ß L4 TΛ— @— ıL?@*¨ i — ΞL˙t uLh # ) ?@4 ıU , ^Λı*ıMhı@¯ ı— Ξ Oi — i hL˝i ?i LΛt Σ ˝i ?— t

k i??i—Ξ w˘ aΛ˙˙ OLLfflihW?t—ı—Λ—ıL? 5—@?uLh˙cßΣ befifD ˚Λ˙˙9 ΞLLfflih˘t—@?uLh˙˘i˙Λ

6i*ı k ΛM*ih # iT—˘ Lu, UL?L4 ıUt 5—@?uLh˙ N?ıfflihtı—) 5—@?uLh˙cßΣ befifD u!ΛM*ih9 *i*@?˙˘t—@?uLh˙˘i˙Λ

k @h*5UΞ4 i˙˙iht k i**L˝˝ Bh@˙Λ@—i 5UΞLL*Lu¨ @?@˝i4 i?— Π Lh—Ξ¯ it—ih? N?ıfflihtı—) , ffl@?t—L?cWwSf2fH !´tUΞ4 i˙˙iht9 ?¯ Λ˘i˙Λ

Π Lffli4 Mihc2fff

Σ Mt— h@U—

‘ i tΛhffli) hiUi?— ˙iffli*LT4 i?—t ı? UL4 TΛ—@—ıL?@*4 i—ΞL˙t uLh tL*fflı?˝ ˙)?@4 ıU4 L˙i*t ¯ ı—Ξ tifflih@*@˝i?—t˘ ‘ i i @4 ı?i ML—Ξ @˙ffl@?Uit ı? tL*ffl´ ı?˝ TihuiU— uLhitı̋ Ξ— 4 L˙i*t @?˙ —ı4 i ΞL4 L˝i?iLΛt ˙)?@4 ıUt—LUΞ@t—ıU 4 L˙i*t˘ ‘ i Thiti?— —Ξi ı̇ i@t MiΞı?˙ ML—Ξ ThL˚iU—ıL? @?˙ Tih—ΛhM@—ıL? 4 i—ΞL˙t˘ ß L4 TΛ—@—ıL?@*4 i—ΞL˙t Ξ@ffli Mii? T@h—ıUΛ*@h*) ΛtiuΛ*ı? tL*fflı?˝ 4 L˙i*t ¯ ı—Ξ ı?UL4 T*i—i @tti— 4 @h!i—tc tL ¯ i Λti —Ξi4 —L Ξı̋ Ξ*ı̋ Ξ— —Ξi ˝i?ih@*UL4 TΛ—@—ıL?@*UΞ@**i?˝it ¯ i u@Ui ı? ˙)?@4 ıU4 L˙i*t˘

ß L?— i ?— t

4 Lqwur gxfwlr q 6

5 ShuihfwI r uhvlj kwP r ghov 8 514 J hqhudoFrqvlghudwlrqv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9 515 J dxvv0Mdfrel dqg J dxvv0Vhlghop hwkrgv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 : 516 Qhz wrq0Vw— oh P hwkrgv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ; 517 Sdudp hwulf Sdwk P hwkrg 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ¡

6 Wlp h Kr p r j hqhr xv G— qdp lf Hfr qr p lf S ur eohp v 44

7 J hqhudoS ur mhfwlr q Doj r ulwkp 45

8 Sur mhfwlr q P hwkr gv ir u Wlp h Kr p r j hqhr xv P r ghov 49

814 Dssur–lp dwlqj Ht xloleulxp I xqfwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49

815 Vroylqj I ruwkh Xqnqrz q Frhȷ flhqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4¡

9 Lqfr p s ohwh DvvhwP dunhwv z lwk Lqfflqlwho— 0olyhg Dj hqwv 54

914 D P rghori Lqfrp sohwh DvvhwP dunhwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 54

915 Uhfxuvlyh Ht xloleuld 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 55

916 Nxkq0WxfnhuFrqglwlrqv dv d V— vwhp ri Ht xdwlrqv 1 1 1 1 1 1 1 1 56

917 Erxqghg Sruwirolr Vsdfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 57

918 H–lvwhqfh ri Ht xloleulxp dqg Frp sxwdwlrqdoHuuruv 1 1 1 1 1 1 1 59

: Ds s ur–lp dwlqj DvvhwP dunhwHt xloleuld Ryhu d Glvfuhwl˝hg Vwdwh

Vs dfh 5:

:14 D Vlqjoh Vhfxulw— =Qr Ht xlw— 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5;

:15 Wz r Dvvhwv dqg wkh Fxuvh ri Glp hqvlrqdolw— 1 1 1 1 1 1 1 1 1 1 1 5¡

; F r qwlqxr xv Hqgr j hqr xv Vwdwh Vs dfh= D Vs olqh F r oor fdwlr q Do0 j r ulwkp 63

;14 Uhsuhvhqwlqj wkh Ht xloleulxp I xqfwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 63

;15 D Wlp h0Lwhudwlrq Doj rulwkp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 64

¡ Wkh P dlq F r p s xwdwlr qdoF kdoohqj hv dqg dq H–dp s oh 65

¡14 Vkruw0Vdoh Frqvwudlqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 66

¡1414 Wudqvdfwlrq Frvwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 66

¡1415 Shqdowlhv rq Sruwirolrv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 67

¡15 Loo0frqglwlrqhg v— vwhp v 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 68

¡1514 Wudqvdfwlrq Frvwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 69

¡1515 Vroylqj wkh HxohuHt xdwlrqvz lwk Krp rwrs— P hwkrgv 1 1 69

¡16 Hfrqrp lfv dqg Frp sxwdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6:

¡17 D Sdudp hwhul˝hg H–shfwdwlrqvDojrulwkp Dssurdfk 1 1 1 1 1 1 1 6:

43 G— qdp lf P r ghov z lwk Vwudwhj lf Srz hu 6;

44 Dv— p s wr wlf P hwkr gv 6¡

4414 UhjxoduShuwxuedwlrqv dqg UdwlrqdoH–shfwdwlrqv P rghov 1 1 1 1 6¡

4415 Elixufdwlrq P hwkrgviruVp dooQrlvh Sruwirolr Sureohp v 1 1 1 1 1 75

45 F r qfoxvlr q 78

� W?— hL˙ΛU— ıL?

Frp sxwdwlrqdo p hwkrgv kdyh ehfrp h lqfuhdvlqj o— lp sruwdqwlq wkh dqdo— vlv ri g— qdp lf jhqhudoht xloleulxp sureohp v1 Wkhvh p hwkrgv duh ehlqj xvhg/ iru h–dp soh/ wr vwxg— wkh lqflghqfh ri wd– dqg p rqhwdu— srolflhvlq g— qdp lf p rg0 hov ri j urz wk/ frp p rglw— vwrudj h lq ydulrxv p rghov ri dj ulfxowxudofrp p rglw— p dunhwv/ dqg sulfh irup dwlrq lq g— qdp lf p rghov ri dvvhwp dunhwv1 P dq— hduo— frp sxwdwlrqdop hwkrgvuholhg sulp dulo— rq lqwxlwlyhhfrqrp lf wdwrqqhp hqwvwr0 ulhv/ dqg surgxfhg p rghudwho— vxffhvvixodojrulwkp v1Hyhq z khq wkhvhp hwkrgv z runhg/ wkhuh z huh xvxdoo— vorz 1 I xuwkhup ruh/ dv z h nqrz iurp jhqhudoht xl0 oleulxp wkhru— / wdwrqqhp hqwp hwkrgv p d— qrwfrqyhuj h hyhq z lwk jrrg lqlwldo j xhvvhv1 Lq wkh sdvwghfdgh wkh frp sxwdwlrqdoolwhudwxuh kdv p dgh p ruh xvh ri irup dop dwkhp dwlfdowrrov iurp qxp hulfdodqdo— vlv dqg shuwxuedwlrq wkhru— 1 Wklv kdv uhvxowhg lq p ruh srz huixodoj rulwkp v z klfk fdq dwwdfn lqfuhdvlqjo— frp soh– sureohp v1Wkhvhghyhorsp hqwvduh sduwlfxoduo— lp sruwdqwz khq z h wu— wr vroyh p rghovz lwk vhyhudodjhqwv1Wklvhvvd— uhylhz vwkhnh— lghdvxvhg lq uh0 fhqwz run/ j lyhvvrp hh–dp sohvri wkhludgydqwdjhv/ dqg lqglfdwhvwkhgluhfwlrqv ixwxuh z run z looolnho— wdnh1

Lwlv sduwlfxoduo— dssursuldwh wkdwwkh 5333 Z ruog Frqj uhvv ri wkh Hfrqr0 p hwulf Vrflhw— lqfoxgh d vxuyh— ri uhfhqwfrp sxwdwlrqdoolwhudwxuh vlqfh frp sx0 wdwlrqdop hwkrgrorj— lv lqkhuhqwo— dq lp sruwdqwsduwri z kdwlv eurdgo— fdoohg ˙hfrqrp hwulfv1%UdjqduI ulvfk/ lq klvhglwruldolq wkh lqlwldolvvxh ri Hfrqrp hw0 ulfd/ ghfflqhg hfrqrp hwulfvdvwkh˙xqlfflfdwlrq ri wkhwkhruhwlfdo0t xdqwlwdwlyhdqg wkh hp slulfdo0t xdqwlwdwlyh dssurdfk wr hfrqrp lf sureohp v1%Kh vdlg=

Wklv hp skdvlv rq wkh t xdqwlwdwlyh dvshfwri hfrqrp lf sureohp v kdv d surirxqg vljqlfflfdqfh1 Hfrqrp lf olih lv d frp soh– qhwz run ri uhodwlrqvklsv rshudwlqj lq doogluhfwlrqv1 Wkhuhiruh/ vr orqj dv z h frqfflqh rxuvhoyhvwr vwdwhp hqwvlq j hqhudowhup vderxwrqhhfrqrp lf idfwru kdylqj dq hffihfwrq vrp h rwkhu idfwru/ dop rvwdq— vruwri uhodwlrqvkls p d— eh vhohfwhg/ srvwxodwhg dvd odz / dqg h–sodlqhg e— d sodxvleoh dujxp hqw1 Wkxv/ wkhuh h–lvwd uhdogdqj hu ri dgydqflqj vwdwhp hqwv dqg frqfoxvlrqv z klfk0dowkrxjk wuxh dv whqghqflhv lq d yhu— uhvwulfwhg vhqvh0duhqhyhuwkhohvvwkrurxjko— lqdght xdwh/ ruhyhq p lvohdglqj li rffihuhg dv dq h–sodqdwlrq ri wkh vlwxdwlrq1 Wr xvh dq h–wuhp h looxvwudwlrq/ wkh— p d— eh mxvwdv ghfhswlyh dv wr vd— wkdw z khq d p dq wulhv wr urz d erdwiruz dug/ wkh erdwz looeh gulyhq edfnz dug ehfdxvh ri wkh suhvvxuh h–huwhg e— klv ihhw1 Wkh urz erdw vlwxdwlrq lvqrw/ ri frxuvh/ h–sodlqhg e— fflqglqj rxwwkdwwkhuh h–lvwv d suhvvxuh lq rqh gluhfwlrq ru dqrwkhu/ exwrqo— e— frp sdulqj wkh uhodwlyh p dj qlwxghvri d qxp ehuri suhvvxuhvdqg frxqwhu0suhvvxuhv1 Lwlv wklv frp sdulvrq ri p djqlwxghv wkdwj lyhv d uhdovlj qlfflfdqfh wr wkh dqdo— vlv1P dq— / li qrwp rvw/ ri wkh vlwxdwlrqvz h kdyh wr idfh lq hfrqrp lfvduh ri mxvwwklvvruw1

G— qdp lf jhqhudoht xloleulxp sureohp v duh h–fhoohqwh–dp sohv ri sureohp v z lwk ˙d frp soh– qhwz run ri uhodwlrqvklsv rshudwlqj lq doogluhfwlrqv1% Uhfhqw z run rq frp sxwdwlrqdop hwkrgvirug— qdp lf p rghovvkrz vwkh ydoxh ri xqlwlqj hfrqrp lf wkhru— dqg p dwkhp dwlfvwr fuhdwh d t xdqwlwdwlyh dqdo— vlvri hfrqrp lf sureohp v/ dqg wklv hvvd— uhylhz v vrp h ri wkhvh ghyhorsp hqwv1 I ulvfk dovr vdlg wkdw˙P̂ dwkhp dwlfv‘ lvlqglvshqvdeoh lq d j uhdwp dq— fdvhv1P dq— ri wkh hvvhq0 wldowklqjvlq wkhqhz vhwwlqj ri wkhsureohp vduhvr frp soh– wkdwlwlvlp srvvleoh wr glvfxvv wkhp vdiho— dqg frqvlvwhqwo— z lwkrxwwkh xvh ri p dwkhp dwlfv1% Z h z loodovr vhh h–dp sohv z khuh lqwxlwlyh dg krf vfkhp hv odfnlqj d surshu p dwkh0 p dwlfdoirxqgdwlrq fdq jlyhxquholdeoh dqvz huvwr hfrqrp lf t xhvwlrqv/ exwwkdw/ iruwxqdwho— / wkhuhduhvrxqg p hwkrgviurp qxp hulfdodqdo— vlvz klfk fdq ehxvhg lqvwhdg1

Lq wklv sdshu z h dgguhvv wkh sureohp ri frp sxwlqj ht xloleuld ri g— qdp lf hfrqrp lf p rghovz lwk vshfldodwwhqwlrq wr wkh sureohp vz klfk dulvh z khq wkhuh duh vhyhudodjhqwv1Vrp h ri wkhvh whfkqlt xhvduh vwudljkwiruz dug jhqhudol˝dwlrqv ri p hwkrgv dssolhg wr uhsuhvhqwdwlyh dj hqwp rghov/ exwkhwhurj hqhrxv djhqw p rghov riwhq suhvhqwqhz sureohp v uht xlulqj qhz whfkqlt xhv1 Z h vwuhvv wkdw wkh irfxv ri wklv vxuyh— duh wkh uhfhqwdgydqfhv lq frp sxwdwlrqdop hwkrgv¿z h gr qrwdwwhp swwr vxuyh— doodssolfdwlrqv lq wkh dssolhg g— qdp lf j hqhudoht xl0 oleulxp olwhudwxuh_41 G— qdp lf p rghov z lwk khwhurj hqhrxv dj hqwv duh lqkhuhqwo— glȷ fxowwr h–srvlwsuhflvho— dqg frp sdfwo— 1Wkhuhiruh/ z hxvhvlp sohup rghovwr looxvwudwh p dq— frp sxwdwlrqdofrqfhswv dqg wkhq lqglfdwh krz wkh— kdyh ehhq dssolhg p ruh j hqhudoo— wr khwhurj hqrxv0dj hqwp rghov1

P rvwg— qdp lf sureohp vlq hfrqrp lfvkdyhvwuxfwxuhwkdwqxp hulfdop hwkrgv fdq h–sorlw1Vrp h sureohp vduh wlp h krp rjhqhrxvdqg vrp h kdyh wlp h ghshq0 ghqflhv¿z h z looglvwlqjxlvk ehwz hhq wkh wz r fdvhvvlqfh frp sxwdwlrqdop hwkrgv glffihu1 Rxu glvfxvvlrq lv rujdql˝hg dv iroorz v1 Vhfwlrq 5 glvfxvvhv uhfhqwghyho0 rsp hqwv lq vroylqj shuihfwiruhvljkwp rghov1 Wkh— duh h–whqvlyho— xvhg lq wkh dssolhg p dfurhfrqrp lfv olwhudwxuh wr h–dp lqh sureohp v lq oduj h p rghov z khuh fdohqgduwlp h hqwhuvlq wkh dqdo— vlvehfdxvh ri/ iruh–dp soh/ xqdqwlflsdwhg dqg sduwldoo— dqwlflsdwhg srolf— ru surgxfwlylw— vkrfnv1 P dq— hfrqrp lf sureohp v/ vxfk dvuhdoexvlqhvvf— foh p rghov/ kdyh d wlp h krp rjhqhrxvfkdudfwhu1Vhfwlrq

6 suhvhqwv vlp soh h–dp sohv ri wlp h krp rjhqhrxv p rghov wkdwz h z looxvh lq rxu h–srvlwlrq1 Wkh sur mhfwlrq p hwkrg iurp wkh qxp hulfdodqdo— vlv olwhudwxuh lvd srz huixowrroiruvroylqj g— qdp lf p rghov1Wkh iudp hz run ri wkh surmhfwlrq p hwkrg doorz vxv wr dqdo— ˝h p rvwdoj rulwkp v xvhg wr vroyh vwdwlrqdu— g— qdp lf hfrqrp lf p rghovdqg vxj jhvwvp dq— qhz / srwhqwldoo— p ruhsrz huixo/ doj rulwkp v1

�ȷ ?i ThLM*i4 ¯ ΞıUΞ ¯ i Ξ@˙ ı? tΛhffli) ı?˝ —Ξi *ı—ih@—Λhi ıt — Ξi ı?UL4 T*i— i 4 @??ih ı? ¯ ΞıUΞ

UL4 TΛ—@—ıL?@*ıttΛit @hi Lu—i? Thiti?—i˙˘ Σ Λ— ΞLht EtL4 i— ı4 it MiU@Λti Lui˙ı—Lhtø Lu—i? — hi@—

UL4 TΛ—@—ıL?@*ıttΛit ı? @U@tΛ@*u@tΞıL?c ˙iU*ı?ı?˝ —L Uı— i hi*iffl@?— ¯ Lh! Lh hiffli@*— Ξi ˙i—@ı*t

Lu —Ξiıh 4 i—ΞL˙˘ W— ıt Lu— i? ˙ıæ UΛ*— — L ˝i— hi*iffl@?— UL4 TΛ— ih UL˙i ı? @? Λ?˙iht—@?˙@M*i uLh4 ˘ AΞıt 4 @!it ı— ˙ıæ UΛ*— — L@tUih— @ı? —Ξi UL4 TΛ—@— ıL?@*UL?— hıMΛ— ıL? Lu4 @?) T@Tiht˘ ȷ Λh tΛhffli) uLUΛtti˙ L? T@Tiht ¯ ΞıUΞ ˙Lhiffli@*— L—Ξi hi@˙ihM@tıU˙i— @ı*t @MLΛ— —Ξi UL4 TΛ— @—ıL?@*

4 i— ΞL˙t — Ξi) Λti˘ ¨ @?) L—Ξih T@Tiht ¯ ihi ı̋ ?Lhi˙ MiU@Λti @?) UL4 4 i?— t ¯ LΛ*˙ Ξ@ffli Mii?

*@h˝i*) tTiUΛ*@— ıffli˘

Vhfwlrq 7 suhvhqwvwkh ghwdlovri surmhfwlrq p hwkrgviruvroylqj ixqfwlrqdoht xd0 wlrqv1Lq Vhfwlrq 8 z h surylgh vrp h ghwdlovrq krz wr dsso— surmhfwlrq p hwkrgv iruvwdwlrqdu— g— qdp lf hfrqrp lf p rghov1Vhfwlrq 9 ghvfulehvdq lqfflqlwh0krul˝rq p rghoz lwk fflqlwho— p dq— dj hqwvdqg lqfrp sohwh p dunhwv/ dqg lvdq h–dp soh ri dvvhwsulflqj sureohp v wkdwkdyh uhfhlyhg p xfk dwwhqwlrq lq wkh sdvwghfdgh1 Lwlv glȷ fxowwr frp sxwh ht xloleuld lq wkhvh p rghov/ dqg wkh ydulrxv p hwkrgv xvhg lq wklv olwhudwxuh looxvwudwh wkh hyroxwlrq ri frp sxwdwlrqdop hwkrgrorj— lq hfrqrp lfv1 Vhfwlrq : suhvhqwv wkh ffluvwp hwkrgv ghyhorshg iru vxfk p rghov — lhoglqj d urxj k dssur–lp dwlrq ri wkh ht xloleuld1 Vhfwlrq ; suhvhqwv p hwkrgv iruvroylqj wkhg— qdp lf lqfrp sohwhdvvhwp dunhwp rghowkdwfrp elqhfrqwlqxrxv dssur–lp dwlrqv ri sulflqj dqg wudglqj vwudwhj lhv/ qhz p hwkrgv iurp wkh frp 0 sxwdeoh j hqhudoht xloleulxp olwhudwxuh rq vroylqj p rghov z lwk lqfrp sohwh dvvhw p dunhwv/ dqg sur mhfwlrq p hwkrgv1 Vhfwlrq ¡ suhvhqwv dq h–dp soh looxvwudwlqj wkh frp sxwdwlrqdoglȷ fxowlhvwkdwdulvh qdwxudoo— lq dvvhwp dunhwp rghov1 Vhf0 wlrq 43 suhvhqwvvrp h uhfhqwvroxwlrq p hwkrgvirusureohp vz khuh dj hqwv/ vxfk dv j ryhuqp hqwv/ kdyh p dunhwsrz hu1 Vhfwlrq BB suhvhqwv vrp h lqlwldoz run rq qxp hulfdop hwkrgv iru vroylqj sureohp v z lwk dv— p p hwulf lqirup dwlrq1 Vrp h p rghov duh wrr odujh iru surmhfwlrq p hwkrgv wr vroyh/ exwvrp h oduj h p rghov fdq eh dqdo— ˝hg xvlqj shuwxuedwlrq p hwkrgv1 Vhfwlrq 44 suhvhqwv shuwxuedwlyh p hwkrgviruvroylqj g— qdp lf hfrqrp lf p rghov1Vhfwlrq 45 frqfoxghvz lwk vrp h frp p hqwvrq z khuh wkh olwhudwxuh vhhp v wr eh j rlqj 1

2 ¸ i hui U— 6Lhi tı̋ Ξ— ¨ L˙i *t

Shuihfwiruhvlj kwp rghovduh riwhq xvhg wr dqdo— ˝h g— qdp lf hfrqrp lf t xhvwlrqv/ dqg z huh wkh ffluvwp rghov iru z klfk qxp hulfdop hwkrgv z huh ghyhorshg1 Wkh w— slfdop rghokdvd uhodwlyho— vlp sohg— qdp lf vwuxfwxuh1Ohwı_w▽ R^q ehd olvwri wlp h wydoxhviruhfrqrp lf yduldeohvvxfk dvfrqvxp swlrq/ oderuvxsso— / fdslwdo vwrfn/ rxwsxw/ z djhv/ hwf1/ dqg ℘_w ▽ R^p d olvwri h–rjhqrxv yduldeohv/ vxfk dv surgxfwlylw— ohyhov/ wd– udwhv/ dqg p rqhwdu— j urz wk udwhv/ dwwlp h w1 Shuihfw iruhvlj kwp rghovkdyh wkh irup j +w>♭ >♯ , @ 3>w@3>4>5>/// +4, ı_{3>l} @ ı_{3>l}>l @4>5>///>q_L +5, ı_w erxqghg +6,

z khuh ♭ ≤ +ı_3>ı_4>ı_5>///>ı_v>///, ♯ ≤ +℘_3>℘_4>℘_5>///>℘_v>///, dqg j +w>♭ >♯ , =R⋄ R^{q⋄ △} ⋄ R^{p ⋄ △} ↔ R^q lvd froohfwlrq ri q ixqfwlrqvuhsuhvhqw0 lqj ht xloleulxp 1 Wkh ht xdwlrqv lq +4, lqfoxgh Hxohu ht xdwlrqv/ p dunhw0fohdulqj

frqglwlrqv/ dqg dq— rwkhuht xdwlrqvlq wkh ghfflqlwlrq ri ht xloleulxp 1Vrp h hfr0 qrp lf yduldeohv kdyh ffl–hg suhghwhup lqhg ydoxhv dww@ 3 uhsuhvhqwhg e— wkh q^L ⋆ q frqglwlrqv lq +5,1 Erxqghgqhvv frqglwlrqv lq +6, surylgh dgglwlrqdo frqglwlrqvz klfk wlh grz q ht xloleulxp 1Z h qhhg wr fflqg d erxqghg vht xhqfh ri ydoxhviruı^w vdwlvi— lqj doowkh ht xdwlrqv lq +4/5,1

D jrrg h–dp soh lvwkh rswlp dojurz wk sureohp p d–^{f w} △⋃ w@3 ϵ_wx+f^w, +7, v/w/ n^{w. 4} @I +n^w, ∗ f^w n^3 @n^3

Wkh vroxwlrq wr +7, vdwlvfflhv wkh Hxohu ht xdwlrq x_∋+f^w, @ϵx_∋+f^{w. 4},I_∋+n^{w. 4},1 Lq wkh qrwdwlrq ri +4/5,/ z h ghfflqh ı ≤ +f>n, +wkhuh duh qr h–rjhqrxv yduldeohv, dqg h–suhvv wkh vroxwlrq wr +7, dv j^4+w>♭ , ≤ x_∋+f^w, ∗ ϵx_∋+f^{w. 4}, I_∋+n^{w. 4}, @3>w@3>4>5>/// +8, j^5+w>♭ , ≤ n^{w. 4} ∗ I +n^w, . f^w@3>w@4>5>/// n^3 @ n^3

Wkh fdslwdovwrfn kdv d suhghwhup lqhg ydoxh dww@31 Z h vkdooxvh +8, ehorz dv dq h–dp soh1 +8, lv d sureohp z lwk rqh w— sh ri dj hqwdqg rqh j rrg/ exw wkh dssurdfk fdq eh xvhg wr dqdo— ˝h p ruh j hqhudop rghov1 Z khq z h kdyh khw0 hurjhqhrxv djhqwv/ p xowlsoh j rrgv/ p xowlsoh vhfwruv/ dqg2ru p xowlsoh frxqwulhv/ ht xloleulxp frqvlvwv ri Hxohu ht xdwlrqv iru hdfk w— sh ri dj hqwiru hdfk ghflvlrq yduldeoh/ p dunhw0fohdulqj frqglwlrqviruhdfk p dunhw/ dqg dq— rwkhuht xloleulxp frqglwlrqv1Wkhvh duh doovwdfnhg lqwr wkh olvwj +w>♭ >♯ , lq +4,1Shuihfwiruhvljkw p rghovduh xvhg wr h–dp lqh vwrfkdvwlf sureohp ve— doorz lqj wkh ℘^wwr uhsuhvhqw vkrfnv dqg wkhq vroylqj +4/5, irup dq— srvvleoh uhdol˝dwlrqvri ♯_51

Wkh ffluvwoduj h/ udwlrqdoh–shfwdwlrqv p rghov z huh shuihfwiruhvlj kwp rghov ri wkh irup lq +4/5/6,1 Wkh I dlu0Wd— oru +4¡; 6, p hwkrg z dv wkh ffluvwrqh ghyho0 rshg iru vxfk p rghov1 P ruh uhfhqwo— / hfrqrp lvwv kdyh dssolhg p hwkrgv iurp wkh p dwkhp dwlfdoolwhudwxuh rq vroylqj odujh v— vwhp vri ht xdwlrqv/ dqg kdyh ds0 solhg sur mhfwlrq p hwkrgv wr shuihfwiruhvlj kwp rghov1 Wklv vhfwlrq uhylhz v dqg frp sduhvvrp h ri p hwkrgv sursrvhg iruvroylqj shuihfwiruhvljkwp rghov1

2˘� Bi ?i h@*ß L?tı̇ i h@— ıL?t

Shuihfwiruhvlj kwp rghovduhhvvhqwldoo— qrqolqhduht xdwlrqvlq R_△ 1Wkhiruz dug0 orrnlqj dvshfwri g— qdp lf jhqhudoht xloleulxp dqdo— vlv fuhdwhv olqnv ehwz hhq fxuuhqwdqg ixwxuh hfrqrp lf yduldeohv/ dqg jhqhudwhvdq lqfflqlwh v— vwhp ri qrq0 olqhduht xdwlrqv z lwk dq lqfflqlwh qxp ehu ri xqnqrz qv1 Xqghu vrp h frqglwlrqv/

25ii 6@ıh @?˙ A@) *Lh E�bbfø uLh @? i @4 T*i Lu—Ξıt @TThL@UΞ — L tL*fflı?˝ t— LUΞ@t—ıUh@—ıL?@* i TiU—@— ıL?t 4 L˙i*t˘

wkhuh z looeh d orfdoo— xqlt xh vroxwlrq1 I ru h–dp soh/ +8, kdv d xqlt xh vroxwlrq irudq— n_3/Doop hwkrgvz h glvfxvvdvvxp h orfdoxqlt xhqhvv1

Wkhvhp rghovduhriwhq Duurz 0Gheuhx j hqhudoht xloleulxp sureohp vexwwkhlu oduj hvl˝hp dnhvfrqyhqwlrqdofrp sxwdwlrqdoj hqhudoht xloleulxp surfhgxuhvolnh Vfdui*v doj rulwkp dqg krp rwrs— surfhgxuhv lp sudfwlfdo1 Dq— vroxwlrq p hwkrg p xvwuhgxfh wkh sureohp lq vrp h z d— 1 P rvwp hwkrgv xvh grp dlq wuxqfdwlrq wr uhgxfh wkh sureohp wr d fflqlwh0krul˝rq sureohp 1 Wkdwlv/ wkh— vroyh wkh wuxqfdwhg sureohp j +w>ı_3>ı_4>///>ı_W>ı^±>ı^±>///>♯ , @ 3>w@3>4>5>///>W +9, ı_{3>l} @ ı_{3>l}>l @4>5>///>q_L +:, z khuh ı^± lv wkh vwhdg— vwdwh ydoxh ri ı1 Vrp h frp srqhqwv ri ı_W duh dovr ffl–hg dwwkhlu orqj 0uxq ydoxhv wr p dnh wkh qxp ehu ri ht xdwlrqv lq +9/:, ht xdowr wkh qxp ehu ri xqnqrz qv1 Grp dlq wuxqfdwlrq uhgxfhv +4/5/6, wr d v— vwhp ri qW qrqolqhdu ht xdwlrqv lq qWxqnqrz qv1 Wkhuh lv qr erxqghgqhvv ht xdwlrq lq +9/:, vlqfh +9, lp srvhv ı_w@ı^± iruwA W1Vlqfh Wp xvweh oduj h lq rughuwr eh dq dffhswdeoh dssur–lp dwlrq iru wkh wrwdog— qdp lf surfhvv/ z h vwloofdqqrwxvh frqyhqwlrqdop hwkrgv1

Wkhuh lv doz d— v wkh t xhvwlrq ri z kdwWvkrxog eh1 Dq— p hwkrg vkrxog wu— dowhuqdwlyh ydoxhv iru Wdqg dffhswd vroxwlrq rqo— z khq wkh fkrlfh ri Wgrhv qrwvxevwdqwldoo— dffihfwwkh vroxwlrq1 Wkhuh duh glȷ fxowlhv z lwk wklv dssurdfk1 I ru h–dp soh/ Nhkrh kdv vkrz q wkdwwkh vroxwlrq fdq eh yhu— vhqvlwlyh wr wkh fkrlfh ri W/ vhwwolqj grz q rqo— iruyhu— odujh ydoxhvri W1

2˘2 B@Λtt´a@ULMı@?˙ B@Λtt´5i ı̇ i *4 i — ΞL˙t

Shuihfwiruhvljkwp rghov ri wkh irup

j +w>ı_w>ı_{w. 4}>♯ , @3 +;,

duhvroyhg e— xvlqj p hwkrgviurp wkholwhudwxuhrq vroylqj odujhv— vwhp vri ht xd0 wlrqv1I dludqg Wd— oru+4¡;6, lqwurgxfhg dq lqwxlwlyhdssurdfk1Wkh— ehj lq z lwk dq lqlwldoj xhvv ♭^3 @+ı_4>ı_5>///>ı_W>ı^±>ı^±>///,/ z klfk lqfrusrudwhv wkh grp dlq wuxqfdwlrq dssurdfk1 Wkhq wkh— xvh wkh wlp h wht xdwlrq j +w>ı_w>ı_{w. 4}>♯ , @ 3 wr frp sxwh d qhz j xhvv iru ı_w jlyhq wkh lqlwldoj xhvv iru ı^3_{w. 4}1 Lq jhqhudo/ wkh l . 4*vwj xhvviru♭ / ghqrwhg ♭^{l. 4}/ lvfrqvwuxfwhg frp srqhqwz lvh e— vroylqj j +w>ı^{l. 4}_w >ı^l_{w. 4}>♯ , @3>w@4>5>/// +¡, iru ı^{l. 4}_w / wkh wlp h wfrp srqhqwri ♭^{l. 4}1 Wkhlu vfkhp h lv d eorfn J dxvv0Mdfrel vfkhp h vlqfh rqo— hohp hqwv ri ♭^l duh xvhg wr frp sxwh ♭^{l. 4}1 Vroylqj iru ı^{l. 4}_w j lyhq ı^l_{w. 4} lq +¡, lvdovr d qrqolqhduht xdwlrq/ exwlwlvj hqhudoo— ri p rghudwhvl˝h dqg vroydeoh e— frqyhqwlrqdovfkhp hv/ vxfk dv Qhz wrq ru J dxvv0Vhlgho1 Wkh— dovr vxjj hvwwkdwrqh wu— glffihuhqwwuxqfdwlrq wlp hvWxqwlofkdqj hvlq Wfuhdwh :

vp doofkdqjhv lq wkh vroxwlrq1 Wkh I dlu0Wd— oru vfkhp h lv uholdeoh exwwhqgv wr ehvorz ehfdxvhri wkhJ dxvv0Mdfrel vwuxfwxuh1Wkhvorz vshhg p dnhvlwglȷ fxow wr vroyh z lwk klj k dffxudf— vlqfhwljkwdffxudf— wduj hwvz rxog uht xluh wrr p dq— lwhudwlrqv1 Dovr/ J dxvv0Mdfrel vfkhp hv p d— qrwfrqyhujh hyhq li rqh ehjlqv z lwk d j rrg lqlwldoj xhvv1

Vlqfh Wlvw— slfdoo— odujh/ z h qhhg wr ghyhors vshfldop hwkrgv1I ruwxqdwho— / z hfdq dsso— p hwkrgviurp wkholwhudwxuhrq vroylqj odujhv— vwhp v+vhh/ h1j 1/ Nho0 oh— +4¡¡8,/ Vddg +4¡¡9,/ “ rxqj +4¡: 4,,1 Vrp h vfkhp hv uhrughu wkh ht xdwlrqv lq rughu wr dffhohudwh frqyhuj hqfh1 Vrp h h–dp sohv ri wklv dssurdfk duh Kdoo

+4¡; 8,/ I lvkhu hwdo1 +4¡;9,/ I lvkhu +4¡¡5,/ dqg Kxj khv Kdoohwwdqg Slvflwhool

+4¡¡;,1 Frqyhuj hqfh ri vxfk p hwkrgv ghshqgv rq wkh rughu ri wkh ht xdwlrqv dqg lvolqhdudwehvw1Wkh dgydqwdjhvduh wkhluvlp solflw— dqg vp doop hp ru— uh0 t xluhp hqwv1Krz hyhu/ wkh— p d— qrwfrqyhuj h hyhq diwhuxvlqj ydulrxvvwudwhj lhv lqfoxglqj uhrughulqj ri ht xdwlrqvdqg gdp slqj idfwruv1

2˘fi Π i ¯ — L?´5—) *i ¨ i — ΞL˙t

P ruhuhfhqwo— / vrp hdxwkruvkdyhxvhg Qhz wrq dqg uhodwhg p hwkrgvwr vroyhg— 0 qdp lf hfrqrp lf sureohp v1Qhz wrq*vp hwkrg iruvroylqj wkhv— vwhp ri ht xdwlrqv j +ı, @3 lvwkhlwhudwlrq ı_{n. 4} @ı_n ∗ M+ı_n,_{∗ 4}j +ı_n,1Qhz wrq*vp hwkrg frqyhuj hv udslgo— li wkh lqlwldoj xhvv ı_3 lv j rrg1 Xqiruwxqdwho— / Qhz wrq*v p hwkrg lv lp 0 sudfwlfdoiruj hqhudooduj h v— vwhp vehfdxvhwkh Mdfreldq ri d v— vwhp ri d v— vwhp ri q ht xdwlrqv kdv q_5 ghulydwlyhv/ dq lp sudfwlfdoo— oduj h dp rxqwri frp sxwd0 wlrq li q lvodujh1Krz hyhu/ Qhz wrq p hwkrgvfdq eh dssolhg wr p rghovz lwk wkh vlp soh odj vwuxfwxuh lq +; , ehfdxvh wkh Mdfreldq iru shuihfwiruhvlj kwsureohp v lv vsduvh/ wkdwlv/ p rvwhohp hqwvduh ˝hur1

Wkh O0E0Mdojrulwkp +vhh Erxfhnnlqh/ +MHGF/ 4¡¡8,/ dqg Mxloodug hwdo

+MHGF/ 4¡¡; ,, wdnhvqrwlfhri vshfldovwuxfwxuhlq p dq— shuihfwiruhvlj kwp rghov dqg h–sorlwvlwwr dsso— Qhz wrq*vp hwkrg1Vlqfhwkhwlp hwht xdwlrq j +w>ı^w>ı^{w. 4}>♯ , @

3 lqyroyhvrqo— ı^wdqg ı^{w. 4}/ hdfk urz lq d Mdfreldq lqyroyhvrqo— d vp dooiudfwlrq ri doowkhxqnqrz qv1Ohwj^l+w>ı^w>ı^{w. 4}, ghqrwhCj +w>ı^w>ı^{w. 4},∂Cı^l1WkhMdfreldq ri +9/: , lv

M+ı, @ ⟩ ⟩ ⟩ ⟩

j^4+4>ı^4>ı^5, j^5+4>ı^4>ı^5, 3 ÷÷÷

3 j^5+5>ı^5>ı^6, j^6+5>ı^5>ı^6, ÷÷÷

3 3 j^6+6>ı^6>ı^7, ÷÷÷ 3 3 3 ÷÷÷ 3 3 3 111 1 1 1 1 1 1

⨆ ⨆ ⨆ ⨆ ⟨ dqg lv d vsduvh p dwul– iru odujh q1 Vshflfflfdoo— / M+ı, lv qhduo— gldjrqdokhuh lq wkhvhqvhwkdwdooqrq˝hur hohp hqwvri M+ı, duhz lwklq q froxp qvri wkhgldjrqdo hyhq wkrxj k wkhuh duh qWfroxp qvlq M+ı,1

;

frqyhuj hvdv— p swrwlfdoo— wr wkhvwhdg— vwdwhdwolqhduudwhξ z khuhξ lvwkhvwdeoh hlj hqydoxh ri wkh olqhdul˝dwlrq ri +8, durxqg wkh vwhdg— vwdwh fdslwdovwrfn n_{vv}1

Z h dovr nqrz wkdwwkh wlp h sdwk ri fdslwdolv˙vp rrwk%dqg wkdwfrqyhuj hqfhlv dv— p swrwlfdoo— p rqrwrqh1 Wklv/ wrj hwkhu z lwk wkh lqlwldofrqglwlrq n+3, @n^3/ vxjj hvwvwkh sdudp hwhul˝dwlrq N+w¿d, @ n^3 . p⋃ m@4 d^mw_m ⟨ h_{∗ ξw}. n_{vv} ]4∗ h_{∗ ξw}⌊ +44,

Wkhuhduhwz r nh— ihdwxuhvri +44,1I luvw/ irudq— frhȷ flhqwvd/ N+w¿d, frqyhuj hv wr n_{vv} ehfdxvh ri wkh h–srqhqwldoghfd— whup h_{∗ ξw}1 Vhfrqg/ n^3 @N+3¿d, iru dq— d1 Wkhuhiruh/ +44, dxwrp dwlfdoo— vdwlvfflhv erwk wkh lqlwldofrqglwlrqv dqg wkh erxqghgqhvv frqglwlrq iru dq— frhȷ flhqwv d/Wkhvh idfwv doorz xv wr irfxv rq fflqglqj dq d ▽ R_p wkdwsurgxfhvd jrrg dssur–lp dwhvroxwlrq wr +8, z lwkrxw j hwwlqj vlghwudfnhg e— frqyhujhqfh sureohp v1

Wkh v— vwhp +8, lvht xlydohqwwr wkh vhfrqg0rughuglffihuhqfh ht xdwlrq x_∋+I +n+w,, ∗ n+w. 4,, @ϵx_∋+I +n+w. 4,, ∗ n+w. 5,, I_∋+n+w. 4,,

Z hz dqwwr dssur–lp dwhn+w, z lwk N+w¿d, iruvrp hd1Wkhuhiruh/ wkhsdudp hwulf sdwk p hwkrg ghfflqhvwkh uhvlgxdoixqfwlrq

U+w¿d, @x_∋+I +N+w¿d,, ∗ N+w. 4¿d,,∗ ϵx_∋+I +N+w. 4¿d,, ∗ N+w. 5¿d,, I_∋+N+w. 4¿d,, dqg vhdufkhv iru dq d ▽ R_p z klfk p dnhv U+w¿d, forvh wr ehlqj forvh wr ˝hur iru doow1 Qrwh wkdwU+w¿d, lv z hoo0ghfflqhg iru dq— uhdoydoxh ri w/ qrwmxvwwkh lqwhj huv/ vlqfh n+w, lv ghfflqhg iru doowlq +44,1 Vlqfh N+w¿d, ↔ n_{vv} dv w↔ △ /

U+w¿d, ↔ 3 dvw↔ △ 1Wkhuhiruh/ wkh Hxohuht xdwlrq lvvdwlvfflhg dv— p swrwlfdoo— iru dq— d/ doorz lqj xv wr irfxv rq p dnlqj U+w¿d, vp doodwfflqlwh ydoxhv ri w1 Wr lghqwli— wkh frhȷ flhqwvd/ z h ghfflqh wkh vhwri surmhfwlrq irup xodv

S^m+d, @ △⋃ w@3 U+w¿d,w_lh_{∗ ξw}gw>l @3>4>/// +45, Wkh vxp p dwlrq lq +45, lv lqfflqlwh/ exwe— frp elqlqj ruwkrjrqdo sro— qrp ldo wkhru— dqg dssursuldwh fkdqj hv ri yduldeohv/ Mxgg +4¡¡¡, ghulyhv j rrg fkrlfhv ri z hlj kwvϖ^l dqg wlp hv w^l vxfk wkdw

~S^m+d, @_Q ⋃ l@3 ϖ^lU+w^l¿d,w_m^l >m@3>4>/// lvd j rrg dssur–lp dwlrq ri +45,1iruvrp h z hljkwvϖ^l dqg wlp hv/ dqg wkhq xvhv

Qhz wrq*v p hwkrg wr fflqg frhȷ flhqwvd ▽ R_p wkdwvroyh wkh v— vwhp ~S^m+d, @3>m@4>//>p

Wklv lvd vlp soh h–dp soh ri wkh surmhfwlrq p hwkrg ghvfulehg ehorz ghwdlo1 Wkhuh kdv ehhq vwhdg— surj uhvv p dgh lq vroylqj odujh shuihfwiruhvlj kwv— v0 whp v/ dqg z h h–shfwsurjuhvv wr frqwlqxh1 Wkh qhz ghyhorsp hqwv kdyh d frp 0 p rq dssurdfk1 Wkh— dooh–sorlwwkh g— qdp lf vwuxfwxuh ri wkh sureohp p ruh h–whqvlyho— wkdq glg wkh I dlu0Wd— orusurfhgxuh/ dqg wkh— dovr eulqj dssursuldwh p hwkrgv iurp wkh qxp hulfdodqdo— vlvolwhudwxuh rq vroylqj odujh sureohp v1

fi Aı4 i OL4 L˝i ?i LΛt # ) ?@4 ıU, UL?L4 ıU¸ hLḾ *i 4 t

G— qdp lf hfrqrp lf p rghov riwhq wdnh d vwdwlrqdu— irup 1 Ht xloleulxp ri vwd0 wlrqdu— sureohp v fdq eh h–suhvvhg lq ihhgedfn uxohv/ h–suhvvlqj wkh iuhh hq0 grjhqrxvyduldeohv/ vxfk dvsulfhv/ frqvxp swlrq/ oderuvxsso— / hwf1/ dvixqfwlrqv ri wkh suhghwhup lqhg yduldeohv/ vxfk dv fdslwdovwrfnv dqg odjj hg surgxfwlylw— ohyhov1 Wkh— dovr riwhq lqyroyh xqfhuwdlqw— derxwsurgxfwlylw— / srolf— / ru rwkhu h–rj hqrxv hfrqrp lf idfwruv1Wkhvh p rghovwdnh wkh irup 3 @ H⟩j +ı_w>ȷ_w>ı_{w. 4}>ȷ_{w. 4}>℘_{w. 4},⇕ı_w| ı_{w. 4} @ I +ı_w>ȷ_w>℘_w,

z khuh ı_w lv d yhfwru ri yduldeohv wkdwduh suh0ghwhup lqhg dwwkh ehj lqqlqj ri shulrg w/ ȷ_wduh wkhiuhh yduldeohv/ dqg ℘_wduh vkrfnvwr wkhv— vwhp 1Wkh ixqfwlrq I +ı>ȷ >℘, lv wkh odz ri p rwlrq iru wkh suhghwhup lqhg yduldeohv/ dqg j lv olvwri ht xloleulxp frqglwlrqv vxfk dv Hxohu ht xdwlrqv1 Wkh remhfwlyh lv wr fflqg vrp h ht xloleulxp uxoh/ ♮ +ı,/ h–suhvvlqj wkh ydoxh ri wkh iuhh yduldeohvlq whup vri wkh vwdwh ı vxfk wkdw H⟩ j +ı>♮ +ı,>I +ı>♮ +ı,>℘,>♮ +I +ı>♮ +ı,>℘,,⇕ı| @3 +46, krogv irudooydoxhv ri ı1 Wkh ht xloleulxp uxoh ♮ +ı, h–suhvvhv yduldeohv vxfk dv frqvxp swlrq/ sulfhv/ dqg oderu vxsso— dvixqfwlrqvri wkh vwdwh yduldeohvlq ı1 I ru h–dp soh/ wkh vwrfkdvwlf yhuvlrq ri +7,/ lqyhvwlj dwhg lq wkh Wd— oru~Xkolj v— p srvlxp +4¡¡3, dqg lq Mxgg +4¡¡5,/ lv

p d–_f H⟩Ψ^△_{w@3} ϵ^w x+f_w,| n_{w. 4} @I +n_w>λ_w, ∗ f_w oqλ_{w. 4} @υoqλ_w. θ_{w. 4}

+47,

z khuhn_wlvwkh ehj lqqlqj 0ri0shulrg fdslwdovwrfn/ λ_wlvd surgxfwlylw— sdudp hwhu +wkhsurgxfwlylw— vkrfnvθ_w⊃ Q+3>ϕ^5, duhlqghshqghqw,/ dqg I +n>λ, lvwkhj urvv surgxfwlrq ixqfwlrq1 Lq wklv sureohp / erwk n dqg λ duh qhhghg iru d vxȷ flhqw ghvfulswlrq ri wkh vwdwh1 Khqfh/ frqvxp swlrq lv d ixqfwlrq/ F+n>λ,/ ri erwk n dqg λ/ dqg wkh Hxohu ht xdwlrq lv x^∋+F +n>λ,, @ϵ H⟩ x^∋+F+I +n>λ, ∗ F +n>λ,>�λ,,I_n+I +n>λ, ∗ F+n>λ,>�λ, ⇕λ| +48,

Wkh fdvh ri wz r djhqwvlq d frp shwlwlyh hfrqrp — fdq eh vlp loduo— dqdo— ˝hg1

Vxssrvh wkdww— sh l dj hqwvkdyh xwlolw— H ⟩^△ ⋃ w@3 ϵ_wx^l +f^{l>w}, / dqg exgj hwfrqvwudlqwn^{l>w. 4} @ U^wn^{l>w}. z^w∗ f^{l>w} z khuh n^l lv wkh dp rxqwri fdslwdovwrfn rz qhg e— wkh uhsuhvhqwdwlyh djhqwv ri w— sh l/ U^w lv wkh udqgrp uhwxuq iurp fdslwdo/ dqg z lv wkh z djh iurp wkh vxsso— ri rqh xqlwri oderu1

Khuh wkh vwdwh yduldeoh lv wkh fdslwdovwrfn rz qhg e— hdfk w— sh dv z hoodv wkh surgxfwlylw— ohyho1 Lq wklv fdvh/ ht xloleulxp frqvxp swlrq ri w— sh l djhqwv lv d ixqfwlrq ri wkh glvwulexwlrq ri z hdowk¿ohwF^l+n^4>n^5>λ, eh wkh frqvxp swlrq ri w— sh l dj hqwv z khq wkh z hdowk glvwulexwlrq lvn @+n^4>n^5, dqg wkh surgxfwlylw— ohyholvλ1Z h dvvxp h wkdwht xlw— lvwkh rqo— dvvhwz klfk fdq eh khog¿wkh p ruh j hqhudofdvh lv h–dp lqhg lq d odwhu vhfwlrq1 Wkh ht xloleulxp lv ghfflqhg e— wkh froohfwlrq ri Hxohuht xdwlrqv x_∋^l+F_l+n_.^4 >n_.^5 >λ,, @ ϵ H⟩x_∋+F_l+n_.^4 >n_.^5 >�λ,,U+n_. >�λ, ⇕λ|> l @4>5 +49, n_.^l @ ♮_l+n>λ, ∗ F_l+n>λ,> l @4>5 ♮_l+n>λ, @ n^lU+n>λ, . z +n>λ,> l @4>5 U+n>λ, @ I_∋+n^4 . n^5, z +n>λ, @ I +n^4 . n^5, ∗ +n^4 . n^5,I_∋+n^4 . n^5, z khuh ♮ +n>λ, ▽ R_5 lvwkh glvwulexwlrq ri lqfrp h lq d shulrg z lwk lqlwldofdslwdo vwrfn glvwulexwlrq n dqg surgxfwlylw— λ/ dqg z djhvduh z +n>λ,1Wklvh–dp soh lv d vlp soh rqh exwlwlooxvwudwhv wkh edvlf ihdwxuhv ri p rghov z lwk khwhurj hqhrxv djhqwv1Lq sduwlfxodu/ frqvxp swlrq dqg rwkhughflvlrqvghshqg rq wkh glvwulex0 wlrq ri lqfrp h dfurvvdj hqwv1Wklvh–dp soh kdvrqo— rqh dvvhw1P ruh jhqhudoo— / z h z rxog olnh wr h–dp lqh wkh fdvh z khuh wkhuh duh p xowlsoh dvvhwv1Lq wkdwfdvh/ wkh vwdwh yduldeoh lv hyhq odujhu vlqfh wkh glvwulexwlrq ri kroglqj v ri hdfk dvvhw p d— eh lp sruwdqw1

Wklv sdshu z looglvfxvv ydulrxv qxp hulfdop hwkrgv iru vroylqj vxfk p rghov wkdwkdyh ehhq sursrvhg lq uhfhqw— hduv1Z h z looglvfxvverwk shuwxuedwlrq dqg surmhfwlrq p hwkrgv1

e Bi ?i h@*¸ hL˚i U— ıL? Σ *˝Lhı— Ξ4

Dwffluvw/ irfxvvlqj rq wkh ixqfwlrqdoht xdwlrqv ri wkh vruwlq +49, dsshduvwr eh glȷ fxowvlqfh z h kdyh h–suhvvhg ht xloleulxp lq whup v ri dq xqnqrz q ghflvlrq uxoh/ dq lqfflqlwh0glp hqvlrqdosureohp 1Qxp hulfdoudwlrqdoh–shfwdwlrqvp hwkrgv/ ehj lqqlqj z lwk J xvwdivrq +4¡8;,/ irfxvrq fflqlwh0glp hqvlrqdodssur–lp dwlrqvri srolf— ixqfwlrqv dqg rwkhu lp sruwdqwixqfwlrqv/ dqg wkhq lp sohp hqwvrp h vruw

ri lwhudwlyh surfhgxuh wr fflqg d fflqlwh0glp hqvlrqdo dssur–lp dwlrq wkdwqhduo— vroyhvwkh ixqfwlrqdoht xdwlrqv ghfflqlqj ht xloleulxp 1

I ru h–dp soh/ vroxwlrqv wr +47, w— slfdoo— xvh dssur–lp dwlrqvri wkh irup ~F+n>λ, @^q ⋃ l@3 d_l⇀_l+n>λ, z khuh wkh ⇀_l frp sulvh d edvlviruwkh vsdfh ri ixqfwlrqvz h h–dp lqh/ dqg irfxv rq fflqglqj jrrg fkrlfhv iruwkh d frhȷ flhqwv1Wklvlv wuxh ri erwk shuwxuedwlrq dqg surmhfwlrq p hwkrgv1Wklvvhfwlrq ffluvwsuhvhqwvdq h–whqghg h–dp soh ri wkh surmhfwlrq p hwkrg/ dqg wkhq ghvfulehvsurmhfwlrq p hwkrgvlq d jhqhudofrqwh–w1 Z h glvfxvvshuwxuedwlrq p hwkrgvlq d odwhuvhfwlrq1

P rvwp hwkrgvxvhg wr vroyh g— qdp lf hfrqrp lf p rghovduhh–dp sohvri z kdw duhfdoohg surmhfwlrq p hwkrgvlq wkhp dwkhp dwlfvolwhudwxuh1^6 Vxssrvhwkdwhfr0 qrp lf dqdo— vlvvkrz vwkdwht xloleulxp fdq ehh–suhvvhg dvdq rshudwruht xdwlrq

Q +i , @3

z khuh i lv d ixqfwlrq i = G ≫ R^Q ↔ R^P / Q lv dq rshudwru Q = E_4 ↔ E_5/ dqg wkh E_l duh ixqfwlrq vsdfhv1 Wkh xqnqrz q ixqfwlrq i h–suhvv sulfhv/ frqvxp swlrq ghflvlrqv/ dqg vlp lodu hfrqrp lf t xdqwlwlhv dv d ixqfwlrq ri vwdwh yduldeohı1W— slfdoo— Q h–suhvvhvht xloleulxp frqglwlrqvvxfk dvHxohuht xdwlrqv dqg frqvlvwv ri d frp srvlwlrq ri dojheudlf rshudwlrqv/ glffihuhqwldodqg lqwhjudo rshudwruv/ dqg ixqfwlrqdofrp srvlwlrqv/ dqg lv iuht xhqwo— qrqolqhdu1 Z h vkdoo vkrz krz wr lp sohp hqwwkh fdqrqlfdosurmhfwlrq whfkqlt xh lq d vwhs0e— 0vwhs idvklrq1

Wkh ffluvwvwhs lv wr ghflgh krz wr uhsuhvhqwdssur–lp dwh vroxwlrqv1 Z h z loo dvvxp h khuh wkdwz h exlog wkh dssur–lp dwlrq ai iurp olqhdu frp elqdwlrqv ri vlp soh ixqfwlrqv/ exwqrqolqhdu uhsuhvhqwdwlrqv duh dovr srvvleoh1 Z h dovr qhhg d frqfhswri z khq wz r ixqfwlrqvduh forvh1Wkhuhiruh/ wkh ffluvwvwhs lvwr fkrrvh d edvlvdqg dq dssursuldwh frqfhswri glvwdqfh1

Vwhs 4=Fkrrvh edvhv/ ff_m@⟩⇀_l|^△_{l@4}/ dqg lqqhu surgxfwv/ ⋆ ÷>÷A_m/ ryhu E_m/ m@4>51 Wkhuhduhp dq— fulwhuld wkdwwkhedvlvdqg lqqhusurgxfwvkrxog vdwlvi— 1Wkh edvlv ff_4 vkrxog eh ˙ulfk%¿lq sduwlfxodu/ lwvkrxog eh frp sohwh lq E_41 Z h z loo j hqhudoo— xvh lqqhusurgxfwvri wkh irup ‖i +ı, >j +ı,↕_4 ≤ ⊎ G i +ı,j +ı,z +ı, gı fiAΞi —ih4 RThL˚iU— ıL? 4 i— ΞL˙Œ ıt @U@— UΞ@** —ih4 ı? —Ξi 4 @—Ξi4 @— ıU@* *ı—ih@— Λhi ¯ ΞıUΞ ı?U*Λ˙it R4 i—ΞL˙ Lu ¯ iı̋ Ξ— i˙ hitı̇ Λ@*tcŒ R�?ı—i i*i4 i?— cŒ RB@*ih! ı?cŒ R*i@t— t^Λ@hitcŒ R+@) *iı̋ Ξ´+ı—3cŒ @?˙ L—Ξih 4 i—ΞL˙t˘

iru vrp h z hljkwlqj ixqfwlrq z +ı, ∼ 31 Frp sxwdwlrqdofrqvlghudwlrqv dovr sod— d uroh lq fkrrvlqj d edvlv1 Wkh ⇀^l vkrxog eh vlp soh wr frp sxwh1 Wkh— vkrxog eh vlp lodu lq vl˝h wr dyrlg vfdolqj sureohp v1 Sudfwlfdovxffhvv uht xluhv d edvlv z khuh rqo— d ihz hohp hqwvz loogr wkh mre1Wklvuht xluhvwkdwwkh edvlvhohp hqwv vkrxog ˙orrn vrp hwklqj olnh%wkh vroxwlrq1Lq sduwlfxodu/ z h vkrxog xvh vp rrwk ixqfwlrqvwr dssur–lp dwhvp rrwk ixqfwlrqv/ exwxvhvsolqhvwr dssur–lp dwhixqf0 wlrqv wkdwp d— kdyh nlqnv ru rwkhu h–wuhp h orfdoehkdylru1 Ruwkrj rqdoedvhv z loohqkdqfh hȷ flhqf— dqg dffxudf— 1Ehfdxvh ri lwvvshfldosurshuwlhv/ d jhqhu0 doo— xvhixofkrlfhlvwkhFkhe— vkhy sro— qrp ldoidp lo— 1Li/ rq wkhrwkhukdqg/ rqh kdvd edvlvwkdwlvnqrz q wr hȷ flhqwo— dssur–lp dwh wkh vroxwlrq/ rqh vkrxog xvh wkdwlqvwhdg rufrp elqhlwz lwk d vwdqgdug ruwkrj rqdoidp lo— 1D jrrg/ sureohp~ vshflfflf/ fkrlfh ri edvlvfdq vxevwdqwldoo— lp suryh doj rulwkp lf shuirup dqfh ryhu wkh j hqhulf dssur–lp dwlrq p hwkrgvglvfxvvhg deryh1

Qh–w/ z h ghflgh krz p dq— edvlvhohp hqwv wr xvh dqg krz wr lp sohp hqwQ1

Vwhs 5=Fkrrvh d ghjuhh ri dssur–lp dwlrq q/ d frp sxwdeoh dssur–lp dwlrq aQ ri Q/ dqg d froohfwlrq ri q whvwixqfwlrqv iurp E^5/ s^l =G ↔ R_P >l @4>÷÷÷>q1

Ghfflqh ai +ı, ≤ Ψ_q^{l@4} d^l ⇀^l+ı,

Wkh ⇀^l vkrxog lqfuhdvh lq ˙frp soh–lw— %dqg ˙qrqolqhdulw— %dv l lqfuhdvhv1

Wkh ehvwfkrlfh ri q fdqqrweh ghwhup lqhg d sulrul1J hqhudoo— / wkh rqo— fruuhfw fkrlfh lv q @ △ 1 Oduj hu q vkrxog — lhog ehwwhu dssur–lp dwlrqv/ exwrqh lv p rvwlqwhuhvwhg lq wkh vp doohvwq wkdw— lhogvdq dffhswdeoh dssur–lp dwlrq1Rqh lqlwldoo— ehjlqvz lwk vp dooq dqg lqfuhdvhvq xqwlovrp hgldjqrvwlf lqglfdwhvwkdw olwwoh lv j dlqhg e— frqwlqxlqj 1 Vlp lodu lvvxhv dulvh lq fkrrvlqj aQ1 Vrp hwlp hv z h fdq wdnh aQ @Q / exwp ruh jhqhudoo— vrp h dssur–lp dwlrq lvqhfhvvdu— 1Wkh whvwixqfwlrqv s^l duh xvhg wr lghqwli— wkh xqnqrz q frhȷ flhqwvd1

Vwhs 4 od— v grz q wkh wrsrorj lfdovwuxfwxuh ri rxu dssur–lp dwlrq dqg Vwhs

5 ffl–hv wkh ıh–lelolw— ri wkh dssur–lp dwlrq1 Rqfh z h kdyh p dgh wkhvh edvlf ghflvlrqv/ z h ehj lq rxu vhdufk iru dq dssur–lp dwh vroxwlrq wr wkh sureohp 1

Vlqfh wkh wuxh vroxwlrq i vdwlvfflhv Q +i , @ 3/ z h z loovhdufk iru vrp h ai wkdw p dnhv aQ +ai , ˙qhduo— %ht xdowr wkh ˝hur ixqfwlrq1 Vlqfh ai lv sdudp hwhul˝hg e— d/ wkh sureohp uhgxfhvwr fflqglqj d frhȷ flhqwyhfwrud wkdwp dnhv aQ +ai , qhduo—

˝hur1Wklvvhdufk iru d lv wkh irfxvri Vwhsv 6~81

Vwhs 6= I ru d jxhvv d/ frp sxwh wkh dssur–lp dwlrq/ ai ≤ Ψ_q^{l@4} d^l ⇀^l+ı,/ dqg wkh uhvlgxdoixqfwlrq/ U+ı ¿d, ≤ +aQ+ai ,, +ı,/ Wkh ffluvwj xhvvri d vkrxog uhıhfwvrp h lqlwldonqrz ohgjh derxwwkh vroxwlrq1

Diwhuwkh lqlwldojxhvv/ ixuwkhuj xhvvhvduh jhqhudwhg lq Vwhsv7 dqg 8/ z khuh z h vhh krz z h xvh wkh lqqhu surgxfw/ ⋆ ÷>÷A^5/ ghfflqhg lq wkh vsdfh E^5/ wr ghfflqh z kdw˙qhdu%p hdqv1

Vwhs 7=I ru hdfk jxhvv ri d/ frp sxwh wkh q surmhfwlrqv/ S_l+d, ≤ ‖U+÷¿d, >s_l+÷,↕_5>l @4>÷÷÷>q/ ruwkh O^5 qrup ‖U+ı¿d,>U+ı¿d, ↕1

Vwhs 7 uhgxfhv wkh rulj lqdolqfflqlwh0glp hqvlrqdosureohp wr d fflqlwh glp hq0 vlrqdosureohp 1Vwhs 8 fflqlvkhv wkh mre1

Vwhs 8=E— p dnlqj d vhulhv ri jxhvvhv ryhu d dqg lwhudwlqj ryhu vwhsv 6 dqg 7/ fflqg d ydoxh iru d wkdwvhwv wkh q surmhfwlrqv htxdowr ˝hur ru p lqlp l˝hv wkh O^5 qrup ri U+ı¿d,1

Wkhuh duh p dq— z d— v wr lp sohp hqwwkh lghdv lq vwhsv 6081 I luvw/ wkh ohdvw0 vtxduhv dssurdfk fkrrvhv d wr p lqlp l˝h wkh ˙z hlj kwhg vxp ri vt xduhg uhvlgx0 dov%= p lq_d ‖U+ı¿d,>U+ı¿d, ↕/ Wklv uhsodfhv dq lqfflqlwh0glp hqvlrqdorshudwru ht xdwlrq z lwk d qrqolqhdu p lql0 p l˝dwlrq sureohp lq U^q 1 Wklv p hwkrg riwhq shuirup v srruo— vlqfh wkhuh p d— eh orfdop lqlp d wkdwduh qrwj oredop lqlp d/ dqg wkh remhfwlyh p d— eh srruo— frqglwlrqhg1 Ohdvw0vt xduhv p hwkrgv duh hdv— wr lp sohp hqwdqg fdq xvh wkh h–fhoohqwrswlp l˝dwlrq vriwz duh sdfndj hvdydlodeoh1

Z klohwkhohdvw0vt xduhvp hwkrg lvd gluhfwdssurdfk wr p dnlqj U+ı¿d, vp doo/ p rvwsurmhfwlrq whfkqlt xhv fflqg dssur–lp dwlrqv e— ffl–lqj q surmhfwlrqv dqg fkrrvlqj d wr p dnh wkh surmhfwlrq ri wkh uhvlgxdoixqfwlrq lq hdfk ri wkrvh q gluhfwlrqv ˝hur1 I rup doo— / wkhvh p hwkrgv fflqg d vxfk wkdw‖U+ı¿d,>s_l+ı,↕_5 @3 iru vrp h vshflfflhg froohfwlrq ri ixqfwlrqv/ s_l1 Glffihuhqwfkrlfhv ri wkh s_l ghfflqhv glffihuhqwlp sohp hqwdwlrqvri wkh surmhfwlrq p hwkrg1

Rqh vxfk whfkqlt xh lv wkh J dohunlq p hwkrg1 D J dohunlq p hwkrg xvhv wkh ffluvwq hohp hqwv ri wkh edvlv iru wkh surmhfwlrq gluhfwlrqv/ dqg d lv fkrvhq wr vroyh wkh ht xdwlrqv= S_l+d, ≤ ‖U+ı¿d,>⇀_l+ı, ↕ @3> l @4>÷÷÷>q Qrwlfh wkdwkhuh z h kdyh uhgxfhg wkh sureohp ri vroylqj d ixqfwlrqdoht xdwlrq wr vroylqj d fflqlwh vhwri fflqlwh~glp hqvlrqdoqrqolqhduht xdwlrqv1 Wkhuh duh reylrxvo— p dq— z d— v wr lp sohp hqwwkh surmhfwlrq lghd1 D fro0 orfdwlrq p hwkrg wdnhv q srlqwv iurp wkh grp dlq G/ ⟩ ı_l|^q_{l@4}/ dqg fkrrvhv d wr vroyh U+ı_l ¿d, @3> l @4>÷÷÷>q Wklv lv d surmhfwlrq dssurdfk vlqfh U+ı_l ¿d, ht xdov wkh surmhfwlrq ri U+ı¿d, djdlqvwwkhGludf ghowd ixqfwlrq dwı_l/ η+ı∗ ı_l,1Ruwkrjrqdofroorfdwlrq fkrrvhv

wkh froorfdwlrq srlqwv lq d vshfldo z d— 1 Wkh fkrvhq ı^l duh wkh ˝hurv ri wkh q*wk edvlv hohp hqw/ z khuh wkh edvlv hohp hqwv duh ruwkrjrqdo z lwk uhvshfwwr wkh lqqhusurgxfw1 Wkh Fkhe— vkhy Lqwhusrodwlrq Wkhruhp vd— v wkdwwkh ˝hurhv ri Fkhe— vkhy sro— qrp ldov duh sduwlfxoduo— j rrg fkrlfhv1 Wkh shuirup dqfh ri

Fkhe— vkhy froorfdwlrq lv riwhq vxusulvlqjo— jrrg1

Fkrrvlqj wkhsurmhfwlrq frqglwlrqvlvd fulwlfdoghflvlrq vlqfhwkhp dmrufrp 0 sxwdwlrqdowdvn lvwkhfrp sxwdwlrq ri wkrvhsurmhfwlrqv1Wkhfroorfdwlrq p hwkrg lvidvwhvwlq wklvuhjdug vlqfhlwrqo— xvhvwkhydoxhri U dwq srlqwv1P ruhjhqhu0 doo— / z hj hqhudoo— uht xluhqxp hulfdot xdgudwxuhwhfkqlt xhvwr frp sxwhwkhlqqhu surgxfwv lq S+d,/D w— slfdot xdgudwxuh irup xod dssur–lp dwhv ⊎^e d i +ı, j +ı, gı z lwk d fflqlwh vxp ⋃^q l@4 ϖ^li +ı^l, z khuh wkh ı^l duh wkh t xdgudwxuh qrghvdqg wkh ϖ^l duh wkh z hlj kwv1 Vlqfh wkhvh irup xodv dovr hydoxdwh U+ı¿d , dwmxvwd fflqlwh qxp ehu ri srlqwv/ ı^l/ t xdgudwxuh0edvhg surmhfwlrq whfkqlt xhv duh hvvhqwldoo— z hljkwhg froorfdwlrq p hwkrgv/ exwp d— eh ehwwhuvlqfh wkh— xvh lqirup dwlrq dw p ruh srlqwv1

Vwhs 8 ghwhup lqhv d wkurxjk hlwkhu d p lqlp l˝dwlrq dojrulwkp +lq wkh ohdvw0 vt xduhvdssurdfk, rud qrqolqhduht xdwlrq vroyhudssolhg wr wkhv— vwhp S+d, @31

P dq— dowhuqdwlyhvh–lvw/ lqfoxglqj vxffhvvlyh dssur–lp dwlrq/ Qhz wrq*vp hwkrg/ dqg krp rwrs— p hwkrgv/ doori z klfk kdyh ehhq xvhg lq wkh hfrqrp lfv dssolfd0 wlrqvri wkh surmhfwlrq p hwkrg1

Wkh surmhfwlrq p hwkrg lvd j hqhudodssurdfk iruqxp hulfdovroxwlrq ri ixqf0 wlrqdoht xdwlrqv z klfk dulvh lq hfrqrp lf dqdo— vlv1 Wklv vhfwlrq kdv suhvhqwhg wkh j hqhudoiudp hz run1 Z h qh–wlooxvwudwh lwv dssolfdwlrq wr vrp h vshflfflf ds0 solfdwlrqvlq g— qdp lf hfrqrp lfv1

D ¸ hL˚i U— ıL? ¨ i — ΞL˙t uLh Aı4 i OL4 L˝i ?i LΛt

¨ L˙i *t

Wkh ydulrxv dssurdfkhv wr vroylqj udwlrqdoh–shfwdwlrqv p rghov glffihu lq wkuhh edvlf z d— v¿ ffluvw/ lq wkh fkrlfh ri fflqlwh0glp hqvlrqdo dssur–lp dwlrqv wr ixqf0 wlrqv/ vhfrqg/ lq wkh z d— wkh h–shfwdwlrq lq +49, lv frp sxwhg/ dqg/ wklug/ lq wkh p hwkrg xvhg wr fflqg dq dssur–lp dwh vroxwlrq1 Wkh z run glvfxvvhg ehorz wrxfkhv rq wz r ri wkh wkuhh fulwlfdohohp hqwv ¨ wkh p hwkrg xvhg wr dssur–l0 p dwh ht xloleulxp srolf— dqg sulflqj ixqfwlrqv/ dqg wkh p hwkrg iru vroylqj wkh lghqwli— lqj frqglwlrqv1 Lq wklv vhfwlrq z h irfxv rq ydulrxv frp elqdwlrqv ri ds0 sur–lp dwlrq dqg vroxwlrq p hwkrgv wkdwdsshdu wr eh surp lvlqj lq wkh frqwh–w ri odujh p xowldjhqwudwlrqdoh–shfwdwlrqvp rghov1

D˘� Σ TThL ı4 @— ı?˝ , ^Λı*ıMhıΛ4 6Λ?U— ıL?t

Wkh ffluvwnh— vwhs lq vroylqj sureohp v z lwk khwhurjhqhrxv djhqwv lv dssur–l0 p dwlqj wkh ghflvlrq uxohv dqg sulflqj ixqfwlrqv lq dq hfrqrp lfdoidvklrq1 I ru h–dp soh/ wr vroyh +49, z h qhhg wr dssur–lp dwh wz r ixqfwlrqv/ F_4+n^4>n^5>λ, dqg

F^5+n_4>n_5>λ,/ hdfk ri z klfk lvd ixqfwlrq ri wz r yduldeohv1Rqh reylrxvsrvvlelo0 lw— lvwr xvh sro— qrp ldov1I ruh–dp soh/ z h frxog vhw F^l+n>λ¿d, /@ M_4⋃

m_4 @3

M_5⋃

m_5 @3 P⋃ p @3

d^l_{m4 m5 p} n^{m4}_4 n^{m5}_5 λ^p > l @4>5 +4:,

Krz hyhu/ ruglqdu— sro— qrp ldov duh qrwdgylvdeoh vlqfh frqglwlrqlqj sureohp v +vlp loduwr p xowlfroolqhdulw— sureohp vlq uhj uhvvlrq, p dnh lwglȷ fxowwr lghqwli— wkh d frhȷ flhqwv1Mxgg +4¡¡5, dqg J dvsdudqg Mxgg +4¡¡:, lqvwhdg dgyrfdwhg wkh xvh ri ruwkrjrqdosro— qrp ldov/ uhvxowlqj lq dssur–lp dwlrqvri wkh irup F^l+n>λ¿d, /@ M_4⋃

m_4 @3

M_5⋃

m_5 @3 P⋃ p @3

d^l_{m4 m5 p} ⇀_{m4} +n_4, ⇀_{l5} +n_5, ϑ_p +λ,> l @4>5

z khuh ⇀_l+/, +ϑ_p +/,, lvd ghj uhh l ∗ 4 +p ∗ 4, sro— qrp ldoiurp vrp h dssursuldwh ruwkrjrqdoidp lo— 1 I ru h–dp soh/ Fkhe— vkhy sro— qrp ldov duh qdwxudowr xvh lq wkh n glp hqvlrqv vlqfh n lv h–shfwhg wr vwd— lq vrp h frp sdfwgrp dlq/ exw Khup lwh sro— qrp ldov vkrxog eh xvhg iru wkh λ glp hqvlrq vlqfh λ lv d Qrup do udqgrp yduldeoh1Rqh frxog dovr xvh vsolqhv wr dssur–lp dwh ht xloleulxp srolf— ixqfwlrqvz khq wkh qxp ehuri w— shvlvvp doo1Wklvlvglvfxvvhg p ruh h–whqvlyho— ehorz lq wkh glvfxvvlrq ri lqfrp sohwh dvvhwp dunhwv1

I rusureohp vz lwk vhyhudonlqgvri dj hqwv/ irup volnh+4: , vxffihuiurp d fxuvh ri glp hqvlrqdolw— 1 Wr frxqwhu wkdwMxgg dqg J dvsdu +4¡¡: , dgyrfdwh wkh xvh ri frp sohwh sro— qrp ldov1 Wkh nh— idfwderxwfrp sohwh sro— qrp ldov lv wkdw rqh holp lqdwhv iurp +4: , whup v ri klj k wrwdosrz hu1 Lq sduwlfxodu/ d ghj uhh g dssur–lp dwlrq z rxog xvh dssur–lp dwlrqv ri wkh irup F^l+n>λ¿d, /@ ⋃ 3⪰ m_4 . m_5 . p ⪰ g 3⪰ m_4 >m_5 >p ⪰ g d^l_{m4 m5 p} n^{m4}_4 n^{m5}_5 λ^p > l @4>5

Lq j hqhudo/ li wkhuh duh q dj hqwvdqg z h z dqwhg wr xvh d p xowlyduldwh ruwkrjrqdo sro— qrp ldodssur–lp dwlrq z h z rxog xvh F^l+n>λ¿d, /@ ⋃ 3⪰ m_4 . ÷÷÷. m_q . c⪰ g 3⪰ m_l >c⪰ g d^l_{m4 ///mq c} ⇀_{m4} +n_4, ///⇀_{mq} +n_q , ϑ_c+λ,

I xuwkhu vlp solfflfdwlrq lv srvvleoh li v— p p hwu— surshuwlhv duh suhvhqw1 I ru h–dp soh/ vxssrvh wkhuh duh wkuhh w— shvri djhqwvz lwk lghqwlfdosuhihuhqfhvexw glffihuhqwz hdowk1 Wkhq/ w— sh 4 djhqwv gr qrwfduh li w— sh 5 dj hqwv duh srru dqg w— sh 6 djhqwv duh ulfk ru li wkh uhyhuvh lv wuxh/ exww— sh 4 dj hqwv gr fduh derxwwkh glvwulexwlrq1Wklvv— p p hwu— frqglwlrq lp srvhvixuwkhufrqglwlrqvrq wkh d frhȷ flhqwv/ ixuwkhu uhgxflqj wkh qxp ehu ri xqnqrz qv1 Vshflfflfdoo— / wkh

4:

dssur–lp dwh frqvxp swlrq ixqfwlrq iru w— sh 4 dj hqwvz rxog wdnh wkh irup F_4+n>λ¿d, /@ ⋃ 3⪰ l. m. c⪰ g 3⪰ l>m>c⪰ g d^{m4 ///mq c} ⇀^l+n^4,⇀^m+n^5>///>n^q , ϑ^c+λ, +4;, z khuhhdfk ⇀^m+n^5>///>n^q , lvd v— p p hwulf sro— qrp ldolq +n^5>///>n^q , ri wrwdoghj uhh m1Wkh v— p p hwulf sro— qrp ldov kdyh d sduwlfxoduvwuxfwxuh/ exlowxs iurp d ihz edvlf v— p p hwulf sro— qrp ldov1I ruh–dp soh/ wkh ghjuhh 4 v— p p hwulf sro— qrp ldo lq +ı>ȷ >//>℘, lvı . ȷ . ///. ℘/ wkh ghj uhh 5 v— p p hwulf sro— qrp ldovlq +ı>ȷ >//>℘, duh olqhdufrp elqdwlrqvri ı_5 . ȷ_5 . ///. ℘_5 dqg +ı . ȷ . ///. ℘,_5/ dqg ghjuhh 6 v— p p hwulf sro— qrp ldov lq +ı>ȷ >//>℘, duh olqhdu frp elqdwlrqv ri ı_6 . ȷ_6 . ///.

℘_6/ ı_5ȷ . ı_5℘ . ///. ȷ_5℘ . //// dqg +ı . ȷ . ///. ℘,_61 Frqvxp swlrq ri w— sh p djhqwvlvghfflqhg xvlqj wkh vdp h frhȷ flhqwvxvhg lq +4; , exwuhyhuvlqj wkh urohv ri n^4 dqg n^p / uhvxowlqj lq wkh frqvxp swlrq ixqfwlrq F_p +n>λ¿d, /@ ⋃ 3⪰ l. m. c⪰ g 3⪰ l>m>c⪰ g d^{m4 ///mq c} ⇀^l+n^p ,⇀^m+n^4>//>n^{p ∗ 4}>n^{p . 4}>///>n^q , ϑ^c+λ,

Nuxvhoodqg Vp lwk +4¡¡: , wdnh wklv surfhvv rqh vwhs ixuwkhu1 Wkh— h–dp lqh d p rghoz lwk d frqwlqxxp ri djhqwv1 Dwffluvw/ lwz rxog vhhp lp srvvleoh wr xvh wkh dssurdfk lq +4; ,/ exwwkh nh— lqvljkwlv wr xv p rp hqwv1 Wkh— dvvxp h wkdw wkh frqvxp swlrq uxoh irudq— djhqwghshqgv rq klv z hdowk dqg wkh p rp hqwvri wkh glvwulexwlrq ri z hdowk1 Wklvghshqghqfh rq p rp hqwvlv d ixuwkhuh–whqvlrq ri wkh lghd ri xvlqj v— p p hwu— wr uhgxfh wkh frp soh–lw— ri wkh dssur–lp dwlrq xvhg iru wkh frqvxp swlrq ixqfwlrq1 Wklv lv fohduo— vhhq iurp wkh ghfflqlwlrq ri p rp hqwv1 I ru h–dp soh/ wkh p hdq fdslwdovwrfn lv ⋃ l n^l/ z klfk lv wkh ghj uhh 4 v— p p hwulf sro— qrp ldolq wkh n^l1 Wkh yduldqfh lvd olqhdu frp elqdwlrq ri ⋃ l n_5^l dqg + ⋃ l n^l,_5 z klfk duh wkh ghj uhh wz r v— p p hwulf sro— qrp ldov1 Wkh wkhru— ri frp sohwhsro— qrp ldovwhooxvwkdwwkhfrp sohwhghj uhhwz r dssur–lp dwlrq z rxog frqvlvwri d olqhdufrp elqdwlrq ri wkh p hdq/ wkh yduldqfh/ dqg wkh vt xduh ri wkh p hdq1 Lwdovr vd— v wkdwd wklug0rughu frp sohwh uhsuhvhqwdwlrq z rxog lqyroyh wkh p hdq fxehg/ wkh wklug p rp hqw/ dqg wkh vnhz qhvv1 Xvlqj wkhlu p rp hqw dssurdfk/ Nuxvhoodqg Vp lwk duh deoh wr dqdo— ˝h krz wkh glvwulexwlrq ri z hdowk lqwhudfwvz lwk lglrv— qfudwlf dqg v— vwhp dwlf ulvnvlq d UhdoExvlqhvvF— fohp rgho1

Vxusulvlqj o— / wkh— fflqg wkdwd vfkhp hxvlqj d ihz p rp hqwvsurgxfhvdq h–fhoohqw dssur–lp dwlrq ri djj uhj dwh ıxfwxdwlrqv1 ghq Kddq +4¡¡: , h–dp lqhg d vlp lodusureohp z khuh ht xloleulxp ghshqgvrq wkh glvwulexwlrq ri z hdowk/ exwwdnhv d glffihuhqwdssurdfk1 Kh dssur–lp dwhv wkh glvwulexwlrq ixqfwlrq z lwk vrp h ixqfwlrqdo idp lo— z lwk frhȷ flhqwv e dqg wkhq dvvxp hv wkdwdq lqglylgxdo*v frqvxp swlrq ghshqgv rq klv z hdowk dqg wkh frhȷ flhqwv e wkdwghvfuleh wkh glvwulexwlrq ri z hdowk1 Wklv lv p ruh jhqhudo wkdq Nuxvhoodqg Vp lwk vlqfh rqh z d— wr sdudp hwhul˝h d glvwulexwlrq lvwkurxjk lwv p rp hqwv1 Hyhq li rqh mxvwirfxvhv rq wkh p rp hqwv/ wkhuh lv doz d— v vrp h 4;

S+d, @ 3 dv d v— vwhp ri qrqolqhdu ht xdwlrqv dqg vroyhv iru d e— uhshdwhg olqhdudssur–lp dwlrqv1Qhz wrq*vp hwkrg lvorfdoo— t xdgudwlfdoo— frqyhuj hqw/ exw hdfk vwhs xvhv R+q_6, wlp h ehfdxvh lwfrp sxwhv d Mdfreldq1 Vrp h uhfflqhp hqwv hfrqrp l˝h rq wklv e— dssur–lp dwlqj wkh Mdfreldq/ exwwkh frp sxwdwlrqdofrvw shu vwhs lv vwlood sureohp 1

Wz r rwkhu surfhgxuhv duh p rwlydwhg e— hfrqrp lf lqwxlwlrq1 Wlp h lwhudwlrq dovr xvhv wkh Hxohuht xdwlrq wr vroyh iru ~F_l+n>λ, exwlqvwhdg xvhvwkh ht xdwlrq ~F l>m. 4+n>λ, @ +x∋,∗ 4+ϵ ~H⟩ x∋^l+~F l>m+♮ +n>λ, ∗ ~F l>m. 4+n>λ,>�λ,, ⋄ I^n+♮ +n>λ, ∗ ~F_{l>m}+n>λ,>�λ, ⇕λ| , +53, wr jhqhudwh wkh qhfhvvdu— gdwd1 I ru d ffl–hg +n>λ, yhfwru/ +53, lv d qrqolqhdu ht xdwlrq lq ~F_{l>m. 4}+n>λ,1Vroylqj +53, iruvhyhudofkrlfhvri +n>λ, j hqhudwhvydo0 xhv iru ~F_{l>m. 4}+n>λ,/ lqirup dwlrq z klfk lvwkhq xvhg wr frp sxwh wkh frhȷ flhqwv iru ~F_{l>m. 4}+n>λ,1 Wlp h lwhudwlrq fruuhvsrqgv wr vroylqj wkh fruuhvsrqglqj g— 0 qdp lf surj udp sureohp edfnz dugvlq wlp h1Vxffhvvlyh dssur–lp dwlrq p hwkrgv surfhhg p ruh gluhfwo— / xvlqj ohvv frp sxwdwlrq shu vwhs1 Vshflfflfdoo— / vxffhvvlyh dssur–lp dwlrq wdnhv wkh srolf— ixqfwlrqv frp sxwhg lq lwhudwlrq m/ ~F_{l>m}/ dqg dssolhvwkh frp sxwdwlrq ~F l>m. 4+n>λ, @ +x∋,∗ 4+ϵ ~H⟩ x∋+~F l>m+♮ +n>λ, ∗ ~F m+n>λ,>�λ,, ⋄ I^n+♮ +n>λ, ∗ ~F_{l>m}+n>λ,>�λ, ⇕λ|, +54, dwd fflqlwh qxp ehu ri srlqwv +n>λ, wr surgxfh ~F_{l>m. 4}+n>λ, gdwd vxȷ flhqwwr ffl– wkh xqnqrz q frhȷ flhqwvri ~F_{l>m. 4}1

Erwk vxffhvvlyh dssur–lp dwlrq dqg wlp h lwhudwlrq duh rqo— olqhduo— frqyhu0 j hqw1 Vlqfh ~F_{l>m. 4}+n>λ, lv h–suhvvhg gluhfwo— lq whup v ri wkh ulj kwkdqg vlgh ri

+54,/ wkh frp sxwdwlrq frvwlv vp doohu iru vxffhvvlyh dssur–lp dwlrq1 Vxffhvvlyh dssur–lp dwlrq z dv xvhg lq wkh udwlrqdo h–shfwdwlrqv e— P ludqgd dqg Khop 0 exujhu +4¡; ;, z kr revhuyhg wkdwlwz dv dq hȷ flhqwp hwkrg iru frp sxwdwlrq1

Lwfdq dovr eh p rwlydwhg e— ohduqlqj dujxp hqwv lq P dufhwdqg Vduj hqw+4¡;¡,1

Vxffhvvlyh dssur–lp dwlrq lv riwhq t xlwh vwdeoh/ frqyhujlqj wr wkh ht xloleulxp 1

Mxgg +4¡¡; / sdj hv88:0; , suhvhqwvd vwdelolw— dqdo— vlvri dq h–dp sohri vxffhvvlyh dssur–lp dwlrqvdqg vkrz vwkdwlwlvorfdoo— frqyhuj hqwh–fhswiruvrp h h–wuhp h fkrlfhv ri wdvwhv dqg whfkqrorj— 1 Krz hyhu/ wkh frp sxwdwlrqdoghp dqgvri hdfk lwhudwlrq duh rqo— R+q_5,1 Wlp h lwhudwlrq lv p ruh uholdeoh exwj hqhudoo— vorz hu wkdq vxffhvvlyh dssur–lp dwlrq z khq wkh odwwhu frqyhujhv1 Wlp h lwhudwlrq z dv xvhg e— J xvwdivrq/ dqg lq wkh Z uljkwdqg Z looldp v z run dqg wkhru— lqglfdwhv wkdwlwz looehp xfk vorz huwkdq Qhz wrq*vp hwkrg iruvp doosureohp vdqg vorz hu wkdq wkh vxffhvvlyh dssur–lp dwlrq uhvxowv ehorz 1

Wkh wlp h lwhudwlrq p hwkrg lv dovr xvhg e— Ulrv0Uxoo+4¡¡¡,/ z kr vroyhv iru lqglylgxdo ydoxh ixqfwlrqv dv z hoo dv srolf— ixqfwlrqv lq uhfxuvlyh ht xloleuld1

Vrp hwlp hvht xloleulxp lvehvwh–suhvvhg lq whup vri lqglylgxdoydoxh ixqfwlrqv1

Vhh Ulrv0Uxoo+4¡¡¡, iru d ghwdlohg suhvhqwdwlrq ri wkdwdssurdfk1 Ri frxuvh/

Qhz wrq*v p hwkrg ru vlp lodu qrqolqhdu ht xdwlrq p hwkrgv frxog dovr eh xvhg wr vroyh sureohp v irup xodwhg lq whup v ri ydoxh ixqfwlrqv vlqfh wkh ht xloleulxp lv dssur–lp dwhg e— d qrqolqhduvhwri frqglwlrqvrq wkh frhȷ flhqwvri wkh sdudp 0 hwhul˝dwlrq ri wkh ydoxh dqg srolf— ixqfwlrqv1 Wkdwdssurdfk lv wdnhq z khq vroylqj g— qdp lf jdp hv/ d wrslf glvfxvvhg ehorz / exwz h duh xqdz duh ri lwehlqj dssolhg wr uhfxuvlyh ht xloleulxp sureohp v1

S W?UL4 T*i — i Σ tti — ¨ @h! i — t ¯ ı— Ξ W?�?ı— i *) ´*ıffli˙ Σ ˝i ?— t

Wkh lqfrp sohwh dvvhwp dunhwp rghoz lwk lqfflqlwho— 0olyhg dj hqwv lv rqh wkdwkdv ehhq dqdo— ˝hg xvlqj frp sxwdwlrqdop hwkrgv lq vhyhudouhfhqwsdshuv1 Z h z loo uhylhz wkdwolwhudwxuh lq vrp h ghwdlowr klj kolj kwwkh fulwlfdoqxp hulfdolvvxhv wkdwdulvhlq dvvhwp dunhwsureohp v/ dqg wr j lyhvrp hp ruhghwdlorq wkhjhqhudo lghdvglvfxvvhg lq suhylrxv vhfwlrqv1

S˘� Σ ¨ L˙i *LuW?UL4 T*i — i Σ tti — ¨ @h! i — t

Frqvlghud Oxfdv+4¡:; , hfrqrp — z lwk khwhurj hqhrxvdj hqwv/ d vlqjoh frp p rg0 lw— dqg lqfrp sohwh dvvhwp dunhwv1 Wkhuh duh K lqfflqlwho— 0olyhg lqyhvwruv1 Dw hdfk shulrg w@3>4>÷÷÷lqyhvwruk uhfhlyhvd vwrfkdvwlf oderulqfrp h h^k_w1Lq dg0 glwlrq wkhuh lvd Oxfdvwuhh +z klfk z h z loouhihuwr dvwkh vwrfn, z lwk vwrfkdvwlf glylghqgvg_w1Dww@3 hdfk dj hqwk rz qvd iudfwlrq ri wkh wuhh v^k_{∗ 4} ∼ 3/ vr wkdw djj uhjdwh hqgrz p hqwv +rxwsxw, dwhdfk wlp h wht xdov ⋃_K k@4 h^k_w . g_w1 Dooxq0 fhuwdlqw— fdq eh ghvfulehg e— d wlp h0krp rj hqhrxv fflqlwh0vwdwh P dunry surfhvv1 Ohw♮ @⟩4>5>///>V| ghqrwh wkh h–rj hqrxv vwdwhv/ dqg ȷ_w eh wkh wlp h wydoxh1 Lqglylgxdooderu hqgrz p hqwv h^k =♮ ↔ R_{. .} dqg wkh glylghqgv g =♮ ↔ R_. ghshqg rq wkh fxuuhqwvwdwh ȷ dorqh1

Hdfk dj hqwk p d–lp l˝hvwkh h–shfwhg xwlolw— ixqfwlrq

X_k +f, @H ⟩_△ ⋃ w@3 ϵ^wx_k +f_w>ȷ , /

ryhu srvvleoh lqfflqlwh frqvxp swlrq vwuhdp v f1 Z h dvvxp h wkdwwkh xwlolw— ixqf0 wlrqvx_k +/>ȷ , =R_{. .} ↔ R duhvwulfwo— p rqrwrqh/ F^5/ vwulfwo— frqfdyh/ dqg vdwlvi— olp_{ı↔ 3} x_f +ı>ȷ , @△ 1 Z h dovr dvvxp h wkdwwkh glvfrxqwidfwru ϵ ▽ +3>4, lv wkh vdp h iru doodjhqwv/ dqg wkdwdjhqwv kdyh frp p rq eholhiv derxwwkh wudqvlwlrq p dwul– iruwkh h–rj hqrxvvwdwhv1

Djhqwv wudgh wz r vhfxulwlhv lq rughu wr vp rrwk wkhlu frqvxp swlrq dfurvv wlp h dqg vwdwhv1 Wkh— fdq wudgh vkduhv ri ht xlw— ghqrwlqj rz qhuvkls lq wkh Oxfdv wuhh dqg d rqh0shulrg erqg lq hyhu— wlp h shulrg1 Rqh erqg dwwlp h w gholyhuvrqh xqlwri wkh frqvxp swlrq j rrg dwwlp h w. 4 irudq— ȷ_{w. 4}/Erqgvduh lq ˝hur qhwvxsso— 1P dunhwvduhlqfrp sohwhli VA 5 dqg shuihfwulvn0vkdulqj z loo

j hqhudoo— eh lp srvvleoh1 Ohwe_k ghqrwh dq djhqw*v erqg kroglqj / v_k klv vwrfn kroglqj / t_v wkh sulfh ri wkh vwrfn/ dqg t_e wkh sulfh ri wkh erqg1 Dwhdfk wlp h w djhqwk idfhvwkh exgjhwfrqvwudlqw f_k^w @h_k +ȷ^w, . e_k^{w∗ 4} . v_k^{w∗ 4}+t_v^w . g+ȷ^w,, ∗ e_k^wt_e^w∗ v_k^wt_v^w/

Lq dgglwlrq z h dvvxp h wkh vkruw0vdoh frqvwudlqwv e_k^w ∼ N_k^e dqg v_k^w ∼ N_k^v / ∅ k @4>///>K Wkhvh odvwfrqvwudlqwvsod— dq lp sruwdqwuroh lq ht xloleulxp dqg suhvhqwvshfldo fkdoohqj hvirudq— frp sxwdwlrqdovwudwhj — 1

S˘2 + i UΛhtıffli , ^Λı*ıMhı@

Lwlvz hoonqrz q wkdwwkh p rghodoz d— vkdvd frp shwlwlyh ht xloleulxp / l1h1wkhlu h–lvwsulfhvdqg doorfdwlrqvvxfk wkdwdoop dunhwvfohdudqg doodj hqwvp d–lp l˝h xwlolw— vxemhfwwr wkhluexgjhwuhvwulfwlrqv +vhh h1j1P dj loodqg Txql˝ll +4¡¡9,,1

Krz hyhu/ lq rughuwr frp sxwh dq ht xloleulxp irudq lqfflqlwh krul˝rq p rgholwlv qhfhvvdu— wr irfxvrq uhfxuvlyh ht xloleuld1 Uhfxuvlyh ht xloleuld duh g— qdp lfdoo— vlp soh/ h–suhvvlqj sulfhv/ wudghv/ dqg frqvxp swlrq dvd wlp h0lqyduldqwixqfwlrq ri d fflqlwh qxp ehuri vwdwh yduldeohv1Lq wklvsureohp / wkhvwdwh yduldeohvlqfoxgh wkh h–rj hqrxvvwdwhvȷ dqg wkh dj hqwv*sruwirolrv1Wklvsureohp lvp ruh glȷ fxow wkdq Oxfdv +4¡:; , z khuh hyhu— wklqj ghshqghg vroho— rq wkh h–rj hqrxv vwdwh1

Ehfdxvh ri djhqwkhwhurj hqhlw— / wkh vwdwh vsdfh lqfoxghv wkh sruwirolrv ehfdxvh wkh glvwulexwlrq ri z hdowk z loolqıxhqfh ht xloleulxp sulfhv1 I ru wkh lqfrp sohwh dvvhwp rgholwlv vwdqgdug wr dvvxp h wkdwwkh h–rjhqrxv lqfrp h dqg glylghqg vwdwh ȷ ▽ ♮ wrjhwkhu z lwk wkh djhqwv*sruwirolr kroglqj v Π =@+e_k >v_k ,_K^{k@4} frq0 vwlwxwh d vxȷ flhqwvwdwh vsdfh1 Z h surfhhg xqghu wklv dvvxp swlrq dqg uhwxuq ehorz wr glvfxvvlqj lwvydolglw— 1

Z hghqrwhwkhhqgrjhqrxvvwdwhvsdfhri doosrvvleohsruwirolr kroglqjvri doo djhqwv e— ♯ /Gxh wr wkh vkruw0vdoh frqvwudlqwv wkh vhw♯ lv frp sdfw_81 I xuwkhu0 p ruh/ z hdvvxp hwkdwwkhuhfxuvlyhht xloleulxp fdq ehghvfulehg e— d frqwlqxrxv srolf— ixqfwlrq i_k @+i_{ke}>i_{kv}, =♮ ⋄ ♯ ↔ ♯ z klfk ghwhup lqhv djhqwv*rswlp do sruwirolr fkrlfh jlyhq sruwirolr kroglqjv dqg wkh lqfrp h vwdwh ri wkh fxuuhqw shulrg/ dqg e— d frqwlqxrxv sulfh ixqfwlrq j @+j_e>j_v, =♮ ⋄ ♯ ↔ R_5^{. .} z klfk p dsvwkh fxuuhqwvwdwh lqwr wkh dvvhwsulfhv t_e dqg t_v1

Wkhht xloleulxp ixqfwlrqvi dqg j duhghfflqhg e— wkhiroorz lqj uht xluhp hqwv1

+UH4, P dunhwfohdulqj = K⋃ k@4 i_{ke}+ȷ >Π , @3> K⋃ k@4 i_{kv}+ȷ >Π , @4 ∅ ȷ ▽ ♮ >Π ▽ ♯ / DW? u@U—c tΞLh— t@*i UL?t—h@ı?—t ı4 T*) —Ξ@— ⃗ ’ ⋂^M Π’ � ) dg_Π^Kc∋ ⋃ ζ⊘’ Π g ζ Ko{ dg_Π^r c� ∋ ⋃ ζ⊘’ Π g ζ r o [ ø˘

+UH5, Frqvxp swlrq fkrlfhv duh frqvlvwhqwz lwk z hdowk dqg dvvhwwudghv iru doo ȷ ▽ ♮ dqg dooΠ ▽ ♯ =

f^k @f^k +ȷ >Π , @h^k +ȷ , . e^k . v^k +j +ȷ >Π , . g+ȷ ,, ∗ i +ȷ >Π , ÷j +ȷ >Π ,/

+UH6, Fkrlfhv duh rswlp do¿khqfh/ iru dq— wz r vxevht xhqwh–rjhqrxv vwdwhv ȷ dqg ȷ_. dqg dooΠ ▽ ♯ frqvxp swlrq vdwlvfflhv

f^k_. = @f^k +ȷ_. >i +ȷ >Π ,, t^v_. = @j^v+ȷ_. >i +ȷ >Π ,,

ξ^{ke} = @x^∋_k +f,j^e+ȷ >Π , ∗ ϵH+x^∋_k +f^k_. ,, ∼ 3 ξ^{kv} = @x^∋_k +f,j^v+ȷ >Π , ∗ ϵH+x^∋_k +f^k_. ,+t^v_. . g+ȷ_. ,,, ∼ 3 ξ^{kv}+i^e+ȷ >Π , ∗ N^k_e , @ 3 ξ^{ke}+i^v+ȷ >Π , ∗ N^k_v , @ 3

Wkh p dfurhfrqrp lf olwhudwxuh riwhq dvvxp hv vwdwlrqdu— jurz wk iru hqgrz 0 p hqwv1Li doodj hqwvkdyh lghqwlfdofrqvwdqwuhodwlyh ulvn dyhuvlrq xwlolw— / +UH4,0 +UH6, fdq eh uhz ulwwhq lq whup v ri frqvxp swlrq2z hdowk udwlrv/ wudqvirup lqj wkh qrqvwdwlrqdu— j urz wk sureohp lqwr d sureohp frqfflqhg wr d frp sdfwvhwri udwlrv11

S˘fi k ΛΞ?´AΛU! i h ß L?˙ı— ıL?t @t @5) t— i 4 Lu, ^Λ@— ıL?t

Gxh wr wkh vkruw0vdoh frqvwudlqwvwkh dj hqwvidfh xwlolw— p d–lp l˝dwlrq sureohp v z lwk lqht xdolw— frqvwudlqwvuhvxowlqj lq ffluvw0rughufrqglwlrqvri rswlp dolw— z klfk lqfoxgh vkdgrz sulfhv dqg lqht xdolwlhv/ vhh ht xdwlrqv +UH6,1 Wkh lqht xdolwlhv j uhdwo— lqfuhdvh wkh glȷ fxow— ri frp sxwlqj dq ht xloleulxp ¿lq wkh g— qdp lf j hq0 hudoht xloleulxp olwhudwxuh wkuhh glffihuhqwdssurdfkhv kdyh ehhq xvhg wr wdfnoh wklvsureohp 1

Wkh glvfuhwh vwdwh0vsdfh dssurdfk ri Khdwrq dqg Oxfdv+4¡¡9, fdswxuhvwkh vkruw0vdoh frqvwudlqwv e— doorz lqj dj hqwv wr krog rqo— suh0vshflfflhg sruwirolrv z klfk dxwrp dwlfdoo— vdwlvi— wkh frqvwudlqwv1 Z kloh wklv dssurdfk lv yhu— hdv— lwkdv vrp h glvdgydqwdjhv dv z h z looghvfuleh ehorz 1 P dufhwdqg Vlqjohwrq +4¡¡¡, xvhdq frp elqdwruldodssurdfk h–dp lqlqj p dq— srvvleohfrp elqdwlrqvri elqglqj frqvwudlqwv1Wkh— vroyh wkh p rghodvli doodjhqwvidfh qr frqvwudlqwvrq wkhlusruwirolr wudqvdfwlrqv1Li dq djhqwylrodwhvrqhri wkhfrqvwudlqwv/ wkhq wkh— fkhfn doosrvvleoh frp elqdwlrqv ri sruwirolrv +hdfk djhqwehlqj frqvwudlqhg lq hdfk dvvhw, xqwlowkh— fflqg d vroxwlrq wr wkhv— vwhp ri ht xdwlrqvdqg lqht xdolwlhv1 Mxgg hwdo1 +4¡¡¡, wudqvirup wkh froohfwlrq ri ht xdwlrqv dqg lqht xdolwlhv lqwr d qrqolqhdu v— vwhp ri ht xdwlrqv yld d vlp soh wulfn +vhh J dufld dqg ] dqjz loo +4¡; 4,, z klfk fdq eh vroyhg xvlqj d qrqolqhdu0ht xdwlrq urxwlqh1

Ohwoeh d qdwxudoqxp ehudqg δ_{kd} ▽R iruk @4>5 dqg d ▽ ⟩ e>v| /Qrwh wkh iroorz lqj uhodwlrqv=

+p d–⟩3>δ_{kd}| ,_o @ ⟩ +δ_{kd},_o liδ_{kd} A 3

3 li δ_{kd} ⪰ 3

+p d–⟩3>∗ δ_{kd}|,_o @ ⟩ 3 li δ_{kd} A 3 ⇕δ_{kd}⇕_o li δ_{kd} ⪰ 3 P ruhryhu/

+p d–⟩3>δ_{kd}| ,_o ∼ 3>+p d–⟩ 3>∗ δ_{kd}| ,_o ∼ 3>dqg +p d–⟩3>δ_{kd}| ,_o÷+p d–⟩ 3>δ_{kd}|,_o @3/

Z h ghfflqh ξ_{kd} @+p d–⟩ 3>δ_{kd}|,_o dqg i_d+ȷ >Π , ∗ N_k^d @+p d–⟩3>∗ δ_{kd}|,_o z klfk doorz vxvwr vwdwh ffluvw0rughufrqglwlrqvri rswlp dolw— dvd v— vwhp ri ht xd0 wlrqvz klfk lvht xlydohqwwr +UH6,=

∗ j_e+ȷ >Π ,x_∋^k +f, . ϵ^k H^w+x_∋^k +f_k^. ,,, . +p d–⟩3>δ_{ke}| ,_o @ 3

∗ i_e+ȷ >Π , . N_k^e . +p d–⟩ 3>∗ δ_{ke}| ,_o @ 3

∗ j_v+ȷ >Π ,x_∋^k +f, . ϵ^k H^w ⟩ +t_v^. . g+ȷ^. ,,x_∋^k +f^. , | . +p d–⟩3>δ_{kv}| ,_o @ 3

∗ i_v+ȷ >Π , . N_k^v . +p d–⟩ 3>∗ δ_{kv}| ,_o @ 3

Z h kdyh wudqvirup hg wkh v— vwhp ri rswlp dolw— frqglwlrqv lqwr d v— vwhp ri 7 ht xdwlrqv iruhyhu— djhqwz lwk wkh yduldeohvλ_k dqg δ_k @+δ_{ke}>δ_{kv},/

S˘e ` LΛ?˙i ˙ ¸ Lh— uL*ıL 5T@Ui

Wkhfrp sxwdwlrqdofkdoohqjhz looehwr dssur–lp dwhwkhht xloleulxp ixqfwlrqvi dqg j 1Dwwklvsrlqw/ lwlvlp sruwdqwwr vwuhvvwkdwwkh vkruwvdoh frqvwudlqwvduh hvvhqwldoiru wkh frp sxwdwlrqv1 I urp d hfrqrp lf p rgholqj shuvshfwlyh vkruw0 vdohfrqvwudlqwvduhdq xqghvludeohsduwri wkhp rgho1Wkherxqgvrq vkruwvvdohv kdyhwr ehfkrvhq h–rj hqrxvo— dqg vlqfh lq uhdolw— h–solflwvkruwvdohfrqvwudlqwv uduho— h–lvw/ wklv fkrlfh fdqqrweh jxlghg e— gdwd1 Dowkrxj k hfrqrp lf dj hqwv gr idfh wudglqj uhvwulfwlrqv dqg ghewfrqvwudlqwv wkhuh duh riwhq qr ohj doolp lwv rq vkruw0srvlwlrqvlq lqglylgxdovhfxulwlhv1

I urp d wkhruhwlfdo srlqwri ylhz / lq rughu wr forvh wkh p rgho/ rqh p xvw uxoh rxwSrq˝l vfkhp hv/ l1h1 wkh srvvlelolw— ri dq lqfflqlwh dffxp xodwlrq ri ghew1

Krz hyhu/ wkh vwdqgdug dssurdfk +vhh h1j1Ohylqh dqg ] dp h +4¡¡9, lvwr lp srvh dq lp solflwghewfrqvwudlqw/ vxs^w \t_e^we_k^w . t_v^wv_k^w\ ⋆ △ >∅ k/ +55,

Vlqfh wklv frqvwudlqwp huho— uht xluhv wkdwdjhqwv p xvwdoz d— v eh deoh wr sd— edfn wkhlughewlq fflqlwh wlp h wklvlvfohduo— qrwdq xquhdolvwlf uhvwulfwlrq1 I ru d p rghoz lwk rqo— d vlqjoh erqg lp solflwghewfrqvwudlqwfdq riwhq eh uhirup xodwhg dv d vkruw0vdoh frqvwudlqw1 ] kdqj +4¡¡:d/ 4¡¡: e, ghyhorsv dojr0 ulwkp v wr frp sxwh ht xloleuld lq p rghov z lwk d vlqj oh dvvhwdqg lp solflwghew frqvwudlqwv1

Xqiruwxqdwho— / klv dssurdfk grhv qrwj hqhudol˝h wr p rghov z lwk p ruh wkdq rqh dvvhw1 Vlqfh wkh sulfh ri wkh Oxfdv wuhh lv hqgrjhqrxv/ wkh vwdwh vsdfh ♯ fdqqrweh uhgxfhg wr wkh vhwri srvvleoh z hdowk glvwulexwlrqv1 Dq— doj rulwkp kdvwr dssur–lp dwh wkh ht xloleulxp ixqfwlrqvryhuwkh glvwulexwlrq ri sruwirolr0 kroglqj v1I rudq— lqlwldoglvwulexwlrq ri sruwirolr kroglqj vlq ♯ / rqhkdvwr hqvxuh wkdwdjhqwv*qhz ht xloleulxp fkrlfh dovr olhvlq ♯ 1Krz hyhu/ z khq wkhuh lvp ruh wkdq rqhdvvhw/ wklvlvj hqhudoo— qrwsrvvleohz lwkrxwh–solflwo— uhvwulfwlqj djhqwv* fkrlfhvwr olhlq ♯ 1Z khqhyhudq djhqwidfhvdedg lglrv— qfudwlf vkrfn/ khz loowu— wr uhgxfh wkh ydoxh ri klvsruwirolr/ t_ee^k . t_vv^k 1Lq p rghovz klfk duh fdoleudwhg wr — hduo— gdwd/ dq lp solflwghewfrqvwudlqwv+55, z looriwhq lp so— wkdwwkh dj hqwv fdq eruurz xs wr 43 wlp hv klv dyhudj h hqgrz p hqwv +vhh ] kdqj +4¡¡:d,,1 Diwhu vxȷ flhqwo— p dq— edg vkrfnv dq djhqw*v dfwxdoghewz loodssurdfk wklv ydoxh1 Vlqfhlq dgglwlrq wr wkhlglrv— qfudwlf vkrfn wkhuhlvxqfhuwdlqw— derxwwkhvwrfnv glylghqgv/ wkh djhqwv* ht xloleulxp +xquhvwulfwhg, sruwirolr kroglqjv z loo wkhq frqvlvwri d yhu— vkruwsrvlwlrq lq rqh dvvhwdqg d yhu— oduj horqj srvlwlrq lq wkh rwkhu vhfxulw— 1 Djhqwv fdq lqıdwh wkhlu sruwirolrv z lwkrxwdq— erxqgv z lwkrxw ylrodwlqj wkh deryh ghewfrqvwudlqw1

Wklv lv d idp loldu sureohp lq jhqhudoht xloleulxp p rghov z lwk lqfrp sohwh dvvhwp dunhwvdqg uhdodvvhwv1Lq h–wuhp hfdvhv/ v^k . e^k fdq ehfrp hxqerxqghg1 Z lwkrxwvkruw0vdoh frqvwudlqwv/ ht xloleuld gr qrwdoz d— v h–lvwehfdxvh ghp dqg ixqfwlrqvduh qrwhyhu— z khuh frqwlqxrxv1

I ru doosudfwlfdosxusrvhv lwlv wkhuhiruh fuxfldowr h– dqwh ffl– d erxqghg vhwri dgp lvvleoh sruwirolr kroglqj v iru doodjhqwv1 Wkh hdvlhvwz d— wr rewdlq d erxqghg vhwri sruwirolrvlvwr lp srvh d vkruw0vdoh frqvwudlqw1Dvz h kdyh grqh lq rxu p rgho/ vkruwvdohv fdq eh frqvwudlqhg wkurxjk d sulrul vshflfflhg ffl–hg h–rj hqrxv orz hu erxqgv rq wkh sruwirolr yduldeohv1 Lq ht xloleulxp / z khq doo fflqdqfldop dunhwv duh uht xluhg wr fohdu/ doodjhqwv*sruwirolrv duh dovr erxqghg deryh uhvxowlqj lq d frp sdfwvhwri dgp lvvleoh sruwirolrviruwkh hqwluh hfrqrp — 1 Qrwh wkdwz h ghfflqh wkh erxqgv rq vkruwvdohv dv djhqwghshqghqwvlqfh lwlv fhuwdlqo— uhdolvwlf wr dvvxp h wkdwdq djhqw*vlqfrp h lqıxhqfhvkrz p xfk kh fdq eruurz 1

Z h vkrz ehorz wkdwlq p dq— fdvhv/ z khq wkhuh duh wz r dvvhwv/ vkruw0vdoh frqvwudlqwv z looeh iuht xhqwo— elqglqj 1 Z h p xvwnhhs wklv idfwlq p lqg z khq lqwhusuhwlqj wkh uhvxowv ri rxuvlp xodwlrqv1

S˘D , ıt— i ?Ui Lu, ^Λı*ıMhıΛ4 @?˙ ß L4 TΛ— @— ıL?@*, hhLht

Xqiruwxqdwho— / uhfxuvlyhht xloleuld gr qrwdoz d— vh–lvw~Nxeohudqg Vfkp hgghuv

+5333, frqvwuxfwvrp h frxqwhuh–dp sohv1Krz hyhu/ wkhvh h–dp sohvfuxfldoo— uho— rq p xowlsolflw— ri frp shwlwlyh ht xloleuld dqg iru p dq— uhdolvwlfdoo— fdoleudwhg hfrqrp lhv z khuh frp shwlwlyh ht xloleuld duh xqlt xh uhfxuvlyh ht xloleuld z looh–0 lvw1 Krz hyhu/ wkhlu duh qr nqrz q frqglwlrqv rq wkh ixqgdp hqwdov z klfk hqvxuh h–lvwhqfh1 Lwlv qhfhvvdu— wr ghyhors p hwkrgv z klfk jlyh wkh xvhu vrp h frqffl0 ghqfhwkdwwkhfrp sxwhg dssur–lp dwlrqvri wkhht xloleulxp ixqfwlrqvduhlqghhg yhu— forvh wr d wuxh ht xloleulxp 1

Z khq dssur–lp dwlqj srolf— dqg sulfh ixqfwlrqvrqhkdvwr ghdoz lwk ydulrxv nlqgv ri frp sxwdwlrqdohuuru dqg lwlv lp srvvleoh wr ghwhup lqh wkh ht xloleulxp ixqfwlrqv h–dfwo— 1 Wklv idfwri olih ohdgv wr wkh fhqwudot xhvwlrq krz odujh dq huuru lv dffhswdeoh dqg z khq wr vwrs dq dssur–lp dwlrq doj rulwkp 1 Wkh w— slfdo surfhgxuh xvhg wr vroyh rxu p rgholv ri lwhudwlyh qdwxuh dqg whup lqdwhv z khq d vwrsslqj uxoh lv vdwlvfflhg1 Vxfk vwrsslqj uxohv gr qrwvshfli— z khq wkh ds0 sur–lp dwhht xloleulxp sulfhvduh forvhwr wkhwuxhht xloleulxp sulfhvexwlqvwhdg z khq wkh glffihuhqfh ehwz hhq frqvhfxwlyh dssur–lp dwlrqv lv vp doo1 Wkh p hwkrg lv wkhq wkrxj kwwr kdyh vwdelol˝hg durxqg dq dssur–lp dwh vroxwlrq1 Dwwklv srlqw/ krz hyhu/ lwuhp dlqvxqfohdukrz forvh wkh frp sxwhg sulfhvdqg sruwirolrv duh wr wkh wuxh ht xloleulxp sulfhvdqg sruwirolrvdqg li z h dfwxdoo— kdyh dq ds0 sur–lp dwh ghvfulswlrq ri d uhfxuvlyh ht xloleulxp 1 Wkhuh lv dq reylrxv qhhg iru d forvh hydoxdwlrq ri wkh frp sxwhg vroxwlrqv1

Lghdoo— / rqh z dqwvwr ghulyh huuruerxqgvrudffxudf— hvwlp dwhvri wkh frp 0 sxwhg vroxwlrqv1 Z kloh erxqgv olnh wklv h–lvwiru fflqlwh glp hqvlrqdosureohp v

+vhh h1j 1Eoxp hwdo1+4¡¡; ,, dqg iruqxp hulfdog— qdp lf surj udp p lqj +vhh Vdq0 wrvdqg Ylj r0Dj xldu+4¡¡;,, wkhuh h–lvwqr frp sdudeoh wkhrulhviru wkh jhqhudo ht xloleulxp p rghoxqghufrqvlghudwlrq1

D srsxodu dssurdfk wr yhuli— wkh t xdolw— ri d vroxwlrq lv wr frp sxwh wkh p d–lp xp uhodwlyhhuuruvlq wkhdjhqwv*ffluvw0rughufrqglwlrqv1I ruwkhfdvhz khuh vkruw0vdoh frqvwudlqwv duh qrwelqglqj dqg wkh uhodwhg vkdgrz sulfhv duh ˝hur/ frqglwlrqv+UH6, lp so— wkdwwkh p d–lp xp uhodwlyh huuruv duh j lyhq e— p d–^λ ( (ϵH+x_{∋k} +f_{k.} ,, ∗ x_{∋k} +f,j_e+ȷ >Π , x_∋^k +f,j_e+ȷ >Π , ( ( dqg p d–^λ ( (ϵH++t_{v.} . g+ȷ ,,x_{∋k} +f_{k.} ,, ∗ x_{∋k} +f,j_v+ȷ >Π , x_∋^k +f,j_v+ȷ >Π , ( ( Xqiruwxqdwho— / orz huuruvlq djhqwv*Hxohuht xdwlrqvgr qrwj lyh dq— lqglfd0 wlrq ri krz forvh z h duh wr dq ht xloleulxp 1 Wklv z hoo0nqrz q idfwkdv ydulrxv lqwhusuhwdwlrqv lq wkh olwhudwxuh1 Mxgg +4¡¡5, dujxhv wkdwlwlv qrwvhqvleoh wr h–shfwlqfflqlwhsuhflvlrq iurp dj hqwvdqg wkdwwkhuhiruhwkhfrp sxwhg sulfhvdqg doorfdwlrqv duh olnho— wr eh d jrrg ghvfulswlrq ri wkh dfwxdohfrqrp lf rxwfrp h1

I ru wklv olqh ri uhdvrqlqj lwlv lp sruwdqwwr vkrz krz vp doowkh huuruv dfwxdoo— duh1 Z lwkrxwnqrz lqj wkh dfwxdovroxwlrq wklv lv qrwxqdp eljxrxvo— srvvleoh1 Mxgg +4¡¡5, vxj jhvwv wr hydoxdwh wkh Hxohu ht xdwlrqv dwwkh frp sxwhg sulfhv dqg doorfdwlrq dqg frp sxwh wkh z hdowk ht xlydohqwri wkh Hxohu ht xdwlrq uhvlg0 xdoz khq surmhfwhg lq gluhfwlrqv qrwxvhg wr frp sxwh wkh dssur–lp dwlrq1 D vp doohuurukhuh z rxog eh frqvlvwhqwz lwk wkh lqwhusuhwdwlrq ri dq dssur–lp dwh ht xloleulxp lq wkh vhqvh wkdwdj hqwvduh forvh wr udwlrqdo1

Khdwrq dqg Oxfdv +4¡¡9, dqg Whop hu +4¡¡6, xvh d volj kwo— glffihuhqwhuuru fulwhulrq1 I ru hdfk djhqw/ wkh— frp sxwh wkh dvvhwsulfhv z klfk vxssruwwkh djhqwv*frp sxwhg ghflvlrq1Z khq wkhuhduhwz r dj hqwv/ wkh— wkhuhiruhj hwsulfhv t^v_4>t^e_4 iru wkh ffluvwdj hqwdqg t^v_5>t^e_5 iru wkh vhfrqg djhqw1 Wkh— wkhq uhsruw +t^v_4 ∗ t^v_5, ∂t^v_4 dqg ] t^e_4 ∗ t^e_5 ⌊ ∂t^e_41 Z khq wkh vkruw0vdoh frqvwudlqwlv qrwelqglqj / wkhvh wz r irup xodwlrqv duh yhu— vlp loduvlqfh

t_5x^∋_4+f, ∗ ϵH+x^∋_4+f_. ,,

t_5x^∋_4+f, @ +t_4 ∗ t_5,x^∋_4+f, ∗ ϵH+x^∋_4+f_. ,,

t_5x^∋_4+f, @ t_4 ∗ t_5

t_5 ∗ 4 Wkh huuruvlq erwk dj hqwv*Hxohuht xdwlrqvfdq suhvxp deo— eh ghfuhdvhg e— vhw0 wlqj t^± @+t_4 . t_5,∂5/ wkh huuruv uhsruwhg lq Khdwrq dqg Oxfdv dqg Whop huduh wkhuhiruh olnho— wr voljkwo— ryhuvwdwh wkh huuruv lq wkh Hxohu ht xdwlrq1 Lq p rvw fdvhv/ krz hyhu/ wkh glffihuhqfh z looeh qhj olj leoh1

. Σ TThL ı4 @— ı?˝ Σ tti — ¨ @h! i — , ^Λı*ıMhı@ȷ ffli h @# ıtUhi — ı3i ˙ 5— @— i 5T@Ui

D fuxfldoihdwxuh ri hyhu— dssur–lp dwlrq p hwkrg lv wkh z d— lwghdov z lwk wkh hqgrjhqrxvvwdwh vsdfh ♯ /Wklvvhw♯ lvxqfrxqwdeohdqg lwlvwkhuhiruh lp srvvl0 eoh wr h–solflwo— frp sxwh wkhht xloleulxp ixqfwlrqvdwhyhu— srlqwlq ♯ /H–lvwlqj dojrulwkp vwr dssur–lp dwh ht xloleuld fdq eh glylghg lqwr wz r fodvvhv1Wklvvhf0 wlrq glvfxvvhv doj rulwkp v lq wkh ffluvwfodvv wkdwglvfuhwl˝h wkh vhw♯ dqg doorz rqo— fflqlwho— p dq— ydoxhv ri wkh hqgrjhqrxv vwdwh yduldeoh1 Rwkhu doj rulwkp v xvlqj sro— qrp ldodssur–lp dwlrqv duh glvfxvvhg odwhu1

Whop hu +4¡¡6,/ Oxfdv +4¡¡7, dqg Khdwrq dqg Oxfdv +4¡¡9, duh h–dp sohv ri sdshuv z klfk dssur–lp dwh uhfxuvlyh ht xloleuld e— glvfuhwl˝lqj wkh hqgrj hqrxv vwdwh vsdfh ♯ >wkdwlv/ djhqwv*sruwirolr kroglqjv fdq wdnh rqo— ydoxhv lq d suh0 vshflfflhg fflqlwh vhw1Z h ghvfuleh wkh edvlf lghdvri wkhvh p hwkrgvlq wkh frqwh–w ri Oxfdv*+4¡¡7, wz r0lqyhvwru wz r0dvvhwp rgho1

+G4, Xqghu wkh dvvxp swlrq wkdwwkhuh duh rqo— wz r lqyhvwruv/ p dunhwfohdulqj lp solhvwkdwwkhhqgrjhqrxvvwdwhvsdfhuhgxfhvwr N̂^4_e >∗ N^5_e ‘⋄ N̂^4_v >∗ N^5_v ‘1 Lq hdfk vhwri wkh surgxfwfkrrvh d fflqlwh qxp ehu ri Q srlqwv1 Wkxv/ wkh frqwlqxrxvwz r0glp hqvlrqdovwdwh vsdfh kdvehhq froodsvhg wr Q^5 srlqwv1 5:

+G5, Wkh dj hqwvp xvwfkrrvh wkhlusruwirolrvwr doz d— veh h–dfwo— rqh ri wkhvh

Q_5 srlqwv1 Sxwglffihuhqwo— / jlyhq dq %rog%sruwirolr lq wkh glvfuhwh vwdwh vsdfh dqg d qhz h–rjhqrxv vkrfn ȷ ▽ ♮ wkh dj hqwv p xvwfkrrvh d %qhz % sruwirolr wkdwdovr olhv lq wkdwglvfuhwh vhw1 Wkhuhiruh/ wkh ht xloleulxp srolf— ixqfwlrq i_k >k @4>5>fdq ehuhsuhvhqwhg dvVfroohfwlrqvri Q_5 sdluv ri sruwirolr srlqwv lq wkh glvfuhwh vhw/ rqh froohfwlrq iru hyhu— h–rj hqrxv vwdwh ȷ ▽ ♮ /Vlp loduo— / wkh sulfh ixqfwlrqv j duh dovr rqo— d froohfwlrq ri

V÷Q_5 srlqwv1

+G6, Wkh dojrulwkp vhdufkhv iru dvvhwsulfhv dqg dq doorfdwlrq ri dvvhwv z klfk frp hv dv forvh dv srvvleoh wr dj hqwv*rswlp dolw— 1 Wkh dojrulwkp frqvlghuv rqo— wkrvh sruwirolr frp elqdwlrqv ri wkh djhqwv wkdwvdwlvi— wkh p dunhw0 fohdulqj ht xdwlrq1 Gxh wr wkh glvfuhwl˝dwlrq ri wkh vwdwh vsdfh lwlv lp 0 srvvleoh wkdwdoodjhqwv*ghflvlrqvduh rswlp do1Wkh jrdori wkh doj rulwkp v p xvweh wr fflqg ixqfwlrqvj dqg i z klfk p lqlp l˝hwkhhuuruvlq wkhdjhqwv*

Hxohu ht xdwlrqv ru ht xlydohqwo— p lqlp l˝h wkh uhodwlyh glffihuhqfh ehwz hhq vxssruwlqj sulfhv1

Wkh glvfuhwh p hwkrgv kdyh wkh dgydqwdj h wkdwgxh wr wkhlu vlp solfflfdwlrq ri wkh ht xloleulxp vroxwlrq sureohp wkh— duh qxp hulfdoo— vwdeoh dqg hdv— wr lp sohp hqw1 I ru dssolfdwlrqv z lwk rqo— d vlqjoh vwdwh yduldeoh +h1j 1yhuvlrqv ri wkh p rghoz khuh hlwkhu wkh erqg p dunhwru wkh vwrfn p dunhwduh vkxwgrz q, wkh— shuirup yhu— z hoo1 Krz hyhu/ z h h–sodlq ehorz wkdwiru p rghov z lwk p ruh wkdq rqh hqgrjhqrxv vwdwh yduldeoh wkhvh p hwkrgv duh jhqhudoo— wrr vorz ru ri iduwrr orz d suhflvlrq wr eh hffihfwlyh wrrov1

Wkh glvwlqj xlvklqj ihdwxuh ri glvfuhwh p hwkrgvlvkrz wkh— vroyh wkh djhqwv*

Hxohu ht xdwlrqv/ wkdwlv/ krz wkh— shuirup Vwhs +G6, ri wkh edvlf dssurdfk vhwxs1Z h glvfxvvwklvsrlqwqrz lq p ruh ghwdlo1

. ˘� Σ 5ı?˝*i 5i UΛhı—) GΠ L , ^Λı—)

Whop hu +4¡¡6, frqvlghuv d juhdwo— vlp solfflhg yhuvlrq ri rxu p rghodqg dvvxp hv wkdwht xlw— lv qrwwudgdeoh/ lqvwhdg djhqwv duh rqo— dfwlyh lq wkh erqg p dunhw1

Wkhvwdwhvsdfhwkhq vlp solfflhvwr wkhrqh0glp hqvlrqdolqwhuydoN̂_4^e >∗ N_5^e ‘z klfk fdq eh hdvlo— glvfuhwl˝hg fkrrvlqj Q srlqwvri wkh lqwhuydo1

Lq rughu wr p lqlp l˝h wkh huuru lq wkh Hxohu ht xdwlrqv Whop hu +4¡¡6, xvhv d

J dxvv0Vhlghop hwkrg1Uhfdoowkdwhyhu— Hxohuht xdwlrq frqfhuqvwz r vxevht xhqw wlp h shulrgvdqg wkhuhiruh sruwirolr whup viruwkuhh wlp h shulrgv1I ruwkh wklug ri wkhvh sruwirolrv +%wrp ruurz *v%, dqg wkh fruuhvsrqglqj sulfhv vrp h ghflvlrq uxoh dv d ixqfwlrq ri wkh vhfrqg +%wrgd— *v%, sruwirolr lv dvvxp hg1 I ru d j lyhq ffluvwsruwirolr +%— hvwhugd— *v%, wkh doj rulwkp qrz p lqlp l˝hv wkh Hxohu ht xdwlrq huurue— fkrrvlqj wkh vhfrqg sruwirolr1Wklv+%wrgd— *v%, sruwirolr lp sdfwverwk whup v lq wkh Hxohu ht xdwlrq1 Wrgd— *v sruwirolr lv frp sxwhg iru hyhu— srlqwlq wkh vwdwh vsdfh1 Wkh huuru0p lqlp l˝lqj sruwirolrv dqg sulfhv dwhyhu— srlqwlq

5;

p hwkrg/ z klfk duh ghvlj qhg iru vp rrwk v— vwhp v1 Lqvwhdg wkh— p xvweh vroyhg e— vrp h vhdufk surfhgxuh vxfk dv lq Oxfdv*dqg Whop hu*v sdshuv1 I ru p ruh wkdq rqh hqgrjhqrxv vwdwh yduldeoh/ lwwkhuhiruh vhhp vz ruwkz kloh wr ghyhors d dowhuqdwlyh dssurdfk1

H ß L?— ı?ΛLΛt , ?˙L˝i ?LΛt 5— @— i 5T@Ui GΣ 5T*ı?i ß L**LU@— ıL? Σ *˝Lhı— Ξ4

Vrp h dojrulwkp v dssur–lp dwh ht xloleuld z lwk wz r dvvhwv ryhu d frqwlqxrxv hq0 grjhqrxvvwdwh vsdfh1Wkh fhqwudowkhp h ri wkhvh doj rulwkp vlvwr dssur–lp dwh wkh srolf— ixqfwlrqv i dqg j qrwrqo— dwfflqlwho— p dq— srlqwv exwlqvwhdg rq wkh hqwluh vwdwh vsdfh ♮ ⋄ ♯ /I ru vxfk d frqwlqxrxv dssur–lp dwlrq d idp lo— ri sro— qrp ldov lv xvhg wr dssur–lp dwh wkhvh ixqfwlrqv1 Lq wklv vhfwlrq z h uhylhz wkh vsolqh froorfdwlrq p hwkrg xvhg lq Mxgg hwdo1+4¡¡¡, Ehorz z h h–dp lqh wkh p hwkrg xvhg lq P dufhwdqg Vlqj ohwrq +4¡¡¡,

Wkhuh duh reylrxvo— wz r fuxfldolvvxhv rqh kdv wr idfh z khq ghyhorslqj dq dojrulwkp wr dssur–lp dwh uhfxuvlyh ht xloleuld1 I luvw/ rqh kdv wr fflqg d vfkhp h wr dssur–lp dwh wkh wuxh ht xloleulxp ixqfwlrqv i dqg j 1 J hqhudoo— / wkh— wkh dssur–lp dwlqj ixqfwlrqv z looeh ghwhup lqhg e— d fflqlwh qxp ehu ri sdudp hwhuv1

Wkh vhfrqg vwhs p xvwwkhq eh wr vroyh iruwkhvh xqnqrz q sdudp hwhuv1

Mxgg hwdo1 +4¡¡¡, xvh fxelf vsolqhv wr dssur–lp dwh wkh ht xloleulxp ixqf0 wlrqvdqg frp sxwh wkh vsolqh frhȷ flhqwvxvlqj froorfdwlrq p hwkrgv1Wkh— vroyh wkh froorfdwlrq ht xdwlrqv z lwk dq lwhudwlyh dssurdfk1 Z h z looeulhı— ghvfuleh wkhlu dojrulwkp dqg xvh d vlp soh h–dp soh wr vkrz z khuh wkh glȷ fxowlhv olh lq dssur–lp dwlqj dqg lq vroylqj iru wkh ht xloleulxp ixqfwlrqv1

Wkh p dlq vwhsvri wkh doj rulwkp vduh dv iroorz v=

+F4, Wkh ht xloleulxp ixqfwlrqvi dqg j duh dssur–lp dwhg e— slhfhz lvh sro— qr0 p ldoixqfwlrqv1 Wkh— fdq wkhuhiruh eh sdudp hwhul˝hg e— d fflqlwh qxp ehu ri frhȷ flhqwv1

+F5, Lq hdfk vhwri wkh hqgrjhqrxv vwdwh vsdfh N̂_4^e >∗ N_5^e ‘⋄ N̂_4^v >∗ N_5^v ‘ fkrrvh d fflqlwh qxp ehuri Q ⋄ Q srlqwv/ fdoohg froorfdwlrq srlqwv1

+F6, Wkh doj rulwkp vhdufkhv iru frhȷ flhqwv ri wkh dssur–lp dwlqj ixqfwlrqv z klfk hqvxuh wkdwdwwkh froorfdwlrq srlqwv/ wkh Hxohuht xdwlrqvdqg p du0 nhwfohdulqj frqglwlrqvkrog1

H˘� + i Thi ti ?— ı?˝ — Ξi , ^Λı*ıMhıΛ4 6Λ?U— ıL?t

Wkh ht xloleulxp ixqfwlrqv duh ghfflqhg rq dq xqfrxqwdeoh vhwdqg vr z h fdq0 qrwvshfli— doowkhlu ydoxhv h–dfwo— 1 Lqvwhdg lwlv rqo— ihdvleoh wr dssur–lp dwh wkh ixqfwlrqv i dqg j xvlqj d idluo— vp dooqxp ehu ri sdudp hwhuv1 Dv z h vkrz ehorz / wkhvh ixqfwlrqv duh olnho— wr kdyh h–wuhp ho— kljk fxuydwxuh lq fhuwdlq

uhj lrqv1 Lq idfw/ li wkh vkruw0vdoh frqvwudlqwv duh p rghohg h–solflwo— / wkhvh ht xl0 oleulxp ixqfwlrqv idlowr eh F^41 D j oredosro— qrp ldodssur–lp dwlrq +xvlqj h1j1 vr0fdoohg ruwkrj rqdosro— qrp ldov, wkhuhiruh grhv qrwz run xqohvv rqh lv z loolqj wr doorz iru oduj h frp sxwdwlrqdohuuruv1 Wkh p rvwvhqvleoh dssurdfk wxuqv rxw wr dssur–lp dwh wkh ht xloleulxp ixqfwlrq lq d slhfhz lvh idvklrq e— fflqlwho— sd0 udp hwhul˝hg ixqfwlrqv ai >aj xvlqj uhodwlyho— ihz sdudp hwhuv1 Z h xvh slhfhz lvh fxelf sro— qrp ldov +fxelf vsolqhv, wr dssur–lp dwh wkhp 1

Rqh0glp hqvlrqdofxelf vsolqhv duh hdvlo— ghfflqhg1 J lyhq p srlqwv ri d uhdo ydoxhg ixqfwlrq +ı_l>ȷ_l,^p_{l@4} d fxelf vsolqh v+ı, lvghfflqhg e— wkhuht xluhp hqwwkdw v+ı_l, @ȷ_l iru dool @4>///>p / wkdwlq hdfk lqwhuydoî_l>ı_{l. 4}‘ wkh ixqfwlrq v lv d fxelf sro— qrp ldodqg wkdwv lvF^5 rq î_4>ı_p ‘1E— uhsuhvhqwlqj wkhp dvd olqhdu frp elqdwlrq ri d froohfwlrq ri vr fdoohg E0vsolqhv/ wkh vsolqhv fdq eh xvhg iru dssur–lp dwlqj klj khuglp hqvlrqdoixqfwlrqv1Vhh gh Erru+4¡:; , irud wkrurxjk ghvfulswlrq ri vsolqhvdqg wkhludssur–lp dwlqj surshuwlhv1

Qrwh wkdwe— dssur–lp dwlqj wkh ht xloleulxp ixqfwlrqv yld slhfhz lvh olqhdu frp elqdwlrqvri sro— qrp ldovwkhht xloleulxp frp sxwdwlrq kdvehhq wudqvirup hg iurp fflqglqj ixqfwlrq ydoxhv rq dq xqfrxqwdeoh vhwwr fflqglqj fflqlwho— p dq— z hljkwv iru wkh dssursuldwh olqhdu frp elqdwlrqv1 Sxwglffihuhqwo— / wkh sureohp kdvehhq uhgxfhg iurp frp sxwlqj lqfflqlwho— p dq— ydoxhvwr fflqglqj d uhdvrqdeoh fflqlwh qxp ehu ri sdudp hwhuv1

H˘2 Σ Aı4 i ´W— i h@— ıL? Σ *˝Lhı— Ξ4

Xvlqj wkh froorfdwlrq p hwkrg wr fflqglqj dssur–lp dwlqj ixqfwlrqv ai dqg aj wkh fuxfldosureohp kdvqrz ehfrp h wr vroyh iruwkh vsolqh frhȷ flhqwv1Lq rughuwr rewdlq vxȷ flhqwdffxudf— / wkh qxp ehu ri xqnqrz q frhȷ flhqwv wxuqv rxwwr eh udwkhu oduj h1 I ru wkh h–dp soh ehorz z h kdyh ¡933 xqnqrz q frhȷ flhqwv1 Wklv oduj h qxp ehu ri sdudp hwhuv p dnhv lwglȷ fxowwr vroyh iru wkhp gluhfwo— ~ z h dsso— dq lwhudwlyh dssurdfk lqvwhdg1

Wkh edvlf lghd ri wklvlwhudwlyh dssurdfk fdq eh ylhz hg dvd frqwlqxrxvj hq0 hudol˝dwlrq ri Whop hu*v +4¡¡6, dssurdfk/ vhh Vhfwlrq 5141 Wkh edvlf lqwxlwlrq lv wkdwdwhdfk lwhudwlrq l>z hwdnhqh–wshulrg*vsrolf— ixqfwlrqvdvj lyhq dqg frp 0 sxwh dwhyhu— froorfdwlrq srlqwwklvshulrg*vsruwirolr kroglqjvdqg sulfhvz klfk vdwlvi— wkh Hxohu ht xdwlrq1 J lyhq ixqfwlrqv ai_l dqg aj_l z h rewdlq ai_{l. 4} dqg aj_{l. 4} e— lqwhusrodwlqj wkh frp sxwhg sruwirolr kroglqj v dqg sulfhv dwwkh froorfdwlrq srlqwv1 Uhfxuvlyh lqfflqlwh0krul˝rq ht xloleuld duh dssur–lp dwhg e— fflqlwh0krul˝rq ht xloleuld dv wkh qxp ehu ri shulrgv ehfrp hv yhu— oduj h1 I ru glvfrxqwidfwruv ϵ forvhwr rqhwkhqxp ehuri lwhudwlrqvqhhghg wr rewdlq d vdwlvidfwru— dssur–lp d0 wlrq olhvdurxqg 5331Lwlvwkhuhiruhlp sruwdqw/ wkdwlq hdfk lwhudwlrq/ dq hȷ flhqw z d— lvirxqg wr vroyh wkh Hxohuht xdwlrqv~ z hfrp h edfn wr wklvsureohp ehorz lq wkh frqwh–wri rxuh–dp soh

Wkh dojrulwkp fdq eh vxp p dul˝hg dv iroorz v=

Wlp h Lwhudwlr q Vs olqh F r oor fdwlr q Doj r ulwkp

Vwhs 3= Vhohfwd vhwJ ri froorfdwlrq srlqwvdqg d vwduwlqj srlqwai^3>aj^31

Vwhs 4= J lyhq ixqfwlrqv ai^l>aj^l/ ∅ λ ▽ J / ∅ ȷ ▽ ♮ frp sxwh sruwirolrvdqg sulfhv vroylqj wkh Hxohuht xdwlrqvdqg p dunhw0fohdulqj frqglwlrqv1

Vwhs 5= Frp sxwh wkh qhz dssur–lp dwlrqv ai^{l. 4}>aj^{l. 4} yld lqwhusrodwlrq1

Vwhs 6= Fkhfn vwrsslqj fulwhulrq=Li wkh huuruvduh vxȷ flhqwo— vp doo/ wkhq j r wr Vwhs 71Rwkhuz lvh lqfuhdvh l e— 4 dqg j r wr Vwhs 41

Vwhs 7= Wkh doj rulwkp whup lqdwhv1Vhwai @ ai^{l. 4}>aj @aj^{l. 4}> wkhvh duh wkh dssur–lp dwh ht xloleulxp ixqfwlrqv1

b AΞi ¨ @ı? ß L4 TΛ— @— ıL?@* ß Ξ@**i ?˝i t @?˙ @?

, @4 T*i

Dv lwwxuqv rxw/ dssur–lp dwlqj ht xloleuld iru p rghov z lwk p ruh wkdq rqh dvvhw lv d glȷ fxowwdvn1 Lq wklv vhfwlrq z h xvh d vlp soh h–dp soh wr looxvwudwh wkh iroorz lqj wz r sureohp v1

41 Vkruw0vdohfrqvwudlqwvduhiuht xhqwo— elqglqj/ uhvxowlqj lq qrq0vp rrwk sro0 lf— ixqfwlrqv1 J oredosro— qrp ldodssur–lp dwlrq vfkhp hv fdqqrweh xvhg wr dssur–lp dwh wkhvh ixqfwlrqv1

51 Hyhq lq uhjlrqv ri wkh vwdwh vsdfh z khuh frqvwudlqwv duh qrwelqglqj/ wkh v— vwhp ri ht xdolwlhv ghvfulelqj ht xloleulxp lv h–wuhp ho— loo0frqglwlrqhg1

Z lwkrxwdq h–wuhp ho— j rrg vwduwlqj srlqw/ Qhz wrq0p hwkrgv fdqqrwfflqg d vroxwlrq1

Wkhuh duh wz r lqyhvwruv z lwk lghqwlfdo FUUD xwlolw— / x^k +f, @_{f4∗ ζ}^{4∗ ζ} z lwk frhȷ flhqwri uhodwlyh ulvn dyhuvlrq ri ζ @4/8 dqg d glvfrxqwidfwru ϵ @3/¡91

Wkhuh duh 7 h–rj hqrxv vwdwhv/ lglrv— qfudwlf vkrfnv wr oderulqfrp h duh h_4 @ ⟩ 6 6 : : ⨆ ⟨ >h_5+v, @43∗ h_4+v, dqg wkh vwrfkdvwlf glylghqgv ~ wkh rqo— vrxufh ri djj uhj dwh xqfhuwdlqw— lq rxu vlp soh h–dp soh ~ duh jlyhq e— g @+5/8>5>5/8>5,_∋1

Wkh wudqvlwlrq p dwul– Φ lv fkrvhq wr hqvxuh wkdwlglrv— qfudwlf vkrfnv duh yhu— shuvlvwhqw1 Wklv vhhp v wr eh d vw— ol˝hg idfwdqg/ dv z h z loovhh ehorz / lw fdxvhv vxevwdqwldofrp sxwdwlrqdoglȷ fxowlhv1Φ lvj lyhq e—

Φ @ ⟩ 3/7 3/7 3/4 3/4

3/7 3/7 3/4 3/4

3/4 3/4 3/7 3/7

3/4 3/4 3/7 3/7 ⨆ ⟨ /

b˘� 5ΞLh— ´5@*i ß L?t— h@ı?— t

Dv h–sodlqhg lq Vhfwlrq 917/ vkruw0vdoh frqvwudlqwv duh dq hvvhqwldosduwri rxu p rgho1 Z h vhwwkh vkruwvdoh frqvwudlqwv wr eh N^k_e @ ∗ 5/8 dqg N^k_v @ ∗ 3/4 iru erwk djhqwv k @ 4>51 I lj xuh 4 ghslfwv lqyhvwru 4*v frp sxwhg ht xloleulxp ghp dqg iru erqgv/ ai^{4e}_ȷ / iru wkh h–rj hqrxv vkrfn ri ȷ @4 iru rxu h–dp soh1 I ru oduj huhj lrqvri wkhhqgrj hqrxvvwdwhvsdfhwkhvkruw0vdohfrqvwudlqwrq wkherqg lv elqglqj 1 Wkh hfrqrp lf lqwhusuhwdwlrq ri wklv lv vwudlj kwiruz dug= Lqyhvwruv fdqqrwxvh wkh vwrfn wr lqvxuh djdlqvwedg lglrv— qfudwlf vkrfnv h– dqwh1 J lyhq d edg vkrfn wkh rqo— srvvlelolw— wr vp rrwk frqvxp swlrq lvwkhuhiruh wr eruurz 1 Vxfk fdq eh hlwkhu dfklhyhg e— vhoolqj wkh vwrfn ru wkh erqg1 Krz hyhu/ iru p rvwohyhov ri vwrfn kroglqj v/ wkh lqyhvwru suhihuv wr vhoo wkh erqg dqg grhv vr xs wr wkh vkruw0vdoh frqvwudlqwv1 Dowkrxjk wkh j lyhq sdudp hwul˝dwlrq lv d yhu— vw— ol˝hg h–dp soh/ wklv skhqrp hqrq lv yhu— olnho— wr rffxu lq p rghov z lwk uhdolvwlfdoo— fdoleudwhg shuvlvwhqwlglrv— qfudwlf vkrfnv1

+I LJ XUH 4 DERXWKHUH,

Wkhp dlq frp sxwdwlrqdosureohp z lwk vkruw0vdoh frqvwudlqwvlvwkhidfwwkdw wkh uhvxowlqj srolf— ixqfwlrqv i duh qr orqjhu vp rrwk1 Fohduo— / wkh sorwwhg ai^{4e}_4 grhvqrwdssur–lp dwhd vp rrwk ixqfwlrq1Dwwkrvhydoxhvri odvwshulrg*vsruwir0 olr kroglqjvz khuhwkhvkruw0vdohfrqvwudlqwehfrp hvelqglqj/ wkhsrolf— ixqfwlrq lvqrwglffihuhqwldeoh1Wklvidfwvkrz v z k— lwlvlp srvvleoh wr dssur–lp dwh wkhvh ixqfwlrqvj oredoo— z lwk sro— qrp ldov1Hyhq z lwk vsolqhvd jrrg dssur–lp dwlrq lv rqo— srvvleoh li wkh qxp ehu ri froorfdwlrq srlqwv lv yhu— klj k ~ lq wklv h–dp soh z hfkrvh53⋄ 53 froorfdwlrq srlqwv1Ri frxuvh/ e— wkhghfflqlwlrq ri fxelf vsolqhv/ wkhdssur–lp dwlqj ixqfwlrq lvvwlooF^5 z klohwkhwuxhixqfwlrq lvqrw1Lq idfw/ rqh fdq vhh lq I lj xuh 4 wkdwwkh dssur–lp dwlqj ixqfwlrq lv volj kwo— *kxp s0vkdshg* forvh wr wkh *wkhruhwlfdoqrq0glffihuhqwldelolw— *1 Wklv kxp s ohdgv wr vxevwdqwldo huuruv lq wkh Hxohu ht xdwlrqv1 Z kloh wkh uhvxowlqj dyhudj h huuruv duh yhu— orz +durxqg 313334 shufhqw,/ wkh p d–lp xp huuru lq wkh Hxohuht xdwlrq olhv durxqg 316 shufhqw1I xuwkhup ruh/ li rqo— 558 froorfdwlrq srlqwvduh xvhg wkh p d–lp xp huuru mxp sv xs wr 3/¡ shufhqw1

I ru p dq— dssolfdwlrqv/ sduwlfxoduo— li wkhuh duh p ruh wkdq wz r hqgrj hqrxv vwdwhv/ lwlvlp sudfwlfdowr kdyh 53 froorfdwlrq srlqwvlq hdfk glp hqvlrq1Wkhuh0 iruh lwlv xvhixowr frqvlghu yduldwlrqv ri wkh p rghoz klfk ohdg wr ohvv h–wuhp h vkdshvri wkh srolf— ixqfwlrqv1

¡1414 Wudqvdfwlr q F r vwv

Rqh hdv— z d— wr dyrlg h–wuhp h wudglqj lvwr dvvxp h wkdwwudglqj wkh vwrfn dqg wkh erqg lv frvwo— 1 Lq idfw/ lwp ljkwhyhq eh uhdolvwlf wr dvvxp h wkdwwkhuh lv d uhdofrvwlq dft xlulqj fflqdqfldodvvhwv1Wkh iroorz lqj vshflfflfdwlrq ri wudqvdfwlrq frvwv lviurp Khdwrq dqg Oxfdv+4¡¡9/ Vhfwlrq LY G,1

Dwhdfk gdwh wdq djhqwk sd— vwudqvdfwlrq frvwvri ϖ+λ_k^{w∗ 4}>λ_k^w,1Z h dvvxp h wkdwϖ kdvwkh ixqfwlrqdoirup ϖ+λ^{w∗ 4}>λ^w, @χ_ee^w_5 . χ_v+t_v^w+v^w∗ v^{w∗ 4},,_5> z khuhχ_e>χ_v duhfrqvwdqwv1Wkhdvvxp swlrq ri vwulfwo— frqyh– frvwvlvxquhdolvwlf exwlwlvqhhghg wr hqvxuh wkdwdj hqwvidfh d glffihuhqwldeoh dqg frqyh– surjudp 0 p lqj sureohp 1 Z h vhwχ_v @ 3/3334 dqg χ_e @ 3/33341 Qrwh wkdwwkhvh frvwv duh vr vp doowkdwwkh— duh qrwolnho— wr kdyh d kxjh hffihfwrq djhqwv*z hoiduh1

Wudglqj 518 xqlwv ri wkh erqg +wkh eljj hvwsrvvleoh dp rxqw, z loofrvw31333958 shufhqwri dj j uhjdwh hqgrz p hqwv/ wudglqj 415 xqlwv ri wkh vwrfn +415 wlp hv wkh hqwluh wuhh, z loofrvw3133477 shufhqwri djj uhj dwh hqgrz p hqwv1

Frvwvwklvorz duholnho— wr kdyhvp doohffihfwvrq ht xloleulxp sulfhv1Krz hyhu/ wkh— vxevwdqwldoo— dffihfwht xloleulxp wudghv1 I lj xuh 5 lv wkh dqdorjxh ri I lj xuh

4 iru wkh fdvh ri vp doo wudqvdfwlrq frvwv1 Wkh srolf— ixqfwlrq lv qrz p xfk ehwwhuehkdyhg1Qrwvxusulvlqj o— / wkhhuuruvduh p xfk vp doohu1Hyhq z lwk 43÷43 froorfdwlrq srlqwvp d–lp xp huuruv olh durxqg 3/3334 shufhqw1

+I LJ XUH 5 DERXWKHUH,

I ljxuhv6 dqg 7 vkrz aj_e dqg aj_v iruwkhfdvhz lwk wudqvdfwlrq frvwv1Wkh— duh ylvxdoo— lqglvwlqj xlvkdeoh iurp wkh fdvh ri qr wudqvdfwlrq frvwv/ lqglfdwlqj wkdw wudqvdfwlrq frvwv kdyh qhj olj leoh hffihfwv rq dvvhwsulfhv1 Lq idfw/ lq vlp xodwlrqv ffluvwdqg vhfrqg p rp hqwv ri uhwxuqv wr rxwwr eh z lwklq 3134 shufhqwri hdfk rwkhu1

+I LJ XUHV6 DQG 7 DERXWKHUH,

¡1415 Shqdowlhv r q Sr uwir olr v

Dq dowhuqdwlyh dssurdfk z klfk doorz v xv wr gurs wkh dvvxp swlrq ri vkruw0vdoh frqvwudlqwv dowrjhwkhu lv wr dvvxp h wkdwdjhqwv duh doorz hg wr krog sruwirolrv ri dq— vl˝h exwj hwshqdol˝hg iru oduj h sruwirolr kroglqj v1 Wkh lqwxlwlrq ehklqg vxfk d p rgho dvvxp swlrq lv wkdwwkhuh duh frvwv dvvrfldwhg z lwk oduj h vkruw srvlwlrqvdqg lq d vlp solfflfdwlrq z h p rghowkhp dvshqdowlhvwr dj hqwv*xwlolwlhv¿ z khq wkhvh shqdowlhvjhwvxȷ flhqwo— odujh/ dj hqwvdyrlg h–wuhp h srvlwlrqv1Wkh dgydqwdj h ri xwlolw— shqdowlhv rq oduj h vkruwsrvlwlrqv lv wkdwwklv uhvwulfwlrq grhvqrwfrqvwlwxwh dq d sulrul h–rjhqrxvfrqvwudlqwrq vkruwvdohv1Lqvwhdg/ wkh shqdowlhv ohdg wr hqgrjhqrxv dyrlgdqfh ri vkruwvdohv ghshqglqj rq krz p xfk djhqwvghvluh oduj h vkruwsrvlwlrqv1

Z h xvh d shqdow— ixqfwlrq ri wkh irup

υ^k +v>e, @ν^e p lq+3>e∗ O^{ke},^7 . ν^v p lq+3>v∗ O^{kv},^7

z khuh ν^d ∼ 3>d ▽ ⟩ e>v| dqg O^{kd} ⪰ 31 Qrwh/ wkhuh lv qr sxqlvkp hqwiru odujh orqj srvlwlrqv1 Li ν^d lv vxȷ flhqwo— odujh wkh shqdow— ixqfwlrq dop rvwdfwv olnh d kdug vkruw0vdoh frqvwudlqwrq wkh fruuhvsrqglqj dvvhwd ▽ ⟩e>v|1 I ru d p ruh j hqhudoghvfulswlrq ri wkh p rgholwvxȷ fhvwkdwυ lvd frqyh– ixqfwlrq vdwlvi— lqj υ+e>v, ↔ △ dv ⇕+e>v,⇕↔ △ 1 Wkh sruwirolr shqdowlhv ohdg rxu djhqwv wr kdyh xwlolw— ixqfwlrqvryhufrqvxp swlrq dqg sruwirolr kroglqjv ri wkh irup Y_k +f>e>v, @X_k +f, ∗ H ⟩_△ ⋃ w@3 ϵ^wυ^k +e_w>v_w, / / Wkh p dlq sureohp z lwk wklvdssurdfk lvwkdwwkh sruwirolr shqdowlhvυ^k kdyh wr eh fkrvhq d sulrul/ wr jxdudqwhh wkdwwkh uhvxowlqj srolf— 0ixqfwlrq p dsvlqwr wkh hqgrjhqrxvvwdwh vsdfh ♯ 1Wkh h–dfwfkrlfh ri wkhvh shqdowlhvlqıxhqfh wkh frp sxwhg ht xloleulxp sulfhvvxevwdqwldoo— 1

b˘2 W**´UL?˙ı— ıL?i ˙ t) t— i 4 t

Wkh v— vwhp ri Hxohu dqg p dunhw0fohdulqj ht xdwlrqv z klfk ghfflqh d uhfxuvlyh ht xloleulxp / +UH4,0+UH6,/ whqgv wr eh qxp hulfdoo— yhu— xqvwdeoh1 Z h p hdvxuh qxp hulfdovwdelolw— ri dv— vwhp e— frp sxwlqj lvfrqglwlrq qxp ehu1Wkhfrqglwlrq qxp ehuri dq lqyhuwleohuhdoq⋄ q p dwul– D lvghfflqhg dvν+D, @\D\\D^{∗ 4}\z khuh \D\ lvwkh rshudwruqrup / \D\ @vxs_{ı∃@3} \Dı\ \ı\ Lwlv d xvhixop hdvxuh ri d p dwul– ehlqj qhduo— vlqj xodu dqg xvhg wr p hdvxuh wkh uhodwlyh huururi vroxwlrqvwr wkh olqhdusureohp Dı @e +vhh Mxgg +4¡¡¡, ru Eoxp hwdo1+4¡¡;,,1

D oduj h frqglwlrq qxp ehulp solhvwkdwd v— vwhp lvvhqvlwlyh wr vp doofkdqj hv dqg glȷ fxowwr vroyh1Qhz wrq*vp hwkrg lwhudwhvrq ı_{n. 4} @ı_n+Gi +ı_n,,^{∗ 4}i +ı_n, dqg d odujh frqglwlrq qxp ehu ri wkh Mdfreldq Gi +ı_n, lp solhv wkdwQhz wrq*v p hwkrg fdqqrweh xvhg li rqh grhv qrwkdyh d vwduwlqj srlqwyhu— forvh wr wkh vroxwlrq1Rq qrup dofrp sxwhuvz lwk p dfklqh suhflvlrq durxqg 43^{∗ 48} frqglwlrq qxp ehuvderyh43^{43} duhfrqvlghuhg xqdffhswdeohvlqfhlwlqglfdwhvwkdwdq lqsxw ruurxqg0rffi huururi θ ohdgvwr dq rxwsxwhuuru ri 43^{43}θ1

Lq p rghov wkh dvvhwv kdyh vwurqj o— fruuhodwhg uhwxuqv wkh fkrlfhvduh qhduo— lqghwhup lqdwh dqg wkh frqglwlrq qxp ehu ri wkh Hxohu ht xdwlrqv z looeh yhu— oduj h1Lq g— qdp lf p rghovz lwk lqfflqlwho— olyhg djhqwvdqg wudqvlwru— vkrfnv/ wkh fkrlfh ehwz hhq vwrfn dqg erqgv lv xvxdoo— xqlt xho— ghwhup lqhg exwri vhfrqg0 rughu lp sruwdqfh wr wkh lqyhvwru1 Vlqfh vkrfnv duh wudqvlwru— / d edg lglrv— q0 fudwlf vkrfn fdq jhqhudoo— eh vp rrwkhg rxwe— eruurz lqj 1Djhqwvduh wkhuhiruh

sulp dulo— lqwhuhvwhg lq wkhlu wrwdoghew0ohyhov_k^wt_v^w . e_k^wt_e^w1 Lq uhjlrqv z khuh wkh vkruwvdoh frqvwudlqwlv qrwelqglqj / wkh— duh qhduo— lqglffihuhqwehwz hhq vwrfn dqg erqg1 Lq rxu h–dp soh/ wkh frqglwlrq qxp ehu ri wkh ht xloleulxp v— vwhp dw wkh vroxwlrq olhv durxqg 43_¡/ lq vrp h uhjlrqv ri wkh vwdwh vsdfh lwhyhq uhdfkhv

43_{43}1Wklvfdxvhv vxevwdqwldoqxp hulfdoglȷ fxowlhv1

¡1514 Wudqvdfwlr q F r vwv

Li/ lq rxuh–dp soh/ z h lp srvh d vxevwdqwldowudglqj frvwiru wkh vwrfn/ wkh frq0 glwlrqlqj ri wkh v— vwhp lp suryhv gudvwlfdoo— 1 I ru h–dp soh/ li z h vhwχ_v @3/38/ wkh frqglwlrq qxp ehu jrhv grz q wr durxqg 43_91 Krz hyhu/ d odujh wudqvdfwlrq frvwfohduo— dovr kdvd vxevwdqwldolp sdfwrq wudglqj dqg sulfhv1Dq dowhuqdwlyh lvwr lp srvh wudqvdfwlrq frvwvrq erwk erqgvdqg vwrfnv1Z lwk wkh deryh vshf0 lfflfdwlrq ri χ_v @3/3334 dqg χ_e @3/3334 wkh frqglwlrq qxp ehu ri wkh v— vwhp j rhv grz q wr 43_: 1

¡1515 Vr oylqj wkh Hxohu Ht xdwlr qv z lwk Kr p r wr s— P hwkr gv

Lq p dq— dssolfdwlrqv rqh lv lqwhuhvwhg lq ht xloleuld z klfk uhvxowz lwkrxwdq— uhvwulfwlrqv rq wudqvdfwlrqv1 Lq wklv fdvh/ vshfldofduh lv qhhghg wr vroyh wkh

Hxohu ht xdwlrqv1 Li z h gr qrwkdyh d jrrg vwduwlqj srlqw/ Qhz wrq0p hwkrg0 edvhg doj rulwkp v iru vroylqj +5, duh qrwolnho— wr shuirup z hoo ehfdxvh wkh— duh qrwjoredoo— frqyhuj hqwdqg ehfdxvh wkh v— vwhp ri ht xdwlrqv lv qrwz hoo0 frqglwlrqhg iru p dq— ydoxhv ri wkh hqgrjhqrxv yduldeohv1 Lq wklv fdvh z h kdyh wr xvh krp rwrs— p hwkrgv wr vroyh +5,1 Wkh nh— lqvlj kwiru vroylqj v— vwhp +5, lv wkdwlwlv vlp lodu wr wkh ht xloleulxp frqglwlrqv ri wkh z hoo0nqrz q J hqhudo

Ht xloleulxp P rghoz lwk Lqfrp sohwh P dunhwv +J HLP rgho,1Wkhuhiruh/ lq rughu wr vroyh v— vwhp +5, z h fdq dsso— ~ z lwk vrp h p rglfflfdwlrqv~ doj rulwkp vz klfk kdyh ehhq ghyhorshg iru wkh J HLP rgho+lq sduwlfxoduVfkp hgghuv+4¡¡;,,1

Wkh p dlq lghd ri krp rwrs— p hwkrgvlvwr ghirup d v— vwhp ri ht xdwlrqvlqwr dq vlp soh v— vwhp wkdwfdq eh hdvlo— vroyhg1 Wkhq wklv hdv— v— vwhp lv frqwlq0 xrxvo— wudqvirup hg edfn lqwr wkh ruljlqdov— vwhp 1 Ehjlqqlqj z lwk wkh nqrz q vroxwlrq ri wkh hdv— v— vwhp d sdwk ri vroxwlrqv wr wkh hqfrxqwhuhg lqwhup hgl0 dwh v— vwhp v lv iroorz hg ohdglqj hyhqwxdoo— wr d vroxwlrq ri wkh jlyhq v— vwhp ri ht xdwlrqv1Hdyhvdqg Vfkp hgghuv+4¡¡¡, j lyhdq lqwxlwlyh ghvfulswlrq ri wkhkr0 p rwrs— sulqflsoh dgguhvvlqj p dq— lvvxhv lq wkh iudp hz run ri vlp soh hfrqrp lf h–dp sohv1

Lq wkh frqwh–wri sureohp vlqyroylqj hqgrjhqrxvsruwirolr fkrlfhvlwlvriwhq xvhixo wr vhwxs wkh hdv— v— vwhp vxfk wkdwwkh dj hqwv duh irufhg wr krog d suhvshflfflhg sruwirolr1Vxfk d v— vwhp fdq ehhdvlo— dfklhyhg e— dgglqj d sruwirolr shqdow— whup wr wkh djhqwv*xwlolw— ixqfwlrqv1 Lq wkh hdv— v— vwhp wklv shqdow— kdv p d–lp doirufh lqgxflqj wkh djhqwv wr krog wkh vshflfflhg sruwirolr1 Dv wkh shqdow— lv uhod–hg dqg gulyhq wr ˝hur d sdwk ri sruwirolr fkrlfhv ohdgv wr wkh djhqwv*ht xloleulxp sruwirolrv1

b˘fi , UL?L4 ıUt @?˙ ß L4 TΛ— @— ıL?t

Wkh h–dp soh z h frqvlghulq wklvsdshulvreylrxvo— kljko— vw— ol˝hg dqg ryhuvlp 0 solfflhg1 Krz hyhu/ Khdwrq dqg Oxfdv +4¡¡9, fduhixoo— fkrrvh sdudp hwhuv iru wkh p rghowr p dwfk dqqxdoXVgdwd1 Z khq lqwhusuhwlqj wkh uhvxowv ri wkhlu vlp 0 xodwlrqv/ Khdwrq dqg Oxfdv +4¡¡9, fodlp wkdwvkruw0vdoh frqvwudlqwv duh uduho— elqglqj lq wkhlu ht xloleulxp dssur–lp dwlrq1 Wkh— fodlp wkdwwkh frqvwudlqwv duh d whfkqlfdoduwlidfwz lwkrxwdq— hfrqrp lf frqvht xhqfhv1

Mxgg hwdo1+4¡¡¡, vkrz wkdwwklv lv qrwgxh wr wkh sdudp hwhul˝dwlrq exw wkdwgxh wr wkhlu frp sxwdwlrqdosurfhgxuh1 Lqghhg/ z lwkrxwwudqvdfwlrq frvwv/ wkh dojrulwkp ghvfulehg deryh dssur–lp dwhvdq ht xloleulxp lq z klfk wkh vkruw0 vdoh frqvwudlqwv duh riwhq elqglqj dqg z klfk lv yhu— vlp lodu wr wkh ht xloleulxp frp sxwhg deryh1

Wkhuhdvrq z k— lq Khdwrq dqg Oxfdv+4¡¡9, wkhvkruw0vdohfrqvwudlqwvuduho— elqg hyhq z lwkrxwwudqvdfwlrq frvwvlvvlp soh1Doorz lqj rqo— iruidluo— oduj h glv0 fuhwhmxp svri dj hqwv*sruwirolr kroglqj vlp solflwo— lqwurgxfhvd wudqvdfwlrq frvw1 Wklv wudqvdfwlrq frvwkdv d sduwlfxoduo— vhyhuh lp sdfwrq wkh djhqwv ehkdylru z khq wkh— duh idluo— srru1Wkdwlv/ wkh— krog oduj h vkruw0srvlwlrqvlq wkh dvvhwv dqg z rxog olnh wr wudgh rqo— p lqlp dodp rxqwv ri wkh dvvhwv1 Wklv/ krz hyhu/ lv surklelwhg e— wkh glvfuhwh sruwirolr vsdfh lq z klfk djhqwv kdyh wr wudgh df0 fruglqj wr wkh qxp hulfdosurfhgxuh1 Wkhuhiruh/ wkh dj hqwv kdugo— wudgh dwdoo dq— p ruh orqj ehiruh wkh— klwwkh vkruw0vdoh frqvwudlqwv1

Dv p hqwlrqhg deryh/ z lwk uhvshfwwr sulflqj lp solfdwlrqv ri wkh p rgho/ wkhvh dgglwlrqdowudqvdfwlrq frvwv duh qrwvlj qlfflfdqw1 P dq— ri wkh frp sxwd0 wlrqdosureohp vlq wklvp rghoduh fdxvhg e— wkhidfwwkdwvp doohuuruvlq wudglqj vwudwhj lhvkdyh dop rvwqr lp sdfwrq z hoiduhvrusulfhv1Krz hyhu/ lwlvjhqhudoo— qrwsrvvleoh wr suryh wklv irup doo— dqg rqh p ljkwihhoxqfrp iruwdeoh dgrswlqj d frp sxwdwlrqdovwudwhj — z klfk grhv qrwwu— wr dssur–lp dwh wkh wuxh wudglqj vwudwhj lhv exwuholhv rq vrp h irup ri wudqvdfwlrq frvwv wr p dnh wkh doj rulwkp p ruh hȷ flhqw1

b˘e Σ ¸ @h@4 i — i hı3i ˙ , Ti U— @— ıL?t Σ *˝Lhı— Ξ4 Σ TThL@UΞ

P dufhwdqg Vlqjohwrq +4¡¡¡^9, xvhg P dufhw*vyhuvlrq ri wkhsdudp hwhul˝hg h–shf0 wdwlrqvdoj rulwkp wr vroyhd p rghoz lwk ht xlw— / d erqg/ dqg lglrv— qfudwlf vkrfnv wr lqfrp h1 OhwZ_l eh wkh z hdowk ri w— sh l dj hqwv/ s wkh h–0glylghqg sulfh ri ht xlw— / g wkh glylghqg/ dqg ȷ wkh fxuuhqwvwdwh ri djj uhj dwh dqg lglrv— qfudwlf vkrfnv1Wkh— irfxvrq wkh h–shfwdwlrqvixqfwlrqv ⇀_l+Z_{4/w}>Z_{5/w}>ȷ_w, @ H⟩ x^∋_l+f_{l>w. 4},⇕Z_{4>w}>Z_{5/w}>ȷ_w| >l @4>5 ⇀_{5. l}+Z_{4/w}>Z_{5/w}>ȷ_w, @ H⟩ x^∋_l+f_{l/w. 4},+s_{w. 4} . g_{w. 4},⇕Z_{4>w}>Z_{5/w}>ȷ_w| >l @4>5

SW— tΞLΛ*˙ Mi ?L— i˙ —Ξ@— ¨ @hUi— @?˙ 5ı?˝*i—L? E�bbbø ¯ @t itti?—ı@**) — Ξi t@4 i @t — Ξi �bb� ¯ Lh! ı?˝ T@Tih fflihtıL?˘

6:

iru qh–wshulrg*v p duj lqdo xwlolw— ri frqvxp swlrq dqg vwrfnv1 Wkh— xvh wkh

Hxohu ht xdwlrqv iru erqg dqg ht xlw— lqyhvwp hqwwr ffl– frqvxp swlrq dqg dvvhw kroglqj vdwwlp hwlq whup vri wkh⇀+Z^4>Z^5>℘, ixqfwlrqv1Wklvsdudp hwhul˝dwlrq kdvwkhdgydqwdj h/ dvffluvwghp rqvwudwhg lq Z uljkwdqg Z looldp v*+4¡; 5d/ 4¡; 5e/

4¡; 7, dssolfdwlrq ri wklv dssurdfk wr frp p rglw— p dunhwv/ wkdwfrqglwlrqdoh–0 shfwdwlrqv ixqfwlrqv z looeh vp rrwkhu wkdq frqvxp swlrq dqg sulflqj ixqfwlrqv vlqfh eruurz lqj frqvwudlqwvp d— surgxfh nlqnvlq wkh uhodwlrqvkls ehwz hhq frq0 vxp swlrq dqg z hdowk1Wklvsurfhgxuh z runhg yhu— z hoolq Z uljkwdqg Z looldp v hyhq wkrxj k wkh— kdg wr p rghoqrqqhj dwlylw— frqvwudlqwvrq vwrudj h/ vlp loduwr wkh eruurz lqj frqvwudlqwv p rghoohg lq P dufhwdqg Vlqj ohwrq1 Wkhuhiruh/ lwlv qdwxudowr xvh wkh vp rrwklqj lghd ri Z uljkwdqg Z looldp vlq wklv frqwh–wdovr1

P dufhwdqg Vlqjohwrq dssur–lp dwh wkh ⇀ ixqfwlrqvz lwk orz 0rughuh–srqhq0 wldosro— qrp ldovri z hdowk dqg wkh h–rjhqrxvvkrfnv ri wkh irup ϑ^m+ϵ>Z^4>Z^5>ȷ , @h–s+ϵ^{m>4} . +ϵ^{m>5}>ϵ^{m>6}>ϵ^{m>7}, orj ȷ . ϵ^{m>8}Z^4 . ϵ^{m>9}Z^5, +56,

Wkh— frp elqhg vlp xodwlrq p hwkrgvdqg d vxffhvvlyh dssur–lp dwlrq p hwkrg wr ffl– wkh ϵ frhȷ flhqwv lq +56,1 P ruh suhflvho— / wkh— p dnh d j xhvv iru wkh xq0 nqrz q frhȷ flhqwv/ wkh— vlp xodwh wkh surfhvv z lwk wkrvh sdudp hwhuv1 Wkh— xvh wkh gdwd jhqhudwhg e— wkh vlp xodwlrq wr hvwlp dwh wkh Hxohuht xdwlrq huuruvlp 0 solhg e— wkh fdqglgdwh sdudp hwhul˝dwlrq/ dqg wkhq dgmxvwwkh sdudp hwhul˝dwlrq xvlqj ohduqlqj lghdv ri P dufhwdqg Vduj hqw+4¡; ¡,1 Wklv lv uhshdwhg xqwlowkh sdudp hwhul˝dwlrq kdv frqyhujhg1

P dufhwdqg Vlqj ohwrq uhsruwwkdwwkhludoj rulwkp kdg sureohp vfrqyhuj lqj1

Wklvlvqrwvxusulvlqj lq olj kwri wkh loo0frqglwlrqlqj lq wkh Hxohuht xdwlrqvdqg wkh qdwxuh ri ht xloleulxp glvsod— hg lq I lj xuhv 4 dqg 51 Wkh loo0frqglwlrqlqj lp solhv wkdwvp doofkdqjhv lq wkh frhȷ flhqwv z loosurgxfh oduj h fkdqjhv lq wkh

Hxohu ht xdwlrq huuruv/ p dnlqj lwglȷ fxowiru dq— qrqolqhdu ht xdwlrq surfhgxuh wr frqyhuj h/ sduwlfxoduo— wkh ffluvw0rughu/ vxffhvvlyh dssur–lp dwlrq vfkhp h xvhg lq P dufhwdqg Vlqj ohwrq1 Vhfrqg/ wkh j udskv lq I lj xuhv 4 dqg 5 vkrz wkdw wkh ht xloleulxp surshuwlhv duh qrwjrlqj wr eh z hoo0dssur–lp dwhg e— orz 0rughu sro— qrp ldov1

�f # ) ?@4 ıU¨ L˙i *t ¯ ı— Ξ 5— h@— i ˝ıU¸ L¯ i h

Suhylrxv vhfwlrqv glvfxvvhg rqo— sureohp v ri frp shwlwlyh p dunhwv1 Wkhuh duh p dq— g— qdp lf sureohp v z khuh vrp h djhqwv gr qrwwdnh wkh dfwlrqv ri rwkhuv dv ffl–hg/ dqg lqvwhdg uhdol˝h wkdwwkhlu fkrlfhv z loodffihfwwkh ixwxuh ehkdylru ri rwkhu dj hqwv1 Rxwvlgh ri vrp h olqhdu0t xdgudwlf fdvhv/ wkhvh p rghov w— slfdoo— gr qrwkdyh forvhg0irup vroxwlrqv1 Qxp hulfdop hwkrgv duh wkhuhiruh fuxfldowr dqdo— ˝lqj wkhvh sureohp v1

Wkhuh z huh vrp h hffiruwv wr vroyh vwudwhjlf sureohp v lq wkh 4¡; 3*v1 H–dp 0 sohv lqfoxgh Z uljkwdqg Z looldp v +4¡;5d, dqdo— vlv ri rlosrolf— / dqg Nrwolnrffi/

Vkryhq/ dqg Vslydn*v +4¡; 9, dqdo— vlv ri vwudwhj lf eht xhvwv1 Wkhvh sdshuv xvhg 6;

z khuh wkh ℘^w duh l1l1g1 z lwk xqlwyduldqfh/ dqg θ lv d sdudp hwhu h–suhvvlqj wkh vwdqgdug ghyldwlrq1 Wkh vroxwlrq ri wkh ghwhup lqlvwlf fdvh/ θ @3/ fdq eh h–suhvvhg dvd srolf— ixqfwlrq/ F +n,/ vdwlvi— lqj wkh Hxohuht xdwlrq x_∋+F+n,, @ϵ x_∋+F +I +n ∗ F+n,,,, I_∋+n ∗ F +n,, /

Vwdqgdug olqhdul˝dwlrq p hwkrgv surgxfh F_∋+n,1 Krz hyhu/ z h duh qrwvdwlvfflhg z lwk wkh olqhdudssur–lp dwlrq1Z h z dqwp ruh whup vlq wkh Wd— oruvhulhvh–sdq0 vlrq

F+n, @F+n_±, . F_∋+n_±,+n ∗ n_±, . F_{∋∋}+n_±,+n ∗ n_±,_5∂5. ///

Vxffhvvlyh glffihuhqwldwlrqv ri +57, surgxfh klj khu0rughu ghulydwlyhv ri F+n, dw n @n_±1 I ru h–dp soh/ wkh vhfrqg ghulydwlyh ri +57, wrj hwkhu z lwk wkh vwhdg— 0 vwdwh frqglwlrq n @n_± lp solhv wkdwF_{∋∋}+n_±, vdwlvfflhvwkh olqhduht xdwlrq x_{∋∋}F_{∋∋}. x_{∋∋∋}F_∋F_∋ @ ϵx_{∋∋∋}+F_∋I_∋+4∗ F_∋,,_5 I_∋. ϵx_{∋∋}F_{∋∋}+I_∋+4∗ F_∋,,_5 I_∋

. 5ϵx_{∋∋}F_∋I_∋+4∗ F_∋,_5 I_{∋∋}. ϵx_∋I_{∋∋∋}+4∗ F_∋,_5 . ϵx_∋I_{∋∋}+∗ F_{∋∋}, z khuh dooixqfwlrqv duh hydoxdwhg dwwkh vwhdg— vwdwh ydoxh ri wkhlu dujxp hqwv1

Olqhdu rshudwlrqv frp elqhg z lwk vxffhvvlyh glffihuhqwldwlrqv ri +57, surgxfh doo klj khu0rughughulydwlyhv1

Wkhvroxwlrq lq wkhj hqhudofdvhlvd srolf— ixqfwlrq/ F +n>θ,/ z klfk h–suhvvhv frqvxp swlrq dvd ixqfwlrq ri wkhfdslwdovwrfn n dvz hoodvwkhvwdqgdug ghyldwlrq θ1F+n>θ, vdwlvfflhvwkh Hxohuht xdwlrq x_∋+F+n,, @ϵ H⟩x_∋+j +θ>n>℘,, U+θ>n>℘,| +58, z khuh j +θ>n>℘, ≤ F ++4. θ℘,I +n ∗ F+n,,, U+θ>n>℘, ≤ +4. θ℘, I_∋+n ∗ F+n,, Glffihuhqwldwlrq ri +58, vkrz v wkdw

F^θ @ 3 F^{θθ} @ x_{∋∋∋}F_∋F_∋I_5 . 5x_{∋∋}F_∋I . x_{∋∋}F_{∋∋}I_5 x_{∋∋}F_∋I_∋. ϵx_∋I_{∋∋} z khuh doowkh ghulydwlyhvri x dqg I duh hydoxdwhg dwwkh vwhdg— 0vwdwh ydoxhvri f dqg n1 Wklv fdq eh frqwlqxhg wr frp sxwh klj khu0rughu ghulydwlyhv dv orqj dv x dqg I kdyh wkh qhfhvvdu— ghulydwlyhv1

Wklv dssurdfk fdq dovr eh xvhg wr dqdo— ˝h p xowlglp hqvlrqdosureohp v1 Lq j hqhudo/ li wkhuh duh vhyhudohqgrj hqrxv yduldeohv/ ♮ +ı,/ z klfk duh ixqfwlrqv ri d p xowlglp hqvlrqdovwdwh yduldeohı wkhq z h fdq frp sxwhwkhvwhdg— vwdwh/ frp 0 sxwhwkholqhdul˝dwlrq ♮ +ı, wkurxjk vwdqgdug hljhqydoxhghfrp srvlwlrq p hwkrgv iurp olqhdu udwlrqdoh–shfwdwlrqv/ dqg wkhq surfhhg dv deryh wr frp sxwh wkh

klj khu0rughughulydwlyhvri ♮ 1Wr xvh d shuwxuedwlrq p hwkrg z h h–suhvv+46, lq wkh irup

3 @ H⟩j +ı_w>ȷ_w>ı_{w. 4}>ȷ_{w. 4}>θ,⇕ı_w| +59, ı_{w. 4} @ I +ı_w>ȷ_w>θ℘_w,

z khuh θ lv d vfdolqj sdudp hwhu iru wkh glvwxuedqfh whup v ℘1 Li wkh frp srqhqwv ri ℘_w kdyh xqlwyduldqfh wkhq θ lv wkh vwdqgdug ghyldwlrq1 Glffihuhqwydoxhv iru θ uhsuhvhqwhfrqrp lhvz lwk glffihuhqwglvwxuedqfhv1Wkh nh— revhuydwlrq lvwkdwz h riwhq nqrz p xfk derxwwkh θ@3 hfrqrp — vlqfh +59, uhgxfhvwr d ghwhup lqlvwlf sureohp 1Z h exlog rq wkdwidfwe— xvlqj lp solflwixqfwlrq wkhruhp v1 Wkh remhfwlyh lv wr fflqg vrp h ht xloleulxp uxoh/ ~♮ +ı>θ,/ vxfk wkdw H √ j +ı>~♮ +ı>θ,>I +ı>~♮ +ı>θ,>θ℘,>~♮ +I +ı>~♮ +ı>θ,>θ℘,>θ,⇕ı √ / @3 Shuwxuedwlrq p hwkrgv dlp wr dssur–lp dwh ♮ +ı>θ, z lwk d sro— qrp ldo/ mxvwdv surmhfwlrq p hwkrgv gr^: 1 Krz hyhu/ shuwxuedwlrq p hwkrgv ffl– wkh xqnqrz q fr0 hȷ flhqwv e— frp sxwlqj wkh ghulydwlyhv ri ♮ +ı>θ, dwvrp h ydoxh ri +ı>θ, z khuh z h nqrz h–dfwo— ♮ +ı>θ,1 Shuwxuedwlrq p hwkrgv ehj lq z lwk wkh ghwhup lqlvwlf vwhdg— vwdwh/ z klfk lv wkh vroxwlrq wr j +ı^±>ȷ^±>ı^±>ȷ^±>3, @ 3 ı^± @ I +ı^±>ȷ^±>3,

Wkh remhfwlyh lvwr fflqg wkh ghulydwlyhvri ♮ +ı>θ, z lwk uhvshfwwr ı dqg θdwwkh ghwhup lqlvwlf vwhdg— vwdwh/ dqg xvh wkdwlqirup dwlrq wr frqvwuxfwWd— oru vhulhv dssur–lp dwlrqvri ♮ +ı>θ,/ vxfk dv

♮ +ı>θ, /@ȷ^± . ♮_ı +ı^±>3,+ı ∗ ı^±, . ♮_θ+ı^±>3,θ. +ı ∗ ı^±,^∋♮_{ıı} +ı^±>3,+ı ∗ ı^±, . ///

Wkh vhfrqg vwhs lq shuwxuedwlrq p hwkrgv lv wr frp sxwh wkh olqhdu whup v ri wkhdssur–lp dwlrq ♮_ı+ı^±>3,1Vwdqgdug olqhdul˝dwlrq p hwkrgvvkrz wkdwwkhfr0 hȷ flhqwv♮_ı+ı^±>3, duh wkh vroxwlrq/ ȷ @♮_ı ı/ wr wkh olqhduudwlrqdoh–shfwdwlrqv p rgho j_4ı_w. j_5ȷ_w. j_6ı_{w. 4} . j_7ȷ_{w. 4} @3 +5:,

z khuh doowkh judglhqwv ri j lq +5: , duh hydoxdwhg dwwkh ghwhup lqlvwlf vwhdg— vwdwh1 Dqghuvrq hwdo1 +4¡¡9, dqg Dqghuvrq/ Hydqv/ Vdujhqw/ dqg P fJ udw0 wdq +4¡¡9, vxuyh— p hwkrgv iru vroylqj vxfk p rghov1 Wklv lv wkh glȷ fxowvwhs frp sxwdwlrqdoo— / exwfdq eh kdqgohg e— frqyhqwlrqdop hwkrgv1

. ¸ ih—ΛhM@—ıL? 4 i—ΞL˙t U@? Mi Λti˙ 4 Lhi ˝i?ih@**) —L UL?t—hΛU— @TThL ı4 @—ıL?t ¯ ΞıUΞ @hi ?L?*ı?i@hı? —ΞiıhULiæ Uıi?— tcMΛ— — Ξıt ıt ti*˙L4 ˙L?i ı? iUL?L4 ıUt˘ 5ii aΛ˙˙ @?˙ BΛΛ E�bb. ø uLh @? i @4 T*i Lu ¯ Ξihi ¸ @˙i¡@TThL ı4 @— ıL?t @hi ˝i?ih@— i˙ uhL4 Tih—ΛhM@— ıL? ˙@— @@?˙ tı̋ ?ı�U@?—*) LΛ—TihuLh4 t—@?˙@h˙ A@) *Lh tihıit i T@?tıL?t˘

Frp sxwlqj wkhkljkhu0rughughulydwlyhv/ vxfk dv♮^{ıı} +ı_±>3,/ ♮^θ+ı_±>3,/ ♮^{ıθ}+ı_±>3,/ hwf1/ lv dfwxdoo— hdvlhu wkdq frp sxwlqj ♮^ı +ı_±>3, vlqfh wkh— duh vroxwlrqv wr olq0 hdu dojheudlf ht xdwlrqv1 Mxgg dqg J xx +4¡¡6, vkrz krz wr xvh shuwxuedwlrq p hwkrgv wr vroyh vlp soh rqh vhfwru rswlp doj urz wk sureohp v/ dqg vkrz wkdw wkh uhvxowv duh yhu— dffxudwh lq wkdwwkh Hxohu ht xdwlrq huuruv duh vp doo1 J dv0 sdu dqg Mxgg +4¡¡:, h–srvlwwkh ghwdlov ri dsso— lqj shuwxuedwlrq p hwkrgv wr rswlp dofrqwurosureohp v1

] dgur˝q— dqg Fkhq +5333, dqg Froodug/ I hyh/ dqg Mxlooldug +5333, h–whqgv wkhshuwxuedwlrq p hwkrg wr j hqhudoudwlrqdoh–shfwdwlrqvp rghov1] dgur˝q— dqg

Fkhq sursrvhv xvlqj Nurqhfnhu surgxfwdqg yhfwrul˝dwlrq qrwdwlrq lqvwhdg ri wkh whqvru qrwdwlrq xvhg lq J dvsdu dqg Mxgg1 Erwk ] dgur˝q— dqg Fkhq/ dqg

Froodug/ I hyh/ dqg Mxlooldug frp elqhv shuwxuedwlrq dqg surmhfwlrq p hwkrgv wr frp sxwh wkh ghyldwlrqv iurp fhuwdlqw— ht xlydohqfh1

Shuwxuedwlrq p hwkrgvduhwkhrqo— p hwkrgvz klfk fdq kdqgohsureohp vz lwk oduj h glp hqvlrq1 Surmhfwlrq p hwkrgv z loovxffihu iurp ydulrxv fxuvhv ri glp hq0 vlrqdolw— 1Wkh qxp ehuri xqnqrz q frhȷ flhqwvlq wkh srolf— dqg ydoxh ixqfwlrqv ehfrp h odujh/ wkh qxp ehuri qrqolqhdu ht xdwlrqvxvhg wr lghqwli— wkh xqnqrz q frhȷ flhqwv ehfrp hv odujh/ dqg wkh frqglwlrqdo h–shfwdwlrqv duh p xowlglp hq0 vlrqdolqwhjudov1Wkh frp elqdwlrq ri wkrvh wz r idfwruvp dnh lwglȷ fxowwr vroyh p xowldjhqwsureohp vvlp loduwr +49, irup ruh wkdq d ihz djhqwv1Mxgg dqg J dv0 sdu fflqg wkdwsureohp v z lwk fflyh djhqwv dqg rqh dvvhwduh wudfwdeoh exwwkhlu frp sxwdwlrqvlqglfdwh wkdwwkdwlvforvh wr wkh olp lwri h–lvwlqj whfkqrorj— 1Shu0 wxuedwlrq p hwkrgv kdyh wkh dgydqwdjh ri uhgxflqj wkh lqwhjudofdofxodwlrqv wr p rp hqwvri wkh udqgrp yduldeohvdqg olqhdurshudwlrqv1Wkhuhiruh/ oduj h sure0 ohp v ehfrp h p ruh ihdvleoh1

�˘2 ` ıuΛhU@— ıL? ¨ i — ΞL˙t uLh 54 @**Π Lıti ¸ Lh— uL*ıL ¸ hLḾ

*i 4 t

Wkh sureohp v deryh ehjdq z lwk d xqlt xh vwhdg— vwdwh iru wkh ghwhup lqlvwlf yhuvlrq1 P dq— lqwhuhvwlqj sureohp v z lwk khwhurj hqhrxv dj hqwv odfn d xqlt xh vwhdg— vwdwh/ lp so— lqj wkdwwkhwhfkqlt xhvglvfxvvhg deryhgr qrwdsso— gluhfwo— 1

Rqh vxfk fdvh lv z khuh wkhuh duh p xowlsoh dvvhwv wudghg dp rqj dj hqwv z lwk glffihuhqwwdvwhviruulvn1Vxssrvh/ iruh–dp soh/ wkdwwkhuhlvwudghlq erwk d ulvn— ht xlw— dvvhwdqg d vdih erqg1 Lq wkh ghwhup lqlvwlf vwhdg— vwdwh doodvvhwv p xvw kdyh wkh vdp h uhwxuqv/ lp so— lqj wkdwlqyhvwruv duh lqglffihuhqwdp rqj ydulrxv dvvhwv1 Khqfh/ wkhuh lv qrwd xqlt xh vwhdg— vwdwh kroglqj ri dvvhwv hyhq wkrxjk wkh ht xloleulxp kroglqj ri dvvhwv p d— eh xqlt xh z khqhyhu wkhuh lv srvlwlyh dp rxqwv ri ulvn1

Wkhuh kdyh ehhq vrp h dwwhp swv wr xvh vlp soh olqhdu t xdgudwlf dssur–lp d0 wlrq p hwkrgv olnh wkh shuwxuedwlrq p hwkrgv ghvfulehg deryh1 I ru h–dp soh/

Whvdu +4¡¡8, xvhg d olqhdu0t xdgudwlf dssurdfk wr hydoxdwh wkh xwlolw— lp sdfw rq frxqwulhv ri rshqlqj xs wudgh lq erqg1 Hdfk frxqwu— kdg d vwrfkdvwlf hq0 grz p hqwdqg wkh lvvxh z dv krz p xfk ulvn vkdulqj frxog eh dffrp solvkhg rqo—

wkurxjk wudgh lq d erqg1 Wklv z dv d p rghoz lwk rqo— rqh dvvhw1 Vrp h ri khu h–dp sohv vkrz hg wkdwp rylqj iurp wudglqj lq rqh erqg/ d fdvh ri lqfrp sohwh dvvhwp dunhwv/ wr frp sohwhp dunhwvz rxog uhvxowlq d Sduhwr lqihulrudoorfdwlrq/ d fflqglqj z klfk frqwudglfwvwkh ffluvwz hoiduh wkhruhp ri j hqhudoht xloleulxp 1Nlp dqg Nlp +4¡¡¡, kdyhvkrz q wkdwwkhdg krf olqhdut xdgudwlf dssurdfk z looriwhq surgxfh lqfruuhfwuhvxowv1Wkhvh h–dp sohvlooxvwudwh wkh qhhg iruxvlqj p hwkrgv iurp wkh p dwkhp dwlfdoolwhudwxuh lqvwhdg ri uho— lqj rq dg krf dssur–lp dwlrq surfhgxuhv1Dj dlq/ z h vhh wkh ydoxh ri I ulvfk*vrevhuydwlrq wkdwp dwkhp dwlfvlv qhfhvvdu— iruvdih dqg frqvlvwhqwdqdo— vhv1

P ruh w— slfdoo— z h z rxog olnh wr vroyh p rghov z lwk p xowlsoh dvvhwv1 Mxgg +4¡¡9/ 4¡¡;, dqg Mxgg dqg J xx +5333, ghvfuleh elixufdwlrq p hwkrgv/ dqg vkrz wkdwwkh edvlf sruwirolr ghp dqg sureohp lv d j rrg h–dp soh z khuh elixufdwlrq p hwkrgv fdq eh xvhg1 Vxssrvh wkdwdq lqyhvwru kdv Z lq z hdowk wr lqyhvwlq wz r dvvhwv1Wkh vdih dvvhw— lhogvU shugroodulqyhvwhg dqg wkh ulvn— dvvhw— lhogv ♯ shu groodu lqyhvwhg1 Li d sursruwlrq ϖ ri klv z hdowk lv lqyhvwhg lq wkh ulvn— dvvhw/ fflqdo z hdowk lv ♮ @ Z ++4 ∗ ϖ,U . ϖ♯ ,1 Z h dvvxp h wkdwkh fkrrvhv ϖ wr p d–lp l˝h H⟩x+♮ ,| iru vrp h frqfdyh/ yrq Qhxp dqq0P rujhqvwhuq xwlolw— ixqfwlrq x+÷,1

Z h z dqwwr ˙olqhdul˝h%durxqg wkh ghwhup lqlvwlf fdvh1 Wr gr wklv z h sd0 udp hwhul˝h wkh sureohp lq whup vri d vfdolqj sdudp hwhuθdqg frp sxwh d Wd— oru vhulhv h–sdqvlrq iru dvvhwghp dqg durxqg wkh fdvh ri θ@31 Wkh ffluvwsureohp z h hqfrxqwhu lv wkdwli z h holp lqdwh ulvn e— uhsodflqj ♯ z lwk lwv p hdq/ ß♯ / wkh uhvxowlqj sureohp lv xqerxqghg li U ∃@ ß♯ dqg lqghwhup lqdwh li U @ ß♯ 1 Vlqfh wkh irup hu fdvh lv xqwhqdeoh/ z h rswiru wkh odwwhu1 Z h fuhdwh d frqwlqxxp ri sruwirolr sureohp v e— dvvxp lqj

♯ @U . θ℘ . θ^5τ> +5;,

z khuh H⟩℘| @31 Dwθ @3/ ♯ lv ghj hqhudwh dqg ht xdowr U1 Z h dvvxp h wkdw τ A 3 vlqfh ulvn— dvvhwvsd— d suhp lxp 1Qrwh wkdwz h p xowlso— ℘ e— θdqg τ e— θ^51 Vlqfh wkh yduldqfh ri θ℘ lv θ^5 ϕ^5_℘/ wklv p rghov wkh vwdqgdug uhvxowlq fflqdqfh wkdwulvn suhp ld duh urxj ko— sursruwlrqdowr yduldqfh1

Z h qrz lqyhvwlj dwh wkh froohfwlrq ri sruwirolr sureohp vlqgh–hg e— θlq +5; ,1 Wkh ffluvw0rughufrqglwlrq iruϖ/ diwhuglylglqj e— θZ / lv/ irudooθ/ ht xlydohqwwr 3 @H⟩x^∋ ] Z U . ϖZ +θ℘ . θ^5τ, ⌊ +℘ . 5θτ,| ≤ J +ϖ>θ,/ +5¡, Ht xdwlrq +5¡, ghfflqhv wkh vroxwlrq wr wkh dvvhwghp dqg sureohp hyhq z khq θ @31 Z h nqrz iurp frqfdylw— ri x+f, wkdwwkhuh lv d xqlt xh vroxwlrq wr +5¡, iru ϖ li θ ∃@31 Krz hyhu/ dwθ @3/ ϖ fdq eh dq— wklqj vlqfh wkh wz r dvvhwv duh shuihfwvxevwlwxwhv1Wkh lqghwhup lqdf— ri ϖ dwθ@3 iroorz v iurp wkh idfwwkdw 3 @J +ϖ>3, irudooϖ/

Z h z dqwwr vroyh iru ϖ+θ, dv d Wd— oru vhulhv lq θ1 Li wkhuh lv vxfk d vhulhv/ lp solflwglffihuhqwldwlrq lp solhv

3 @J_ϖ ϖ^∋. J_θ +63,

z khuh J^θ @ H⟩ x_{∋∋}+♮ , Z +ϖ℘ . 5ϖθτ, Z +℘ . 5θτ, . x_∋+♮ ,τ| J^ϖ @ H⟩ x_{∋∋}+♮ , +℘ . θτ,_5θ|

Dwθ@3/ J^ϖ @3 irudooϖ1Wklvlp solhvwkdwdwqr srlqw+ϖ>3, fdq z hdsso— wkh lp solflwixqfwlrq wkhruhp wr +63, wr vroyh iru ϖ_∋+3,1 P ruhryhu z h gr qrwnqrz olp^{θ↔ 3} ϖ+θ,1 Krz hyhu/ ohw*v surfhhg dv li z h fdq dsso— wkh lp solflwixqfwlrq wkhruhp 1Wkhq +63, fdq eh z ulwwhq dv ϖ_∋ @∗ J^θ J^ϖ Wklv orrnv edg vlqfh J^ϖ @ 3 dwθ @ 3 xqwloz h uhp hp ehu O*Krvslwdo*v uxoh1

Vxssrvh wkdwz h irxqg d srlqwϖ^3 vdwlvi— lqj

3 @J^θ+ϖ^3>3,

Wkhq O*Krvslwdo*v uxoh vd— vwkdw ϖ_∋ @∗ J^{θθ} J^{ϖ θ} z klfk lvz hoo0ghfflqhg dvorqj dvJ^{ϖ θ} ∃@31Vr/ ohw*vsurfhhg lq wklvz d— 1Dwθ@3/ wkh vhfrqg ghulydwlyh ri +5¡, uhgxfhvwr 3 @x_{∋∋}+UZ , ϖ^3ϕ_5^℘Z . x_∋+UZ ,τ z klfk lp solhv wkdw ϖ^3 @∗ τ ϕ_5^℘ x_∋+Z U, Z x_{∋∋}+Z U, / +64,

Qrz wkdwz h kdyh irxqg d fdqglgdwh elixufdwlrq srlqw/ z h fdq frqwlqxh wr ghulyhwkhWd— oruvhulhv1Wkhirup xod+64, lvwkhvlp sohsruwirolr uxohiurp olqhdu0 t xdgudwlf dqdo— vlv/ lqglfdwlqj wkdwϖ lvwkhsurgxfwri ulvn wrohudqfhdqg wkhulvn suhp lxp shuxqlwyduldqfh1Krz hyhu/ ϖ^3 lvqrwdq dssur–lp dwlrq wr wkhsruwirolr fkrlfh dwdq— sduwlfxodu yduldqfh1 Lqvwhdg/ ϖ^3 lv wkh olp lwlqj sruwirolr vkduh dv wkh yduldqfh ydqlvkhv1 Li z h z dqwwkh olqhdu dqg t xdgudwlf dssur–lp dwlrqv ri ϖ+θ, dwθ@3/ z h p xvwjr ixuwkhu/ vlqfh wkh t xdgudwlf dssur–lp dwlrq wr ϖ+θ, lv ϖ+θ, /@ϖ+3, . θϖ_∋+3, ._{θ5}^5 ϖ_{∋∋}+3,1

Wr fdofxodwh ϖ_∋+3, dqg ϖ_{∋∋}+3,>z h qhhg wr gr wz r p ruh urxqgv ri lp solflw glffihuhqwldwlrq1Li z h glffihuhqwldwh +5¡, wz lfh z lwk uhvshfwwr θ>z h fflqg wkdw

3 @J^{ϖ ϖ} ϖ_∋ϖ_∋. 5J^{ϖ θ} ϖ_∋. J^ϖ ϖ_{∋∋}. J^{θθ}> z khuh +z lwkrxworvvri jhqhudolw— / z h dvvxp h wkdwZ @4, J^{θθ} @ H⟩ x_{∋∋∋}+♮ , +ϖ℘ . 5ϖθτ,_5 +℘ . θτ, . x_{∋∋}+♮ , 5ϖτ+℘ . θτ, . 5x_{∋∋}+♮ , +ϖ℘ . 5ϖθτ,τ|> J^{ϖ ϖ} @ H⟩ x_{∋∋∋}+♮ , +℘ . θτ,_6 θ|> J^{ϖ θ} @ H⟩ x_{∋∋∋}+♮ , +ϖ℘ . 5ϖθτ, +℘ . θτ,_5 θ. x_{∋∋}+♮ , +℘ . θτ, 5τθ . x_{∋∋}+♮ , +℘ . θτ,_5| /

Dwθ @3/ J_{θθ} @x^{∋∋∋}+U,ϖ^5_3 H⟩℘^6|/ J_{ϖ ϖ} @3/ dqg J_{ϖ θ} @x^{∋∋}+U, H⟩ ℘^5| ∃@31 Wkhuhiruh wkh O*Krvslwdo*vuxoh dssolhv dqg ϖ^∋ @∗ 4 5 x^{∋∋∋}+U, x^{∋∋}+U, H⟩℘^6| H⟩℘^5| ϖ^5_3/ +65,

Ht xdwlrq +65, lv d vlp soh irup xod1 Lwvkrz v wkdwdv ulvnlqhvv lqfuhdvhv/ wkh fkdqj h lq ϖ ghshqgv rq x^{∋∋∋}∂x^{∋∋} dqg wkh udwlr ri vnhz qhvv wr yduldqfh1 Li x lv t xdgudwlf ru ℘ lv v— p p hwulf/ ϖ grhv qrwfkdqj h wr d ffluvwrughu1 Z h frxog frqwlqxh wklv dqg frp sxwh p ruh ghulydwlyhv ri ϖ+θ, dv orqj dv x lv vxȷ flhqwo— glffihuhqwldeoh1

Z h hqg wkh ghyhorsp hqwri wklv h–dp soh khuh1 Krz hyhu/ lwlv fohdu p xfk p ruh fdq eh grqh1 Mxgg dqg J xx +5333, ghyhorsv wklv dssurdfk xvlqj irup do wrrov iurp elixufdwlrq wkhru— dqg dssolhv lwwr sureohp v ri dvvhwghp dqg z lwk vhyhudodvvhwv/ dvvhwht xloleulxp z lwk lqfrp sohwh dvvhwp dunhwv/ dqg sureohp v ri rswlp dodvvhwlqqrydwlrq1Vlqfh wkh nh— elixufdwlrq wkhruhp vduh dovr wuxh lq Edqdfk vsdfhv/ wkhvhp hwkrgvfdq suhvxp deo— ehxvhg wr dssur–lp dwhht xloleuld lq vwdwlrqdu— g— qdp lf p rghov1

�2 ß L?U*ΛtıL?

Wkhz run lq wkhsdvwghfdghlqglfdwhvwkdwwkhuhlvvwhdg— surj uhvvlq frp sxwlqj ht xloleuld lq p dunhwvz lwk vhyhudodj hqwv1Wkh nh— wrrovkdyh ehhq h–sorlwdwlrq ri dssur–lp dwlrq wkhru— dqg ri p hwkrgviruvroylqj odujh v— vwhp vri ht xdwlrqv1 Wkhvhhffiruwvkdyhvkrz q wkdwlwlvqrz wudfwdeohwr vroyhvrp hg— qdp lf p dunhwv z lwk frp sohwh ru lqfrp sohwh dvvhwp dunhwv/ dqg hyhq sureohp v z lwk vwudwhjlf lqwhudfwlrqv/ vxfk dv wlp h lqfrqvlvwhqf— sureohp v1

I xuwkhu surjuhvv lv olnho— vlqfh hfrqrp lvwv kdyh mxvwehj xq wr h–sorlwwkh ixooudqj h ri dydlodeoh qxp hulfdowrrov1I ru h–dp soh/ hfrqrp lvwvduh mxvwehjlq0 qlqj wr p dnh xvh ri p hwkrgv z klfk frp elqh v— p erolf dqg qxp hulfdop hwkrgv1 Dovr/ p ruhdgydqfhg qxp hulfdodqg v— p erolf p hwkrgvp dnhklj khu0glp hqvlrqdo sureohp v p ruh wudfwdeoh1

+ i ui hi ?Ui t

^4‘ Dqghuvrq/ Hydq/ Oduv S1 Kdqvhq/ dqg Hoohq P fJ udwwdq1 ˙P hfkdqlfv ri I rup lqj dqg Hvwlp dwlqj G— qdp lf Olqhdu Hfrqrp lhv/% lq Kdqgerrn ri Frp sxwdwlrqdoHfrqrp lfv= Yroxp h L/ hglwhg e— Kdqv P 1Dp p dq/ Gdylg D1Nhqgulfn/ dqg Mrkq Uxvw1Dp vwhugdp ¿Qhz “ run dqg R–irug=Hovhylhu Vflhqfh/ Qruwk0Kroodqg/ 4¡¡91

^5‘ Ehqvrxvvdq/ Dodlq1Shuwxuedwlrq P hwkrgv lq Rswlp doFrqwuro/ Mrkq Z loh— dqg Vrqv/ 4¡; ;1

^6‘ Eodqfkdug/ RolylhuMhdq dqg FkduohvP 1Ndkq14¡; 31˙WkhVroxwlrq ri Olqhdu

Glffihuhqfh P rghov xqghu Udwlrqdo H–shfwdwlrqv%Hfrqrp hwulfd 7; =4638~

46441

^7‘ Eoxp / O1/ I 1Fxfnhu/ P 1Vkxe dqg V1Vp doh/ Frp soh–lw— dqg UhdoFrp sx0 wdwlrq/ VsulqjhuYhuodj / +4¡¡;,1

^8‘ Erxfhnnlqh/ U1 ˙Dq Dowhuqdwlyh P hwkrgrorj — iru Vroylqj Qrqolqhdu

I ruz dug0Orrnlqj P rghov1%Mrxuqdori Hfrqrp lf G— qdp lfvdqg Frqwuro4¡

+4¡¡81,/ : 440: 671

^9‘ Eurfn/ Z looldp D1/ dqg O1M1P lup dq14¡: 51˙Rswlp doHfrqrp lf J urz wk dqg Xqfhuwdlqw— = Wkh Glvfrxqwhg Fdvh/%Mrxuqdori Hfrqrp lf Wkhru— 7=

7: ¡~8461

^:‘ Fkulvwldqr/ Odz uhqfh M14¡¡31˙Vroylqj wkh Vwrfkdvwlf J urz wk P rghoe—

Olqhdu0Txdgudwlf Dssur–lp dwlrq dqg e— Ydoxh0I xqfwlrq Lwhudwlrq/%Mrxu0 qdori Exvlqhvv dqg Hfrqrp lf Vwdwlvwlfv/ ; =56~591

^;‘ Z 1M1Frohp dq/ LL14¡¡31˙Vroylqj wkh Vwrfkdvwlf J urz wk P rghoe— Srolf—

I xqfwlrq Lwhudwlrq/%Mrxuqdori Exvlqhvvdqg Hfrqrp lf Vwdwlvwlfv/ ; =5: ~5¡1

^¡‘ Gdqlho/ M1Z 14¡: 91˙Vsolqhv dqg Hȷ flhqf— lq G— qdp lf Surj udp p lqj /%

Mrxuqdori P dwkhp dwlfdoDqdo— vlv dqg Dssolfdwlrqv 87=735~73: 1

^43‘ ghErru/ F1/ D SudfwlfdoJ xlgh wr Vsolqhv/ VsulqjhuYhuodj/ +4¡: ;,1

^44‘ Gxȷ h/ G1/ M1J hdqdnrsorv/ D1P dv0Frohoo/ dqg D1P fOhqqdq/ ˙Vwdwlrqdu—

P dunry Ht xloleuld/%Hfrqrp hwulfd 95 +4¡¡7,/ : 78~: ;41

^45‘ Hdyhv/ E1F1 dqg N1 Vfkp hgghuv/ ˙J hqhudo Ht xloleulxp P rghov dqg Kr0 p rwrs— P hwkrgv/%Mrxuqdori Hfrqrp lf G— qdp lfv dqg Frqwuro56 +4¡¡¡,

457¡~45: ¡1

^46‘ I dlu/ U1F1/ dqg Wd— oru/ M1E1/ 4¡; 61˙Vroxwlrq dqg p d–lp xp olnholkrrg hvwl0 p dwlrq ri g— qdp lf qrqolqhduudwlrqdoh–shfwdwlrqvp rghov1%Hfrqrp hwulfd

84 +7,/ 449¡044; 81

^47‘ I dlu/ U1F1/ dqg Mrkq E1Wd— oru1˙I xooLqirup dwlrq Hvwlp dwlrq dqg Vwrfkdv0 wlf Vlp xodwlrq ri P rghov z lwk UdwlrqdoH–shfwdwlrqv/%MrxuqdoriDssolhg

Hfrqrp hwulfv 8/ +7/ 4¡¡3,=6; 406¡51

^48‘ I ohp lqj / Z hqghoo14¡:41˙Vwrfkdvwlf Frqwuroiru Vp dooQrlvh Lqwhqvlwlhv/%

VLDP Mrxuqdori Frqwuro¡ +Qr16/ Dxj xvw/ 4¡:4,1

^49‘ I lvkhu/ S1J 1/ dqg KxjkhvKdoohww/ D1M1/ 4¡;: 1˙Wkhfrqyhuj hqfhfkdudfwhulv0 wlfvri lwhudwlyhwhfkqlt xhviruvroylqj hfrqrp hwulf p rghov1%R–irug Exoohwlq ri Hfrqrp lfv dqg Vwdwlvwlfv 7¡/ 56405771

^4:‘ I lvkhu/ S1J 1/ dqg Kxjkhv Kdoohww/ D1M1/ 4¡; ;d1 ˙Lwhudwlyh whfkqlt xhv iru vroylqj vlp xowdqhrxv ht xdwlrq v— vwhp v1d ylhz iurp wkh hfrqrp lfv olwhud0 wxuh1%Mrxuqdori Frp sxwdwlrqdodqg Dssolhg P dwkhp dwlfv 57/ 57405881

^4;‘ J lool/ P / dqg Sdxohwwr/ J / 4¡¡: 1˙Vsduvh gluhfwp hwkrgvirup rghovlp xod0 wlrq1Mrxuqdori Hfrqrp lf G— qdp lfv ) Frqwuro54/ 43¡6044441

^4¡‘ J lool/ P 1/ dqg Sdxohwwr/ J 1/ 4¡¡; 1 ˙Qrqvwdwlrqdu— lwhudwlyh p hwkrgv iru vroylqj p rghov z lwk iruz dug orrnlqj yduldeohv1%Mrxuqdori Hfrqrp lf G— 0 qdp lfv dqg Frqwuro/ wklvlvvxh1

^53‘ UrehuwO1J xvwdivrq/ ˙Fduu— ryhu Ohyhov iru J udlqv=D P hwkrg iru Ghwhu0 p lqlqj Dp rxqwv Wkdwduh Rswlp doXqghu Vshflfflhg Frqglwlrqv/%XVGD WhfkqlfdoExoohwlq 44:; / 4¡8; 1

^54‘ ghq Kddq/ Z rxwhu/ dqg DoehuwP dufhw1 4¡¡31 ˙Vroylqj wkh Vwrfkdvwlf J urz wk P rghoe— Sdudp hwhul˝lqj H–shfwdwlrqv/%Mrxuqdori Exvlqhvv dqg Hfrqrp lf Vwdwlvwlfv/ ; =64~67

^55‘ ghq Kddq/ Z 1/ ˙Vroylqj G— qdp lf P rghovz lwk Djj uhj dwh Vkrfnvdqg Khw0 hurjhqhrxvDj hqwv/ P dfurhfrqrp lf G— qdp lfv 4 +4¡¡:,/ 688~6;91

^56‘ J dufld/ F1 dqg Z 1 ] dqjz loo/ Sdwkzd— v wr Vroxwlrqv/ I l–hg Srlqwv/ dqg Htxloleuld/ Suhqwlfh Kdoo/ Hqjohz rrg Folffiv+4¡; 4,1

^57‘ Kd/ Mlp lqj / Dqqh Vlehuw1 ˙Vwudwhj lf Fdslwdo Wd–dwlrq lq Oduj h Rshq Hfrqrp lhv z lwk P reloh Fdslwdo/%Lqwhuqdwlrqdo Wd– dqg Sxeolf I lqdqfh 7 +4¡¡: ,/ 5760951

^58‘ Kdoo/ Urehuw14¡: 41˙Wkh G— qdp lf Hffihfwv ri I lvfdoSrolf— lq dq Hfrqrp — z lwk I ruhvljkw/%Uhylhz ri Hfrqrp lf Vwxglhv 6; =55¡05771

^59‘ Khdwrq/ M1dqg G1M1Oxfdv/ ˙Hydoxdwlqj wkh Hffihfwvri Lqfrp sohwh P dunhwv rq Ulvn Vkdulqj dqg DvvhwSulflqj/%Mrxuqdo ri Srolwlfdo Hfrqrp — 437 +4¡¡9,/ 776~7;: 1

^5:‘ Khuqdqgh˝/ D1 dqg P 1V1Vdqwrv/ ˙Frp shwlwlyh Ht xloleuld iru Lqfflqlwh0 Krul˝rq Hfrqrp lhv z lwk Lqfrp sohwh P dunhwv/%Mrxuqdori Hfrqrp lf Wkh0 ru— : 4 +4¡¡9,/ 435~4631

^5;‘ Kxj khv Kdoohww/ D1/ dqg Slvflwhool/ O1/ 4¡¡;1˙D qhz frqyhuj hqfh wkhruhp iruvxffhvvlyh ryhuuhod–dwlrq lwhudwlrqv/%Frp sxwdwlrqdoHfrqrp lfv1

^5¡‘ Kxj khvKdoohww/ D1M1/ dqg Slvflwhool/ O1/ 4¡¡;1˙Vlp sohuhrughulqj whfkqlt xhv iru h–sdqglqj wkh frqyhuj hqfh udglxv ri ffluvwrughu lwhudwlyh whfkqlt xhv1% Mrxuqdori Hfrqrp lf G— qdp lfv ) Frqwuro1

^63‘ Mxgg/ Nhqqhwk O14¡;81˙Vkruw0uxq Dqdo— vlv ri I lvfdoSrolf— lq d Vlp soh ShuihfwI ruhvlj kwP rgho%/ Mrxuqdori SrolwlfdoHfrqrp — ¡6=5¡; 064¡1 7:

^64‘ Mxgg/ Nhqqhwk O14¡¡51%Surmhfwlrq P hwkrgviruVroylqj Djj uhj dwhJ urz wk

P rghov%/ Mrxuqdori Hfrqrp lf Wkhru— 8; =743~7851

^65‘ Mxgg/ Nhqqhwk O1Qxp hulfdoP hwkrgv lq Hfrqrp lfv / P LWSuhvv/ 4¡¡;1

^66‘ Mxgg/ Nhqqhwk O1˙Sdudp hwulf Sdwk P hwkrg iru Vroylqj ShuihfwI ruhvljkw

P rghov%/ kwws=22exfn— 1vwdqirug1hgx2fhi¡: 2vhvvlrqv51kwp / 4¡¡¡1

^67‘ Mxgg/ Nhqqhwk O1 4¡¡91 ˙Dssur–lp dwlrq/ Shuwxuedwlrq/ dqg Surmhfwlrq

P hwkrgv lq Hfrqrp lf Dqdo— vlv/%lq Kdqgerrn ri Frp sxwdwlrqdo Hfr0 qrp lfv/ hglwhg e— Kdqv Dp p dq/ Gdylg Nhqgulfn/ dqg Mrkq Uxvw/ Qruwk

Kroodqg1

^68‘ Mxgg/ Nhqqhwk O1/ dqg Mhvv J dvsdu1˙Shuwxuedwlrq P hwkrgv iru Glvfuhwh0

Wlp h G— qdp lf Ghwhup lqlvwlf P rghov/%KrryhuLqvwlwxwlrq/ p lp hr/ 4¡¡:1

^69‘ Mxgg/ Nhqqhwk O1/ dqg V— 0P lqj J xx14¡¡61˙Shuwxuedwlrq Vroxwlrq P hwk0 rgv iru Hfrqrp lf J urz wk P rghov/%lq Hfrqrp lf dqg I lqdqfldoP rgholqj zlwk P dwkhp dwlfd/ KdoYduldq/ hg1/ Vsulqjhu0Yhuodj=Qhz “ run1

^6:‘ Mxgg/ Nhqqhwk O1/ dqg V— 0P lqj J xx1˙Dv— p swrwlf P hwkrgv iru Dj juh0 jdwh J urz wk P rghov/%iruwkfrp lqj lq Mrxuqdori Hfrqrp lf G— qdp lfv dqg

Frqwuro1

^6;‘ Mxgg/ N1O1/ I 1Nxeohu dqg N1Vfkp hgghuv/ ˙Frp sxwlqj Ht xloleuld lq Lq0 fflqlwh Krul˝rq I lqdqfh Hfrqrp lhv L=Wkh Fdvh ri Rqh Dvvhw/%Mrxuqdori

Hfrqrp lf G— qdp lfv dqg Frqwuro57 +5333, 437: ~43: ;1

^6¡‘ Mxgg/ N1O1/ I 1Nxeohudqg N1Vfkp hgghuv/ ˙Wkh Lp sdfwri Sruwirolr Frq0 vwudlqwvlq Lqfflqlwh0Krul˝rq Lqfrp sohwh0P dunhwvP rghov/%lq Wkh Wkhru— ri

P dunhwv/ hgv1S1M1M1Khulqjv/ D1M1M1Wdop dq/ dqg J 1ydq ghuOddq/ Qruwk0

Kroodqg/ Dp vwhugdp +4¡¡¡,1

^73‘ Mxgg/ N1O1/ I 1Nxeohu dqg N1Vfkp hgghuv/ ˙D Vroxwlrq P hwkrg iru Lqfrp 0 sohwh DvvhwP dunhwv z lwk Khwhurj hqhrxvDjhqwv/%z runlqj sdshu+4¡¡¡,1

^74‘ Mxloodug/ P 1/ 4¡¡91˙G“ QDUH=D surjudp iruwkhuhvroxwlrq dqg vlp xodwlrq ri g— qdp lf p rghov z lwk iruz dug yduldeohv wkurxj k wkh xvh ri d uhod–dwlrq doj rulwkp 1%FHSUHP DS Z runlqj Sdshu/ Qr1¡935/ Sdulv/ I udqfh1

^75‘ Mxloodug/ P 1/ Od–wrq/ G1/ P fDgdp / S1/ dqg Slrur/ K1/ 4¡¡; 1 ˙Dq dojr0 ulwkp frp shwlwlrq=ffluvw0rughulwhudwlrqvyhuvxvQhz wrq0edvhg whfkqlt xhv1%

Mrxuqdori Hfrqrp lf G— qdp lfv ) Frqwuro1

^76‘ Nrwolnrffi/ Odz uhqfh/ Mrkq Vkryhq/ dqg Dyl Vslydn1˙Wkh Hffihfwri Dqqxlw—

Lqvxudqfh rq Vdylqjv dqg Lqht xdolw— /%Mrxuqdori Oderu Hfrqrp lfv 7 +6/ sduw5/ 4¡; 9,/ V4;6~V53: 1

7;

^8;‘ P ludqgd/ P dulr M1/ dqg Shwhu J 1Khop ehujhu14¡; ;1˙Wkh Hffihfwv ri Frp 0 p rglw— SulfhVwdeloll˝dwlrq Surj udp v1%Dp hulfdq Hfrqrp lf Uhylhz : ; =79~

8; 1

^8¡‘ Sdxohwwr/ J / 4¡¡:1Frp sxwdwlrqdoVroxwlrq ri Odujh0Vfdoh P dfurhfrqrp hw0 ulf P rghov1 Vhulhv= Dgydqfhv lq Frp sxwdwlrqdoHfrqrp lfv1Noxz hu Dfd0 ghp lf Sxeolvkhuv/ Gruguhfkw1

^93‘ Suhvfrww/ Hgz dug F1/ dqg U1P hkud14¡: ; 1˙Uhfxuvlyh Frp shwlwlyh Ht xl0 oleulxp =Wkh Fdvh ri Krp rj hqhrxv Dj hqwv/%Hfrqrp hwulfd 7; =4698~46:¡1

^94‘ Ulrv0Uxoo1˙Frp sxwdwlrq ri Ht xloleuld lq Khwhurj hqrxvDjhqwP rghov%1lq

Frp sxwdwlrqdoP hwkrgv iru wkh Vwxg— ri G— qdp lf Hfrqrp lfv=Dq Lqwur0 gxfwlrq/%hglwhg e— Udp rq P dulp rq dqg Dqguhz Vfrww/ 4¡¡¡= R–irug

Xqlyhuvlw— Suhvv1

^95‘ Uxl/ [ lrqj z hq dqg P dulr M1P ludqgd1˙Vroylqj QrqolqhduG— qdp lf J dp hv yldRuwkrjrqdoFroorfdwlrq=Dq Dssolfdwlrq wr Vwudwhj lf Frp p rglw— Exffihu

Vwrfn Srolf— 1%Dqqdov ri Rshudwlrqv Uhvhdufk 9; +4¡¡9,/ ; ¡043;1

^96‘ Vddg/ “ 1/ 4¡¡91Lwhudwlyh P hwkrgv iru Vsduvh Olqhdu V— vwhp v1SZ VSxe0 olvklqj Frp s1/ Ervwrq/ P D1¡

^97‘ Vddg/ “ / dqg Vfkxow̋/ P / 4¡;91 ˙J P UHV=d jhqhudol˝hg p lqlp do uhvlg0 xdodojrulwkp iru vroylqj qrqv— p hwulf olqhdu v— vwhp v1%VLDP Mrxuqdoiru

Vflhqwlfflf dqg VwdwlvwlfdoFrp sxwlqj : / ; 890; 9¡1

^98‘ Vdqwrv/ P 1V1dqg M1Ylj r0Dj xldu/ Dqdo— vlv ri d qxp hulfdo g— qdp lf sur0 judp p lqj dojrulwkp dssolhg wr hfrqrp lf p rghov/ Hfrqrp hwulfd 99 +4¡¡; ,/

73¡~7591

^99‘ Vfkp hgghuv/ N1/ ˙Frp sxwlqj Ht xloleuld lq wkh J hqhudoHt xloleulxp P rgho z lwk Lqfrp sohwhDvvhwP dunhwv/%Mrxuqdori Hfrqrp lf G— qdp lfvdqg Frq0 wuro55 +4¡¡;,/ 46: 8~47341

^9:‘ Vwrnh— / Qdqf— O1/ dqg UrehuwH1Oxfdv/ Mu1Uhfxuvlyh P hwkrgvlq Hfrqrp lf

G— qdp lfv/ Kduydug Xqlyhuvlw— Suhvv=Fdp eulgjh14¡;¡1

^9;‘ Wd— oru/ Mrkq E1/ dqg Kdudog Xkolj 14¡¡31˙Vroylqj Qrqolqhdu Vwrfkdvwlf

J urz wk P rghov=D Frp sdulvrq ri Dowhuqdwlyh Vroxwlrq P hwkrgv/%Mrxuqdo ri Exvlqhvv dqg Hfrqrp lf Vwdwlvwlfv/ ; =4~4; 1

^9¡‘ Whop hu/ F1L1˙Dvvhw0Sulflqj Sx˝˝ohvlq Lqfrp sohwh P dunhwv/ Mrxuqdori I l0 qdqfh 7; +4¡¡6,/ 4;36~4; 651

^: 3‘ Z dwvrq/ O1W1/ V1F1Elooxsv/ dqg D1S1P rujdq/ ˙KRP SDFN=D Vxlwh ri

FrghviruJ oredoo— FrqyhujhqwKrp rwrs— Doj rulwkp /%DFP Wudqvdfwlrqv rq P dwkhp dwlfdoVriwz duh 46 +4¡;: ,/ 5; 4~6431

^: 4‘ Z uljkw/ Euldq G1/ dqg Mhffiuh— F1Z looldp v1˙WkhUrohvri Sxeolf dqg Sulydwh Vwrudjh lq P dqdj lqj RloLp sruwGlvuxswlrqv/%EhooMrxuqdori Hfrqrp lfv 46 +4¡;5d,=6740861

^: 5‘ Z uljkw/ Euldq G1/ dqg Mhffiuh— F1Z looldp v1˙Wkh Hfrqrp lf Uroh ri Frp 0 p rglw— Vwrudj h/%Hfrqrp lf Mrxuqdo¡5 +4¡; 5e,/ sdjhv 8¡909471

^: 6‘ Z uljkw/ Euldq G1/ dqg Mhffiuh— F1Z looldp v14¡; 71˙Wkh Z hoiduh Hffihfwv ri wkh Lqwurgxfwlrq ri Vwrudjh/%Txduwhuo— Mrxuqdori Hfrqrp lfv¡¡=49¡04; 51

^: 7‘ Z looldp v/ Mhffiuh— / dqg Euldq Z ulj kw/ Vwrudjh dqg Frp p rglw— P dunhwv/ Fdp eulgjh Xqlyhuvlw— Suhvv/ Mdqxdu— / 4¡¡41

^: 8‘ “ rxqj/ G1P 1/ 4¡:41Lwhudwlyh Vroxwlrq ri Odujh Olqhdu V— vwhp v1Dfdghp lf Suhvv/ Qhz “ run1

^: 9‘ ] kdqj / K1K1/ ˙Hqgrjhqrxv Eruurz lqj Frqvwudlqwz lwk Lqfrp sohwh P du0 nhwv/%Mrxuqdori I lqdqfh +4¡¡:d,/ 54;: ~553¡1

^: :‘ ] kdqj / K1K1/ ˙HqgrjhqrxvVkruw0VdohFrqvwudlqw/ Vwrfn Sulfhvdqg Rxwsxw F— fohv/%P dfurhfrqrp lf G— qdp lfv 4 +4¡¡: e,/ 55;~5871

6ı̋Λhit

0 0.2 0.4 0.6 0.8 1

-2 -1 0 1 2 -4 -3 -2 -1 0 1 2 3 4

Stock Holding Bond Holding

D em an d fo r B on ds

I ljxuh 4=Erqg Ghp dqg 0Qr Wudqvdfwlrq Frvwv

0 0.2 0.4 0.6 0.8 1

-2 -1 0 1 2 -3 -2 -1 0 1 2 3

Stock Holding

Bond Holding

D em an d fo r B on ds

I lj xuh 5=Erqg Ghp dqg 0Z lwk Wudqvdfwlrq Frvwv

-1 -0.8

-0.6

-0.4

-0.2 0

-2 -1 0 1 2

0.98 0.985 0.99 0.995 1 1.005 1.01 1.015 1.02 1.025

Stock Holding

Bond Holding

B on d P ric e

I lj xuh 6=Erqg Sulfh P dqlirog

-1 -0.8

-0.6

-0.4

-0.2 0

-2 -1 0 1 2

56 58 60 62 64 66 68 70

Stock Holding

Bond Holding

S to ck P ric e

I lj xuh 7=Vwrfn Sulfh P dqlirog