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Classification of Ordinary Differential Equations

e A first-order ordinary differential equation (ODE) has the form

- = (y, x), (10.1.1)

where f : R""! — R" and the unknown is y(z) : [a,b] C R — R".
— When n = 1, we have a single differential equation

—If n > 1, (10.1.1) is a system of differential equations.
e Need boundary conditions to fix unknown function y(z).

— Initial value problem (IVP): impose y(xg) = yo for some xy € |a, b]

— Two-point boundary value problem: impose n conditions

g9i(y(a)) =0, i=1,--- 0 (10.1.2)

where g : R" — R".
— General BVP: impose
gi(y(z:)) =0 (10.1.3)

for a set of points, z;, a < x; <b, 1<1i1<n.

e All problems have form (10.1.2). For example, replace

d*y dy

@:g(%ay7x>

ith

" @—z %— (z,y, )
d.fl?_ ) d.fl?‘_g 7y7 )

e IVP and BVP definitions apply to discrete-time systems.



Finite-Difference Methods for IVPs

e Consider the IVP

/

y = f(z,9), ylzo) = yo.
e Specify a grid for z, z; = zg+ih , 1 =0,1,--- | N
e Objective: find Y; which approximates y(z;).

e Construct a difference equation on the grid

— An explicit scheme Y1 = F(Y;,Y; 1, -+, Tiv1, Tiy -+ ),

— Or an lmphCIt scheme Y;'+1 — F(}/;'-l-l) }/;'7 }/;'—17 s L, Ly

e Y| is fixed by the initial condition, Yy = y(z¢) = yo.
e Solve difference scheme, and hope that Y; = y(x;)

e Find scheme using as few grid points as possible

(10.3.1)



Euler Method

e Algorithm:

Yin = Yi+hf(z,Y) (10.3.2)
Yo = y(xo) = yo

e Geometry of Euler’s method

— Current iterate is P = (z;, Y;)

— y(x) is the true solution

— At P, y/(x;) is the tangent vector PQ.

— Euler’s method follows P_Q until x =z, at Q.

— Euler estimate of y(x;41) is Y1,
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e Convergence Theorem:

Theorem 1 Suppose that the solution to y'(x) = f(x,y(x)), y(0) = yo, is
C® on la,b], that [ is C*, and that f, and f,, are bounded for all y and
a < x <b. Then the error of the Euler scheme with step size h is O(h); that
18, 1t can be expressed as

y(z;) —Y; = D(x;)h + O(h?)

where D(x) is bounded on |a,b] and solves the differential equation

D) = £y, y(a)) D(x) + 54" (x),  Dlao) =0



Runge-Kutta Methods
e First-order Runge-Kutta (RK1)

— Euler estimate of y(x;41) is V2.

— Slope of vector field at (z;, ;%) is f(xi, Yi4)), not f(z;,V;F) as as-
sumed by Euler

— Slope at (z;, Y;¥,) says Y;;1 should be Y; + h f(z;, Y;F,), point S in
figure 10.1

— RKI1 takes average of these two approximations:

Vi = Vit 2 [flen ) + flews, Yo+ hf(@, V)] (103.9)
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e RK1 converges at rate h?

e RK1 evaluates f twice per step



e First-order Runge-Kutta (RK1)

2 = flz, V),

2 = fzi+3h, Y+ 5hz)

23 = f(x;+3h, Vi + 3hz) (10.3.10)
2z = f(zi+h, Y+ hz)

Y;'+1 = Y; + %[Zl + 222 -+ 223 + 24]
e RK4 converges at rate h?

e RK4 evaluates f four times per step



Systems of Differential Equations
yi(@) = fi(T, Y1, Y2, Yn)

y;z(x> — fn($7 Y, Y2, - 7yn>

e Huler:
VI =Yi e hfo (i, YY) £= 1, o
e RKI:
| R | | |
Yyl =y + 5 [f(ZUz, Yz) + f(SUz'Jrl; Y'+ hf(:UZ-, YZ))}
e RK4: .
Zl - f(quZ)
22 = flzi+5h, Y+ Shz')
2 = f(z;+3h, Y+ h2?)
24 f(xﬁ—h Yz—i—hz)

(10.3.11)

(10.3.12)

(10.3.14)

(10.3.15)



Spence Signaling Equilibrium

e Fducation signalling model implies the nonlinear equation

N(y)~' — aN(y)y !
yOé

N'(y) =
with initial condition
N (ym) = Ty
and closed-form solution

.2y + D)

2
o 1+«
N =B 050 (5

e Numerical results:

Table 10.1: Signalling Model Errors

Euler RK1 RK4

h: .01 .001 .0001 .01 .001 .0001 1
Y—Yn

0.1 3(-2) 1(-3) 1(4) 1(-3) 1(-4) 1(-6) 3(-2)

0.2 2(-2) 1(-3) 1(-4) 1(-3) 5(-4) 1(-6) 2(-2)

04 1(-2) 7(-4) 7(-5) 4(-4) 3(-4) 4(-7) 1(-2)

1.0 6(-3) 4(-4) 4(-5) 2(-4) 1(-4) 2(-7) 4(-3)

2.0 4(-3) 3(-4) 3(-5) 1(-4) 7(-5) 1(-7) 2(-3)

10.0 1(-3) 1(-4) 1(-5) 2(-5) 2(-6) O0(-7) 6(-4)

time: A1 1.15 917 .16 149 144 .02



Boundary Value Problems for ODEs: Shooting

e Consider the BVP

T = f(x,y,1),
y — g(x7 y7 t)?
10.5.1
) =% y(T) =y (1051
re R', ye R"

8

e For any guess y(0) = 3, solve IVP in (10.5.2)

z = f(z,y,t)
y = g(z,y,1) (10.5.2)
z(0) = 2% y(0) =y’

— Let Y/(T',9") denote the resulting value of y(T')
— Y(T,y") depends on 3"

— Find correct value of 3° by solving the nonlinear equation Y (T, y") =

yT

e Programming strategy

— write procedure which computes Y (T, 4°) — ¢y given input 3°.

— send that routine to a nonlinear equation solver to solve Y (T, ") —
T
y- =0.



Life-Cycle Model of Consumption and Labor Supply

e Simple life-cycle model:

max.. fOT e Plu(c) dt
A =fA)+uw ( )= eft) (10.6.10)
A(0) = A(T) =
— u(c) is concave utility function over consumption ¢
(t) is wage rate at t
(t) is assets at time ¢

— f(A) is return on invested assets.
e Hamiltonian is H = u(c) + A(f(A) + w(t) — ¢).

— Costate equation: A = pA — Af/(A).
— First-order condition: 0 = %/(¢) — A, implying consumption function
c=C(N).
— The final system: .
A = f(A)+w—C()\)
A =Ap—f(4)

with the boundary conditions

(10.6.11)

A(0) = A(T) =0 (10.6.12)



e Convert to a system for observable variables.

—u/(c) = X implies that (10.6.11) can be replaced by

¢ = —S(fF(A) - p)
A =fA)+w—c

IS

(10.6.13)

— Phase diagram:

A
e e

e Shooting: Consider implications of different ¢(0).
—1If A(T) < 0if ¢(0) = cg, but A(T) > 0 if ¢(0) = ¢z, then correct
c(0) lies between ¢, and cy.

— Find true ¢(0) by using the bisection method presented in algorithm
D.1.

— In general, if A(T’;¢y) is terminal wealth for initial consumption c,
then find ¢y by solving nonlinear equation A(T’; cy) = 0.



Optimal Growth

e Optimal control problem

max, [, e " u(c)dt
st. k=fk)—c (10.7.2)
k(0) = ko
— k is the capital stock
— ¢ consumption

— f(k) the aggregate net production function

e ¢(t) and k(t) satisfy

(10.7.3)

and boundary conditions are

k(0) = kg, 0 < thm | k(t) |< o0



e Forward system:

— We want to compute Mg, but shooting is numerically unstable: even
if one starts on Mg, roundoff error pushes solution away from Mg

— Computing M would be easy since it attracts deviations
— If we computed
¢ =y (p— /()
k =f(k)—c
with initial condition near steady state, we would move along one of
the branches of M,

(10.7.3)




e Reversed system:

— My in this system is numerically stable and is our consumption func-
tion
— Find My by solving
¢ =y (o= J'(R))
k =f(k)—c

with initial conditions close to steady state.




Table 10.2: Optimal Growth with Reverse Shooting

k c Errors
h=.1 h=.01 h=.001
0.2 0.10272 0.00034 3.1(-8) 3.1(-12)
0.5 0.1478 0.000025 3.5(-9) 4.1(-13)
0.9 0.19069 -0.001  -3.5(-8) 1.8(-13)
1. 0.2 0. 0. 0.
1.1 0.20893 -0.00086 -5.3

(-8) -1.2(-12)
1.5 0.24179 -0.000034 -1.8(-9) -2.1(-14)
2. 02784 -98(-6) -5.(-10) 3.6(-15)
25 031178  -5.(-6) -2.6(-10) -1.3(-14)
2.8 0.33068 -3.8(-6) -1.9(-10) -1.2(-14 )



e Consumption function C(k) satisfies the differential equation

W) p- S0
O === e T - o) H075)

which also implies
CWIE) = Ck) — Gtk k) =0, (1079

e We first compute C'(k) at k*.

— At the steady state, (10.7.5) reduces to 0/0.
— L’Hopital’s rule gives a quadratic equation in C'(k*).

) )
C (k ) = _f/(k*) _ C/(]C*) u”(C’(k*))’

— Since C"(k) > 0

O'(k*) = f/(Zk*) (1 + \/1 +4;L/'/((C;)) f’(£:§];fgk*) ) . (10.7.7)

e With reverse shooting, C'(k) can be calculated by solving two IVPs.

— For k > k* we begin with £ = k£* + h, using the approximate initial
condition

C(k* + h) =" + hC'(k),

and apply an IVP method to (10.7.5) to compute C'(k) for k = k*+nh,
n=2734,.

— For k£ < k* the initial condition is
C(k* — h) =" — hC'(k"),

and apply an IVP method to (10.7.5) to compute C(k) for k = k* —
nh,n=2,3,4, ..



e Use data to express C'(k) in a simple form.

— Points {(c¢;, k;) | i = —N,--- , N} from reverse shooting are near
graph of ¢ = C'(k).
— Use the least squares approach

2
N

min 3 (=3 80,(k)
j=0

P 1=—N

to approximate C(k) with C (k) = X7,8;p;(k) for some basis func-
tions (k).



Integral Equations

e The general integral equation can be written

0= (g(:c), (), / o f(z))dz) | (10.8.1)

where f(x) is the unknown function, and g(x) and H(x, z,y) are known
functions.

e A linear Fredholm equation of the first kind has the form

b
) = / K(z,2) f(2)d=. (10.8.2)
where K(x, z) is called the kernel of the integral equation.

e A linear Fredholm equation of the second kind has the form

b
(@) = glx) + / K(z, %) f(2)d. (10.8.3)
where f(a) is the initial condition
e We need to approximate fab K(x,z) f(z)dz in (10.8.2) and (10.8.3)

— For each x this is an integral over z with approximation

/ K(r,2) f(z)de = S R0 2) [(2), (10.8.6)

w(z;)

J=1

— At the © = x; (10.8.2) implies n linear equations for the f(z;):

fla) = gla) + 2 K(Z(Z)) M) 5y (1087

— Quadrature formula reduces estimating the f to estimating f at the
quadrature nodes.



e Integral equation methods differ in their choice of the weights and nodes.

—Set w(z) =1, 2, =a+ (i —1)(b—a)/(n— 1), and choose the w;
according to a Newton-Cotes formula

flz) = g(z) + ij K(zi,x;) f(z;), i=1,---,n.  (10.8.8)

— An alternative is the Gauss-Legendre set of nodes and weights, which
also assumes w(z) = 1

— Sometimes an efficient choice will suggest itself. For example, if
K(z,2z) = H(z,2)e *, —a = b = 00, and H(z, z) is polynomial-like
in 2z, then a Gauss-Hermite approximation of the integral is suggested.

e (10.8.9) produces values for f(x) at the x;,7 = 1,-- -, n. To get a function
for all z € [a, ], form f(z)

fla) = ga) + ) | K(z’(z if () (10.8.10)

called the Nystrom extension.



Markov Chains: Approximations and Ergodic Distributions
e Consider a Markov process
Pri{zi1 < z|x} = F(x|zy)
where F' has a density f(z|z;).
e We want the ergodic distribution

H(z) = Tlim Plxp < zlzo}.
o If H(x) has a density h(x), then h(x) satisfies the integral equation
h(z) — / h() flz]2) d. (10.8.11)

e Since H(-) is a distribution, h(-) also must satisfy [ h(z)dz = 1.

e To solve (10.8.11), pick a weighting function w(x), appropriate quadra-
ture rule with weights w; and nodes x;, and form the linear system of
equations

h(z;) = / hz) flale) de = S I TWIE) g 49)

e w(z;)

e (10.8.11) is linear and homogeneous in the unknown h(z;) values.

e To eliminate indeterminacy, replace one of the equations with probability
condition

zn: wj ;) (10.8.13)

— w(z))



e (10.8.12) has a suggestive interpretation (Tauchen and Hussey (1991))

— (10.8.12) examines only the value of i on the z; grid.

— Define
f(@k|z)

meel®) = e

s(a) = Z{fJ(’))w

— For each x, m(x;|z) is a probability measure over the xy.

— If we restrict 7(zx|z) to the x; grid, we have a Markov chain on the
Z;.

— These probabilities approximate the conditional expectation operator:
Blolap)la} = [ ola.9)fwlo)dy = 3 glomm(mo)
k=1

e (10.8.12) approximates the continuous-space chain

— Commonly used in macroeconomic contexts

— Most use a small number of points; probably should use more than
two or three.



