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ABSTRACT

Let {x,} be a sequence of p-component vectors, and let A,=37_,xx, with A,
nonsingular for some n > p. It is shown that 2‘,_,,“::,'1\:%, < trA;l forn<g<T An
application of this proposition is the convergence of a certain martingale with
probability 1. A matrix version of Kronecker’s lemma then leads to strong consistency
of least-squares estimates under a certain condition.

Consider a sequence of real numbers {x,}, t=1,2,..., with x 70 for
some i > 1. Then for T>g>n

T

(547300

t=g+1Vs=1

The inequality (1) has a number of applications in statistical estimation and
control theory (see Anderson and Taylor [3,4] and Taylor [8], for example).
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Here we prove a vector generalization of (1) and show that, when combined
with a matrix generalization of the Kronecker lemma, it provides a straight-
forward alternative method of proving multivariate generalizations of these
statistical applications. The generalization of the Kronecker lemma involves
a condition-number assumption, and we provide an elementary counterex-
ample to show that this assumption is necessary. However, the counterexam-
ple does not apply to the statistical applications themselves; hence the
question is open as to whether alternative vector generalizations of (1) and
the Kronecker lemma can lead to further extensions of these results, In a
recent paper, B. D. O. Anderson and j. B. Moore [1] have provided an
alternative counterexample to show the necessity of the condition-number
assumption in the same generalization of the Kronecker lemma,

The vector generalization of (1) is contained in the following

ProposiTion 1. Let {x,} be a sequence of p-component vectors such
that for some n>p, (2. x,x,)"" exists. Then for T >q >n,

T

> x;( i xsx;)_zx,a: tr( i xsx_;)l. (2)

t=g+1 s=1 s=1

Proof. Let A,=3'_x.x;, and for a given t >g+1, let A,=HDH’ and
A,_;=HH', where D is a diagonal matrix. From HDH' = HH' +x,x, we have
D=I+yy’, where y=H'x,. Because the rank of yy’ is at most one, and
because D is diagonal, only one element of y can be nonzero. Let this be the
ith element. Then all elements on the diagonal of D are equal to one except
for the ith, which can be greater than one.

Let z=D" %y and G=H"Y(H')"!; then

xA; %, =x,(HDH') ",
=Z’D71/2GD_ ]./2z

= z€2giidii_ g (3)

where z is the ith element of z (all other elements being equal to zero) and
where g, and d;; are the ith diagonal elements of G and D, respectively.
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Further
(A A, ) =t[(H) H '-(H)"'D'H ]
=tr(H) 'D™V*H"![HDH - HH'}(H')"'D~ /2!
=tr (HD'/?H')” 'xx;(HD"/*H")
=x,(HD'?H") "%,
=2Gz
= % (4)
Because d, > 1, we have z%g,d,; ' <z]g,, and therefore from (3) and (4)
XA, <tr(AY AT, (5)

Summing both sides of (5) over t gives

T T
2 YA < X ou(ATh-AY
t=g+1 t=q+1

=trA; ' —trA7!
<trA;l m (6)

The following proposition is a probabilistic application of Proposition 1
which is used in the statistical results reported below.

ProrosiTioN 2. Let x;,%,,... and uj,u,,... be two sequences of random
vectors with p and m components, respectively. Let F, be the o-algebra
generated by (uy,u,,...,u,,X,,...,%,, ), t=12,..., and let %, be the o-alge-
bra generated by x,. Suppose that & (u,|%, ,}=0 and & (uu}|%,_)=Z, and
that (29_,x,x;) is nonsingular with probability one and that
& tr(Z9.,x,x.) " ! exists for some q >p. Then

T ¢ _1
> (E xsx;) x,u, (7)
t=g+1 V5=l

converges with probability one.
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Proof. The ith column of (7) is
T ‘ _1
Zyp= 2 ( 2 xsx;) Xetly, (8)

t=q+11s=1

where 1, is the ith element of u,. The conditional expectation of the fth
vector in the sum (8) is

t -1
5[( 2 xsx;) Xty
s=1

] —1
gﬂ_lJ=( 2 xsx;) xt‘g(”ﬁigt—l)
s=1

=0 (9)

with probability one, since each component of (£, 1x,x,) " 'x, is bounded
with probability one. Thus the sum is a martingale (with expected value
zero). The covariance matrix of the sum is

T
L -1 ra~1
brpzi=6 Y A, x X A,
rs=g+1

T T r—1
=6 X ATRxATW+ XS AT xxATu,

s=g+1 r=q+2 s=g+1

T s~—1
-1 r 41
+ 2 2 Ar xrst ul’ruie L

&
$=g+2 r=g+1

T
=6 X A 'xxA s, (10)

LA a4
s=g+1

where o, is the ith diagonal clement of 3. The last equality follows from the
fact that for s<r

EAT X XA =6 AT XA b (4|3, 1) =0. (11)
Then
, T
b2Zrzr =6 trz,z;= o.btr X xA7%x. (12)

s=q+1
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By Proposition 1 the right-hand side of (12) is bounded because, by assump-
tion, &trA;'<oo. Thus each component of z, is a martingale with
bounded second moment and, by the martingale convergence theorem,
converges with probability one (Feller [5, p. 236]). [ ]

The statistical application of Proposition 1 requires the following gener-
alization of the Kronecker lemma, which we state without proof, (B. D. O.
Anderson and J. B. Moore [1] and T. W. Anderson and J. B. Taylor [2] have
stated and proved this result.)

Prorosition 3. Let (2.} and {x,} be two sequences of p-component
vectors. Define Ap=3]_ \x.x;, and suppose that A, is nonsingular for some
q=>p- If

(i) 27,4147 'z, exists,

(i) lim,., Ay '=0, and

(iif) the ratio of the largest to the smallest characteristic roof of Ay is
bounded by a number M < oo independent of T,

then

T
lim A7 3 7,=0.
=1

T—w

The main statistical application of Proposition 1 is in providing an
alternative proof of the result that the least-squares estimates of B in the
model y,=B'x, +u, converge to B with probability one under conditions
described in the following proposition. This proposition is proved in T. W.
Anderson and J. B. Taylor [4] by a different technique which does not make
use of the multivariate generalization of (1). Because of the analogy with the
scalar case, this alternative proof may suggest ways to improve on the result
by modifying the condition-number assumption used in Proposition 3.

ProrosiTion 4. Let y,=B'x,+u,, where B is a p X m matrix of parame-
ters, x, is a p-component stochastic vector, and u, i¢ an m-component
stochastic vector, t=1,2,.... Let ¥, be the o-algebra generated by
(U g, .0, X0, X, X, ) £=1,2,. .., and let Yo be the o-algebra gener-
ated by x,. Let A,=%'_ xx!, and suppose that A, is nonsingular with
probability one and that & trA; <o for some q>p. Define Bp=
A._,'.IEL Xy If

@ &Wi%_1)=0 and G{uw|%,_)=2, t=12,..., with probability
one,

(i) limy_, A7'=0 with probability one, and
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(iii) the ratio of the largest to the smallest characteristic root of Ay is
bounded uniformly in T with probability one,

then lim;_, . B, =B with probability one.

Proof. The ith column of B—~B is A7'S7_z,, where z,=x,u, and
where u, is the ith element of u,. By Propositions 1 and 2, IR b
converges with probability one for i=1,...,m. Therefore, with conditions (ii)
and (iii), Proposition 3 implies that A7'2]_z, converges to zero with
probability one for each i=1,...,m. [ ]

A useful extension of Proposition 4 would be to weaken the condition-
number assumption (iii). However, condition (iii) is necessary for Proposition
3, as the following simple example illustrates. (See also B. D. O. Anderson
and J. B. Moore [1].) Since the example violates the structure of the
statistical model in Proposition 4, it does not prove the necessity of (iii) for
that result. Lai, Robbins, and Wei [7] have recently shown that condition (iii)
may be omitted if x, is nonstochastic. However, Lai and Robbins [6] have
given an example to show that (i) and (ii) are not sufficient in the stochastic
case,

ExampLE. Let x;=(1,a’) for a > 1, and define z, so that

¢
vt= 2 As_lzs=v+(£!)= (13)

sa=2

where v is a constant vector, 0<p<], and ap>1. Then v, converges to v
and

Arl= [ To®(a?— 1)_1(a2T— )—a¥a—1)"%aT- 1)2] !

oT T
g™ —1 a’ —1
_aaT—l T
a—1

converges to 0. Hence conditions (i) and (i) of Proposition 3 are satisfied
while condition (iii) is not. From z,=A,(v,~v,_,) we find

t—1 1

a—p'~

-1
= 2t‘j1 2_ -1 (p=1) (15)
ol (pa®)" a*—p

a?-1

L)
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and

a (a(pa)T—I B pT—1)

T a—1 pa—1 o—1
Z z¢= g nT T (p_l)‘ (16)
t=1 & az(pa) -1 p'-1

a?—1 pa®—1 p—1

From (15) and (16) it follows that the dominant term of the first component
of A7'Z7_,z, is of the order (pa)" /T, which diverges as T— oo, since pa > 1.
Therefore, when condition (iii} of Proposition 3 is not satisfied, the sequence
in question may not converge at all, let alone converge to zero. However,
this example does not capture the structure of the z, in Proposition 4; that is,
Z, is not proportional to x,.
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