bo (IX]* lexp (5X)1) < Eo (|X[* exp (81X 1))

A similar bound can be obtained for 7 (z) and we can conclude that 3 B > 0 such
that

sup |1 (i2)] < B (B (121" (exp (81XD) + 1)) + Bo (IX[*"") (14 Enexp (6 1X])))

|z|<é&
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Now, suppose that 6 < /2. Then, if 2, € D,/», we can define
k
BE, (1X1°7) (1 + Eoesp (51X1)) 2 2 Ny (2)

in such a way that the previous series converges absolutely and uniformly on D, .

Similarly, we can define

BZEO (11 (exp (51X]) + 1) 2 = BE, (ZIXI (exp 6|X|>+1>>
= BEy ((exp (1| X]) = 1) (exp (6| X]) + 1)

£ N2 (21) .

Note that, for j = 1,2, N;(z1) — 0 as z; — 0. On the other hand, since g (\) is
strongly non-lattice, we have that

(k) . o .

- YA — e 2
sup |hg (2A)| = su —

\/\|ZI2$| € (iA) \/\|2pé 1—g(A) A

< (5 1) 5 1),
if B < oo is big enough. The previous estimates imply that there exist constants

0< M, <B <E0 <|X|k(exp (6|X|)+1)> + By <|X|k+1> (1+ Eyexp (6|X|))> such
that

sup  |hy (iz2)| < M
22€RU Dy 2
and ‘ZZ‘;I Mk’jc—]l:) <> ‘Mk%{:‘ < oo for 2z € D,j5. Thus, using the Weierstrass M
test, we obtain the validity of (23). Finally, the invoked Weierstrass M test combined
with the analytic functions convergence theorem (see Theorem 10.28, p. 214, of Rudin
(1987)) yields the analyticity of H (z1,-) on R D,s (for 21 € D,2) and similarly
for H (-, 22) on D5 (for z, € R{JD,)2).

Proof of Proposition 1. We start by writing

1 [~ b H(0,0) A
I6,0) = 27/ (b+i)\)i)\10g<1_A—Qqﬁ’(@)i)dk
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The strategy will be to study this integral on {|A\| < 6} and {|A| > 6} separately

(where 6 > 0 is some convenient small number to be characterized later).

1y H (0. ) A

100 =g [ e (1= z) (@2
: b 1 H (6,2 \

om A|>6malog( _m> d. (43)

Let us define I, (0,b) and Ip (0,b) as (42) and (43) respectively. Suppose that 0 <
b < 6 < n/2. By making u = b\, we can write
1 b 1 H(9,\)\
I,0,)=—— | —————=log|1l———%—]d\
a(0.b) == /_5 (b + M) ix Og( )\—2¢’(6’)z’>
Let C ={w € C: |w| <6} N{Im (w) < 0}, and observe that by virtue of Proposition
3, we can pick §; > 0 in such a way that for all 0 < § < ¢; the function

b1, (1 H(&,w)w)

R T T TRV T

is analytic on C'. Thus, applying Cauchy’s theorem to the contour enclosing C' we

obtain
IA (07 b)

0 FPRI H (0. 5 Sei*
_ 1/ b 26610g<1_ (,€)€>d/\

2 ) (b+ ibeR) ide )

0 1 c—1 _—i\ H i
1 / b e ) log (1 B (9,56 ) ) N (44)

T2 ) (T—ibs e 1—i2¢/ (6)6 e

The equality (44) has been obtained by simple algebraic manipulations. Observe that
the previous expression in combination with Proposition 3 and the analyticity of the
functions ¢ (0) (~ 0) at zero immediately gives that I4 (6,b) can be represented as
an absolutely convergent double power series in 6 and b on the set 0 < |6] + |b] < 62
for some 65 > 0. Indeed, if we pick 6, small enough, it is possible to provide an
explicit power series representation for 14 (6, b) by using the expansion of log (1 — w)
at w = 0 in combination with the series representation (23) for the function H (6, \)

derived in Proposition 3 and a taylor expansion of (1 — w) ™" around w = 0.
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The analysis of Ip (0.b) is easier,

1 b1 H{(6, M)
Is(6.0) = o /MS (1—-b271) o8 (1 1420 () )\1) .

Hence, in order to show that I () can be written as an absolutely convergence double

power series in a neighborhood of the origin, it suffices to show (by Fubini’s theorem)
that

o , k+1
/ > (m+k> B (2 (B (exp (0|X]) — 1 — | X]))) Z|h N
N . (k+ 1) AP

is finite for all non-negative 6 and b such that 6 + b < ¢35 for some 63 > 0. But this
fact follows easily from Proposition 3, first note, by the change of variables A = ud,

that the previous expression equals

. k+1
> m—i—k‘)bjﬂ(?( (exp (0| X|) —1—|X]|))
. hs (iX0)] du,
/U>1 kam>0 ( k §itm+1 (k + 1) |u|J+2+m Z ’

now pick 83 small enough so that 0 < max (b,2 (E (exp (0 |X]) —1—|X]))) < d3 <6
(if # + b < 83), and use Proposition 3 to conclude that one 3 can be chosen so that
S0 1 [hs (iX8)| & < ¢ < 1 — 65/6. Therefore, we can bound the previous sum by

fon 2, (e

[u|>1 k,j,m>0
<21 g (i-— )<
= 316,06 0 1—65/6 ‘

The conclusions obtained for both I4 () and I (+), indicate that for all 0 < 6,b < v
(for some v > 0) I (0,b) can be written as
b) =Y 06 I,
Jk>1
where the previous series converges absolutely on the specified region on # and b.
The previous expression provides the natural analytic extension of I(-) on D? =

{(z1,22) € Cx C: |z1| + |22] < v}.
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Proof of Theorem 1. Since

exp(s (A)) = = EA<EXP(F9_?S))

= Ey (exp (AR (0))) ,

the analytic extension of the term s (A) follows from that of the right hand side, which
comes from the fact that S, has exponential moments (see Asmussen (1987)). Thus,
since r (A) = s(A) + I (61 (A),A), we just have to analyze I (6; (A),A). However,
from the implicit function theorem, we know that 6; (-) is analytic in neighborhood
of the origin, thus, the analytic functions convergence theorem (see Theorem 10.28,
p. 214, of Rudin (1987)) combined with Theorem 1 yields the desired conclusion.

Proof of Theorem 4. From Theorem 1, we know that for 0 < 6,b < v (for

some v > 0)
1(0,b) =Y V1;(0),
=1

where each function I. ; (#) can be expanded in absolutely convergent power series for
0 < 0 < wv, and thus can be analytically extended throughout a neighborhood of the

origin in the complex plane. But,

p(0,0) = —k1 (0) b+ ko (0)6%/2 — k3 (0)b° /3! + ...
=s(b)+1(6,b),

where s(+) is (real) analytic at zero. Hence, the conclusion of the Theorem follows

immediately by matching coefficients.
Next, we show that if the distribution of X; is symmetric then forn > 1, 3,, = 0.

Proof of Theorem 2. As we discussed before, all that we need to show is that
B4, = 0. We have shown that an absolutely convergent power series representation
is possible for r (A) when A is small, thus it suffices to show that if 0 < A < ¢
(where 6 > 0 is suitably small), then an asymptotic expansion for r (A) is given in

odd powers of A only. Using the integral expression (14), integrating on |A| < 6 and
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|A| > 6 we can write

1 A (20 (0) =y (61 +iN)
r(A) /M ( log ( ) d\ (45)

=5 A+ )i\ A (A —2i¢" (61))
o et G vt ) (LS

T 57 Jyes BTN ix A\ 2i¢ (61))

Define by A (A) and B (A) the integrals appearing in expressions (45) and (46) re-
spectively. We first analyze A (A). Using a similar argument as in the proof of
Theorem 1, we see that
1 A 2(y(01) —v (61 +12))
AA)=— | ———1 d
(A) =5 /C (A +i2)iz Og( 2 (2 — 2i¢0 (0,)) =

where the trajectory C; is defined as C; = {6e** : A € [0,—m)}. Also, define the
trajectory Cy = {6e* : X\ € [—m,0)}. The proof of the theorem will be complete if we
show that A (A) is an odd function. That is, we must show that A (A) = —A(—A).
Note that

A= [ (R0 i),

T or —A+1iz)iz z(z —2i¢' (—6y))

1 —A o 2 (7 (01) + (01 +1w)) X
_QW/CZ(A—l—iw)iwlg( w (w — 2i¢) (0,)) )d' (47)

Equality (47) was obtained by making the change of variables —w = z and using that
v (61) and ¢’ (A1) are even and odd functions of #; respectively. In view of (47), in
order to show that A(A) = —A(—A), it suffices to show that

1 A o (200 =7 (O +aw)
0_27T/C(A—|—iw)z'wlg( w (w — 2i¢ (61)) )d’

where C' = C + (5 is the contour corresponding to the circle with radius 6. Now,

1 A op (2000 =7 (61 +w))y
QW/C(AJrz’w)iwlg( w (w — 2i¢’ (61)) >d

_ 1 A (20 0) = (O Fiw)y
S or Cw(w—iA)1g< w (w —1A) >d (48)

1 A w — 1A
MDY Ry (—w Y (91)) dw. (49)
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We will show that both terms (48) and (49) vanish. We first consider (49). For
v € [0,1] and a € [—6, 6], define f () as

f) ! / Llog (yw — ia) dw.

T or _cw(w—iA)
Using residue calculus (see Rudin (1987), p. 224) it is easy to see that f(0) = 0. A

standard dominated convergence argument yields

oL A -
/ (’7)_27'('/0 (w—iA)(’yw—ia)d 0

where the previous integral has again been evaluated using residue calculus. As a

result, we obtain that f (1) = 0. Applying these considerations with a = A and
a = 2¢' (0;) shows that the integral in (49) equals zero. We also can apply residue
calculus to evaluate (48) directly as follows. Consider
A 2 (v (61) — v (01 + iw))
fi(w) w (w —iA) og( w (w —iA)
Using the change of variables w = h 4+ ¢A and the definition of A = 6, — 6y with

v(01) = v(6y) we can evaluate the residue of f; at w = iA as Residue(f1;iA) =
—ilog (=27 (0g) /A). We also can obtain Residue(f1;0) = ilog (27 (01) /A). There-

fore, using residue calculus we obtain that the integral in (48) equals

—ilog (=27 (0o) / (27 (61))) = —ilog (v (61) /7' (61)) = O,

since in the case of symmetric distributions 7' (A) is odd and 6; = —6,.
Finally, we analyze B (A). Note that

1 A )

B(A):%/Mzémlog(ﬂl_go\))/\ )d)\ (50)
: i AH (01, ))

o /MZE; (A 41N iA log (1 = m) dA. (51)

Let By (A) and B; (A) be defined as (50) and (51) respectively. Since X; is symmetric,
it follows that log (2 (1 — g (\)) )\72) is real. As a result, we obtain, just by integrating
the real and imaginary parts of the integrand in B (A),

1 A

Bl (A) = % ‘A‘Zé A2 + A2

log (2(1—g(\)A™?) dA. (52)
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Expression (52) yields an asymptotic expansion in odd powers of A for B; (A). Again,

integrating the real and imaginary parts in By (A) we obtain

1 A AH (61, ))
By (A) = — ———Rel 1— ————|dX 53
(8= o s (A2 120 ( A — 2i¢/ (91)> (53)
1 A? AH (61, )) )
- = = Imlog (1200 ) gy 54
2T |A|>6 (A2 + )\2) )\ 08 ( )\ — 2’L¢ (91) ( )

The previous identity for By (A) is obtained by observing that the integral
of the imaginary part must vanish. This occurs because for all #; small the
function log (1 — iAH (01, \) / (iX + 2¢ (61))) satisfies the parity property, which can
be verified by observing that, since 7 (i\) = Eq cos (AX)+iFEysin (AX), it follows that
hi (iX) € P; also, using Proposition 6, we obtain that i\/ (i\ + 2¢' (61)) satisfies the
parity property. Therefore, the closure properties proved in Proposition 6 together
with an expansion of the logarithm yield that log (1 — iAH (61, \) / (iX + 2¢ (61))) €

P. which justifies (53) and (54). For notational convenience let us define

C(6,)) = i Rog (1)) 03% /2! (55)
and
DO, A) = i3 haucs ()6 (26— 1)L, (56)

where hy, (iA) = (Y® (iA) — ) /(1 — 7 (4)\)) — 2ipy,.1 /. Since the distribution of X,
is symmetric we have that (i) is even and real. Moreover, we also have that hy (i\)
is even if and only if k is even. We also can see that Re (H (6,))) = C (#,)) and
Im(H (9,)\)) £ D (6,)) are even and odd functions of both § and A (meaning that
for every 6 € (—n/2,1/2) fixed, C (6, -) is even and, similarly, for each A € R, C' (-, \)

is also even on (—n/2,71/2), say). Using this notation, we can write

AH (01,0)  NC(01,)\) — 2¢' (01) AD (61, \)
A=2¢(61)i N+ (2 (61))°
N Z,2¢' (01) AC (61, A) + A2D (61, A)
A2+ (24 () '

(57)

(58)
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Let us define C(0;,\) and D(6;,)) as the real and imaginary parts of
AH (01, \) / (A — 2¢' (61) ), respectively, as indicated in the corresponding expressions
(57) and (58). Since AH (61,)) /(XA — 2¢' (1)) holds the parity property, C (61, \)
and D (6;,\), are even and odd function in both arguments 6; and \. By symmetry
of the distribution of X; we have that A = 26, also as a consequence of symme-
try, 2¢’ (f1) is an odd (real) analytic function of #; at the origin, which implies that
(2¢ (61))? is even. Hence, using the expansion of log (1 — z) at z = 0 in expres-
sions (53) and (54) (justified by virtue of Proposition 3), we see that an asymptotic
expansion for the integral (53) involves expanding expressions of the form

K (6,) i/ A C (61, \)" D (1, \)*™ dA (59)

21 Jiaizs (A2 + A7)

where K () is an even function of §; which is also (real) analytic at the origin. This
implies in view of (55) to (58) and the properties of 2¢’ (f1) discussed before, that an
asymptotic expansion for (59) must be given in odd powers of A only, which must be
also the case for the integral in (53). The treatment for the integral (54) is completely
analogous and also yields an asymptotic expansion in odd powers of A. This yields

the conclusion of the theorem.



Chapter 3

The Cramer-Lundberg Theorem in

the Presence of Heavy Tails

Let S = (S, : n > 0) be the random walk generated by the sequence X = (X, : n > 1)
of independent and identically distributed random variables (iid rv’s) with £X; = 0
and EX? =1 (so that Sp = 0 and S,, = X; + ... + X,, for n > 1). Assume that the
X;’s are strongly non-lattice, in the sense that g (\) £ Eexp (iA\X,) satisfies, for each
e >0,

inf |1 —g(\)] > 0.

[A|>e

Or, in other words, that limy_« |g (A)] < 1 (see Siegmund (1985), p. 176).

Let us introduce a small location parameter ¢ > 0 representing the drift of the
random walk. More precisely, let us consider a parametric family of random walks,
SO = (Sﬁ in > O), generated by the sequence X® = (X, —§ :n > 1). So that

S8 =S, —né.

We shall focus on developing highly accurate approximations, of Cramer-Lundberg

type, for the distribution of

M;s = max S°
J n>0

43
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in the presence of heavy tailed increments. For our purposes here, we say that X has
“heavy tails” if for all 6 # 0, Eexp (0|X]) = oo.

Driven by a number of important applications in several disciplines, a great deal of
effort has been put into understanding the distributional properties of Ms. The book
by Asmussen (2003) provides a detailed account of several important applications
settings in which the distribution of My plays a major role. Most notably we mention:
insurance risk theory, in which P (M;s > z) is the probability of eventual ruin of an
insurer that faces iid claims and possesses initial reserve x; queueing theory, in which
the waiting time sequence (excluding service) in the single-server queue, under iid
inter-arrival and processing times, and first-come first-served service discipline, turns
out to converge in distribution to Mj (see Kiefer and Wolfowitz (1956)), and sequential
analysis, in which the tail probability P (M;s > z) can be interpreted as the power of
a one-sided sequential probability ratio test (see Siegmund (1985)).

Many problems in applied probability motivate study of models with heavy tails.
For instance, in certain lines of the insurance business, such as fire insurance, statis-
tical evidence suggest that claims sizes generally exhibit heavy tailed behavior (see,
for example, p. 436 of Bowers et al (1997) and Embrechts, Kliippelberg and Mikosch
(1997)). Queueing theory also gives rise to heavy-tails. For example, when mod-
eling data traffic in communication networks, evidence has been found suggesting
that exponential tail features (present in traditional models of data traffic) are not
compatible with empirical observations (see Adler, Feldman and Taqqu (1998), and
Willinger et al (1995)). Therefore, developing asymptotic analysis for systems with
heavy tail characteristics is an important applied problem.

Computing the exact distribution of Mj (either numerically or analytically) under
general increment distributions is well known to be a challenging problem. Essentially,
it entails solving a Wiener-Hopf type equation known as Lindley’s equation (see Lind-
ley (1952)). This integral equation corresponds to the equation describing the sta-
tionary distribution of the positive recurrent Markov chain W,y = (W,, + X, — 5)+.
Consequently, most of the literature has been focused on developing approximations

and numerical algorithms for computing the distribution of Ms. One of the most
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popular approximations is based on the so-called Cramer-Lundberg asymptotic for-
mula (see equation (1) below). This formula was initially developed for light tailed
increment distributions (i.e. Eexp (n|Xi|) < oo for 7 in a neighborhood of the ori-
gin). The Cramer-Lundberg approximation is a celebrated result in insurance risk and
queueing theory (see Asmussen (2001, 2003) and Grandell (1991)), and it is widely
accepted that it tends to perform very well in practice (see the discussion in Asmussen
(2001) and Grandell (1991)). This performance can be explained via the exponential
rate of convergence that actually holds in many practical applications, see equation
(2) below.

As we shall see in Section 2, the Cramer-Lundberg representation for P (Ms > z)
in the case of light tailed increments can be interpreted in a “scaled” form as a
function of § > 0 only (i.e. we allow x = y(8) = O (67") for b > 1 as § \, 0, see
(2) and (3) below). The case of y (§) = O (67") (as § \, 0) is of great interest, since
it corresponds to the so-called diffusion scale (see equation (4)). With this scaled
interpretation we can see that the Cramer-Lundberg approximation has an error that
is exponentially small as § N\, 0 (or, equivalently, y (6) " 00). Note that the case ¢
close to zero is encountered often in practice. For instance, in the queueing setting
described before, 6 ~ 0 corresponds to the so-called heavy traffic regime in which the
server is busy close to 100% of the time (this terminology actually motivated the title
of this chapter). In insurance risk theory, ¢ close to zero implies that the premium
charged is close to the typical pay-out for claims (in the language of risk theorists,
the “safety loading” is small). Furthermore, our scaled form of the Cramer-Lundberg
representation allows us to obtain a corresponding heavy tailed version (assuming
E|X;|*" for a > 0) of the standard Cramer-Lundberg approximation that provides
a good fit (as 6 N\, 0) at essentially every region of the quantile space (see (5)). In
particular, the error obtained is of polynomial form in ¢, at a rate that depends on
the number of moments available. Although we state the complete form of our scaled
Cramer-Lundberg representation (see (5)), we focus only on the diffusion region of the
space (i.e. y(6) = O (6_1)), which yields the most important result of this chapter,
namely, Theorem 1. The details for the case y (§) = O (5_b) for b > 1 are given in
Blanchet, Olvera-Cravioto and Glynn (2004).
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Initial forms of heavy tailed Cramer-Lundberg asymptotics for P (M > x) were
given by Bahr (1975) and Borovkov (1976) in the context of the so-called classical risk
model or (equivalently) the single-server queue with Poisson arrivals. Further gener-
alizations were developed by Embrechts and Veraverbeeke (1982). These heavy tailed
versions of the Cramer-Lundberg approximation tend to perform well only at very
large quantile values (see Asmussen and Binswanger (1997), and also the discussion
in Embrechts, Kliippelberg and Mikosch (1997) p. 54). The approximations provided
in this chapter (in particular, see Theorem 1) are intended to yield good fit in more
“typical” values of the distribution (i.e. on the region z = y(6) = O (6~"), which
corresponds to the diffusion scale). For large quantiles (i.e. x = y(6) = O (5_b) for
b > 1) our approximations match earlier results mentioned above.

A closely related approximation, of the type of so-called “corrected diffusion ap-
proximations” (CDA’s), has been tested in practical applications by Asmussen and
Binswanger (1997) and shows satisfactory performance. This first order CDA was
developed by Hogan (1986). As we shall see, Theorem 1 not only allows one to
strengthen and recover Hogan’s CDA but it also significantly reduces the error of the
diffusion approximation (see (4) below) as 6 \ 0.

Section 2 introduces our “scaled” Cramer-Lundberg representation and discusses
our main results (see Theorem 1) using ideas from the light tailed case. Section 3
studies the connection between our proposed representation and corrected diffusion

approximations. The technical development is given in Section 4.

3.1 A Cramer-Lundberg Representation

As we mentioned previously, the so-called Cramer-Lundberg asymptotic formula was
initially developed for light tailed random walks. In particular, suppose that there

exists a positive solution 8° to the equation
¢ (0°) = exp (6°6),

where ¢ (§) £ Eexp (6X;). For 2 > 0 define 7 (r) = inf{n > 1 : S > x}. Since
{7 (z) < 00} = {Ms > z}, the fundamental identity of sequential analysis establishes
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that
P(Ms > x) =P (7 (z) < 00) = exp (—6°z) Ep exp (—6° (52, — x)),
where
Pys (A) = E (exp (6° (S, — n6)) 1a)

for every set A € o (X1,...,X,,) (where o (X, .., X,,) is the sigma-field generated by
Xi,..,X,). The “overshoot” R (z) £ 824 — @ can be interpreted as the residual
life time of the embedded renewal process generated by the strictly ascending lad-
der heights of S¢. The standard Cramer-Lundberg asymptotic is then obtained by
applying renewal theory at strictly ascending ladder heights yielding

P (Ms > z) ~exp (—0°z +1(5)) (1)

as x — 0o, where r (6) = log E exp (—96R (00)).
Moreover, since we are assuming strongly non-lattice increment distributions, a
result by Stone (1965) on rates of convergence in renewal theory guarantees an expo-

nential rate of convergence in (1). In particular, the Cramer-Lundberg representation
P (Ms> x)=exp (—6’% +7(6)) + 0 (e7*) (2)

holds for some a > 0 (see Asmussen (2003) p. 196 ). It turns out that the exponential
rate of convergence in (2) is uniform in § > 0 (see Lemma 5 of Siegmund (1979) or
Lemma 1 below), allowing us to write (see Chang (1992)) the following scaled Cramer-

Lundberg representation for P (Ms > y (8))
P (Ms >y (6)) = exp (=0°y (8) +7(6)) + O (e7®), (3)

which is valid for some a > 0 (uniformly on 6 € [0,6;] for some §; > 0) and y () =
O (5_b) for b > 0. Of special importance is the case in which b = 1 (i.e. y(6) =
O (6’1)). Using the implicit function theorem it is easy to see that #° = 26 4+ O (52),

we therefore can recover, from (3), Kingman’s (1963) diffusion approximation

P (Ms>x/6) ~exp(—2x)+o(l), (4)
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valid as 6 ™\, 0, for x > 0.
In this chapter, we introduce a heavy tailed version of the scaled Cramer-Lundberg
representation (3). In particular, if F|X;|*™ < oo for a > 0, then, for each & > 0

sufficiently small, our proposed representation takes the form

P (Ms >y (5))

_ { exp (—00y (8) + 74 (6)) +0(6°°) ify(6)=0(67") forb=1

L P(Xa>w)duto(y(6)™) ify(6)=o(6") forb>1"

()

y(6)

The constants #° and r, (6) correspond to natural approximations for §° and r (6)
respectively — their form is discussed in detail below. The case y (§) = O (6_b) for
b > 1 is derived under the additional assumption that the increments possess regu-
larly varying tails, although the technical details are not discussed in this dissertation
(see Blanchet, Olvera-Cravioto, and Glynn (2004)) for additional detail on this case).
It suffices to remark in the present discussion that representation (5) generalizes the
scaled Cramer-Lundberg representation (3) and reconciles our proposed representa-
tion with previous Cramer-Lundberg type asymptotics developed for fixed values of
6 (see Embrechts, Kliippelberg and Mikosch (1997) p. 39). In our development here,
we will focus only on the “diffusion” region of the space, namely, y (6) = O (5_1).

In order to understand the nature of the constants 6%, and 7, (8) let us analyze the
elements describing (3). Using the implicit function theorem, it is possible to develop

an approximation for #° in terms of

§i+2
B2+ Y ¢ —:95+o(5w) (6)
oY J+2 ’
oSz 2!
where £, = 8EX}/3, and £ ; depends on the first j + 1 moments of X;. Also, it turns
out that r (6) can be computed explicitly in terms of Woodroofe’s (1979) integral

form

- 6) 1/°° —0 10g<¢(0)—el¢(9+i)\)>d/\7 0

T 2m ) (074 iN) A —i (¢ (6°) — 66 (6°)) A
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see also Siegmund (1985) p. 176. It is not hard to verify, using a dominated conver-

gence argument and Proposition 8.44 of Breiman (1992), that if

1 o) _96
. (6) & _/ o
S BN [\
95 _ =8 (k) Y 96 k k!
log Pya( a) 6 z:ékSOH*lg <6)( a) / d)\
—1 (7:)4 (ea) - 6’701 (ea))

(8)

with 7, () defined as

G2 X2

Vo () =1+ Gl

0<j<a

then,
r(6) =14 (6) + 0(8%).

In view of the fact that for 6° and r, (6) to be meaningful only finitely many moments
of X; are required to exist, the previous estimates together with (3) suggest the
natural scaled Cramer-Lundberg representation provided. Summarizing, the main

result of this chapter is the following.

Theorem 1 Suppose that E |X1|a+3 < oo for a> 0, and that the distribution of X

18 strongly non-lattice. Then,
P (Ms > x/6) = exp (—Hix/é + 74 (8)) 4+ 0 (6%79) 9)

as 6 \, 0 for e > 0 sufficiently small and x > 0 fized.

Remark 1 As we shall, the slack term € > 0 comes from an estimate involving
Spitzer identities and the Wiener-Hopf factorization (see Proposition 3). In other
words, if we could set € = 0 in Proposition 3, then Theorem 1 would hold assuming

only E|X1|*™ < oo for @ > 0 with an error of order o (6%).

Remark 2 We also will see, that Theorem 1 could also have been formulated in

a more robust form as follows.
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Theorem 2 (Robust form) Let G be the class of random variables Y such that

i) supycg E|Y|*" < oo for all a > 0.

i) The distribution of Y equals the distribution of X; on [—1/6,1/6].
iti) Xi is strongly non-lattice and EY = o (6).

Then, for € > 0 sufficently small and each x > 0 fixed,

P (Mg/ > x/8) = exp (—Him/é + 74 (6)) +0(6%7°),

as 6 \, 0 (uniformly in Y € G) where M} is the all time maximum of the random
walk S, =Y1 + ...+ Y, —né, and the Y;’s are iid rv’s members of class G.

3.2 Connection to Corrected Diffusion Approxi-

mations

The approximation suggested by Theorem 1 is closely related to so-called “corrected
diffusion approximations” (CDA’s). These approximations are developed in the form
of asymptotic expansions in powers of 6 > 0. These asymptotic expansions follow the
spirit of Edgeworth expansions for the central limit theorem and provide parametric
information (in 4 > 0) about the distribution of the whole time maximum of ran-
dom walk. CDA’s for the distribution of My were introduced by Siegmund (1979).
Assuming light tailed increments, Siegmund (1979) developed an expansion that cor-
rects the diffusion approximation (4) up to an error of order o (62). Chang and Peres
(1997) obtained a complete asymptotic expansion for Gaussian random walks and,
as we have seen, a complete asymptotic expansion for general strongly non-lattice
increments with exponential moments was developed in the second chapter of this
dissertation.

A first order CDA (corrected diffusion approximation) to (4) in the case of heavy
tailed increments was proposed by Hogan (1986). In particular, assuming that F | X ]5 <

00, and under some integrability conditions on the characteristic function of X; (which
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in particular imply the continuity of X;) Hogan showed that

3
P (Ms> x/6) = exp (—2x) (1 + 54xE3X1 - 256) +o0(9).
The constant (3 was computed by Siegmund (1979) as
g-lpxs_ L /OO L Relog{2(1— g (6)) /6%}d0 (10)
6t o ) @2 ©08 g '

Hogan'’s strategy consists, essentially, in applying direct Fourier inversion to the char-
acteristic function of Ms. His method of proof does not seem to extend directly to
higher order correction terms.

A more convenient representation for Hogan’s approximation (which is guaranteed

to give only non-negative values) can be written as
P (Ms > x/6) ~ exp (—2x (1 — 26EX}/3) — 263) . (11)

In order to recover Hogan’s approximation (11) from (9) note that (using the same

technique as in the proof of Theorem 3 in Chapter 2 of this dissertation),
1 [~ =
ra(®) = 5 / Rors e
2 (1, (60) = € Thc 0 ) (60)" /1)
A =20 (¢ (6) = 66 (67)))
R
21 ) o (65,4 iA) i

dA

log

Y

log (2 (1 — ¢ (iA)) A7%) dA ~ 263. (12)

The estimate (12) was obtained from the expansion 6, = 26 + §’8EX7}/3 + 0 (8%),

|4+a < oo for a > 0.

which is valid, as we show in Corollary 1 below, as long as F | X;
Approximation (11) can therefore be recovered by combining (12) and the expansion
for #° into (9). We stress that (9) does not provide a CDA in the parametric sense
introduced by Siegmund (1979). Furthermore, the techniques introduced in Chapter
2 do not apply directly to provide an asymptotic expansion of 7, (6) in powers of the

drift 6 under the parameterization utilized here.
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3.3 Technical Development

Throughout the rest of the chapter we will suppose, in addition to the assumptions

|a+3

discussed at the beginning of this chapter, that E |X; < oo for a > 0. The

strategy that we will pursue follows a truncation argument. Consider the sequence
X’ of rv's YZ = X1 (| Xk <1/6) — 6, for k > 1, and its associated random walk
5 = (gi tn > O) (i.e. Fﬁ =0 and gi = 7? + ... —1—72). The idea is first to develop
approximation (9) for the distribution of

— —6
Ms=max5, .
J n>0

Later, we will show that P (Ms > z/6) and P (M; > x/§) are suitably close.

Put ¢ (0) = Eexp (0X1) and set s () = log ¢, (6). Note that 05 (0) = —6 +
) (6O‘+2); therefore, if ¢ is small enough, we can guarantee that there is a strictly
positive solution to the equation (Q‘j) = 0. A similar argument to that given

previously to obtain (1) yields
P (Ms > z) = exp (—0‘,2:5) E; exp (—Q‘ERS (2)), (13)
where 7 () = inf{n > 1: ?,i > 1}, Rs (1) = gi(x) — x is the overshoot at level z, and
Pr(A)=E (eXp (02?2) 1A)

for every set A € o (72, ‘..,Yi> (where o (72, ‘..,Yi> is the sigma-field generated

by 7‘;, ...,Yi). Renewal theory applied at the strictly increasing ladder heights of
the random walk S implies that

E; exp (—0.Rs (x)) — Ej exp (—6.Rs (0))

as r — oo, for fixed 6 > 0. Here, we are interested in applying renewal theory
uniformly on 6 € (0,61). The next proposition (which is analogous to Lemma 5 of

Siegmund (1979)) provides the means for doing so.

Lemma 1 Let F be a family of distribution functions supported on [0, 00). For each

F € F, let Ep(:) be the expectation operator associated to F € F, and define
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Erg (1) 2 f[o o) I (t) F (dt) for each continuous and bounded function g : [0,00) — C.
Suppose that the family F is uniformly strongly non-lattice, (i.e. the corresponding

characteristic functions xp (\) = Erexp (i\T) satisfy

inf inf |1 — . 14
;gﬂg‘;a\ Xp (M) >0 (14)

Then, U (t) £ 3°°° F*" (t) satisfies the following.
1. If supper Erexp (nX1) < oo for some n >0, then

=0 (e’“t)

t EFT2
Up (t) — —— —
— r (t) Err 227

as t — oo for some a > 0.

2. Moreover, if supp.y Epmet? < 00 for € > 0, then,

U t Ep 2 H2 (t> F F +
Sep F ( ) E 2E2 E g 1 * 1 ( ) ( Og ( ))

as t — oo, where HY (t) = [ (1 — F (s))ds /Ept and H} (t) = [~ Hf (s)ds.
Proof. See Theorem 1 in Chapter 4 of this dissertation.

A crucial assumption that must be verified when applying the previous lemma is
the strongly non-lattice condition (14). A key result that we shall use to verify this
assumption repeatedly throughout the rest of this chapter is the so-called Wiener-
Hopf factorization, which we now state without proof (see Theorem 8.3.1 of Asmussen

(2003) for a proof of this classical result).

Lemma 2 (Wiener-Hopf) Suppose that Y = (Y : j > 1) is a sequence of iid rv’s
with characteristic function g(\) = Eexp (i\Y}). Define S, = Yi + ... +Y, and
So£0. Put 7, =inf{n >0:95, >0} and set 7_ =inf{n > 1:S, <0}. Finally, let
g+ (N) = E(exp(iAS;1); 74 < 00) and put g (A) = E(exp (iA\S,_) ;7 < 00). Then,

1—gA)=0=g:A)A—-g-(N).
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With Lemma 1 in hand, we now can provide a detailed asymptotic analysis of
Ef exp (—Hiﬁg (z/6)) as 6 \, 0 (for fixed = > 0), as the following proposition shows.

Proposition 1 There ezists 6* > 0 and a function f; : (0,00) — (0,00), such that
fi(z) =0 (%) as z / oo for which

P (Rs (z) >y) — Pr (Rs (00) > y)| <y ' i) afi () + fi (z +y)

sup
0<6<6*

forz,y > 0. Also, if v = O (1/A) we have
|Ej exp (—ARs (z)) — Ef exp (—ARs (0))| < o (A™%)
as AN\, 0 uniformly in 6 € (0,6").

Proof. An analogous result was obtained by Chang (1992) when exponential
moments exist. Our argument here follows Chang’s argument, we provide the details
for completeness. Applying renewal theory at strictly increasing ladder heights we

have that

P§<§i+>m+y—t>U§(dt),

P; (Bs (2) > y) =/

[0,2)

where 7, = inf{n > 0: gi > 0} is the first strictly increasing ladder epoch, §i+ is the
first strictly increasing ladder height, and Uy is the corresponding renewal measure
generated by the strictly increasing ladder heights under the probability measure P;'.
We also know from renewal theory (for fixed § > 0) that

1

P (R(0) >y) = —— /OOP* 52> t)at
5 ( ) E;;S% y 5( - )

1
_ T6/ P;(Si+>a:+y—t>dt.
BT, J-w

Thus,
Py (Rs (z) > y) — Py (Rs (0) > y)
_ / P; (S5, >a+y—t) (U5 (d) - id (15)
0 E3S7,

1 /0 —s
+—F Py S; >r+y—1t dt. (16)
EgSi+ 8 ( + )

—00
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Note that (15) can be written as
/ P; (?% >:L‘+y—t> ex (dt),
0

where

* =0 2
vt E()
s (1) =Us (1) — = =

Using properties of the convolution and the change of variable u = z/t we obtain

/$Pg‘ (§i+ >x—|—y—t>5§(dt)

0
- —/ et (z—t) Py <§i+€y—|—dt>
0

1
= —/ ;5 (x — at) Py (§i+ €y+xdt). (17)
0

Now, since E (|X1|3+0‘) < 00, 0 < §i+ < 1/6 and 02 ~ 26, we can guarantee that
there exists 0; > 0 such that

—s 2+« —s 2+a 5=
sup Ej ((Sﬂ) ) = sup F <<SF+> exp (0*S?+>>
0<6<61 0<6<61

< M sup E ((?;)%a) < 00.

0<6<61

Let us verify that the laws Py (gi 4 € ds) are uniformly strongly non-lattice. First,
it is almost immediate to see that the laws Py (71 € ds) are uniformly strongly non-

lattice. From Lemma 2 we have that
1 . — . _
3 |1 - 6_6”\E§ exp (i)\Xl)‘ < ‘1 — 6_&)‘E§ exp (i)\SiJr)‘ .

The uniform strongly non-lattice assumption can be easily verified from the previous
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inequality. Consequently, we can apply Lemma 1 to conclude, from (17), that

x 1
/P; <§i+>x+y—t>5j§(dt)‘ < /|£§(:c—a:t)|P§‘ (52, €+ i)
0 0

1/2 -
< / 3 (o — at)| Py (S5, € y+ it +
0

1
/ €% ( — at)| P <§i+ cy+ mdt)
1/2

< o(@ ) B (S, 2y) + B (5, 2y +0/2)
= o) o(y ) +o(ly+ m)_2_a) :

On the other hand, the term (16) equals

1 SN e
E§8?+ Tty

This yields the first part of this proposition. For the second part, note that
E; exp (— AT (2)) = /0 TPy (B () < w/A) du,
thus
|E; exp (— ATy (2)) — B exp (~ARs (00))]
< /0 T e (o0 (w2 A ) 0 (27) + 0 (AT (A + 1)) du = o (A7)

as long as © = O (1/A), this provides the second part of the statement.

We are almost ready to show that our stated approximation (9) is valid for the
truncated random walk 5. Let us just provide, a couple of elementary results de-
scribing the asymptotic behavior of #° and Os (9‘:) as 0 "\, 0.

Proposition 2 Let
G5 () £ E (exp (0X:1(|X4] < 1/6))).
(Observe that ¢z (0) = exp (—068) ¢s (A).) Then, for all 6 € [—M§, M8] with M > 0
~ : [y N
05 ()= D EX{L(IX)| <1/8) 5| <0 (6°7).

1<j<a+3 J
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Furthermore,

55 (0) — Z EX{?—? <o(8°7%),

1<j<a+3

for @ € [—M6, M.

Proof. The proof proceeds by expanding for fixed ¢ the function

32 (6) |
. 07
= Y EX{I(IXy|<1/6)
1<j<a+2 J:
i3] ‘9\_04—&-3]
B (X exp (001 (0] < 1/9)) oy
where |n| < |0] < M6. Hence,
la+3]
B (X} exp (X1 (130 < 1/6))) Tas3l
Mstot? o o
mGXp(M)E|X1+3| 20(6 +2) .

The fact that EXJ1(|X,| <1/8) — EX] = o (6°7377) can be easily checked, this

yields the conclusion of the proposition.
As a consequence of the previous proposition we obtain the next corollary.

Corollary 1

0° — Z Q&j

j' S 0 (6a+1) )
j<a+2

The constants &; are computed via the system of linear equations:

(1 Ko o
Z<m>m—+2§nm+l_07 OSTLS(I—FL

m=0

where k; is the jth cumulant of X;.
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Proof. The interesting case arises when exponential moments fail to exists, in
that case log g (1) > & for all § small. Therefore, by strict convexity of log ¢ (), we
must have #° < §. This implies that ° is in the domain in which the expansion of
Proposition 2 is valid. The rest of the conclusion follows from the implicit function

theorem.

Proposition 3 Ify(§) = O (671’) forb <1, and x > 0, then
P (Ms > x/8) = exp (—002/6 + 14 (8)) + 0(6%).
Proof. By Corollary 1 we have
P (Ms > xz/6) =exp (—Gfx/é) E5 exp (—92?5 (z/9)) .
On the other hand, Proposition 1 asserts that
| B5 exp (—02Rs (x/6)) — B exp (—07R5 (00))] < 0 (6°7")
as long as 6, = O (6) which holds by virtue of Corollary 1. Now, observe that
log E§ exp (—Hiﬁg (00))

-1 /°° 62 log 05 (68) — e %95 (65 + i6)
21 J_ oo (9‘2 +iX) i\ i <g$; (‘92) _ 555 (Qi)) 0

Since
lg(m) (i0) — Egm) (10)‘ <2E(|X™1(|X|>1/8)) =0 (6a+3—m) ’

a routine dominated convergence argument (obtained with the aid of Proposition 8.44
of Breiman (1992)) yields

log E; exp (—0)Rs (00)) — 74 (6) = 0 (6%).
The proposition is proved by combining these estimates.

The next step is to show that P (Ms > z/6) — P (Ms > z/6) = 0(5%). We well

do this by taking advantage of a geometric sum representation of the maximum of
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random walks with negative drift. Specifically, let us write 7, = 7 (0) and Sf+ (resp.
7+ = 7(0) and §i+) to denote the first strictly ascending ladder epoch and first
strictly ascending ladder height of the random walk S° (resp. §5). It is well known
that

G(ps)
M2 72 Z Tis (18)
j=1
where T® = (Tjs:j > 1) is a sequence of iidrv’s with distribution function
given by P (Tys <t) =P (S? . < t| 74 < 00) and G (ps) is geometrically distributed
with parameter ps = P (7, = o0) (i.e. P (G (ps) =k) = ps(1 —ps)* for k > 0). A
completely analogous representation is also valid for Mg, namely
G(p5)

72 Tjs (19)
1

lis}
el

M;s

j
with an iid SequenceT = (Tj,é 1] > 1) such that P (Tl,g < t) =P (giJr < t‘ ?i < oo)
and a parameter ps = P (T = 00) for the geometric rv G.

It is natural to expect that if the moments of Ms and M;s are close, then their
corresponding distributions do not differ significantly. The next result (whose proof
is given at the end of the section) shows that the moments of T3 s and Tl’g are close
as 6 \, 0 (this implies, in view of representations (18) and (19), that the moments of

M provide good approximations, in some sense, for those of Mg).
Theorem 3 For each € > 0 small enough

ps = 2_96+0(6a+1_8)a
E(Tis) = E(Tis)+0(6°7°).

Moreover, for2 < j < a+ 2
E(Ts) = B(T8,) + o0 (6"777).
Proof. Given at the end of the section.

Theorem 1 is just an immediate consequence of the next final proposition.
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Proposition 4
P (Ms > x/6) — P(Ms > z/6) = 0(6%)

Proof. Applying Theorem 1.1 of Kalashnikov (1997) (see also Proposition 1 in

the fourth chapter of this dissertation for a somewhat shorter argument) we obtain
P (M > z/p) = ¢Eq"“/P. (20)

A similar argument as that as the one given in the proof of Proposition 1 (by means
of the Wiener-Hopf factorization) can be used to easily verify the uniform strong non-
latticity (for 6 > 0 sufficiently small) of the distributions of both T} s and T 5. In
addition, note that both T} s and Tl,é have uniformly (in 6 > 0) bounded moments of
order |« + 2]. Using renewal theory (in its uniform version, as in Lemma 1) we shall
obtain, in Theorem 3 of this dissertation’s fourth chapter, asymptotic expansions (as
p \, 0) for P(Z > x/p), which, combined with (20), allows writing

P (Ms > x/6) = exp (as (ps) ©/6 + bs (ps)) + 0 (6%),

where a (ps) and b (ps) satisfy

af(skﬂ) (0) k+1

a(ps) = Z CES R (21)
(k)
b(ps) = ;Hpk*l, (22)

with a{™ (0) and b{™ (0) depending algebraically on the first m and m + 1 moments

respectively of T} 5 (see Theorem 4 in the fourth chapter). Similarly,
P (M > 2/6) = oxp (3 (B) 2/6+ Bs (Bs)) +0(6%)

where @5 (ps) and bs (Bs) have analogous representations as (21) and (22) above. This

implies, by virtue of Theorem 3, that

5" (as (ps) — s (Ps)) = 0 (6*°) = bs (ps) — bs (Ds) ,
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which in turn implies the statement of the proposition.

Proof of Proposition 3. We first estimate |ps — Ds|. Recall that

ps =P i%P i% ( >,

n=1 n=1
similarly

1, (5

()
Thus,

=1 Sh Sh

Now, fix € > 0 small and write

ZlP<&>6;&§6> = lP<&>5;&§5>
n n n n n n
n=1 n<1/6%+e0
1_(8S, Sy
DI EETEE)
n>1/6%te

Observe that
P (& S 890 < 5) <P (m"ax|Xk| > 1/5)
n n k=1
(T,
where F (z) = P (X > z). Since F (|X\3+a) < 0o we have that F (1/8) = o (6*7%).

Thus, we can write

p(ﬁm&g@) <1 (1—o(8)".

n n
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However,
1,(5n E 2+e (1 (s3+a)\1/6%FF
}/; P(n > 62 §6> < Miog (1/8%) (1= (1 - o (57)) ")

= Mlog (1/87) (1 (1 5% (7)) )
= 0 (61+a—€0)

for g > £ > 0 small enough. Now, put ¥, (6) = log ¢, (8) (recall that ¢, (6) was

defined in Proposition 2) and use Chernoff’s bound to obtain

Sn o Sn S, L
P(7 > 6= gé) gP(7 >5> < exp (—n (595—¢5 (95))),
where 05 satisfies the equation @; (55) = ¢ (which, can be easily seen to have a

solution for § > 0 small enough). Hence,

S r(Besder) < E b))

n>1/62*¢ n>1/62t¢
exp (— [1/6%] (885 — 05 (3) ))
1—exp (— (605 — v (35) ))

= of(exp(-r/¢%))

for r > 0 (since (555 — (55)) ~ 6%/2), the previous term is obviously of order

0 (61+°‘+50). For the term

1 S 1
3 _p(&>5;&35) < ¥ _p(&>5),
n n n n n
n>1/6%te
we first note that (since E |X;]>T® < 00)

P(X,>2)<P(Xi|>2)<C(1+z) ™2y ()

for some constant C' > 0. Corollary 4.2 of Borovkov (2000) implies that

P (maxg<, Sy, > )

sup <1+h(t),

x>t/ (a+1)nlogn nV (.CI?)
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where h (t) — 0 ast / co. In our case n > 1/6*"¢, therefore
r = né Z 6—(1+8) Z tlé—(1+5a/6)
> t\/(a—i-l) (1/6°7%) log (1/6°7°) > ty/(a+ 1) nlogn,

for large enough (but fixed) constants t;,¢ > 0. We therefore conclude that there

exists t5 > 0 such that

lP(&>6>§t V (né) = o (6*M
n}:@w -P (= 2n>§2+5 (nd) =0 (6°")
(is analogous. This gives the estimate ps = s + o (6“7 °).

Now let us write p, (4,0) = ETﬂ& and 7, (j,6) = ET]@ for j < |a+ 2]. Similarly,
we use the symbol p_ (j,6) (resp. Ti_(j,6)) to denote the jth moment of the first
weakly descending ladder height of the random walk S® (resp. the jth moment
of the first weakly descending ladder height of §6). Finally, let u; = E(X; — 5y

5\ J
and 7i; = E (X f) . The Wiener-Hopf factorization (Lemma 2) then asserts that
py = pp_, (and that 7, =pi_ ), that is

— . I 151
,6 - M 76 - -
i (j,6) — p_(4,0) P03 p

B L 1 1
pto(8) TH\p+o(8*7F) p
0 (5a—|—1—6)

= o(6**) =6 <(p o) p) =0(6°°). (23)

Also from the Wiener-Hopf factorization we obtain

i, (1,68) = pﬂélf,<61)7(;)ﬂ2 (24)

Therefore, in order to continue, we need to estimate the difference between _ (j, 6)

and p_ (7, 6). This differences will be estimated via Fourier methods.
Since we are assuming strongly non-lattice we can use the following identity

1-E(exp(AS2)) 1 ™ A 1—efg(=N)
log ( “E(ASE) ) = o /_OO m Relog (T) dX (25)

1 [* A? 1—efg(=N)
__— = Imlog = I
27 oo (B2 NN Og( —idA )dA’
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for A > 0. This identity is almost the same as the one derived via Corollary 8.45
and Theorem 8.51 of Siegmund (1985) which is obtained for the strictly ascending
ladder height, however a straightforward adaptation of Siegmund’s argument shows
that the result also holds for the descending ladder height as displayed in (25). An
expansion of the left hand side of (25) in powers of A (up to order |« + 2]) generates
a sequence of coefficients ¢; (6). Note that the ratios p_(k,0)/p_(1,6) (for k <
|a+ 2]) can be recovered from the coefficients ¢; (6), for j < k by solving a system of
equations (in fact, (—1)” ¢; (6) is the jth order cumulant of the limiting overshoot of
the random walk —S°, and p_ (j +1,8) /u_ (1,6) is proportional to its jth moment).
Hence, we can compute the magnitude of the error between p_ (7 +1,6) /u_ (1,6)
and 7i_ (j 4+ 1,6) /i_ (1,6) by estimating ¢; (6) — ¢, (§). Consequently, it suffices to

study the coefficients in the asymptotic expansion (in powers of A > 0) of

ES._(1— Eexp (AS2))

T—

ESE_ (1 — Eexp (AEi,))

0 0 a+2 _ 62’6)\ _
_ L / A8 Relog<(6+ 6((21 _);6(91%(_A)g) ( )\))>d/\ (26)

_i 9 A2 ((5 +o (6a+2)) (1 o eié)\g (_)\))
o /oo IESOP R ( 5 (1= g (—\) ) dA, (27)

log

where gs (A) = Eexp (iAX11 (] X1 < 1/6)). The expansion of the integrals (26) and
(27) can be easily obtained using Proposition 2 in the second chapter of this disser-

tation. For instance,

> (using the LHS of (25))

R VTR ) B RO R o)
1 (gt o (8T g :
= 7 (m — F) (expanding (26) and (27)) (28)
L (o () (1— e ()
o mv“‘“( 1= 755 () )de' 2

Since |g (—=A) — g5 (—=A)| < 0 (6°%), the term (29) is smaller than the term (28), and
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it is straightforward to verify that

P+ 0 (6a+1) Ho

Srop) o )

which implies that

T_(2,6) —p_(2,6) =0 (6°7°).

We can continue in this fashion; for example, we observe that the error term in the dif-
ference between cs (6) and ¢ (8) is determined by that of the difference between pi4/ 114
and Ti53 /7, (because now the coefficient of A? in the expansion of (26) involves i3/6 —
T3/ (6 + 0 (6°7%)) and that of (27) is an integral involving j,/6 —Tiy/ (6 + 0 (6°1?))).
So, we obtain that p_ (3,6) — 7i_ (3,8) = 0o (6*"'). Similarly, for the difference be-
tween 7i_ (n,0) /ii_ (1,6) and p_ (n,6) /u_ (1,6) for n > 3, we observe that we must
look at the difference between 1, /6 and 71,/ (6 + 0 (6*7?)) which yields that

- (n,8) —T_(n,8) = o (6°7").

Furthermore, using the Wiener-Hopf factorization we see that the error in 7, (n,6) —
iy (n,6) is determined by that of T_ (n,6) — pu_ (n,6) which, in particular, implies

the statement of the proposition.



Chapter 4

Asymptotic Expansions for
Geometric Sums with Applications

to Defective Renewal Equations

Consider a sequence X = (Xj : k > 1) of non-negative independent and identically
distributed (iid) random variables (rv’s). Suppose that X is strongly non-lattice in
the sense that its characteristic function, g (A) = Eexp (iAX7), satisfies that for every
e>0

inf [1—g(A\)|>0 (1)

[A|>e

or, equivalently, that im0 |g (A)| < 1 (see Siegmund (1985) p. 176).
Let M be a geometrically distributed random variable independent of X. That

is,
P(M=k)=p(l-p)"=ps k>0

Our focus here is on the distribution of

M
Su 2 X,
k=1

66
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(Sy 2 0 on M = 0) when the success probability p of the geometric random variable
M is small. The rv S) is called a geometric sum. Renyi’s theorem for geometric sums

of random variables establishes that if £X; < oo, then
P (pSy > ) =exp(—z/E (X1)) +o0(1) (2)

as p \, 0. In this chapter, under the assumption of strongly non-lattice increments,
we develop additional order correction terms (in powers of p) to approximation (2)
(see equation (18) below). These types of expansions are similar in spirit to the
Edgeworth expansions for the central limit theorem. As in Edgeworth expansions,
the existence of certain order moments has to be imposed in order to provide the nth
order correction term. See, for example, Theorem 3.

The rv Sy is utilized in many applied probability settings. For example, in
queueing theory, it is well known (by appealing to the ascending ladder heights rep-
resentation for the maximum of random walk) that the steady-state waiting time
distribution of the standard single server queue can be represented as a geometric
sum with non-negative increments (c.f. Asmussen (1987) or Kalashnikov (1997), Sec-
tion 1.3.3). In insurance risk theory, the ruin probability in the renewal model can
also be expressed as a tail probability of a geometric sum with non-negative incre-
ments (see Asmussen (2001) or Kalashnikov (1997), Section 1.3.4). Finally, in the
context of reliability models, the first break-down time of a system that consists of
an operating element, N — 1 unloaded redundant elements and M identical repair
units, can also be expressed as a geometric sum such as Sy (refer also to Kalashnikov
(1997), Section 1.3.5). Other applications include program debugging and the total
reward until visiting a rare set in a Markov setting. (See the book on geometric sums
by Kalashnikov (1997) for additional details.)

The setting in which the success probability p is close to zero arises often in appli-
cations. For instance, in the queueing example mentioned in the previous paragraph,
this setting corresponds to the so-called heavy traffic regime in which the server uti-
lization is close to 100%; in the risk insurance context, p close to zero describes the
setting in which the security margin, included in the risk premium received by the

insurance company, is close to zero. Finally, in the reliability example, p close to zero
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reflects a setting with a low break-down rate. In several of the examples above, the
distribution of the increments X depends on p as well. We must therefore develop
a theory that can handle this dependence. As an important application of the results
developed in this chapter (in particular Theorem 4) recall our results in Chapter 3
on high accuracy approximations for the maximum of random walk with heavy-tailed
increments. These approximations, as we have pointed out repeatedly, are very useful
in some of the applied settings mentioned at the beginning of our discussion (e.g. the
steady-state distribution of the single server queue and the ruin probability in the
insurance context).

In addition to the applications described above, there exists a close connection
between so-called defective renewal equations and geometric sums. Indeed, if a ()

satisfies the defective renewal equation

a())=b(t)+q [ alt-9)P(Xicds), (3)
[0,¢)
Then, in great generality, (see Lin and Willmot (2000) p. 152) it follows that
1
a(t):—/ b(t—s)P(Sy € ds). (4)
P Jt)

Equation (4) makes the connection clear between solutions of defective renewal equa-
tions (such as (3)) and the distribution of geometric sums. It turns out that defective
renewal equations such as (3) play an important role in a number of applied prob-
ability settings. A prominent example is insurance risk theory; in particular, the
so-called “expected discounted penalty” at ruin (from which many quantities of in-
terest, including the ruin probability, can be recovered by judicious choices of the
discount rate and the penalty) can be expressed in terms of a defective renewal equa-
tion (see Lin and Willmot (2000) p. 162). Many other examples in which defective
renewal equations play an important role are also described in Feller (1968) p. 188,
216, Resnick (1992) p. 158, and Lin and Willmot (2000) Ch. 9) these examples in-
clude Geiger counters, generalized terminating renewal processes, and age dependent
branching processes. The setting in which ¢ is close to one in (3) (or, equivalently, p
is close to zero) is common in the application settings described before. For instance,

in the insurance setting it arises in environments of low net profits (which occur in
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competitive conditions). For generalized terminating renewal processes, ¢ close to one
corresponds to settings in which the process continues for long periods, and in age
dependent branching processes, ¢ close to one reflects a case in which the population
is less likely to die. This, consequently, motivates developing asymptotics for the
solution a (-) of (3) as p \, 0.

In Section 2, we develop the asymptotic expansion in powers of p for P (pSy; > )
(see Theorems 2, 3, and 4). The implications for asymptotic expansions of defective

renewal equations are studied in Section 3 (see Theorem 5).

4.1 Asymptotics for Geometric Sums

We first start with a useful representation for the tail probability of a geometric sum.
Set S, = Xi + ... + X, (with Sy = 0) and put N (t) =sup{n > 0:.S, <t}. Observe
that, for each non-negative integer m, {S,, > z} = {N (z) < m}. Thus, combining
the independence between X and M with the fact that P (M > m) = ¢™", we can

write
P(Sy>x)=P(N(z) >M)=E(P(N(z) > M| X)) =qE (¢").
We therefore have shown the next proposition.
Proposition 1
P (Sy > z) = qEq™®@.

The previous proposition implies that in order to study P (pSy; > z) it suffices
to study the behavior of E¢V@/P) for > 0 and small p > 0. A renewal theoretic

argument yields the following (defective) renewal equation

Eq"" = P(X; > 1) +q /[O )EqN“‘s)P (X; €ds). (5)
R

Note that, if p > 0 small enough and Eexp (nX;) < oo for some n > 0, the equation

E exp (§X1> =1/q (6)
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has a unique solution 8 > 0. Therefore, (5) can be transformed into the non-defective

renewal equation

P BN = P (X, > 1) + / "t~ BgNFy (ds)
0.)

where Fj (ds) = qe’s P (X1 € ds). Renewal theory then implies that
P ) — / PP (X, > ¢ — 5)Up (ds) (7)
[0,)

where U (t) = E5 (N (t) 4+ 1), and under P; the X,’s are iid with distribution Fj.
Using results by Stone (1965) it is not hard to verify that, for fixed but small p > 0

~ 1 ~
M BN — ﬁ/ e P (X, > s)ds| < K (p)exp(—a(p)t). (8)
o<1 J[0,t)

Since our situation involves sending simultaneously ¢t " oo and p \, 0 we would like
the bound on the right hand side of (8) to hold uniformly in p € [0,6;] for some
61 > 0. That is, we would like to show that we can find a, K € (0,00) such that
SUPyepn,s) K (p) < K < 00 and sup,¢o4,1a(p) > a. The following theorem provides

means to obtain these uniform estimates.

Theorem 1 Let F be a family of distribution functions supported on [0,00). For
each F' € F, let Er (-) be the expectation operator associated to F' € F, and define
Erg (1) 2 f[O,oo) g (t) F (dt) for each continuous and bounded function g : [0, 00) — C.
Suppose that the family F is uniformly strongly non-lattice, (i.e. the corresponding
characteristic functions xp (A\) = Erexp (iAT) satisfy

inf inf |1 —xp (M) > 0. 9)

FeF |\>e

Then, Up (t) £ 3°°°  F*™ (t) satisfies the following.

1. If supper Erexp (nX1) < oo for some n > 0, then

t EFT2
Up (t) — — — =0 (e
sup Uk () = g7 ~ 3527 — 0 (")

as t — oo for some a > 0.
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2. Moreover, if supper Eptet? < 00 for € > 0, then,

t EFT2 HzF(t) F F
Ur (t) — — — — HE x HE ()] = o (12 log (t
sup 7 (t) Brr 2537 Epr? U« H (t) =of og (1))

as t — oo, where HY (t) = [~ (1 — F (s))ds /Ept and H¥ (t) = [ Hf (s) ds.

Proof. Part 1 is essentially Siegmund’s (1979) lemma. Part 2 follows the same
steps as in Carlsson (1983), the key assumption is the uniform strongly non-lattice
condition (9). The Fourier inversion expressions provided by Carlsson (1983) are the
same for each fixed F'. At the end, Carlsson’s estimates of the error rate depend on
the application of a uniform version of the Riemann-Lebesgue lemma to his equation
(11) which can be obtain following his same argument in the presence of the strongly
nonlattice assumption imposed.

We now are ready to provide our asymptotic expansion for P (pSy > z) in the
presence of exponential moments.

Theorem 2 Suppose that X, has strongly non-lattice distribution and that ¢ (n) =
Eexp (nX) < oo for some n > 0. Then, for some a >0, and as x/p — 0,

P (S > w) = exp (~ab/p+ 7 (p)) + O (exp (—az/p)) (10)

where 8 solves (6) and

__ P s
q0¢' <5>

Moreover, both 0 and r are real analytic functions of p at the origin.

exp (r (p)) c(p). (11)

Proof. The argument preceding Theorem 1 led us to equation (7). We now
verify that the assumptions in Theorem 1 are satisfied. Let us define gz (\) =
Ejexp (iAX1) = qF exp <<z)\ +5> X1>. Using the implicit function theorem on (6)
it follows easily that 0= p/EX;+ O (p?). As a consequence, the following inequality

can be easily derived for all p > 0 sufficiently small and some M; € (0, c0)

95 (A) — g (V)] < Mip.
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Hence, we conclude that for each € > 0 it is possible to pick 6 > 0 sufficiently small
so that

inf inf [1—g;(A)| > inf inf [1—g(X)] — M6 > 0.

p€[0,8] |A|>e p€(0,8] [A|[>e

Finally, also because =0 (p), it is possible to pick p > 0 small enough so that
Ezexp (nX1) = qFEzexp <(7] —|—§> X1> < oo for some n > 0. We now can apply

Theorem 1 to equation (7) and obtain

—~ 1 oo
Grr/pE N(z/p) OSP X, > d
e q F@Xl/o e”’P (X1 > s)ds
1 s
< P (X, > s)ds 12
< B ) P> (12)
1 / @( /p—
+ =P (X, > x/p —5)V (ds)], (13)
EgX1 Jo/m)

where, V' (t) is a function that we are introducing here and it corresponds to the left
hand side of 1 in Theorem 1), therefore |V ()| = O (e~*) for some a > 0. The integral
in (12) is easily seen to be bounded by Ke~/P for some finite constants K,a > 0
(assuming that p > 0 is sufficiently small). We just need to analyze the integral in

(13). Integration by parts yields

/ /p=2) p (X1 >z/p—1s)V (ds)
[0,2/p) -
= V(z/p) P (X1 >0) = "/"P (X, > x/p) V (0) (14)
—l—@egw/”/ V (s) e 0sp (X1 >z/p—s)ds (15)
0,z /p)

bl / V(s)e P (X) > x/p—ds). (16)
[0,z/p)
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The absolute value of (14) is also bounded by Ke™®/P for some finite constants

) observe that

4)
(15
/ _QSP(Xl >x/p—s)ds

[0,z/p)

K,a > 0. For the integral

5@5"7/ p

IN

5@5”””’/ ’QSP (X1 >z/p—s)ds

w/2p

—i—@ee‘”/p/ |V (s)] e 0p (X1 >x/p—s)ds
[z/2p,x /D)

< PP (X, > 2/ (2p)) M + Ge0=p / WV (s)|ds.

[z/2p,00)
Since 6 = O (p) and X; has exponential moments, we conclude that the previous
expression is bounded by Ke~%/P (for appropriate positive constants K and a). The
treatment for integral (16) is very similar to that of (15). Thus, we conclude that
foo OSP(X > s)ds
B

EqN@/r) = + O (exp (—rz/p)) . (17)

In order to recover the required expression for ¢ (p), note that

X, = q/ seésP(Xl € ds) = q¢’ (@) )
[0,00)

On the other hand, using integration by parts and the definition of 5, we see that

/ooe@SP(Xl >s)ds:m:£\.
0 q0

o
Combining the previous last two identities together into (17) yields equation (10).
The analytic properties of 9 follow directly from the implicit function theorem. It is
easy to see that r (-) is well defined at zero (i.e. that the right hand side of (11) is
strictly positive when p is close to zero). However, it is almost immediate to verify
that ¢ (p) is real analytic at the origin with ¢(0) = 1. This implies the real analyticity

of r and the conclusion of the theorem.

Theorem 2 indicates that

[e’s) ’\(k) )
- 6 (0 r*) (0
0(p)=> —k'< )p"“, and r(p) =) —k'( )t
k=1 k=0
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For notational convenience let us write g(k)(O)/k! = 7, and r®(0)/k! = &,. We
know that 8" (0) = 1/EX; and r (0) = 0, the rest of the v,’s and £,’s can be easily
computed via the implicit function theorem. For instance, 2y, = 1 — EX?/ (2E*X;)
and &; = 1 —,EX; — EX?/(2E%X,). For completeness we provide a set of recursive

equations to compute the ~,’s and &,’s.

Proposition 2 For n > 1 and each k < n, the constants (v, : 1 <k <n) can be
computed by solving recursively the following set of equations (note that the kth equa-

tion is linear in the 7y, and it only depends on the v;’s for j < k).

k m m
Z_IE:; Z anﬁlzl, for1 <k <n.

{n1+...4nm=k—m, ni,..,nm >0} j=1

Consequently, the constants (§, : 0 <k <mn—1) can be obtained through a Taylor

expansion up to order n of the function

~ 1
Tn (p) = lOg n n— n m m
(q D ket TP Zmzlo (D k=1 7aD*) " EXT H/m!)

around p = 0. In particular, for k <n —1, £, = P (0) /K.

Proof. The proof follows directly by applying the implicit function theorem. The

details are omitted

Consequently, the previous theorem provides the means to develop an algorithm,
that can be implemented easily, for computing an asymptotic expansion for the tail

probability P (Sy > x/p) in powers of p.

Theorem 2 corrects Renyi’s approximation (2) by providing a full asymptotic
expansion in powers of p with an exponential error term. In other words, the last

theorem provides rigorous support for the parametric (in p > 0) approximation

k=1

P (Su > z/p) = exp (—m/EXl +) ph (& - ’7k+1m)> : (18)
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valid up to an error exponentially small as p ™\, 0. It is easy to see that 7, and &,
depend on the first £ and (k + 1) order moments of X; respectively. This suggests
that, if EX®™ < oo, say, the approximation

a
P (Su > z/p) ~ exp <_$/EX1 + Zpk (fk - ’Yk+1$)> (19)
k=1

should be more accurate than (2). Providing rigorous support for approximation (19)
in the presence of heavy tails (we say here that a non-negative random variable X is
heavy tailed if for every n > 0, E exp (nX;) = 0o) presents an additional mathematical
complication. Note that a crucial ingredient in the proof of Theorem 2 is the existence
of a root for equation (6). This indicates that the strategy followed in the proof of
Theorem 2 is infeasible in the heavy tailed case. Our idea is then to proceed via
truncation. Define the sequence X = (Yk k> 1) as Xy = X1 (Xp <z/p) and
consider its associated random walk S = (?n in > 0) (ie. S, =X;+..+ X, with
So = 0). We first argue that the distribution of Sy, is suitably close to that of S;.

Lemma 1 Suppose that EX{3 < oo for 3> 1, then

_ B-1
‘P(pSM > x) —P(pSM >x)| zo(pxﬁ )

Proof. Note that
|P (pSy > x) — P (pSy > )|

< pY ¢"P(Su>a/p; Sy <a/p) +p> ¢*P (Sn>/p; S < 2/p)

< 2;;% ¢"P (glgng > :L’/p> =2p i; <1 —~ (1 —o0 ((p/ﬂf)ﬁ»k) :

On the other hand,

(1o (/) =1~ ko (/) + FEZD 0 =20 (1))
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where |n,| <o <(p/x)’g> Hence, we can write

|P (pSys > x) — P (pSu > 2)| < Qqukko(p/m >+2qukk2 (/)
(B () (),

We now would like to study P (ng > x) just as we did in Theorem 2. Theorem

1 can also be applied here to obtain a suitable approximation for P (ng > :U), as

our next result shows.

Theorem 3 Assume that the distribution of X is strongly non-lattice. Also, suppose
that

EXP < oo
for a > 0. Then,
P (pSy > x) = exp <—x§a/p + 7y (p)) +0(p%)

as p \, 0, where

0o =p/EX1 + Y ", andre(p) = &0

k<a k<a

and the v, ’s and &,,’s are defined recursively via Proposition 2.

Proof. Let N (t) = sup{n > 0: S, < t}, then, by virtue of Proposition 1 and
Lemma 1 it suffices to compute Eqm"’/p). Following similar steps as in the proof of

Theorem 2 we obtain
EqN@/p) — / /=9 p (X; > x/p—s;X1 <x/p)Ug(ds). (20)
[0,2/p)

The elements in equation (20) are indicated next. First, 0 is the solution to the

equation

3(0) £ Eexp (X)) = é
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which clearly exists if p is small enough. In order to describe Uy (s) define Py(-) via

P3(B) =q"E (exp (65,);1(B)),
for every B in the sigma-field o (71, o Yn), Next, we will show that

AT s Eng B ftoo f:o P (71 > u) duds
N BpX, 2E2X, EX?

: (21)

where, ’V (s)’ =0 (s’(a“)) as s /" oo uniformly in p > 0 small enough. The previous
expression follows from Theorem 1, as we now illustrate. (Note that the term V in
(21) includes the last two terms in the right hand side of the equation in the part 2
of Theorem 1.) Observe that 7, (\) £ Fgexp (iAX;) = ¢Egexp((iX + 0)X;) satisfies

19, (A) — Eexp (iAX1)| < |9, (A) — Eexp (iAX1)| + 0 (p*?)
< p|Eexp (iAX1)| +0EX, + o0 (p*™?) = O (p).
This implies that g, (-) satisfies the uniform strongly non-lattice condition (14). On
the other hand, since § = O (p), we have that for all p > 0 small enough

——a+2 —~~a+2

BX; P = qEexp (0X) X, < MEX; " < MEX{*? < oo,

This justifies the validity of representation (21). Furthermore, (21) implies that

Eqﬁ(ﬂﬂ/?)
/v P (X s X, <
= / - 4 > mﬁo 5% < 2/p) ds (22)
0,2/p) EgXs
g(m/pfs)P X —s5 X < o° ~
+/ e (X, > xi;; s; X1 < x/p) / Py (X1 > u) duds (23)
[0.2/p) By Xy i
+/ e@(m/pfS)P(Xl >a/p—s;X, <x/p)V (ds). (24)
[0,2/p)

Let us denote by Iy, I5, and I3 the expressions (22), (23), and (24) respectively. We

first show that I3 = o(p*™). To see this, we use integration by parts, the triangle



CHAPTER 4. GEOMETRIC SUMS AND APPLICATIONS 78

inequality and the fact that & = O (p) to obtain

1| < [V(z/p)|+ M

/ V (s) de’gsP(Xl >x/p—s; Xy §x/p)‘
[0,z/p)

< |V (z/p)|+ M

[ VP00 afp s < x/p>\
[0,33/1))

+M, / V (s) e’gSP(Xl >zx/p—s; Xy <z/p)ds|. (25)
[0,2/p)
The term |V (z/p)| = o (p**!). Now, observe that
/ V(s)e’gsP(Xl > x/p—ds; Xy S:U/p)‘
[0,z/p)
< / V (s) e’asP(Xl > x/p—ds; Xq S:r/p)‘
[0,z/2p)
+ / V(s)e ®P(Xy > x/p—ds: X, gx/p)‘
[z/2p,x/p) .
< KoP (X1> 2/ (2p) + Ko mex [V (uz/p)] (26)

— 0 (pcx+2) +o (pa+1) — 0 (pa+1) ’

for some constants K; and Ks. The integral in (25) follows the same lines as (26).

For I, we have

1 = ©
I=——— PP (X, > x/p — s)/ Py (X1 > u) duds + o (p**') . (27)
Eg Xy J0.2/p) s
A parallel argument to that given for I3 shows that

1 3 o0 —
— PP (X) > x/p — s) / Py (X > u) duds = o (p®),
E§X1 [0,2/p) s

which yields

I =o0(p").
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Finally, we analyze I

Ii +o (pa+1)

1 z/p _ 1 z/p _
= — / P (X, > u)du = =——= / P (X; > u) de®™
EgX, OF5 X4

1 1 z/p _
= o(p*™) — — + = _/ P (X, € du
") 0E,X,  0B;X, (1 € du)

(1—Eex (Wl)) a+1
= 95 (oo (571)71) tol™).

Lastly, the implicit function theorem yields that

D _(1—Eexp( &
A0 P )T, ‘eXp<Z“> -

k<a

and

Z Vi +o(p
k<a

This concludes the proof of the theorem.

Remark Note that (26) and 27) combined with Lemma 1 indicate that, in prin-
ciple, it is possible to develop an approximation for P (pSy; > z) up to an error of
order o (p*™) given by

P (pSy > x) = exp (—x?/p) (qw_gﬁ + Ig) )

This approximation, however, involves computing explicitly I, and 8 which may be

cumbersome in practice.

As we indicated at the beginning of this chapter, in many applications settings the
increment distributions are actually changing with p. In this context, it is desirable
to develop approximations similar to those provided in the previous theorems. Fortu-
nately, Theorem 1 also provides a means to deal with the typical situations that arise

in practice. To fix ideas, consider a family of probability measures P = {P,, p € [0, 4]
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for some & > 0}. Suppose that, under each P,, the random variables (X : k > 1)
form an iid sequence. Also, assume that the distribution of X; is uniformly strongly
non-lattice with respect to P (i.e. the characteristic functions g, (A\) = E, exp (i0X;)
satisfy condition (9)). In addition, suppose that one of the following conditions hold:

A) for some 7 > 0, sup,<5 F, exp (nX1) < oo or
B) supg,.5 E, X7 < 00, for some a > 0.

Under this set of assumptions, we have the following analogue to Theorems 2 and
3.

Theorem 4 Assume that the family P,, p € [0,8] is uniformly strongly non-lattice
(see equation (9)). If condition A) above holds, then, there exists constants K1, Ko > 0
such that for p > 0 small

|P, (pSm > ) —exp (=0"x/p +1p (p))] < Ky exp (—Kx/p),

where 6 = 6" (p) solves ¢, (0%) £ E,exp (6*X1) = 1/q and
D
e = =T
Xp (Tp (p>> q20*¢p (0 )

Moreover, 6 (p) = > 7 Py, (p) and 1, (p) = > e, "), (p) (where the v, (p) s and
€, (p)’s depend on the first k and (k + 1) moments of X; under P, respectively).

Finally, if condition B) is in force, then

P, (pSu > 7) — exp (—x/Ele 3 (G- %Hx)) ' — o).

k<a
Proof. The proof parallels the arguments given in Theorems 2 and 3 using The-

orem 1. The details are omitted.

Remark Note that the 7,’s and the £,’s also depend on p. The previous result
would yield the desired asymptotic expansion assuming that the problem at hand has
enough structure, so that an asymptotic expansion of £,’s and ,’s can be obtained.
The expansion for the distribution of the all time maximum of a random walk with
small negative drift given in Chapter 1 of this dissertation, provides an example in

which the previous result would have been applicable.
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4.2 Asymptotics of Defective Renewal Equations

As we discussed at the beginning of the chapter, in many applied probability settings
one often deals with defective renewal equations, which are integral equations that
can be written as

a(t):b(t)Jrq/[Ot)a(t—s)P(XlEds),

where ¢ =1 —p € (0,1) and b is a given function for which we shall assume certain
regularity properties (see Theorem 5). As an application of our developments in

Section 2, we provide means to obtain asymptotic expansion for a (-) as p \, 0.

Theorem 5 Suppose that the distribution of X, is strongly non-lattice and that EX
< o0. In addition, suppose that b is right-continuous with left limits, has finite vari-

ation and |b| (t) < g (t) with [[°t*™g(t) < co. Finally, let us write, for j < o+ 1,

b; = [t (t) dt. Then, as p\, 0

a(t/p) = exp (~0a/p) d (p) + 0 ("),
where

~k
bo + D pea br0,/K!

d(p) = :
0 (EXi+ e . EXE R

Proof. First we note that if @ (-) satisfies

a(t):b(t)+q/ a(t—s)P (X € ds). (28)
[0,t)
where X; = X;1 (X, < 1/p), then, by applying Laplace transforms we can verify that
a satisfies (see Theorem 9.1.1 of Lin and Willmot (2000))

1

E(t):Z;/U)’t)b(t—s)P(SMeds).
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Therefore

a(t/p) —al(t/p)

L e rssen
_ ]19 /[0 o Dltfp =) (P (B € ds) = P (S € ) (29)
+l/ b(t/p—s) (P (Su € ds) — P(Sy € ds)). (30)

P Jit/2p,t/p)

Let J; and J, be the integrals in (29) and (30) respectively. Now, since b (t) = o (t*72)

and is right continuous with left limits, it is not hard to see that

b(ut/p)| = o (p**?).
Jmax b (ut/p)] = o (1)

Thus, it follows that

1
< Z — a+1 .
< e b (ut/p)] = o (p**")

1 —
_‘/ b(t/p—s)P (Su € ds)
P 1J[o,t/2p)

Which implies that J; = o (p®). For J, we can use integration by parts to obtain

| Jo| = ?(P@gMSt)—P(pSMSt))

* ‘%' (P (pSm <t/2) — P (pSu < t/2))
+/[1/2?1) % |P (Su < st/p) — P (Sar < st/p)| [b] (t/p— ds) .

From Lemma 1 and the fact that f[o ) | (ds) < oo we can easily obtain that J, =
o (p®™1). The rest of the argument follows just as in the proof of Theorem 3, by finding
a root for the equation F exp (Wl) = 1/q, transforming (28) into a non-defective

renewal equation and applying Theorem 1.

As a final remark we note that a straightforward generalization of the previous
theorem can be obtained in a completely analogous setting as the one described in
Theorem 4. As an application of the previous results we consider a couple of examples

in insurance risk theory and queueing theory.
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Example 1 (Perturbed ruin model) Consider the case of the classical ruin
model perturbed by a diffusion introduced by Dufresne and Gerber (1991). That is,

suppose that the risk process is a Levy process of the form
R(t)=x+ct—S(t)+oB(t); t>0,

where S (-) represents the aggregate claim process, which follows a compound Pois-
son process with Poisson parameter A and increments (claims) Y = (Y : k> 1); x
represents the initial reserve, c is a constant premium rate satisfaying ¢ > AEY,
and 0B (+) is a Brownian motion independent of S with diffusion coefficient equal
to o (i.e. instantaneous variance equal to c*). The term involving the Brownian
motion B, represents noise that may incorporate non-systematic fluctuations in the
composition of the insurance portfolio, measurement errors, etc. We are interested in
computing the probability of eventual ruin in this model. Note that this model can-
not be reduced directly to the standard remewal model discussed at the beginning of
the chapter because, in this case, ruin can occur between claim arrivals. In order to
apply Theorem b, let us introduce some additional notation. Let Z be a rv having the

equilibrium distribution generated by Y, that is

P(Z <z2) :%/0 P (Y >y)dy.
Also, define p=1—AEY/c and ¢ =1—p, and V = Z + o*W/ (2c), where W is
distributed exponential with mean one and Z and W are independent. Finally, let
7(x) =1inf (t > 0: R(t) < x), and note that the ruin occurs if and only if {1 (x) <
oo}. Dufresne and Gerber (1991) proved that if P (7 (x) < 00) = a(x), then

a(z) = qP(V>z)+pP (W >2cx/c?)
+q/ a(x—y)P(V edy).
0
In this context, p close to zero and x large are reasonable assumptions, hence we
can use Theorem 5 can be directly applied here to provide asymptotics for a(x/p) as
p — 0. In particular, for j > 0, it is easy to verify that

by = j% (aBV7* +q (0% (20) i+ 1))
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and that
, EZI .
F7) = —uouo-—oo  EW/ =3l
G+1)EZ J
These expressions, combined with Proposition 2 and Theorem 5 provide all the nec-
essary means to compute the desired asymptotic expansion. For instance, assuming

that EZ* < oo (which implies that EY? < 00), we obtain that
a(z/p) =exp (—z/EV +1/2 (1 — EV?/ (2E°V)) p) d (p) + 0 (p),

where

d(p) = (qEV + po?/ (2¢)) + (qEV? + o1/ (2¢?)) p/ EV
p)= ¢ (EV + pEV2/EV) ’

and

EV = EY?/(2EY)+ 0%/ (2¢)
EV? = EY?/(3EY)+ "/ (2¢%) + 0*EY?/ (2¢EY).

Note that these asymptotics correspond to corrected diffusion approximations for the

present model.

Example 2 (M/G/c waiting time) A standard (first-come first-served) M/G/c
queue can be described as follows. Customers arrive according to a Poisson process
with rate X\. The system is composed by c servers and a buffer of infinite size. The
amount of time required by service of each customer is described by a sequence V =
(V; 1 j > 1) of non-negative #id random variables independent of the arrival process.
The stability condition of this queue requires less than 100% utilization, which is ex-
pressed via p = AEV/c < 1. Just as in the standard M/G/I case, the so-called equilib-
rium distribution of the service time sequence, namely H (t fo (V> s)ds/EV,
plays an tmportant role in discribing the steady-state waztmg time distribution, say
W = (W, :n>1), (excluding service) of this queueing system. In particular (see
Van Hoorn (1984)), it turns out that if a(t) = P (Wy > t| Wy > 0), then

a(t) = (1=pA-H(®)"
—|—p(1—H(tc))+,0/Oa(t—s)dH(sc),
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and

(AEV) 0

e = 0 = T U ) S BV 1+ CBVY /(@)

Therefore, as a straightforward application of Theorem 5, we can develop corrected
diffusion approximations (in the spirit of Chapter 2 of this dissertation) for the steady-
state waiting time of the M/G/c queue.



Chapter 5

Approximations for the
Distribution of Infinite Horizon

Discounted Rewards

For ¢ > 0, let A(t) be a real-valued random variable representing the cumulative
reward associated with running a system over [0,¢]. In the presence of a stochastic
inflation rate, the infinite horizon discounted reward takes the form

D= exp (=T (¢-)) dA (),

[0,00)

where I' = (I'(¢) : t > 0) is a real-valued process representing the cumulative infla-
tion to time . An enormous literature exists within the performance modeling and
stochastic control communities that focuses on computing and/or optimizing the ex-
pected infinite-horizon discounted reward, namely F (D). Our focus, in this paper,
is on the development of approximations for the distribution of the random variable
(r.v.) D (and not just its expected value).

As we shall see in Section 2, the distribution of the random variable D plays a
key role in a number of different applications contexts. Since, clearly, computing
the exact distribution of D is, in general, very difficult, the emphasis in this paper
is on the development of approximations. All of our approximations are rigorously

supported by limit theorems that are valid in the asymptotic regime in which the

86
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“inflation rate” is small.
Study of approximations for the distribution of D can be traced back to the early
seventies. Gerber (1971) established a Central Limit Theorem (CLT), as well as its

Berry-Esséen companion, for

o0
D= Zexp (—ak) Xk,
k=0
in the case of a (small) deterministic discount rate o and iid rewards (Xj); o Whitt
(1972) obtained more general central limit theorems for D, also under the assumption
of deterministic interest rates. The aim of Whitt’s paper was to establish discounted
stochastic limit theorems based on postulating a functional limit theorem for the
(undiscounted) reward process (in our notation, A).

The stochastic discount rate has also been widely studied. Pollack and Siegmund
(1985) computed the distribution of D in the case in which I" follows a Brownian
motion with negative drift and A (t) = t; see also Dufresne (1990). The distribution
of D has also been computed explicitly by Gjessing and Paulsen (1997) in some other
particular cases in which both I' and A follow particular types of Levy processes) .
Computing the distribution of D in complete generality is clearly unfeasible. And
even in Markovian settings, such as those previously described, the type of integro-
differential equations that arise (see Gjessing and Paulsen (1997) and Yor (2001)) are
challenging to solve both analytically and numerically. Hence, our goal is to provide
approximations to D that hold in great generality and require relatively “easy-to-
obtain” information for their implementation.

It is important to recognize that D arises as the stationary distribution of certain
processes that have been well studied in the context of time series analysis (such
as AR and ARCH processes). By properly scaling certain types of auto-regressive
processes, Nelson (1990) obtained sample-path weak convergence results a Gaussian
Ornstein-Uhlenbech process as the sample frequency increases. More recently Forniari
and Mele (1997) extended Nelson’s results to cover more general type of non-linear
ARCH and GARCH time series models. From the time series analysis perspective, the

central limit theorem (CLT) derived here in Section 4 is related to the convergence
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of the stationary distributions of auto-regressive type models to that of Ornstein-
Uhlenbeck (namely a Gaussian law). One of the contributions of Whitt (1972) is to
show that weak convergence of properly scaled processes I' and A in the standard
Skorohod topology is not enough to guarantee weak convergence of a suitably scaled
and normalized version of D. Thus, the general weak convergence analysis at the
level of stationary distributions in auto-regressive processes does not follow directly
from previous results in the literature. Our laws of large numbers (LLNs) and CLTs
derived in Section 4 hold in great generality (in particular, in the cases considered by
Nelson (1990) and Forniari and Mele (1997)), hence our results complement previous
analysis on the structure of auto-regressive processes.

Some results similar in spirit to our results in Section 4 have been obtained by
Kushner (1984) and Benveniste, Metiver, and Priouret, (1990) in the context of
stochastic approximation algorithms, more precisely the so-called least mean squares
(LMS) algorithm, which gives rise to a linear stochastic recursive equation of order
one. Although these results hold in the vector valued case, the dependence assump-
tions imposed are stronger than ours and are only given in discrete time, which is
not convenient for some of the applications discussed in the next section (e.g. finance
and insurance). Also in the context of stochastic approximation algorithms, Bucklew,
Kurtz, and Sethares (1993) analyzed weak convergence (on compact sets) of processes
following certain stochastic recursive equations that give rise to stationary distribu-
tions related to D. As in the previous discussion regarding the time series setting, this
type of analysis does not directly imply weak convergence of stationary distributions.

In this paper, we not only complement previous results in the literature (such as
those discussed for in the context of time series analysis) by providing rigorous general
statements that support LLNs and CLTs at the level of stationary distributions, but
also provide new approximations and further refinements for the LLN’s and CLT’s
previously indicated. The approximations proposed take the form of Edgeworth ex-
pansions and large deviation principles (LDP’s), and can typically be implemented
at a modest computational cost (see, for example, (7) and (12)). The assumptions
under which these results are derived are stated at the beginning of the corresponding

sections.
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The rest of the paper is organized as follows. As we indicated before our first
approximation takes the form of a law of large numbers (LLN) and is derived in
Section 3. In Section 4, we provide a central limit theorem (CLT) correction to
the LLN derived in Section 3. The approximations developed in Sections 3 and 4
are shown to be valid under very general settings. Under additional assumptions,
refinements to the CLT are introduced in Section 5. These refined approximations
take the form of Edgeworth expansions and are provided in both the discrete and
the continuous time settings. Finally, under exponential tail conditions on A and T,
general large deviation principles (LDP’s) are given in Section 6. In this section also,

sharp large deviation asymptotics are discussed as well.

5.1 Motivating Examples

The distribution of D plays a key role in a number of different applications contexts.
In the world of finance and pension funds, D is called a “perpetuity” (see Embrechts,
Kliippelberg, and Mikosch (1997)). As an example of how D arises in pension funds we
mention Dufresne (1990), who proposed a model, based on perpetuities, for computing

the value of a pension fund. He argued that the value at time ¢ can be expressed as

V() = /_tooexp <— /Stfy(u) du> A(s)ds,

where (v (t),A(t) : —oo <t < 00) is stationary and ergodic, with 0 < Ev (t) < oo
and Elog (14 |A(t)]) < co. The processes v (t) and A () depend on the parameters
that serve to characterize the pension fund (i.e. benefit payments, actuarial liability,
net premium, and rate of return). As explained in Dufresne (1990), the distribution
of the value process plays an important role in risk management, as it serves to
compute critical rates ensuring that the fund is being managed in a balanced manner
with respect to its actuarial liabilities; see Dufresne (1990) and Bédard and Dufresne
(2001) for additional detail on pension funding. The random variable V' () can be
recast as a special case of D, so that our results apply directly.

The random variable D also arises in non-pension fund insurance settings. Con-

sider a company that receives premiums at a rate of p dollars per unit time, and pays
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out claims according to the random process A (). If v (¢) represents the rate of return
on the invested risk reserve at time ¢, the risk reserve R (t) evolves according to the

equation
dR(t) =~ (t) R(t)dt + (pdt — dA (1)),

subject to the initial condition R (0) = r9. Harrison (1977) shows that the ruin
probability P (inf;>o R; < 0) can be computed in terms of D (for A and I' suitably
defined) when v is deterministic. Paulsen (1998) extends this result to the case of
stochastic v (+); see also Nyrhinen (2001). Thus, the key to calculating such ruin
probabilities is computing the distribution of D.

As we mentioned before, it turns out that D also plays a major role in the theory
of ARCH processes. This class of time series is widely used within the statistics and
econometrics communities, and has been employed to model log-returns, exchange
rates, inflation, and many other financial and economic time series; see Campbell,
Lo and Mackinlay (1999), Shephard (1996), Mills (1993) and Wilkie (1986). An
ARCH(1) model satisfies the stochastic recursion

Yn+1 = An + BnJrlYna

where the sequence ((A;, B;) : i > 1) is iid (independent and identically distributed.)
Under mild stability conditions (see, for example, Kesten (1973), Verbaat (1979),
Goldie (1991), Embrechts and Goldie (1994)), this Markov chain has a stationary
distribution. This stationary distribution is a special case of D.

We also note several other applications settings in which the distribution of D
arises as a central object. Goldie and Griibel (1996) describe its relevance to complex-
ity theory (in the context of sorting algorithms related to “Quicksort”) and analytic
number theory. Carmona, Petit, and Yor (2001) describe several other applications
arising in mathematical physics and finance.

Apart from the financial Whitt (1972) also reports two application contexts in
which our limit theorems may have potential important implications. and, second,
the dynamic programming context, in which the approximations derived may be used
in developing stochastic criteria and sensitivity analysis for small interest rates, see
Whitt (1972) for additional detail.



CHAPTER 5. APPROXIMATING DISCOUNTED REWARDS 91

As stated earlier, our work is intended to provide approximations to the distribu-
tion of D. Of particular importance (in view of the above applications) is the setting
in which the “interest rate” corresponding to I' is small. Our theorems establish that

our approximations become asymptotically exact as the “interest rate” goes to zero.

5.2 Law of Large Numbers

We assume throughout this chapter (except in some cases explicitly indicated) that
for each t > 0, (A(s):0<s<t) is of bounded variation. We also require A and
(I'(s) : s > 0) to be right continuous functions with left limits (RCLL). (Note that
we do not require bounded variation for I'.) Let |A|(¢) be the total variation of A

over [0,t], and suppose that |A| satisfies:
1
hmt_,oog |A] () < 00 a.s. (1)
We further assume that:
A1 There exist deterministic constants A € R and 7 € (0, 00) such that:

I'(t) = vt+0,(t)
A(t) = M4o,(t),

where o, (t) means that for every ¢ > 0,

Op (tﬁ)

—‘:0(1) as 3 — oo.

g

sup
0<t<c

Our first proposed approximation for D takes the form
D
D =~ \/~. (2)

D
Here, ~ means “has approximately the same distribution as”, and is intended to hold
no rigorous mathematical meaning. The relation (2) should be merely interpreted

as a statement of a proposed approximation.
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Of course, given such an approximation, it is important to identify conditions
under which the approximation can be guaranteed to be good. We shall argue that
the approximation (2) tends to be good when the discount rate « is small. To
make this statement mathematically rigorous, we shall introduce a parameter a that
will control the magnitude of the discount rate. We will show that as a ™\, 0, the

approximation (2) becomes asymptotically valid. More precisely, let
D (a) :/[ e (-l (1) A (d).

0,00
For D («), the approximation (2) takes the form

D (a) 2 A ary. (3)
The following theorem shows that the approximation (3) becomes accurate as « \, 0.
Theorem 1 Under Al,

aD (o) — % a.s. as a\,0.

Note that the “law of large numbers” (LLN) offered by Theorem 1 does not assume
that the instantaneous discount rate is non-negative (i.e. that I' is non-decreasing).
The lack of such an assumption introduces some technical complications in our proofs.

We prove (3) by replacing I' with the non-decreasing function
T(t) = sup{l'(s):0<s <t}
The hope is that

D(a) = /[0 )exp (—al'(t-)) A(dt)

then has a behavior similar to that of D (a) when « is small. Theorem 1 can be
established by proving the corresponding law of large numbers for D (). Thus, the

proof of Theorem 1 follows from Propositions 1 and 2 below.
Proposition 1 Assume Al. Then,
a(D(e) =D(a)) =0 a.s.

as o\, 0.
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Proof. Observe that

D(a) = /0 " exp(—al (£))A (dt)

= / / exp(—u)duA (dt)
0 al'(t-)
oo oo al'(t-)

= / (/ exp(—u)du—i—/ exp(—u)du) A (dt)
0 al(t_) al'(t-)

- / h /io exp(—u)duA (dt) + /a af(t)exp(—U)duA(dt)

r(t_)

_ / / exp(—u)duA (dt)

Therefore, we must show that

exp w)dul (dt)| — 0 a.s. as a\,0,

but

al'(t-)
/ / exp(—u)dul (dt)| < a/ / exp(—u)du |Al (dt) .

Now the right hand side of the last inequality is equal to

00 oI (t/a—)—al'(t/a—) dt
/ a/ exp(—u — al (t/a))du |Al <—)
0 0 @
- oI (t/a—)—al'(t/a—) dt
= / aexp (—t + aop (t/a))/ exp(—u)du |Al (Z)

_ /Oooh(t,a),ua(dt).

Where,

v al'(t/a—)—al'(t/a—)
h(t,a) = exp <—§t + ao, (t/a)) / exp(—u)du,
0

and

pa (d) = 0exp (21 14| (dt)
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Observe that

0 < sup h(t,a) < M.
a,t>0

Moreover, it is not hard to verify that h (¢,«) — 0 as @ — 0 uniformly on compact

intervals. Also, notice that
o0 dt
0.0 = [T aew (<301l (5)
_ [T g
= / aexp <——ta> |A| (dt)
0 2
- [en(z)e
0 ary
* —u/2 —u/2 2u
= e e " a|Al | — | du.
0 ary

Since |A| satisfies (1), we have for some B > 0,
og/ e v/ |A|< >du<B
0 ary
Thus, we have that for all a > 0,
0 < u,(0,00) < B < 0.
And, if we fix € > 0, then there exists C' > 0 such that u,(C,00) < ¢, and such that

sup h(t,a) <e
te[0,C]

for a small enough, this implies that if « is small,

/ooh(t,a) 1, (d) < (B + M),

since € was arbitrary, we deduce that

/ / exp(—u)duA (df)| <

To prove Proposition 2, we need to recall the following definition of the generalized

/Oooh(t,a)pa (dt) — 0.

as claimed.

inverse of a non-decreasing function.
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Definition 1 Let I' : Ry — R non-decreasing, RCLL (right continuous with left

limits) then we define T~! as
I (u) =inf{t >0:T(¢) > u}.
Proposition 2 Assume Al. Then,

aD (a) — Ay a.s.

as a "\, 0.
Proof.
oD(a) = a /O " exp(—al (1)) (dt)
= a/ooo /f:)exp(—u)du/\ (dt)
= a/ooo exp(—u)A (f_l (u/a)) du.
Now,
;T (T*l (t_)> o (r*1 (t_)>
'e) T'w) AR (t)
Hence

This implies that

al (T7" (u/@)) = ol " (u/a) %jj}{j)) — u%

Thus, in order to apply the Dominated Convergence Theorem, it suffices to show that

for almost every sample path, we have that
laA (7" (u/@))| < H (u,w) € L' (e “du),
for some measurable function H. However,
laA (7" (u/@))| = O (u)

which suffices to apply dominated convergence.
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5.3 The Central Limit Theorem

In this section, we assume that A and I' jointly satisfy a “strong approximation

principle”, namely:

A2 There exists a probability space supporting (A,T") and a two-dimensional stan-

dard Brownian motion
(B1, Bz) = ((Bi(t),B2(t)) : t > 0)

for which deterministic constants A € (—o0, 00) and 7y € (0, 00) and a covariance

matrix Y can be found such that

(F(t) ) :<7>t+G<Bl()>+0p(t1/2)
A(t) A B (t)

a.s. as t — oo.

4~

The entries of the covariance matrix C = GGT can typically be identified as

follows:

Ch = lim %E(A(t)—)a&)z

t—o00

Cro = lim ~E(A(t) — M) (T (£) — 1) = O

t—oo

t—oo

The strong approximation principle A2 holds in great generality, the prototypical
example is a sequence of (independent and identically distributed) iid random vari-
ables with finite second moment, some other cases, in which dependence is allowed,
and under which the validity of this principle has been proved are briefly described
(along with references) next. (Some relevant references on this topic are Philipp and
Stout (1975) and Csorgo and Révész (1981).)

Case 1 (Philipp and Stout (1975) Thm. 4.1) Suppose X = (X,, : n > 1) is strictly
stationary sequence of random variables, such that F (\X 1 \2+5) < oo for some 6 > 0.

Also, assume that X is a ¢—mixing with

62 (k) < o
k=1
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then S (t) = >, -, X satisfies a strong approximation principle with rate o, (£1/272)
for some A > 0 small.

Case 2 Philipp and Stout’s Thm. 8.1, also provides a strong approximation
principle with rate o, (t"/27*) (for A > 0 small) when X = (X, :n > 1), is not

necessarily stationary, but ¢—strong mixing with
¢ (]{7) << k7300(1+26)7

for some ¢ € (0,2]. This result also requires moments of order 2 + § and other
technical assumptions to control the growth of the second moment of the random
elements X.

Case 3 In the context of positive recurrent irreducible Markov sequence (),
with stationary transition probabilities and countable state space, Thm. 10.1 of
Philipp and Stout (1975), provides strong approximation principles for the case in
which X;, = f((;). The results in this case depend on moment conditions of the
type described before for the cumulative reward within a cycle of the Markov process.

Case 4 Horvath (1984a, 1984b and 1986) developed strong approximation the-
orems in the contexts of vector valued cases under higher moment conditions, and
also for the cases of renewal processes and extended renewal processes. Also, Philipp
and Stout (1975) Ch. 12 deals with various types of continuous parameter stochastic
processes (e.g. Gaussian increments and mixing increments, the later case includes
as a particular case Levy processes).

Given A2, we propose the following (refined) Gaussian approximation for D,

namely
DR Nv+0/7/2N(0,1), )
where
ol = % (C’H - 2%012 + i—zC’gg) .

Note that (4) improves upon (2) by providing a normal approximation for the stochas-

tic variability that is present in the r.v. D.
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As for the approximation (2), we claim that (4) is accurate when the discount rate

is small. In particular, note that (4) suggests the approximation

D(a) ® May +0/\/aN (0,1), (5)

where

1 A A2
o = \/5 (011 — 27—0604012 + (va)2a26’22>

1 A A2
= \/5 (Cll —2-Ci2 + —2022>-
g g

The following central limit theorem (CLT) asserts that the approximation (5) is indeed
valid as a "\, 0.

Theorem 2 If A2 is in force, then

a2 (aD (o) — %) — oN (0,1)

as a "\, 0, where

1 A 22
ot = — (On —2=Chy + —2022) .
2y g g

Again, just as in the case of the LLN derived previously, the strategy is to show

that the behavior of the random variable
D(a) = / exp (—aT (t_)) A (dt),
[0,00)

is comparable to that of D («) for the purposes of approximation (5). This is the aim
of Proposition 3 below, whose proof follows using the same technique as in Proposition

1 together with an application of the next Lemma.
Lemma 1 Under A2,

Va (T (t/a) =T (t/a)) -0 as a—0

uniformly on compact sets.
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Proof.
[Va (T (t/a) =T (t/a))| < \/_Ogng;; (v (s —t/a) + Xa (B (s) — B(t/a))) +
Vaoy ((t/a)?).

Observe that

Va max (y(s—t/a)+ s (B(s) — B(t/a)))

0<s<t/a

= max (7(5 —?) ++v/aXy (B(s/a) — B (t/Oé)))

0<s<t Va
< £ g _ 71/2>
< 526‘22( Y(s—t)a :
< max (Cu**a™ — qua™'?) < Ma*? — 0.
0<u<t

The first inequality holds by virtue of the law of iterated logarithms (LIL) and from

the last inequality we can see that the convergence holds uniformly on compact sets.
Proposition 3 Under A2,

al/? (D(a) =D () = 0 a.s.
as a "\, 0.

Proof. As in the proof of Proposition 1,

D(a / / exp(—u)duA (dt)

Hence, we must show

al'(t-)
/ / exp(—u)duA (dt)
al'(t-)
< / / exp(—u)du|Al (dt)

_ / h(ta) , (dt).

0

ol/? — 0 a.s. as a\ 0.

Now, observe that

al'(t_)
/ / exp(—u)duA (dt)
al'(t-)
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Where,

~y 1 al'(t/a—)—al'(t/a—)
h(t,a) = exp <_§t + ao, (t/a)) ﬁ/o exp(—u)du,

and

palat) = aexp (~30) al (4).

o
Observe that

0<h(ta)< M,

and virtue of the previous lemma, h (¢,«) — 0 as & — 0 uniformly on compact inter-
vals. The rest of the proof follows by repeating the same steps used in Proposition
1.

In light of the previous proposition, Theorem 2 follows by combining the last result
together with Proposition 4 below. The following lemma will be used in the proof of

Proposition 4.
Lemma 2 Let 3 be a d—dimensional vector and 7 (t) such that
T (t) =~vt+ 0, (1)
and suppose that B (t) is a d—dimensional Brownian motion. Then,
al/? /OO e “Y'B(1 (u/a)) du = N (0, 02) ,
0
where 0% = 5-3/57
Proof.

al/? /000 e "Y' B(1 (u/a)) du

t/a
= a1/2/0 e "Y' B(1 (u/a)) du + a1/2/ e "Y'B (1 (u/a)) du

t/a



CHAPTER 5. APPROXIMATING DISCOUNTED REWARDS 101

Observe that

al/? /too e "Y' B (1 (u/a)) du

«

< Q2 /t " e B (r (u/a))| du

o
(e o]

= o ¢ Ce "u!**dy a.s.,
t/a

by virtue of the LIL (for all € > 0 and for some C' > 0), and the integral above, goes
to zero faster than o°. Hence, in order to show weak convergence, it suffices to study

(by virtue of Slutsky’s lemma)
t/o t/a
al/z/ e "Y'B(1(u/a))du = 041/2/ e Y (B (7 (u/a)) — B (u/va)) du
0 0
t/a
+a1/2/ e "Y' B (u/va) du.
0
We first show that

t/a
a1/2/0 e "Y' (B (7 (u/a)) — B (u/ya)) du| = 0.

Observe that

sup ae |7 (u/a) —pu/al = sup e “|ao,(u/a)
0<u<t/a 0<u<t/a

< o(l) sup e “u
0<u<oo
therefore, for every 6 > 0 we can choose ag such that if a > «q
P < sup e “|7(u/a) — pu/al > 6/a> <6

0<u<t/a

Let us define

As ={w: sup e |t (u/a)— pu/al <é/a}

0<u<t/a

and

Ag={w: sup e V|7 (u/a) - pufal < é/al,
k/a<u<(k+1)/a
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then

Notice that

IN

<

IN

<

/ e (B (r (u/a)) — B (u/ra)) du

0

)

l/ e ||(B <wmwﬂmmmmw>%

0

/ e Uy || (U/Oé)) - B (U/’YOé))H du > € A(S) +6.

0

t/a
P <a1/2/0 e "Y' ||(B (7 (u/a)) — B (u/va))|| du > & Ag)

»or

(k+1)/a
> P (O‘m/ e "X (B (7 (u/a)) = B (u/ya))|| du > - Aa)-

t)

k/a

1/2 vl _ €.
a / e "B (B (7 (u/@)) = B (u/ya))l|du > 25 As

k/o

The kth—term in the last expression is less or equal than

IN

(k1) a .
P al/g/ e Y  sup |B(s)|du>—
k/a Ogsg%éek/a 2t

(k+1)/« .
i / e sup |B(s)|du> —k
k/a 0<s<26ek/ 2t

Le*k/a (1- efl/o‘) E ( sup |B (5)|)

2ec

0<s<26ek/
t_ a —1/a
200t k/ (1—e 1 )E ( sup V26ek/ |B(s)|)
0<u<1

Mt\/_ —k/2a ( efl/a) )

102
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This implies that

t/a
P (a1/2/0 e "Y' (B (1 (u/a)) — B (u/ya))]|| du > €;A5)

< Mt\/g (1 _ e—l/a) Ze—k/Qa
€ k=0
B Mt\/g 1—e Ve B Mt\/g 1— e /e
B e l—el2a ¢ 1—e 127
Therefore,
— e 2Mt/5
T, 0P (aw | e B ¢ w/e) - Blujra)) du> s;A6> < f .
0

Since 6 was arbitrary, we conclude that

P

t/o
ol /0 e (B (r (u/a)) — B (u/a)) du

in particular the last term goes to zero weakly; finally we observe that

t/o t/a S
o2 / e B (u/vya) du D / e "Y'B (u/y) du = / e "Y'B (u/7) du,
0 0 0

which is Gaussian, with mean zero and variance (which can be computed using inte-

gration by parts and the Ito isometry) 0% = %Z’ T

Proposition 4 If A2 is in force,
12 (P A
a aD(a)——) = oN(0,1) asa — 0,
f)/

where

A \°
= 3 (Cn —2-Cpp+ —2022> :
v Y v
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Proof. We write
D)~ 2= [Tt (aa (%)) -2

Let W (a,u) = (aA (T_l (u/ a)) — %), using the strong approximation assumption

we can see that:

Wi(au) = a (iu - 3) _ 6,8 (F‘l (k)) ©aGLB (f‘l (U;)>

Y Y Y «Q o'
1 w172
tao, ((r () )
a
_ _\ /2
= (2= racwn (0 (%)) duao (1 (4)).
vy a a
where
r_ A
-1 G
Integrating out a~'/2W (a,u), we obtain

@2 [T W () du=Te) +a [T (T (w/a)) dut (o).
0 0

We analyze one by one each of these terms. First, it is clear that

o A A
I = 041/2/ e (—u - —> du = 0.
0 Y Y
Next,

I =12 /O " e ao, ((Tl (u/a))l/ 2) du = /0 " enalizg, ((Tl (u/a))l/ 2) du.

Observe that

Vao, ((F1 (u/a))l/ 2) — M2 %r—l (u/a)op (<
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We wish to apply dominated convergence. Notice that

‘\/aop ((Tl (wja))" 2) ‘ — 0 (uM?) < H (u,0) € L (e"du)

this implies that I (o) — 0 a.s. Therefore, we obtain that
o Y2W (a,u) — a1/2/ e "Y'B (ffl (u/a)) du = 0,
0

which combined with the previous lemma and standard converging together results

yields the conclusion of the proposition.

Finally, Theorem 2 is a direct consequence of Propositions 3 and 4.

5.4 Edgeworth Expansion

In this section, we provide refined versions of the approximations given in the previous
sections. The refined approximation takes the form of an Edgeworth expansion for
the distribution of D. We shall derive these approximations in the iid setting for the
discrete time case and under Markovian assumptions for the continuous time case.
More precisely, in the discrete time case, motivated by the applications to ARCH

processes described in Section 2, we consider
oo k—1
D=Y exp (— sz> Xz,
k=0 5=0

where (Xj, Zx),~, is a sequence of iid random vectors satisfying certain assumptions
to be described later (see assumptions AIl to Al4 below); while in the continuous

time context, we work with

p=["ew (—/Oth(s))ds) an(t),

where Y = (Y;:s>0) is a suitably defined homogeneous Markov process A is a
stationary independent increment process, this setting is commonly used in the risk

theory example discussed in Section 2 (see Ch. 7 of Asmussen (2001)).
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5.4.1 The discrete time setting

In this section, we shall consider the following set of assumptions.

ED1 Assume that Z; > 0, E(Z)) = < oo, E(Z2) = M(ZQ) < 00, and E (|Z1|3) < 00.

)

Let 0% be the variance of Z; and H(Z3 its third order cumulant, which can be

written as

Ky = ny) = 3uiy +29°,

ED2 Suppose that X; has non-lattice distribution with £ (X;) = X, Var (X?) = %,
and E (|X1]%) < co. Let B (X}) = pf and write £ to denote the third order
cumulant of X;. In addition, assume that the distribution of X; given Z; is

non-lattice.

ED3 Suppose that E (]Xllj |Z1|k> < oo for 0 < j+k <3 and for j,k > 1 denote
1, = E (X{ZF). Moreover, let us define,

5(0,2y) = |E ("] Z)]

and assume that

lim sup
h=0e<|p|<1/e h

for e > 0.

Condition (6) is technical, and may be seen as a form of strong non-latticity of X;
given Z;. Notice that, in the important special case in which the X}’s are independent
of the Z’s, assumption AI3 is an immediate consequence of AI2. Indeed, if X is
non-lattice, we have that 6 (0, 7;) = 6 (f) < 1. Therefore, for all h > 0 sufficiently
small, 6 (f) < 1 — h. This implies that the limit in (6) is zero.

As a remark, we also note that, alternatively, the non-negativity of Z; required in
assumption AIl can be replaced by the existence of exponential moments, we record

this observation as our alternative assumption AI1’.

ED1’ Assume that Fexp (pZ;) < oo for p in a vicinity of the origin.
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Under these assumptions, we improve the approximation (4) by providing an
Edgeworth expansion for the distribution of D when (Xy, Z),., is a sequence of
1.2.d. random vectors and the discount rate v is small. In particular, by defining

1 A A2
o = 3 (a?x — Q;UXZ + ¥0%> ,

we can write the approximation proposed as

POy ~ PIV(th) <) = visn (-3 ) @
ﬁﬂzH ((y —A/7) ﬁ) :

18 i
The constants 3, and 3, satisfy
2
5 - YA
1 2720_7
2 2
3 (3) A A K [ o A A7,
0°By = Ky —2Ko1— + 3K12— — 3— (a —2—0xz+ —0
2 X v 1 ’yz ~ X v ’Y2 Z
A A A2 kA3
2 2 2 Z
—1—3025 <O’X — 2;0’){2 + ?UZ> T
with
= — g =3 29°\
Ki2 = o+ [y — My Vi1 T+ 2Y7A,
Ko1 = oy T g1 — Mg?) — 3y + 2)\2%
K11 = My — ANy =0xz £ cov (X,2);
and

) = jQ—Wexp (—v*/2)

H(y) = (*-1)n(y).

The application of the approximation (7), requires estimation of the joint mo-

ments /i;;, which can be easily done (even non-parametrically) using standard meth-
ods. Also, observe that in the case in which the sequences (X}),., and (Z),., are

independent, the constants 02, 8, and 3, take the simplified form

1 A2
o? = 3 (ai + ﬁazz)
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and
8, = g B, = - (n® 4 3720x _ i X | 372

In order to understand the nature of approximation (7), we introduce a small

scaling parameter o > 0 and define

D(a) = Zexp (—aZ_:ZJ) Xk

approximation (7) becomes (since the quantities o, §; and (3, are not affected by the

scaling)
P(D(@)<9) = PN (Varo*/ar) <) - viasun (s~ Aha) Y ) 9

— V=6, H ((y ~ A7) @) -

Or, in other words,

PIVE(D (@)~ Nan) <) ~ PN (0.0%/) <) - et (L)
VI8, (VA
o ()

with an error of order o (y/«) (uniformly on y). The precise mathematical statement
concerning the previous approximations is the content of Theorem 3 below, which
provides the first order correction in the Edgeworth expansion for D («). However,
before moving on to Theorem 3, we present a simple example to illustrate the accuracy

of the approximations proposed.

Example 1 Suppose that X; ~ Xexp (1) and Zy ~ vyexp (1). Under these assump-
tions it follows (see Gjessing and Paulsen (1997)) that

00 k—1
D= exp (— Zj> X~ AI'(1/y+1,1),
k=0 =0

J
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where T' (1/v+ 1,1) represents a random variable with distribution gamma with the
parameters given. In order to illustrate the numerical fit of the approximation pro-
vided we consider the case in which A =1 and v = .1 and v = .5 respectively. The
following graphs compare the CLT and Edgeworth approximations developed against
the true distribution of D:

Approximation for D (Exponential Approximation for D (Exponential
Case EZ=.1) Case EZ=.5)

— True 0.6
---CLT 0.5 4
--- Edgeworth 0.4 4

— True
---CLT
--- Edgeworth

o o
N

WA
C

-
© N

CLT and Edgeworth Based Approrimations
We now provide the rigorous statement supporting approximation (7).

Theorem 3 If the set of assumptions ED1 (or ED1’') to ED4 are in force, then

P(va(p@-2) <) = p(v(02) i) vamnw  ©

Yo
Vo 3 ,

where G, represents a signed measure with G (R) + G5 (R) £ |G, (dy)|| = o (ya).

In order to prove this theorem, we need some preliminary results. As it is standard
in obtaining Edgeworth expansions via Fourier analytic methods (see Feller (1968)
p. 512), one first proceeds to obtain an asymptotic expansion for the cumulant
moment generating function of interest. Hence, our first result provides an asymptotic
expansion for ¢, (6) £ log E exp (i~ (aD () — A/7)) in powers of \/a.
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Lemma 3 Assume ED1 (or ED1') to ED3. Then, there exists 6 > 0 for which we
have that

22

1L/, A A2, (i0)?
—|—< (UX—Q;sz—l—?UZ)—FO(l)) 5 O

2a

2)
Y, (0) = (“Z A +O(a)> ifat/?

+ <% +0 (1)) (Z%)ga?’ﬂ +o(a'?),

(uniformly in 6 € (—6,6), 6 > 0) where

3) A A2
3’}/03 = Kx — 2/121— + 3/‘4',12—2
Y Y

N oxy A 22 k33
+3 (52 SAN —) (02 — 20y, + 0t ) - 222
72 gy X Ty 27 3

Proof. The idea is to write

Ba (6) = exp (90/1/a) & (0, )

where ¢, (0) = exp (1, (9)) and ¢ (0,a) = Eexp (i#D (a)). Notice that ¢ (6, )

satisfies
6 (8, 0) = E (exp (i (X; + exp (=aZy) D (),
with D; («) independent of (X7, Z;). Thus, we have,

¢(0,0) = E(exp(if (X1 + exp(—aZy) D1 (a))))

= E(E (exp (if (X1 + exp (—aZ1) D1 ()| X1, Z1))
E (E (exp (i60X;) ¢ (Oexp (—aZy),a)| Xy, Z1))
E (exp (i0X1) ¢ (fexp (—aZy),a)).

Using the Taylor development for characteristic functions (see Feller (1968) App. Sec.
XV.5 and Breiman (1992) Prop. 8.44) applied to ¢ (0, ) and ¢, (6), together with
the moment conditions implied by assumptions ED1 (or ED1’) to ED3, we arrive at

the expression stated for v, ().
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Lemma 4 Under assumptions ED1 (or ED1') to ED4, ¢ (0,a) = Eexp (i0D (a))

satisfies

6(0,0)] =0(a'?)
as a — 0 uniformly in 60 over compact sets not containing the origin.

Proof. Let ¢x (0,21) = E (¢X1| Z1), and let T,, = inf{k : Sy > 1/a}. Then,

o (1 e (5 5 050) )

k=1

= [E(IG20x (b7, 2))|
B (U2, [ox (0e7%, Z1) )
B (G2 |ox (077, Z4) )
E (IR A (0, Z4)])

9(6,0)] =

IN A

IN

where A (0, 7,) = sup{|oy (0, Z1)| : |6*] > |0e7!|}. Since the distribution of X
given Z; is non-lattice, we must have that 0 < A (6,7;) < 1. So,

6(6,0)] < Uﬁ?WMH%W
S (

«

>5> + E (72T A (8, Z)] s |T, — 1/ary| <e)

5) +E (|A (0, Zl)|1/0‘(1/”_8)_1> .

IN

Pla

Since condition AF'1 (AF1") imply that 0 < EZ; < oo and Var (Z;) < oo, we have
2

that <a1/ 2T, — O‘AVD is uniformly integrable (see Gut (1988) p. 92.) In particular,

this implies, using Chebyshev’s inequality, that

P(a

Finally, if we choose £ > 0 small enough so that ¢ = 1/y — ¢ > 0, we must show (for

1
T, — —
ay

>5> =0 (a).

6 not in a neighborhood of the origin) that

E (180, 2)17") = 0 (Va) .
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Let W = —log (JA (0, Z1)|) and 8 = ¢/a. Then,
2 (1a0.2)) = B (exp (~6W)) = /0 exp (—u) P (u/3 > W) du.
Thus,
58 (180 20") = [ exp(—u) 5P (u/B > W) du
0
Fix € > 0 and write
BB (180, 207) = [ exp(-wsP(w/s>W)du
0
+ / wexp (—u) B/uP () > W) du (10)
< BP(/B>W)+ /oouexp(—u) B/uP (u/B > W) du.
We want to apply Fatou’s Lemma in the form
limg_ o0 /oouexp(—u) B/uP (u/B > W)du
< /oom/g_muexp (—u) B/uP (u/B > W) du.
In order to do this, we must show that
0<B/uP(u/B>W)<M

for some M > 0 for u € [g, 0], and (3 large. So, by right continuity and the existence
of left limits, it suffices to show that

P(h>W)

But
M’HOM A U —1ogh<|A<9,Zl>y>>
S e G L GO RV

h
P(A (0, Z,)| > 1—h)
h

= hmh_,o < 00,
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by virtue of assumption FD4. This is what we require in order to apply Fatou’s

lemma. Consequently, we have
T —oeBE (12 (6, 20)|°) < o0,
which implies

Ty —oo/BE (140, 20)1") =0,

and this is what we needed to conclude the proof of the lemma.
We now are ready to proof Theorem 3.

Proof of Theorem 3. . The proof of this theorem follows closely the steps
of Feller (1968) p.512. To simplify the notation, let us consider E(X;) = 0 and
E (X?) = 2v and the X}’s independent of the Z;’s (as we shall see from the proof,
these are just simplifying assumptions and the adaptation of the present proof is

straightforward using the corresponding local expansion given in Lemma 3)). Let

~ -1\3,.(3)
v(0)=G(0) = e=0°/2 (1 + (i) ry oz) . Esséen’s lemma applies here since

18y

3)
K
G(x) = (2) —I—)é\/a(x2—1)n(x)
is bounded by some constant C'. Also v (0) =1 and 4/ (0) = 0. Therefore,

C
R -0l <t [ Lo (vana) - 0] 0+ 22

Let T'= M/+/a, for some M > 0 big. Then, for any é > 0 small, we have

24C
|Fo () — G (x )|<11+12+13+f—

where

1 [ive g
L = /Wlel 6 (v/ab,a) — v (6)] db,

1 MV g

- = b, 0)| do

L2 7r//\/_ |}¢(\/_ @) =7 O,
1 Ve g

I; = —/MM 7 |6 (Vab, a) —~ ()| db.
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Observe that

1 [M/Ve q M/va 4
n<zf o (Vaba)| b+~ [ o) as
7 Jsyya 101 5/v/a

1/Mlue nao L [ L1 ) ds.
= — §Z5 Odd+/ ’Y d
T Js |0 5//a 0]

By virtue of our previous lemma, it is clear that Iy goes to zero faster than /a,

similarly for I3. Thus, we just have to study [;. Let

. 622
C(0,0) 2 10g(6(0,0)) + 57—
6%~
where m (—A) = E (e7*#). Hence, we can write
I L e 1 0 0)| do
= e (vaRe) — )

_ 1 /Zi |;‘ exp (C (Vab,a) - (1— 77912(7—204))) N 7(0)' v

5/va 3
_ l/ 1 22| (c(vata)-8 & (=it L) _1_(19)—04 do
_s/va |0 18

Using Feller (1968), p. 507, we have that for any El and 52 complex numbers,
~ 1~2
< ( | + 552) exp (v), (11)

@D . Given ¢ > 0, we can choose 6 > 0 small enough so that
0/a| < 6 (as in Feller (1968), p. 507) and

‘6B1 —1- 5,

where v > max <‘51’ ,

a3/? (i0)3 3 03 03/2 ,
'C (0V0:0) = 1= m (3| =TT =m (=3ap] ="

3/2,€(3)
—m(—3a

cumulant of order 3 for the random variable \/aD («)). At the same time, 5 can also

for o small enough and some constant K independent of a (because a - is the

be chosen satisfying

~yoh? K 2

2(1— (— Qa))_ 392

¢ (Ve a)]| <
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for some Ky < 1 for o small enough. Now, § can be chosen also with the property
that

a3/2 (i6)° mg?
3(1—m (—304))

Notice that

(c(Vat0) L (=) _ _ (8)" R
18

(c(VAr0) 2 (1) _ 02 (00)° K
31 (1 —m (—3a))

IN

+

a3/? (29)3 (3) (29)3 (3)

31— m(— 3a))

and observe that

a3/? (i6)? Kk

(“9) "“3X
31(1—m(=3a)) Ve

< Vato(1).

Finally, we apply inequality (11) with Bl = ((Vab,a) — E <ﬁm — 1) and

= 3/2(10)3 (3)
52 3l(1—m(— 3a

for 6 > 0 small enough so that
L < Skiva / 201509 + L K2 / e=0/66540 +
T oo T o
Yoo / 0] e~/ 4.
™ —o0

Hence we conclude that

1
lim sup —=sup |F, () — G ()| < ¢k,

a—0 VO g B

for some constant k. Since € was arbitrary, this concludes the proof of the theorem.

5.4.2 The continuous time setting

A popular model in the risk theory setting discussed in Section 2 consists of con-

sidering the processes I' as A two independent Levy processes (i.e. two stationary
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independent increment processes, see Gjessing and Paulsen (1992)). The stationary
independent increment assumption of the risk process A has been argued to hold by
several authors in the risk theory community (this setting includes the so-called clas-
sical risk model, see Asmussen (2001) and Grandell (1991)). On the other hand, in
finance, short rate processes usually are modelled as positive functions of a Markov
process (typically with mean reverting characteristics). This motivates the following
setting in which we develop the desired Edgeworth expansion.

Suppose that A = (A(t) : ¢t > 0) is a Levy process. In addition, let Y = (Y (s) :
s > 0) be a homogeneous Markov process taking values in a Polish space = and let
B (Z) be the Borel sigma-field in =. Let P (t,y,B) (t e R,y € Zand B € B(Z)) be
the corresponding transition probability function. Assume that Y satisfies the Feller
condition (i.e. P (t,y,Bs(z)) — 1 ast \, 0, for all § > 0) and that the mapping
y — E,f (Y}) is continuous for all f(-) € C'(Z) (the space of continuous function
taking values on Z). Let A be the associated infinitesimal generator of the process
Y, defined via the relation

Af (y) = lim E, Y () f(y)

t10 t ’

where f € C(Z). The domain D (A) of A is composed by those functions f €
C (2) for which the previous limit exists (uniformly, for all y € Z) (See Skorohod,
Hoppensteadt and Salehi (2002)). In addition, suppose that Y (-) has right continuous
with left limits sample paths and that it is geometrically ergodic (see Kontoyiannis
and Meyn (2003), p. 9).

The following set of assumptions are in force throughout this section.

EC1 A and I are independent and the distribution of A (1) is non-lattice.

EC2 Suppose Y is geometrically ergodic (see Kontoyiannis and Meyn (2003) p. 9).

Suppose that 7 (-) : £ — R is a continuous mapping such that 7 (z) > 0 for all

z € Z and define I' as
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Under EC1 and EC2, we shall provide rigorous support for the approximation
A
P(D<y) ~ P(N(M7x?(0)/2) <y) - VIZE (o) ((y — A7) \/2/x® (0))

YOO (-0 0), (12)

where (if 7 (dy) denotes the stationary distribution of Y), F' can be characterized as

the solution of the Poisson equation

AF=E~ (Y (1)) =~ (y),

and x (-) depends on the log-moment generating function of A and the Perron-
Frobenius eigenvalue associated with cumulative Markov reward I'.  More pre-
cisely, for every 6 € R consider the (unique) solution pair (u(y,8),vr (0)) (such
that u (y,0) = 1) satisfying

(Au) (y,0) = (¢r (0) — 07 (y)) u (y,0). (13)

Note that the geometric ergodicity guarantees existence and uniqueness of the solution
pair (u,r), see Kontoyiannis and Meyn (2003)). Let ¢, (i) = log E exp (i0A (1))
(we work with the branch {arg(z) € [0,27)} when operating with complex loga-
rithms) then y (i) = —¢p' (=, (i0)) (note that x'(0) = A/v). Just as in the
discrete time case, the approximation (12) will be supported in the context of small
interest rates for a suitably parameterized family of discounted rewards. In particu-

lar, we shall prove that the approximation
P(Va(D(a) -3 (1) <)
~ P(N(0,x?(0)/2) <y) - \/v_oz%F (o) n (y\/M)
YO ) (12 0)
holds with an error of order o (y/@) (uniformly on g), where
D(a) = /0 " exp (—al (1)) dA (1)

(Note that the previous integral can be interpreted, via integration by parts, path by
path as a Lebesgue-Stieltjes integral.)



CHAPTER 5. APPROXIMATING DISCOUNTED REWARDS 118

Theorem 4 Suppose that EC1 and EC2 hold. Then,

P (va(D(a) -y (0) /a) <)
— PN (0,x?(0)/2) <y) - vFGF (o) <y\/2/x‘2) <o>>

_VT 3 (2) _ .
5 X (O H {y/2/x® (0) ) + Gal[=00,9));
where G, represents a signed measure with G (R) + G5 (R) £ |Gl = o (V@) .

The proof of the previous theorem parallels its corresponding continuous time

analogue described in the previous section. We first obtain a local description of

Yo (0) =log Eexp (i (D (a) = A/ (ya))).

Lemma 5 Under assumptions EC1 and EC2 we have that

2) (3)
P, (0) = _XT(O)92 +Va (X 18(0) (i0)* — %F (v0) z‘&) + 0 (Va)

(uniformly in 6 € (—6,6), 6 > 0).
Proof. It is known that for every u € D (A) such that inf ,cz|u (z) | > 0 we have
that
7 LA
M) = 20D e (< [ (A1) 00 9. 0)0s) (19
0

u (Yo, 0) U

is a Martingale with respect to the filtration generated by Y (see Lemma 2, p. 82
of Skorohod, Hoppensteadt and Salehi (2001)). Since Y is geometrically ergodic it

follows that the generalized eigenvalue problem

(Au) (y,0) = (Yr (0) =07 (y)) u(y,0), u(y,0)=1 (15)

has a unique solution pair (u (y, 8) , ¥ (9)) for every § € R. In addition, infsez u (y, 0) >

0 for all @ € R and ¢ (+) is a strictly increasing function (since

Yp (0) = lim % log E'exp (6T (1)) ).

t—oo
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Observe that the solution to (15) automatically provides the solution to the problem

! (),
Ty w0 = <’i(y) 9) (v.9)

- <_¢;1 (—v) — %) u(y, v’ (1)),

(where v = —¢ (6)). In addition, Proposition 4.8 of Kontoyiannis and Meyn (2003)
states that for each # € =, both u (y, -) and ¥ (+) are analyticin N ={z € C : |z| < ¢}
for some § > 0 (which immediately implies the analyticity of ¢ (-) = —5' (—-)) and
inf sez .en|u (x, 2) | > 0. Note that the Markov process Y = (lN/ (t):t> O) defined

as Y (t) = Y (I'"1 (t)) is also a geometrically ergodic Markov process with generator
A= %A (the reason is that 7 being continuous and positive implies inf =7 (z) > 0,
which yields that the Lyaponuv bound needed in the definition of geometric ergodic-
ity is immediately satisfied after scaling factors (see Kontoyiannis and Meyn (2003)
p. 9). Therefore, by considering the Markov generator 0, + A and the function
u(y, ¥ (i0e ), (for # € R with |f] < §) in the relation (14) we can build the

Martingales

_ u(?(t),—x(i@e’at)) tapy (i) to
e Ll VAo A

(T x@en)
exp —a/o ife u(?(t),—x(we_at)>X(we ) dt

Note that M, (i6) is a bounded martingale (in particular, uniformly integrable). Thus

it possesses a last element M, (i6), which implies that

exp (/oox (z'&e’at) dt> u (Yp,i0) = E exp /00 wdt —&(a,10) |,
0 0 §

7o)

where
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Therefore, we conclude that

exp (/000 (X (\/aiee’at) — \/az'He’o‘t)\/fy) dt> u (YO, —X (\/519))

(uniformly in 6 € (—6,06)). The previous equality follows from the fact that
u (¥ (8), —x (vaio) )
u (Y (), —x (vait)

= \/aiHAEa/ e g (Y (t) ,0) dt + O («)
v 0

E¢ (a, \/520) = Voaifa /OO e X (\/aiﬁe’at) dt
0

and (using Theorem 1) in combination with the bounded convergence theorem) it
follows that

oF /Oo e~ tug (ff (t) ,o) dt — Eug (Y (0),0) = E,F (Y (1)) = 0

(since ug (y,0) = F (y)). On the other hand, notice that
Eexp(i0D (o)) = E (E (exp (z’@ /0 " exp (—all (£)) dA (t)) ' r))
— Eexp (/OOO ¥ (0 exp (—al (¢))) dt)

= Bew | [ Yal@e™)
= F p(/o ?(?(ﬂ) d) (17)

Combining expressions (10) and (17) with a Taylor expansion of x () and u (Yp, -)

yields the conclusion of the Theorem.

The proof of Theorem 4 can be completed along the same lines as in the discrete
time case after showing that ¢ (0, a) £ Eexp (i0D () goes to zero fast enough for
0] € (wp,w:) for any 0 < wy < wy < 0.
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Lemma 6 Suppose that EC1 and EC2 are in force, then ¢ (0,a) = Eexp (i0D (a))

satisfies

sup [ (0,a)| = o (Va),

101€(60,61)

for all 0 < 6y < 07 < .

Proof. We proceed as in the discrete time case, first we write
.0 = |Bew ([~ vn@en-ar@)ar)]
0

< Blep (/OOO% (i0 exp (—aT" (t)))dt)'

(note that 1, (i-) is well defined except for at most countably many values, in those
cases we can assign the value —oo and that will not affect the value of the integral
above). The proof now follows just as in the discrete time case, by spliting the integral
up to I'"'(1/a) and using the non-lattice property of the distribution of A (1). In
fact, since 1/(asup,.=7 (z)) < T'' (1/a) we actually can obtain an exponential rate

of convergence instead of the rate o (a!/?).

Remarks

a) The assumption that = is compact does not really play an essential role. It was
only used to ensure that the martingale property of M, (if) in the proof of Lemma
5. A local description for 1, (if) could also have been obtained by computing the
moments of D («), which is relatively easy in the present setting.

b) The independence between I" and A can also be relaxed. For example, one
could have assumed that both processes are conditionally independent given another
Markov process, say Z, provided that A remains a possibly non-time homogeneous
Levy process with a suitably non-lattice conditional distribution type assumption
analogous to condition AI3 in the previous subsection.

c) Following the same ideas as in Lemma 5, a local expansion for 1, () can be

obtained for the case in which

D= [ ew (—a/Ot%<Y<s>>ds)A<Y<s>>.
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(where A is, say, continuous on the compact Polish space Z). In this case, the corre-

sponding generalized eigenvalue problem takes the form

1
gl

and a formal corrected approximation can be written as

P(D<y) =~ P(N(A7x?(0)/2) <y) —uo (40,0) ((y — A7)/ 2/x® (0)>

L0 0 1 (-3 2@ 0).

The only step required to make the previous approximation rigorous is to show that for
all 0 < 0y < 61 < 00, sup|gic(gem) |0 (0, )] = 0(y/a) as in Lemma 6. This essentially
involves assuming enough structure to ensure strongly non-lattice properties of D.
We have chosen Levy process in our exposition because they provide a convenient
framework to easily verify, from the model primitives, the non-lattice conditions that

yield the described Edgeworth expansion.

5.5 Large Deviations

To fix ideas, let us begin by considering the same setting under which we derived
our LLN in Section 3. In the previous section, we derived accurate approximations
for the distribution of D (in the iid setting) for small interest rates when the D is
close to its typical value (according to the LLN this implies looking at D close to
A/7). In a number of applications (including those discussed in Section 2 regarding
time series analysis and risk theory), one is often interested in computing P (D > z)
for z suitably large. In particular, these types of applications motivate interest in
the analysis of the tail probability P (D > x) for x >> A\/~. As we shall see, under
certain exponential moment conditions on (I'; A), the approximation proposed here

will take the form

P(D >z)~exp(—I(x)/v), (18)
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where [ (z) > 0 corresponds to the so-called rate function and will typically take
the form I (z) = 20" — [°x (0"e *)ds, where 0" satisfies 6"z = x (") and x (-)
is a suitably defined convex functlon. The goal of this section is to provide, under
general conditions, rigorous justification (at least in a rough logarithmic sense) for the
previous approximation. In addition, we will also explore, under additional structure,
exact asymptotics (also known as precise large deviations).

Applications in finance and risk theory motivate study of continuous time pro-

cesses, including the case in which the processes I' and A take the form
t t
I (¢) :/ v(s)ds and A(t) :/ A(s)ds,
0 0

where, for all s, 7 (s) > 0 represents the “short rate” process and Py (s) represent the
reward rate. Also, other applied contexts such as the analysis of ARCH processes in

time series motivate study of the discrete time setting, in which

t)

ZZk and A ZXk,

and (X, Zk);> 1 a (typically stationary) sequence of two dimensional random vectors
with the property that Z; > 0 for all £ > 0.
In order to provide rigorous justification for the approximation (18), we shall

consider
aD (o) = /[0 | exp (—al' (t-)) dA ()
= 04/[0 )exp (—u) A (D" (u/)) du, (19)

and study P (aD («) > ) for x > A. Note that the previous identity holds in general
provided that I'(-) is non-decreasing and A (-) has RCLL sample paths. In other
words, (19) may hold even if A does not have bounded variation. Expression (19)
suggests a natural strategy to derive a LDP for {aD (a)}a=0 as a N\, 0; namely,
to apply the contraction principle (under appropriate sample path large deviations

assumptions on « (I' (-/a) , A (-/a))), to the mapping ¥ : D[0,00) x D[0,00) — R
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defined as

U (z,y) = /000 exp (—t)y (z7" (t)) dt.

Actually, we will follow more or less this idea, although with important modifications
arising due to the fact that ¥ is not continuous. Indeed, if we consider the map Wy,
acting on D[0, 00) endowed with the Skorohod .J; topology (see Whitt (2001)) and
defined as Wy (z) = [, exp (—t)z (t) dt, then, we can see, aside from the fact that
U, is not well defined for every element in D[0, c0), that ¥ is discontinuous at every
single point. In order to see this, just consider the sequence of functions (z, : n > 1),
defined as z,, (t) = e"I (n <t < n+ 1), and note that z,, — 0 while ¥; (z,,) = 1—e'.
(This example was given by Whitt (1972); that W, (+) is discontinuous at every element
of D[0, 00) follows by linearity of ¥;.)

The idea, then, is to restrict the domain of ¥; to a proper subspace of D[0, o),
endowed with a finer topology under which ¥, (-) is continuous. This idea will be
studied in detail in the next subsection, in which we treat the continuous setting.

Later, we will return to the discrete setting.

5.5.1 The continuous time setting

We will restrict the domain of ¥; to the subspace

Ls[0,00) £ {z € C[0,00) : lim;_,o ‘%‘ =0},

for some 3 > 0, with the topology generated by the weighted norm
|z (2)]
x|, = su :
Ills b 1+ ¢0

Whitt (1972) proved that ¥y is continuous on (Lg [0, 00), ||| ﬂ), which suggests using
the contraction principle on this space. The following proposition constitutes an

intermediate step in this direction.

Proposition 5 Suppose that the family of processes o (I' (-/a) , A (-/c)) o satisfies
a LDP on C0,00) x C[0,00) (endowed with the product topology generated by the
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uniform convergence on compact sets also known as Stone’s topology) with a good rate
function I (z,y). Then, R, (-) = aA (It (-/a)) satisfies a LDP on C[0,00) (endowed
with Stone’s topology) with good rate function I' (z) = inf{I (x,y) : z =yox'}.

Proof. This is just a direct consequence of the contraction principle (see Theorem
4.2.1, p. 126 of Dembo and Zeitouni (1999)) and the fact that the mapping (x,y) —
y o z~! in the topological spaces described (see Whitt (2001), Theorem 13.2.2.; p.
430).

At this point, one may be tempted to invoke, once again, the contraction principle
in combination with Proposition 5 to obtain the desired LDP. However, in order to
proceed with this program, we must show that the LDP developed in Proposition 5
actually holds on (Lﬁ [0, 00), ||]] B) (since, in order to apply the contraction principle,
the continuity of ¥; must be compatible with the topology under which the original
LDP was derived). In order to show the LDP on (LB[O, o0), ||l ﬂ> we will need
to show that the random elements (A (I'"! (-/c))),-, are exponentially tight (see
Dembo and Zeitouni (1998)). (This type of reasoning parallels similar arguments in
the context of weak convergence theory and the important role that tightness plays
in this theory). Recall that a sequence of probability measures P, is said to be

exponentially tight if for every a > 0 there exist compact sets K, such that
—_ 1
lim,, o—log P, (K,) < —a,
n

or, if the P,’s take values on subsets of a Polish space, then the P,’s are exponentially

tight if for € > 0, there exists a compact set K. such that, for all n > 1,
e">1-P,(K.),

(see Zajic (1993) p. 11). In view of these observations, we must characterize expo-

nential tightness in Lg[0, 00). This is the aim of the following theorem.

Lemma 7 Consider a sequence of probability measures (P, :n > 1) on Lg[0,00)
(such that P{z : x (0) = 0} = 1) and acting on the Borel sigma-field corresponding
to the topology generated by the norm ||-[| 5. Then, (P, : n > 1) is exponentially tight
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if and only if (P, :n > 1) is exponentially tight under the (relative) Stone topology,
and that for each 6 >0

— 1 t
lim,, ,,o—log P, |  : sup = @®)] >0 | — —00 as ty / oo. (20)
n t>to tﬁ

Proof. Lemma 3.3 of Whitt (1972) establishes that relatively compact sets in
<L5[0, o0), ||| B) are those sets B with compact closure under the relative Stone
topology, and satisfying

: |z (t)]
lim sup —= = 0.
t—oo meg e

Also, recall that (if = (0) = 0 a.s. with respect to each P,) for exponential tightness
under Stone’s topology, it is necessary and sufficient (see Feng and Kurtz (2000), p.
30) that, for each ¢, > 0,

_— 1
lim,, oo—log P, (2 : w(z,6,T) >¢) — —o0 as 6 \ 0, (21)
n

where w (z,6,T) is the modulus of continuity of z, on the interval [0,T], evaluated
at 6. We now show that if conditions (20) and (21) are satisfied, then the sequence
(P, :m > 1) is exponentially tight. Pick A > 0, choose ¢y so that

Py (z:w(z, 6, T) > 1/k) < e ™ /2F
and let By = {z:w(z, 6k, T) < 1/k}. Also, pick t; so that

P, (m : sup@ > 1/k) < e okt

t>ty

and let Cy, = {z : supy,, |z (¢)| /t? < 1/k}.  Consider the closure, Ay, of Ay =
Nk (Br N Ck). Note that

1—P(A) <1-P(A) =P (U (BiNC)) < e ™

We claim that A, is relatively compact (i.e. that Ay is compact), to see this, choose
e >0 and let kg > 1/e. Then, for all § < 6y, we have that

supw (z,6,T) < e.
z€A
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Similarly, for every T > t;, we have that

T
€ > supsup
z€A t>T

which implies that

|z (1)]

1B

lim; o0 sUP <e

TEA

for all e > 0. Thus, by virtue of the Arzela-Ascoli theorem (see Billingsley (1999)
p.81) and Lemma 3.3 of Whitt (1972), which concludes the argument for sufficiency.
The necessity part is easier and follows just as in Feng and Kurtz (2000) p. 30.

Therefore, it is omitted.

With the aid of the previous lemma, the exponential tightness of (aA (I'™! (-/®))) .0

follows easily.

Lemma 8 Suppose that o (I' (-/a) , A (/) - Satisfies a full LDP with rate function
I (z,y) (under Stone’s topology). (Recall that a full LDP means an LDP with convex
good rate function). Then,

a) The family (al' (/o) — -, A (/o) = X-) o 95 exponentially tight in L0, 00) X
L0, 00) with the product topology generated by the norm |-,

b) The class of random elements (A (7' (-/a)) — X+ /7) =0 @S exponentially tight
in (L1[0,00), [-]l;) -

Remark The convexity of the rate function does not really play a role in this
lemma, but only the goodness of the rate function is required.

Proof. For part a), it suffices to show that ol (-/a) —~- and oA (- /) —- are both
exponentially tight in (L]0, 00), ||-||;). Since aA (-/a) satisfies a full LDP in C[0, co)
(under Stone’s topology), which is a topological group (which implies the addition is
a continuous operation), it follows from the contraction principle that aA (-/a) — -
also satisfies a full LDP. Note that C|0,00), endowed with Stone’s topology, is a

Polish space. Thus, the existence of a full LDP guarantees the exponential tightness
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of aA (-/a) — - (see Dembo and Zeitouni (1999), p. 120 (c)). Therefore, we just
have to prove condition (20). Note that for any 0 < a < b < 0o, the mapping
T — SuPyep,p | (t) /t] is continuous (under Stone’s topology), which implies that the
family Vi, = supeqpy @A (t/) /t — 7| satisfies an LDP with good rate function J,

say. Hence, we can write

P (Sup M‘ > 5)
t>to t
<SP sup M‘ > 5
— t>to[k,k+1] 13
- al (ukty/a) — yukty
= Z P Stu ukt 26
k=1 U=T%to >[1.2] 0
— Zexp (— (J(é) + Okt, (1)) k‘to/a) ,
k=1

where the subindex in ok, /o (1) has been used just to emphasize that ok, /o (1) — 0

as kto/ao — 00. So we can choose kg big enough so that for every k > ko we have

J (8) 4 Oktyja (1) > J (6) /2 > 0. From these estimates it is easy to conclude that

al (t/a) —~t
t

lim, o log P (sup

25) — —00 as tg /oo,

t>to

which yields, by virtue of Lemma 7, the corresponding exponential tightness for
al (-/a) — .. The argument for oI (-/a) — - is exactly the same and therefore
has been omitted. Part b) also proceeds along the same lines as the previous ar-
gument, since it follows from Proposition 5 that aA (I'™! (-/a)) satisfies a full LDP

under Stone’s topology.

We are ready to derive the LDP for (oD (v)),., in the continuous setting.

Theorem 5 Suppose that the family of processes o (I'(-/a) ,A(-/x)),~o Satisfies a
full LDP on C[0,00) x C[0,00) (endowed with the corresponding product Stone’s
topology) with a good rate function I (xz,y). Then, {aD (a)}aso satisfies an LDP

on R with good rate function

I(z)=inf{I (z,y): 2= /000 et (yoa™) (t)dt}.
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Proof. Proposition 5 combined with the contraction principle tells us that the
family of random variables (A (I (-/a)) — X+ /), satisfies a full LDP on C'[0, c0).
Since the product topology generated by the norm ||-||; in the subspace L0, c0) is
finer than Stone’s topology, Corollary 4.2.6 of Dembo and Zeitouni (1999) (which is
a simple consequence of the inverse contraction principle applied with the identity
mapping) applies yielding that (aA (I'™'(-/a)) —A- /7),-, satisfies a full LDP on
(L1[0,00), ||-[;).-  Since the mapping ¥; is continuous on (L;[0,00), ||-||,), we can
apply the contraction principle once again here thereby yielding the conclusion of the

theorem.

The previous theorem provides rigorous justification for approximation (18) in
very general setting (essentially all those in which functional LDPs for (I", A) exist in
the space of continuous functions). This includes, for example, the setting in which A
and I" are diffusion processes (see Dembo and Zeitouni (1999) Section 5.6). However,
in order for the previous theorem to be useful from an applied standpoint, sufficient
conditions must be provided to guarantee the validity of an LDP with good rate
function on C10, 00) x C[0, 00). Fortunately, these types of conditions have been well
studied in the literature.

The following set of assumptions taken from Zajic (1993) are useful to guarantee
the existence of a full LDP (more than we actually need), and their validity has been
shown in many different settings (see Zajic (1993) Ch. 3 and Ch. 4).

ACL1 For all 8,n € R suppose that

1 s+t s+t
g(n,@)ésupglogEeXp <n/ 7(u)du+«9/ ])\(u)|du) < 00,
s,t s s

In addition, assume that there exists € > 0 and a pair of functions (f, h) such
that h (6) — 0 as § — 0 and

limg o (elog (6) + f (6) R (6) — g (f (6))) = 0.
ACL2 If 0=ty < t; < ... < t,, < 00 then

Waum = (D (ti/a) =T (tima /@), (A (:/a) = A (i1 /@))) iy
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satisfies a Large Deviations Principle (LDP) on R*™ with good rate function

m 2
= ti—tia) 1 )
;< 1) (ti _tz‘—l)

where I (1 29) is the rate function governing the LDP of n=! (T (n), T (n)).

The following theorem provides a form of the LDP that is well suited for applica-
tions. Define (as in Zajic (1993) p. 9)

¥ (n,0) = hmn_m1 log E'exp (nI' (n) + 0A (n)) < oo.

Theorem 6 Suppose that assumptions ACL1 and ACL2 are in force. Let ACy be
the set of absolutely continuous functions, defined on [0,00), taking values on the real

line and vanishing at the origin. Then, if y > \/7, we have that

lim alog P (aD (o) > y)

a—0o0

- é_ A oo -5
= —I(y xél,}xfco{/ sup (0% (s) —x(0)ds:y /0 e °x(s)ds},

where x (+) is defined via ¢ (—x (+),-) = 0. In addition, if there exists 0 = 0" (y)
such that y0* = x (6%), then we have

lim alog P (aD (o) >y) = sup (y@ _/ X (0e™) ds)
a—00 0 0

Proof. All what we have to do is to identify the rate function. Theorem 2.2.2.,
p. 25, of Zajic (1993) indicates that o (I' (-/av) , A (-/)) .~ satisfies a LDP with good

rate function

T(a,y) & {J0 50e @) 03 (s)n = (n.0))ds if a.y € Ay
4 oo otherwise )

This implies (combining the results of Puhalskii and Whitt (1997) and Russell (1998))
that (aA (I (-/a))),~, satisfies a full LDP with good rate function

J () 2 {fomsupe (#(s)0 — x () ds if o€ ACy

oo otherwise
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This expression, combined with the contraction principle, yields the first part of the

theorem. Hence, we only need to show that if y > A\/y and y8* = x ("), then
I(y) = sup (y@ —/ X (96’5) ds)
0 0
9*
= yb" — / x () du.
0

u

First, observe that integration by parts yields

me [ w9 - x @) dsy

€ ACy; y:fooo e

_ A /0 sup (6 (5) — x (6)) ds}.

z€ACo; y=/," e~%&

Also, note that for every s € R

s%p 0z (s) —x(0)) = s%p (0e*i (s) — x (6e™*)).

In particular, we have that for 2 € ACy and y = [;° e "z (s)ds

/OOO sup (0% (s) — x (0))ds = /000 sup (fe*z (s) — x (e*)) ds

0 0

> Sl;p /000 (0e=*i (s) — x (6e™*)) ds

= sup (ye — /0 N x (0e™*) ds> :

I(y) > sup (y9 — /0 N X (6e7) d8> :

Now, if y > A/y = x (0), then

sup (y@ — / X (‘96_5) ds) > 0.
6>0 0

On the other hand, for every # > 0, we have (by making the change of variables

Oe™* = u)
[ty as = /09 Xy,

Consequently,
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Therefore, by first order optimality conditions we have that (using the convexity of

the rate function)

) 0*
sup (y9 — / X (96’5) ds) = yb* — / Mdu > 0.
>0 0 0 u

Finally consider the function x, (s) such that x (6*e™*) = 4, (s) and = (0) = 0. Note

that
/ ety (s)ds = / e *x (0%e ) ds
0 0

-1 [ 0"
— F/ dx (0*6_8) = X (") =y.
0

Hence, we have that

Iy = nf / wsgp(@a‘c(s)—xw))ds}s}

x€ACo; y=/;° e~sx(s)ds

< / sup (fe*x (0" e™*) — x (6e™*)) ds
0 0

0* 00
= yb* — / X (v) du = s%p (y@ — X (96_5) ds) ,
0 0

u

which yields the conclusion of the theorem.

Our final result is an exact LDP formulated in the continuous setting for processes
with a Markovian structure. We adopt the setting of Subsection 5.2, in which a
suitably time homogeneous Markov process Y = (Y (s) : s > 0) with generator A was
introduced. We also assume that A is a Levy process independent of Y. The desired
exact LDP for

aD(a) = a /0 " exp (—al (1)) dA (1)

provided in the next theorem gives support to the following approximation (valid

when = >> \/7)

exp (6" (07) c(6"))

I @)

P, (D > z) ~ v"?u (yo, —x (6")) exp (=1 (z) /),
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where u (y, -) and x” (-) are defined as in Subsection 5.2 via the generalized eigenvalue
problem (15), ¢ (0*) = Ex (W (?(1) X (@*)) Ju (?(1) —X (9*))) (with 7 (dy) =
7 (y) 7 (dy) /E=y (Y (1)) and

with x (%) = 0" z.
Theorem 7 Suppose that Y is geometrically ergodic and that A (1) is non-lattice
with ¢, (0) = Eexp(0A (1)) < oo for all 8 € R. Then, if x > \/v and c(0") =
Bx (o (V (1), = (07)) fu (Y (1), =X (67)) ) (7 (dy) =7 () 7 (dy) /B (¥ (1))
o exp (07X (67) c(97))
uly, —x(0%) 6" \/mx@ (6%)

where x (0) = —p' (=, (0)), 0 satisfies x (60*) = 0"z and u (y,0) (u(y,0) = 1)

solves the eigenvalue problem

exp (I (z) /o) Py (oD () > x) ~ as o\, 0,

L () . 0) = (2@ y
- (40) (10 ( §@)-+xw0 (4.).

Proof. Consider the family of probability measures P; defined as
dP; = exp ("D (o) — ¢ (0%, ) dP,,
where ¢ (6%, «) = log E'exp (6*D («)). Note that

exp (I (z) /) Py, (aD (a) > x)
= exp (I (z) /o) By, (1(aD (a) > z)exp (¢ (07, a) = 0°D ().

Now, observe that (since 8* > 0)

I(z)/a— 20" o = —/06* X(u)du = —/OOOX (6*e=*) ds.

u

On the other hand, from the proof of Lemma 5 we have that for all § € R,

wp(émxweaﬁﬁ)u@m—xw» (22)

o . co €~y (y (W), —x (ee*au)) X (Bev)
= FEexp (/0 Y (Ge ())dt—a/o u(ff(u)’_x(@efau)) du | .
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Which implies that

exp <1Z1 0,a) — /0 X (6’6_“8) ds) (23)
~ u (Yo, —x (0)) exp (¢ (0)) = & (0, 0) -
as a \, 0. Therefore, we have that

exp (I (z) /o) Py, (aD (a) > x) (24)
~ &0, 07) By, (1(D(a) — x/a > 0)exp (=07 (D (a) — z/a))) .

The strategy is then to develop an Edgeworth expansion for /o (D («) — /«) under
E; . Using the same steps as in the proof of Lemma 5 we can obtain a description of
the local behavior ¥, (0) = log E;: exp (ify/a (D (o) — x/c)). In fact, we can obtain

2 (p*
vr(0) = —02XT() +Va (i + c3 (i0)°) + o (Va)
(uniformly on 0 € (—6,6) for some § > 0). The coefficients ¢; and ¢y can actually
be computed but their values are not relevant for purposes of developing sharp large

deviations. The coefficient x? (6*) /4 comes from the development of

/oo (x (Vb +0%) e ) — x (6"e™*") — Vae *"z0) du

00 2ax(2) (e*efau) 672au

= 0y /Ooo (x (0e™") —z) e *du + 92/0 1 du (25)
o (V)

_|_

Indeed, since

/0 X (0Fe™") e *du = —%/0 dx (6 e ") = % = g,
we obtain that the coefficient multiplying 6 in (25) vanishes and, thus, ¥}, () ~
—0*x@ (6*) /4 as stated. We also must show that |¢* (0, a)| = |Ey exp (10D (o)) | =
o (y/a) uniformly on compact sets not containing the origin. The key observation to
prove this condition is to note that

b (0.0) = 2O (Ji2 5 (10 + 0%) exp (—al (1)) dt)
’ Eexp (J3~ ty (67 exp (—al (1)) di).
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Next, observe that (23) implies that there exists a positive constant C' < oo such that
97 (0,a)| < C|Eexp (/ Wy (10 +6%) e D) — x (6%e™) dt) . (26)
0

Now consider the (geometrically ergodic) Markov process Y = (17 (s):s> 0) with

generator A= %A (compare the proof of Lemma 5, where this process was intro-
duced). Let us define the probability measure P acting the sigma-field generated by
Y as

dP = M., (") dP,

where M, (6%) is the last element of the bounded martingale M* = (M, (6%) : 0 <
t < 00) defined as

. u (EN/ (t),—x (0*6’“)) Ly (BFe) e
L = U mdt‘/o x (@)t

Lo U <3~/ (), —x (e*eiat)) (% —at
exp —a/o 0*e - (}7 0 —x (O*e“’t)> X (0 e )dt

(This martingale was also introduced in the proof of Lemma 5, where it has been

indicated how the martingale property follows from Lemma 2, p. 82 of Skorohod,
Hoppensteadt and Salehi (2001)). Note, therefore, that

Eexp ( / N ¥y (10 +67) e TD) — x (07e) dt)

0
— FEexp (/000 Y (10 +67) e‘ar(t)) — /Ot (N (G*e_ar(t)) dt) Z (a),

where By < |Z () | < By for some constants 0 < By < By < co. This implies, using
the bound (26), that

6" (6,0)| < CByBexp ( / " (n (6 +67) e TO) _ g, (8eTO)) dt) ]
0

From this bound it is easy to see that |¢* (6, «)| = o(y/a) by noting that for every
Ny € R, exp (¢ (i-4+ny) — Pp (1,)) is the characteristic function of A (1) under the
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obvious exponential change of measure and that 6t < I' (t) < Kt.for positive finite
constants 6 and M. With these elements on hand, the corresponding Edgeworth
expansion for \/a (D (a) — x/a) under Ey  follows routine steps as in the proof of
Theorem 3. Therefore, we obtain that
By (1(D(a) —x/a>0)exp (=" (D () — z/)))
_ \/a/oo exp (—z) exp (—az?/ (x? (6") 6%))
0 0" \/mx® (67)
—{—\/5/ exp (—0"z/v/a) p () exp (—xz/X(Z) (6%)) da
0

+ [T e (070/va) G ().

where p (z) in the second term above represents a polynomial of degree 3 and G, (dz)

dx

is a signed measure such that |G, (dz)|| = o(y/«). Hence, using the Dominated
Convergence Theorem and the stated property on the total variation of G, we obtain
that

- * L
ﬁEyO (1(D(a) —x/a>0)exp (—0" (D (a) — z/a))) 0"\ /1x® (0°)

Combining these estimates with (24) yields the conclusion of the theorem.

5.5.2 The discrete time setting

The goal now is to obtain the LDP for the discrete time case. The following set of
assumptions are analogous to those stated at the end of the previous section, and
their validity has been verified in many cases (including under Markovian and strong

mixing assumptions; see Zajic (1993), chapters 3 and 4).

ADL1 For each 6,7 € R, suppose that
1 n+k n—+k
) = sup—log Z;i+0)y X5 | < c0.
g (n.0) £ sup —log eXp(U; i+ ;I J|> o0

ADL2 If 0=ty < t; < ... < t,, < 00 then

Wom = (D (ti/a) =T (timr /@), (A (/) = A (i1 /@))%y
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satisfies an LDP on R?*™ with good rate function

Iy (2) = Zm: (t = tia) I (ti —Zitz‘—l) ’

i=1

where I (21 22) is the rate function governing the LDP of n=! (I' (n) , A (n))

The strategy here is first to consider a related family of approximating processes
(f, K) defined via

r1
—~

~
~—

>

2]
Z Z+ (t = It]) Zy1) 11,
k=1

t]
A) £ Y X+ (= [t]) X

k=1
Theorem 2.1.1., p. 19, of Zajic (1993) establishes that « (f (-/a) A (/a)) satisfies
a full LDP under Stone’s topology. (Note that [-] is being used here instead of
|| in the definition of A, but it is straightforward to adapt Zajic’s estimates in this
setting. Also, recall that a full LDP is one that holds with a good and convex rate
function. See Dembo and Zeitouni (1999) for the definition of good rate function.)
Thus, Theorem 5 applies here yielding the full LDP for the corresponding normalized
infinite horizon discounted reward

aD (o) £ a¥ (f;l,fxa> = a/ exp (—u) Aq (f;l (u)) du.
[0,00)

In view of this observation, the natural step is to show that aD (c) is suitably close
to aD (a) (in exponential scale) as o \, 0. In other words, we would like to show
that the families of random variables {aD (a)}as0 and {aD (@) }aso are exponentially
equivalent (i.e. that for each 6 > 0
lim alog P ()aﬁ (a) —aD (a)) > (5) = —00,

a—00

see Dembo and Zeitouni (1999), p. 130). With exponential equivalence on hand

we would be able to conclude, by virtue of Theorem 4.2.13 of Dembo and Zeitouni
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(1999), that a full LDP also holds for aD (a) as a \, 0. We will actually follow
this program but we will utilize a different family of approximating processes. The
reason is that the integral structure in the definition of D () =W (f;l, /N\a> allows
us to take advantage of the nature of the Lebesgue measure to construct a family of
approximating processes {]\a}a>0 which is more convenient for purposes of proving
the exponential equivalence required. We, thus, define for each o > 0, the continuous

process A, as

[t]
Ao () 2 X +Ua (1),
k=1
where

Ua (t) = [1]

(t - ((g _ O‘))Xm+11 (t € [[t] — o, [t])).

We now show that <ozf (-/a), al, (/a)) and (af (-/a), ah (/a)) are equivalent
from a large deviations standpoint.

Lemma 9 The families {(af (-/a), al, ('/04)>}a>0 and {(af (-/a), ah (/a)) }aso
are exponentially equivalent in C[0,00) x C[0,00) Stone’s topology.

Proof. It suffices to show the corresponding exponential equivalence for {Aq }aso

and {Ka}a>0. Recall that Stone’s topology is generated by the metric

doo (m,y) — i2k dk ($7y)

1 1 +dk (x,y)’

where

dr (v,y) = Sup [z (t) —y (1)

(see Zajic (1993) p. 20). Fix 6 > 0 small and choose ko > [—1log(6/2) /log(2)].
Then, Zzozko 27% < §/2 and, noting that dj, (AQ,KQ) < amaxi<i<|t/a | Xi|, We can

write
P (doo (AQ,KQ) > 5) < P (dko (AQ,T\Q) > 6/2)
< lko/a) _max P (|Xi >278/a)
< [ko/a]exp (—A276/a) max B (exp (4276 /ar| X))
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for every A > 0 (by virtue of assumption ADL2). Therefore, we conclude that

lim alog P (doo (AQ,KQ> > 6> = —A2716.

a—0o0

Letting A " oo yields the conclusion of the lemma.

The same strategy followed in the continuous case can now be applied to the pair

<fa (), Aq ()) as the next proposition summarizes.

Proposition 6 Under assumptions ADL1 and ADL2, the family of random elements
A, <f*1 ()> satisfies a full LDP on the space of continuous function C0, 00) endowed

e

with Stone’s topology. Moreover, the corresponding normalized infinite horizon dis-

counted reward

aD (a) = 04/[000) exp (—u) Ay (f;l (u)) du

satisfies a LDP with good rate function

zcACy

I(y)= inf {/ sup (0% (s) — x (0))ds : y = / e *x(s)ds}
0 6 0
where x (+) is defined via 1 (—x (+),-) = 0.
Proof. It follows just as Theorem 5.

We now are ready to show that aD (a) is suitably close to aD (a) in exponential

scale.

Lemma 10 The families {aD (@) }a>o0 and {aD (a)}aso are exponentially equivalent.

In other words, for each 6 > 0,
lim, v log P (|aD (o) — aD (a)| > 6) = —oc.

Proof. Note that ﬁ_l (tﬂ =T!(¢) for almost every ¢ with respect to Lebesgue

measure. Therefore, it follows that, for almost every t,

ol (I (t/a)) — ol (ffl (t/a)) = —al, (’f*l (t/a)> .
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As a result, we have (making the change of variables I (t/a) = u/«) that
|aD (o) — aD (a)| < a/OOOW(u/a) du,

where

W (u/a) = exp (—al (u/a)) |Us (u/0)| Z (lu/a] +1).
Let us define

Vi= a/OtOW(u/a)du and Vs = a/ooW(u/a)du,

to

and consider the sets
<e},

A (to,ae) = {w:sup (af (t/a) — 'yt> t1
t>to

As (to,c,e) & {w:sup|(al (t/a) —4t)t7'] < e},

t>to

AB (to,O{,m) = {w : sup
0<t<tg

[to/c]
Ay (to,o, M) 2 {w:a Y |Xi < M},
k=1

ol (t/a) = t| <m},

As (to,ce) 2 {w: sup 28 <e).

For notational convenience, we will drop the arguments in the definitions of A;,

1 <7 <5, Using these definitions, we can write

P (|aD (a) — aD (a)| > ¢)
< Pla C><>W‘(u/a) du>&6M_Ap | + ) P(AS).
(] )

Observe that if we write K; = exp (—m + ) then, on N3_, Ax, we have

Vi
to
< aKl/ (X (Tu/al + D Z (lu/a] + 1)1 (u/a € [[u/a] —a, [u/al)) du
0
[to/a] fto/a]l  Tto/al [to/]
< Ky Y [ Xen| Ze SAPK DY Xkl Y Zu < PKOM Y 2.

k=1 k=1 k=1 k=1
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On the other hand, also on N}_, Ay, and for ty(e,7) suitably large, there exists a
positive constant K (e,v) < oo such that

V2 <aK(e,7).

Thus, if @ < §/ (2K (e,7)), we have that
0o [to/c]
P (a/ W (u/a) du > 6; mzzlAk) <Pla ) Zy>6/(a2K M)
0 k=1
But we know that « Z,Et:(’{aw Zy, satisfies an LDP (as a — 0) therefore, we must have

that (for fixed €, and large but fixed ¢y)

alogP(a/ W(u/a)du>6) — —oo as a \, 0.
0

Now we analyze each P (Af) for each 1 < k < 5. First, note that (by Lemma 7), to

can be chosen so that
mo¢—>()a4 log P (Ai ((th a, 5))) < —to. (27)

Because (oI (-/a) — 7+) .~ satisfies a full LDP on D0, co) endowed with the topology
generated by the uniform convergence on compact sets (see Theorem 2.2.1 of Zajic
(1993)), it follows that the same argument provided for the proof of condition (20),
applies in this case as well. This implies that a bound such as (27) also applies for
the set A5. Observe that

alog P (A3 (to, a,m)) — —J (m),

for some convex good rate function J (-) (by definition of full LDP, see Dembo and

Zeitouni (1999)). Now, for A4, we can use Chebyshev’s bound to obtain

alog P (Ag (to, a, M))

IN

to [to/]
— | log B X - M
o [a—‘ og E exp Z | Xk |

k=1
< ag(0,1)— M — —M as a\,0.
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Finally, for A5, we have

P (AS (tg, o,6)) < i P('ik’“'m)

k:>t0/a

< ) exp(—ek) Eexp (| Xi)

k:>t0/a

exp (¢ (0, 1)) exp (=€ [to/a])
1 —exp(e)

thus, for € > 0 small but fixed,
alog P (Af (to, a,m)) — —ety.
Combining the previous estimates, we conclude that
lim,olog P (|aD (o) — aD (a)| > 6) < — (24¢)to — M — J (m).

since J (-) is a convex good rate function, the previous quantity in the right hand side

tends to infinity as m,tq, M " 0o, which yields the proof of the lemma.

We are now in position to identify the rate function required to make practical
use of approximation (18) and under which the LDP for aD («) holds. Define (as in
Zajic (1993) p. 9)

Y (n,0) = lim %logEeXp (NI (n) +6A (n)) < oo.
Theorem 8 Suppose that ADL1 and ADL2 hold. Then, if y > \/~,

lim alog P (aD (a) > )

a—00

= inf {/000 sgp 0% (s) —x(0))ds :y = /000 e’z (s)ds},

e ACH
where ACy is the space of absolutely continuous functions, defined on the interval
[0,00), that vanish at the origin. In addition, if there exists 8% = 0" (y) such that
y0* = x (0%), then
lim alog P (aD (a) >y) = sup <y6’ - / X (0e™) ds)
0

a—00 2]

0*
= yH*—/ X<u)du.
0

u
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Proof. We know that {aD (a)}4s0 and {aD (a)}.>0 are exponentially equivalent.
On the other hand, Proposition 6 indicates that aD (a)} 4o satisfies a full LDP. Thus,
By Theorem 4.2.13, p. 130, of Dembo and Zeitouni (1999) {aD (a)}s=0 must also
satisfy a full LDP with the same rate function. The identification of the rate function
follows as in Theorem 6.

The corresponding exact large deviations asymptotic is provided under the iid
setting described in Subsection 5.1. Under those conditions, if x >> A/, we shall

provide rigorous justification for the approximation

NLGX — [ 20" — Q*Mu
P(D>x)~0*\/w p( <9 /0 " d)/’y),

where 260" = x (0%), x (+) satisfies ¥ (—x (-),-) = 0, and ¢ (,0) = log E exp (nZ + 0X).
As usual, the approximation will be shown to hold in the regime of small interest
rates. That is, we will show that the previous approximation is valid for the discrete
time discounted reward D (o) = > 7 exp (—a Z?;é Zj> Xk. The proof of the next

theorem follows the same strategy as that of Theorem 7.

Theorem 9 Suppose that (X, Z,);>q 18 an iid sequence of random variables. Sup-
pose that Zy, > 0 and that for all n,60 € R we have that E exp (07, +nX;) < co. In
addition, assume that conditions AI2 and AI3 of Subsection 5.1 hold. Let x (6) be

defined as the solution to

¥ (=x(0),0) =0,

where ¥ (n,0) = log Eexp (nZ; + 0X1). Suppose that x > \/v and let 6% be the
solution of ©0* = x (0*). Then,

aD (a " Nal/zeXP(_] (z) /) as o
P(aD () > ) ~ ' * TR D as a0

with I (x) = 20" — 00* %du.
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