PRIMES OF THE FORM 2?2 + dy> AND
INTERACTIONS OF CLASS GROUPS

JOAO CAMPOS-VARGAS

ABSTRACT. We investigate how class groups of quadratic fields interact and use our results
to determine the proportion 67 (A) of primes covered by the forms 2? + dy?, 1 < d < A.
We establish that

)

§T(A) =1 —exp ( — (@) + o) o %

for some 77/12 < a(A) < 7w /12 + log 4. Moreover, inspired by a result of Kaplansky, we
show that any prime that is represented by two of the forms

z® 4+ 17y%, 2% + 65y°, z° + 1105y°,

is actually represented by all three. The same is true for 2® 4+ 34y?, 2 466y, x> +1122y2,
and we use the interaction of the corresponding class groups to explain this phenomenon.
Finally, we determine the proportion 6~ (A) of primes covered by the forms z? — dy?,1 <
d<A,Vd ¢ Z, in terms of class numbers of real quadratic fields with discriminant p, 4p,
and 8p. In particular, we establish that

57(A) 2 1—exp (- LVA+0 (K
Our result shows that an improved lower bound for 6~ (A) leads to smaller class numbers
in these families of discriminants.
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1. INTRODUCTION

The question of representing primes using binary quadratic forms attracted many math-
ematicians throughout history. This goes back to Fermat in the 1600s, who wrote in a letter
to Mersenne that for an odd prime p,

p=2*+y}, z,yeZ < p=1 mod 4.

Fermat also wrote a characterization for primes p represented by x? + 2y? and 22 + 3y? in
terms of a congruence condition on p. Around a century later, Euler found the proofs for
these characterizations that were lacking in Fermat’s letters, which led him to the discovery
of quadratic reciprocity. Then, a similar conjecture of Euler for the primes represented by
22 + 5y led Lagrange to formulate the first notions of genus theory.

Despite these great discoveries, Euler had other remarkable conjectures that remained
open until the time of Gauss. What stood out in them is that the primes represented by the
form were no longer described only by congruence conditions. For instance, Euler predicted
that

2
p=a?+64y% z,yeZ < p=1 mod 4 and <> =1 (1)
DJ4
where (;)4 is the biquadratic residue symbol. Gauss, with his discovery of higher reciprocity

laws, settled these conjectures.

With the development of classical class field theory, a nearly complete solution of this
problem became known by the first half of the twentieth century. Namely, for any integer
d there exists an integer polynomial f;(x) such that for any odd prime p not dividing d or
the discriminant of fy(z),

(%d) =1land fy(x) =0 mod p

p::r2+dy2, x,Yy €L <—
has an integer solution.

For a beautiful account on this problem, see Cox’s book [5].

Much less literature exists on the problem of representing primes by multiple forms. In
fact, this only appears to have been pursued in the case of pairs of forms. Kaplansky [11]
was the first to write about a curious phenomenon pertaining z2 + 32y? and 2% + 64y2. His
result shows that each

p=1 mod 16 is represented by both or neither of 2% + 32y?, z? + 64y°.

This is surprising because the sets of primes represented by either 22 +32y2 or 22+642 cannot
be described by congruence conditions alone (as the result of Gauss (1) and a companion
result of Barrucand and Cohn [1] show). Nevertheless, these sets coincide on primes p =1
mod 16. Other researchers [3,9,13] then worked to classify all pairs of forms exhibiting this
coincidence.

More recently, the collective behavior of the forms z? 4+ dy?,d > 1 was studied by Green
and Soundararajan [3] with the goal of covering integers instead of primes. Their result
shows that 0% of the integers up to N are covered by a form x2 +dy? with d < (log N)°82~¢,
whereas 100% of them are covered by a form with d < (log N)°82+¢, A different story
happens with primes, as the form x? + y? covers 50% of them (those of the form 4k + 1),
and as more forms are included this proportion grows.



Inspired by the work of Green and Soundararajan, our first result establishes bounds
for the proportion of primes covered by the forms x? + dy?, d < A:

THEOREM 1.1. Let 6+(A) be the proportion of primes covered by the forms x> + dy?,

1<d<A. Then
VA
logA |’

§T(A)=1—exp (—(a(A) +0(1))

where
%77 <a(A) < 1—7271 + log 4.

Algebraically, the proportion of primes that are simultaneously represented by forms
22 + diy?, ..., 2% + diy? appears more naturally. Theorem 4.5 establishes this proportion,
which is the main ingredient to prove Theorem 1.1. Let D; be the fundamental discriminant
with the same squarefree part as —d;, and denote the class group C1(Q(v/D;)) by CI(D;).
This proportion of primes is proportional to the size of the kernel of the map

®: ClY(Dy) x --+ x C1IY(Dy) — CIY(K)

2
(X1 -5 xk) = x = [ [ X © Ncyoymm
=1

where K = Q(v/D1,...,/Dy).

We say that characters x1 € C1Y(D1),. .., xx € C1Y(Dy) interact if (x1, ..., xx) € ker ®.
This is equivalent to the Rankin-Selberg convolution L(s, 1 ® --- ® xx) being a power of
the Dedekind zeta function of K.

Theorem 4.5 explains the coincidences in the sets of primes represented by the forms
22 +dyy?, ..., 2% + dpy? in terms of interactions between characters of Cl(D1),. .., Cl(Dy).
As a byproduct of this study, we obtain two results akin to Kaplansky’s, for three forms:

THEOREM 1.2.
a) Let p=1 mod 4 be a prime such that (£) = ({5) = (%) = 1. Then,
p is represented by all or exactly one of x? + 17y, x* + 65y%, z + 11054°.
b) Let p=1,3 mod 8 be a prime such that (§) = ({) = (%) = 1. Then,
p is represented by all or exactly one of ¥ + 34y?, x® + 66y2, z2 + 1122y°.
As an immediate corollary, we deduce:

COROLLARY 1.3. Let {dy,da,ds} be either {17,65,1105} or {34,66,1122}. Then, any prime
represented by two of the forms
2 +diy?, 2 + doy?, 2 + dgy”?
is in fact represented by all three.
We will show that (x1,...,xx) € ker ® only if x; € C1V(D;)[2] for every i = 1,...,k,
which means that only the 2-parts of the dual class groups interact. We divide the interac-

tions into genus and higher order: genus interactions happen between characters of order at
most 2 (genus characters), and is understood in terms of the common factors of Dy, ..., Dg;
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every other (x1,...,xx) € ker ® with ord x; > 4 for some i = 1,...,k will be referred to as
a higher order interaction. In addition to higher order interactions, Theorem 1.2 also relies
on the fact that the class numbers at hand are small powers of 2.

We also establish a version of Theorem 1.1 for indefinite forms. This result connects the
proportion of primes represented by 22 — dy?, 1 < d < A, Vd ¢ 7 to class numbers of real
quadratic fields in prime families. In order to state this result, define for every fundamental
discriminant D > 0 the number

. o o 1+vD17) X
W (D) = {3h(D) if D=5mod 8 and u=1mod (2)Vu e (Z[1YL])

. (2)
h(D)  otherwise,
where k(D) denotes the class number of Q(v/D). Our result is:

THEOREM 1.4. Let 6~ (A) be the proportion of primes covered by the forms x> — dy?,
1<d<A,Vd¢Z, and let h*(D) be defined by (2). Then

5 (A)=1-6"exp (0 (kﬁ))

where
1 1 1
o= ]] (1— - )( 11 (1— >+ 11 (1— ))
oird 2h*(p) A 2h(4p) pZA2 2h(8p)
p=1 mod 4 p=3 mod 4 p=3 mod 4
Moreover,

log

5—(A)21—exp(—§\/ﬁ+o(ﬂ)).

Unlike Theorem 1.1, the proportion 6~ (A) is determined by a factor ©(A) which is
provably smaller than the error term exp(O(v/A/log A)). This allows us to establish the
lower bound above and gives an expression for 6~ (A) in terms of h*(p), h(4p), and h(8p).
The Cohen-Lenstra heuristics [1] predicts that most of these class numbers are very small.
Quantitatively, we expect

0 (A) > 1—exp(—cA/logA)

for some ¢ > 0. Theorem 1.4 shows that an improved lower bound for §=(A) leads to
smaller class numbers in these prime families.

QOutline. Section 2 presents necessary and sufficient conditions for a prime to be repre-
sented by 2% — dy?, d € Z squarefree, which are given in terms of the usual class group of
Q(V/d) or a small extension of it. Section 3 discusses simultaneous representations of primes
by 2% — diy?, ..., ? — diy?, reintroducing the map ® above with the groups defined on
Section 2. This map controls the proportion of primes simultaneously represented by these
forms.

In Section 4 we study the kernel of ®. We establish that only the 2-parts of the dual
class groups interact and prove an upper bound for the order of the elements in this kernel.
We also compute the size of the 2-torsion subgroup ker ®[2] for any squarefree dy, ..., dy.
We summarize this work in Theorem 4.5, refining a previous result from Section 3 and
giving the proportion of primes simultaneously represented by 22 — diy?, ..., 2 — diy? in
terms of higher order interactions. We then show that there is no higher order interactions
for certain di, ..., d; that appear in the proofs of Theorem 1.1 and Theorem 1.4.



We finish Section 4 with a proof of Theorem 1.2, which gives two examples of characters
of order 4 interacting. Theorem 1.1 and Theorem 1.4 are proved in Section 5 based on the
results from Section 4 and the evaluation of certain sums of inverses of class numbers. Proofs
of results that deviated from the main discussion were postponed to the Appendix.

2. PRIMES OF THE FORM 22 — dy?, d € 7Z

Let D be a fundamental discriminant with squarefree part d. Whether or not a prime
p is represented by x? — dy? depends on the splitting of p in Q(v/D) and the shape of the
ideals above p. This situation is very simple D = 4d < 0, when it suffices to have principal
ideals above p. We now introduce the conditions for the general case.

Let K = Q(v/D), Ok be its ring of integers, and k(D) its class number. Denote by If
the set of all fractional ideals of Ok and by Ik (2) its subset of fractional ideals coprime to
(2). Let P be the set of principal ideals (o) with @ € O and Ny g() > 0 and PI';Z(2)
be its subset of ideals () with « =1 mod (2).

Let C1T(D) be the narrow class group Ir/P;t, and let Cl'g) (D) be the ray class group

(
IK(Q)/P;’Z@). Recall that the order of C17(D) is

h+(D)_{2h(D) if D >0 and Ng/g(u) =1Vu € (Ok)* )

h(D)  otherwise.

Define
(D) = Clé)(D) if D=5mod 8 and w =1 mod (2)Vu € (Og)* W
CI"(D)  otherwise
and let

h(D) = #&(D). ()

Denote the dual of a group A by AY. The characters of €Y (D) tell us whether or not
p is represented by 22 — dy?:

LEMMA 2.1. Let p be an odd prime and D be a fundamental discriminant with squarefree
part d. Assume that pt D, and let p be a prime in Q(v/D) lying above p. Then

(%) =1 and x(p) =1
for every x € €Y(D).

p:xz—dyZ,x,yGZ@{ (6)

Proof. First, assume that D = 4d. In this case, €(D) = C1*(D) and 22 —dy? is the principal
form of Q(v/D), and p is represented by this form exactly when p splits in Q(v/D) and p
is a principal ideal with positive norm. This is equivalent to (%) = 1 and p € P;%, which

gives the result.

Next, assume that D = 1 mod 8. As ¢(D) = CIT(D), the conditions on the right-hand
side are equivalent to p splitting in Q(v/D) and p € P;t. This means that p is represented
by the principal form z? + zy + %dy2, so that 4p = (2z +y)% — dy?. As 4| (2z +y)? — dy?
and d =1 mod 8, we must have y even otherwise 8 would divide 4p, yielding the desired
representation p = (z +y/2)? — d(y/2).
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Lastly, we consider the case D =5 mod 8. The prime 2 is inert in Q(v/D), implying
(Ok/(2))¢ =2 F; = Z/37Z. Assume now that Ok has a unit © # 1 mod (2). In this case,
notice that u? is a generator of (O /(2))*. As before, the right-hand side conditions are
equivalent to Nk g(a) = p for some o € O. We know that a € (Ok /(2))* since p is odd,

which means that a(u?)™ = 1 mod (2) for some choice of m. Therefore a(u?)™ = = +y/d
for some x,y € Z, and since NK/Q(UQ) = 1 we obtain that p = z? — dy?.

On the other hand, if all units u € (Ok)* satisfy v =1 mod (2), the right-hand side
conditions are equivalent to N /g(a) = p for some a € O with @« =1 mod (2). Therefore
o = x + yV/d for some z,y € Z, which gives p = 22 — dy?. The result follows. O

Definition (4) captures the Eisenstein set, as named by Stevenhagen [15]. When D =5
mod 8 and u =1 mod (2) for all u € (Ok)*, we can still understand the group €(D) very
explicitly in terms of the usual narrow class group C1*(D). In fact, as every ideal class
in CIT(D) contains an ideal coprime to (2), there is a natural surjection &(D) — CIT(D)
defined by [a] > [a]. This gives a natural injection CIT"(D) — €V(D), in the sense that a
character defined on all fractional ideals of Ok is also defined on those coprime to (2). We
write

CItv(D) < ¢Y(D) (7)
to make explicit this subgroup relation. We now compute their quotient.

LEMMA 2.2. Let D =5 mod 8 be a fundamental discriminant for which all units u € (Og )™
satisfy u =1 mod (2). Then

¢V(D)/C1TY(D) = Z/37Z.

Proof. Tt suffices to show that €(D) — CIT(D) has kernel Z/3Z. From the definition of the
groups, this kernel is P N IK(2)/PEZ(2). As all units u € (Og)* satisfy v =1 mod (2),
we can define the map Pi- N Ix(2) — (O /(2))*, (@) — @&, which is surjective with kernel
PEZ@). We conclude that

P N Ix(2)/ P 5(2) = (Ok/(2)) = Fy = Z/3Z
as 2 is inert in Q(v/D). O
Lastly, we remark that any extension of a non-trivial character
PENIk(2)/Pf,(2) 2 Z/3Z — C*

to the entire group €(D) = I (2)/ P} ,(2) is a generator of ¢¥(D)/CI* V(D) in Lemma 2.2.

3. PROPERTIES OF MULTIQUADRATIC EXTENSIONS

Throughout the next two sections, fix a set of distinct fundamental discriminants D =
{D1,...,Dy}. Let d; be the squarefree part of D;, and let K = Q(v/D1,...,+v/Dy). Denote
the relative norm NK/Q(\/E) by N;.



3.1. The splitting of primes. Our first observation is that a rational prime can be inert
in at most one quadratic extension in any tower of fields leading up to K. We state this
below in terms of norms.

LEMMA 3.1. Let B be a prime in K above a rational prime p. For each extension Q(v/D;)
where p is not inert, let p; be the prime above p and below P. Then, if p is not inert in any

extension Q(v/Dy),...,Q(v/Dg),
N;(B) =p; foralli=1,...,k.

Otherwise,

ey P2 if pois not inert in Q(v/Dy),
NiCF) = {(p) otherwise.

Proof. Assume without loss of generality that Dy, Do, ..., D; are independent over (Q*)?
for some | < k so that K = Q(v/Dy,...,/D;). For each i <, write ; for the prime above
p and below P in the intermediate field Q(v/Dx,...,v/D;). In particular, Qi is the prime
above p in Q(y/D1) and Q; = P.

If p splits or ramifies in all extensions Q(v/D;), i = 1,...,k, then each prime Q;, i <,
splits or ramifies in the next extension containing $;,1. This follows from the fact that

the polynomial 22 — D; 1 splits modulo p, so that the residue field of Q; remains F, over
i=1,...,0. It follows that N1(B) = p,.

Next, assume that p is inert in some quadratic extension. Then p is inert in Q(v/D;)
for some i <[, otherwise the argument above would give Nk o(*) = p, but constructing

K from Q(v/D;) where p is inert shows Ny () > p*. Let ig < I be the first index for
which p is inert in Q(y/D;,). The residue field of Q; is F,, for 1 < i <y —1 and the residue
field of Q;, is F2, as 22 — D;, has no roots modulo p. From that point on, any polynomial
2% — D; has roots in 2 so the residue field of 9; remains F,» for 79 <i <[

If p is inert in Q(v/Dy), then ip = 1 and Ni(B) = (p), as all primes past (p) either split
or ramify. If ip > 1, the only inert prime between p; and 9 is Q;,, so that Ni(B) = p.
The result follows by rearranging the discriminants. O

3.2. Simultaneous representations. We now use Hecke characters of K to characterize
the primes that are simultaneously represented by z2 — diy?, ..., 2% — dpy>.

Let Ix(2) be the set of fractional ideals of K coprime to (2) and P[';Z (2) its subset of
integral ideals (o) with a =1 mod (2) and Ng/g(a) > 0. Define the ray class group

C(K) = Ik (2)/ Py 5(2) (8)
Consider the map

®=0p:C(Dy) x - x €(Dy) = ¢Y(K)

k
(X1, ---an)'_>X3:HXiONi
=1
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with €(Dy),...,&(Dy) defined by (4). This is well defined since for any o = 1 mod (2)
integral in K with N g(a) > 0 we have Nj(a) =1 mod (2) and Ny(,/p;) /g © Ni(e) > 0,
so that x((@)) = [T xi o Ni(a) = 1.

We say that characters x1 € €Y(Dy),...,xx € €Y (Dy) interact if (x1,...,xx) € ker ®@.
In terms of L-functions, this translates to

L(s,x1® - xp) KU = ¢x(5)*

where L(s,x1 ® -+ ® xx) is the Rankin-Selberg convolution of L(s,x1),...,L(s, xx), and
Ck (s) is the Dedekind zeta function of K.

Before proceeding, we note that the dual C1V(K) of the usual class group of K would
work just as well as €V (K) as co-domain of the map ® if €(D;) = CI(D;) for alli =1,...,k
(in fact C1Y(K) < €Y(K) in analogy to (7)). The need for the ray class group €V (K) comes
from the fact that €V(D;) might contain characters that are only trivial on principal ideals
with positive norm or are only defined on ideals coprime to (2).

The map ® controls the primes represented simultaneously by 22 — dyy?, ..., 2> — dyy>.
We see this by the following orthogonality relation:

LEMMA 3.2. Let B be a prime in K above a rational prime p that is not inert in any

extension Q(v/D1),...,Q(v/Dy). Then,
im® ifp=a®—dy? x,yc€Z,Vi=1,...,k,
T X(m):{# fp Yo, Ty

- 0 otherwise.
X€im @

Proof. Foreachi =1,... k, let p; be the prime in Q(v/D;) below B, and recall from Lemma
3.1 that NP = p;. We have

k
#ker@< > X(‘B)) = > Xl(Pl)--'Xk(Pk)=H< > Xi(Pi)>7
)

XEim & xi€€Y (D) i=1 \ x;€¢V(D;
i=1,....k
and the result follows by orthogonality in each €Y(D;) and Lemma 2.1. O
In addition to the proportion of primes represented by z2 — di1y?,...,2% — dyy?, a

crucial ingredient in the proofs of Theorem 1.1 and Theorem 1.4 is the sub-proportion of
such primes satisfying certain congruence conditions modulo integers coprime to 2D ... Dy.

PROPOSITION 3.3. Let Q@ = {Q1,...,Qn} be a set of pairwise coprime fundamental discrim-
mants which are coprime to 2D1...Dy. Let W%(X) denote the number of primes p up to

X for which
p=a?—diy? x,yeZVi=1,...,k, and XQ;(p)=—-1Vji=1,...,n.
Then
(X)) _ 1
X—oo m(X)  27#im®-[K : Q]

The congruence conditions above translate into twists of elements of im ® by quadratic
characters modulo @1, ...,Q,. In order to prove Proposition 3.3, we need to ensure that



these twists yield non-trivial Hecke characters. We record this fact in the following lemma,
whose proof we postpone to the appendix:

LEMMA 3.4. Let Q be a fundamental discriminant coprime to 2D ... Dy, and let x € €V (K).
Then, the twist

X ®xq(-) == x(-) x@ o Ni/o(")

defines a non-trivial Hecke character of K on ideals coprime to 2Q).

Proof of Proposition 3.3. Let P be the set of primes p which are simultaneously represented
by 2% — d1y?, ..., 2% — dpy? and xq,(p) = —1 for every @; € Q. Recall that an unramified
prime in K = Q(v/Dy,...,v/Dy) is represented simultanecously by 22 — dyy?, ..., 2% — dyy?
when it satisfies the conditions described in (6) for each discriminant D = Dy, ..., D.

Take p a prime unramified in K that splits in all extensions Q(v/D1),...,Q(v/Dy), and
let B be a prime in K above p. By Lemma 3.2,

2"#im® ifpe P
0 otherwise.

S D) s, - X)) = {

X€Eim @
{Qiy - Qip yCQ

For each x € im ® and each subset {Q;,,...,Q;,} C Q, consider the log-derivative

L log NQ

X" (Q)(xQi, - XQs,)) " (NQ),

where £ ranges over the primes of K and N is the norm N q. Take ¢ a prime unramified in
K. By Lemma 3.1, all Q in K above g satisfy NQ = ¢ if ¢ splits in all Q(v/D1), ..., Q(v/Dy,).
As K/Q is Galois, there will be [K : Q] such primes. Similarly, all 9 in K above ¢ satisfy
NQ = ¢? if q is inert in some Q(v/Dy), ..., Q(v/D). We conclude that

2L oy logp
- Z (—1) f(s’x(g)inl“’XQin):Q #1m<1>-[K:Q]Z — +G(s)
XE€im ® peP
{Qiy,-Qiy }CQ

where G(s) is a Dirichlet series converging absolutely in the region Rs > 1/2.

By Lemma 3.4, the character x ® XQiy - XQipy = X @ XQi;..Qu, is a non-trivial Hecke
character of K unless y is trivial and n = 0, in which case the corresponding L-function has
a simple pole at s = 1. Moreover, L(s, x ® XQilinn) has a standard zero-free region with
at most one simple real zero 5 < 1 (see Theorem 5.35 in [10]). The result now follows from
a standard argument using the explicit formula followed by partial summation. O

4. INTERACTIONS OF CLASS GROUPS

In this section we study the kernel of the map ® defined by (9), which records the
interactions of the dual class groups €Y(Dy),...,€Y(Dg).
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4.1. General properties. Our next result shows that only the 2-parts of these groups can
interact. Moreover, we give a bound for the order of the characters in a k-tuple of ker ® in
terms of multiplicative independencies of Dy, ..., Dy over (Q*)2.

PROPOSITION 4.1. Let (x1,--+ ,Xk) € ker ®. For each i =1,...,k, let n; be the minimum
number of subsets Hi,...,Hy, C {D1,...,Dy} for which the elements of {D;} U H; are
independent over (Q*)? and every discriminant different from D; is contained in some H;.
Then

2"i+1

; is the trivial character.

In particular, if all discriminants are independent over (Q*)2,
ordx; | 4 for everyi=1,... k.

Moreover, we have that X3, X3 are trivial when k = 2.

Proof. Let p be a prime that is not inert in any extension Q(v/D1),...,Q(v/Dy). Let P be
a prime in K above p, and p1,...,p; be the primes below P in the quadratic extensions.
As (x1,-+, xk) is in ker @, Lemma 3.1 gives

x1(p1) .- xx(pr) = L.

Take a partition Hy,..., H,, of the discriminants different from D; where the minimum n;
is realized (we can assume that Hy,..., H,, are pairwise disjoint). By independence over
(@*)2, there is an automorphism o; of K for each H; that fixes v/D; and changes the sign
of v/Dy for D; in H;. We consider the ideal

a= H a;j’ﬁ.
¢ €{0,1}
j:1,...,TLi
Notice that for any [ # 7 there is a o; that changes the sign of \/D;. Writing a = bo;b
shows that N;a = (p)Qni_l. Multiplying over all [ # i and using that (x1,...,xx) is in ker ®
gives

X?ni (pi) = 1.

We proceed in the same way when p is inert in some extension Q(v/D1),...,Q(v/Dg).
If p is inert in Q(v/D;), we get x;((p)) = 1 automatically. Otherwise, let P be a prime in
K and p; = pi;, iy, ..., P, be the primes below B in the quadratic extensions Q(v/D;) =
Q(\/Di,),Q(+y/Dsy),...,Q(y/D;,) where p is not inert. Since (x1,...,xx) € ker @, we have
by Lemma 3.1

X; (Pi)xE, (Pia) - XG (i) = 1.
Repeating the argument above using the same partition Hy, ..., H,, we get
n;+1
Xi ' (p) =1L

This proves that x; "t s trivial on every prime ideal of Q(v/D;), so it must be the
trivial character. If Dy, ..., Dy are multiplicatively independent over (Q*)?, one can take
n; = 1 with H; containing all discriminants but D;. The last assertion for & = 2 follows
easily by taking a single automorphism in the discussion above on primes that split in both
extensions. The result follows. O
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We remark that a similar result appeared in the work of Blomer [2] under a coprimality
condition that forced the kernel to be empty. In the case where the discriminants Dy, ..., Dy
are independent over (Q*)?, we will show later in Corollary 4.9 that the maximum order 4
for elements in ker @ is indeed attained.

A consequence of Proposition 4.1 is that extending the group C1TY(D;) to €Y(D;) in
the sense of (7) does not create new interactions in the kernel of ®. In other words, all
interactions happen between the 2-parts of the duals of the narrow class groups.
COROLLARY 4.2. We have

ker ® C C1TY(D1)[2%] x --- x CITY(Dy,)[2°].
Proof. This follows from definition (4), Lemma 2.2, and Proposition 4.1. (|

4.2. The genus kernel. We now study the subgroup of ker ® of elements of order 2, namely
ker ® [2] = {(x1,...,xx) € ker ® : x? is trivial for every i = 1,...,k}. (10)

By Corollary 4.2 we have x; € C1™V(D;)[2] for each i = 1,...,k, so these are genus charac-
ters of the narrow class groups. For this reason, we refer to this part of the kernel as the
genus kernel of ®.

Our next goal is to compute the size of ker @ [2] for any set of fundamental discriminants
Dy, ..., Dg. We introduce some notation in order to state this result.

Given two fundamental discriminants D and D’, we say that D’ divides D in the sense
of discriminants if there is another fundamental discriminant D” for which D = D’'D”.
Denote this relation by D’ |qisc D. As usual, let w(n) be the number of prime factors of n,
and weqq(n) be the number of odd prime factors. Let
2 if #{u e {—4,8,-8}: u |gisc D; for some i} > 2
we(D1,..., D) =wodd(D1... D)+ 1 if #{u € {—4,8,—8} : u |gisc D; for some i} =1
0 otherwise.

(11)

We now state our result:

PROPOSITION 4.3. With w.(D1,...,Dy) defined by (11), we have
#ker @ [2] = 2w (P1)++w(Di)—h—we(D1uDi) [ Q]

We will need an auxiliary lemma, whose proof we postpone to the appendix:

LEMMA 4.4. Let Dy be a fundamental discriminant. Assume that for every prime p suffi-
ciently large for which

xp,(p) =1,...,xp,(p) =1, we have xp,(p) = 1.
Then Dy is dependent of D1, ..., Dy over (Q%)2.

Proof of Proposition 4.3. Let (x1,...,xx) € ker @ [2]. As each x; is in C1*V(D;)[2], we know
by genus theory that there is a factorization D; = D}D/ into fundamental discriminants for
which for which x; = xp; py. Our goal is to understand when x = ®(xp; py;-- -, XDévDZ)
is trivial, and we will do this by testing x against the primes of K.
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Recall that y is a character of €(K), as defined in (8). A standard argument shows
that each class of €(K) contains infinitely many primes of K, so it suffices to show that
X is trivial on the primes of K lying above unramified odd primes p. Let B be such a
prime. Assume first that p is inert in some Q(y/D;). By Lemma 3.1, each norm N is
either the square of a prime or a principal ideal so that xp; pr(N;B) = 1, yielding x () = 1
automatically. It remains check the primes 33 for which p splits in every quadratic extension.

In that case, x() = 1 translates to xp,(p) = 1, where Dy is the unique fundamental

discriminant associated to the product D] ... D; (that is, Dy has the same squarefree part
as the product). We would like to check whether the relations

xp,(p) =1,...,xp,(p) = 1 can imply xp,(p) = 1.

By Lemma 4.4, this only happens when Dy is in (D1, ..., D)(Q*)?, and the converse is
clearly true. Therefore, we would like to count the number of k-tuples

D! |aise Di, i =1,...,k for which D} ... D} € (Dy,..., D) (Q*).

The size of ker ® [2] will be this quantity divided by 2¥, as each k-tuple of genus characters
in ker ® [2] corresponds to 2¥ of the k-tuples above (with two choices, D} and DY, for each
discriminant).

-1
We now factor a discriminant into prime discriminants. Set ¢* = (—l)qTq for ¢ > 3
prime. For each D;, write
D; =u; H q"

q|D;
q odd

where u; € {1, —4,8, —8}. Notice that all factors above are also fundamental discriminants,
and this factorization is unique. Moreover, the only relation between —4,8, —8 and ¢*, ¢
odd prime, over (Q*)? is —4 -8 = —8. Define the vector space

W=F;x [[ P

¢|Di1-..Dy,
q odd

Let e; = (0,0;0), e—4 = (1,0;0), eg = (0,1;0), e_g = (1,1;0), eg~ = (0,0;1,) be in W, and
V be the subspace of W generated by all e,, and all ey, so that dim V' = w,(D1,..., Dy).
Fori=1,... k, set

Vi = €y; + Z eq+, and Vyise = (v1,..., k),
q|D;
q odd
where 24imVaise — [ : Q]. Next, define the subspace of discriminant factors of D; by
E; = (ey;,eq- 1 q| Dy odd),i=1,... k.
Notice that dim E; = w(D;). As D) |gisc Di, each discriminant factor has the form
D=} H (q*)%, mi,eq € {0,1}, corresponding to v} = n;eq, + Z €qeq € Ei.
q|D; q|D;
q odd q odd

Our problem now is to count how many choices of D, ..., D) yield v] + - - + v} € Vyise.
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To that end, consider the map
Ey x -+ X Ex = V/Vyise
(01, - vh) = (U1 - 4 0) + Vidise
Each k-tuple in its kernel corresponds to a desired choice of D/, ..., D;. As each generator
of V lies in at least one Fj;, this map is surjective, hence its kernel has size

2dim Eq1+-+dim E—dim V4dim Vg . — 2W(D1)+~~~+W(Dk)—w*(D17...,Dk)[K . Q]

The result follows by grouping together the choices of D} and D/ for i = 1,...,k, dividing
the number above by 2. O

We now combine Proposition 3.3 and Proposition 4.3 into a single statement, which is
the main tool in the proofs of Theorem 1.1 and Theorem 1.4.

THEOREM 4.5. Let D = {Dy, ..., Dy} be a set of fundamental discriminants, and denote by
d; the squarefree part of D;. Let ® be the map defined by (9), and let v(D, ..., Dy) € Z>g
be such that

9UD1-Drk) — ker & / ker @ [2].
Let Q@ = {Q1,...,Qn} be a set of pairwise coprime fundamental discriminants which are
coprime to 2D+ ... Dy, and let W%(X) denote the number of primes p up to X for which

p=a*—dy? z,yecZVi=1,...,k, and XQ;(p)=—-1Vji=1,...,n.

Then, with h(D) defined by (5) and wy(D1,...,Dy) defined by (11), we have
Q(X) 2w(D1)+---+w(Dk)fw*(Dl,...,Dk)

lim ™D
Xooo m(X)  2ntRp(Dy)...H(Dy)

. 9u(D1,....Dy)

4.3. Sets without higher interaction. The proofs of Theorem 1.1 and Theorem 1.4 rely
on applying inclusion-exclusion to sets of discriminants for which ker ® = ker ® [2]. The
next result exhibits these sets.

PROPOSITION 4.6. Take a finite subset of discriminants from
D=—-4 -8 —p,—8p, where p=3 mod 4.
Then ker & = ker @ [2].
We will need two auxiliary lemmas, whose proofs we present in the appendix. The first

one characterizes order 4 characters of the narrow class group CI* (D) in terms of certain

unramified extensions of Q(v/D), and it essentially goes back to the classical work of Rédei
[14].

LEMMA 4.7. Let D = de be a factorization of D into fundamental discriminants, and assume
that xa,  is the square of a character in C1TY (D). Then, there exists integers z,y, z € Z\{0}
satisfying

2 —dy? —ez? =0

for which
Q(VD) c Q(Vd, e, \/x +yVd) is unramified.
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Moreover, given any prime p in Q(v/D) above a rational prime p for which xp.pr(p) =1
for all genus characters xp pr € C1TY(D)[2], and any ¢ with ¥* = x4, we have

Y(p) = <W> :

p

For a thorough exposition of this topic, see Stevenhagen’s article [16]. The second
result states that a quartic relation cannot be implied by quadratic ones.

LEMMA 4.8. Let d, e be coprime integers in (D1, ..., Dy)(Q*)?\ (Q*)? such that
2 —dy? —ez? =0
for some x,y,z € Z \ {0}. Assume that for every prime p sufficiently large for which

W>:1_

xp,(p) =1,...,xp,(p) =1, we have ( )

Then \/z + yvd € Q(\/d).

We proceed to prove Proposition 4.6.

Proof of Proposition 4.6. Let —8p1,...,—8px, D1,..., Dy, be the subset of discriminants,
where each D; is —4,—8, or —p. Recall from Proposition 4.1 that the characters attached
to the entries of an element in ker ® have order equal to a power of 2. In particular, the
characters attached to the entries €V (D,) are trivial as h(D;) are odd (by genus theory and
Lemma 2.2).

We now assume by contradiction that there is (x1, ..., X%, X0, - - -, X0) € ker &\ ker ® [2],
with yo denoting the trivial character. By possibly taking powers of 2, we can assume that
every x; has order dividing 4 and at least one of them has order exactly 4. Say x1,..., X,
[ <k, have order 4, and the remaining characters have order 1 or 2.

For each i = 1,...,1 let z;,y;,2 € Z \ {0} be the integer triple associated to x; as
described in Lemma 4.7. Let ¢ be a prime satisfying

x-4(q) = xs(q) = x-s(q) =1 and xp+(¢q) = 1Vodd prime p | p1...pgD1 ... Dp.

The prime ¢ splits completely in the multiquadratic extension containing the square-root
of the discriminants of the subset above. For each ¢ = 1,...,[ let q; be a prime above ¢ in

Q(v/—8p;). By Lemma 4.7,
ila:) = (W>

p
and since (X1, .-, Xk, X0, - - -, X0) € ker @, it follows that

((961 +2u1v2) ... (2 + 2yz\/§))
q

=1.

By Lemma 4.8, the product (z1 + 2y1v/2) ... (z; + 2y;v/2) must be a square in Q(v/2).
However, x2 — 8y? = —p;22, so the norm of this product is (=D!py...pi(21 ... %)% which is
not a square, a contraction. We conclude that ker & = ker ® [2]. O
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4.4. Higher order interactions. In this subsection we give two explicit examples of order
4 interactions based on the triples of forms from Theorem 1.2. We start by proving Theorem
1.2, which relies on the structure of the class groups at hand and the characterization of
their order 4 characters given by Lemma 4.7. Afterwards, we show that ker ®/ ker ® [2] = 2
for the corresponding maps ® defined by (9).

Proof of Theorem 1.2. Let d be a squarefree number and D be the fundamental discriminant
with squarefree part d. By Lemma 2.1, a prime p not dividing D is of the form z? — dy? if
and only if p splits in Q(v/D) and a prime p above p satisfies x(p) = 1 for all y € €V(D).
For all values d € {—17,—34,—65,—66, —1105, —1122} we have D = 4d < 0, hence by (3)
and (4) the group €(D) is the usual class group Cl(D).

In what follows, we use the data from the LMFDB [12] to determine the structure of
the dual class grups C1¥(D).

a) We have
CLY (—68) = Z/4Z, C1¥(—~260) = Z/4AZ x Z/2Z, and C1V(—4420) = Z/AZ x Z/2Z x Z/2Z.

The assumption x_4(p) = x5(p) = x13(p) = x17(p) = 1 ensures that the primes above p

in Q(v/—17), Q(+/—65), and Q(v/—1105) satisfy all genus conditions from the class groups
Cl(—68), CI(—260), and C1(—4420). It remains to show that the conditions from order 4

characters are satisfied in all or one of these groups.

We start by showing that the solution (z,y,z) = (1,2,1) to
22+ 42— 1722 =0

yields an unramified extension Q(v/—17) C Q(i, /17, /1 + 4i). In fact, by Corollary 7.4 in
[16] there is a twist ¢ € {£1, 42} for which Q(v/—17) C Q(4, V17, \/t(1 + 44)) is unramified.

By Proposition 7.2, [16], exactly two such values of ¢ make this extension unramified over 2,
and the values t and —t yield the same extension. Since Q(v/—17) C Q(4,v/17) is unramified,
it suffices to show that Q(i) C Q(i,+/1 + 4i) is as well, and this follows from the fact that
1 + 44 is coprime to (2) C Q(i) and 1+ 4i € Z[i] is congruent to a square modulo (4).
Therefore Q(v/—17) C Q(i, V17, /1 + 4i) is unramified.

Letting 14 17 be a order 4 character order of Cl(—68) and p_17 be a prime above p in
Q(v/—17), we have by Lemma 4.7

Y_g7(p-17) = (1 i 4i> .
p

Similarly, the solutions (z,y, z) = (1,4,1) and (z,y,2) = (—=31,6,1) to
22 + 4y* — 6522 = 0 and 2% + 4y® — 110522 = 0
yield Q(v/—65) C Q(i,v/65,v1 + 8), Q(v/—1105) C Q(4,+/1105,+/—31 + 12i) unramified.
Letting 1_4 65 and 1)_4 1105 be characters of order 4 of C1(—260) and Cl(—4420), and p_gs
and p_1105 be primes above p in Q(1/—65) and Q(v/—1105), we have by Lemma 4.7

1+8 —31+12i
-4,65(p—65) = ( Z> and ¥_4,1105(P-1105) = <pz> .

Therefore

Vg 17(0=17) Y—4,65(P—65) V—4,1105(P—1105) = 1,
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so that one or all of these factors equal to one. Using that the order 4 characters above to-
gether with the genus characters generate their corresponding dual class groups, we deduce
that p satisfies the conditions in one or all of the class groups. The result follows.

b) We proceed as above. We have
C1Y(—136) = Z/AZ, C1Y(—264) = 7Z/AZ x 7./27, and ClY(—4488) = Z/47 x 7./27. x 7./ 2.
The primes above p satisfy all genus conditions from their corresponding class groups. Next,
we show that the solutions (z,y,z) = (3,1,1),(—5,—1,1), and (-7,—8,1) to
2?4+ 8y% — 1722 =0, 22 +8y? — 3322 =0, and 22 + 8y? — 56122 =0

yvield Q(v/—=34) C Q(v=2,V17,1/3 + 22 V=66) C Q(v—2,V33,v/—5—2y/—2
and Q(v/—1122) C Q(v/—2,v561,/ -7+ 16 unram1ﬁed

We focus on the first extension. Notice that \/3 + 2V/=2+1/3 — 2¢/=2)% = 2(3+V17),

therefore
Q(v-2, x/ﬁ,\/3+2\@) -q(v-2, V17, 1/2(3 + VD).

For any odd prime ¢, the primes above ¢ in Q(v/—34) do not ramify in the extension
above. In fact, the intermediate extension Q(v/—34) C Q(v/—2,+/17) is unramified over ¢
and either 3 + 2¢/—2 or 2(3 + /17) is a unit modulo (¢q). To see that no primes above 2
ramify, it suffices to notice that 3 + 2v/—2 € Z[y/—2] is coprime to (2) and congruent to a

square modulo (4). This shows that the extension Q(v/—34) C Q(v—2,V17,v/3 + 2/—2)

is unramified.

The same argument shows that the other two extensions are unramified as well. Letting
Y_g 17, Y8, 33, and 1_g 561 be order 4 characters of Cl(—136), C1(—264), and Cl(—4488),

and p_s4, p_g6, and p_1122 be primes above p in Q(v/—34), Q(v/—66), and Q(/—1122), we
have by Lemma 4.7

Vs, 17(P-34) = <3+2\/—72> » ¥-s8,33(P—66) = (—5—;\/—72> :

-7 —16v/-2
and ¥_g s61(p—1122) = <p> .
Therefore
Y_g 17(p—34) V—g, 33(P—66) V-8, 561 (P—1122) = 1
and the conclusion follows as before. O

Corollary 1.3 is an immediate consequence of Theorem 1.2:

Proof of Corollary 1.3. Let p be a prime represented by two of these forms. Then, for every
odd prime ¢ dividing d;dads, we have
<p> =1
q

When {di,ds,d3} = {17,65,1105}, the equation 2 + d;y*> = p taken modulo 4 implies that
p = 1 mod 4. Similarly, when {dy,ds,d3} = {34,66,1122} we must have p = 1,3 mod 8.
Therefore the conditions from Theorem 1.2 are met, and as p is represented by at least two
of the forms, it must be represented by all three. O
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The results above show that there are higher order interactions between the dual class
groups attached to the forms from Theorem 1.2.

COROLLARY 4.9. Let D be either {—68, —260, —4420} or {—136, —264, —4488} and ® = &p
be the map defined by (9). Then

ker @/ ker @ [2] = 2.

Proof. Write D = {D1, D2, D3} with |Dq| < |Dz| < |D3| and let d; denote the squarefree
part of —D;. By Corollary 1.3, any prime represented simultaneously by 22 +d1y?, 2%+ day?
is also represented by x? + d3y?. We now use Theorem 4.5 to compare the proportion of
primes represented simultaneously by the first two forms and by all three.

By (3) and (4) we know that €(D;) = CI(D;) for all three discriminants, and from the
data of the LMFDB [12] we see that h(D1) = 4, h(D2) = 8, and h(D3) = 16. Moreover
by Proposition 4.1 the map ®(p, p,} defined by (9) satisfies ker ®;p, p,} = ker &1p, p,1 [2],
hence it follows from Theorem 4.5 that the proportion of primes represented simultane-
ously by 22 + dyy?, 2 + doy? is 6%1. Similarly, Theorem 4.5 tells us that the proportion of
primes represented simultaneously by z? + dyy?, 2 + doy?, 22 + dzy? is 2L(D1’D2’D3)/128,
where 24P1P2.03) — ker & /ker ®[2]. Since these proportions match, we conclude that
ker &/ ker @ [2] = 2. O

5. COVERING PRIMES BY 22 £dy?, d < A

In this section we use the theory developed above to determine the proportion of primes
covered by z? £dy?, d < A, leading up to the statements of Theorem 1.1 and Theorem 1.4.
The main ingredient here is Theorem 4.5, combined with a result about sums of inverses of
class numbers.

5.1. Sums of inverses of class numbers. The bounds in Theorem 1.1 and Theorem 1.4
ultimately come from summing inverses of class numbers in certain prime families, which
by the class number formula translates into a sum of inverses L(1,xp)~!. The next result
adapts the work of Granville and Soundararajan [7] on the distribution of L(1, xp) to find
the first negative moment over these families.

LEMMA 5.1. Let a € (Z/8Z)* and u € {1,—4,8, -8} be a fundamental discriminant. Then

3 I Y
L(1, xup*) 4 logx logz /)’

p<w
p=a mod 8

We postpone the proof to the appendix. In terms of class numbers, this translates to

COROLLARY 5.2. We have

1 Tz
Z h(—8p) ~ 2v/2 ' log x

p<x
p=3 mod 4
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and for a € {3,7 (mod 8)},

p<z
p=a mod 8
Moreover
S wmz e olns) S a0 (i)
(1) ogz )’ = h(sp) T 212 og
p=3 mod 4 p=3 mod 4

and for a € {1,5 (mod 8)},

Proof. First, let u € {1,8} be a fundamental discriminant and a € {3,7 (mod 8)}. By the
class number formula, h(—up) = \/up- L(1, x—up)/7 for every —3 # —up < 0, p =3 mod 4.
Therefore

1 - 1 1
2 h(—up) — u 2 L(1,X—up) /P O

psz p<w
p=a mod 8 p=a mod 8
By partial summation,
1 1 1 1 Sz
s T (o )
I%; L(1,x—wp) /P 7%;0 2n3/2 n5/2 [z] + 1
p=a mod 8

where

1 n
Sn = ~ .
n pé% L(1,x—up) 4logn
p=a mod 8

by Lemma 5.1. The first two claims follow.
Next, let u € {1, —4, -8} be a fundamental discriminant and let a € (Z/8Z)* satisfy

(—1)aT_1u > 0. By the class number formula, h(up) = \/upL(1, xup)/2loge,, for every
p =a mod 4, where €, is the fundamental unit of Q(,/up). As ey, > \/up/2, we have

1 1 1 log(p/4)
2 Ve 2 Ihw) b

p<z
p=a mod 8 p=a mod 8

By partial summation,

1 log(p/4) (logn < 1 )) log|z /4]
> - _Ys, (e o (L)) s, tosle/d
<z L(]-,Xup) \/]3 Z 277,3/2 n3/2 [z] [1’] + 1
p=a mod 8

where

1 n n
Sp = = @)
Z L(1,xup) 4logn * <log2n)

p<n
p=a mod 8

by Lemma 5.1. The result follows. 0
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5.2. Proofs of Theorem 1.1 and Theorem 1.4. We start with Theorem 1.1.

Proof of Theorem 1.1. The forms x? + dy?, 1 < d < A cover the same primes as those with
1 < d < A squarefree, so it suffices to consider this second set. We first establish the lower
bound for the proportion 67 (A). Denote by D the set of all fundamental discriminants

—4, -8, —p, —8p, where p=3 mod 4
is a prime and the discriminants —p and —8p are in D when p < A and 2p < A, respectively.

We proceed to compute, via inclusion-exclusion, the proportion of primes represented
by the forms x? + dy?, where d is the squarefree part of some D € D. As d < A, this gives
a lower bound for 7 (A). In this process, Theorem 4.5 will provide us with the proportion
of primes up to X represented simultaneously by each subset of D, and as there are finitely
many such subsets, we obtain a proportion after combining all subsets and letting X — oc.

For any subset {D1,..., Dy} C D, consider the map ® = ®;p,  p,) defined by (9).
By Proposition 4.6, we have ker ® = ker ® [2] where ker ® [2] is defined by (10). We set
aside the discriminants —4 and —8 and consider
DO = {_pla <oy —Pas _SQIa DRI _8qb7 -7, _8T17 ey T Tey _8TC} C D \ {_47 _8}
By Theorem 4.5, the term corresponding to Dy in the inclusion-exclusion is

a

1 1 1S -l 15[ 1
21(b+e>0) 1 2h(—p;) L b(=84;) -1 b(—7i)b(—8ri)’

i=

(12)

where h(D) is defined in (5).

Next, consider the collective contribution of the subsets Dy, DyU{—4}, DyU{—8}, and
Do U {—4, —8} to the inclusion-exclusion. By Theorem 4.5, this is exactly the contribution
in (12) multiplied by 1 — 3 — 3+ 3 =5 ifb+c>0andby 1 — 53— 3+ = ifb+c=0.
In both cases these subsets contribute

a c

EH —1 ﬁ —1 H 1
4 pale 2b(—pi) iy h(—8qi) ey h(—r;)h(—8r;)

Summing over all subsets Dy C D\ {—4, —8}, we obtain

1 1 1 1
O | <1‘2h<—p>‘12p<ﬁ<b<—8p>‘b(—pm(—sp)))‘ (12)

p<A
p=3 mod 4

We now establish the upper bound. Consider
D™ =D\ {-p,—8p:p=3 mod 4, p<VA}.
and
Q={p":p< \/Z, p odd prime}.

We will compute the proportion of primes ¢ that are not represented by any 22 + dy? with d
the squarefree part of some D € D~ and for which x¢(¢) = —1 for all discriminants @ € Q.
Such ¢ cannot be represented by a form z? + dy? with d < A, providing an upper bound
for 61 (A).
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To see this, let D be the fundamental discriminant with squarefree part d. Consider
the factorization into prime discriminants

D:qu*

p|D
p odd

where u € {1,—4,8,—8}. In order for ¢ to be represented by z? + dy?, it must satisfy the
character conditions described in Lemma 2.1. In particular, by (7), it must satisfy the genus
conditions from the narrow class group CI™ V(D). This means that

Xu(q) =1 and x,+(q) = 1 for odd p | D.

Therefore u € {1,8} (as —4,—8 € D7) and every p | D odd is greater than vA. If u = 1,
then D < A is a squarefree integer with prime factors greater than v/A, so that D = —p,
p=3 mod 4, p>VA. Ifu=S8, then D/8 < A/2is a squarefree integer with prime factors
greater than v/A, so that D = —8p, p=3 mod 4, p > v/A. In both cases D € D, and by
assumption g cannot be represented by %+ dyz.

The proportion of primes ¢ satisfying the conditions above is computed as in the lower
bound (13), via inclusion-exclusion on the subsets of D~ using the proportions provided by
Theorem 4.5. The coprimality between elements of D~ and Q ensures that the conditions
coming from characters g, @ € Q, only affect the proportion by a factor of 1/ 219l

As D~ C D, Proposition 4.6 still ensures that ker ® = ker ® [2] for any map ® defined
by (9) on a subset of D~. As before, consider the subset

Da = {_pla ««+y —Pa, _8q1a ) _SQba -1, —8T1, ceey —Tey _8rc} cD .

The previous argument shows that the collective contribution of Dy, DoU{—4}, DoU{—8},
and Dy U {—4, —8} in the process of inclusion-exclusion is

a

s e M
29 g 8qz L b(=r)p(=8r)’

Summing over all subsets Dy C D~ not containing —4 or —8, we obtain

1 1 1 1

1
+ _ . - — -
@ty L (1= 35 ~ oo (s~ s 049
p=3 mod 4

Now notice that

I ( I 1 >
25(—p) "=\ b(=8p)  b(—p)h(—8p)

1 1,<n/2 < 1 1 ))
=exp | — ————=+0 + 15
(e~ nagy + 0 (e T o)) 9
since h(D) grows as D — —oo. Recall from the definitions (4) and (5) that h(—p) = h(—p)
if p =7 mod8 and h(—8p) = h(—8p) for all p. For p = 3 mod 8, p # 3, we have
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h(—p) = 3h(—p) by Lemma 2.2. It follows by Corollary 5.2 that

1 1 1 1 1 T VA
2 2h(—p) 2 2 h-p) 6 2 i O3 g

p<A p<A p<A
p=3 mod 4 p=7 mod 8 p=3 mod 8
and
I S
pen2 h(—8p) i) h(—8p) 4 logA
p=3 mod 4 p=3 mod 4

The same estimates show that

1 1 Ai
> + < .
o b(—p) b(-8p) ~logA

p=3 mod 4
We conclude that

> L lcap Tm VA
Ag<p<A 2b(-=p)  H(—8p) 12 log A
p=3 mod 4

for any Ay < VA.

At last, we use Tatuzawa’s result (see Theorem 22.8, [10]) and the class number formula
to deduce that h(D) > D5/12 effectively for all D with at most one exception, say Dy, for
which we have h(Dg) > 1. Therefore the sum of error terms in (15) is bounded by

o1

> < A6 (17)
2

—sa<D<o ID)

b
where E indicates a sum over fundamental discriminants.

Combining (13), (14), (15), (16), and (17), and using the prime number theorem to say
that |Q| ~ 2&, we conclude

0g log A
The theorem follows. ([l

exp (— (L7 +1log4 +o(1)) 1\/ZA> <1-67(A) <exp <— (G +o(1) 25 )

We now prove Theorem 1.4 following the ideas from Theorem 1.1.

Proof of Theorem 1.4. Notice that the forms 2% — dy? with d < A, V/d ¢ Z cover the same
primes as those with 2 < d < A squarefree, so we only consider the latter set. Let D be the
set of all fundamental discriminants

8,p,4q,8q, where p=1mod 4 and ¢ =3 mod 4

are primes and the discriminants p, 4¢g and 8q are in D when p < A, ¢ < A and 2g < A,
respectively. We will compute, via inclusion-exclusion, the proportion of primes represented
by the forms z? — dy?, where d is the squarefree part of some D € D. Since all such d are
bounded by A, this yields a lower bound for 6~ (A).
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We accomplish this using Theorem 4.5 to determine the proportion of primes repre-
sented simultaneously by forms attached to each subset Dy = {Di,...,Dy} C D. For
each such Dy, the map & = ®p, defined by (9) satisfies ker & = ker ® [2], where ker ® [2]
is defined by (10). To see this, notice that for D equals 8 or p € D the group CI* (D)
has odd order by genus theory. For D equals 4¢,8¢ € D we have CIT(D)[2] & Z/27Z,
and by criterion (iv) in Lemma 4.2, [16] the group CI*(D) has no element of order 4.
Therefore C17(D)[2°°] = CIT(D)[2] for any D € D, and it follows from Corollary 4.2 that
ker & = ker ® [2].

We now look at the contributions of
Do ={p1,-.- 02 4q1,...,4qq,871,...,8"p,451,851,...,48.,85.} C D

and Dy U {8} in the process of inclusion-exclusion. Assume first that either ab > 1 or ¢ > 1.
Then by Theorem 4.5 the contribution of Dy is

z a b c

1 -1 -1 —1 2
ill 2h(p;) 11 b(4g:) 1 b(8r;) Hl b(4s:)b(8s:)

=1 =1 i=1

and the contribution of Dy U {8} is the value above multiplied by —1, so together they do
not contribute. Assume next that ab =0, ¢ =0, and a + b > 1. The contribution of Dy is

z a b

15 —1 1 1
2 H 26(p;) H b(4q;) H b(8r;)

i=1 i=1 i=1

and the contribution of DyU{8} is the value above multiplied by —%, so together they yield

;ﬁ 1 ﬁ 1 13[ 1
4L 20(pi) -1 b(dgi) 1 b(8ri)

Lastly, assume that a = b= ¢ = 0. The sets Dy and Dy U {8} contribute [[;_,(—2h(p;)) "
and —3 [T7_, (—2h(p;)) ! respectively, so their total contribution is

14 -1
QE 2h(p;)”

Summing over all subsets Dy C D not containing 8, we obtain that

5—(A)21—i p];[A <1_2hl(m>< ql;[A <1—[](jlq)>+ ];[A (1—@)).

2¢<
p=1 mod 4 q=3 mod 4 ¢=3 mod 4

(18)
We now find an upper bound for 6~ (A). Consider
D™ =D\ {p,4¢,8¢:p=1mod 4, g =3 mod 4, p,q < \/Z}
and
Q= {p*:p < VA, podd prime}.
We compute the proportion of primes r that are not represented by any form 2 — dy? where
d is the squarefree part of some D € D~ and for which xq(r) = —1 for all Q € Q. A prime

r satisfying these conditions cannot be represented by any form z? — dy?, d < A, and that
gives an upper bound for §~(A).
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To see that such r cannot be represented by any of these forms, let D be a fundamental
discriminant with squarefree part d < A with factorization into prime discriminants

D:qu*

p|D
p odd

where u € {1, 4,8, —8}. By Lemma 2.1 and (7), the conditions coming from the subgroup
CI*(D)[2] of genus characters forces that

Xu(r) =1 and xp(r) =1 for odd p | D

in order for r to be represented by 22 —dy?. This means that u € {1, —4, —8} (since 8 € D~)
and every odd prime p | D is greater than VA. If u = 1 we must have D = p prime with
p>+VA, p=1 mod 4. If u = —4 then D = 4¢ with ¢ > /A prime and ¢ =3 mod 4, and
if w = —8 then D = 8¢ with ¢ > v/A prime and ¢ = 3 mod 4. This means that D € D~

but by assumption r is not represented by 2% — dy?.

The proportion of primes r satisfying the conditions above is computed by inclusion-
exclusion using Theorem 4.5, exactly as in (18). The only difference is that the | Q| character
conditions add a factor of 2719l to the proportion, yielding

67 (A) <
1 1 1 1
o UG (L (i) T (i)
4- 219l JB<p<a 2h(p) VA<eca h(4q) VE<u<h: b(8q)
p=1 mod 4 q=3 mod 4 q=3 mod 4

(19)

Now, using (3), definitions (4) and (5), and the fact the ring of integers of Q(1/4q)
and Q(4/8¢) have no unit of norm —1 when ¢ = 3 mod 4, we deduce that h(4q) = 2h(4q)
and h(8q) = 2h(8q). Similarly, we see that h(p) = h*(p) when p = 1 mod 4 as the ring
of integers of Q(,/p) has a unit of norm —1. Moreover, we have |Q| = O(VA/log A) and
notice that the factors over p, ¢ < v/A in © missing from the upper bound (19) contribute
at most exp(O(v/A/log A)). We conclude from (18) and (19) that

07 (A)=1-06-exp (O (kﬁ)) .

For the last assertion, notice that

Z log(l ! )S—é Z 1)§—(15'\/E+O(1@)7

ot 2h*(p) X Nl
p=1 mod 4 p=1 mod 4
1 1 1
3 log(l— )g— S <L VA0,
= 2h(4q) 2 = h(4q g
q=3 mod 4 q=3 mod 4
S log(t-or ) <1 ST BN/ N S
2h(8q)) — 2 h(8q) = 8 log A/
q<A/2 q<A/2

q=3 mod 4 qE37mod 4
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by Corollary 5.2. We conclude that
0" (A)>1—exp (—%@4— O (l(ﬁ)) .
The theorem follows. O

APPENDIX

In this section we give proofs to some of the technical results above. We restate them
here for convenience.

LEMMA 3.4. Let Q be a fundamental discriminant coprime to 2D; ... Dy, and let x € €V (K).
Then, the twist

X ®xQ() == x(-) xq © Nk/ol*)
defines a non-trivial Hecke character of K on ideals coprime to 2Q).

Proof. Given an integer m > 1, let Ix(m) be the subset of integral ideals of K coprime to
(m) and PI';Z(m) its subset of principal ideals () with & = a mod (m), a € (Z/mZ)*,
and Ng/g(a) > 0. Set

Cmy (K) := Irc(m)/ Py 5 (m),
so that €(K), as defined by (8), equals €5)(K).

A standard argument shows that every class of €(K) contains infinitely many primes
of K, so in particular it contains primes coprime to (@). This means that the natural map
€20y (K) — €(K) is surjective, and by taking duals we obtain

& (K) < €l (K-

The character xq o N /g belongs to GE/QQ)(K), which shows that x ® xg € @E/QQ)(K) is
a Hecke character. Lastly notice that the norm of the conductor of xq o Nk g is a multiple

of @ which is not the case for the conductor of x, hence this twist is non-trivial. The result
follows. O

LEMMA 4.4. Let Dy be a fundamental discriminant. Assume that for every prime p suffi-
ciently large for which

XD, (p) = 17 .. 7XDk(p) = ]-7 we hcwe XDo(p) =1L
Then Dy is dependent of D1, ..., Dy over (Q%)2.

Proof. We proceed by contradiction and assume that Dy is independent of D+, ..., Dy over

(@*)2. This means that /Dy is not in K = Q(v/D1,...,Q(v/Dy), so that K(y/Dy) is a
quadratic extension of K which is Galois over Q (it is the splitting field of (2 — Dy)(t? —

Dy)...(t*—Dy)). Hence there is a an automorphism o of K(1/Dy) that fixes K and changes
the sign of v/Dy.
By Chebotarev’s density theorem, infinitely many unramified primes p have Frobenius

o. These primes split completely in K but the primes above it are inert in K(1/Dy)/K.
For these primes,

xp,(p) =1,...,xp,(p) = 1 and xp,(p) = —1,
a contradiction. The result follows. O
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LEMMA 4.7. Let D = de be a factorization of D into fundamental discriminants, and assume
that xa,  is the square of a character in C1TY (D). Then, there exists integers z,y, z € Z\{0}
satisfying

2 —dy? —ez? =0

for which
QD) c Q(\/g, Ve, W) is unramified.

Moreover, given any prime p in Q(\/ﬁ) above a rational prime p for which xpr pr(p) =1
for all genus characters xp pr € CITV(D)[2], and any v with ¥* = X4, we have

¥(p) = (x i yﬁ) -

p

Proof. We know by the work of Rédei [14] that xg4,. is a square in C1TY(D) if and only if
D = de is a “splitting of the second kind”. This means that for every prime ¢ dividing e
we have (g) =1, and vice-versa, which in turn implies that z? — dy? — ez? = 0 has integer
solutions. As (x,y, z) ranges over these solutions, the fields

F =Q(Vd, e, \/z +yVd)

yield all unramified extensions of Q(v/D) which are cyclic of order 4 and contain Q(v/d, v/e).
For further details, see [16].

By class field theory, the character ¥ comes from composing the Frobenius map of one
of the unramified extensions F/Q(v/D) above with a homomorphism Gal(F/Q(v/D)) =
Z/47Z — C* of order 4. The condition x4 (p) = 1 ensures that p is not inert in the extension

Q(v/d, /€)/Q(v/D), hence the Frobenius 1(p) indicates whether or not the primes above p
in Q(V/d, v/e) are inert in F. Therefore

V(p) = (W) .
D

At last, notice that the conditions xp/, pr(p) = 1 for all genus characters imply that 1 (p)
is constant over all square-roots v of x4 .. The result follows. ]

LEMMA 4.8. Let d, e be coprime integers in (D1, ..., Di)(Q*)?\ (Q*)? such that
2 —dy? —ez? =0

for some x,y,z € Z\ {0}. Assume that for every prime p sufficiently large for which

xp,(p) =1,...,xp,(p) =1, we have <x+;;\/3> =1.

Then \/z + yvd € Q(\/d).

Proof. Let o = z+y+/d. We proceed by contradiction and assume that \/a is not in Q(v/d).
Then /« is also not contained in K = Q(v/D1,...,v/Dy). To see this, consider the field
F = Q(Vde)(y/a). By Lemma 5.1 from [16], the extension F/Q is Galois with dihedral
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group of order 8. However, the Galois group Gal(K/Q) has no element of order 4, hence F’
cannot be a subfield of K. It follows that /a ¢ K.

Therefore K (y/a) is a quadratic extension of K, and it is also Galois over Q as it is the
splitting field of (2 — Dy) ... (t?> — Dy)(t* — 2t>x + ez?). Hence there is an automorphism o
of K(y/a) with fixed field K. By Chebotarev’s density theorem, infinitely many unramified
primes p have Frobenius element equal to 0. These primes split completely in K but the
primes above it are inert in K(y/a))/K, which implies that

W>__1

XDl(p):177XDk(p):1a‘nd < D
a contradiction. The result follows. ]
LEMMA 5.1. Let a € (Z/8Z)* and u € {1,—4,8, -8} be a fundamental discriminant. Then
1 1 T x
— = +O0(—— .
Z L1, xup*) 4 logz (logZx)

p<w
p=a mod 8

Proof. We first remove characters x,,* attached to potential Siegel zeros. There are < logx
such characters with p < x, for which L(1, Xup*)_l < /p by the class number formula. For
the remaining characters, we have by Lemma 2.3 in [7] with Z = exp((log x)'°) that

=S e 0 ().

and notice that the right-hand side is bounded absolutely by < log Z = (log z)'°. Therefore,

Z L( ! = Z ZXup T —n/Z + O(\flog l’) (20)

p<lz 1 » Xup* ) p<lz n=1
p=a mod 8 p=a mod 8

1 s Xup*)

Set N = (logx)!? and let S7, 52,53 be the contributions coming from n = 1,2 <n < N,
N < n in (20), respectively, so that

Z Z Xup* (n)we_"/z = 51 + SQ + 53. (21)
p<lz n=1 n
p=a mod 8

By Dirichlet’s theorem,

T T
= . 22
S1 Tlog z +O<log2x) (22)

For the second term, notice that

o< N N D
< Y ol X owms > o Y ()]
n=2 p<z n=2 p<lzx

n squarefree p=a mod 8 n squgrofrcc p=a mod 8
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The condition p = a (mod 8) can be obtained by a linear combination of the characters (£),
x-8(p)(), and xs(p)(7), so we have

SH< 3 ul)| S o) (23)

|D|<8N p<z

b
where E indicates a sum over fundamental discriminants.

Tatuzawa’s effective bound for L(1, xp) (see Theorem 22.8 in [10]) gives us that

1
L(l, XD) > W

for all |[D| > 1 with at most one possible exception, which we denote by Dy. Hence for all

D # Dy, a potential Siegel zero § of L(s, xp) satisfies

c1
B<l- D1/15
for some constant ¢; > 0 (as derived in (12) of §14, [6]). It follows by (8) of §20 [6] that for
every D # Dy with |D| < 8N = 8(log x)'? we have

Z A(n)xp(n) =0 (exp(cz(log $)1/3)> '

n<x

for some constant ca > 0. We conclude by partial summation that

S 0@ =0 (i) (24)

exp(es(log 7))

for every D # Dy, |D| < 8N.

3/2

We now turn to the exceptional discriminant Dy. If Dy < (logx)*/<, we again use (8)

of §20 [6] combined with (12) of §14 [6] to conclude as before that

ZXDo(p):O< - )

= exp(c3(log z)1/%)

for some constant c3 > 0. Otherwise, we bound Zp< » XD, (p) trivially. In either case

1 T
Dol ZXDo(p) =0 <(log:r)5/2> ; (25)

p<z

and combining (23), (24), and (25) we obtain

So K 26
For the last term, write
R n) _, b | — n) _,
S= 3 Y ) ez < SIS iz,
p<z n>N |D|<8z In>N

p=a mod 8
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By Cauchy-Schwarz,

2
ST XD(H)MS:)G_"/Z <2y

> xo(m) ez

D|<8z In>N |D|<8z In>N
_ p(m)pu(n) _nany/z 0
x Z p— Z Xp(mn).
m,n>N |D|<8x

The diagonal m = n contributes < 22 Y, .\ 1/n? < z?/N = z?/(log z)'?. The off-diagonal
is bounded by

b 3 A0 a5 | <05 0 vz | 5 )|

nn>7£J\E7]2 | D|<8z ﬁ;ﬁ " | D|<8x
Therefore,
1/2
ERPSL N R DRV o gV (27)
(log z)® n '
;;;é |D|<8

The summation on the right side of (27) is almost the same as the one in equation (5.3) of
[7] when z = 2 (the only difference being the weight e=2v"/%). An identical argument to
that of [7] works to bound this expression, and we sketch it below.

By choosing k = [loglog x] and applying Holder’s inequality with exponents a = 2k,
B =2k/(2k — 1) we get

1
. d(n) —2um b X d(n)? —ava \ " Ooe_zzﬁ b
> S o) < (L) S 5 ot
n=1 |D|<8z n=1 n=1 | D|<8z
n#0 n#0
The first factor on the right-hand side is < log® Z = (log )3°. We bound the second factor
by breaking it into dyadic blocks 2/ < n < 2/t j > 0, and using Lemmas 4.1 and 4.4 from
[7] in the ranges 27 < g2k/(k+1) - 32K/ (k+1) < 97 < 24k/3 and */3 < 27, We obtain

1
2k\ 2k

1
o —2ym b 2k\ 2k 1
ez 1
g E xp(n) < a' 2<k+1)(2klogx)2k4.
n=1 n |D|<8x
n#0

Combining these bounds, we get
x

+ .
(logz)5  exp (ca(logz)/?)
for some constant ¢4 > 0. The result now follows from (20), (21), (22), (26), and (28). O

S3 < (28)
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