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Abstract

We develop procedures for solving convex
stochastic optimization problems that exploit
the structure and geometry of the underly-
ing problem. Our procedures build on the
model-based APROX framework that we de-
velop in the paper [2], which highlights the
importance of more careful structural model-
ing; as one example of this, if we seek to min-
imize a non-negative loss, then stochastic op-
timization methods should use non-negative
approximations. We extend this earlier work
to improve adaptivity to problem geometry
via careful choices of divergence measures,
highlighting both the importance of leverag-
ing problem structure and geometry—in the
form of the divergence used to define stochas-
tic updates—for strong performance. Our ex-
periments confirm our theoretical results in a
range of problems, including deep learning.

1 Introduction

We develop and analyze a family of methods for solving
the stochastic convex optimization problem

minimize F(z) = Ep[f(z; S)] = /5 F(a: 5)dP(s)
subject to x € &, (1)

where the set S is a sample space, for each s € S
the function f(:;s) : R™ — R is a closed convex
function, and X C R™ is closed convex. Such prob-
lems arise in many scenarios where one can only com-
pute a noisy estimate of the gradient and have appli-
cations in numerous fields, including machine learn-
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ing, statistical estimation, and simulation-based op-
timization [40, 18, 36]. The standard methodology
for these problems is the stochastic (sub)gradient
method [42, 40, 27, 9, 35], which begins from an initial

point 1, then iteratively draws S X P and updates

Thy1 = T} — aggy for some g € Of(zr; Sk).  (2)

In the paper [2], we develop and analyze APROX (Ap-
proximate Proximal) framework for stochastic opti-
mization, which exhibits improved robustness over ba-
sic stochastic subgradient methods, which can be sen-
sitive to parameter specification [2, 38]. We build on
our earlier methodology to extend the APROX family
to applications in high-dimensional optimization and
estimation [27, 37] and allow adaptivity to underly-
ing problem geometry [12], extending the benefits of
better modeling to more general problems.

1.1 Approach and Contribution

Our starting point is to review the stochastic “model-
based” minimization approach [15, 10, 2] for stochastic
optimization. The key development of our paper [2] is
that such methods are robust to stepsize choice, adap-
tive to problem difficulty, and enjoy optimal conver-
gence over a range of scenarios. The APROX family
iteratively minimizes

. 1
Tpy1 := argmin {fmk (x; Sk) + Sar lx — mk||§} . (3)
TEX (077

Here f.(-;s) is the model of f(-;s) at the point x (see
examples in Section 2), satisfying the conditions

(C.i) The function y — f,(y;s) is convex and sub-
differentiable on its domain.

(C.ii) The model f, satisfies the equality f,(x;s) =
f(z;s) and

fa(y;s) < fly;s) forally.
(C.iil) At y = z, we have the containment

Oy fu(y; 3)|yzm C Oy f(x;8).
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Many optimization algorithms fall into this framework,
including stochastic subgradient methods, with the
linear model f,(y;s) = f(z;s) + (f'(x;8),y — x), and
stochastic proximal point methods [32, 25, 7, 23, 8, 2],
which use the exact model f,(y;s) = f(y;s). In [2] we
argue that using accurate models with certain struc-
tural properties in APROX results in procedures with
improved robustness to stepsize choice, objective, and
problem difficulty. As is well-known in first-order opti-
mization [3, 27], these procedures may perform poorly
in “non-Euclidean” problems, for example, high di-
mensional problems over the ¢;-ball.

To that end, we extend the APROX framework to more
general divergence measures and non-Euclidean ge-
ometries, modifying the iteration (3) to

. 1
Tpy1 i= argmin {fmk (x; Sk) + Dh(%xk)} , (4)
reEX Qg

Dy (z,y) = h(z) = h(y) — (W' (y), 2 — y).

Here Dy, is the Bregman-divergence generated by h :
R™ — R U {400}, and we assume that h is strongly
convex with respect to a norm ||-|| over X, meaning
that Dp,(z,y) > L ||z — y||? for z,y € X.

We investigate the model and divergence-based itera-
tion (4), studying the effects of accurate models and
divergences on the behavior of the optimization algo-
rithms. First, we show that the robustness results for
accurate models with Euclidean distance [2] hold for
general divergences as well, motivating the importance
of model choice even with good distance measures.
Moreover, we show that even when the approximation
fz 1s accurate, appropriate choices of divergence Dy,
can significantly improve the convergence time of our
procedures. As we show in the sequel, the best-stepsize
performance of simple models with appropriate diver-
gence can outperform those achieved by accurate mod-
els with poorly chosen divergence.

We conclude our paper with a substantial experimen-
tal investigation of our methods in multiple settings,
including deep learning. Our experiments confirm our
theoretical results, demonstrating that accurate mod-
els can improve robustness for stepsize choice, while a
proper divergence choice can enhance the best-stepsize
performance.

1.2 Related work

We situate our work in the connection to stochastic
model-based optimization methods [15, 2, 10] and mir-
ror descent methods [28]. These two lines of research
aim to solve two different questions; the former sug-
gests the model-based framework as a robust extension
of standard gradient methods, which are known to be

sensitive to stepsize choices as well as the functions
themselves being optimized [27], while in the later, re-
searchers aim to develop optimization algorithms that
more accurately reflect problem geometry [28; 3, 12].

The first and most well-known model-based minimiza-
tion approaches are the proximal point methods [32],
which minimize regularized version of the true func-
tion. In stochastic cases, proximal point methods help
to reduce some of the instability inherent to stochas-
tic optimization. We identify a few papers in this
line of work leading to ours. Bertsekas [7] analyzes
stochastic proximal point methods in an incremen-
tal framework, i.e. when § = {1,2,...,m} is a fi-
nite set, and provides convergence results similar to
subgradient methods, while Ryu and Boyd [33] in-
vestigate the same algorithm and show some cases
in which it is more stable than standard stochastic
subgradient methods. More recently, Duchi and Ruan
[14], followed by Davis and Drusvyatskiy [10] and our
work [2], develop a model-based framework allowing
for more general models than the linear model, as
in basic stochastic subgradient methods, or the exact
model, as in stochastic proximal point methods. Duchi
and Ruan [14] noted fairly extraordinary performance
gains of certain model-based methods over standard
subgradient schemes, though they could only provide
an asymptotic analysis of convergence (without rates).
Davis and Drusvyatskiy [10] developed the first con-
vergence guarantees in non-convex settings, showing
how to describe convergence of well-behaved (but po-
tentially non-smooth) non-convex optimization prob-
lems. Our earlier paper [2] follows these works and pro-
vides evidence—empirical and theoretical—that (we
believe) explains the performance benefits of model-
based schemes over conventional methods, showing
stability, convergence, and adaptivity guarantees for
methods based on accurate models.

All of this work focuses on Euclidean (low-
dimensional) settings, and in this paper, we develop
mirror-descent (non-Euclidean) analogues of our re-
sults [2]. This of course builds out of mirror descent
convergence guarantees originally developed by Ne-
mirovski and Yudin [28], which others have comple-
mented in stochastic and online optimization [3, 27].
Recently, Davis et al. [11] study model-based optimiza-
tion methods with Bregman divergences chosen to con-
trol one-sided error of the models, providing conver-
gence guarantees similar to standard mirror descent
method.

Notation For a convex function f, 0f(x) denotes
its subgradient set at x, and f/(x) € Jf(x) denotes
an arbitrary element of the subdifferential. Through-
out, z* denotes a minimizer of problem (1) and
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X* = argmin,c F(z) its optimal set. We let Fj, :=
o(S1,...,S;) be the o-field generated by the first k
random variables S;, so xy € F_1 for all k under iter-
ation (4). We let Dy, (-, -) denote a Bregman divergence
generated by a 1-strongly convex function h(-) with re-
spect to ||-||,,. We denote its dual norm by ||-||,.. For a
set A CR", we denote Dy (A, z) = infyca{Dn(y,x)}.

2 Models and divergences

We give a brief introduction for the models and di-
vergences we use throughout the paper, adapting the
models we introduce [2, Sec. 2] for stochastic optimiza-
tion with Euclidean distance. We also mention a few
divergences we will use later in our examples.

Stochastic subgradient: The model is
falys ) = flass) + (f'(x55),y — @). (5)

Truncated subgradient: The model is
Falyss) o= (f(@;5)+ ([ (w;5),y—2))V inf f(z9). (6)

More generally, we can consider models that satisfy
the following condition.

(C.iv) For all s € S, the models f,(+; s) satisfy
:8) > inf ;S).
folyss) = inf f(z;9)
As a simple example of Condition (C.iv), consider any
loss function known to be non-negative, for example,
the hinge, logistic, or squred loss. Then the trun-

cated model (6) is simply the positive part f,(y;s) =
[f(z;8) + (f'(z:8),y — @)

The model
fo(y; ) := f(y;5). (7)

We also consider relatively accurate models, such as
the bundle model (see [2]), which satisfy

Proximal point:

(C.v) For some € > 0, there exists C : S — R with
E[C(S)] < oo such that for zy € X, the point
To = argmingc v { fz, (23 8) + 2 Dy (z, o)} sat-
isfies

F(@a;8) < fuo(za;s) + %Dh(xa, xg) + C(s)a.

Now, we discuss a few well-known divergences which
will be useful for our development.

Euclidean distance: The function h(x) = %Hxﬂg
generates the Euclidean divergence

1 2
Dy.v) = 5l = vl ®

Clearly h is strongly convex with respect to ||-|[,.

Mahalanobis distance: The function h(z) =
%xTH x, for a matrix H > 0, generates the divergence

Diey) = g~y HE—y) ()

In this case, h is strongly convex with respect to the
Mahalanobis norm ||z||, = VaTHz. The AdaGrad
algorithms [12] adaptively choose

k 2
H), = diag (Zf/(xi; Si)f' (@i Si)T> (10)
i=1
and use hi(z) = 127 Hyz in the kth update (4).

The p-norm divergences: When the optimization
domain X is a subset of the ¢;-ball or an /,-ball,
1 < p < 2, is is natural to use the p-norm diver-
gences [16, 34, Sec. 5.1.4 and Ex. 5], where one takes
h(z) =1 ||xHI2), which are (p — 1)-strongly convex with
respect to themselves. For later use, we note that

[sign(z;) |2 [P~y
Hjx”pj_g = and ||l (2)ll, = ||z,
p

W (x) =

where 1/p+1/q = 1. In addition, they have the strong
convexity and smoothness(-like) properties

1 _
O Dy <pen <ty

2— -1
(Clall, v Dyl )"~ e = 2™ + 2 = p) ll2 = o,

(See the supplemental Appendix 6.6 for a proof.)

1

2

From inequality (11), we see that h(z) = Q(Tl—l) ||x|\§
is strongly convex with respect to itself; moreover,
choosing p = 1 + 1/log(2d) yields the lower bound
[zll; > cllz]l, for a numerical constant c. Alterna-
tive choices are possible; if the domain is the simplex
X ={x €R"| 2 >0,1T2 = 1}, the negative entropy
h(z) = 3" x;logx; yields Dy(z,y) = D (z]y),
which is strongly convex with respect to the £;-norm.

3 Stability and convergence
guarantees

We now investigate the effects of models and diver-
gences on the behavior of the method (4). We start
with a simple example that illustrates the influence of
the model, discussing the importance of the divergence
subsequently.

Example 1 (choice of model): Consider the func-
tion f(z) = e + e™® with Dy(z,y) = i(z — y)*
A calculation shows that the iterates of the gradient

method, without noise (i.e. the linear model (5)) sat-
isfy || > 22" |21| if oy is large enough; while Corollary
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3.2 of our paper [2] shows that the iterates (4) using
the proximal model (7) are bounded by a constant, no
matter the value of the initial stepsize a;. <

Example 1 illustrates some of the benefits of more care-
ful and accurate choices for the model; after present-
ing our main stability and convergence results, we will
show how better choices of the divergence can yield

similarly important benefits over the Euclidean model-
based methods (3).

3.1 Stability

Now we start our theoretical investigation of the effects
of divergence and model choice on the stability of the
iterates. First, we extend our definitions of stability [2]
to any Bregman divergence Dp(-,-). Let A denote the
set of positive stepsize sequences {ay} with Y, af <
oo. The pair (F,P) is a collection of problems if P is a
collection of probability measures on a sample space S,
and F is a collection of functions f : X xS — R, where
f(58) is convex. We have the following definition of
stability.

Definition 3.1. An algorithm generating iterates xy,
according to the model-based update (4) is stable in Loy
for the divergence Dy (-, -) for the collection of problems
(F,P) if for all f € F and P € P defining F(z) =
Ep[f(x;S)] and X* = argmin,c F(x),

E[Dp(X*
D)
2ok O
It is stable in probability for the divergence Dy(-,-) if
for all stepsize sequences {ax} € A,

sup sup (12a)

acAkeN

sup Dy (X™, z1) < oo with probability 1. (12b)
k

We have previously shown [2] how the iterates of accu-
rate models are stable (in both notions) when one uses
Euclidean divergences Dy, (z,y) = % |l — yH; In what
follows, we show that this remains true for any Breg-
man divergence, where the stability bound depends on
the choice of divergence. The following theorem pro-
vides our basic recursion for proving stability of our
methods.

Theorem 1. Let zy be generated by the iteration (4)
with any model satisfying Conditions (C.i)—(C.iii)
and (C.v). Then for all 2* € X*,

E [Dp (2", wpq1) | Fr—1]

E {1/ 50112 LB

< Dyp(z*,z1) + o -

By applying the recursion in Theorem 1 iteratively and
using standard martingale convergence theorems we
have the following stability corollary.

Corollary 3.1. Let the conditions of Theorem 1 hold.
Assume further that E[|| f'(z*; S)||>.] < o2 for all z* €
X*. Then, for each k € N,

E [Dp(X*, 2x11)]
<EDA )]+ (% +EIOS)) Yt

If >, a2 < oo, then

sup Dy, (X*, zy) < oo
kEN

and Dp(X*,xr) converges to some finite value with
probability 1.

Corollary 3.1 shows that the iterates are stable
(Def. 3.1) in both senses for the Bregman divergence
whenever the model is accurate. In particular, when-
ever E[||f'(x*;5)] i] < 00, we obtain stability. This
dependence on the norm ||-||,. is important, as some
choice of divergence may not yield finite bounds on the
“variance” of f’(z*;S). Indeed, consider the following

Example 2 (Mean-like estimation under p-
norms): Consider the space ¢,(N) = {z €
RY | [z]l, < oo}, and let X' be the 1-ball in ¢,(N),
that is, X = {z € {,(N) | [|z[|, < 1}, and consider

flz;s) = ||z — s||127 Then the p-norm divergences (re-

call inequality (11)), generated by h(z) = ﬁ ch||12)7
yield dual norms ||-[[,. = [|-[|, for ¢ = £5 conjugate

P
to p. For = € ¢,(N) we have
1 s )l =l = sll,,»

while [|f/(a; 8)ll5 = [lo = sl 7" 32, (Jzil? =" = [sl? )%
Assuming z* = 0, then we have |f'(z*; s)||§ =
HsHi_p >, 18P~ This may be infinite even when
s € £,(N), so that standard bounds based on Euclidean
distances yield no guarantees in this case. <

Evidently the choice of divergence can have strong ef-
fects on the stability properties of the algorithms.

3.2 Divergence based convergence guarantees

In the previous section, we demonstrated the effects of
model and divergence on the stability of the iterates.
In this section, we provide convergence guarantees for
our models, which show the dependence on the model
and divergence. We start with a general convergence
result, showing that our family of methods converge
under extremely weak assumptions for stable models
with general Bregman divergences.

Proposition 1. Assume there exists an increasing
function Gnig : Ry — [0,00) such that for all x €
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E[||f/(z;9)|]°] < Ghig(Dn(X*,x)). Let the iter-
ates ) be generated by any method satisfying Condi-
tions (C.i)-(C.iii), and additionally assume that the it-

erates are bounded: with probability 1, sup,, ||zx| < oc.
Then ), ar(F(xy) — F(2*)) < oo. If in addition

T(e) := ;gﬁc {F(z) = F(z*) | Dp(X*,z) > €} >0

for all € > 0, then Dy (X*,z1) “30.

Proposition 1 also implies an asymptotic convergence
rate on (weighted averages of) the iterates zx. Indeed,
we get the following corollary using Jensen’s inequality.

Corollary 3.2. Let the conditions of Proposition 1
hold. Let {v,}32, C Ry be a non-decreasing sequence
with v, > 0. Then define the weighted averages Ty =
Zle ’yiaixi/(ZLI ~via). Then with probability 1,

lim sup L (Z %%) [F(z)) — F*] = 0.

k—oco Vk i—1
In particular, if v, = 04,;1 then Ty = %Zle x; satis-
fies
kay (F(T) — F*) 2.
We proceed now to provide convergence guarantees for
any general model that depends on the chosen diver-
gence Dy (-, ). As we demonstrate next, choosing bet-
ter divergences can result in convergence rates with
improved dependence on certain problem parameters
such as the dimension. We have the following conver-
gence result for general models and divergences if the
functions f(-; s) are Lipschitz.
Proposition 2. Let the iterates xp be generated by
algorithm (4) by any model satisfing Conditions (C.i)—
(C.iii). Define T), = (Zle a;) ! Zle o;z;. Then
E[F(z))] — F(z")
D *
< h(Zc ,T1) n
D i1 Qi 2 Z

If X is bounded with R := sup,cy Dn(z*,2), and
f(8) satisfies B[||f'(x; 9)|7.] < M2 for all x € X,
then the average Ty, := %Ei;l x; satisfies

Zaz

5o (15 (x5 515

=1% =1

E[F(zy)] - F(z") <

- kak

Proposition 2 provides divergence dependent conver-
gence rates for any general model that satisfies Condi-
tions (C.i)—(C.iii). Thus, we have recovered the typical
convergence guarantees for stochastic mirror descent
methods [27], in complete analogy with the Euclidena
case, but applying to this our more general model-
based framework.

3.3 Convergence with adaptive divergences

While not without controversy [38], there is theo-
retical and empirical evidence [12, 26, 13, 29] that
adaptive methods—which modify the divergence Dy,
throughout their iterations—can yield strong perfor-
mance for stochastic gradient methods. Consequently,
in this section, we show how to develop convergence
guarantees for such scenarios in the model-based set-
ting (4). In particular, we consider the setting where
the function hy, is Fy-measurable, Dy, (z,y) = 3(z —

y)T Hi(x — y). We show that any model in our frame—
work enjoys the typical convergence guarantees asso-
ciated with AdaGrad and related algorithms [12, 26].
In particular, we consider updates

. 1
Tgy1 i= argmin {fwk (z; k) + 2—(1; — ack)THk(x — ack)} .
zEX «
(13)

Recalling that Hx||i, = 2T Hz for symmetric H, we
have have the following convergence guarantee.

Proposition 3. Let zy, follow algorithm (13) with any
model satisfing Conditions (C.i)-(C.iii). Then

k
Z $z7 z (x*§Si)

eT\)—\

k
1 w12 1 12

Z”f (w45 5.

If Hy = diag(X;, f'(x:
bounded with R := sup,cy ||z —

Ty = %Zle x; satisfies

HH L.

Si)f!(w4;.8:)T)? and X s
*|| s the average

2 ot
E[F(z)] — F(z*) < (i + i

> E[tr(Hy)].

As a consequence of this proposition, we see, for ex-
ample, that model-based methods may use the Ada-
Grad [12] stepping with Hy, = diag(z L 9igF)/? for
gi € Of(x;S;), achieving adaptive minimax optimal
rates when the domain is an ¢-box [13].

4 Fast convergence on easier problems

We now study the performance of the mirror ex-
tension of the APROX family on problems with ad-
ditional structure—strong convexity or interpolating
solutions—that allow more efficient solution methods.
For these, we show that the model based methods
exhibit stronger adaptivity properties than standard
stochastic gradient methods.



Modeling simple structures and geometry for better stochastic optimization algorithms

4.1 Problems with consistent solutions

We begin by investigating what we term “easy
problems,” investigating convergence properties of
Bregman-based updates. By an easy problem, we
mean a problem for which there exists a shared mini-
mizer for all samples s € S; given the success of ma-
chine learning and engineering applications in which
there exist interpolating solutions (for example, in
deep learning) [39, 4, 5], it is important to investigate
algorithm performance in these regimes. As in our
earlier paper [2], we show that models satisfying Con-
ditions (C.i)—(C.iii), and additionally the lower bound
Condition (C.iv), enjoy fast (sometimes linear) con-
vergence for these instances. In contrast to our ear-
lier analysis [2], which proves similar results for the
Euclidean distance, we allow growth with respect to
nontrivial powers of Bregman divergences. These ex-
tensions are of interest in situations similar to those
for which mirror descent proves effective: when Eu-
clidean distance introduces inappropriate geometry for
the problem. We begin with our definition of easy
problems [2].

Definition 4.1. Let F(z) := Ep[f(z;S)]. Then F
is easy to optimize if for X* := argmin,cy F'(z), for
each x* € X* and P-almost all s € S we have

gngvf(m,s) = f(z*;s).

The following lemma, which generalizes [2, Lemma
4.1], provides a single-step progress guarantee for mod-
els satisfying Conditions (C.i))—(C.iv). The lemma
shows that our iterates always make progress to-
wards the optimal set for easy problems. Perhaps
the most compelling example in this case comes from
situations with non-negative losses and a consistent
solution—evidently a situation of growing frequency
in large-scale machine learning [39, 4, 5]. Here,
the truncated model that simply uses the positive
part fo, (3 Sk) = [f(@r; Sk) + (g @ — x)] 4 for gi €
Of (zx; Sk) is enough to achieve the guarantees.

Lemma 4.1. Let F be easy to optimize (Defini-
tion 4.1). Let xy, be generated by the updates (4) using
a model satisfying Conditions (C.i)-(C.iv). Let vy, =

. :Sk)— *:S
min{ay, %Si(ﬁ\ik)} Then for any x* € X*,

Di(a*, w41) < Dn(a*,ax) = - [F(a; Si) — fla*: Sp))

Given the progress condition in Lemma 4.1, it is nat-
ural to make an assumption on the growth of f away
from its optimizers.

Assumption A1l (Expected sharp growth). There ex-
ist constants Ao, A1 > 0 and p € (0,00) such that for

alla € Ry and x € X and z* € A™,
(f(2:9) — f(z*;5>>2H
1/ (; 5)]
> Dj,(X*,z)? min {)\Oa, Ath(X*,x)%} .

E

min {a[f(fl?; S) — f(=%; 9],

2
h*

While Assumption Al is somewhat complex, it holds
when the losses f deviate above f with constant prob-
ability. For example, as in our earlier work [2], a sim-
ple argument with expectations shows that Assump-
tion A1 holds when there exist A > 0,p > 0 such that

P(f(x; S) — f(&*; ) > ADW(X*,2)?/?) > p  (14)

and E[||f/(z;9)] i] < M}? < co. We give several ex-
amples in our paper [2] in the Euclidean case, as well as
examples of interpolating problems; let us here provide
a very stylized example to show when Assumption Al
holds for certain Bregman divergences and distance-
generating h, but not for Euclidean cases.

Example 3 (Observations of a consistent vec-
tor): Let p € (1,2) and let £,(N) = {z € RV |
o2 @ilP < oo} as is standard. Fix some v € £,(N),
[vl, < 1, and let & = {z : [z, < 2}. Con-
sider the case that S € {0,1}" has independent
coordinates. Then f(z;s) = |s® (z —v)|,, where
©® denotes Hadamard (elementwise) product, satisfies
inf, P(f(z;.9) = Al —v[[,) > 0 (as * = v). Now, we
use the “smoothness” inequalities (11), which, because
[z]l, <2, yields that condition (14) holds in that for
some A = A, > 0 we have

inf P(f(x;8) > ADp(2*,2) 77 > 0.

Evidently Assumption Al cannot hold with h(xz) =
1 2 . .

5 [|lz||3, as the relevant norms may have infinite expec-
tations. <

Finally, if Assumption A1l holds, we can prove linear
convergence of our methods, as the next proposition
shows.

Proposition 4. Let F' be easy to optimize and As-
sumption A1 hold. Let xy, be generated by the stochas-
tic iteration (4) using any model satisfying Condi-
tions (C.i)-(C.iv), where the stepsizes ay = agk™P,
B €[0,1). For any € > 0, define

D.ep—1\ ~1/B
k(e) == KM>
)\00[0
for D} = Dy(X*,21). Then
E[Dp (X, 2141)] < max {ez,Df .

)\Oepil

exp (— A P72 min{k(e), k} —
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If B < % and p > 1, then with probability 1,

Dp(X*
lim sup M < o0
k—o00 ko—1

In the case that the growth condition of Assump-
tion A1 holds with constant p = 1, we recover Propo-
sition 2 of our earlier result [2], that is, that the proce-
dure converges linearly. As it is, under weaker growth
conditions, we see that we have somewhat weaker con-
vergence. Nonetheless, this convergence rate is in fact
adaptive and what we might hope for: in a local mini-
max (instance-specific) sense, stochastic minimization
algorithms of the function f(z) = |z|” can have no

better convergence than |z), — 2*[2 < k71 (cf. [41]).

Proposition 4 highlights the importance of a good
model, i.e. one satisfying Condition (C.iv), and an
appropriate divergence, i.e. one satisfying Assump-
tion Al. Under such conditions, the method (4) yields
optimization procedures with near optimal conver-
gence guarantees, providing adaptivity to problem dif-
ficulty. In contrast, other methods—such as stochastic
subgradient—or other divergences (Example 3) do not
enjoy similar convergence or adaptivity.

4.2 Strongly convex functions

Strong convexity allows substantially faster conver-
gence for stochastic gradient procedures, including in
cases using generalized notions of convexity with re-
spect to divergences [19, 20, 17], though these meth-
ods are frequently sensitive to the choice of stepsize
(and may exhibit extremely slow convergence [27],
even Q(1/logk)). To that end, in this section, we
revisit the stochastic proximal point models when the
functions f(+; s) are strongly convex, showing that the
exact model (7) is insensitive to the stepsize choice in
this case. We have the following assumption.

Assumption A2 (Strong convexity). The functions
f(;8) are A-strongly convex with respect to h, that is,

fly;s) = flass) + (f'(@38),y — ) + ADn(y, 2)
for all f'(xz;s) € Of (x;s).

If Assumption A2 holds, we have the following conver-
gence guarantees for the exact model.

Proposition 5. Let Assumptions A2 hold, and let zy,
be generated by iteration (4) using the exact model (7)
with stepsizes oy, = agk™? for some B € (0,1). As-
sume further that E[||f'(z*;S)|7.] < o2 for all z* €

. o .
X*, and denote g = THha - Then for a numerical

constant C' < oo,

k
E[Dy(z*, zr41)] < exp (— Ao Zai)Dh(:p*,xl)
i=1
o2
+C-hay - logk.
Ao

Proposition 5 demonstrates the two facets of this
paper: while accurate models—the exact model in
this case—are much more robust to stepsize choice
than standard gradient methods for strongly convex
functions, the choice of divergence Dj; may modify
the bounds substantially through the dual (gradient)
quantity o7 and primal distance Dy, (z*, 7).

5 Experiments

We conclude our paper with an empirical study. In
contrast to [2], which provides experiments for the ef-
fects of different models, our experiments test both the
choice of model and divergence, emphasizing the im-
portance of both aspects. We consider six procedures:

(i) SGM: uses the linear model (5) with the Eu-
clidean distance Dy, (z,y) = 1 ||z — y||§

(ii) Truncated: uses the lower truncated model (6)
with the Euclidean distance.

(iii) SGM-KL: uses the linear model (5) with the KL-
divergence Dy(z,y) =, xilog Tt

(iv) Trunc-KL: uses the lower truncated model (6)
with the KL-divergence.

(v) SGM-adagrad: uses the linear model (5) with
Mahalanobis divergence (9) using Adagrad ma-
trix (10).

(vi) Trunc-adagrad:  uses the lower truncated
model (6) with Mahalanobis divergence (9) us-
ing Adagrad matrix (10).

In each experiment, we run each procedure for a range
of initial stepsizes for a total of K iterations, where
we decrease the stepsizes using the rule ap = agk ™"
for § € (1/2,1). We calculate the number of iterations
to achieve e-accuracy, F(xy) — F(z*) < e. We repeat
the above process T times, reporting the median num-
ber of iterations required to achieve e-accuracy and
displaying 90% confidence intervals.

5.1 Robust Linear Regression

In our robust linear regression experiments, we let A €
R™*" b € R™, and F(z) = X ||Az — b||,, where in
each individual experiment we generate z* € R™ uni-
formly at random from the simplex with sparsity s, i.e.
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Figure 1. Robust linear regression with m = 500,
n = 3000, and s = 20. (a) The noiseless setting
with ¢ = 0. (b) Noisy setting with o = 0.01.
. n . n o . .o .

X={zeR": Y x;=1uz; >0,|z|, = s}, giving

rise to the KL-divergence as a natural divergence to
consider for this setting. We generate the entires of A
independently from N(0,1) and set b = Ax* + ov for
v ~ N(0,I,). We choose o differently depending on
the experiment, setting ¢ = 0 in noiseless experiments
and o = 0.01 otherwise.

Figure 1 shows our plots for this experiment in the
noisy and noiseless settings, illustrating the depen-
dence of APROX on model and divergence choice. The
plots show that the robustness of the methods to the
stepsize specification is dependent on the accuracy of
the model, regardless of the chosen divergence. How-
ever, the convergence rate for the best stepsize value
significantly depends on the underlying divergence; in-
deed, when using the KL-divergence, the best stepsize
performance of SGM outperforms those achieved by
the truncated model with the Euclidean distance.

5.2 Hinge Classification

7001 —— SGM

—7— Truncated
—e— sg_adagrad
—— trunc_adagrad

400{ —=— SGM
—v— Truncated
300{ —e— sg_adagrad
—— trunc_adagrad

Time to accuracy € = .09

Time to accuracy € = .09

Initial stepsize ag Initial stepsize ag

(a) (b)
Figure 2. Hinge classification with m = 5000 and
n = 1000. (a) The noiseless setting with ¢ = 0. (b)
Noisy setting with o = 0.05.

In this section, we test our methods for classification
problems, where we have a matrix A € R™*" and a
vector b € {—1,+1}", and our goal is find a classifier

a* such that sign({(a;,z*)) = b; for almost every i,

where a; is the i’th row of A. To this end, we minimize

1 m
EZl—b a;, )], . (15)
i=1
We generate the entries A;; as follows: with prob-

ability 1 — 1/j set A;; = 0, and with probability
1/j choose A;; uniformly from {—1,+1}, so that A
is sparse (a situation in which we expect AdaGrad
to exhibit improved performance [12, 26, 13]). We
choose x* uniformly at random from {—1,+1}", and
set b; = sign({a;, x*)) for every i € [m]. In the noisy
setting we flip the sign of b; with probability o.

We present the results of this experiment in Figure 2.
The plots tell a similar story to the previous exper-
iment, that is, model choice can affect robustness to
stepsize value, while the divergence can contribute to
the performance achieved by the best stepsize choice.

5.3 CIFARI1O0 classification

.89

H a5 S‘ 0.8 /—7
w ]

Sy 40 5

g —=— SGM g os

B35 —¥— Truncated &

g —e— adam —

g % —+— trunc_adagrad g 04

o R=t —=— SGM

£ 25 fé —v— Truncated
E = o02{ —e— adam
i

—v— trunc_adagrad
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Initial stepsize ag Initial stepsize ag

(a) (b)
Figure 3. CIFARI10 dataset. (a) The number of
iterations to achieve e-accuracy versus initial step-
size ap. (b) The maximal accuracy achieved after
T = 50 iterations.

In our last experiment, we test the performance of
our models for training neural networks for classifica-
tion task over the CIFAR10 dataset [24]. We use the
Resnet18 architechture [21] (while replacing all Relu
activations with Elu), and run each optimization pro-
cedure for T' = 50 iterations. Here, we also compare
our optimization methods to Adam, the default opti-
mizer in the TensorFlow package [1].

Figure 3 shows our plots for this experiment, where
Figure 3(a) shows the number of iterations required
to achieve ¢ = 0.89-classification accuracy, and Fig-
ure 3(b) plots the maximal accuracy that each pro-
cedure achieve after T = 50 iterations. The results
confirm our previous insights in this setting as well,
showing that using accurate models improves robust-
ness to the stepsize choice. Moreover, using better
divergence (i.e. Mahalanobis divergence with Adagrad
in this case) can improve the best convergence rates of
any given model.
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6 Proofs of results from Section 3

6.1 Proof of Theorem 1

First, we prove the following lemma.

Lemma 6.1. Let g be convex and subdifferentiable on
a closed convexr set X and let 5 > 0. Then for all
To,T1,Y € X; and g/(y) € ag(y)7

9(0)~9(m1) < (6 (9),y—0) 45 Dalor, o)+ 5 g )1

B
Proof By the first-order conditions for convexity,
we have
9(y) — g(x1)

<9 (W), y—21) = (g’ (¥),y — z0) + (9'(y), 20 — 21)
< gy~ 20 + 55 e — ol + 2 g W)

2
/ 1 B ! 2
< {9’ W)y = wo) + GDn(w1,20) + 5 Mlg'W)ll5-
where the second line wuses the Fenchel-Young

inequality, and the last one uses the strong convex-
ity of the bregman divergence with respect to ||-[|,. O

We also have the following lemma, which gives a one-
step progress guarantee for any algorithm using models
satisfying Conditions (C.i)—(C.iii).

Lemma 6.2. Let Condition (C.i) hold. In each step
of the method (4), for any x € X,

Dy (2, 2k 41) < Dp(z,8) — g [fo, (Tht1; Sk) — fap, (73 Sk)]

— Dp(Tpt1, Tk)

Proof By the first-order conditions for convex op-
timization, for some gy € 0fz, (€rx41; Sk) we have that
(aggr+ (W (xgp41)—h (z1)), y—xk41) > 0forally € X.
Setting y = =, we obtain

o (gr, Try1 — ) < (W (@py1) — B (1), 0 — Tpy1)
= Dy(x,xr) — Dp(x, xp41)
— Dp(Tpt1, Tk)-

As fo(#:5%) = far(The1:5k) + (gr, @ — Tpqa) by
Condition (C.i), this gives the result. O

With Lemmas 6.1 and 6.2 in place, we can prove the
theorem. Let z* € A* be an otherwise arbitrary op-
timal point. Applying Lemma 6.2 with x = x*, we

have

Dy (z*, wx11)

< Dp(a*,2r) — g [for, (Thg15 k) — fa,, (275 Sk)]
— Dp(2r41,2k)

(%)

< Dp(a*,x) — o [f(@rt1; k) — far (275 Sk)]
— eDh(mk_H, l’k) + C(Sk)ai

(i)
< Dp(x*,xr) — ak [f(2rg1;Sk) — f(a; Sk)]
— €Dh(l‘k+1, Jik) + C(Sk)ai,

where inequality (¢) is a consequence of the accurate
model condition (C.v) and (i) because fy(z*;s) <
f(z*; s) by the lower model condition (C.ii). Now, we
apply Lemma 6.1 with z1 = 241, vo = =g, y = 27,
and 3 = % to find

Dy (a*, xp41) < Dp(x*, p) + o (f' (2% Sk), 2% — a)

2
o *
+ 50 1@ Sl + C(Sk)o

for all f'(z*;Sk) € Of (x*; Sk).

For some F'(z*) € OF (z*), we have (F'(z*),y —2*) >
0 for all y € X. As our choice of f'(z*;s) € df(x*;s)
above was arbitrary, we may take f’(x*;Sk) so that
E[f (x*;S,)] = F'(z*) for any desired F'(z*) €
OF(z*) (cf. [6]). Thus, taking expectations with re-
spect to Fr_1,

(67

2
B[Da(z",2k41) | Fooa] < Dala”,m) + LB (172" 5) 7.

2

+E[C(S)]a} + ap(F'(x*),z* — a).

As (F'(x*),z* — x) < 0, we obtain the theorem.

6.2 Proof of Corollary 3.1

The first part of the proof follows by iteratively apply-
ing the recursion from Theorem 1.

The second part uses the Robbins-Siegmund almost
supermartingale convergence lemma.

Lemma 6.3 ([31]). Let A, Bi,Ck, Dy > 0 be non-
negative random variables adapted to the filtration Fy,
and satisfying E[Ag+1 | Fr] < (1 + Bp)Ax + Cx —
Dy.. Then on the event {d, By < 00, , C} < oo},
there is a random A., < 0o such that Ap “3 Ao and
Zk Dy < o0.

By applying Theorem 1 with Ay = Dp(X™*, zp41),
Cr = apy1(0?/e + E[C(S)]), and By = Dy, = 0, we
get the corollary.
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6.3 Proof of Proposition 1

To prove Proposition 1, we present a lemma giving a
one-step progress guarantee for any method satisfying
Conditions (C.i)—(C.iii).

Lemma 6.4. Let Conditions (C.i)—(C.iii) hold and
let xp be generated by the updates (4). Then for any
ze X,

Dy (x, wx41) < Dp(x, 21) — ag[f(zr; Sk) — (3 Sk)]

i, 2
+ 5 I (25 Ske) [, -

Proof Using Lemma 6.2, it suffices to show that for
any « > 0 and xg,z1,x € X

—a[fo (215 8) = fao (@3 8)] — Du(21,20)

2
< —alf(wois) = f(w59)] + 5 11 (205 ).

To see this, note that

*fmo(xﬁs) +fxg(‘r;5)
= _[fxo(x();s) - fzo('r; 8)] + fwo(xm S) - fxo(xl;s)
(C.iid)

< —fao (@03 8) = fao (@3 8)] + (f' (03 5), w0 — 1)
(Cui)

< —[f(xos s) — fx;8)] + (f'(z0; 8), 20 — 21).

Then we use the Fenchel-Young inequality and strong
convexity of Dy, with respect to ||-[|,, to get

1 « 2
(f'(z038), 20 — 21) < = |lz1 — o[} + 5 £ (o3 )1,

2a
1 « 2
< =Dp(z1,20) + = ||f' (205 8) || »
« 2
which finishes the proof. O

We are now ready to prove the proposition. We have
that E[||f(x; S)|i] < Gpig(r) for all x such that
Dp(z*,z) < r. Take z* as the projection of z; onto
X* with respect to the Bregman divergence Dy(-,-).
Then Lemma 6.4 implies that

6.4 Proof of Proposition 2

The proposition follows mnearly directly from
Lemma 6.4. Indeed, applying that lemma, for
any z* € X* we have

E[Dp(x*, zk41) | Fie1] < Dp(a™, zx) — a[F(xr) — F(z¥)]

@ 2
+ Sk s Sl

where we have used that xx41 € Fir—1. This implies
that

E[F(zy) — F(2*)] < E[Dp(a*, 21) — Dp(2*, 2p41)]

2

Al
Summing and telescoping yields Zle o E[F (z;) —
F(a*)] < Da(a*,mn) + 3 X0, o2E [ I1f (e Su) 7 |

and dividing by Zle «; and using Jensen’s inequality
gives the first result of the proposition.

2
«
+ SEE (I (@i o)l

For the second result, we rearrange the first display
above to see that

B[F(01)~F(o)] < - BIDa(a", 1) ~Da(e” zupn)+ M.

Summing this quantity, we obtain

k k
1 1
E ) — ] < - _ * o
SCEIF) - Fel £ 3 (o - o ) BIDu o)
=1 =2
1 M2 &
— Dp(z* il
+a1 n(x* 1) + 5 ;a
Noting that E[Dj(x*, 2;)] < R by assumption, divid-
ing by k and applying Jensen’s inequality to F(Zy) <

. Zle F(z;) gives the result.

6.5 Proof of Proposition 3

For each k, the function Dy (z,y) = §(z—y)" Hy(z—y)
is a divergence generated by h(z) = %xTHkx. Thus,
we use Lemma 6.4 to get

l —2* 7, < low = 2* |7, —2alf (@x; Se) = f(a*; )]

+ o || £ (ks Si) 7y -

E[Dn(2*, 2p41) | Fr-1] < Dp (X7, xk)2 — 2a(F(p) — F*)This implies that

+ aszig(Dh(x*, xk))

On the event that sup, Dp(X*,xr) < o0, we
have Y, afGpig(Dp(X*,zx)) < oo, and so
the Robbins-Siegmund Lemma 6.3 implies that
Dh(X*,xk)a'—sf D, for some finite random variable
Do and Y, ap(F(xy) — F(z*)) < oo. If T'(e) > 0,
then a simple argument by contradiction shows that
Do, = 0 with probability 1, as }_, aj = oo.

k
203 f(i;8) — f@*58) < an —a*|7,

=0

k
2 2
3 s — a1, — s — 2113,
=1

k
2
+a® 3 s S0
=1
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The first part of the claim now follows from Jensen’s
inequality. The second part of the proof follows from
the first part using standard arguments from stochas-
tic optimization with adaptive step sizes.

6.6 Proof of inequalities (11)

The lower bound that 25+ IIx—yIIf) < Dp(z,y) is a
standard strong convexity result [34, Example 5, Ap-
pendix A]. For the upper bound, we note that (see,
e.g., Gentile [16, Lemma 4]) that

Di(e,y) < T52 [ Vh(a) - Va2,

Now, we compute bounds on the norm error. By the
triangle inequality, we have

IVh(z) = Vh(y)

lg

2—
lyll, ™"

2_
[, "

2—
lyll;, ™"

2
[, "

< Hw(x) — Vh(y)

+ [Va@)]

q

q

n 1/‘1
2— . _ . _
— 2 (Zﬁgnww ' sign(y,)ly, |” 1|Q)

j=1

-1 2— 2—
+ el ™ = Nzl

n

1/q
< Iyl (Z 2 — yjrm’”)

j=1

7

-1 2— 2—
el Il = el

where we have used that |sP~1 — tP~1| < |t — s[P~ L.
Now, noting that ¢(p — 1) = p and p/q = 1 we have

1
2-p - . ja(p—1) /q_ 2—p p—1
Iyl (> |z — sl =yl e —yP~"
=1

Now, let us assume that [|y[|, > [z[|,, so that ||ly|, =
[z, +0 for some 0 < > ||z — yl| . Letting u = ||y|,,,
we obtain

p—1 2—p 2—-p
el (gl = e

= P! ((u + 5)27” — u27”) < (2 —p)up%%,

where we have used the concavity of § + (u + §)?7P,
as p € [1,2]. We obtain that if [ly||, > [|z[[,, then

IVA(z) = V@), < 277 Iz = yll2~ " +2—p) |z =yl -

The case that |[z], > [yl is completely similar, and
squaring the gives the result.

7 Proofs of fast convergence on easy
problems

7.1 Proof of Lemma 4.1

We assume without loss of generality that f(z*;s) =0
for all z* € X*, as we may replace f with f — inf f.
By Lemma 6.2, the update (4) satisfies

Dy (z*,wx11) < Dp(a*, 21) — Dp(Ty1, T1)
+ g [fa (255 k) — fap (Trr15S8)] -
Denote g, = f'(xx; Sk), fr = f(zr; Sx) and fo, (z) =
[fe + (g, Thr1 — zx)] o As fo, (2%5Sk) < f(a*; Sk)
0, and by Condition (C.iii) and Condition (C.iv) we
have fzk ('Tk-i-l; Sk) > fack ($k+1), we have

Dp(z*, Tr41)

< Dy(a*, ax) — @i fo, (Tr41) — Di(Tpsr, zr)

~ 1
< D", 2x) = onf (@re1) = 5 lanr = ol (16)

. ~ 1
< Dufat ) — awint { Ty ) + 5o~ ).

Let u(A) = 3|Al7, so that u*(v) = 3|v[s. and
(v, Vu*(Av)) = Av| i by standard duality calcula-
tions [22, Chap. X]. Let Ty4+1 denote the unconstrained

minimizer

~ . 1
Tgy1 = argmin {[fk + gk —aK)] + 5 llv — Ik”i}
T

2au,
(17)
Let us now split the proof to two cases, depending
on whether fr < ay |lgk| i First, in the case that
fre = allgkl i*, the minimizer in Eq. (17) is T4 =
Vu*(—aggr), because this also attains the infimum in
the fully unconstrained minimization

. 1
inf {fk +{gr, T — 1) + 57— ||z — $k||;21}

20ék
2 Jk
h* Z ?7

a
= Ji = 5 llox]
as
o+ (g, Vu' (—argr)) = fr — an ||gells- >0

and
1 N 2 O 2
o IVt (Cangn)I = % ol

Here evidently the fully unconstrained solution coin-
cides with Tr41 in Eq. (17). In the case that fr <
ay ||lgk| i*, we must be somewhat more careful. A du-
ality calculation shows that the solution A = z 1 —xy,
satisfies A = Vu*(—Agy) for the unique A solving

0= fi + (gr, Vu"(=Agk)) = fr — Al g|

2
h* >
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or A = oL and Al el = (g1, ) and A, =
W. For this A we evidently have
c R *
1 2 22 2 fl?
S+ gk D) + 5— Al = 5— lgrllp = —F =
[ ( >]+ 20 1Al 20 gl 20 Hngi*

Combining these two cases into inequality (16), we
have

* * 1 : 2
Dy (2", xx41) < Dp(2*, 21) — 5 min {Oékfk» ”f]rg} )
9k || p

which is the desired result.

7.2 Proof of Proposition 4

Let DIQC = Dh(X*,xk), so Dy € Fp_1. Then
Lemma 4.1 implies that under Assumption Al, we
have

E[DI%-H | Fx_1] < Di — min {)\oasz,)\lsz} )

Now, let € > 0. At any iteration, we either have D? <

€2, or, because Dy, is decreasing, we have

E[D?,, | Fro1] < Dj — min{Aoaxe” ' Dy, \e* > D;}
=max {1 — A1, 1 — Xoare’” /Dy } D
< max {1 i )\oakep_l/Dl} D,%
because Dy < Dy,.

Now, we can use an analysis similar to Proposition 2
of our paper [2]. Solving

)\1D1€p_1>’13
k(e) = ( 21
(© ( e

gives Ngape? 1/Dy < M\e?’72 for all k > k(e), and
thus using 1 — x < e™* we have that if D,% > €2, then

E[Diyy | Frea] <

20-2 Noe ! 2
exp | — A1’ “ min{k(e), k} — 5 Z a; | Di.
i>k(e)

This gives the first claim of the proposition.

Now we ignore all constants Ag, A1, D1 to obtain the
rate of convergence. Assume that k& > 2k(e). Then for
¢ > 0, we have

E[DIE-H | Fk—l] < maX{EQ,exp (*Ce’gilklfﬁ) D%}

for large enough k, and choosing ¢ = k% logp%l k

gives

4
logr=T k
]E[D]%_,'_l | fk_l] S max {]ﬁuﬁ)’ eXp(fclogz k)D%} .

p—

Now, we follow the style of argument as in the proof
of Proposition 2 of [2], eliding probabilistic details
(see [2]). Eventually a,Df < D;” if

RO s S e g 2P
3p—1

With this, then eventually the recursion is dominated
by the )qup term, and so we have

E[D{. | Foor] < D =MD}’

eventually, with probability 1. Then a similar calcula-
tion as above yields that eventually, we have

E[DRyy | Fr-1) S max {€* exp (—ce*%k) },

and setting e = (log? k/k:)ﬁ gives the result.

7.3 Proof of Proposition 5
First, we prove the following singe-step progress recur-
sion for proximal models.

Lemma 7.1. Let Assumption A2 hold and the iter-
ates xj be generated by iteration (4) using the exact
model (7). Then

Oék/\

E[Dy,(x* Fr1] <(1— ——
[Dp(2*, x41) | Fr 1}_( TT a

) Dy (x*, x1)
O‘i 1(o % 2
+ LR[S
Proof For all g, € 0f(xk+1;5k) and y € X, As-
sumption A2 implies

f(y; Sk) > f(@rs1; Se)+ {9k, Y= Tot1) FADR (Y, Tig1)-

Using this inequality in place of the last step of the
proof of Lemma 6.2 yields

Dp(x*,xp41) + agADp (2™, Tp11). (18)
< Dp(2*,2r) — o [f(@rg15 Sk) — f(2%3 Sk)] — Di(Tpt1, k).

Applying Lemma 6.1 with y = *, 1 = zk41, To = Tk,
B = o, and g(-) = f(; Sk) implies

Dy (2%, 2p11) (1 + dag) < Dp (2%, x) + an{f (275 Sk), 2% — 1)
2
¢ *
+ S @S0l

Taking expectations and using that E[(f’(z*;S), z* —
x)] <0 for all « (as in the proof of Theorem 1) gives
the desired result.

O

Using Lemma 7.1, we are ready to prove the proposi-
tion. As the sequence of stepsizes «y, is decreasing, we
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get that ﬁ > 1+§a1' Thus, denoting Ay =

Lemma 7.1 implies

A
1+Aaq”’
2

«
E[Dh(.’IJ*,(EkJrl) | ./—"kfl] S (1—Ctk)\0)Dh(fL'*,$k)+7kO';21

Applying this inequality recursively gives

k

where we note that a;Ag < 1 for all j. An inductive
argument [30] implies the proposition.
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