






































































































































































ME 451C: Compressible Turbulence, Spring 2017
Stanford University

Homework 3: Compressible-turbulence energetics and shock-turbulence interactions

Due Thursday, June 1, in class.

Guidelines: Please turn in a neat and clean homework that gives all the formulae that you have used
as well as details that are required for the grader to understand your solution. Attach these sheets to
your solutions.

Student’s Name:.......................................................... Student’s ID:.............................

1. Why does the streamwise vorticity component of the flow remain mostly constant across a shock wave?
Justify your answer with appropriate equations.

2. Provide a brief explanation of what an eddy shocklet is and how are they typically detected in numerical
simulations.

3. What is the critical incidence angle of a vorticity-entropy wave on a Mach-3.0 shockwave for which
the acoustic wave becomes an evanescent wave behind the shock?

4. Starting from the momentum equation, show that in compressible homogeneous isotropic turbulent
flows integrated in triply periodic domains the conservation equation for the mean turbulent kinetic
energy is

dk

dt
= P∆v − ϵ (1)

where k = ρũ′′

i
u′′

i
/2.



















ME 451C: Compressible Turbulence, Spring 2017
Stanford University

Final Exam
Thursday, June 8 (Due Tuesday June 13)

Guidelines: Please turn in neat and clean exam solutions that give all the formulae that you have
used as well as details that are required for the grader to understand your solution. Attach these
sheets to your solutions. Assume γ = 1.4 and cp = 1.0 KJ/KgK for all problems.

Student’s Name:.......................................................... Student’s ID:.............................

PART I
Estimated Time: 30 mins

Questions (40 pts)

1. Why does the streamwise vorticity component of the flow remain mostly constant across a shock wave?
Support your answer by making use of appropriate shock jump conditions.

2. Provide a brief explanation of what an eddy shocklet is and how are they typically detected in today’s
numerical simulations.

3. Simplify the conservation equations for the mean kinetic energy, turbulent kinetic energy and mean
thermal energy for compressible turbulent flows integrated in triply periodic domains. Which ones are
the most important terms at high Reynolds numbers? Based on the different terms in the equations
you derived, sketch an energy diagram that shows the modes of conversion between the three types of
energy.



ME 451C: Compressible Turbulence, Spring 2017
Stanford University

Final Exam
Thursday, June 8 (Due Tuesday June 13)

Guidelines: Please turn in neat and clean exam solutions that give all the formulae that you have
used as well as details that are required for the grader to understand your solution. Attach these
sheets to your solutions. Assume γ = 1.4 and cp = 1.0 KJ/KgK for all problems.

Student’s Name:.......................................................... Student’s ID:.............................

PART II
Estimated Time: 120 mins Pick just one of the two following problems.

Problem 1 (60 pts) Using the notation and linear-interaction analysis we introduced in class to solve the
problem of the interaction of a vorticity-entropy wave with a shock wave, modify the methodology to
address the problem of an acoustic wave impinging on a shock wave, as shown in the figure below. In
particular, a) compute the interval of incident angles ψ over which the pressure wave downstream of the
shock is an evanescent wave that decays exponentially, and b) determine whether vortical and entropy
modes exist downstream of the wave and how would you compute them (i.e. just write the necessary
equations and boundary conditions, but it is not required to solve them for the wave coefficients).

ACOUSTIC WAVE

SHOCK WAVE

y

x
ψ

U1 U2



Stanford University

Problem 2 (60 pts) The equilibrium wall model for large-eddy simulations (LES) of compressible turbu-
lent wall-bounded flows integrates the momentum and total-energy conservation equations

d

dy

[
(µ+ µt,wm)

du

dy

]
= 0 (1)

d

dy

[
(µ+ µt,wm) u

du

dy
+ cp

(
µ

Pr
+

µt,wm

Prt,wm

)
dT

dy

]
= 0 (2)

within a layer spanning from the wall to a matching location, where appropriate boundary conditions
are applied, as schematically shown in the figure below and described in this problem.

In this formulation, y is the wall-normal coordinate, u is the total wall-parallel velocity including
both the streamwise and spanwise components, T is the static temperature, cp is the specific heat at
constant pressure, Pr = 0.7 is the molecular Prandtl number, µ is the molecular dynamic viscosity, and
the subscript “wm” indicates variables in the wall model. The molecular viscosity µ is proportional to
the temperature, µ/µref = (T/Tref)σ with σ = 0.7. Additionally, the eddy viscosity µt,wm is modeled
using the mixing-length model

µt,wm = κρy

√
τw
ρ
D, (3)

where κ = 0.4 is the von Kármán constant, ρ is the density and τw = µwdu/dy|y=0 is the local wall
shear stress, with µw the dynamic viscosity evaluated at the wall. The symbol D is a damping function
given by

D =

[
1− exp

(
−
y+

A+

)]2
, (4)

where A+ = 17 is a constant. The superscript “+” indicates length normalized with wall units, i.e.
y+ = ρwuτy/µw, where uτ =

√
τw/ρw is the friction velocity and ρw is the density at the wall. The

density and the temperature are related by the equation of state

P = ρRgT, (5)

where Rg is the gas constant and P is the static pressure, the latter of which is modeled as a constant
across the wall-modeled region and matches with the LES outside. Lastly, Prt,wm = 0.9 is the eddy
Prandtl number.

Equations (1) and (2), along with (3)-(5) are integrated on a one-dimensional grid 0 ≤ y ≤ h
bounded by the wall at y = 0 and by a matching location at y = h, where the wall-model solution
matches with the LES solution on the coarse grid. The boundary conditions for the wall model at the
wall y = 0 are

u = 0, T = Tw (6)

where Tw is the temperature imposed at the wall. The corresponding boundary conditions at the
matching location y = h are

u = Ũ , T = T̃ , P = P , (7)

where Ũ , T̃ and P are the resolved LES values of wall-parallel velocity, static temperature and static
pressure, the former also includes the streamwise and spanwise components as appropriate (i.e., these
are all known values). Equations (1)-(7) determine the solution profiles u(y) and T (y).

a) Show that the problem described has the following two first integrals

u =

∫ y

0

τwdy

µ+ µwm

(8)
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and ∫ y

0

τ 2wdy

µ+ µwm

+ cp

(
µ

Pr
+

µwm

Prt

)
dT

dy
= −qw (9)

where qw = −(µcp/Pr)dT/dy|y=0 is the heat flux at the wall. The first term in Eq. (9) represents
aerodynamic heating that is only important when the characteristic Mach number is sufficiently large.
Note that τw and qw are fundamental constants that are part of the solution of the problem and are
determined by using the boundary conditions (6)-(7).

b) Your goal in this problem is to investigate the existence of closed or approximate relations of the type

τw = τw(Ũ , T̃ ) (10)

qw = qw(Ũ , T̃ ), (11)

in such a way that one could compute the wall shear stress and the wall heat flux as a function of the
velocities and temperatures of the outer LES field at the matching location, without the need of having
to solve a system of ordinary differential equations (for instance, note that a straightforward solution
exists for the less interesting case of incompressible and constant-viscosity flows). This would be
attractive since the quantities τw and qw are the ones to be passed as a boundary condition for the outer
LES. To investigate the existence of such simplified solutions, it may be expedient to nondimensionalize
equations (8)-(9) and search for relevant asymptotic limits in which the solution may simplify to a
form similar to (10)-(11), since in the most general case a closed-form solution may not exist.

In normalizing the equations, note that there are two external length scales in the problem, namely,
h and A+µw/(ρwuτ ), with ρwuτh/µw ≫ 1. In particular, D is vanishingly small near the wall at
distances y ≪ A+µw/(ρwuτ ) (i.e. in the viscous sublayer), in such a way that the eddy viscosity µwm is
much smaller than the molecular viscosity µ there. Conversely, D ∼ 1 at distances y ∼ h (i.e. outside
the viscous sublayer), where µwm ≫ µ.

Appropriate normalization variables could be θ = (T −Tw)/(T̃ −Tw), η = y/h, and û = u/Ũ , with
which you may be able to rewrite (1)-(2) or (8)-(9) in terms of characteristic dimensionless parameters
and subject to simpler boundary conditions. Numerical investigations of these dimensionless equations
are also encouraged since those may inspire simplifications of the problem within parameter ranges
that are to be discovered.
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