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OF SIVHPLIFICATION OF EQS . (44)—(43) FOR THE MNEARLY -1NCOMPRESSI RLg FLlows
CoMMonsy FouNp N Low-SPEED AgRoDYWAHcS, MOTE THAT THE FEXPLCT MUMERIAL

REsoLoTlonN OF EQS. (#)- (3) AT Low MACH NUMBERS IS Teo <cOSTLY, SInCZ

THE TIMz STEP REOUIRZD IS OF ORDER A} sAx/ N ORDER
.} “CH ARACTERISTLL Ha

L) ‘
v 70 SOLVE THE NECESSARYT SOUND WAVES (FIG.B), IV THIS

5 WAY, 17T Takgs Ox - S Ax _ A AF TIME STERS
; v VoA Ma,
‘395“,,:’,3'5;:“52;%é%iv’;f;m To ADVANCZ ONE FLUI PARTICLE OVER ONE
oF POINT A THE /INFoRMATIon i
HAS ARRJVED T0 4 GRID c&Le, WITH Mg, << L VIBUDING AN UNREASONARLY

For STARILITY,
Fic. 3. LARGE WUHRER OF STEPS . AN ALTERNATIVE TO CIRCUMUEWT

THIS IS To EMPLONY IMPLICIT 0R SEHI_JMPUCIT I NTEGRAT 6] OF THE FOLLOWING - MACHKH &E&UATIONY

WHICH Do NoT RZSOLVE THZ ACoLSTI. WAVES .

AT Low MACH NUMBERS , THZ DEPARTURES of THE THEEHob‘fAIAHlC P'Ees..suee kgmfnvg

I7TSELF  ARE OF ThHe SAME ORDER AS THz DYNAMIC PRESSURE -

PWM}A*“O(%Z)#A*O](M:) | Mg << A

15 THE THERMopY M AMIC

T0

WHERZ  Fos PRESsUREZ AT AN ARBITRARY Po/nT oF THE

Frow DOMAIN, IN GENERAL  THE EBVolLuTion ©OF THE PRESSLURE can Re DECOMPOSED AS

A‘ Z ' - | b - ! - | »
f__'_;P - E +‘YHQ TT-+ o E IMEnSton LESC LEADING O RDER
= (THERrODt MaKLe ) PRESSORE FrIELD

TT = Dymewsiomsss SEcCoND - ORD EfS
{ D‘I"NAmc) P RESSURT F)eed
SUBETITUTING THIS ExPRESSIO N /MNTo THE DIMENS 0 4)LESS MOKENTL M EQULUATIoy

YIELDS ¢ %E:., ATl AT —;11-44" VP*—WV":-VTT)‘ +é:, v.E

L

(22)

/
WHICH , :AT Ma &< ), SIMPLIFIES To

\

VE:D =I>P=Poo

UNIFORM TrHERMo O7A AMIC PRESSURE
TO LEADINC OEDEE, AND

‘4 QUFVTr . - U _LV-%)" (2%).
g YT g U +&L )

To (2%), THE CoNTINUITY TQUATION, (z4) AnD THE
THE THERMAL ENERGT EQUATION L oM

- e : Y "'bl;“‘ g
*;‘) -+ Jr Ve = — (¥- 7 L V- "=-(.6.7/'4: \V RVl J‘ \& (2 )
S T ST ‘%v U e, t A | @

TO JECOND ORDER., N ADDITIoR)



ARE INTEERATED IN THE LOW-HMACK APPROXIHATION FOR DENS|ITYT- VARTING

FLows , /SucH AS THOSE ENcouvNnTERED FOR |NSTANCE [ LOoW -SFEED COMBUSTION

SYSTEMS LiIkE FURNAafs ©OR LAND-BASED SAS TURBINZ ComBusSTORS, MNOTE THAT

THE SYSTEM OF EauaTions (24), (27) Anb (28) /HUST BE SUPPLEHEANTED

WITH THE EBUATION OF STATE |
T 4 (2q)

AND  WITH THE DBEFIN/TIoN OF THE /WTE RnaL ENERGY OF AN 1DEAL egjj

eV T* (3@)

L4
THE DYNAMIC PRELSURE T 1S OFTEN OBTA/NED BY CoMBINING CouTIMUITY
(21) AND MorenTUM (27) COMSERVATION EQUATIONS. FOR INSTANCE, TAKING

THE DIVERGENCE OF (27) AWD USING (24), ows oBTAINS
T .L V‘ -:,“ - aig. - 4 ° > e e
R (V c ) Y V2 [V(gu 0}3 .

WHICH CORRESPONDS To A poisson E@UATION FOR THE DYNAMIC PRESSURE. NoT& THAT

VAT -

TT DOES woT BEAR &WY PHMSICAL SIGNIFicAncE BY ITSELF, BUT 1TS GRABIENIC |
ARE OF PARAKOUNT 1 HPORTANCE IN MOTORIRING THE FLOW -

FOR CONSTANT —-DENSITY Flows, THE FORHMULATION KIMPLIFIES 6E/EATLV/

Vo= 0
%5 =¥ =¥ v o
QU U000 -Vl + 4L Uz WITH 2::2/«‘ S
X Ra, A
RT s D*IT . -4 w.3"™ , worn o= KT T
Y S %

WHERE THE TEMPE RATURE AND VEOCITY FIELRS BECOME DNCOUFRLED oP ToO

VISCosITY vaARWNIlonS WITH T ([ AVY ), THE CcoRRESToMDING FOISSON
EQUATION BEComES LT
2 == g b -
G= LV (98 - (0F) (U] -
Re, :
IT Wil BB SHown FurIHER BELOW THAT N COMPRESSIRLT TURBULENT FLOWS

THE E€QUATION FFOR THE PRESSLURE /& A WAVE TQUATION RATHER THAN A

PoiSson EQuATION , SO THAT THE PRESSURE PISTURBANCES ARE RARIAT £0

HYPERBROLICALLY AT FINITE SPEED RATHER THAN BEING TRANSHTTEp
ELLFTICALLY AND INSTANTANEOUS LY 'N Tz Flow FELR AS PRepictes 1N

THE Low -~ HACH LIMIT. i



"2, SPEED OF SOUND AND THE MACH CoONG (

FoR AR AT AMBIENT

THE SFEzp OF Seunh 1S DEFIwzeb AS TEMPERATURE - T =221 K =
v * %P'\) , (34) 7 | Y=au
2l (w: 22.9% o/ po)
WHIcH , FOR AN 1BEAL £AS BECOMES / Ro = 285 T/lc%k
t A/, N/ 4
~ %=1 =1\ 2 -
a= 2/ B o (B YT VAT X BN R T = V(s0k | (52) ]
2 (24 Qo 4 g -
v
20v8 O e
S - IN  PARTICULAR, THE SPEED OF SOUND 1S THE PRoPAGATION
'—\v-, ‘ )
,'\ glLENcE VELOGITY ©OF THz DISTURRANCES GENGRATED IN A FLUd AT REST
! DISTURBANCE | J
\ SouRcE . (THIS Wil BE SHOWN IATER WAEN DESCRIQING WAVE HOTION 1V
D?:“:BN COMPRESSIBLE FZ.OW&) . THEREFORE’ A DISTURBANCE IN A FLol b
UNDISTUERED =
e pustuRBANE AT REST WL BE PROPAGATED AT RADIAL DISTANCE b
Flow [l g & A L cz
Fle. ATIHE & FROM Thz source AFTER o Tine [ (S5 FI6. q)o

IN A FLUID HOVING WITH VELOCITY Lf/ A D/STURBANCE PRODUCED AT THE oRiGiu AT b=o

wile BE &T ty0 on A SPHEEE oF RABDIU S wl:’ CENTERED AT A Distanct U E Frowm

THE ORIGIN (SEE Fls.S) o6 — MACH cong
prsTUR :ﬁ.z '
gt Flé. § p1STURBANCE
—> e, FRoNT AFTER
& 1ME b
4 —>
s ; |
. gf“'ew =
e S B o K
1 o_b
x : -
s AWU}? (Vsa)b J—P :
- < —
> UNDISURE: plsn/txi«b/ V>a D'?;i’f;‘fh A
FLow FLow )
\_{/./ F“Mh——/ 4’/
U< ®, (‘u’-m)b X \—/ CUNDISTUREES
(_a,) DISTVERBANCE FPROPAGATION : 4, Feow
IN A SPUBSONIC FLOW 4w€
Mg = U—/Q) < 4 (b) DISTurBAwcz PROFPAGATION
N A SUPELSoNmIC FrLow
A  FleW STREAM IS CALLE D SyuBsonvi( WHEWN ITS M@=U—/® >4

VELoQITY (] IS SHAWER THan @ , OR EQUIVALENTLY , wiEn THE MACH MUMBER

r/“fw: U—/% H HACH MUHGEQI (33)

/S o
SHALER THAM QNG Ma <, IV SUCH A WAY THAT THE EFFZT oF A DISTURANCE
PRODUCED AT ¥X=0 AT (=0 IS NOTICED AT A DISTANCE [a,-u‘)é UPSTREAH FRO M

—

THE SouRcE AT TiME E ( Fle. ‘E@)( o

N

@



ON THE OHER HAND, A Flow STREAM |8 CALLE B SUPERS®WNIL waen Ma >4 LN SUCH
A WAY THAT THE EFFECT OF THE DISTURBANCE CANNOT BE NoTicen UPSTREAM FROM
DR AT THE FOINT WHBRE 1 WAS PRoouczly. THg ZONE /NFLucwcEd BT THE TFFECTY

OF THE DISTURBANCE 12 THE INTERIOR OF A CONE (ZAe‘/ THE MACH CONSJ

BouNDED RY MACH LINES TILTED AT AN ANGLE 1
|

/e mm(%—%) il PR L)

HAacH ANGLE |

FRox 'SuBSomic ToO SUPEesgu)c F(,ow_g Akoww:, SLENDEQ BOD!E\S

EARLVI

NUNBER

Syt

|

|

|

|

\

Shock wave l
|

|

|

|

(a) Subsonic 1‘

' wENT) |
e, P sz |
lon ] LAYER .
FREE SIREMN Tramsition
Shock wave |
@’) SONIC ( M«J ) SEPARATED | () Transonic |
UBBU&E.MT BOULEARS . (high M..) _‘ |
1 ATHR ¢ LAMER g | |
BMVMER

Wake

(b) Transonic
(low M..)

Oblique shock

(b) F&. & Expansion

(d) Supersonic

AT SpaLe MACH MUHBEE&"{F"{;‘G '64)‘7745 PRESEMGE OF TRE RoOBY 18 MNeoTiced FAR U PSTREAM

AS EVIDEWCEL QY THE EARLY TURN/NG OF THE STREAHLINES (Flé. 5;{,) v HosT
PRACTICAL CASES , THE LENGTH OF THE RODY IS SUFFICIENTLY LARSE THAT SouNDARY —
LAYER TRANSITION TO TORRUIENCE OAURS EARL'? NEAR THE LEADING TEDSE,
GIVING RISE To TURBULENT BoumbARYY LAYERS ALONG THE DFPEZR AND LOWER
SURFACES THAT MERGE INTO A SINGLE TURBULENT WAKE. |F THE ANG LE

OF ATTACKk REMA /NS SHALzow, THE TORBULENT BOUNDARYT LAYZRS REMAIN ATTACHED,
OTHERWISE, THE ROUNDARY LAYERS HMAY SZPARATZ ON Thg WLEEWARD SIBE Al
PREFERENTIALLY CLOSER To THE DOWWNSTREAM SIDE OF THZ HMAx HUM RobYT WIDTH
PoinT, WHEZERE THE ADVERSE PRESSURE GRADIENTS ARE —VHE LARGEST . Moy

THAT THE EARLY DEFLECTION pF THE SIREAMLINES | S CAUSED BY Thz ELLPTICITY




WITH WHIcH THE PRESSURE 1S TRANSH(TTED IN SUBSONIC Flows.

AT HIGHER BUT STILL SuBSoMIc MACH NUHBERS, THE Flow EXPANSION ALONG THE

LATERAL SURFACEC LEABRS TO SONIC AND LATER SUFERSOMIG CONDITIons THERE, WITH
A SHOCK WAVE BEIwe FORMEZD THERE THIAT CREATES A SUDDEN TUMP ;) PRESSURE

AND VELCTY (Fl6. 6b) . THESE CORRESPOND TO THE TYPICAL CHARACTERISTICS OF

A TRANSOWtc Frow WiTH Ma~ ©.8~0.9 . THE INTERACTION OF THE TURBULZxT

LAM B DA
HQGK WAVE

o =
VP, BWNPLATLE separstion
e \

SCHLIEREA, PHOTOSRAPK ©F THE FLOW PAST AN
AIRFSIL W|TH SEVERE SERARATION AT THE FooT 21

F16 3 THE UPPSR - SURFACE SHOCK , Mg - 0.88, 2 DEG. ) NLIDEME
- CREPIT: HH PEARCEY (4432), ~°

BOUNDARY LAYER WITH THE SHOCK CAN CAUSET RoOyNDARY-

LAYER. SEPARATI op

AND A CORRESPONBING INCRE AT (N bDrAG

(FI6. 7). AT HIGHER SPEEDS ENTERIMG
/N THE SUPERSONIC RANGE, A DETACHEID SHock WAz (0R Row SHOCK ) 1S cRZ ADED

UPSTREAM FRoM THE BOBY I1F 78 ForE Ropw 1S Brouwt,

THE Snock wave STRONGLY
INCREASES THE PRESSURZ AN TEHPERA-TUQ{S OF THE FlLow WH/ILE Slowing

T boww
(;:15_ 60>— THE PART OF Thg FUSELAGE

'/HHEDIATELY DoW/usZR,EAH FRoO 1 TG

FRoOMNTAL PART OF THE Bowsyock 1< MIREFOR HIGHLY SUscEPT|RIE 70 AEROD fnan ¢
HEATING AND SURSZQULENT BETERLS o
LoRATION OF Thz MATZRIA SURFAczg

« SOFERsONC
FLow consiTions ARE RESTORED Along

THE LATZRAL SURFACES As THE Flow EXPANDS
ThERE., TRAILING SHock WAVZ S DECELERATE AnD TVRN THE FLow /M THE STREAMWLLEL

DIRECTIoN ¢ AN | HPORTANT EFFECT OF THE RoW SHock 1S To FROBuUcE AN EnTRoPY

LAYER ARovnD THE RPoby, WHERE GRADIENIS OF ENTROPY OCoUR. 717 WiLLl LATER

RE SHowN THAT THE GRADLEMIc ©F EafiRopw ARE SovRcegs oFE '5‘&716/7-9 (SEE

SECTIoN ©MN ThHE CRocco s EQuATion), IF INSTEAD OF A BLunT NOSE , ThHz BobY

HAS A WEDGEZ ~TYPE OF NO6SE |, THE LEADING SHOCK RECOMES ATTACHZ) (F/é_ gd)
/

W ITH IEXPANSION FANS OLURRING OM THg LATERAL SURFACES ALONG WITH RECOMPRESSim) -

<hHocks NEAR THE TRAILInG EDGE.

)



[3 < ISENTROPIC Fz.owts,

A TRANSFORT BERVATION Fok THE BMNTRoPY CAN RE ORTANZA RY COMBINING TUT

CONSERVATLON EQUATION For THE ()TERNAL ENEREGY (45) Anb THG FIRST (ay {‘/)
SPECIFICcALLY ,

TAK(ING THE MHATERIAL DEELIVATIVE @' N EG . (q) LEARS T O

T - - ‘
TRECSRECER L v BLgvr

SuBeTiTuTING  (A8) ynTD THE ARevE Experscion 2EADS To

@é+ J'VS: ?/3 VJ’_‘.
ot

e V-(kVT) | (35)
T

WHCH Lrews THAT ENTROPY

1S PRODUCED RV Viscous DISSIPATIon AWND

HEAT conbucTlion. AS MEM lon D AROVE, THESE TWo MECHAMISMS ARE IMPoRTANT
I THE SHALL SCALES OF TURBULENCE Apnp ,

AS A EESU&T) THoOsE ARE E XFPE<TED

70 Bz HI6HLY NoN-I1SENTROPLC

For MbUSTRATIDNJ CONSIDER AN JNVISC)D COMPRESSIBLE [Frow zuckh THAT &6. (35)

BIPLIFIZS to . |
Ds _ D¢ e |
o " &7 + U - Vs =0, =D 13ewnTROPIC Flow

WHiICch can rg INTECRATEDL TO GIVE  S=Sp, WHERE Sp IS THE INITIA L
ENTROFY ©F A FLUID PARTICLE (NOTE THAT sP HAY Genekrar, T )N SPACE AND f"v‘lHE—)_
IN STEADY Flows THE PROELEM SIMPLIF)Es TO

L_f- VS:O,

WHICK COoRRESPONDS To AN

ISENT RO Plc Flow (N WHICH THZ EWNTROPY
IS CONSTAWTL Along STREANMLIANES (F-‘/@ 84).

A _So
S”S L_J’~V.S=/C_)i=fo S'S
6,5% 2 e P 25
Ru , 3,
< 253 . x & f o ? =32
4 5 9:’ So )
£ pi STREAM L) wE <
s, g <~ AMne s L%
S b -
3 (&) tSEMIROFIC ( ) HoKznrRePiC
Flow

Lo wy

Fle. g

[E. IN ABPD T 0w, AL FLUID PARTICLE HAVz THE sSaue EnTROPY , THen TVs=0,
AND THE FLow |s REFERRED To AS N pemeaThRobic'. N THIS Lim)T, THE EnNTRoPY
IS UMIFoRL ALTHOULGH T couvrh RE A Fonciton @F TiaqFdE. AN

18T R Pl C
MeTion) WITH wwiFokr 1

NTLAL EaRoPY FOR AL

PARTICLES 1S ActSo AN HOMEMRO P
Frow .,

@



THE BERMOUILLY EQUATION FOR COMPRESSIBLE Flows
T T e T e e S o

A FUNDAMENTAL RELATION IBETWEEA THE ENTHALPT AND THE VEBLOCITY OF A H|6H-SPEED
IMVISCID FLOW CAN BE DBRIVED RY SIMULTANEDUSLY COMNSIDERIAIG MOMBNTLM AND ENERSY
CONSERVATION - THIS RELATION /s CALLED ThHE BERMNOUILL) EQUATION AND |S 1KPORTANT

N ESTABLISHING DIFFERENCES BETWEEN STAGNATION AND STATIC QUANTITIES A7 RODICED
: |
RElLows COWNS /DER FIiRST THE MOMENTUM EQUAT)oN [¢2)
2

o d
., UV

= - Uf (36)
@t <

WHERE THE WVISCouvs TRANSPORT HAS REEN DRoPpep., NOTE THAT THB CONVECTIVE
TERK CAN BB EXACTLY REWRITEN AS

-P
S -2 e,
JU-Vu = V(,Ul p— J/\ V/\U , /3?) /
z ~N—— ' C -p /
ﬁu LTIPLIC Arwavs FPERPENDICUWE TO &
VATION 0F Tius ExPRESSIons RY AN Un i vgc‘-ro.e";e:;, TANGENT To THE
STREAHLNES LEADS To .

o
— - 5 - -+ )2
e,- (0. = a4 2.
(09 < GG )- & ar)
THEREFORE, MuULTIPLICATION oF (36) BY &

%('—-D:'-z)+i@£ =0 (28)

“ § 2¢
e
WHE ez 9@_; €,V 1S THE DIRECTIOwAL DZRIVATIVE AND THE UNSTEADY TERM
4

Glve &

HAS REEN NEGLEQIED AS NECESSARY I<OR THEZ DERIVATIOoN, IN INGoMPRESSIBLE FLOWS

f: CoNnsT. AND Ea. (.’s‘g) REDUCES TO

Q_ I.E)-:.I:'!' f_ =0 = E + ( 31& = 4 (3?}
@9e\ 2 ¢ S 2 '
WHERE c; IS A CONSTANT THAT 1N PRINCIPLE DEPENINY DA THE STREAMLINE

IN PARTICOLAR, EQ . (33) REPRESENTS THE CASSIC Exchanet RZTWEEN PRESURE

AND  K/NETIc ENERGYT FER UNIT VOLUME . NOTE THAT THE PARTICIPATING PRESSURE

/v (34) 1S THE DTNAMIC ComMpPowENT OF THE PRESSORE, WHICH UNDERGoES VAR(ATIoN

FRoOPORTIoNAL T2 THE K/NETIGC TnsrReT PER vm7T VOLwME ,

IN  CoMPRESSIBLE Flows, THE CHARACTERISTIC VARIKIous oF THE DEMSITY ARE OF &

SAﬂE ORDER AS THE DENSITY [TSELF, Ag/&o':O(‘)' AND &g, LSC’() tS wNOo LonGER VALIR,

CONVERSEL'Y, ONE& (AN USE ) (38) T FIRST PRinctPLE OF THERMGDY MAMULCS

o,



PARTICULARIZE D FOR |ISENTROPIC FDWS, NARELY

TQ;@-—L
L QY :@¢

Qh . LOP_F 28, Qe-P 93.Qh_ 1QP
Avp sivee h=e+ 7 < %'%+§52 S*G¢ © 0¢ $ibe @¢ 3 be
ThEWN + 4 0op - Qh (u0) .

§ ¢ Q¢ ' |
SUBSTIILUNG (o) InTo (328) Yizeks Ths Bseuou.iz_m)} EQUATION FOR COHMPRESSIBLE
FlLows |02 Yy ¢
e (L e

WHICH RzPRESENTS A EXCHANGT BEBETWEEN ENTHALPT AND SPECIFIc KINETIC

ENERGYT. IN PRINCIPLE, AT ORDER_UNITY HACH MNUKEERS BROTH TERMHS /N (41{)

ARE OF THE SAME ORDZr oF MAGmvITLBE , wiTH Thzig RATIO BEI/N6 PROPORTION AL

To The HMACH NUMRER 115\11_-:;_):/

181/, . 10174 (3-4) 10172 - (=0 Mg

I~ Ea. (‘-/4) THEZ constamT é IS EQUAL To 7Tuz STAGNATLON ENTHALNY 7')

W HOSE VALUE CENERALLY bzpeuas ON THE THERHODYNAKIC CoNDITIonS UPSIREA

ALONG THE STREAMLINE | N RUEST oM | At Polats WHERE 7115 Flow VEBLoc Ty

1S 2ZERo N THE FPARY (cuAR REFZRENCE FRaHE

BHOSEN - THE ENTHALRY
'S EQUAL To ThE sTAGmATION EwTyiar Pr. h= h

STAGNATIoN (6R wuz_l AND STATIC QUANTIT)Bg |
= e

IN E&. (lu)

h and h, Arz REFSREED 7o STATIC AND STAGMNATI o) (Also caLLza

~¥7'07M'/) E—mHALﬂes RisPectiveL Y, STAGNA'r/o/U QUANTITIE S CORRESPoas +o THE

THERHMODYNAMILC STATE @P A GAS

ISENTROPICALLY brovGHT TO REsT FRo~ 11§
INITLAL Ve tociTv U° THE STA AT LON) &UAM?/-rtsq A
€o

(5)- (7) AND  (B2) , nMaxE LY.

2
ho=CrTo= X Po- As - Ve, . (42)
-1 S0 Y-y y

MPLETEL
IN GeneraL, Howsvezk, Sust Two OF THESE VAR /(ABLES SUFF CZ TO CO

. () a
CHARASTERIRG THE SIAGNANION THERHobYNAMIc STA1E OF THE MIXTURG

@)



CONvERSELY, THE VARiARws h, T, 8, Py @ AND € ARE cAwss STATIC, /n THAT THET
DO NOT ACOUNT Fok THIE POTEWNTIAL RECOVERY OF ICINEBTLC ENERGY OF THE FlLoW » 17
18 STRAIGHT FoRwWaARD T2 SE& THAT

h < /10, P<Po, £<8, A<, AN &£ < &,
WHICH ILLUSTRATES ~HAT 1N CoMPRESSIEL FlowsS PART OF THE (MITIAL THERHAL

ENEREY CAN. BE TRANSFORMEDL AND CARR)En ALONG IN THG FORM, OF FfCtNETIC ENER6Y

IT IS IVSTRUCIIVE 7O REWRITE THE RERNOULL) EQ. (23) !N A MORG CoMpAcy. FoR4 AS
("2)

COMRINING Ty G REZLATION WITH THE THERKOD YNAHLC RECLATions FOR AN ISENT RePlC
/\/L/—’\/"‘/\'./’\/W\-d\’_/\/\—\___
NoTs THAT THE STAGNATION

h+ 1P, To = 4+ ¥—4 M2
2 o 7 3

A :‘CPT'

PROCESS ; MAME,L Y
’ T =4 Y=g OR ToTAL PRESWRE (S NoT
o - /8o -/ B\N7F
— < -—( . (LfS) P+ .gg JN cOMPRESS IGg
7 £ £ 2
Elows , RUT Fo !N Thg
THEZ EXPREsSSI0MNS f/ /\E&B‘mo” RE Low,
; ——————————————— o /[/\/’\/’\_/\/\._‘/
.&:Tﬁz_dg:(q_, 8o\ 71 P -4
D
h € "y (g ~-(—P— = 1+C QMQ, (w)

ARE ORTA) NED '
s/ WHICH RELATE TuE STAGNATION AND STATIc QUANTITIES WITH THE

LOCAL . MACH Nomser Ma, - ID"I/QQ

[———

—_——

Nob
TE THAT THE STAGNATION QUANTIT 125 DEPEND oA Thyg REFERENCE FRAMz [p‘G q)

1M THe As guep
THE STAG ,
,l\:).o ‘LA.B FRAME ’ ] NATION QUANTITIES BREAR N0
U=o REAL =
v ?fo”éﬁ‘ leNIFICANCE  FROM Tug THERMO D Y mam I
, STANBDPOINT. ON Tyg CONTRARY, THE STAT(C IARIABLES
2 N THE CARRY THE I1NE,
hy=ha Vg SHOCk FRAME ORHATION OF 16% THERwkopTMAKLC
2
=P TEMPE RAFUR
A &, PressuRrs, AnD DENS, TV .
Oz S Hocic / ' T Rk s
AT REST v
‘ RUANTITIES wECESSARILY BE/ng INDEPENRENT 0= THE
Fle. 4 REFERENCE FRAME . '

i S

3. GENERATION OF vom‘ncrr‘r ‘N coHPRE..Ss}GLE Fwwsl

CoONS I bE =
R THE HOKENTUM |ZouaTloN [42) AND MaAkS VSE OF THE ‘DE'\)TITY (3?}/ W HICH GIVES

— - - =) —
v - 2 -
g_az. + gw/\u > =VP-=- 'SV( l_U_L > + U-Z y, W{{TH ’W: V/\u THZ VORTICITY. (LIS)
Z —m——_——
FROM THE FIRST PRIANCIPLE, THE PRESSURE GRAPIEANT IS RELATEY TO THE EMNTRORT GRADIEAT Ag

T Vs Vh - VF’/g ) (46 )

I




SUBSTITUTING (l-ié) |nTO (qg) ‘ONE OBTAINS

—
U
0 4 Fad = TVs-v{A+IJ/2)+V-E'. (43 B}

06 z ER ) AN

Vs
WHEN THE Flow IS /MVISCID AnD STEADY, EQ.(47) BEcomzs

(,—J/\U:]US—'V(L)'PE
2

(48)

)] CROCCOs EQUATIO w

where h + G122 h,
2

IN THE Flow (FORINSTANCE, IF THERE 1S NO HEAT Abornou)/ £EQ. (qg) SIMPLIFIES

IS THE STAGNATIoN ENTHALPY, IF THE LATTER S UN/FORH

> ADIABAT I

TO Jj,\ 0= T Vs " {L/q) Flows

ALSO NOTE THAT THE GRADIENTS OF EMROPYT ART REtlaTsp TO0 THE SRADIENTS

OF &TAGNATION PRESSLURE 'V ADIABATIC [Flows IM THET FOLLow) Ng MANNE R, (ONSIDER

EQ. (49) AND REWRITE 1T /N TERMS S STAGNATION QUANTITIES ,

Y % : kS
e (f ) et (RET); @ (1 )T)

) sE (44)
' P & v g P A ﬁ
= Cv E_ (,1.,.(1;0/.4:) -4 t’? (4_‘_ (?—:—4)\4&;2)?'4 ) = Cw g,\,/Po/ (So 1
j’ : Po '~ 2 o 2 F. /, |
USE (44) v h, ‘
AGAIN A4
[ v:u‘:om(

, . .
where P Awp hd (h°=ha’ IS ASSunED ) ARE STAGNATION) YALUES ALONG AN

ARRITRARY "STREAMLING /» CDIFFEREN T FROM THEG WWNE  TJO wHI oM Fo AND 770

BELON G o . NOTE THAT sa.(z:a) imPLIES s\ 'é\-qr’o
Vs = Cv-V({«,F%} - ("54) j

SUBSTITUTING THIS EwpPrESSION )N~ (LM) ONE OFTA i
N /

CoAG = CyT V(&F@) (52)
AS AN ALTé'I%AIATI.VE FokM .
THE IMPLICATIONS ©F EQUATI oW ("M) ARE DEEP. CONSIDER, FOR INSTANCE, AN INVISGID

IRROTATIONAL FFlow PASSING THROUGH & Stiock WAYE . /T Wite BE SHowa) LATER THAT

i

ho = CONSTANT THROUSH A SHOCIKS ~ IF THE STRENGTH OF THE SHOCK 1S UMNIFORM ALoNG

|
TS LENGTH, THAT 1S, 'F THE ANGLE OF |NCIDENCZ IS CONSIANT [S© AS TO HAKE
|

THE RATIO OF POST-tHock TO PRE-S Hock @UANTITIES UNIFORM ALoNG THE sHock

F'ROMT), THEN THERE NS LsTUHP 0N ENTROPT ACROSS THE SHockk BUT THIS Tump

@



~

= © UPSTREAM AND DOWANSTREA

CONSTANT ALONG THE Stolk . CORRESPONDINGLY, s =

=
—i .
OF TRE SHock (Flé. 40%)- AS A REsSuLT, E@- (43) INDICATES THAT WAT =0
U PSTREAM AND DOWNSTREAM OF THE SHock. [N 2B Fltows, THIS |MPLIES THAT
THE INITIALLY IRROTAT ova( Flow Rzuains |RROTATIONAL DOWNSTREAM OF THE SHOCK.‘
s=35 [VS 0]
=0 S=.8, EVERYtWHERE ) /s—s R f
—P) =% P
S=%0 (VS = o) '53:0 B . w# (0]
/ — ~y S= he b
- ) =S &=
h=ho W=0 EVERY whsrs e=se —_ h=
URROV AT (0 L) h=ho S ‘
h= he EVERYwhers | —2 =} NON -HOHEATRPL)
(ABILBaTIC) — _» Roraniona L
SHocle "o FLow tN
L
(&) - THg POST-SHock
) (})) GASES
Flie. 1O .

ON THE OTHER HAND , THE FlLow bowwss TREA), FROH A CURUSEDH SHock S GENERALLY

S/nceg THEZ SHOCKk ISTRENECTH VARIES ALONG (7S FRONT pNUi To THE

LOTATIONA |
VARY/NG AN6LE OF (NCIDENCE, AS A RESULT |, THE Flow IS NOWN- tIoHEN TR PIC (Vs;eo)

PDOWNSTREAMY ©F THE SHOCK (E'VEIV THOOGH 1T (& [(STENTROPIC +N THAT THE &MROPT

18 CONSTANT ALONG STREAMUAIES 1IN THE FOSTSHO ck eAs> , AND BTcauvss OF (‘1‘1)

—D - 0
w/\uf ) {NOICATING THAT THE Frow 1S ROTATIONA & (p/@./o(;)_

NTHE  NORTICITY EQUATION
e —
A VORTLCIT'Y EQUATION FOR COMPRE SSIRLE FlLowS CAN BE EASILY DERIVED BY TAk/Né THE

CURL oF E@. (4?) JwhlicH 6:vEs

- - -4y
Qw 4+ v-Vw = «3~Vu -

P - & (vE)+ UTAVs + Ua (YE')I (=2)
ok ' —’

WHERE 0SE OF TH& IDENTITIES

VA (Uh)=0 , VA(TVs)= UTavVs |,

(#]
> = - > - —> -5
VA (w/\u) = U-V© - D’(/v/of)-r w(Veu )— w-Vu
HAs BEEN HADE. !N E£Q, (58), TH& FIRST TERM oN Tws RIGH T - HAMD SIDE CORRESPoas LS

-

TO THE PROBUCTION gF VORTICITYT THRe UGN \ ORTEX STRETC HING (Jf VJ)

IWPORTANT HECHANISH OF CREATION OF VELOUTY 6 RADIEATS ANE ONLY OCCURS 1N THREE -

o

- =, Lol
SINCE wva- W‘E’-}—/W , 1 THISOTERM YNDERSWRE S

C Tivo - DIHENSIONAL FLOwS ) . \
N STRETeHING THE VORTICITY AND GENEGRATING

. = 2 S
DIKENS (ONAL Flowg (NoT& THAT o AND THERE Forz 7 700 ARE PERPENDICOLAR To LD !N

THE IMPORTANCE OF THEZ STRA/N - RATE FlELD

THIS IS 7HE& MOST

ENSTROPHY 1N THE Flow o THZ SEcowd TERM oM THE RIGHT -HaMD SIDE OF (53) REF&Rg

@)



D e
70 THE FRODUCTION OF VORTICITY BY COMPRESSIBILITY EFFECTS (W (v-0 )3 THE CRaFS ~PReducT

TERM YVTAVE 18 A BAROCLINIC TORQUE THAT CAN BE RECASTED I THE MHORT FAMILIAR

ForM 7P A V(-ls—) By EBExPrEssing VT As

T = Q.L)VP-r 9T\ ve

oF ?2¢ )
%0 THAT  JTA Vs = @.T) VPAVS = 9T> VP A (QS)VM+ s
4 P, MV, ) ]
= VEA VYV ) =
/kg,,;) ( ) = VPAYY , W =4
FRowt 5
MAXWELL
RELATIONS

THIS TEERM GENZERATES VORTIC(TY THROUGH THE RISALIGNHENT BETWEEN PRZESSURE AMND

DENSITY GRADLENTS | OR EQULIVALENTLY, RETWEEN TEMPERATURE AND ENTROPY G RADIENTS,

LASTLM , THE TER#M .VA (VEI) REPRESENTSC THE PRODUCTION ©F VORTICITY BY viScous Fokcel
ALTHOUGH AT +HIIEH REYWOLDS MNOMBERS THIS TERM IS ONLT 1 MPORTANT AS A HOLECUOIAR

DIFFVSLON oF VORTICITY IN THE SHALL SCALES DF TURBULEwWCE

NotTE THAT AN [NVISCID cOMPRESSIRLE Flow THAT 1S HOMENTRO P)c OR HAS A UNIFORM

DISTRIBUTION OF A THERMO DYYNAMIC VARIABLE , \WILL REHAIW IRROTAT 16 1A L IE (T WAS

INITIALLY  |RROTATIONAL Sinct (53) BEOHE S
-~ - — ol =9 - —
W ¢ J.Vw = V- & (V0)
B¢t
WHICH DOES AOT CONTAIN ANY SOURLE JADEPENDENT oF ) .

AN ALTERNATIVE f :
& FoRM ©OF THE VoRTICITY EQUATIon/ | CALLED THE VAZSOMNY!'S re@uaiion

. THE <SPECIF(c VORT|CiTY 53/8 . CONSIDER FOR I N&TANCH
6 (53) blnegs RY X | | o

CAN BE DERIPED 1N TERMS OF

RIONS SIHLAR To
TelE RolE oF :19 IN

) NCOMPRESSLBLTE
FLDW5

IR,

é * %i'vf- W(VT) + Y& AP +/VA (V) | ’
§ ’ |

AnD UDSE CONTIaOITY, v-}j__ _,_Q_ D

3 /Dﬁ . THEN THE ERUATLON ABOV(: SlMPuF/E_s e
@- (.‘1;- <+ 3 - - =i
dt 5) (TS') = weVu ot y—gg/\vt)—ré;v,\(u) VAZ SoN ¥/ s (3.()
S $ § EQUATLop/

WHICH LLEARLY 1LLLUSTRATES THAT THE VORTEX -STRETCH MECHAN (S M ACTUALLY ACTS

—_ —
DPON w/s RATHER THAN W , /N THAT THE /SIRETCH(N 6 ACTION 6F a‘f V[}”
jRY; (53> copLp BE CoMPENSATED RBY Cu°(17.3) IN COMPRESSIGBL% (Flowe
WHEREAS THE STRETCHING Jf‘/g +NI) GANNOT BE COMPENS ATED BT ANYTHING ELSE

IN ABSENCE OF OMER NEVTRALLZING MECHAMISKS Sych AS tHZ BARocl,wmic TORAQULE,

@

e W PLAeS p DYWAMIC
3 ROLE (N comFRICNSIE




|Tr. sHock waAves|
‘ﬂ)g CONSERVATIO N E@‘UA‘HQAI_( FaR couPes}sSlBLe Frows )N THZ INVISCID FORHM ADMIT
&0 LUTIONS IN THE FORH OF DISCONTINUVITIES 1IN THE ACROTHERMAL VAR IARLES AnD THEIR
G RADIZNTS . THESE DISCONTINUITIES ARE REFERRED TO AS SHock WAVES AND ARE
INEINITESIVMALLY THun 1N THEZ JNVISCID LIK 1T . THE CLASSIC DE-SCRL#TloN J>9ES
NOT NECBSSITATE (NCORPORKTION OF HOLECULAR TRAN.sPam—/ WHOSE EFFECT 1€ To
RROADEN THE DISCONTINUVITIES N A HANNER THAT THEY STILL REMAIN THINNER THAN
ANY HYDRODTYNAMIC SCALE OF INTEREST, AND To PROVIDE AN EXPLANATION OF
THEIR INTERNAL STRUCTURE THAT IS NoOT TSSENTIAL FOR THE <ROSLING ZASES .
THIS CHAPTER )§ Focussd ©ON THE 6A§b7~AM¢cs OF SHoeck WAVES N THE
INVISCID LIMIT ‘AND WHEA THE FPRESHOWU AND POSTSHOCKk GASES REMAIN | RROTATIONAL.
THE EFFECTL OF VORTIGITY DISTURBAANCES , WHICH OCCUR UBITIQUOS LYY | N TURRULENT
Flowe , (S DEFERREL TO CHAPTER IIL.

CONSERVATION LA

WS ACRASE <Hock WAVES

SHoCk WAVES GENERALLY OCCUR
OBLIGQUELY To THE FlLow, AS N

FIG. £4a. , OFR NORmAL To T

Flow , As (n Fl6 11, AT

PRESHOK Aot cnpere Sz LTREAMLINE THE SAME MACH NUMBTR, NORHAL
GAS G A< N DEFLECTION ANGLE
V' R = ANGLE oF 1ncibdencr SHOCKS ARE STRONGEEL THAN ORUAQUE
(m) ORLI\QUE SHock WAVE '
b ' ' SHocrks, | N THAT THEYY LEAD TO
ev Ye
4 ' 16 HER PRESSURES , TEMPERATURES
B Vs N
e > '1 : > > AND DENSITIES IN THE FPOST-SHOCK
- Pl -
m "T_ _'-—’"‘ , GASES ., THE DESCRIPTION HERE
rRE—AHocgv POST - s HOCKk i '
B St GAs REc/NS BT coNSIDERING NORMALL
(L) NORMAL SHOCK WAVE SHotks FIRST, WiTH THE ORLIGUE
FI&G. A4

ONES BEING TREATED LATZR | &0 THE

TEXT SINCE THE ARE JMopE CoMPLEX.
# NoORHAL SHock WaAVES

C6NSIDER, THE conTrRoL VvolLOHME Vo IN  Fig 445, THE INTZERATION QF 7Hz STEADM /NVISC) N

FORMS oF CONTINUITY (M), MORENT UK UZ) AND TOTAL ENTHALPY “3) LEAD To
g2

’ ;Q_E»rv'(gu\:o =!>W\r+ ggG.E 0 = [§y; = ?zuzl = 'z consT. (55)
. e S . '

%) =
e HASS Flow RATE PU SURFACZ (2 ¢) J




. 3@u+ 05V = - v @MW gJa’E--&Fdi

D - U+ e z=+P1—Pz =D 'P-V"S« = B+ 2U7}' {Sé)

2

F 82 (heldl )+ga’-v(k+l%2)igf/2b (g5 (heiar)ei-o
S

CONTINVITY OF MOMENTUM FLUX

K 2
1"1 + l.J_t = %z* Uz (3‘7‘)
2 2 '
CONTINVITY OF STAGNATLOA ENTHALPSY,
EGQUAT tons (55)—

(S*) REPRESENT A ComPieTz <ET 6F [2OUMDARY CONDITIONS AT A
SHeck. WAvE, THEY caN BE SiHPLFiean AS Follows (N ORDER To OBTAIN THE APPRoPRIAT &

SUHP conbimous AcRoss THE SHock, S0BSTITUVTING (53) ‘wN70 (Sé) YIELRS

N2 e 2

- s nl
M+ F: e P, o - = -, (58)
8 S Aoy |
{> 34 “RAVIEICH Livg ?
SIHILAE.L“{‘

himhy = UF_ Ut . g_f(A-g_f ANV
2 -2 2 SZL 2¢, oz

AND  vsivg sg)

‘!:_”2"(4_542):‘A Fz.;l({~§:>=_i Pz;'i‘— (§2—§42)_+4(F P)lgc*gl)
2342 g‘l} Zg(z !i _L gzz Z 2 -~ X,
52 S¢ s :‘g4 3 £:8-
SO ThaT
ho - h . 4 (4 iy
L) (?,*éz)(ﬁ P) (5%)

Y HusomeT EauATyon "

EQuaTions (53)-(54) ARE FUNDAMENTAL T© THE TREAT MEWT OF ShHock WAVES,

IN FARTICULAR , Z¢. (S8) SHOWS THAT SOLUT(OWS oF Tug TYRE

B >P, avo ¢, >Q,

(comPressiw wa v;)

OR

PacPeoamn £, <9 (exransion Wais |

ARE BOTH POSSIBLE (N PRINCIFLE , ALTHOUGH 1T 1S SHowN BEusw THAT OMLY THE

e [ g 200
FORMER CASE CaN 0COUR In THE FORM OF p BISCoNTINU|TY , STNCE A DISCONTINUODS

EXPANS(ON WAVE VIOLATES THE LAW OF, INGREASING ENTROPY, ') 1 1 1A

SIHILAR TO THE OTHER AEROTHER MODY MAMIC VARIARLES y

ACROSS A SHOCK WAVE ,  RECAUSE OF THE LAW 9F INCREAS/aé ENTROPYT N ADIABATIL C

)

THE ENTRoPY 1S ALSD DISCOMTINLOUS

sHock.
SYSTEME , THE EMTROPY OF THE CAS CAN OMLY INCREASE AS T~ Flows ACRoSS THE

)




THEREFORE, THE ENTROPYT S, OF THe PosTSweCk GAS MUST T xceeb S, . R&caLciwe

EXPRESELON (40) For THE EBNTROPY OF A PERFECT GAS :
~/ .
) - (60)
ﬂ‘
/

S5 - cvem( R\ =p B S R o Bosg
P‘/f;‘ 8% A P <S<

THE ENTROPY- INCREASE CONSTRAINT (69)/

SHowW q—gm NORMAL DISCONTINUITIES M)ST B& ao:—:messm/u\' ~ RATHER THAwN zx&u.sz |
. Lo ] ow - |
WAV ES P >P > ‘ | |
( 1 gz 34)/ AND THAT Discontinvouvs E XFPANS 10N WAV ELS CANNOT
EXIST (AT LBALT IN NON~REACTING FLowS Yik |
] 0 SE
) E THIS, REWR/TEZ Ea&. /3‘?) v
TERMS OF THE FPRESSURE 4Awp SPECIFIC~VOLUKE RATlIos, _E:& Anpg Af = S1
WHICH Glves Y44 _ of ‘ o
- U
E = éA
N ( )

Y+4 .7 _
v

/

N

| IS Eas
T ASY Te SEE, AS |LLuSTRATEN 1N THE Flewke RELow, THAT THE HUsoMoT

CURVE (€1) IS ALWAYS Rperow Tue ISemiRoplc corRvE P = N

OF EXPANSION WayZs (£</l/ Vs A ) )

IN' THE CASE

AND THEREFORET DI/ScowT) muocus EXFANSI oy

WAVES ARE FORBIDDEN BY THEZ Séconb PRINCIPLT S/INcE THE'YT VWOuLh LEAD To

A DECREASE (N ENTROPY IN AN 186 LAT Ep STSTEM. THZ COMPLETE SPACEZ pF SoLLTIOMS

OF THE RANKING - HUS0MNIOT EQUATIONS 1S SUMMARIZEL N THE DIKENSINLESS CHART RELOW.

’ R il i

HUGoN) T ¢ URVE léf«;‘)

. R /P ~ - SPACE OF Sownto
r-r PR A+B: SPACE 0 ws
r_?' STATE o FORR\DDEN RV S
th; . 2, A (SeLunow ' MOMENTUM AND
- ¢ ENBREY LONSERUATION |
0C

DIMENSIOARLESS RANRINE-HVG60M 0T
EQs- FOR NORMAL SHOCK WAVES -

'€y SPACE oF sownous]
FORRIpPEN £ 279

PRinciPLE |

PRE-SHoCK i -
D = PHYslcar SPACE
-E= %‘ ' e i’. = .Ui A 7STfTr',, ST erssLuTIONS
1 $2 (B @ (P>4,< 4)
£ SN
| 7] cn )Z z , . ISEVTROPLC
3’ /“ =g )L B, Y Me Y * ‘o TRATECTORY 5
F154 5/51 r i y N \{.f= “he*)
: I | 4‘)/4’"" H:, g R
g = | P-4 _ _ /uu . (51) 4 | RAYLEGH vuA‘:t,v(oz) -
'. J_" \ _K—-’L"‘o'lé L / A’/\f-.- 4-£
| g\ Y . U]
i Yad _ Af 2 V44,4 $2 U3
i = Yo, - WA Ak o Y1
§ B = (53 ) CompRESSIOA)
; CLRVEY My~ 00
-1

THE . UPSTREAM | DOWNSTREA M STATES OF THE GAS ARZ DETERMINED BM THE JNTERSECTION
POINT BETWEEN THE RAYLEIGH LINEG AND THE HUGOMIOT CURVE, : @




THE SHotk TUAP CONDITIONS ARE QORTA/WED AS A FEUNCTION ©F THE UPSTREAM MACH]

NUMBER B SUBSTITUT N4 (6’3> I/ NTO (62), WHICH IVES

Q?_ - (E'f4 ) Hﬁo? l,{ (6(_{')

VY z+(E-NHa]

DENSITT Tupmp
AND  CORRESFONBWGLY

Lé - g‘. - 2+‘ (X‘(\ l“&:' | , (6S>

U, 2
! gz - j{*&) H?‘ VELOCITY Tump
SUBAT (TLUTING (6‘{) INTO (GZ—) ) THE JIUumME CONDITlon ol The PRESSURE
! .Yi. = A+ ZY th 4) 66)
| P1 ~{1—4

FEE-SS VRE TUMT

I OBTNNEb S\mmew, USiNe THE EQuATloen ©QF 3TATE 5) ALone wiTh Cél-o AND [66)
. R4 [ 2¥H2- (x- )12+ (\"4)Mal
Ta P1 ‘fl f‘f%) Ha,

(6%)

,i TEMPERATV RE. TUMUR

WHICH CorRRESPON DS T0 THE TEMPERATURE TUMF ACROSS. THE MA Cy MNUMRER DOWNSTREAY FROM

THE 8Hockk 14 GIVEN RYT

; 2
“ Ha‘z?_ = U_z>z'= (_U_A i"_‘ L_)l-__ = Mai E (QE)L.: 2 + (’U 4) Ma,
A9 A QZ U| TZ ) v 27{”“‘ _!_{ b/

(és)

| P

WHERE USE OF (63) AnD (67) HAS Bssn MAsE . THE SUMB 1nv STAGNATIoy P RZLg URT

AND pBENSITY 1S

(+ (%=0) M, \z-1
Foo = Qo2 (= "F e . | (69)
Fo, Lo {4+ (F-4) 2 P |
| A —'z-— @, f STASMNATION PRESSURE AND

STAGNATION VEMSTT Ivmrs

EQuAT ows (5")-(5?) ARE PLOTTED RELow /N F/ 4. 12 AS A Fuarction ofF HMa

4 | \g‘cll,'w : ' NoTz 3 IN A SHoCk
? WAVE , THE FolLLoWING
3.5} INEQUALITIES ARE SATISFIED:
-3¢t
P2 5y fr ¢ |
y 02
2.5 Pf PO« /
2 251, %2 <1,
15 o 31
1 st | Tor =4
T - !
1 Tox
0.5 ,
25 <A , S2_ v 4 )
0 Uy S4

Tug ow DOWNSTREAM
MO"Z <A =p THE FL

IN THE 2Holk FRAME oF REFEREMCE. @?D




¥ OBLIQUE SHOCK WAVES

CONSIDER Flé. Ha, FoR 0BLIGLE WAVES /(F# Z%: ) + FRom THE TRIANGLES OF VELOGITIES

1T 16 EASY 70 VZRIFY THAT

Uam

Uzm

u

U, Sﬁm\g
Uzcas(

Uit = Uy CosF

]}

(?o)

T_R+%
= =P

)= V2o (p-¢)

F@k e NORMA L AND TAN65~T|AL ComPoyBENTL OF THE V&LloaTY, COEQSSPGNDIUGLY/

Uzl-= U~ cos (‘3-8)

,wa;lu.: o e ‘; ,
*1 (1)

thzm: U_Z.V_\_: Hmz Sbw(‘%—g)
%>

ForR THE HAW nMUMBErg OF THE FLoW NORMA( T2 THE SHOCIK . AN INTEGRAL ANALYSIS

SIHMILAR 70 THE ONZ IN THE& FPREVIeLSs SEcTiow LEADS To

-& Udm = %zUzM (c,oMSEew.Tloﬂ OF NoRMAL HMASS FLU)I.)

&}

Pt QUis= P Qe VUaa (cONSER VATION OF NoRMAL Howzarum )

Uat

Vi b (CoNsER UATION OF TANGENTIAL MOM smuu)

h* Lﬁz = hy+ qz_z‘l
2 2
WhHich ARE IDENT)caA_ 10 (SS)— (54) | F

(LonsErVATION oF STAcNAT 1oN EMTHALF‘(’)

Uy & REPLAcES RYT Uy AND U, 1s

RzP tacts BY Jam . THEREForRZ, THE RANKING —HVUGONLOT «QuATion s (62)—(63) Ao THs

SUMP conpLTloNS léq)—(ga\) CAl ALSO BE USEQ FOR 0BLI&UE Shocks |F Ma 1S REPLACT
‘ -

B Mag, , MNAKELY
: . S E—
2
Qe o (¥+4) Mais R = A+ ﬂ_(Ma,fﬂ_¢> )
§o Z4 (V) My R Y44
L= B g - [2¥Men- (3-4)1[2+ (¥-1)Hal] TUMP
7 P < oy N coNDTIONS
4 1 (‘6+4) H“AM FoR OBLIQUE
Uan - 84 = 2+ (¥3-4) UL, / Ha?;,h - 2+ (¥- )M, SHoCckS
Ut 82 (‘K-H.) Ha,,‘zh 2 “(Ha,ﬁ\-g— i-¥ —
I ol
[ wote THAT ) P 1+ (3=4) H@i 7:%
(‘ PO"L AND gﬁ.— _O_Z_ = SLZ = z iiz .
( Pou 204 Foa Koa A+ (31 r(a._'f P, (’*2-)
) ARE INDEFENDENT 2
OF THE cHOWCE e

=y THE FLOW DOWNSTREAM OF AN OBLIGUE SHOCK

18 NOT NTCESSAR (LY

THE RESULT REMAINS |
The SAms.

IUBSOWIC, RUT THE NORMAL COMPONENT THERE MuLT RE SuBsowic , @1
5



4 CAN B OBRTAINED RY USING6 THE CEOMETRICAL RELATOA

Ve - Y2fpie Lo (ﬁ' %)

UA'\T Um/..f:fﬁ/é EMF

CONSERVAT I UR)
OF TANGENTIAL MOMENT O M

ALoneg - .
WITEH  THE JUMP conbiTion IN (?2.) FoR Uzm/um; WHICH @Glug g |

g e ————————————————

Z‘amt(F‘g) - 2% (Y—'QHM F = ﬁb S = ZcObm{E(Ho4 s‘um[S-AX (7=
MF (7+4)H@%%F 7 j 2 2+ MQ‘M [Y-r COQ 2[3)] )
NN ~ =~y e

——_A* bow Ptawk ’

THE  CoNMTours of THE SoeluTions F(S) ®F Ee. (?3) ARET PRovIDED T F16. 3

Sve COMMENTS =
% R T Poshff"" le
Qo [“x i a‘k_ Fgow ,
\‘\‘\‘u N &= Dpax e FOR A GIVEN DEFLECTIOoN AWGLET | ew%_gggoj
00 &=
.'.)'7 NNy N THA»,_(A AND A MACH NUMUBER H‘b‘ , THERT
'”ué —A— EXIST TWO 3joLuTions FFOR P = ONE
\)\'N\/ st‘, M'Z' Hmz > 4 |
i et SUPERSONIC oST-SHock WITH F LARBE (STRouG‘ SHoclk WAUE-) ;
WEAK "/" \/\W‘ [ of ; FLok PN\ N e |
Sthcks V\“\* | AND ANOTHTR ONE FOR SHALLER (3
oR . ! |
Cont ' : SHoC K
COMIRESIony ' : . S, (‘;"\/E\ﬂ“w&!’ey . STRoOAG OCKS
N L
e ®0 ";6 8 ARE CHARACTERIZEN B HAVING
Flé. 13 SUBSomnle FLOWS DOWNSTREA M (Ha2<4).

e THE caSZ OF Z&Ro STREAMLING DEFLECTIowW ©OCCURS IN TW0O DIFFERENT <1 TUATIOWS =

_pd—b L) IN NORHMAL SHOCKk WAVES ({3=q°°) - “’e“‘“Fgo

2,2 -
IN WEAK SWeck WAVES THAT! ARE CHARAGTERIZED BY Ma S siu R = 1,

ia)

L - ANAAAN VN INANN NN

ﬁ;‘ ¢

' OR FEQUIVALEANTY , SSWF = X A/Ha‘ = Sow /‘« - (}«», = MACH ANGLE)

r-
N®TZ THAT Ma—,zs«an,z{&:,( impugs  May, =4 o UMITHIS LidiT, THESE

WAVES ARE COMPRESSION MACH MAVES oOfc VANISHING STRENGTH,
o CoNSIDER THE WEDGE IN FIG.I‘-[, Fokr 8> SMAX THERZ 1S Mo SoLUTIon W ITH

A SHOCIK ATTACHED ToO THE WRNER,

’

52::‘:: u:lé INSTEAD , THE SHock MUST B&
z".

DETACHED FROM THE WBDG6E, WITH

THE solUTIow BECOHIps TWO-DIMENSIONAL

2y Ayn DEPEMDENT DN THE GEO METRY AMD
(a) ATIACHERD SHoct

Hal'yl
(b D'ETACHEb SHo ck
(3¢ %iux) f RETacss, SHE

Bouw pary ConoiTionc, _ .



o AS HMENTIONGD ARoUE, THERE ARG 2 soLuTiont FOR F, ONE REPRSSENTING A STRONG WAUE
WITH Ma, €4, ANp AwoTHER ONE CORRESFONDING To A WEAK Shods wave wiTH Ma, >4 .
THE STRONG - SHoCk SoOLUTION VieLbs A LARGER

e
EXAKPLES: 16 wzpee AT Ma, < 2.4 BACKPRESSURE  Bo/o  THAW The WEAK- Shock
—— \

_0.5¢

SO0LVTION , IN EXTERwA L ABRODY MNA M CS , STRowe

SHOClS OCCUR RARELY EXCEPT ForR &> gmd.x Y] P
WHerg THET ARE OBLERVED NZAR THE WEDGE Mogs .

WHITH SUBSOWIC FLOW DOWWSTREAL (Flé» {4 (L)> N

For ATTACHED SHockS THE WEAK soluTlon (S

THE ONE TY PleALLY OBSERVED DUE To THE

B.6.3 B .25 TENbENcy ©F THE BACKPRESSURE TO REcom®
P, e, .

STRoNE-SHOCK WeAKk - Shock EQUALIZED WITH THE FAR- FIELL PRESSURE 1M
SOLUTLON SeLUTI 0w,

OPEN ENVIRON HEWTS » THIS Mi6HT WNOT BE So

IN INTERNAL Flows , WMHERT A BACKPRESIURE

CAN B MORE READILY SUSTAINED AND,As A REsULT, CoUuLDd RE ORIGCINATES BY A STRowG
SHoCKk .

WEAK SHOCKS ©R MACH CoMPRESSIoN WAUVE S
%

~ 11
TIWEA SHOCKS ' N iTH(g/ SECTION REFER TV SOLUTIoNS OF E&Q. (—?3) IN ConBITIONS

WHERE tHE WAL NUMBER (OF THE /NCOM N6 FLOW (N THE NORMAL DIRECT o

s cltosZ 7o 4_,
WHicH LzAp

70 SHockk TUMPS OF VANISHING STRENGTHS AND VAN|SHING DEFLECT lon
ANGLES . THTSE SowTions corresFoun To THE &= o

y $HALL»-{3 ZONES OF THE DIA cRAmM
IN FI6. A2 AND ARE AlSO CALLED

MacH WAVES , 7o $E& THIS, RBARRAW G& (?3)
IN THE Fory

M“‘lzs“\“\-zlz-4 = (m‘) Haf’ .SGWiECQQS
v .~ cos((z-g) '

Wtlich , AT D=0 , BEcongg

2 -
Moy so'p -4 o (w M b ) § (#4)
2
SHow/Ne THAT T /NCIDENCE ANGLE ‘3 NECEBSSARILY APPRoAckzs THEZ MACH
' . . R U { =
ANGLE /U‘ AS S0, k-e. SW\,P\) Sow/w: /H4,4 | OR EQUIVALEMNTLY Hw,MNi ,

HEANING THAT WEZA i Shocks ARE MACH LINES (S‘EG Fla. SL) IN THE FIRST AFFRox matien.

@)

|




THIS CAN RE EXPRESSED TAUVIVALZMTLY AL

A
\]H.g- {

WHICH  CAN BE SURSTiTuTEs IN  (74) TO GIVE

&am"i: &‘M/‘a, =

LIS
“ Ha,:‘- 1

SUBST NUTING AGAIN THIS RELAT\OW (W1 THE TUKHP comD 1 ok (?2) FéR Thz PREsSOrRE YlELpS

Maissul B = A o Ytd MG g (?5)

- R
P

4

x+4 (mzsswp-4) ~ Y He S o (7¢)

'Hé-4

WHICY!  SHewS THAT THE SHeck ST RENGTF) TT 154ma 2o

= B2l = 0 (Miip-d)- 0($) << . (72

1

IT 15 wnvsipruavs To AVALI2ZE THE TUHP oF ENTRopy ACRASS A WEAK SHOGH, |

REcaLL E6..(10) For AN 1DEAL GAS

_
S-8= Cy b ( /% ) , (79)
L
| P/2; |
A SNOCK IS CHARACTERIzEr BY A RISE OF TWTRoPY AND DROP (N STAGNATION
PRESSURE | BUT THBESE Iumps ARE VERY Sials For A WEAm Shocl, NOTE THAT
THE

DENSITY ZIVKMP CAN e GENERALLY WRIITEN A<

Q2 (B+4) Ha.‘f‘ _ (X)) Ha,z,sau?/s (b’-H) [TMT}'.H] 14 Lz;_\f)“—
SOOZHEO U 2 ()M SR 2y (g [ (v )T
2y

SUBSTITUTING THIS ExpPrzssion Iio (73’) YizLos

o bt e) v E- £ -tﬁ

S2-S4 4“( A+7T ) = Yl [ 1+ (g \+ Yl (4+ (_“**)Tr +@/£‘y
cv 27 2¥ '

WHich cAn BE EXPANDED Fop TT<<{ As

Sty TT=T 4 10— % [ ¥4 17— 4 [eie IETIRN Y [¥-471-4 3 ‘n* .{.

8 T T [ (e (0] [ ]

VO THIRD ORDER . SINCE 7T7HE COEFFICIZENTL kot pevive T AND TIZ VANISR WFIEN ADDE (5

B c
TOBGEMER, THE ZATROPY —SUMP REOMES A THIRD ~6RDER QUANTITY 2n TT 5,

T~
Sa=St oy Y=L T 9/7), (74
cv

412¥>
i @9
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T MO VING Nok HaL SHock S
%m

THIS SHowS T#AT WEAK SHoOCKS ARTE ANEARLY /SENTROPIC , AND C6RRESFOUDINGLY

——

THE DROP )N STAGNATIOMN PRESSURE /S SHall . FIGURE Y3/ [KowsS THAT THE

COMPRESSION ACROSS A SHOCK 1S NEARLY LSENtTRoPI(C UNTIL BDENSITY RATIOS &/31,0& J

DEPART  FROM THE 1SENTROFIC TRATECTORT. FIGURE {4} SUMMARIZES THWE SCALING OF

AB ROTHERMAL  VARIABLES ACRES AN ORLIGUE WEAk SHock AS A FuwcTion 6F THE

SHock STRENGTH |,

102 T T T '
Y=l.Y

—— HUGoW o EQUATION (64)
== [SEWTRorIc TRATEGIRY

101 L

0 1
101 1.5

3 35 4 45 5

2 25
$/e,
Fl6 . 43: comparison BEIWTEA)

FIG. 14 . scarins Acros: A wen
SHock
PRESSURE TUMP AcRoSs A Shock

AND AN 1SEWTROPL. COMPRESS|D D

OB LIQUE WBAI SHocks ARISE , FOR Jwnstamnes , /v GRADUA

SUPERSow ¢ COMPRESSLON /

AS |IN THE RAMP Flow SkEICHER 1IN F16: G THERE, THE TURNING oF ThE FlLow S

_’K ACHIEVED THROUGH A LARGL NUKRER OF WEBAK ORUSLE -
SHodg
Tivo(4)

SHocks . AWAY Fpom Tz WALL, THE OBLIQLE WEAR SHOcKkS

HAY CoALzsces AMD Fokrk A SIRONGER Simcek Wiy g

AN ORDER - Limiyy PRESSURE VARIAT) on 71 ACRbSS |

IN HMANY APPLICATIONS THE SHOCK WAVES MOVE N THE [LABORATORY REFERENCE FRAME .
EXAWPLES OF THESE ARE sSHock TUBES , BLAST WAVES AND ACOUSTIC WAVES o /N THE

PrEesucc | Fomemenack LABORATOR 'Y | REFERENCE F RAME, The WELGGHTY
(ATGQ;T) (-LT—UZ FIgtd RESEME (zc THAT 1N Fié. 4s , wimn Ug=U, TH& shocr
- SPEsp Awnb 0; —-U, THE VELoc/TY oF THE PoST-SHock
= CASES 1IN THE SAMZ D JRECIHONM AS THE oNZ OF Yhz SHO ci<,

Fle. 416,

PRoPAG ATION. TN THIS REFBREA CE FRAMT, 11 )8 STRAIS U TForwaR))
SHock Motion In

0 : o s = - S s
THE ABoratony FRAus TO COMPUTE THE, SPEED ©F THZ 'SHOCk AND PaSI-SHolk GAs - E3)

1



LSING THE PRESSURE TonP EQUATION  (66) J

r

2 UND JLENE. B4 P o Yo
 Hele g s () Y Y B et
Lo : 1 : S-\-g @1 / %I ZY P‘ Z{ {
AND THEREFORZ |

Uss o VT&!)E « (-9
z2Y¥ f 2

(6’9)

THE SPEEp OF THE PoST-SHoOCK GASES (S

oY .
Ll = %(4—%):05((—%): %’1«4(&-4) Y{ (24)
' Sl TR F ¥t
P ¥t d
WHERE USE oF (65) AND  (%0) HAS BEGA MADE .

T AcousT to\sl

THE SPEED OF SouND 1S THE PROPAGATION VEwGITY OF DISTORBANGES /) THE GASDINAMIC TQUATIam S,

[N THIS CUMTER, THE fEocus 18 oN THE PRoPAGATION OF THOSE DISTURBANGEL ; WHICH ARE F/RST
ASSUHED To RE SHALL, PALROSS THE FLew Fl&/>, 1T waL Bz DESGRIREY THAT AFTEZR

THE VEWCITY POTENTI AL EQULAT 10/
- >

THE PRoPRAGSATON ofF LINEAR ACOUSTIC WAyUES

1S ESSENTIALLY AN IRROTATIONAC [N yiscip PHENOKE NN
AMENARLT: TO BEING DESCRIRED BY USING THEL VELoGITY Poreayia,

U=, (s2)

CONSIDZRING THE EULER E@UATION

915 PEFIED AS

0 4 j-T/Gb-g:-_V__P
D& L

_

AND  ASSUMING THE Flow 1S Isenikopic | ~TP = —a V8 | Tusn Hortiriscation oF THE FUcER
-

EQuaTniod BY U VYisipe

CONTINUITK

RUE) » 00 g)e-goo s o gy

§ § 96

INTO THIS EXPREZ<S of ONME OBTAINS
(

2 (VWP + 47 upy @t U - et o . (s
(%) oty g e

SUBPSTITUTI Abg l‘ga)

-

IN ORPER To ELIHINAT E € FrRou THIS E&uaTiop, DIFFERTNTATE THE ZULTR EaUATton

@%:W?S) +®@¢ v(h@zﬂ= -2 v_r)= _ 2 [&z

ot l s ot S’VS)I

WITH RESPECT 10 TiMz




AND SiNce @ a,zvg = 7 [a® 98 WHEN THE FLOW 18 1SEnTROMC , THEA
bE( % 3

3 6 “2XP awr Pomcowes OF
R 9t (c& g Q )
\Y _@3’ o) ( lzﬁ;lz> + a*92 )\ = , OR E@UIVALENTLY ,
L 96 2 g ot
> 98 . _ 29 /)E/_élz . WHERE THE CONSTANT OF INTEGRATION A4S
T 96 9,5& ok

BBEN ABSOREED } NTo qﬁ . SUBSIIIUTING THIS EXPRESSION 1NT0 (85), Thy GENERAL
VELOCITY ~POTENTIAL B ARAVATION

2 ((v4"y+ 94~V ( 991*) - &7 7" +@»=ol (84
|2 [1941") + 09 _Zi) wUP+ 20 )
18 OETAINED, THE STEADY VERSlION OF (84) IS
VP -¥g- (v v)vg =0
WHBRE THB IDENTITY L(v¢)- v(lmz) = qu-(vq&-v)Wﬁ HAS REEN (SED. FOR ILLUSTRATION
z 2

CONSIDER THE TWo-DIUgNslonaL YERSIoN ©OF THE STEADY VELOGITY ~POTENTIAL E QLA oy,

(2282 | doct (5= 47 ) byy = Zhedydry . (25)
W HERE c{Jx: 9¢/3% Anb 957:9425/@\/

IT CAN RE SHOWN THAT (N PROBLEMS coNs(STinG OF

UNIFORM STREAMS AT VELOUTIES Upy Flowine ARGUND THIN AIRFoILS OR OTHER SLENDER GEOMETRICA(

ORSTACLE THAT CRBATES ONLY A SMalL VZiocit Y
-%

e NS

—_—

—_

DISTURRBANCE 1A TRE Flow (F/é»té;) , EQ. (‘85) REWNES
s
; v,
t w (1- ) 9% 4 09 | (%),
Use St et @xz  9y2 |
Flé. 1s
SUBTECT To %i-/'g_(é—eo AT ,4-..m AN @.@.—:O 0N THE Bopy
% 22
£Q. (&6) tS A LINGAR PoTENTIAL £ quation VAL /

b For SUBSowmnic AND SUPERSOAI L Flow §
AWAY FRomM TRANSOW(G COND (Tio NS

(ﬁe ) TRANSOMNIC RESIMES Ma,y REQUIRE RETEHT 04 OF
H16HER ~0R DER  APPRO X/ HA’TlouSJ ,

IT CAu RE SHoww THROUGH STANDARD ANALYTSIS THAT

THE EQUATION OF THE CHARACTERISTICS CORRES POl G TO (86)

s
EL =—t£®~/0/ = j:l)H:f;"f ¢ /K‘F)

THE CHARACTE RISTICS ARE COMPLEX AND Ea. ,(g@) |8 ELLIPTIC o
) _

~oPR Ma o (4_ ;

ON THE O0THER HAND, FOR Ma, S,

THE CHAEACTE/%IST(C$ ARE REZAL AND &EQ, (X"r']
18 HyYPERBoLIc

o e,

)



LINEAR S0U NP WAVE S
3

CONSIDER THE LIMITING CASE /N WHIUL CHANGES )M DENSITY AND PRESSURE ACCOMPANY /G

THE FLULD MOTION ARE VERY SIMALL /N com PARISON L (TH - THE AVERASE VALUGS go Aws Fo,

w

%: %22_O<H®)(</(‘, AND 4%;": %”s: O/Hm << 4 (88)

THE ANALYS(C FoR INSTANCE , THE fD/*?_OPA&SA‘]‘/OA/1

IS BEBITER ILLUSTRATZY BY CONSIDBERIN 6,

©F ThEse DISTURRAAMCLES /N A BAS Flowjwg tn-A PIPE AT A CHARAC.T&QM le VBLloaTy

Up , Witk % Ma<< 4. /¥ ADPBrION TO (98) THE RELEVANT “ M /T IS AT + 1) |
___)x AlousTie 2 ol )
e, SR WHICH THE FRESSURE AND DENSITY DISTURBANCES CREATE
Z, ¢
— 4 A VELociT? DISTURBANCE () OF THE samz OfRpER As
Po,jg)% ‘,/)/ 4,
A e a UTb AND SHALL COHPNQEQ /W)Tﬂ

ThE SPEED OF souual

L_q'wmeusmm-/ 14
Y. u-U ’
s ~ ~ o (1), %<<L (24).

IV The ABSEMCE  OF Viscous og HEAT -CONBUCT )2y EFFEcTS (SBE comMmsnms AT 7-iE
END OF THIS SECTIon o THT OCORRECPoND NG ORBEASL OF HAGNlTuos) THE PROPAGAT(Om o=

THESE DISTURBAAKE ¢ 15 DESCRIREL RY THE /Ssm&omc

) HAVESCID EQLATIONN OF Mot on

PLIg
v)y= 0 >
er Dx $ ) WHERE UsSc OF c{f:@f) HAS BEaN HADE
(‘(o) 98 /s
B—U + Ua_u = &’_é /N oRPER ToO ELIMivaTg THE PRTESSupE
ob dx S oax

EQS. Cio) CAM BE FURTHER SIMPLIFIES IN THE Linzan ACOVST1es” LirmiT BY USING

THE cONSIRMNTS (8&) - (b"\) . FOR IWSTANCE, /w0 THE CONTINUITY £aupiion :

%;T\U@é/-t 8@.3'—0 9—£/+ 309_44 =0 (‘74)
Q@ x

o /95(\ a3 9x - NOTE ALSO THAT
e B e ) / ! } r oy T
o(4s) 0‘%/) 0 (3o sk Lo v 8 ce £, Uvi’c’_blhv g e La
’ L L Uide o to L Uo @,
o a
Awuswc WAVT
ALSo IN THE MOMENTUM EQUATLOA) PeRIOb
@Li-t U@\__/*@___ - 9u #-a)f @f'—o (qz_) WHERE q,j: Y
’@\f_’ /9 S 9)( ?i‘— go X ¢ §80
Uo
( @(U‘a) ) S/nCE UBR/L - d_‘o_z(eo)<<1
L’“S" a.ozf//foL 2o |5’
NOTE THAT (44) Aws (@2) ARG CONSISTENT W ITH /gg/ IN THAT

' ~al 08 o davad gl @ L Ma<ed |

et

ok So ox o S0 Ly So 2o &2)



*E —50 =D :g_’wfgoﬁ-‘j@ _S_,U(_fé_-:Ha,<<4.
0t t
Kf

/ ( )
SIMILARL SINCE a'P: q,ozelg FoR (SENTRoPLC Flows, TyenN P Ao g AND
! 2 0! 2 / '
Fo PD o o 30 .

)
vers ALso THay I o B £/
TO Po :go
/
THEREFORE ] = O(Ha))<<4 /N THIS LIk . /N SUHHARY, EQUATIONS (cu)_ (42) REPRESENT
To - '

BECAUSE OF THE EGUAwow OF STATE = §RgT , Awns

THe DESCRIPTION OF LINEAR ACOUSTIC NAPES

FURTHERKORE , DIFFERENTIATION OF (cu)
WITH RESPECT Fo TiHEs V]|ELDS

%% :a_
062 o 9&)'0

WHicH | 1N comsumetion wiTH CQ’Z,) ClvES THE WAVE EQUATIoN

S(g)- - g(%) (+3)

For THE DewNns(TY CHANGG-.S DI (LAR A"AUIDULATIaA/ OF £4 (q

v Cran z) Y)5L 03
|9° (t_}_’) - 222" ()]
ot | a Ox= | a0 ' (o)

FoR THE Velociry CHANGES |

ADDITIONALLY , THE ISENTROPIC RELation = %ZS/ MARKES
PosSIBLE 10 EXPRESS

(%37 IN TERUS OF THE PRESURE ChANZsS AS
—42' - . ., ~ .
L9 ( P/ 2 o .
o 5= = as 2 [EY . (35
Rl CH ) B, (W) |- 9

LASTLY, TAak/Né THE CURL oF

!
v = /Q¢ . SUBST/TU‘(/Ué THIL
Qx

(22) SHowe Thar W= Ua o = 6 , AND THERGFoRE

RESULT /MTo (42) M)ewr s

(%) + QO(ax(i/) =0 = @

G . a.e' 2,

+ %8 ) =0 Y]

o @X(@t g°> = @b‘f anito
AL

WHERE  1HZ  COMSTANT OF (NTE GRATION FAC REEN ABSIRRED INTo ¢ SURSF 1T0T/1NG THIS

RESoLT /NTO (q:) CIVES

Q@ = ao (a_@

o 0x*

(4()

WHICH REPRESENTS THE LINEAR-A Covsites LImM T oF E@. 689)
THE PROPAGATION SF LINEAR Soumbd WAV ES,

. EQuATioms (43)- (q45) DESCRIg

)




THE GENBRAL soLuTion OF [43)-=(R5) coRRESPowDS 70 THE SUM OF Two WAVES F(_,) AND

G(‘_) PROPAGATING IN THE + %X AND — X DIRECTIONS, RESPECTIVELY ,
el

W) 5_/: Fia (x-a.o[:)-t— & (x—w»«,b(,—) =D Z.(a.o, o
P e o V| ) (=) ! t
SRS o415
wooobw g \ . Se oup
?ﬁ L;) ‘? u:? l“ f_/L: F(—H (X-% b) ! 6('—) (x +%t) (%) 31/5,= P'[‘saaoa"
n hé [ [T {\ gOQO F_(-.) - RIGHT'RUNN’NG
sls als 'M\° V\d}& [ L WAVE

u . F, x—a, b= G (% +ao
?fé @ng SR P (=) ( ? ) (Q-) ) G (_,) = LEBFT—RUMNNING
R AR : WAVE .
5(‘\/\/‘\_/\/

Where THEt PARIICULAR ForM OF F Anb (& DEPENDS Ow THE IMITIAL combyTione OF

THE DISTUVRBAMNCE , /NCWDINE 175 SPATIAL DISTRIBOTLON . 1T 18 FHOWEVER 1M PORTANT T O

REALIZE THAT (43)-(45) cAN BE REWRTEN ih ICHARAETERICTIC FORK
{_@_ ta ( atp «,2¥) =0 (47
of Tl £ |

For l€= g’/g F>'/ OFR v’ W,L,egg d = *a, KRE Ths Y CHARA CTERISTIC Lings”
o Fe ay /' . :

k’f’* e CHARACTERIST INES IN FPARTICULAR, THT FlLow INFORMATION PROPAGATES

ALlone THTE CHARACTERICTICS | WITH THE +IAT CHED REG6loaT

IN THE SIDE Fleuvrg REPRESEWNTING THE DoMAIN bF

INFLoENCE WHERE THE [NFORHATION AT Point “o''
e MAIN OF INFLUENCE b Yo
@) : romam oF in NCE OF FoinT Y AT F=0 IS FET AT A LAER TIHE ., SIMILARLY,
P DOMAIN oF PEFENRENCT OF 1 ' Any PoinT /N THE SPATIO TEMPORAL FLANE tx,bg
PolnT " .

FIAS REEAN IWFLUENCED R ALlr POINTS L vine (N /7S

DOHAIW OF Dépemoewc&,@/;!'WHl'GH IS ENCLOSED BT THE

Flo . I¢

THE TWo INTERSECT 1ne CHARACTERISTICS PpssiNg THRoUSH

THE PoO(nT7 . (6—‘6 OINT A N THE SIDE FIGUkE) )

A8
) <
?Auol% ’f_‘""

i
¥ CHARACTERISTIC ORDERS OF MAGAMITUDE S\ & pri0de

ZoHz Zokuw.
Ife TimcarL RANGE OF FREQUEWCIZC AUDIRLE BY THE HUuMAY EAR 18 {_‘,\, 20 — 202}:[-{3

WITH  MIIHUK  SoUMB PRESSURE LEVELS (SPL = 20 by ., {P’/Ffe;)) oF orser {o-20dR .

THE REFEREMCE PRESSURE Preg I THE SPL 1S UVS0ALLy TaKEw 7o RET PI’QF_: 2.46° Fa,

»

: 7
THE THRESHOLY ©F EAR Paiy 1S 1N 440 B , WHIcH ceRRESFPom S Tob P= 200 ?a,,

o
oRrR E&UWALSA/T}_\;’/ P'/? - 2 /o OF THE ATMO0SPHERIC PRESSURE . THIS  CorRRESPO M1
o
¢
TO A CHARACTERICTICc DENS/TYT ) VARIATIOM S//S, = F .= 0.15%, Aw> A VElociTY
@ o2, ‘

&9



ol gl 0. 5 m/s‘"ﬁ‘,, WITH AN ASSOCIATES MACH WUMBER Mo~ 9.004,
Loy |

THE CORRELPomsin6 AMPLITUIDE OF THE FLuis PARTICLE DISPLACE HEMT AS THE AcousTic

p <

/ : -5 ; |
waUE  PASSES BY 1S oF ORDER U/% ~ B.025 —2.540 mv . FOR FREQUEMIES {~ZOHz -
26 kHz. THIS DISPLACEHENT 1€ SHALL COMPARED T0 THE CHARACTERISTIC WAVELENGTY)
L= Ow/% ~AF —0.0lFm , with ThHarR RATIO BEING [ROPORTIONAC To THT

IANVERSE ©F THTE MACH NUMBER, Lt ~ ﬁ_ 3> Ao NeTE THAT HoLEcULAR TRANSPORT,
i @ |

PLAYS A NEGLIGIRLE ROLE /N THE PROPAGAT 0N OF THZ ACOUSTIC wWAVE . FOR INSTancE | CONSITER

The RATIO OF OMSTEADY TO VISWOUS TERHMS (N Tz MOMENTVM EQUATI o p

! Lo v 1 !
fv a__u Py °t° AL 2o LQ, rv 2o ~n >> A .
ot o p ? Ad, ‘A
r 9x¥ / L2 - MBAN FrEe PATY),

SOLND GENERATION Y TURRULEMNCE

AT HIGH REYwWOLDS MUMBERS, TURBULLENT vELocTY FLUCTUAT NS fFPRrobucE SOUND

IN THE SURROUNDING FLOUIG . AN JMPORTANT THEORYT OF THIS PHEZNOMENON WAS
[FORMULATED BM LISHTHILL (‘PROG»'RQYAA SOC - honboN ) 1352 , 498y ) ; WHicH 18

SUMHARIZED RBElow . COVSIDER THE CASE oF A TUORRBULENT Flow ©OCcu Py n6 A FineG

REGloN oF sPace o SURROLUANDES BY AN INFIMITE VOLUME OF FLutb AT REST -

LIGHTHILL's FORMULAT(oM OF T+I1S PROBLEM cONSISTS OF A PARTICULAR REARRAGEEM EXT

OF THE CONSERVATION ZQUATIONS THAT REUEALS SOKT IMWPORTANT CHARACTERISTICS

TAKING THE PARTIAL DERIVATIVE OF THE CONTINGITY EQUATION (4() WITH REBSPZCT 70
TIME &Glves

%24 2(viss)]-0 , (1)

WEHILE THE DIVERGENCE OF THE MOMENT UK Za VATIO W, ((2) VIELdS
. g . 2 =
99;(\7(30)% Vo (v(353)) s -V P+ v VT) . (a%)
SuBsTRACING (%) FRom (%) ,

Zg _ 2 _ - - 1 |
E%TI VP = +v.(v.(guu))-\7.(v.g).) (490)

WHICH CAn) BE REWRITTEn, AS

@25’- 2  /.- A .= (no04
s a; W= v (v F) (104)

' .
WHERZ OUSE ©F THE DEF(MITION §'= §—80, HAS Beew MADT , WHERT onNLY £ VARIES




ON TING, AND 4y 16 A UNIFORH SPEED OF SQUND IN THE SURROUNDING FLUIR. N "

= ———
P

== ,—"’ ~_

» . g t
EquaTion [100) , THE FORCING TENSOR $ 18 even BY \Nme: s'~%(?—m§g'\
p— -_— = { ]
I- e00-Th (P=as8 )T, (102 S mew € gl s oimgy

N _FROM Q{40
WHERE IT HAL RGEA ADDITIonALLY ASSUMBS THAT Fo 1S vwnirork , A€/IF THE TURBULEMT

FLow WAS MOVINe AT LOW MACH NUVMBERS . IN THAT LIMIT, THs DENITY /N THT
CONVECTIVE FLux IS APPROX(mATELY §o, 4-e., gd‘u“fv 805‘5" ‘N /loz), THR EZ
CHARACTERIKTIOC SOURCES QF Sovnbd CAN BT DISTINGUISHEN |IN /402) - ,é) THE NON-LINEAR

—_ ~ - = |
CONVECTIVE FLULX S"UU ) 4»&) THE VisScous <yREsS &, AND %6) THE DEVIATIONS FROM

/ MOTE  THAT THIS
6 EQUATLON SIUPLIFIES

¢
I SENTROPIC FLOW P—éog‘,g’,

NOTE THAT EQ. (wo) CAN ALSO BE REWRTTEAN AS

, 70 THE  Po(LSOA
(“’3)@‘\ EQUATLOW
/
// 2 =
' ) = L VPV (V%)
ForR P /nvs76ap oF 8, where X 18 sven By FOR I8 Com PRESSIBLE
:‘ S~ =/ Feows FoR 1
F = fuu - , (103) S | Ma << 4 g

——

L 2 Ve v (vF) 4+ (f_’ _g,)

al Qt> QLr | w2

—" o

NOTE THAT THE DEV(ATIoNS {Rom ISENTROPIciTY In (1 03} ARE MAMIFESTED BY

@2 ¥ ' . 2 / !
52;(-591" &3 ) #0 imstEar oF T T(P-g 2 );/o 1w (104)4 N THE ARSENCE
(VAL THAT THE SoURSE o

OF THESE EFRFecrs, (1o4) AnG (403) Becom  CANBE AN (HCOMPRESSIT
/ o =

( o Flow
, R / | Y Y '
?2¢! 2 2,0 - e N\ SN
é—bgz. - 4 V§ = V- (Y/-(&UG - t\)) /g( A By
g PITED L oy N
LB T L v (005,55 - ) Ry
QIDZOtL ‘ // o4 ; \\(\P(&Pa ’ ) 7 \
. Re 574 } . \ﬁ\';“; s
WHICH CORRESPUND | T0 INHOHOGENEOLS VERSIon< OF sas.'(@é) Auoﬁ;‘&) AND
4

bESCE:BE THE FPRoPAGATION @2F DENSITY and PRESSURE FLuctuATions RROVAL THE
TURBULENT Frow AND AckoSS THE SURROUNDING Flow AT REST . NOTE THAT THEC
RIGHT ~HAND SIDE oF (mq} IS OF S&Zcowh okrpzr oyuTsite Vp AND HAT R= NEGLECTED,
20 THAT (40'-|) RECOME THERG E@.u‘..&L'*To,‘TPE:lR HOKOGENEOPS COVDNTERPARTS /ecg) AND
(4‘-1) CORRESPoNbD NG TO A SOURCEL ESS PROPAGATION OF THE sSOvNDd WAVES, THE

RIGHT~HAND SIDE SOURCE N (409) ACTS AS A SOURCE ©F SOLAND /A V;/ WHERE

—d /
THE TURBULENT Flow MOVES AT vetociTy v , EQUVATLOWMS (4@!43 ARE THT RASILS

OF THE ’_I:IGHTI—MLL ANALO@;.: \\THE DENSITY AND PRESS URE FLUCTVATIONS /N A LOW =

MAckH Flouw MAY RE I1DENTIFIED WITH THOSE OCCURRING IN A UNIFORHM ACovkTIC MEDLUK

— '/
AT REST PRopuced BY The source 7-(v-8), where §= 9,00 Is THE EFFECTVE Fegzg;é S
: . s )

I




IT & 1M PORTANT TO NOTE THAT MoST OF THE TURRBULENCE ENERET IS AT THE INTEERAL

'SCALES Uy AND & . THE CHARACTERISTIC TURMNOVER TIME OF THESE EDDIES /IS ZZ ""g/uc

AS A RESULT, THESE ART Also (MPORTANT FREQUENCIES oF THE RAD/ATES SOUND, WHICH

HAS A CORRESPONDING CHARACTERISTIC WAVELENG TH

Lo~ @ben acd _ 4 (105) ”
Uy Ha_{)

WiTH My = Ué/% THE TURBULEAT mack woucsr, AS Mo, INCREASES | THE seuws
SOURCE  BECOMES /NEREASINGLY LECS conpacT , 1v THat Lo BEcomnz: oF THE SAME

ORDER A2 OR =2upper THAN . THE LARGE-~EDDY S|z 4. EXcepr FoR MIGHLY SUPERSOMIL
TURBULENCE, IN HOST PRACTICAL SITUATIONS He, £ ©.4) And A SiupLiFizs THEZORY
4

EXISTS Yo INTEGRATE (hou) 'n The Limir of Cospacy SOURCES, AS bDESCRIBEZs

RE Low.

THE FPROPAGATION E@uaTion For P! AN (w:-/) 1s OF THE RETARDED - POTENT)AC TYPE,

RETARDED PorzuTiars ARz UBIQUIToUSLY FOUND

IN ELECTRODYMAMIL, WHEN THE ELEQRIC
CURRENT OF THE ELECTR)C CHARGE VARY /N Tlitz. SINCE THB ELECTROMASNET) ¢ Flecs Pmmunsl

AT FIMITE SPEED , IT TAKES A FINITE TIME Fok THE INFORRMATION TO PRoOPAGATE FROM THE

[
TIRE-VAR /M6 SAUSE (THE CHARGE ) To ANOTHER PoinT IN SPACE WHERE THE EFFzcT 1<

OBSERVED , INISouaD RADIATIon, THE PRESSURZ AW PENSITT BISTURBANCES PROFAGATE

AT THE SPEED OF .%UNO/ Avn THE CcAUSE OF THE SovuND

IS THE TURRU. zwT FlLow

Withw THE Vowwme Vo , EXPRESSING vpuE SZcowb EQuAT o + Ny (409) AS

—

— (PIY> = V- T/'?) , where = =L'2° _ y?

Avp -

V3P FREE Spack,
THE CORRESPoND) 0 SOLUTton) IS sEEz [Flé. 432 FoR
, // INTER PRE TATL ON
; = . = =
P'(2,1) - VAV-S (7 k) b A (10g)  OF TAmT
i | 77

S

Where g = £= [P-7 IS THE RETARDES Timz » coNMSIBTRATION 15 GlvEn HERz 7,

\\ 1); CASES WHERE THE SOURCE 1S COMPALT |, bg. L“"/ 4'3N£“- 1,
FFECT ) P ¢ :

z
T 7 WHIcH REZQUIRES SHMALL TURRULENT JACH MUMRERS
_w ~ RBLEGAT -

/
(QuiEscENT) Ha% <<l , AS IMPLIED RY [Aog) . N TS Lim T,

¢

(TURBLLENT TF '~ r‘ (see F’Gv'{;‘) , BND (496) REcouz

. \ Flow)

&)



A
/ " L
f ; % o7 “ GL,
P (F.6) = { V--{V-H?Cbaﬁd\f (107 ) L4
e . 0.2 9rar
v, e o erian RUL Oxs 95 9% or
[o] é‘Rs é‘frf_r_ov é-‘&.r_;ﬂ-'zl ) ) . |
WHICH FURTRER RE combe ,;\ , % e J ;
= ' « - | <& -
e e A (Bl E-Lar 1 i | (72 )"
(e8] » — V¢ v 2., L7 a”
A 2
Y4 r \9’, v, | o Vo (,(0 ) |
fg"l'“gp' Fok e
® o) 4 _ 'oR
WHERE L = 6L‘L AND N 1S A unIT Yeetor ALong = . THE DOURLE - boTTEb TE NS
= Ry =

=

S rerrEsewis THE czcown BERvATIVE ©F J Wity RESPECT To Y. SUBSTIIUTING

THE DCECOoMPOS T)on

o\ = ( 43‘ ‘-:_{;Dpk/( Sﬁi)-ksi fkkS;, = Q;i-}' Qgéz

I N o ({o?)/ W (TH @o\'_- ?L\-ftg M(N»\‘ A TENSOR WITH 2ZER0 TRACT AMD @:é if,% ,

THZ REPRESEATATI 0N
P L ) (@@Ee)dr’ « Bae ( Q(Fz)V | (e
HTTe 2 r 5
Vo

Vo
12 OBTAINED | e p CORRES Powps 7o THE SOUNA RADIATES

FRoOM 1omoPorz (FIRST TERM 0w
THE m:s) AND BUADRUPO LES (SEcous. TERM ow ThE &Hs), BASED o ((08) THE Toma,
INTENSITY  OF .. Souwnp EnmTED

/ 2 2/, -2 2
F ‘ ‘
IS OF opbdEr T ew < > VL8 A <Q> L . WH IcH
qu-’@ ‘ '

Lol
VUT OF 08RG YT
EHITIED AS Seunbd PER LNIT TIME AND FER OM)T MASS ®F THE TURRULENT FLéig

HAS UNIT.S @F k/NETl‘VC—ENERGY .SURFACE wa- COERESP&NIDIAIGL‘T‘ 71’[6 AMO

/.S
oF ORDER 2
. , : "> &
E.;ﬂ.l_:- ~ (Q> ’VS ~ J gogé_ ‘63 ~ '(_J% o (/OQ)
2, § s e s vl @ '
o\ Lo 802&0 . (/Ué) ORD SR oF o &
—~————_ MA‘N‘7UJ>E ok V_O
ORDER o F MAG AT
OF <@

COMPAR N 6 THIS RATE OF Souwmp EMG&GT TRAM& FEs WITH THE RATE OF et METE C

2-.,  R”
ENERGYT TRANSFERRED ACROSS THE CAScADE /@Y THE TURRVLEWT Frow , g,\,‘(/i,o ) )
ClvES U2 : Iig . te ¢
4/ 5,
Es n “VaEa (L) = He (1)
E’ U(,S//( 2o

, — 5 /S
WHien nbicates THAT THE RATE OF ENERGYT RADIATED R'YT Soow

A VERY sSMmarLL FRACTiew OF THEZ ENERGT DISUPATES BY THE TURRULE T

- Flow MoTlow, s/mCE HQ,{S 0.9 /N MogT PERACTICAL APPL:CAUOIQ'

G



TV. FLUCTOATION DYNAKICS [N COMPRESSIBLE TUR&ULG”CGI

INCOMPRESSIBLE TURBULENT FLOWS UNDER6O FLUCTVATION S N THE VELociTY AWD

PRESSURE | THE LATTER REING SHALL AND ENSURING THAT THT VZlociTY FI1ELy IS

DIVEREEM(UE ~FREE . ON THE otHER Hawp |,

IT WAL ORSERVED /N ThE PREVIOy= CHAPTEQ

THAT SOUND |S RADIATED FRQM TURBULEWMT ZONTSE WHBN THE Flow & <Ot PRESS|BLE:
IN PARTICULAR, THE PRESSURZ DISTURBAArc&¢ PROPAGATE AT A FIiNnTE SPEED AND

INFLognce A FINITE-SIZE PORTION OF THE Flow DOHAIN IN A MANNER THAT DEPEMDG

ON THe STATE OF THE SQVRCE AT AN EAR L ER 7’/%5‘(&%., ST Eb. (wq)) . THESE
CONCEPTS ARE FURTHER CENEBRALIZED /0y TH (IS CHAPTER To !'MNcrunez ADDITIoNA L

FLOCTUATION MODES THAT ARE oF JNTEREST FOk MoODTLLING DI PRE

SSIBLE
TORRVLENT Flows,

THE ANALNYSLS RZINS WLTH THE LINEAR(ZES COMNSER VATLOW
EQUATIONS | S/MCE THEY FPROVISCE A USEFUL PLATFoORH FOR SEFApAT

Wé&E ThE
DIFFERENT FLUCTUATION ropEs .

WITH MON ~LINBAR S0UPLINC EFF&Eecrs REinv & TREATED

BY THE END OF THIS CuaApTER. APPLICATIONS OF T+IE FORMULATION 70 colpr

GSSIRLE
Flow ProR.sms ARE DEFERRED 70 CHAPIER V.

THE LINEAR) ZED CONSERVATION T@ VATI o
R e T e e —— LRIy asmes o ~

N TH)s Section, THET

CONSERVATION EQUATLonS (1), {42) ANMD (3] suPPLiz WiTh

THE EwoTion oF stazz (IF/ ¢+ ARE LINZARIZED AROUND A BASE STATZ THAT ComsisTs

OF A HeaN (4"3»4, ENSENBLE AuEQAée/ UA//Fo;eH FLow .

THRS VG 1oy THE CALCOLATIOMS,
THE TERMS INVOLYING PRoPUCTS OF

DISTURBANCES ARE Nz glacran own THE
BASIS THAT THE DISTURBAW CES . ARE SHag, .

CONSIDER THg EQuATton OF STATE
AS R Ce @' a0
> Frp. (§+8") Ry (T+7")

P SR‘ET, AND DEComposz ThG VARIARLES

—~ N
=5—/9{T‘+ R ‘Re T + ‘ER%T/*}'%T\/
7 (“4)

-E’—,-=.3."!“ I_,
3 = =

M T

SO THAT

WHich RELATZS 7yz PRESSURE , DEWSITY AMb TEXP ERATURE DISTORRAMCTES |,
SIMILARLT FROM INE DEF/MTion oF EmTrRory [(l0)

S-8 = C,;a@»(’_l_}:'-l-,t)-—l?%&(%:.,.l) )




AND SINCE THE DISTuRBAwcES ARE SHALL

él_ = 7;, — ¥-1 p (“2_?

Wizrs Use OF P = 72"*’/(»’—1) tHAS REEN MADE , THE CORRES PoN B ING LINEA -

¢ T Y B

E.\?/mcu OF THE V;ou'rnvw‘r‘{ FEQUATIOWN) (44) 18
- -— -2 / j
£ 4 u Vg+g 750 4 @_g 4+ T-7e'+ u,\75+3v-u'+ ¢ VU =0

WHERE THE Non-LINE Ap Pfs’TURBANcL: TERKMS HAVE BEBAN NGELECTED, THIS TR UAT ouy

CAN 38 RTBARERANGED AS

- — p)

Vi Zvio- 'S | L (1)

—
v

28 4 T-Ve's -
91‘:+U §§

IN £Q. (443) THE SETCOMD TEBRM ON THE LEFT-HAND SIDT CORREBSFowrS T O

THE cownvecTiton OF DENSITY DISTURRANCES BY FTHo MBAN Flow . Tz [FIRST TELK
ON THE RIGHT-HAND S/pE REPRESEMS STIRRING OF MEAN DENSITY 6RADIENTS By
THE VELOCITY DISTURBANCES . THE Secont AND THIRD TErMS ReFsr to 7THE
PRoDUCTION OF DENSITY BISTURBANCES FR6M DILA’TATIOUI oF THE DISTURBED
AND MEAY yElocITY Fl18.ps , REsPECTIvEL Y,

PERFORMING A SIMILAR LINCARIZATIon) OF THG MOMENTUM EQUATION YIZips

%;/+/é’%§+ §§%'-r guVU+ gu VT + gu'\'/u ,,.W’ V‘P'+ )
F(Vu*Vu’T)—Z/«.V»u T+ /4 (v0+ vﬁT)—é/x’V'E"I
v V/Div G5 "’) -2 /«V'?/D" T
= g(@%f:{]’-vyﬂ- :’Vg\ + f'u: v gl%%f - vk (“q)

NOTE THAT THZ TERMS INVOLVING VIScociTY FLUCTOATIONS WHIcH ARE OF ORDER

] ! ‘
/,, N ET AL ARISING ERom THE LINGARIZATIon OF THE PoWER LAW /w /44) ) f"“T¢/

ARE AcTtivg N FLOWS WHERE THE IMEAN VELOC(TY IS NON-U N (FORM, AND RECOMT

OF 7THE SAMT ORDER AS THE VvIScous TERHS INVOLVING THE HEAM VIS CosiT V&

v

/ '
WHEN K oL o~ X whieh wilL BE Shown TO RE THEZ CASE /N Flews OF
FoT T | |

PRAGCTICAL IWTEREST . IN THAT LHIT, THE FLuc:ruAnous OF VISWSITY PLAY A ROLE /W THE vISWUS

SARESSES, !



-

LASTLY, THE LINEARIZED VERSWA) oF THE ENTROPY EQuation /35)

£ 954- FQS +£ 95 4 Eﬁ""@é’-&-iﬁ-vgﬁ-E\_L:/"Vs'v'— _fi't?’-vg': :
/mxac Ryot Ry 9t Ry Ry Ry Ry |
_ 3= R - - 3
“VW*‘V (RvT') + v (K'vT) + [«/3/13-_3. T) +dp S
— /E,z ‘ =, & |
LV (@) + 2p 8 2 - Z p(7F)
3| E ( ' 4 Teve'+ u’Vs)+ i (2 4+ B.vi) -
= Ve (':VT'__)+ V- (K'UT)+ 4o s': § - %/Z(V'U)(_V‘D“)
rd. ; %
+ 2p E-i‘-%/"(v.u) ) (nes)

Whzrz USE oF §T= P/Rz), HAS REZN HADE ALOAG WITH THE RELATION

RC‘: VJ-: é,S

MlScous

DISSIPATION = £, — =

{)lz-(Vu-f'VuT +_L//VUT)1= :-_{/

THE cowIRACTION OF A SYMMBTRIC T& wsor (B')

f— - ..’T WITH ANY ANTISYHHETRIC TENSOR (S 2ERD
WITH S:J— {VU+VU ) THEZ STRAIW=-RATE TENMSOR , Anjp %’THE VIScous STRESS TEmsoR

GIVEN ARDVE

’

GIVEN RY EQ. ({8). SIMILAR TO THE BIScuSsion ARoLT THE IKFORTANGE oF /‘

N Ea- (us) THE FLUCIUATIONS OF 1<
Cp_w,os'r T
is?,f/,_& = O—I.

BECOHE IMPORTANT (N THE HEAT FLUX.

# FARTICULARIZATION +0 UNIFORM MeEan Frow

ComsiDER ERs. (144)=(115) 1w THE CASE ThAT

THNE HEAN Frew

IS UNEORM , AD: |

=
STEADY, with U= UL &, . Tues ems. ({104)- (42) REMAN The Samz pur (112)~ (415)
BEcoHr 5 ; ' o
X o s Vors,
52 + U === ¢Vv-u, (444) V. (Vi vTT)
2, > / 2 J_ M P ¥ :'V,z(f_‘_v(v.a]
0 [V 4 (Y ]:,._ e RV O+ L V(v O Mmz) i —
§(9 +‘®_>'< VP-{-/& u 3}“" ( )/ ( )
‘P- ( s’ Uio@s ' —2_
s lopt 7= |= v T
Ra \ 0L D% ) K ({{8)

EQs. ({144)-(142) Atone wma  [446) - (14§) REPRESENT A CloSgp SYSTEM OF EQUATION

- ¢ ] 7
FOR THE AEROTHERMAL BISTURBANCES Q, U', T, P' anD s,

)



KOVASZ NAYS MODAL DECOMPOSITION

~t

AN IMPORTANT CONTRIBUTION TO YHE STRUCTURE OF THE FLUCTUATIOWS /A cOMPRESSIBLZ

TURBRULENCE WAS HADEZ BY L .<. KOoVASZNAY (TooRNAL OF THE AERONAUTICAL SCIEmcES 290

I

1458), WHO SUBDMVIDED Ths FLuctuaTions INTo THrREE DIFFERE NT JMoDES HLING LINZARIZED

EQUATIONS OF MOTION SIMILAR To THE onNES /NTRODUCED IN THE PREVIOUS SEGTIOAS.

IN PARTICULAR, WOVASZNAY consiberen A UNIFOR M
(OR toCALLY LNFORK Flow) OF A VIScouS , HEAT - coNDUCTING

PeRFECT GAS AwWAY FRoMm WALLS, THE HEAN STATES GouLd BE

THEN CONS(DEREP AS THE SPATIAL IKVERAGE OF Thng ATROTHERMA L

— -

u= Ve, Flé. 48 mopaL, . VARIABLES ©OVEZR A F/AMITE -SIZE ooMA/A/(FI’é.42~>’ . AN/
REPRECEMTAT 10w 10y :
THE Jnviserd LIkt - ADBITIONAL ASSUMPTION REGARDING

THE PRANDT)L NUHURE R
IS NECESSARM , AS ExpLAINES RELow . kKOVASZNA

Y5 ANvaALY SIS oF THIE FLUCTUATIONS
A BoLT THE Mean UNIFORH ST

ATE VYIZLBED THREE DISTINCT MoDES ( ENTROPY,

VORTICITY Anp
UND-WAVE ©OR ACOLST|C ) THAT RZCAMZ INDEPENDENT i

Se THG /NVISCID LiMT . THE

RENAINDER oF THIS SECTION FOCUSES ©N THE [ESCRIFION OF THESE MoDES,

BEForRE PRoczZEDING FARTHER , IT 1S CONVEWIENT TO ILLuSTRATE SOME ASPECTS OF

THE CoUPLING oF EQS. (414)- (142) Awbd (446)-(445), FOR INSTANCE , THE CURL oF

THE HoMENT UM a&.‘ (444) GIVES
3 (AW U@ RV 12 \
E (6 =5 )= (12)

= = =
FOR THE VORTICITY FLucTUATION W', WHIcH SHoWS THAT o’ EVoLVES 1NDEPENPENTLY

FrRom ALl oTHER VAR /A RLES o SIMILARLY |, THE ConTivo T EQ uaTton) (146) CAw 3L

REwRITIEN AS

%%I: - Ee'/ p ((ZO)

. , .
WHEre %?: %h Ueo@ () 15 THE HMaTZRIAL DERIVATIVE Ane &= Ve U' 18 TuE DlATATION
@x

TAKING THE DINERSENCE OF The MousaTuM EQ.(147) YIZins

t 2 | - _2
D& _UVPr+4YDVE (424)
>t 3 °
WHERE D= /‘z/f ; WHICH ILLUSTRATES THAT THE PRESSURE FLUCTUATIONS ARE RELATED

7
To THE DILATATION FLUGUATIONS . THE LATTER CAN RE REWRITTEN 1N TERMS OF P AND

/
S BY TAKING THE HATERIAL DER(VATIVE oF (42) AvD USIABTHE EQUATION SF State (444) |

1




t

R(a>= Q(g);ug(_\;)__ LR S,’)M\.(D.(

Dt \ & Dt Y bt B L Pt ¥ Dt P I )
/// ot .
S0 THAT e’= D <s_')__(_ >3 (_E: (Jzz) . [ 52:%‘%2%&*
Dt \ < Y DG\ ¢ | \ L Zo
SUBSTITUTING  (422) INT0 (424) ONE OBTA/ S /? ' 79 x2
D () -4 B (E\e-dVPeLTTD s'],ﬂb'v[ P]
‘D'tZ‘c_P) chz(F> g 3 Dt( )17 3 P (123)
WHICH CAN BE FURTHER SHPLLAIED BY TAkmwe THE MATERIAL DERNATIVE OF (14,5»),1 NAHELY
— 2 - ] JEQ(“-L)
N bs - R MCAEREANEY HRIE (5 TRV (2
% ¥ Dt \ F

OR EQuIvALENTLY,
B_’(i =_§,Vz[2(i)]+ ~\NE U (p /P
Dt \ ¢ Lcp Bt \ce ¥ /| g Dt ( P )] :
AND  SUBSTITUTING THI. RESULT INTO THE F/IRST TERM oOF (423)

WHICH GIVES
THE PRQPAGATIOM EQuATIoA) FOR The PRESSURE

LD R\ 5 - e o 2 ;
e lE) R L R R4 7 (4 4) V8 1))

WHICH SimeuEES To ' | £
RSN ZP':‘iEVQ[b PN |
~ tz(ﬁ) _gv 3 ”&(E)l (zs)

when Fr-= 3/L1 a

(42‘-1)

FOR THIS PARTICULAR vALVLEZ OF THE szmu/vmszq/n WHICH 1S Ao T

FROM THE ONZ 1w AIR, THs PRzSsURE FLUCTUATIons ARE ALSO
DECOVPLED FRoOM ALL OTHER FlLOCTLATIOW S .

TOO DIFFBERENT

NOoNETHELESS | MTHOUGH (114) Awb

- ) .
(425) INDICATE THAT w ANy P Evorvyg zmogPeupg'UTL\f THE JW&couvs8 DIFFOSIo &)

OF PRESSURE FLUCTUATIONS GENERAT ES E»meomr FLUCTUAT'ONS AS A RELULT oF

THE ASsoCIATED TEHMPERAT YR € AN DENSITY FL.UdTuAszouS EUERGI mé PQQM THE

COUPLING THRoUGH THE EQUATION OF STATE»(&U}

- THIS can BE QuUAmNT! Fizp ExPLenLy
RY

?
URSTITUTING T From {442) INTo THE RIGHT-HAND S'DE OF THE ENTROPY

EQuaTion (448> , WHICH GIVES
B (s )_W\? ([ + {~4)E_'
Dt LA =R

SHewiNg THAT P’ ACIS AS A NISWSITY — DEPENDENT SOURCE OF ENTRoPY.

(126 )

IT 1S JLWSTRATIVE TO SIMPLIFY THeSE EQUATLOWS IN THE

/

INvvigard Lanm1 T,

J—

@




N PARTICULAR, (A4 %) - (144) Anb (425) SvazE

’2 .
DT g’ Bsao, BY.o A (—‘3‘)- f:—) (1)
Dt ¥ Db ot~ T oD \F/) T |
7 P/ = THE INvIsc1d LiM T, THE V&RT[c)TY/
WHERE &2 s DEFINED - AS O = ¥XF, < - M TE ,

ENTROPY , AND PRESSURE FLUCTYAT 0NS EVOLVE /NDEPENDEMI LY WHEN THE HEAN
/

13 . —
SBMBLIAN G THAT DescrIBINE
IFLow (S UNIFoRHY , WITH Thz PROPA§GATION Bg. FoR T ReSsARLIAIS .

LINEAR ACOUSTILS /M A SOURCELESS MEPIVM (e, E&’(QSS).

af:_ HODAL DECOMPOLITION

THE LINEARITY OF THE CONSERVATION EQUATIOMS GIVEN AROUE AND THE [INDEPEA MENT

EVOLUTIonw ©OF FRESSURE AND VORTICTY FLUCTUATIONS SUGEEST THAT THE FLUCT VAT 01 g

OF THE AEROTHERHAL VARIABLES <A RZ DECOMPOSED INTO THREE HoDE.L AS

%‘['—‘ c(/(w) + C(C") -+ Le(s) (128) =D LINEAR SUPERPOSITION

WHERE (’0); (P) Awo (37 CORRESPOND , RESPECTIVELY ), To VoRTICQITY , PRESSURE AWND

ENTROPY MoDES., /N WuaT FollowsS | /T 78 ASSUMEp ThAT P,-:-?/Lt e THAT
/
THE FPRESSURE FLUCTUATIONS EVoLvE INDEPENDENTLY.

THE  VORTICITT MonE /S

DEFINED BT THE REtAaTIONS

Dw lu) - T ) (424 )

bt

P o Qlw)_ o) glwlg (136)
e VT o (431)

@M 2 AT (422)

WHICH CoRRESPoND To A SOLEWO tDAL VE LoOCITY COMPONENT THAT HA S Ab

THERMODY NAMIC FLLCTOATIONS , THIS HODE RESEMBLES ™I NComPRECS BLE TURBULEMNCE |

PRESSURE ANR ENTROPY FLuctoATions ARE ARSEAT FhoR, THE VORTICITW MOBE | Thg

FoRMER ones ART RULEL OUT RY EQ - (424');, IN'THAT THE SotEmoibat FISLd IN ABSENCE

OF MEAN VELociTy GRADIENTS CANNOT GENERATE PRESSURE DLETUREANCE ¢ SIMILARLY
!

) /
N ABSENCE oF BENSITY ApD PRESCURE FLUCzuA.TLous‘/ THE FauAtLon) oF STATE ('CM)

REQUIRES THE TEMPERATURT FLuctuaTions 70 RE ZERo, AND A5 A RESULT TwHERE

ARE No ENTROPY Fructuationg +A) THE VORTICITY Mopgz (.SEE ca. [442)) Vo i

THAT THESE comcineERATIONG ARE VALID TO THE EIRST EXPANSION ORDER, IN THAT \’“3‘)

430
NON~LINEAR TGERHMS INVOLWING FLUCTUATION PRODYCTS MAY CAUST DEFPART URGES FEQM(



...y

AcouSTIc HMedT 18 DEFINED BY Tug EXPRESLIONS
THE : .

e ———— — . — I

2 . (

SR AR AT O N e 2('—’_—”) (133) |
-'Y‘ E‘{_z.( S g‘ 3 P\ P |
D [P =i5vz[s‘” (1‘:_‘_‘)‘3__(_"\] (134) |
bt <p ) 3 e v | P | ;
te) ’
() _ v, ) wra @F) D (g -L D (3‘;- (133) |
o=V vTdo, wn pt(c,, ¥ Db\ F )]
o F) ViU s = u(f};: V¢ (p) (436) ;

. ;;WNQ I

WHIcH REPRESENT THE PROPAGATION OF ‘ACOUSTIC WAVES, /N FARTIC)LAR , EQ. (133)

1§ SIMILAR TO E@. (AT) SUPPLEMENTED WITH MEAN COMVECTION AND Y /<Cous EFRRECTS .

EQ. (433) REWNDERS PRESSURE FLOCTUAT oig THAT RESULT )N DENZITY AND TEMPERA T URE

FLvctvamons THE FoRmMnER LEAD TO A COHPRESSIBLE YELOCITY FIELN THAT 1S N ONEIHELES

IRRUTATIONAL . THE VISCOUS DIFFUSION OF PRE \SURT FLUCTUATIONS GENBRATE ENTROP Y

FLUCIUATIONS, W tck ART SMALL SINCE ViscostTy TEwpss To PLAY 4 SEBCoNDAR ¥

RoLg N TURBLVLENT F‘Lows, THE RESULTING A CousTlc WAVES ARE MoSTL'Y {SEWT RopPlC _

THE  ENTRopy mMopr /1S DEFwnEp AS

e e T———

(¢)

NS P —
B(s)= %9V (2;‘) (15%)
PO o I_fi-f“’.- s® (138)
| T ] p
W =0 = o vg' (+34)
| OCL v T p s
5 (5) ()

WHICH  CORRESPOMD To 1SORARIG FLUCTUATIoNS OF TEHMPERATURE AmbD DENSITY LINEKED

THROUGH THE EQUATION OoF <TATZ. THEST ARE #10T oR coLbd SPoTg /e'“r/ COMBUET onl
PRouuc-rs) THAT ARZ NoT ASSOCIATED To ACOUSTIC WAVES, FINITE - yazRMAL coNpUCTIVETY

DENSITY FLUCTUATLOn g THROVGH THE FIRST PR/wcipLE (ﬁ.et, E‘Q,({gg)} , WHicH P&obb(,g
LOMPRESSIBILTY EBFFZCTS 1 THE VELOCITY FigLp “THROUGH &) 4 /440), HowauEQ/

THIE FLowW DIVERGENLE 16 PROPORTIONAL 70 THE VIScasITy , AS OBSERUED FrROM (435&).



AND 1S THEREFORE SMALL .

18 ALLO IRROTATIONAL , AS ORSERVED FRoM ((qo) ., Sivee

OF AEROTHERMAL VARIABLES -

THE RELLTING VELOCITH FIBELD 16 WEAKLT comPRzSC)BLE AMD

V- - Q'(if) " aEVZ( s = U2 VT a5
DE CP) S Cp =

‘T/He.ucons::bERATeows GIVEN AROUE HAY RZ SUKHMARIZED 1N THE FOLLOWIN S DECoMPos)TI0A)

—, /

w'= W) (orricas moos) P = pir) (Acovstic Mabs)
SPALL

) (s

S = S >+ st (ENTROPY AnD AcouvsTic MODE-S} /4

Ts T, e, g ey |
YV U (vorTica, ENTROPY AND AcCouzTic ""’D“S)

SOLENSI (. In.ko‘nuam.L

l tF) . : ;

3'= ¢ )y 25)  (AcousTic Ann EwnTROP MopEs )

ol o™i (AcwusTic Anp EnNTROPY MOPES )

[N THE PREVious FORMuLATION | BRUATIOWS (120() AND (43?) PLAY A FUuNDAMBNTAL

RoLe v THe TRAWS POoRT OF vo!a'ncmL AND ENTRoR Y FLUCTOAT(®M$/ RESPEcrn/Et—‘r,

WHICH ARE OBSERVZS ToO HoVe AT THz Flow spEesp Use « ON THE OTHER RHawNDd ,

THE WA\IG EQUAT(qu (133) DESCRIBES THE PROPAGAT/oN OF ACOVUSTIc FLUCTUATION
— 7 T Te I dAT oA

YR\
—g.:) RELATIVE 7o THE MNTAN FrAnE Moving

A:r THE HEeapn SPEEy oF &80 VRTT N=Y "(
T = =50 OF =0

AT THE FLOW VELociTy U . The EFFECTS oF FiniTE HOLECULAR TRAAASPOR( ARE

SHALL AT gy REVNOLDS NumsERs, myp HAUG DIFFERENT COM.SEQUSNGFJ ON BACL
HMobE . For /INSTANCE |, THEY HAKGw ANDS to DIFFVS G ag 9 PRosan 'ro Bx/Ns .PASSIVELY
ADVE CTED AT ?NF/M/TE REYNoL S NUMBERS , (AS IMPLIZY B v =as--(Izd)~ “3*)— S’H/LAEL‘T/
THEY cavse DiIFFLStow F AcoueTic PRE_S.Suke WHIckH LEADC To FINITE Now ~

“18ENTROPC EFFECTS, AS  StHowwN 4 Ta. (¢3‘1), ADDJTIONA"LLH’C,THEV LEAD TO

EN',T.I&OP‘-(,:/D{FFUSLON AND D/LATATzoAIAL E‘FFEGTS/ Ag ORSERVED FRouy ERL . (4317)_(4"0}_

T/"’/E | f':OPM.ULATION IS StMPLFIEY IN THE Foiiow /M6 SECTIon FoR lmviscd Frows .

BeFors COMNCLUBING THIS SECTION , 1T IS WOoRTH EHMPrIASIZIAN ¢ THAT , pOE TOTHE
LINEARIZATION ABOVUT THE LMIFORM MEAN Flow, THE THRZE HobD=s DESCRIBEN

ABOVE Do meoT /IMNTERACT, INTERACTIOWNE MAY FIoWEVER occour Duve 7o

NON-LINEARITIZ Y , AT WALLS , OR WHEN THEZ MEAw FLow VARIAT(OMNS ART

SI6NIFICAVT , AS /N NOZELES , BQUNDARY 'LAYERS , oR SHOCK WAUSS . )



# THE MODAL DECOMPOLITION /A THE IN VisScld LIMIT

RETAINING THE ASSUHPTION OF MEZAN UNIFORM IFLouy AND NEGLECTING VIS L6 us EFFsCTS,

KOVASZNAY S MODAL DECOoMPOSITION BECoMES

bﬁ"“): o 4 .Q.'.Z E_(.F)‘ = 4 Vz'F(F) '
T T 7 el ) .
MORTICITHY MobDE oS8Tl C
P(Wlz glw)_qw)_ (W), (142) s =o0 hobs
- (W) _ ‘
oW -0 ‘, o - -4 R(&ﬁt’ (193)
W - vaT) Yy bt F
AR &
ST
Dt \ ¢p )‘ o
PS)e 0o, %0 EMTROPY IMODE
. el (441)
']:_(S): _ _( ) _ g(®
T g <p

&0 puko

AS ANTICIPATED N BOS. (123) , AND VISUALIZEY HERE /N (142 J-—(“H), THE

VOR’T‘.C!"T\Y ; PQE&SURQ AND ENTRQPY FLUCTUAT!@M.& EVQLV& ’NDEPE NDENTL\T

IN THE INVISCID LIMIT WHEWN THE MEBEAN FrLow S UNIFORM. 1A PARTICULAR, THE
. FLUCT UATLOWS )

ENTROPY AND VORTICITY CARE PASSIVELY ADVECTES WITHOUT DJFFUSION AN ITH THE

HMEAN Flow, AS INDICATES BY THE FIRST TaUATIONS IN (142) AND (4ul), WHiLE

THE PRESSURE FLUCTUATIONS ARE PROPAGATED [BY THE WOSELESS WAVE EQUATI 0N

/N (t'-iS) AT THE SPEED OF SOUND RE(ATIVE TO THE MHEAN FLOW » SIMILARL Y

THE LAST EQUATIon /N (44l) INDICATES THAT THZ ENTROPY MobE BEcoms S

SOLENOIDAL, AND SINCE T WAL ALSO IRROTATIONAL, THE CORRBESPONDING VELOCITY

FLUCTOATIONS  OF THIL MODE VANISH . THE YPRTICITY Mobz REING SOLEwMOIDAL,

THE ONLY SOURCE oF BILATATION 1S THAT FRoH THE ACo VST IC HﬂDE/ IN THE

THIRD EQUAT(ON 1A (443) , TN THIS LIMIT, THE ACOUSTIC MYbE BB ComMzs 1SENTROPIC .

THE RESULTING Decom POSITION OF A&RGTHEPHAL, VAR ABLES | & .

——— B
W= W) (yopmica, Mops) | PL PP [acousTic mops ),

-

q kO
s'= s(s) (EnTROPY HobE) =0+ TP (VORTIGITY AND AcCOUSTIC HobEs)
J ~  ~—— .
RoOTAT oA | RROTATIO mac
SOLgmoiba, CoMPREM IBL &

! -
L= gfs)_t I (Acoustic AND ENTROPY WODES),

:S’Z‘B(P) ( AcousTic Hone ) (AL/S)




7 HOT - WIRE MEASUREMEATS OF KOVASZNAYS MOBES

‘ TioN WAS THE ANALYSIS oF
KOVASZNAM 'S OR)GImWAL MRTIVATIONW FOR THE HOPAL DEWHFPOS (T LON

Ho-r.. =5 RE E EACH FLUOCTOATLOAN MOME APPEARS TO PkoDUOE A F}

OUTPLT 1IN THE HOT WIRE., A HOT WIRE ANEMOMETER PLACED MoRMaL To A SUPE RSO ¢

ELECTRIUA L

= //"WPW STREAM HAS THE Folrlowiwe OPERATIONA]
/ CHARACTER|ST 1€ CkoVASZ?NA‘f, {QSS] . THE.
Flow / |
5 Twsirp  PROVES Hoy wiez HEATED BY A CONSTANT  ELEcaric
Fl6. 14 Stigmancs oF CURREMNT RESPONDS

A ot WIRE ANvTHoxcize

OF  MASS Frew FLUZTUATIONS  AND STAGNATLO

TEHPERATURE FLUCTUAT tous,

W MATHEMANICAL Form, THIS IS EQUIVALENT To
Qo) = Aeq(t1V(t) = Aey (blam(t),  (1ve)
WHERE  Ler Anp Do, ARE THe ssissimiviries oF THE b+ PUT 7O STAGNAT

/ A /
AN D MASS Flrow VAEIA‘T(&NS, WHILG Vv ( ﬁ) = Tg/— AND (b) = 400 é’g U‘)(/- ARE.
. To ¢

THE (orRrREZSPOMNDING DIMENS 00 LSS FLUCTLATON S, NOTE THAT /M[é’):

“’097— + 400 0°
AND  SINCT To= T + UZ/Z.CI;=3> Tgl'-' .7_/__‘_ U’U.;/cr g

U,
THE py

/ 4
e T TrUYe L Tl Wp

Where o = (4+ (Y-4>qu‘/2 >-4 Ave 3= (¥-1) He

Favation (1*—)4) CAN Be RIwrITIEn IN TERMS OFR THE OUTPUT VAEIMCE AS

A8 P R A
Vo z 88 . V- 2rmy 4 e ;TR T 88 fhe A QUANTITY THIaT
z
A€ (1ug) .

/S Fovwp To DEPEND SOLELY oOwn THE WirE TEMPERATURS . EQUA'“'OM‘\ ((QS) THEREFORE.

SHowS THE REsPonSE OF THE WIRE (N THE FoRuy OF A VIRTUAL STACNATION - 1&m PERATUAL

FLocivation ), AS A FumncTion DE The WIRE TEUPERATURE THRoLGL THET FARAMETER .

THE DIAGRAK {r, \/‘.E 1S CalLtEe The “FLUCTUATIoy DIAGRAM (SET  Fls. 20).«

T' Rur'~ ALTHOUVERN THE HOT WIRE POEL NOT RESPOND OIRECTLY To

i Rur*-5—] '

. o: THE FLOCTLATIONM MODES DESCRIBER JU THE FREVIoUC SEclion,
Vy: 18] L1 . )
“Y--::r 19 :\ e RS L]

ATTAINING A DIFFERENT FLUCTUATION DIACRAM. g'=0
Rurl
p | .

9, 2 4 .

/
!
FOR Ivstawcs, v THE VORIIcAL MODE, m = 1000/~ Awd

8 10 ‘=0
= 4,-9—% />~( - / p—
: vz RO/, Awp (14 ) Becomsy
Fllo. 20. FLUWTUATION IIAGRA Ll

FOR {°0 W AND 4%, \/ FLu 04T 100 ( :(F" F‘»{OO)

)
Y
/
WTH VARYING DEeREES OF CORRELATIOWN 0;
p—— FrorM KovASZwA 2
Ruq = /1,0 ( ApapTED FR ASZUAM R )

Ae _ Fi' - rAdoo
JANC) (0

—— o T TO A LINEAR Co UMBINAT o

Low . TBEMPERMIURE

< Us
/[4-}(7,’—4)”:/2:) ) Wk Ha,-_r_’;;:_r-

I'7 DOES S0 INBIRECILY THROVGH sy AND Vp WHTH BACH ponE

/




z

Vy = (F—Aéor

b . loor [sez Fi6.zda ) NoTE THAT AT THAT
AS A BROKEN LINE WITH A ZER0 AT

OR EQUIVALENTL'YT

~n

D—' NOTE THAT THIS FLUCIUATION DI/IAGRAHM AFPEARS
(kg

PARINCU LAR WIRE TEMPERATURE

= te AND
THE Szwsor 1S SOLELY SEMNS(TTVE 70 THE ACousSTLlC

-
ENTROPY MOPES. /N THE EWNTRorY Hong, V(b)‘ MT/T

Siwce U'=0 NEELECTING
THe FOTEMNTIAL FlLow <ET UpP. BY THE VISCOUS DECAY OF THE TEMPERATURE SPoTS, A4D ALso
‘ !
i . +~')_ ’
m = 100 f/g-- loo‘r/_r Livee PZ o .

AS A REsuLT, (Hg) BEConzys

/ [} /
De _ I + ruocet' - (o<+/oo.—)l
Se, T - T
S0 THAT (oc+loor) T /FT . WHICH CoRRESPowng TO A FLUCTUATION DIAGRAM WITH
A ZERO WT = =

“/ao (555 Fle, 245)_ SIMILAR cCowns | DERATCON S TNARLE JHE OBTEATION

OF THE FLUCUATION DIAGRAM FOR THE Acousiic Hobs (Fig. 21&) WHICH RESEMELES A

STRAIGHT LING PASSING THROUGH THE ORIGIN, (COMPARICONS QF THESE D/AGRAMS AGAINST

SUPEBRSONIC WIND - TUNNEL DATA IS PrRo VI bzp

IN KOVASZNAY AQER ,
v 4\ J* A Vb N
ENTROPY
VoRTICITY Mobg A.COHUf'Ll;c
Mope fn& :
HMa,
*Ha, 1‘H4, ) ’
> - D
: —D
P/«oa r ~—— (r ) r
_«Auo (c)
(q‘,) : (L)
Fle. 24 :

FLUCTUATION DIlA6RAMS F6R VoRTIQITY , ENTROPYT

/
AND AcCOVSTIL MObES, |N HoT—WIRE AMNEHOMETR Y.
Nou vmrokn HEM F‘Low GFFEGTS

(v MANYT AFPPLICATIoNS OF INTEREST,

BUCHIA S VBOUNDARY [A(ERS OR SHEAR LAYERS , THe
HEAN Frow 18 mMoT uniFsRyt, THIS, IN TrRw,

CDHP“C“TE$ THE MoDAL pAnaLys s Pkowazb
ABovE AwnpP> ANb

WNTS To coupLing BETWEEN nmopES .

LINEARIZED YER SloN OF THEZ VQET/&VT‘TE:UAubv

For INSTANCE, COMSHIBER THE
45'3) FOR NON-UN/Fopm MEAN Flows
5~/ = _ b — = = Moy = - = - =2 = -~
A+ T vy = +w-Vo - W (\V’D)— V-V - w—(V»U’)-f- WV
/ /o5 »
+-S?—Z (VP"VS>*§:L(VP*V§), (142)

WHERE THZ VIECO vs: TERMS HAvE BEEN NECLECTED. 1A PAR-ncuz.A&, EQ. (Nq}.//\/auoeJ |
THT EFFECTS oF VORTEx STRETCH 1ay¢

INDucepb RY THz HEAM FLow om THE DISTURBANCES
AS WELL AS DILATATI oM

—INDUCEDN VORT(c/TT AMD BAROC L/ ntC-TORQ UE FLoQivation .
NEITHER NG OF THESE TFFECTS ARE PRESEWT IN THE SIMPLER VoRTICIT ' EQUAT Loy

N



('“q) ILINEARIZED AROUND UNIFORM AEAAN FlLows.

NOTE THAT N (ch THE DENSITY

AND PRESWRE FLOCT DATIONS PRODué{—: VORTICITY WHEA Coufleb WITH THE NON- UNIFIRM
UeAN FLOW . SINILARLY | THZ  DILATATION OF THE MEAN AND FLUCIVAT tN6 VELOCITY
FIEL DS LEAD To WRIICITY PRapycTion . THESE =X TRA EFFEcTS ARE ABSENT
WHEN The HMEAN FLoW |& DWNIFORA, AND I NMNDICATE THAT FOR MNoN-— vmLFOR M
HMEAN Frows THE chm/wsus GENZRATING PRESSURE DENSITY AND VEL@cr’r‘f

DISTURBANCES /NVARIABL'T LEAD 70 VORTICAL VELOCITY FIELDS, zHEReB‘r covrLl NG

THE FLUCTUAn oN MebES  AVD HAKING THEIR SEPARATION NOT STRAISHT FORWAR B - A

PRACT(caL EXAMPLE N WHICH CoyPLINGS OF THIS TYPE OCOUR ARE comPRELSIBLE

Homoszweous SHEAR FLows (Fi6. 422), WHERE Thz MEAN THERMODINAMIL

QUANTITIES ARE CONSTANT RUT THEZ HBAN X1 REAK WISE

WELOCITY 1S LINEAR . /N THIS (CASE, THE BRBARJCLINIL

TORQUE 7ERMs IN (4 ‘-H) ARE ZEr0, BUT THE STIRRIWG

% ! = (—U~VGD) VORTEX STRETCH - {u,u Vu <+ w T/u ) ANP
3 T= ON)FoRy '
F: UN 1ROy

- OlragATtovarL (-— (:'J@' TERHS FPLAYT A RolL&E /N
g = UU)F”RL{ . -

FI6. 122 : comppesans Propucive VORTICITY - M PARTICvLAR, THE LATTER,

HoustEnEsLy SHEAR Flow CAN BE SLRowan ToO RE RELATED 7;0 ACOUSTIc PRESSURE

FLUTUATIONS |, AS EvipZwycen BT  USING [/2.2)/ NAHE LY

/ t ! y
@' = R é_ - A D (P /(50
DL (c?) r Ob | F ( )
AND SUESTITVTING THE LINEARIZEL TNTROPY TauATLOoN (“5) IN THE ¢wVISCID LisiT
D‘(SI . -0 v (E =T [ L VR
WHICH 4 THIS CASE LEARS To _D_ (_-S_( = O aAp D @'l:- -4 D (;_l_ ~

THE (OMSIDERATIONS G/yuZA/ AROVE (WBICATE THAT THE PRESENCE OF MON-UNIFORMITIES

I M TAE MEBAN ELoW TENBS T2 COUFLE THE MODES DERIVEDL /N THE PREVIOUS STCT /oM.

VORTICAL MOIIONS CAM BE GENERATED FROH PRESSURE, DENSITY AND D ULATATL bwal,

DLSTURBANCES, SimiarLy , (481 ) SUGEesTs THAT ST/RRiNG oF HEAN EMIROPY &ERADIEWLS

GEMERATE & ENTR oY FLUaUATIOAIS) WHICH W TURNM FRoObuUcE DILAIATION FLU O vATIor S

THROVGH (450) ANR SUBSEQUEAT VORTICITY B Ea. (144) .

©)




NON -LINEAR HBHDA L

INTERACT\ONS

HI¢ HER - ORDER TERMS IN THE MODAL DELOHPOSITIOAN) DESCRIRED AROVE LEAD TO MON-L NBAR

| NTERACTIOWS AND OUPLING BETWEEAN MODES ., THESE EFFECTS WERE ANALY?E» RY CHU
~

AND KOVASENANY (Soukmu. OF FLUID HECHAWNICS , Ms&) CONSIDER THE ExfPAnSion S

P=Fa P+ Pl

§‘=§ + S"" S”* - (('5’2.) (¥->-,§,:1: ARE UNIFORH)
T=-FT +T!+T"¢....

U: U/+3ll+--,

WHERE U=0 HAS BEEN TAkEnw AS IF THE ANALYSIS WAS T0 RZ PERFORMED

IN THE
REFERZNCE FRAMZ MOVING AT THZ MBAN SPEEd U

(ez= SCHEMATIS 'AN FI&. 43) .
’ -—
THIS Foruoiatiows o = P/F

IS A CHARACIERISTIC DISTURBANCE AHPLITUDE THAT IS
A SHALL PAEAAEvz:A/ ez |

—

With ALl PRiMEs /ar (152) BEMNE OF oRbER X AND AND

z ™
ALl DOUVBLE FPRIMES BT ING oF ORBER o WHEN NORMALIZED WITH THE CORRELPONDIAS I EAN

VALUE, THE ANALYSIS 1S THEN BASED oa SUBSTITUTING (452_) INTO  TUE ConSERVATLOWN EQUATIONS

(1), (12), (38) Acowe witd  (10) aws (47) , WD THEN EQUATE TERMS HMULTIPLYING THE SAME
PowWER OF oo, 70 ORDER ,

THE EQUATIONS ARE THZ samz AS THOSE USED In THE
Navers  (u4)) (1uz), (116) - (148)

|
. THIS SET OF EQUATIoWS Do
NOT CONTAIN CROSLED TERMS AND THEREFoRE LEAD 10 SEPARATION) OF THE THREE
(VorRTcAL, Acovstie apnp ENTROPT | MoDES DESCRIBED IN THE PREVIOLS SECTions, ON THg
OTHER HANMD |

LINEAR ANALYSIS B

THE  CONSERVATION EQUATIONS To ORDER x NECESSARILY LEABL TO
CROSSED TERHS

INVOLVING MULTIPL)cAT oS OF SI/INBLE ~FRIHED O(M) VARIABLES
THESE TERKS ACT AS MASS, MonENTUM amp ENTROPY SOURCLES

s WHICH , UPON DECOHFOSITION
INTO THE THREE Mop s | WEAD To COMBINED MODA L DYNAM;cc

AS SHowa BELOW.
(453)
-§@—_ = - VP RV B V(vEr) i (154)
' (155)
(156)

(45%)



"WHERE , l

P ¢ ) 9 I3 - %

Q- 3erT j-;’a(ﬁ.')-mté:)dv-p:’v(s* e )]
FAtle e g cp Y B
= 7 TSI 2 - 2 . S
C [T - 3 ()Y [4(E)
e
~2p's! - X (_s_’f}% [466) &M.,%;sg;“
P CF -4 - L L /"l

IS A HEAT SOVURCE. NOTE THAT m, ?Am QU ACT AS FORCING TERMS | N THE &D( \

EQUATIONS AND JNVOLVE FPRODUCTS ©oF o(x) FLUCTUATIONS | THEREFORE, WHEN THE

O(o(.) FLuctvATions ARE DECOMPOSED INTO VORTICAL , ACQUSTI, AND ENTROPY MODES ,

THE SovRceEs (455)-(449) CIVE RISE 7O MULTIPLILATIONS OF [ARIABLES FROL OMNE

HODE B VARIARLES FRom AMOTHER MODE , MAMELY

ma W) M("F) -rm(“? 4o (WP o (PS) 4 M(sw)

-

Q Y»(ww) N G PI’) g )“t‘ ‘:(wf) 4 (_(r.s) N ‘é(&w) (454)
& = &(W‘”) o+ Q(FP) g G 5] Q(w?) + QCPS) + lew)“

) _ J N~—vt o~ A\’ —~—
’ VoRT te/77 ALOvST|L~ ENTROP
ALousTic- EWNTROPT=- 7
NTERACT. =4 voerrcrr'r , ~ALOUs M -
/ T-r‘r:? Y NVORTICITY Acousvic  ENTROPT T Eaeory YoERETY

THE  3EComnb -oRBER hopaL EQUATLONS Rzpiomz

@w”“") = Fhw) _ VAE
QL

VORTIC)T Hobp
Pll(w) _ Su(w) _ (f”(“’) " &

=0 (462-)

—on(w)

W - Vl\;/‘"(w)fo) 9’“1“’2-: vaniuB

2 o B "() L - 2 2 = ’ _
9] p_‘F L a2V ( PR\ _ 4y 2 [ 2/ LR = i N oy =z
(T )V R (PN R (3)-4773) -2 ()
P
Il() =y - 1
%(%ﬁ)~ﬂgvz(§lﬁs)>: i(“l-A)Ovz( P-"‘) | ;
@ r 3 P 3 Y F ACO:S':)C_ |
" = ) M . 0 E
o e ). ) |
V/\ ) (r) -9“(?}= " l



AND Q_(gﬂ“j:g_'ﬁvz(s_”_‘s’)+

ot 1 < S Cp £ C|>=F
(s ni(s) A (%) ENTROPY HMobDE
T B P
AL w(s) S8 _ ghls
= = V0 = L
N B B ot ( e

T )8 INTERESTING 70 NOTE THAT THEZ EFFELT OF MASS ADDITIoN [FRomx THE FIRST - ORBER
FLUCTUATION FIELY /S TO GENERATE SOUND (SEE FIRST EFQ. IN (.'{63)) EY PlEPLASiie FLyln

SINILARLY, THE IRROTATIONAL CoMPonsNT OF THE BRODY FokRcr PRODUCES SounD , WHILE )18

s
OLBNOIDAL COMPONENT PRODUCES VORTICTY, THE HEAT ADDED FRomM THE FIRST - ORDSR FLUCTUAT ow

FIELD PRODUCES ENTROPT VARIATIoN< AND S6UND N Ths SBECoND-6RDER FLUCTUATI W FIELD

SUBSTITUTION OF  (164) /w10

(462)-(45!-;) PRODUCES A MYRIAD OF CROSSED PHENOMENA,
FOR INSTAWCE,

THE VORTICITY — VORTICITY NTERACTION IN THE ACOLSTIC Hobe (453)
atnmLy HAMIFESTEDN BY THEZ RODY FORCE
) Tlww - . - -
¥~ ) L U/A[w)' vun(w) N 2 (ul(w) Jl(w))
WHYCH, Wrswn SUBST\ TUTED /NTO THE RI6HT-

A -~ fROPACATION
\ownv N |

N (163) RESEMBLES ThE MecHawisr OF SOUND GENERATED BY TURBULEAC

IN CuaPizr TIL , EQS, (wq) :

) T lww
¥ FacT, @ ) 1$ REMINISEENT oF THE DI

VERGENCE OF
LIGWTHILL'S FoRQN &6 TENSOR (108) .

HANM OTHER PHENOMENA can BE IN FERRED

FROM Sscoud- ORDER CROSSED INTERACTIONS THAT ARS sum«x&ﬁzec IN THE TARLE BRZLow

(868 cHU AND KoasZMNAYT 4258 For DETA!LS)

Hope —= .
ACOUSTIC VORTILCITY ENTROPY
LinvTeraction
_ SELF - SCATTERING| T
AceusTic AND STEEPEMING VERY SHALL VERM SetAaLL
ALOUSTIC o F SOUND
VORTVOVTT ~ SOVAD GENE RA- SELF- comvECTION
TioN BY AND SELF = VERY SHALL
voRmaTy TURBULENCE STRERCHWG OF
ENTROPY ~ - i
ENTROSY VERY SMALL VERY SmALL VER'T SHALL
AcouvsTiC = | SBUNS SCATTERING %ﬂ“’ﬂc agn| v
ZHIN ER \1 SHa
VORTILITY $¥IRBAENCE buaTAT oM. OF W L
B\i o Mb _‘_,*________‘ e c—
PeCOOST\C — SOUND SCATTERING BAQOCL!NIC CDNVEC'HOIJ or
ENTROFP BY SoBARIL VORTICITY EAROPY BY
) T mmuobsu‘:mes 6E »ERATJ wu SOUUD
VORT\CITY = VERY 6 PP com&c'nau
~ RT SHALL | VERT SH ©OF & A RoPY
ENTRORY BY 1vkxwt.~qs

\
TARLE: EFFECTS OF FIRST -~ORDER FLUCIVATION PROPLCTS ‘
) 4
FROH "CHU AND KOVASENAY (4458) - |
\




-m;eeuz,c..vcé Sﬂocrc LETS),

e T

FULLY Now=t/NEAR PHENOHENA 1N COMPRESSIBLE

TURBULENT FLOWS UNDERGO VELOCITT FLUCTUATIONS THAT REPRBSENT A SI6NIF(CANT .PER‘-E"‘TAGE
@F.T’HE MEAN VELOCITY. IN égupgesg/st-, Flows , RARID CHAMNGE S IN vewczT\f, AlcoM ~ANIES)

BY ORDER- UmTY VAR 1xTIoNS 1N PRESSURE AND TEHMPERATURE, OCLUR ACROSE THIN R.E'Gtons'
CORRESPoNDING To SHOCK wAVES , AS DESCRIRED /N CHAPTER IL . SHoOCK WAVES BT oORSTACLES
OR  OTHER GEOHETR\CA‘L CLONSTRAIANTS MEBDIATED (N SUPERSOMNC FlouWs, AND HAVE cHARAc.fzmsng
THICKNBSSES THAT ARE OF THE SAME GRDER A6 FEW MEAN FREE FPATHS N SUCH THAT

AAU/V"VO(“)p WITH XN Glven By B@.(2) and Ay = L?"”G ’@(q’) 4. VEaiTy

DECREMENT THROUGH THE SHocCk. IN COMPRESSIBLE TURRULENT Flows , Sttocic wavss caw 8%

GENERATED /N'rekuAu.v IN THE RuLk AS A RESULT OF THE |NTERACTION RETW
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od v
FINITION OF AN &
THE IDENTIFICATION OR UNIVOCAL CHARACTER|IZATION OR DE

' F ACTIVE RESEARCH.
SHOCKLET IS Not STRAIGHT FORWARD AND CONTAVES 70O BE A TOPIL ©
=
EDDYT SHOCKLETS ARE ASSOCIATED WITH RAPIN VARIA TIoNnS N VELOCITY, MACH NUMGER/
o

PRESSURE, TEMPERATURE, DENSITY AND EATRDPY s AS SCIBHATICALLY SHOWN A FIG . 20
’ T

- TO
AND IN THE SIMuLET\ONS IN FIG . 24 . SIniLtAR TO sHock WALES, SHoCkiars CORRES Pomp

RE6IoNS OF STRONG COMPRESSIOUAL BILATATI A [@' FARGE AND NEGATIVE ) AND STRONG DiSFATION

AS THg MACH NuMEEZR INSREASES, THE Blvatation Fierp Bzcomes HIGHLY INTERM(TTEN T

(sEE Fig. 22), IN SUCH A wav THAT A MYRiAd oF SHoeckr s (e, EDDY suocm.ers\ AND

ExPansion wAves Dz VELOP ‘N THE TVRBULLENT FLOW .

IN THE SMalel SCALES, FRoOM TyEz

RAN KINE- HUG o, OT CONDITION) (e‘S)J THE CHARACTERISH

2
20b) s Au= U’-(/'Zt__z-(“‘-r“ ; WHsRE
“M,: .48 Ve Y L 54 -
Ha_1 = U:/m REFERS 10 ™ME Lo0cCAL MACY NOMBER RELagIve
70 THE SkeckizT. 2nee AAuy, ~vo(d), THew
\ g L Ha2
" iR VE /) I

Fle. 22. (6) DIATATIO Ay
CONTOURS ' N LOMPRESS (BLE %:10‘ .
Homosevsous TVABULALE O
(May=0.ug) . (b) PDF (1 f
OF DILATATION . (ADAPTED

Feom sautaney <tal, POFZc&)

10°4

'DENTIFICATION ofF Eppy SHockLETS 18 TYPlcALL v

HABE ThRovok ThE INSPE CTign o INSTANTA Wy <

COMNTOURS oF BPEws 77 op Locat 1acy NUKBERS

(SEE Fiss. 24 ans 28 ). Mors SOPHISTIATEY METHODS

‘“‘““““‘“ ARE  BASED opn THE Locar) 2ATION ok HIGHL Y
Prosure “OHTRESSED REGone (@< S <~ 10 thranyy |
COMDITIomEp o DENS)TY IM‘FLE[TION FOINTS (V%:o)‘
‘V{""‘ AS ARE CHARAL‘TERISTIC. OF Stlock WAVES , THI£SE CRITERIA
ool _.._;.—"f'"" ISOLATE RzZGlons 0F -me Flow THAT cAN RE FURTHER
L L L *

B
Ll

7 7.8 8 8.5

FiLTerzsp Ann ANALYZED Usinve COMPUTER-VIS) 6 A
Fle. 23. IDEWTIFICATION OF A ne K _ ‘
N QULE DEs e &b ., FOR | NSTANCE N

SHOCMET In & corprese e SHEAR Tecinig L"S»( S ¢RIBED ., /
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| V.THE INTERACTIoN OF SHock WAVES WITH PLANT DISTURRANCELS)

MANY FROBLEMS /A7 CcOMPRESSIBLE TURBULENCE ARE ASSOCIATED TO SUDDEN CHANGE

IN TRHE EDDY FLUCTUATIOMS AR THEY HOUE WITH THE FAST HEAA Flew. THZSE .
HMAY OCOUR AS THE TURBULEWCE Flows RAPIDLY FHROUGH A WIRE MESH DAMPING

SCREGN OR A SUDDEN CONTRACTION IN A W/ND TUNNEL, F TURGULENCE Co WSTITUTES

A SWALL FRACTION OF THE HEAM Flow , THE DISTORTIoN FROCESS HAY CAULE
CHANGES )N THE FLUCTUATIONS THAT FOLLow LINEAR LAWS. SPECIRfcALLy, 1F  fl~ L/J
15 A CHARACTERISTIC TIMZ SCALE FOR EbbY ©15TORTIoN OFE EbDYw STRA/NING, WiTh

L THE CcHARACTERISTICc LENGTH OVER WHIcH THIE DISTORTION OCcyrs AwnD J THE
MEAN FLow SPEED, THEN THE CHANGES |M THE FLUGVATIONS HMAY RE CONMSIDERZ.A

LINEAR i bl 1S Mucu Smaiisr THAN b-ﬁu t/ud , WHERE 4 1o THB CHARACERiTI

WAVELENGTH OF THE FlLuctvATIOoNS (WHIGH CeULD RE ASCRIBEL 70 AN TAJTEGRAL LSMG‘TH)

AND u,& 1S THe HAAN)TULDE OF THE VELocuTw

FLUCTUATLOA S Z~W6-LICH CouULb

CORRESPONL 70 THe TURNoveR VELOCLTY OF THE LARGS'Ebbtgs) , WITH U4/_<<{.
AS IN WEAK TURBULENcE (SEG FIa. 2494 ) . NeT& THAT THis 15 /1w COWTRAST
l K,D:TORT1°U : 32
ps VATV : _ . e
:{ ( . LIDBAR SrAnEEs 7O OTHER SLOWER PROCESSES /MVOL VMg
by \"'pd TE 4 NEeLsigLE ' '
) = —> PECAv STRA/MING B R DISTORT Loy OF TURROLBaCE
D q fd/ = L-(i" <4
Ges =T g ALONG PRoLONGED REGIon: OF 6 Pace [Fle 24b)
- e L '
. (k) WHIcH ~AYT Givg RIE TO MoN-LinNZAR
/~b$7ae1wp rRe6ron
¥ ) 2l New-LINEar Chansgs [MNTERACTIONS ALowr s WAL T R SUENIF) caans
;‘/ ~5 = ¢ + SloNu=icAn+
o Decay T U
v} - RBulgwct pEec Tk =
o - ECAYT. 1ESE OCLLOR Wit/
: o .
) - .
D D - N7 ~o) bd ~ £'¢ o Witk Zr‘ ”é/u TREING . BodTH
£
g, by, U ¢
fl@ . (o) THE CHARACTERISTIC FLocTUATlon TiME Aup
INTERACTION ©F TURBULEWLE WITH THE DECAY Tiue (NOTE THAT “hew Yo [ 18
EDDY—D1STORTING REGIONS o (2) RAPLD Y
NOT Too SMa,
Anp (b) SLow (NTERACTIONS

TORBULENT 5185:FPaTI0W CAvsen By

NON-LINEAR /NTERACTIONS LEAPL TO BECAY

TIHMES HucH FASTER THAN THAE MOLECULAR VISLOUS <CA LE -&z/y
1IN THIS

CHAPTER, THE FoOcus 18 ON THE TREATHMENT OF WEAK, TURBULLZNCE

AS 1T 15 CONVECTED THROVGH A SHOLK WALV T ., GIVEN THT SURZERSONIC S PEELS

OF THTE /(Ncomwne WEA TURERULL Bncr AND THE SHALL THICANESS OF THE SHQC}-\/

THIS (ORRES FONDS To AN (LLUSTRATIvE CASE WHERE .L/NEHE THEORYY (awn RE /;PPUED.@



THIS PROBLEM WAS FIRST SoLveED BT +l.S. RIBNER (NAcA TN 2864, 4‘1*:3) vgIwNe
LINEAR INTERACTION A

NALYSLS, The BESCRIPTioN B&Low (Folliows clLasErvy RIBNERTS
: . SIAILAR ANALYSES CAN BE FOUND ¥ MOORE (NACA TN 2374, AQSS>’
FORMULATLEN OF THE PROELE ) (

WEAf TURRBULLEWNCE INTERACTIN 6 WITH Aﬂn_§“°£f~ WAVE

CoNS IDER THE TWO-DIMENSIONAL INTERACTLOy OF A SHock WA v WITH A PLAWE
VQRT!G%T"\’-EU‘I"RoP‘-f WAVE TILTED AT AN ANGLE LP WIiTH REBSPEcT 70 THE MBAan FLo w,

AS SHowwn SULEMATI CA LLY 'y} Fig. 7S . THE /NG“>ENT’ Fl&e e 18 REPKESBMTED
‘ -
<’ SeLk-éemvERmTEn
: . _AEOUSTIC RY THE SUFERFOS1TION OF A ONIF6EL JHEAL
TP+ wave :
- -_—
Flow U= U, ALONG wiTH ANV ISclp ENTROPMY
= U‘: S _-:b‘fz -J ~ u-;_
— REFRAZTED : AND VORTICITY HODES (S22 rec. (42 ~(uy)
U‘f" I< ENTRo Py + ¢
o® u CVORTICITY - W ITH “E» ( ¢ '
T WAy & / K] (mx + - mb
M y : ul _ ga, 61 Y- )
- 5, 465
ENTROPY . X oA L (1¢3)
+ VORTIGT? / CSHOCLk SURFACE ) ilk ! (mx+ 4 o - mZ‘)
WaVvE RIPFLESY %= y(y,e) ﬁ_ . - mAv e L ~— e et
Ac Ay L); } NOTE Thar THE PROPAGATLOW
Fle. Z5 - ENTROPY ~VORTIGITY wWaug L Sﬁei’zfﬂgx;‘f“ﬁxﬁ““b
INTERACILON WiTh A SHock. THE CORRES Ponping ) VERGENCE - FREZ -
FLucTUATion VELOCITY FlE, o S S . 5, p
- °(V'U=)*<'U= ]Kxu.‘*1k7\/4=-@), W Tk
- ~
m= Keey/|kls Ke [\ 21 2 cos l / - k. ‘ - W
’ / /1R Yl oo |4 < R Y = Rt/ IR = sinm L{" THz FRoXzcmions
OF THE INCIDENT WAVENLVMRER AlonG THE Y AND 7 AxEcg,
OENSITY

SIMILARLYT The INCINEMNT
FLUCTUATIONS ARE OF ENTROR ¢ w©RiG, N ANE Akw GIVEM By

N ke S B

WHICH ARE ReiaTED ISoBamicALLyY 7T, THE TEMPBRAT)RT AS

‘341/?1 . - T'//_l-:‘ (46 :;)‘

LASTLY , Thg INCIDENT PRESSURE FLUCTUATIONC ARZ ZERO S/NLE THERE 1S Mo HECHAN 1531

FOR THEW 70 RE GENERATED In) THE VoRNCITY @R ENTRo P #ODES

Pfl: o /468).

NOTE  THAT THE |NCOMIRESS|BLE VELOC)TYy FIELY ((58) IS SOLELY cARRIED RY THE

VORTICITY MeDE , WITH CORRESPonD (Mé OUT-OF « FLANE VORZIC(TY 6GlVENn R Y

-t . oy "')E/(AMX-O'J —LJ:ME
By (Ral = -jaied T o) e
IR1U; IRy

.
L Avz VORTICITY AmpLITUSE WAVE (270 i)
ALL FLUCTVATIon g (465')— (46q) PROPAGATE, AT | Thd HMEAN VELOCITY ©F THE PRE-SHOULK

o UT oF PHMAST .,
eases U S &, - Nor® THAT Av.A'vb Ae, Can BE GENERALLY COMPLEX AnD

‘ )



PROBLEK 1S JORHULATES [N A REFERENE FRAKE WHERE THE MEAN PoSITioN OF THE SHOCKk REMALMS
THE g
AT REST AT X=0. BECAUSE OF THE INTERACTIONS WITH THE [NCIDENT FLUCTUATIONS (l65)—(lé‘t) ,

RI PPLEs ARE PRODUCED ON THE SHOCIK SURFACE N SUCH A WAY THAT THE Poinis ©N 1ie ;ugme

= . Tuzse Ripp
ARE DISPLACED IN THE STREAMWISE DIRECTIoN BY A SHAL. Amgunt X = F ( '['-) LES

—_—
—
p——

LEAD TO DISIORTION oF THE FLow DOWNSTREAK OF THE SHock (x>@). THE Flrow UPSTREAM

OF THE SHOCK (X< O) CANNOT R& PERTURRED BY THE RIPPLES SINCE 1+ 15 SurERSON L C -

THE AMALYSIS THEAN REDULES 7O A BOUuNDARY —VALUZ ?ROBLGH FOR 7'15 P@\ST—-SHOCK Frow/

WHOSE DIS PLACEHENT

1]
tﬁ\/
/

FUBTECT [ To APPROPRIATE BOUNDARY CONDITIONS AT THE SHOCK SORFACE,

F(y.b) 1s AlSo A SoLuTion) OF The FROBLEM.

CONSIDER. THE INVIScID LIMIT OF THE CONTINULTY {u)’ MOM EnTUM (42.) AND GN‘lkaP?"{‘?sg)

CONSERVATION ERQUATLONS LINEAR| ZED ARoune THE HBAN POST-

St ock, FLeow

Bz, GdE . - g% _Fov (1201
ot 9 x Ix 9y

?5_‘?/ + U}.(C%sz'-: —-%2?3-1;/ (4:2)
%?,'zﬂ« u;g%;: o, | (473

AlonG witq THT LINEARIZETD EQUATIoN OF STATE AND THE LINEARIZEN EXPRESSIoN FoRrR
THE EMRQPY/ NANE Ly

L (474)
& T

AND
s:: BIo gl (4%%)
TR &

EQuATions C{?o)-(x?g) AREZ soLvEg

IN THE POSTSHOCK Rz610M (x; o) SUBTECT |
TO

LINEARIZ ED RANKINEG  +uGon10T BOUNDARYT coubd|Tions AT THE KEAN SHock PoS/Tion

(X=°) AS FoLlows. SPECIFICALLY, Feur BOUNDARY comd(Tions AT x= 0 ARE REQUIRss,

THESE

i

HAVE TO B® NECBSSAR)LY FormoinTes WL T

RESPECT Yo The Moung R)PPLE (e-ol. s&x Fl6.2¢),

S/IMNCE  THE RANKING- FL 06OMLOT  COND 7100 < ARE wimy v ’ s

L]
RESPZCT Yo THZ MOVLNG SHOCH 4




A BOUNDARY <ONDITLONS

' B&
CONSIDER FIRST THE CouT/NnTT TumP Cond 7o (55)/ WHICH FoR THIS PROBEM CAN
REWR ITTEA)  AS

(€+e ) (Uivu/- om ) - (S:+5’z'>(ug+uz’.—9£k) . (7).
9t Q¢
SIMILARLY | THE  MoMenTun CONSERVATLON TUMP ZONDIT(ON

'(Se) RECOHES
()0

(P Pl) + (5+8)) (U7 u,'—g_‘f)’ = (Bt R' )+ I§a+s;%)“(uz+vz’-g§ Yo l4ez)

i

WHILE THE TAwsewmiaL VELoCITY MUST Remas cousTanT

bang = 9‘/?\/ -
Mean VELoG,T?

Uy Qge V1l= V2 Q% v’ . (I-?S’)
9y Z

) TAUG'EA”(AL 7o The,
¥ RiPrys . .
PPLE V;: U;s‘m.0'=
— > N~ . \\‘ o U; a&
MEAN VELpC)Tv Heaw VELociry - . 9__
TANGEarit 0, TAVGEMIAL To RIPPLZ ( PsSTéHock) ) B 7
TO Rippg (PRESHOCK ) ~———

LASTLM , THE =uHp VELoCITY conniTiown

(65) CAN RE EXPRESSED AS
Gty : Ua .02 2+ (¥-1)HE 2 R U2
22Uy = L2 = 1 U, = (_ Yiop YR Ty

Uy (¥44) Ha2 RTY >

Fer Thz PReEseas PROBLEM, THE ARoVE RELATION can RE WRTten) A

et U/« V= 2 [7- 4 (G0, 9%\
1/196> (b’+1>[2(71§7)

(0'2+uz’—Qf_5?)(
2%

THE . TJump cownpimions (‘-?i)-(n«) CAv BE LInEARIZEYN 70 FIRST DEDER As

CON’T/UUI‘T"’

zg, (U,’-_?J_?)()}*— 9/t B4 2 <. ( u;—%::) U+ @,/ % (491) MOKENTV &
5 .

U V] ,— ___as‘ U-' v /- 9$ = 2 ___” U, 7] l__ Qﬁ - R N ! 18 2] Trers
2 ( 4 @t ) -+ % ( 2 = % t ( ¢ — > {-T? 1 ( )
WF'ILE THE CONHN(N‘[‘T OF

THE TANGENTIAL MEZLOATY CH&) IS AL READY LIWEAR, EQUATIONS

(480)-(4g>_) AND (4;:3) CAN BT RGARRANGED TO 6IVE THE FinaL EXPRESSlON S

i(u;-a_y)= B, u4’_@)+sl7; liez) L2 = &4 (U,'-%‘_«E)wzg C(124)
Uy ot Uy Pt 7, 7, U3 9 T AT
4 X=0
B EA(U:-@_“E)-P Dz.ti: . [125) V_7-/.=_‘_’1i+ E, 0% , (436>
P U, b ﬁ Oy Uy ) ?7




MACKHL NYUBER

wHERE B, By, Cr, Cz, Dy, Do AND Ey ARE COEFFICIENTS THAT DEPEAND ON THE INCIDENT
)

AND ARE BIVEN EY

{{ B, = (“6—4LH¢%-—2 ' B, - 2

\Y'\ (744] Ml | (v+1] M {w?-} |

[‘ (F-4) Ha§ + 2 (¥-4) Maly 2

L Los HrHay ; Dy = - 2T WS . E,= “&‘{m) o
ZXHa.:-—(Y*-() Z“IH‘,,Z‘-('!«() ¥eq | H‘“? .

THE FormuLLaTLon) GIVEN AROVE S WRITTEWN LA TWO SPATIAL DimENSIONe, EXTENSION TOo THEEE

DIMENSIBNS 1S STRAIGHT FoRWARD, /#TEGRATION OF THE PROBLEM (4?0-4?5) SVBRI®ECT To
(423),(436) , Alows WiTH (165)“(N%?) Anb (¢23), PROVIDES THT SeLuTlow AS
DESCRIBED BELOW-

# PRoPAGATING AMD PECATING REGIHMES DOWNSTREAL OF THE SHoCk

IT 16 JLLUSTRATIVE TO EXAMINEG THE PROPAGATION OF SRESSURE FLULA VAT LOWNEG DOWNSTREAM

OF THT SHO¢K, WHICH 6!1vES RISE To Tws DIFFEREGWT R&6I1mEs AS A FONCTION OF
THE MNELE DF INCIDEW CE W OF THE UFSIREAM %ETURBATLOUS'(,{éS)—(»{gz). To £z

THIS, TARE THE DIVERGENCE OF TH® Moumewntum TRQUAT IO 1S (474)—((91)
/

2 (auz + v -)+ .U;@ (@u?_ e ) — (oza’+ ’D’a’) ((52)

b 97 x 97 32 | Bxz 5;/—2
AUD  SimcE e, (473) awn (475)

Qv . -4 (szwaasz oA (o, nor
Dx 9y S, @x Y\ ok ’av)’

THew (mg) BE coms g

/
oL> @X@(: o 0 ye

WHEE‘E 6“;- YP?— /gq_ < THE SAUARE OF THE MEAN SFEzp OF SOUNN N THE Pésr—
SHock GALEs, NeTe TaaT Ee. ({84) 1S AmaLocous TO THZ /MVISCID versiow 8F THEZ /T{
o
. I
PRESSURE PropnéaTiON TRUAT LD (4'28) DERIVED -‘PREV)OU\s)_\[? AND , SIHILAR TO [425), §§
p | -
1T 1S REBSPONSIBLE FoR TéC CENZRATION OF AN ACOU STl HabT DOWNS TREAM OF “‘g
; la 3
THE S+ocr, : 4
¥

e 4

NOTE THAT Eas. (483)- (186) .DEMAND  THAT THE SOLUTIon) DOWASTREAM OF THE SHock MusSTy

Be OF 0%C\LATORY TyPe !N BOTH Y (WitH THE SAME TRAMSYERSE WA VEMUMBER Ky = /K] s V=) J?M

AS THE INCICENT PERTURRATIOAS ) AND b (W (TH THe SAMG FREQUENCY = K Uy = IIK[m U
AN (PROPAG ATiop) SPEED € = w//'—m = #n U, BS- THE (WCIDENT FERTURBATIOWS ).



; SousTion) To ({S’C{
FiR  INETANAE FROATISLS /465) (465),(4”) AN D (425) IMPOSE A So )

€ Tz Forrt Rl G(x) @ PRIy =mm0it) | cpparimvring THIS BxPRESIoN W7o (184), THE
0F n =

EQ.UATION _ ' )
(‘i'f- )C? + zgkim(ﬂ &'+ IF|? /M—ﬁz% G=0 (t20]
U:z Jz 1 U“Z y b)(
| em G ket
THE  CHARACTERKTIC SO0LUTIONS OF THIS EQUATIoN ARE OF 7Hz FORM 6")‘ 138 4
WeleH  UFoN BTING SUBSTITUTED /w7o (4Q0) LEADS 7o THE L&cond -ornee EQuATon)
2 2=2
(az -0\ P 2 IR )L 5 — /E’/z(m ~&Eat \ -0 (€q4)
V¥ o (2 Uye

WHERE THE |MNTEGRATION CoNSTAMT K HAS BEEV cAwcelsy ouT .

THE .SoLUTIoNS ToO ({11)
ARE ' GIVEN BY

-wmbU ¥ {a, /l«i-(?tf_u‘z‘ '
E _ Uq Uy ¢z Ue 7{" ) / 142 )
TR_) o ..‘_.‘.,_.._.,___*“._..A-.‘ék._u____‘__.,».2_, e et s o e s Ll .

7w
A% Uz

IN' oRDER TO &iMPLEY THic EXPRESSIoN, NOTE THAT THT IUKP comnpitiow (62) For Tue

MALKL NUMDBER CAN R REWRITTEW AS

Mab. 2+ Mef (¥-4)
ZXHo.f-g (4‘-)’)

, (1a2)

30 THAT THZ vVEiocTY Tump CoNB LTI o1y (65) RECoOMES

: 2
Ié_ " (\0’*‘4) Hﬁoz ((QH)
% 2+ (¥-4)HaZ

A A FumneTion oF THE POST- Shock Macn MOMRER "{Q*z' v T Wway /44.1) BEcomsz ¢

G M 1
LT :?’-\43.__ —IMHA "f' ,& r _ _Ma: _
'k) 2 lf-Hq,i' : U’Z WL)

- 2+ (3’-4)!-44: | '
(444) Ma, (4-me) |~ Hoy 2 4 (1—“)2 - w . /4‘*5)
(24 (¥-1) Ha3 ]2

IN Gengrar, (Ms) CAn ExPRESSED  AS b= L,.+1't:>I

WHere b _ Ans \:I 'ARZT
THE ReAL. Aup IMAGINARY compoanenTs |

NoTeE TuAT 1F b =0, ‘e., ThERE 18 o I HAG NAR Y

COMPONENT, THEN THT PRESSURE  FLuctuaTion 1s A PlAve PRoPAGATING wavs,
LRSEEY Uih )
/ 1 g~ Y = m Uy
R'= Ke ;o (196
wirn e (L<o) BEWE RULED oUT AS IT REPRESEWTS A REFLZ CTEs WAUZ OMTO THE INCIDENT $UPsRow
STREAM . AS A RESULT, THg PRESSURE FLUCTUATION PROPAGATES ALomb A WAVEN UMBER DIRECTIons

L;\' _

, o .
r= Gos ¢( SENERALLY DIFFERENT FRoM THE UPSIREAM IArCIOBACT ANGLE ¥, @)



ON THEZ OWER HAU’.D‘ IIF THE )MA6INART FPART (S NoNZ2EROD , b:__?éé)) THEA) THZ PRESSURE
FLUCTUATION RECAMES A WAVE THAT DECATs ( For THE RooT bY bI>'&) OR /NcrEAsES (FOR

-— |
THe RoOT LI , b {O) EXPONENTIALLY, RULING OUT THE LATTER AS UNPHYSIcaAL, THTE |

PRESSURE [FLUCTUATION IV THIS (CASE RECOMES AN EXPONENTIALLY DECAYING WAVE

~ b IR 4R (box 4y = w03t |

WHICH 1S -USVALLY REFERREL To AS AN TEVANESCENT WAVZ AS A RESULT OF TOTAL INTERNAL RERECTION

F‘Z{ = K

FROM ThZ piricossion ABoVE , 1T S CLEAR THAT THE (FREENCE BR NoT OF IMAGINARY
RoOOTS OF Eg@.. ({44) HAS GREAT IMPACT on THE ' DYNAMILS , SINCE M/d = coban W, THIS pErEabs o
ANGLE OF INCIBENCE OF THE UFPSTREAM DISTURBANCEL, AS SUMMARIZED RZLOW .

e For ,m\2 _ 2 | = 2 ‘
~ - ‘91:0“" l g %2 - _UE'-_ =D L 1S REAL AND Has TWO SoruTibwe 1>+Au b
¥ \ z ' b Pl
: ‘ U“ U

<L/J L() waza b Be/NG THE PRYSICAL SOLLTION. THE
S 3
FRESSURS FLucTuption 18 A PLANE PROPAGAT MG
WA VE. »
For [w)% okl Yo (32 _ U7
o FoR (I) = lon < =y = ._34_ =b b oHas A ReAL comPowewT By AND TWO 1MAGINAR Y
5 U, U,
1 1 / -
(qj L‘) L0 POMENTS B}' AND EI ), THE LATTER RBiwg RULEQ
v & ) ’

QU7 AS IT LEADYS 16 EXPoNENII AL INCREAz®E. THE PRESSORL

FLocivamon 1S AN EVANESCENT WAUE )N THE X DIREDIoy

THE CRITICcAL ANGLE q)c 1S glvEN RYT

»

I . .
‘ )q)g‘: arctan V(Q _ vz 'j-l qd = QJrGl’a.\ (.Z“‘“(Y'*’\Ma?{\z

T -El- (642 Hay (A-9)
- ardon, (M T 7)o N [Ge) e 1 e
(24 (- MY g - Meg [2+ (3= 1) Hal- 1)

[>]
ForR IwaTANCE LP - H2.3" FOR Ma -2.0. Tuerpropg 4z.2° Lemp AN
' & 1 > . S 1o Y,

BVANBSCENT [FRESSURE WAUE .

¥ THE VORTIWCTT DPOWNSTREAM OF THE SHOCK
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ME 451C: Compressible Turbulence, Spring 2017
Stanford University
Homework 1: Fundamental Aspects of Compressible Flows and Shock Waves
Due Thursday, April 27, in class.

Guidelines: Please turn in a neat and clean homework that gives all the formulae that you have used
as well as details that are required for the grader to understand your solution. Attach these sheets to
your solutions.

1. Air flows isentropically through a constant-area duct at Ma = 0.7. The stagnation pressure at point
1is Py = 2 bar. What is the stagnation pressure at a downstream point 27

2. In addition to the conditions described in the previous question, it is also known that the stagnation
density at point 1 is pg = 2.0 kg/m®. What is the static enthalpy at the downstream point 27

3. Starting from Crocco’s equation, derive Bernoulli’s equation h + |u|?/2 = C, where h is the enthalpy,
u is the velocity vector, and C' is a constant that depends on the streamline chosen for integration.

4. Show that the entropy variation across two streamlines 1 and 2, i.e., sy — 81 = ¢, In[(Py/p3)/(P1/p])],
can be written solely in terms of the ratio of stagnation pressures Py, /Py if the stagnation enthalpy

is uniform everywhere.

5. A supersonic air flow at Ma; = 4 and P, = 2 bar encounters a normal shock wave. Compute the

Mach number in the post-shock flow Ma, as well as the relative variation in the stagnation pressure

(Po1 — Po2)/ Po1 and specific entropy (s1 — 82)/cy.

6. A supersonic inviscid mixture of Hy and air flows parallel to a wall at Ma; = 5.0, 7} = 300 K and
Py = 1 bar, and encounters a compression ramp that deflects the stream upwards at an angle § creating
an oblique shock wave that emanates from the ramp corner. Compute the angle § required to increase
the temperature of the gas to the crossover value 75 :%‘@K required for autoignition. What is the
associated post-shock Mach number May? Assume that the properties of the mixture are similar to
those of air.

7. Sketch i) the inviscid supersonic flow at Ma; = 4.5 around a symmetric wedge of semi-angle § = 15°
at pressure P; = 1 bar, ii) the same flow when the semi-angle is increased to § = 70°. Comment
on whether the flow downstream of the shock in both cases is rotational or irrotational and give
appropriate analytical justifications to support your explanations.
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ME 451C: Compressible Turbulence, Spring 2017
Stanford University
Homework 2: Fluctuation Modes in Compressible Turbulence
Due Thursday, May 18, in class.

Guidelines: Please turn in a neat and clean homework that gives all the formulae that you have used
as well as details that are required for the grader to understand your solution. Attach these sheets to
your solutions.

In uniform mean flows with density p, pressure P temperature 7', and velocity U in the 4+ direction,
the linearization of the equation of state, the entropy equation, and the entropy transport equation
lead, respectively, to the relations !

P/ p/ TI

:=—+‘:, 1
F=577F (1)
s T vy—1\ P

~-7- (=% ®)
¢ T Y P

D (s 4__,|¢ vy—1\ P

i () =3 5+ (5) 7 <3>

where 7 is the mean kinematic viscosity and D/Dt = 8/0t+U9/0x is the material derivative. Similarly,
using the linearized momentum equation

Du VP __,, U ;
Dt =T + 7V +§V(V-u_) (4)
along with (1)-(3), the conservation equation for the pressure fluctuations
1D? (P 1_, 4 D (P
=] =ZVP+ oV | = (=
7D (P) 7Y [Dt(P)J 2
is obtained for a Prandt]l number equal to 3/4. Lastly, the curl of the momentum equation yields
D /
D‘z = 7V’ (6)

for the vorticity fluctuations. This homework problem focuses on the structure of Kovazsnay’s fluctu-
ation modes in Fourier space. Assume that 7 = 1.5-107° m?/s, v = 1.4, U = 600 m/s, and @ = 340
m/s for all your calculations. Additionally, assume that the disturbance wavelength is 1 mm, as being
created for instance by a small grid in a supersonic wind tunnel (Fig. 1).

1. In Kovasznay’s analysis, the pressure fluctuations P’ are ascribed to an acoustic mode, which
is denoted by a superindex ®) and corresponds to the solution of Eq. (5). In particular, consider P’
expressed as a single Fourier wave as

/

= = P® exp[jl&|(n - - ct)], (7)

1See class notes for details.




where j is the imaginary unit, & is the wavenumber vector, and c is generally a complex eigenvalue
whose imaginary component represents the propagation velocity of the mode. Similarly, n is the unit
vector in the direction of the wavenumber vector, and 7 is the position vector in the laboratory frame.

a) Show that the modes (7) can be redefined in terms of C' = ¢ — Uk, /|k| when the problem is
formulated in the reference frame moving at the mean velocity U in the +z direction, where &, is the
projection of & in that direction.

In the remainder of this homework, we will assume for simplicity that & is aligned with the z axis
so that C'= c¢—U. We will also use the reference frame moving at speed U, where the position vector

is now 7/, so that all the material derivatives become local time variations 9/0t.

b) Substituting (7) into (5), show that C is given by

¢ — 2oy £y f1 - (ST (8)
Bl 3a )’

where @ = y/vP/p is the mean speed of sound. Note that (8) indicates the presence of two modes of
P’ corresponding to the positive and negative signs preceding the square root.

c¢) How small must the characteristic disturbance wavelength be for the second (dispersive) term
in the square root in Eq. (8) to become important?

d) What is the characteristic decay time of the acoustic pressure disturbance and how long have the
two modes traveled along the z direction in the laboratory frame before significant decay by viscosity
occurs?

e) Using Eq. (4), find an expression for the amplitude of the acoustic mode of the velocity fluctuation

as a function of P® and show that the field is irrotational. This indicates that the acoustic mode is
a longitudinal wave, in that it is parallel to the wavenumber.

2. The entropy conservation equation (3) suggests that the Fourier representation of the entropy
fluctuations can be written as

s : . :

— =8P explj|k|(n - ' — Ct)] + 5 explj|w|(n - ' - Cit)], (9)
3 .

where the first and second terms on the right-hand side correspond, respectively, to the particular and
homogeneous solutions of (3). In particular, the super-index (*) indicates the entropy mode.

a) The first term on the right-hand side of (9) represents an entropy disturbance generated by
the the viscous diffusion of the acoustic pressure fluctuation (7) and can therefore be ascribed to the
acoustic mode. Obtain a relation between the fluctuation amplitudes §® and P®) by making use of
Eq. (3), and show that 5 is proportional to the viscosity.

b) On the other hand, the second term on the right-hand side of (9) represents an entropy mode
that does not have an acoustic origin, and which is necessarily related to temperature fluctuations as



suggested by Eq. (2) and described below. Prove that the value of C; is a purely imaginary one given
by

4_
Cs = —gvl’q’b' (10)
At what speed relative to the laboratory frame does this entropy fluctuation propagate? Compute

the characteristic decay time of this entropy disturbance and the distance it has traveled along the
direction in the laboratory frame before significant decay by viscosity occurs.

3. In view of Egs. (1)-(2) and (9), it is convenient to express the temperature and density fluctuations
as a sum of entropic and acoustic components, namely

!
L _ 70 expljinl(n - v — Cot)] + T expljll(n - ' — O8], (11)

= p exp[j|r|(n - v’ — C,t)] + p® exp[j|x|(n - ' — Ct)). (12)

RSERSEEN

a) Compute Cr, the corresponding decay time of the entropic component of the temperature fluc-
tuations, and the distance traveled by them along the z direction in the laboratory frame before
significant decay by viscosity occurs. At what speed relative to the laboratory frame does this does
this component of the temperature fluctuations propagate? Obtain relations between 7°¢) and 56)
and between 7® and P®).

b) Using Eq. (1), compute C,, the corresponding decay time of the entropic component of the
density fluctuations, and the distance traveled by them along the z direction in the laboratory frame
before significant decay by viscosity occurs. At what speed relative to the laboratory frame does this
component of the density fluctuations propagate? Derive relations between 5(*) and 5, and between
p® and P®),

¢) The entropy mode does not include any pressure fluctuations. As a result, Egs. (1)-(2) suggest
that in this mode the entropy fluctuations are related to the density fluctuations,

I | (13)

Using (13) along with continuity, Dp'/Dt = —pV - v/, obtain an expression for the amplitude of the
entropy mode of the velocity fluctuations as a function of 8(*), show that the resulting field is irro-
tational and that the velocities and their divergence induced by the entropy mode are proportional to 7.

4. As indicated above, the acoustic and entropy modes are irrotational. As a result, the vorticity
conservation equation (6) suggests that a separate fluctuation mode for the vorticity exists, which in
wave form may be written as

w =0 explj|e|(n - — C,t)], (14)

where the super-index ) indicates the vortical mode.
a) Substituting (14) into (6) find an expression for C,, compute the corresponding decay time of

the vorticity fluctuations, and the distance traveled by them along the z direction in the laboratory
frame before significant decay by viscosity occurs. At what speed relative to the laboratory frame does

3



the vorticity fluctuation propagate?

b) Since the vortical mode does not have any associated fluctuations in pressure, entropy or tem-
perature, prove that the induced velocity field is incompressible and corresponds to a transversal wave
(i.e., a wave that is orthogonal to the wavenumber vector).

5. The effect of visbosity can be neglected at distances from the grid much smaller than the smallest
one of the characteristic streamwise distances computed above for decay of the fluctuations. Describe
how the results obtained above change when 7 = 0.

acoustic

U /K g vortical
A
i

v

UNIFORM MEAN FLOW

- \&Q
& entropy

Figure 1: Schematics.
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ME 451C: Compressible Turbulence, Spring 2017

Stanford University
Homework 3: Compressible-turbulence energetics and shock-turbulence interactions
Due Thursday, June 1, in class.

Guidelines: Please turn in a neat and clean homework that gives all the formulae that you have used
as well as details that are required for the grader to understand your solution. Attach these sheets to
your solutions.

1. Why does the streamwise vorticity component of the flow remain mostly constant across a shock wave?
Justify your answer with appropriate equations.

2. Provide a brief explanation of what an eddy shocklet is and how are they typically detected in numerical
simulations.

3. What is the critical incidence angle of a vorticity-entropy wave on a Mach-3.0 shockwave for which
the acoustic wave becomes an evanescent wave behind the shock?

4. Starting from the momentum equation, show that in compressible homogeneous isotropic turbulent
flows integrated in triply periodic domains the conservation equation for the mean turbulent kinetic
energy is

dk —
& _Pa, - 1
dt v € ( )

—_~—

where k = pu/u /2.

et



ME 451C: Compressible Turbulence, Spring 2017
Stanford University
Midterm Exam
Tuesday, May 9

Guidelines: Please turn in neat and clean exam solutions that give all the formulae that you have
used as well as details that are required for the grader to understand your solution. Attach these
sheets to your solutions. Assume y = 1.4 and ¢, = 1.0 KJ/KgK for all problems.

PART I: Closed books, closed notes, calculators allowed
Time: 30 mins

Questions (40 pts)

1.

- Explain the basis of Lighthill’s analogy for computing the sound radiated from a turbulent flow,
including the associated conservation equations for the acoustic field.

- If the integral size of the eddies is £ ~ 1 cm and the corresponding turnover velocity is uy ~ 1 m/s,
estimate the characteristic wavelength L, of the acoustic radiation (assume 7" = 300 K).

- Estimate the turbulent dissipation, €, and compare it with the amount of acoustic energy emitted
per unit time and per unit mass by the turbulent flow, ¢;.

2. During flight at an altitude of A = 15 km in the stratosphere, where T' = 216.5 K, a pilot of a supersonic

airplane reads Mach-4.0 in the Mach-meter, which is an instrument that approximately provides the
flight speed in units of the local speed of sound in the undisturbed air environment around the aircraft.
- Estimate the Mach number based on ground conditions, T' = 288 K.

- Assuming that the nose shock wave around the aircraft has become a weak shock near the ground
with a small streamline deflection angle 6 ~ 10~* rad, compute the characteristic angle formed by
the shock and the horizontal ground surface, along with the corresponding sound-pressure level (SPL)
caused by the sonic boom by taking P..; = 20 puPa as the reference pressure.

_—

Mach-4.0

15 km s

R Weak shock

A A A A A




ME 451C: Compressible Turbulence, Spring 2017
Stanford University
Midterm Exam
Tuesday, May 9

Guidelines: Please turn in neat and clean exam solutions that give all the formulae that you have
used as well as details that are required for the grader to understand your solution. Attach these
sheets to your solutions. Assume v = 1.4 and ¢, = 1.0 KJ/KgK for all problems.

PART II: Open books, open notes, calculators allowed
Time: 50 mins

Problem 1 (60 pts)

A turbulent compressible turbulent shear layer is formed by two parallel gaseous streams (denoted by the
subindexes ; and 5 as shown in the Fig. 1a) with free-stream velocities U; and U, < U; downstream
from a splitter plate. The corresponding densities are p; and ps. The molecular weights of the gases
are W; and W,, while their adiabatic coefficients are v; and 5. The static pressure is the same on
both sides of the mixing layer and equals P,,. As a result of vortex pairing, the thickness of the mixing
layer is observed to increase with increasing distances from the splitter plate, as sketched in Fig. 1a.

a) An important parameter that characterizes the relative importance of compressibility and its effects
on the growth of the mixing layer is the convective Mach number, Mac; = (U; — Ug)/a;, which
represents a Mach number in a relative frame moving at the convective speed Ug of the disturbances
in the mixing layer (see Fig. 1b) !. In this formulation, a; and ay are the speed of the sound waves in
each stream. A method to compute the convective Mach number is outlined below.

- In the moving reference frame depicted in Fig. 1b, the point O is a saddle point between the struc-
tures and represents a common stagnation point for both streams. As a result, the stagnation pressures
in that frame are the same for both streams. If, additionally, the deceleration at the stagnation point is
assumed to be isentropic, find an expression that relates Mac; = (U; —Ug) /a1, Mag s = (Uo—Us)/az,
71 and ;.

- Prove that the expression found above leads to the convective velocity

axUs + a1Us
. az +ax (1)
when 71 = 7, and the convective Mach numbers are moderately small. Note that Eq. (1) implies that
both convective Mach numbers are equal, Mac,; = Mac, = Mac. Using expression Eq. (1) for Ug,
compute the characteristic convective Mach number when stream 1 is air at Ma; = 4, T} = 1300 K,
and stream 2 is molecular hydrogen at May = 0.5 and T, = 500 K, which correspond to conditions
typical of fuel-air mixing layers in scramjets.

INote that compressibility effects necessarily emerge from the amount of relative motion between both streams.




Stanford University

b) In order to reduce the computational cost of simulating the spatially development of the mixing layer,
most approaches involve simulation of the problem in a reference frame moving at the mean velocity
U = (U + Us) /2, with the inflow/outflow streamwise boundary conditions of the original problem
being replaced by periodic boundary conditions. The boundary conditions at the top and bottom
boundaries become free-stream conditions with us = uz = 0. In this way, the problem reduces to two
supersonic free streams flowing in opposite directions at the same velocity U (see Fig. 1c).

- Derive an expression for U as a function of U; and U,, and show that the resulting convective
Mach number is
Mac = 2U/(a1 + CLQ). (2)

- Given U and the speeds of sound a; and ay as the only input data provided in the problem, would
it be possible to retrieve the values of the absolute velocities Uy, Us, the mean velocity U, and the
convective speed Us? If the answer is affirmative, provide details about how such retrieval would be
done?.

c) In the relative reference frame described in part b), the solution to the compressible shear layer involves
a momentum thickness dy that grows in time -rather than space as in the spatially-evolving mixing
layer-, thereby leading to unsteady statistics. In particular, &y is defined as

1 oo 2~
0g(t) = ——= 7 (U* —uf) ds, 3
)=z | PO - i ©)
where pp,, = (p1 + p2)/2 is the mean density. In this formulation, p and U; represent, respectively, the
Reynolds-averaged density and the Favre-averaged streamwise velocity (refer to the coordinate system
in Fig. 1c). All types of averaging in this problem are performed along planes z; =constant. The rate
of growth of the mixing layer can be computed from

. ddy
b ==L, (4)

Figure 2a shows the ratio of d to the incompressible growth rate, as a function of the convective
Mach number Mac for a number of simulations and experiments. The results suggest that dp rapidly
decreases with increasing convective Mach numbers as a result of compressibility effects, a phenomenon
that is related to the decrease of the turbulent production, as shown in Fig. 2b. To see this, consider
the Favre-averaged mass and momentum equations

I
E + 6—%(/0’“1') - 07 (5)
o, ... 0 .. 9P 9ty 0 [

@wwaym»f%+%j8%@w) (6)

—_~—

The last term in Eq. (6) involves the unclosed Reynolds stresses, pu;uj. Note that all averaged quan-
tities are, by definition of the averaging operators, functions of ¢ and z,.

- Substituting (3) into the right-hand side of (4) and using (5)-(6), find an expression for dp as a

—~—

function of the streamwise turbulent production —pufuj(0u;/0xs).

2Note that retrieving U,, would allow one to compute the approximate streamwise distance z ~ Upt traveled by the
moving frame and therefore link space in the absolute frame with the simulation time ¢ in the relative frame.

ME 451C Compressible Turbulence 3
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a
U, — Uc
@)
b
Uc — U,
U 1
b2 S A
da(t)
z1
z3
U 2
C

Figure 1: (a) Spatially developing mixing layer. (b) Sketch of streamlines in the convective frame of
reference. (c) Description of the problem in a reference frame moving with the mean speed U,,.
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ME 451C: Compressible Turbulence, Spring 2017
Stanford University
Final Exam
Thursday, June 8 (Due Tuesday June 13)

Guidelines: Please turn in neat and clean exam solutions that give all the formulae that you have
used as well as details that are required for the grader to understand your solution. Attach these
sheets to your solutions. Assume vy = 1.4 and ¢, = 1.0 KJ/KgK for all problems.

PART 1
Estimated Time: 30 mins

Questions (40 pts)

1. Why does the streamwise vorticity component of the flow remain mostly constant across a shock wave?
Support your answer by making use of appropriate shock jump conditions.

2. Provide a brief explanation of what an eddy shocklet is and how are they typically detected in today’s
numerical simulations.

3. Simplify the conservation equations for the mean kinetic energy, turbulent kinetic energy and mean
thermal energy for compressible turbulent flows integrated in triply periodic domains. Which ones are
the most important terms at high Reynolds numbers? Based on the different terms in the equations

you derived, sketch an energy diagram that shows the modes of conversion between the three types of
energy.



ME 451C: Compressible Turbulence, Spring 2017
Stanford University
Final Exam
Thursday, June 8 (Due Tuesday June 13)

Guidelines: Please turn in neat and clean exam solutions that give all the formulae that you have
used as well as details that are required for the grader to understand your solution. Attach these
sheets to your solutions. Assume vy = 1.4 and ¢, = 1.0 KJ/KgK for all problems.

PART 11
Estimated Time: 120 mins Pick just one of the two following problems.

Problem 1 (60 pts) Using the notation and linear-interaction analysis we introduced in class to solve the
problem of the interaction of a vorticity-entropy wave with a shock wave, modify the methodology to
address the problem of an acoustic wave impinging on a shock wave, as shown in the figure below. In
particular, a) compute the interval of incident angles ¥ over which the pressure wave downstream of the
shock is an evanescent wave that decays exponentially, and b) determine whether vortical and entropy
modes exist downstream of the wave and how would you compute them (i.e. just write the necessary
equations and boundary conditions, but it is not required to solve them for the wave coefficients).

SHOCK WAVE
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Problem 2 (60 pts) The equilibrium wall model for large-eddy simulations (LES) of compressible turbu-
lent wall-bounded flows integrates the momentum and total-energy conservation equations

d du

- wm) | =0 1

o [+ ) 0
d du 1% Mt awm ar
- wm > Do : | = 2
dy |:(:u + /’l’t7 )udy + Cp (PI' + Prt,wm) dy:| O ( )

within a layer spanning from the wall to a matching location, where appropriate boundary conditions
are applied, as schematically shown in the figure below and described in this problem.

In this formulation, y is the wall-normal coordinate, u is the total wall-parallel velocity including
both the streamwise and spanwise components, 7" is the static temperature, ¢, is the specific heat at
constant pressure, Pr = 0.7 is the molecular Prandtl number, y is the molecular dynamic viscosity, and
the subscript “wm” indicates variables in the wall model. The molecular viscosity pu is proportional to
the temperature, p1/ ey = (T'/Tres)” with o = 0.7. Additionally, the eddy viscosity fium is modeled

using the mixing-length model
[ Tw
Ht,wm = KPY ?Dv (3)

where k = 0.4 is the von Kdrmén constant, p is the density and 7, = p,du/dy|,—o is the local wall
shear stress, with p,, the dynamic viscosity evaluated at the wall. The symbol D is a damping function

given by
vy \1?
D= [1 — exp <_F>] : (4)

where AT = 17 is a constant. The superscript “+” indicates length normalized with wall units, i.e.
YT = puliry/ e, Where u, = \/Ty,/puw is the friction velocity and p,, is the density at the wall. The
density and the temperature are related by the equation of state

P =pR,T, (5)

where R, is the gas constant and P is the static pressure, the latter of which is modeled as a constant
across the wall-modeled region and matches with the LES outside. Lastly, Pr; ., = 0.9 is the eddy
Prandtl number.

Equations (1) and (2), along with (3)-(5) are integrated on a one-dimensional grid 0 < y < h
bounded by the wall at ¥y = 0 and by a matching location at y = h, where the wall-model solution
matches with the LES solution on the coarse grid. The boundary conditions for the wall model at the
wall y = 0 are

u=0, T=T, (6)

where T, is the temperature imposed at the wall. The corresponding boundary conditions at the
matching location y = h are

u=U, T=T, P=P, (7)

where U , T and P are the resolved LES values of wall-parallel velocity, static temperature and static
pressure, the former also includes the streamwise and spanwise components as appropriate (i.e., these
are all known values). Equations (1)-(7) determine the solution profiles u(y) and T'(y).

a) Show that the problem described has the following two first integrals

u:/OyM (8)

HF Lo
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and

v or2d wm \ dT’
/7““” top A B ) 22— g, (9)

o M + Mawm Pr Prt dy
where ¢, = —(uc,/Pr)dT/dy|,—o is the heat flux at the wall. The first term in Eq. (9) represents
aerodynamic heating that is only important when the characteristic Mach number is sufficiently large.

Note that 7, and ¢, are fundamental constants that are part of the solution of the problem and are
determined by using the boundary conditions (6)-(7).

b) Your goal in this problem is to investigate the existence of closed or approximate relations of the type

in such a way that one could compute the wall shear stress and the wall heat flux as a function of the
velocities and temperatures of the outer LES field at the matching location, without the need of having
to solve a system of ordinary differential equations (for instance, note that a straightforward solution
exists for the less interesting case of incompressible and constant-viscosity flows). This would be
attractive since the quantities 7,, and ¢,, are the ones to be passed as a boundary condition for the outer
LES. To investigate the existence of such simplified solutions, it may be expedient to nondimensionalize
equations (8)-(9) and search for relevant asymptotic limits in which the solution may simplify to a
form similar to (10)-(11), since in the most general case a closed-form solution may not exist.

In normalizing the equations, note that there are two external length scales in the problem, namely,
h and A", /(pwur), with pyurh/p, > 1. In particular, D is vanishingly small near the wall at
distances y < A" 1, /(pwu,) (ie. in the viscous sublayer), in such a way that the eddy viscosity frum is
much smaller than the molecular viscosity p there. Conversely, D ~ 1 at distances y ~ h (i.e. outside
the viscous sublayer), where fi,, > p.

Appropriate normalization variables could be 8 = (T —T,,)/(T —T.,), n = y/h, and @ = u/U, with
which you may be able to rewrite (1)-(2) or (8)-(9) in terms of characteristic dimensionless parameters
and subject to simpler boundary conditions. Numerical investigations of these dimensionless equations
are also encouraged since those may inspire simplifications of the problem within parameter ranges
that are to be discovered.

COMPRESSIBLE TURBULENT WALL-BOUNDED FLOW

OUTER LES

————————— S\ttt ipee—————o——-—————p-— - MATCHING LOCATION

T'(y) Yy u(y) h WALL-MODELED REGION

WALL
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