Combustion and Flame 205 (2019) 231-240

journal homepage: www.elsevier.com/locate/combustflame ) =

.

Contents lists available at ScienceDirect .
Combustion

Combustion and Flame

The breakdown of self-similarity in electrified counterflow diffusion n

flames

Check for
updates

Mario Di Renzo®P, Giuseppe Pascazio®, Javier Urzay**

aCenter for Turbulence Research, Stanford University, Stanford, CA 94305-3024, United States
b Dipartimento di Meccanica, Matematica e Management & Centro di Eccellenza in Meccanica Computazionale, Politecnico di Bari, Bari 70125, Italy

ARTICLE INFO

ABSTRACT

Article history:

Received 5 October 2018
Revised 27 November 2018
Accepted 2 April 2019

Keywords:

Diffusion flames
Counterflow burners
Electric-fields

Ionic wind

This work addresses the question of the validity of self-similar formulations in describing the structures
of methane/air laminar counterflow diffusion flames subjected to incident sub-breakdown DC electric
fields. The electric field is induced by two flat porous electrodes located on the oxidizer and fuel sides of
the burner and arranged parallel to the mixing layer. Both experiments and numerical simulations of this
configuration in recent work suggest the presence of a strong coupling effect between the aerothermo-
chemical and electric fields whereby the velocity field is significantly modified by the momentum carried
by a bi-directional ionic wind directed axially outwards from the diffusion flame. However, as shown in
this study, such strong coupling is incompatible with standard self-similar formulations of the problem.
An a-priori analysis of the steady axisymmetric numerical simulations results in Di Renzo et al. (2018)
[1], which employ multi-component transport and detailed chemical kinetics, is presented in this study in
order to address the suitability of self-similar descriptions in the present configuration. It is shown that,
while self-similarity is preserved in unelectrified conditions along radial distances similar to one orifice
radius, it breaks down profusely in electrified conditions as the applied voltage increases and nears sat-
uration conditions, where the electric force field becomes two-dimensional and non-conservative in the
close vicinity of the burner axis. As a result, for the purposes of self-similarity, increasing electrification
counteracts the slenderness of the counterflow burner and decreases its effective aspect ratio. Counter-
flow burners should therefore be extra slender if preservation of self-similar conditions is sought under
incident electric fields.

© 2019 The Combustion Institute. Published by Elsevier Inc. All rights reserved.

1. Introduction

respect to the applied voltage. These interactions can be explained
in terms of imbalances of the electric force exerted on the flow

Extinction, active control and variation of the lift-off height
of a diffusion flame are just few of the possible applications of
electric-field effects on combustion [2-5]. In connection with the
investigation of fundamental physical mechanisms involved in
these phenomena, recent experimental work [6] has shown that
a methane/air counterflow diffusion flame subject to a steady
voltage difference undergoes non-trivial changes and may become
unstable as a result of a strong coupling between the aerothermo-
chemical and electric fields (see Fig. 1 for the burner schematics).
Some of these effects involve: (a) a shift of the flame position
toward the fuel injector; (b) a variation of the flame curvature
with the applied voltage; and (c) the existence of a non-monotonic
trend of the electric current density produced by the flame with
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by the positive and negative ions produced in the flame [1,6,7].
In particular, as the applied voltage increases, the numerical
simulations in Ref. [1] indicate that a reduction of the local strain
rate occurs as a result of a flow-displacement effect imparted by
a bi-directional ionic wind directed towards both injectors, which
renders a faster chemistry and consequently smaller concentra-
tions of charged species, thereby leading to a decrease in the
electric current at intermediate voltages upon electric saturation.
Self-similar descriptions of reacting flows in counterflow burn-
ers are the basis of flamelet turbulent combustion models for un-
electrified diffusion flames [8-12]. Self-similarity is expressed in
a variety of ways in counterflow burners. For instance, at high
Reynolds numbers, the flow becomes self-similar in the vicinity
of the mixing layer that is formed near the stagnation plane be-
tween the two streams and which is much smaller than the sep-
aration distance L between the injectors, with the relevant strain
rate being the local one at the edges of the mixing layer [13-15].

0010-2180/© 2019 The Combustion Institute. Published by Elsevier Inc. All rights reserved.
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Fig. 1. Sketch of the burner geometry and computational setup (not to scale). The
two circular porous electrodes are represented by the horizontal thick solid lines
and their radii are equal to 8R. The aspect ratio of the burner is 2R/L = 1. Plug-flow
boundary conditions are utilized at the injectors. The axisymmetric coordinate sys-
tem {r, x} is placed at mid distance between the two orifice exits (see Refs. [1] and
[6] for details).

In porous burners at finite Reynolds numbers, self-similarity is ob-
served in most of the flow field between the injectors and up to
radial distances of order r~L, provided that the burner is geo-
metrically slender, 2R/L>> 1, with R being the orifice radius [16].
In all cases, self-similar descriptions are convenient from an oper-
ational standpoint, since they involve the integration of ordinary
differential equations as opposed to the large computational ex-
penses needed for integrating the full conservation equations in
partial differential form [17-20]. However, self-similar formulations
have been hardly explored within the context of electrified dif-
fusion flames. In combustion problems involving electric-field ef-
fects, the alternative of integrating the full conservation equations
is a costly one, since the spatiotemporal resolution requirements
are much more stringent because of the large disparities between
the scales associated with the bulk neutral gas and those associ-
ated with the charged species. Nonetheless, the results presented
below suggest that the aforementioned strong aerodynamic cou-
pling observed in Refs. [1] and [6] is incompatible with standard
self-similar formulations of counterflow diffusion flames.

Based on these considerations, two fundamental questions
arise: (a) to what extent the numerical simulations [1] of the ex-
perimental setup utilized in Ref. [6] comply with the necessary
constraints for self-similarity of the flow field? (b) is the observed
strong aerodynamic coupling a manifestation of the fact that the
solution of this problem in this setup necessarily violates self-
similarity? Answers to these questions are provided below based
on a brief a-priori analysis of the steady axisymmetric numerical
simulations described in Ref. [1], which employ multi-component
transport and detailed chemical kinetics for methane/air combus-
tion augmented with charged species. The reader is therefore re-
ferred to Ref. [1], including its Supplementary Material, for fur-
ther details on the configuration, conservation equations, chemi-
cal kinetics, transport models, numerical methods, and associated
boundary conditions.

The analysis in this study is focused on one of the two cases
measured in Ref. [6] and simulated in Ref. [1], which employs
methane and oxygen streams diluted with nitrogen in such a way
that the stoichiometric mixture fraction is Zg = 0.50. This case
is characterized by a geometrically centered diffusion flame with
smaller curvature, and in principle provides the most favorable
conditions for self-similarity. Results are also provided in the ac-
companying Supplementary Material that addresses the additional

case Zg = 0.07 corresponding to undiluted methane burning in air,
as studied in Refs. [1] and [6]. This supplementary case is much
less favorable for self-similarity due to the resulting larger values
of the flame curvature that necessarily induce radial variations in
all variables even close to the burner axis.

The anticipated answers to the two questions outlined above
are that the resulting flow is, at most, only locally self-similar at
radial distances smaller than the orifice radius in the unelectri-
fied case. However, in electrified cases, where a voltage difference
across the electrodes is applied, the region where the flow is lo-
cally self-similar rapidly becomes increasingly narrower around the
burner axis and vanishes altogether as the voltage increases. Even
a self-similar description localized exactly at the burner axis be-
comes untenable due - among other reasons described below -
to significant axial variations of the radial curvature of the pres-
sure profile there. In electrified conditions, the present setup is not
particularly amenable to being described by self-similar formula-
tions because of deleterious two-dimensional electrohydrodynamic
effects initiated at the edges of the diffusion flame. The results sug-
gest that, in practical applications, counterflow burners chosen for
studying electrified diffusion flames should be extra slender if self-
similar conditions are to be preserved. These aspects are discussed
below.

The remainder of this paper is divided into two sections. A self-
similar description of the problem is provided in Section 2 along
with an assessment of its validity using an a-priori analysis of the
steady axisymmetric numerical simulations of the case Zg = 0.50
reported in Ref. [1]. Concluding remarks are given in Section 3.
Lastly, a Supplementary Material is appended to this manuscript
that contains results of a similar analysis performed for the addi-
tional case Zg = 0.07.

2. Results

The analysis begins by considering what the formulation of the
problem would be in a self-similar description. An assessment of
the hypotheses leading to that description is provided thereafter.

2.1. Formulation

Standard assumptions required to derive self-similar descrip-
tions in counterflow combustion problems are: (a) linearly vary-
ing radial velocities with the radial coordinate, and as a conse-
quence from continuity, radially independent axial velocities; (b)
radially independent distributions of scalars including temperature,
density, and mass fractions; and (c) quadratically varying hydro-
dynamic pressures in the radial direction, with a proportionality
constant that is independent of the axial direction [13,17-20]. In
the present study, these assumptions have to be necessarily aug-
mented with one that states radial uniformity of the electric po-
tential and charge density.

Following these assumptions, consider the dimensionless veloc-
ity components in the axial and radial directions given, respec-
tively, by ¢/(§) = ux/U and A(§) = 2u;/(Ar). In the notation, A =
U/L is a characteristic strain rate based on the injection velocity
U, which is the same for both injectors, and on the gap distance L
between the injectors. In addition, the symbol & = x/L represents
a normalized axial coordinate. Note that an axial similarity coor-
dinate could be defined instead based on a Howarth-Dorodnitsyn
type of transformation, and a stream function could be introduced
that would make the continuity equation unnecessary, but here %/,
A and & are employed directly for simplicity.

The velocity components ¢/ and A are determined by the solu-
tion to the transformed conservation equations of mass and radial
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momentum, namely

d
E(Ru)-%—RA:O, (1)
dA R.A2 1 d LdA

These equations need to be integrated simultaneously with

dy; 1 d .
RU g =~ ReLPrLeldé(RV;»lY)—i—Da,vRQ,- (i=1,....N;),
(3)
de 1 d(:~d® N
YC,VE,
ReLPrZ Le; \ d&
:E quV%‘l d(/)
ReLPrZ Le; dg )’ “)
and
d%p N
@&z =~ LR (5)
i=1

which correspond, respectively, to the transformed conservation
equations of species and enthalpy, and the transformed Gauss
equation for the electrostatic potential. The above equations are
supplemented with the ideal-gas equation of state

RWO = 1. (6)

In this formulation, R(§) = p/pg, W(E) = W/ Wy, O(E) = T/Ty,
(&) =n/no, AE) = A/, and c(§) = Cp/Cpo are, respectively, the
density, mean molecular weight, temperature, dynamic viscosity,
thermal conductivity, and specific heat of the mixture normal-
ized with the corresponding oxidizer-stream value indicated by the
subindex (. In addition, among the Ns species in the mixture, vari-
ables related to the particular species i are the mass fraction Y;(§)
and the normalized values of the specific heat ¢;(§) = cp;/cpo, the
partial specific enthalpy #;(§) = h;/(cpoTp). and the chemical pro-
duction rate €2;(§) = wjty,;, the latter being nondimensionalized
with the inverse of a characteristic chemical time ¢y ;. Similarly,
Ve i = Vi iL/Djo represents a normalized axial diffusion velocity of
species i based on the corresponding mass diffusivity at oxidizer-
stream conditions Djq, and is given by

Di dX, — A~ d(p
)Q(df) - ‘-45‘151//4 dé
N ~
s D; dX; . do
+) Y‘a"o(] —= +&s 3M> (7)
s JE X] d%— .S Jd%—

where X;(§) is the molar fraction, ﬁi(é):Di/DiO and f[1;(§) =
i/ Wio are the normalized mass diffusivity and mobility, respec-
tively, and «j;p = Djo/Djp are ratios of mass diffusivities at oxidizer-
stream conditions. Additionally, S; is the number of elementary
charges expressed as a multiple of the absolute value of the
electron charge e. In the present configuration, and under the
chemical-kinetic modeling assumptions utilized in Ref. [1], S; = +1
for the ions H30" and CHO™, and S; = —1 for the electrons e~ and
for the anions O;, O, and OH".

The classic aerothermochemical coupling in the above equations
is quantified by the non-dimensional parameters Pr = vg/Drg,

Vei(§) = -

Le; = D1g/Djg, Da; = (Atch‘i)*l, and Re; = UL/vg, which represent,
respectively, the Prandtl, Lewis, Damkohler, and Reynolds number.
In the notation, vy and Dry correspond, respectively, to the kine-
matic viscosity and thermal diffusivity of the oxidizer stream. In
this configuration, the Reynolds number Re; is moderately large,
Re; = 126, in such a way that the flow remains laminar [6] (note
there is a factor of 2 discrepancy with respect to the Re; value
quoted in Ref. [1] due to a redefinition of the characteristic strain
rate A made here for convenience of the notation as one half of
that defined previously there). Correspondingly, heat conduction,
mass transport, and viscous stresses are important within the mix-
ing layer that is formed near the stagnation plane. In non-reacting
conditions, the thickness of the mixing layer is smaller than L by
a factor of order Re[l/ 2 « 1. It should however be noted that the
temperature increase resulting from the exothermic chemical re-
actions involves an increase in the local kinematic viscosity near
the stagnation plane, which, in practice, leads to an increase in the
thickness of the mixing layer to amounts of order L/2 no longer
small compared with L (i.e., see Figs. 5 and 6 in Ref. [1]).

In writing Eq. (2), the hydrodynamic pressure has been as-
sumed to have the customary functional form [13,17-20]

p J(r\?
=t ©-5(1) (8)
As described below, the function 7 (&) enters passively in the axial
momentum equation and does not play any role in the determi-
nation of the velocity field. In contrast, | = —(pgA%r/2)~1(dp/dr)
is a positive constant independent of the spatial coordinates that
is proportional to the radial curvature of the pressure profile and
is required for the computation of the velocity components, as
in Eq. (2). For instance, in a symmetric constant-density potential
flow, ] = 1/2 as demanded by Eq. (2) since A =1 everywhere. In
the present configuration, plug-flow boundary conditions for the
velocity are employed, which are motivated by the use of con-
toured nozzles and interposed perforated-plate electrodes in the
experiments, and by the absence of quantitative experimental char-
acterizations of the velocity field near the nozzles in this burner
[1,6,7]. As a result, ] becomes an eigenvalue of the problem to
be determined as part of the solution of the third-order system
of equations (1) and (2) while imposing the four inflow-velocity
boundary conditions (i.e, U =-1até =+1/2, U=1at & =-1/2,
and A=0 at & =41/2). At sufficiently high Reynolds numbers
Re; > 1, the resulting eigenvalue is

]:2(1 +\/m>2, (9)

with pr being the density of the fuel stream. This expression can
be analytically derived by integrating Eqs. (1) and (2) in the two
inviscid regions formed by the impinging jets away from the mix-
ing layer, which, in the limit Re; > 1, becomes a tangential dis-
continuity located at the stagnation plane. This procedure yields
piecewise velocity profiles on the oxidizer and fuel sides of the
stagnation plane with six constants of integration. These constants,
along with J, can be determined using the four aforementioned
kinematic boundary conditions, the mechanical-equilibrium condi-
tion that the radial pressure gradient is equal on both sides of the
stagnation plane, along with two non-penetration conditions at the
stagnation plane for the two piecewise distributions of the axial
velocity [18].

An important role in the above equations, which sets them
apart from those typically used in unelectrified counterflow dif-
fusion flames [13,18,21], is played by the dimensionless elec-
trostatic potential @(§) = ®/|Ady| and by the dimensionless
version of the electric charge density p,; = pNaeS;Y;/W;, denoted
as Riq(§) = pq.iLZ/(eoACDO). In these expressions, A® is the volt-
age difference imposed across the electrodes, N4 is the Avogadro
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number, W; is the molecular weight of species i, and € is the vac-
uum permittivity.

According to the formulation above, the coupling between the
electric and aerothermochemical fields occurs through the last
term on the right-hand side of the enthalpy equation (4), which
corresponds to an Ohmic dissipation, and through the second and
last components of the diffusion velocity (7), which represent elec-
trodiffusion mechanisms of charged species. The latter participate
in the mass diffusion of species in Eq. (3), as well as in the heat
transfer by species interdiffusion represented by the second term
on the right-hand side of Eq. (4). These couplings for energy and
species transport are quantified, respectively, by the two dimen-
sionless parameters

_ (ADg)%e
PoCpoToL?

In the simulations performed in Ref. [1], Ef ~ 1078 = 10-7 « 1
is a very small parameter, thereby indicating that the effect of the
Ohmic dissipation on the temperature field is negligible.

In contrast, Eg; ~ 103 —10%>> 1 is a large parameter for all
tested voltages. Based on the Einstein relation employed in
Eq. (S1.18) in Ref. [1] for the direct proportionality between bi-
nary mobilities and binary mass diffusivities, and on the relations
in Egs. (S1.14) and (S1.19) in Ref. [1] between binary and individual
values of the mobilities and mass diffusivities, the parameter Eg;
can be rewritten as

A
- ICBTo/e’

and Es‘i — M (10)
Do

=
—E

)]
(1]

(11)

which is independent of the species index i. The large value
of Eg; therefore indicates that the applied voltages |A®g| =
O(1 kV) are much larger than the characteristic thermal voltage
kgTg/e~25 mV, with kg being the Boltzmann constant. As a re-
sult, the charged species are highly susceptible to diffusion by elec-
tromigration, as described by the second and fourth terms that
comprise the diffusion velocity (7). Note that the largeness of
8g; in (7) is compensated by the smallness of Re[1 in Eq. (3),
thereby suggesting that electromigration is dominant within the
mixing layer, where the charged species are generated, and where
convection balances ordinary molecular diffusion. However, elec-
tromigration is not necessarily confined to the mixing layer, as
shown in the charged species distributions in Fig. 7 of Ref. [1],
where long tails in the concentration of H30* and O; are ob-
served, respectively, on the fuel and oxidizer sides of the stagna-
tion plane in the inviscid region in the form of a bi-directional
ionic wind. This can be understood in terms of dimensionless
parameters by noticing that, upon combining Eqs. (3) and (7),
the prefactor Eg;/(Re PrLe;) ~ 10-100 multiplying the electromi-
gration flux is generally much larger than unity, thereby en-
abling the motion of charges by electromigration across scales of
order L with corresponding velocities larger than U. Note that,
whereas the Lewis numbers of the heavy ions are not too different
from unity (i.e., Lecyo+ = 1.65, Ley,o+ = 1.12, Leg- = 1.24, Legy- =
0.80, and Leg- = 0.79), the Lewis number of the electrons Le.- =
0.002 is small because of their high mobility, or equivalently,
their large diffusivity. Correspondingly, the dimensionless group
Ege-/(Re PrLle.-) is particularly large for electrons. Nonetheless,
electrons are rapidly consumed in electron-attachment chemical
reactions that involve conversion of O,, OH, and O into their ion-
ized counterparts, and therefore the electrons rarely survive away
from the mixing layer.

Regarding their effects on the velocity components, it is how-
ever important to note that the couplings quantified by the dimen-
sionless parameters Ep and Eg; lead, at most, to weak modifica-
tions of the density, temperature, and composition fields of major
species [1]. The rather mild character of this coupling rests upon

Si = =S

the following facts: (a) the gas is very weakly ionized under the
incident sub-breakdown electric fields utilized here, with electron
number densities being of order 10! cm—3; and (b) no electric
coupling terms appear explicitly in the mass and radial momen-
tum equations (1) and (2). In particular, no radial electric force is
involved in the momentum balance (2), since the electric potential
¢ must necessarily be assumed to be a sole function of the axial
coordinate £ as a result of the radial uniformity of the mass frac-
tions Y; of charged species in the self-similar formulation.

In contrast, the electric force, which is dimensionally defined
as fo = — ngl PqiV®, is axially directed as prescribed by its pro-
portionality to the gradient of the potential and only participates
passively in the conservation equation of axial momentum, namely

du dm 1 |.dA 4d|. . (fdu A
= a1 S| (% 3|}

(12)
where
fer.x o do
Fag (&) = ngA = _QMIZI:Rq,iE (13)
is the dimensionless axial component of the electric force, and
2

is a dimensionless momentum-coupling parameter that measures
the ratio of the characteristic convective acceleration to the electric
force per unit volume.

According to Eq. (12), the uniform and purely axial electric force
(13) can be absorbed - without any dynamical consequences what-
soever - into the gradient of a modified hydrodynamic pressure
p*/(poU?) = t* (&) + (J/4) (r/L)?, where 7*(£) is given by

3
ﬂ*(é)=n(é)—/0 Fue(§)dE. (15)

Note that 7 (£) or 7*(£) are both inconsequential for the so-
lution of the velocity field and can be directly computed by inte-
grating Eq. (12) supplemented with the known distributions 2/(£),
A(&), ©(&), p(&), and Y;(§) obtained by solving Eqs. (1)-(5). Such
effortless absorption of the electric force into the hydrodynamic
pressure gradient is a manifestation of the principle of extended
Galilean invariance, and can only be made possible if the electric
force is conservative, as is necessarily the case for the uniform and
purely axial electric force (13) encompassed by the self-similar for-
mulation outlined above. As a result, according to Egs. (1)-(13), the
bi-directional ionic wind of H30* and O resulting from electromi-
gration fluxes directed away from the mixing layer should be pow-
erless in exerting any influence on the velocity field. Remarkably,
this should occur regardless of the value of the dimensionless cou-
pling parameter Ey that is defined in (14) and premultiplies the
electric force (13), insofar as Ej; remains much smaller than the
square of the inverse of the Mach number

U

v o — DcpoTo

in order to preserve the uniformity of the thermodynamic pressure
in the present low-Mach approximation, where y is the adiabatic
coefficient in the oxidizer stream.

In contrast, the numerical results presented in Figs. 8 and 9 in
Ref. [1], obtained by integrating the full conservation equations,
suggest the following: (a) the axial electric force (13) is compara-
ble or larger than the characteristic convective force pqUA; and (b)
the associated momentum exchanged by the bi-directional ionic
wind and the bulk neutral gas causes significant modifications of

Ma = =0(10"3%) « 1 (16)
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Fig. 2. Radial profiles of the transformed radial velocity for the case Zy = 0.50.

the axial velocity field across the burner by momentum transfer.
Similar flow modifications were observed in the experiments re-
ported in Ref. [6], although there the strength of the interaction
appears to be superior to that obtained from the numerical simu-
lations because of possible reasons discussed in Ref. [1]. In both ex-
periments and simulations, the dimensionless coupling parameter
Ep in Eq. (14) is of order unity. However, as mentioned above, this
strong momentum coupling is incompatible with the self-similar
description (1)-(13), where the electric force is just passively ab-
sorbed into the hydrodynamic pressure gradient.

Based on the above considerations, there must exist notice-
able discrepancies between the simulation results presented in
Ref. [1] and the hypotheses that lead to Eqs. (1)-(13). These are
investigated in what follows.

2.2. A-priori analysis of numerical simulations

The analysis of the simulation results in Ref. [1], where the full
(untransformed) conservation equations are integrated in steady
axisymmetric form, indicates that the radial extent of the region
where self-similarity holds becomes increasingly narrower as the
voltage increases. This is illustrated in Figs. 2-5, which show, re-
spectively, the profiles of A, i, ], and ® as a function of the radial
coordinate normalized with the injector orifice radius R at differ-
ent axial positions &. In interpreting these results, it is convenient
to notice that the diffusion flame is approximately located within
the interval —0.1 <& <0.05 in all cases.

Necessary requirements for Eqs. (1)-(12) to hold are therefore
that A, ¢, and © should be independent of r for every &, and that
J should be independent of both r and &. In equivalent form, uy
and T should be one-dimensional fields that only depend on x, and
u; and dp/dr should scale linearly with r, with the multiplicative
factor of the latter being independent of x. These requirements are
noticeably satisfied for r/R<1 and all £ in the unelectrified case
with Zg = 0.50, and they are violated in the same case radially
away from the burner axis where /R 1.
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In unelectrified conditions, the transformed radial pressure gra-
dient | near the axis is approximately uniform, but, as illustrated
in Fig. 6, its value is nonetheless nearly twice that predicted by
Eq. (9) (i.e., J~ 735, since pr = 0.84p¢ in these simulations). The
cause of this discrepancy lies in the insufficiently high value of
the Reynolds number used in this configuration, which renders
a relatively thick mixing layer in reacting conditions due to the
local increase of the kinematic viscosity in the vicinity of the
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diffusion flame (e.g., see axial temperature profiles in Fig. 5 in
Ref. [1]). Instead, as shown in Fig. 6, the theoretical value of | given
by Eq. (9) is best reproduced in non-reacting conditions.

In the case under investigation, the diffusion flame, which re-
mains notably flat, has a diameter of approximately 4R (i.e, see
Fig. 10(b) in Ref. [1]) and therefore penetrates in the range of ra-
dial distances where the iso-velocity nitrogen curtain is injected.
This range corresponds to 1<r/R<2. As a result, the formulation
(1)-(13) is generally not applicable for r/R = O(1) even in the un-
electrified case, particularly near the injectors, where the density

R and mass fractions Y; necessarily become a function of the ra-
dial coordinate.

Most importantly, however, is that the constancy of uy and T
with r, along with the linear scalings of u, and dp/or with r, which
are observed in the unelectrified case in the region r/R<1 for all
&, are all rapidly degraded and increasingly more confined to the
vicinity of the axis as the voltage increases. For instance, no clear
self-similar region can be discerned in Figs. 2-5 in the cases —1.5
and —2.0 kV.

As the voltage increases, an evident mismatch of the hydrody-
namic pressure occurs with respect to the form assumed in Eq. (8),
as illustrated in Figs. 4 and 6. In particular, as the voltage increases,
the transformed radial pressure gradient | near the axis ceases to
have an approximately uniform value and becomes an increasingly
more pronounced function of both & and r. Specifically, as shown
in Fig. 6, a strong parabolic dependence of ] on & in electrified con-
ditions is observed along the burner axis r = 0, where self-similar
descriptions often find the most and only suitable region to be de-
ployed.

The undesirable presence of an axially varying curvature of the
radial pressure profile in this problem is reminiscent of a similar
phenomenon found in Refs. [22] and [23] on unelectrified combus-
tion problems in counterflow burners with the same aspect ratio
2R/L =1 than the present one. In those, the breakdown of self-
similarity is typically attributed to the flow two-dimensionality in-
duced by the lack of geometrical slenderness of the burner [24].
In contrast, in the present configuration, the unelectrified solution
complies well with the self-similar description for r/R <1 because
of the particular chemical composition of the injectants that favors
a nearly flat diffusion flame placed near the geometrical center of
the burner. However, a clear breakdown of self-similarity occurs
as the voltage increases which is caused by two-dimensional flow
effects initiated by the electric field at the edges of the diffusion
flame, as described below.

2.2.1. Low voltages

At low voltages below saturation |A®g| < 1.0 kV, the radial pro-
files of the electric potential have two well-differentiated plateaus
for every £ away from the electrodes, as shown in Fig. 7. On one
hand, the outer plateau corresponds to the axially linear distri-
bution of electric potential ¢ =& — 1/2 resulting from applying
the voltage difference across the electrodes while sandwiching the
non-ionized gas found radially far away from the diffusion flame.
On the other hand, the inner plateau constitutes a large distur-
bance of the outer linear distribution of electric potential and is in-
troduced by the shielding action of the charged species, and more
particularly, H30* and O;. These, in sub-saturated conditions, are
produced at an abundant rate in comparison with the rate at
which they are removed outwardly from the diffusion flame by
the electromigration flux. As a result, the distribution of the nor-
malized total electric-charge density Rq = ng Ry, has sharp hor-
izontal ridges above and below the diffusion flame where charges
accumulate axially in a shield-like manner, as shown in the two
upper left contour maps in Fig. 8 (see also the axial profiles of
charge density in Fig. 3 in Ref. [1]).

Each of the two plateaus in the electric potential leads to cor-
responding regions of approximate uniformity in the axial electric
force, as shown in Fig. 9. In the outer plateau, F¢ ¢ is small due
to the absence of charges. In the inner plateau, and away from the
mixing layer, F ¢ attains dimensional values comparable or larger
than the characteristic convective force pgUA. In the self-similar
description (1)-(13), however, these large values of F ¢ are incon-
sequential for the velocity distribution and do not lead to any aero-
dynamic coupling, since the effect of ¢ is passively absorbed
into the hydrodynamic pressure gradient without any dynamical
consequences, as stressed above.
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The two aforementioned plateaus in the electric potential are
bridged by an annular region where ¢ varies in the radial direc-
tion, which violates the necessary assumption for self-similarity
that ¢ is a sole function of £. The two-dimensionality of the elec-
tric potential in the bridging region, which is clearly visible in the
two upper right contour maps in Fig. 8, gives rise to a positive ra-
dial component of the electric force f,),, whose magnitude is also
comparable to the characteristic convective force poUA albeit much
smaller than the axial component fg,, as shown by comparing
Figs. 9 and 10.
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It is also in that bridging region where a strong two-
dimensional gradient of charge density develops in the form of a
curved lateral shield of electric charge, which, together with the
flat portions of the shield above and below the diffusion flame,
completely envelop the diffusion flame, as observed in the upper
left panel in Fig. 8. Inside the resulting pancake-shaped Faraday
cage, the magnitude of the electric field and the associated com-
ponents of the electric force f,, and fy, are negligible. In contrast,
the electric force is large along the edge of the charge shield, and
more particularly, near its corners, where a strong misalignment
exists between the gradients of the potential and the charge den-
sity.

The resulting electric-force map is a two-dimensional one in
which the axial and radial forces are directed mostly outwards
from the diffusion flame. The non-conservative character of the
electric force emerging from the bridging region is clearly illus-
trated by the normalized contours of the azimuthal component of
its curl (V x fg)p/(00A?) in the cases Adg = —0.5 kV and —1.0 kV
shown in Fig. 11. Note that, if the gradient of the electric charge
were aligned with the gradient of the potential everywhere, the
electric force would be conservative and therefore irrotational ev-
erywhere, (V x fg)p = 0, which would make possible its absorp-
tion into the hydrodynamic pressure gradient as in Eq. (15). The
sign of the vorticity source term (V x fg;)g observed in the results

is such that it tends to abate the unelectrified distribution of vor-
ticity that was originally present in the central region of the burner
and was dominated by velocity gradients generated by thermal
expansion and flow-entrance effects from the plug-flow boundary
conditions (see left panels in Fig. 11). Similar characterizations of
the effects of the electric force on the vorticity field under different
injection-velocity boundary conditions represents an aspect worthy
of future research.

In conclusion, at low voltages below saturation |A®q| < 1.0 kV,
the bridging region in the electric potential is located relatively far
from the axis burner. Correspondingly, the electric force is mostly
axial and radially uniform near the axis for r/R <1, as observed in
the two upper panels in Figs. 9 and 10. As a consequence, the elec-
tric force is mostly conservative there, as shown in the right pan-
els corresponding to Ady = -0.5 kV and —1.0 kV in Fig. 11, and
therefore does not lead to any significant momentum coupling. The
flow is still adequately described by self-similarity, with the only
caveat of the incipient non-uniformities in the axial distribution of
the transformed pressure gradient, as shown in Figs. 3 and 6 for
the cases Ady = -0.5 and —1.0 kV.

2.2.2. High voltages

To understand the breakdown of self-similarity in electrified
conditions, it is illustrative to describe the transition undergone by
the aerothermochemical field as the voltage increases from sub-
saturated to saturated conditions, which, in this burner, is also as-
sociated with the onset of a markedly two-dimensional character
of the solution near the axis. In particular, as the saturation volt-
age is approached (e.g., see the A®g = —1.0 kV case in Figs. 6-9),
the bridging region in the electric potential moves radially inwards.
Consequently, the radial extension of the charge shield decreases
as a result of an increased evacuation of charges by the electromi-
gration flux, thereby leaving outer portions of the diffusion flame
pierced by a nearly undisturbed electric field. The resulting radial
profiles of f, . are also shifted radially inwards, in such a way that
the radial transfer of momentum becomes increasingly important
in the vicinity of the axis.

At higher voltages into the saturated regime (e.g., see the
A®dg=—-1.5 and —2.0 kV cases in Figs. 6-9), the prevailing elec-
tromigration flux has washed away the charge shield in all direc-
tions by steering the excess of charges toward the electrodes. The
resulting electrostatic field is one in which the bridging region is
broader and intercepts the burner axis, and across which the po-
tential variation is small, thereby moderating the value of the ra-
dial electric force. The potential, which is slightly disturbed from
its outer linear distribution by the diffusion flame because of the
finite rate of charge electromigration, arrives with non-zero curva-
ture at the burner axis. As a consequence, the radial component
of the electric force rapidly transitions from zero value at the axis
to a quantity of order poUA at r/R~1, as shown in the lower right
panel in Fig. 10. Similarly, the axial component of the electric force
ceases to be uniform near the axis and varies parabolically in the
radial direction, as observed in the lower right panel in Fig. 9. In
this way, the electric force becomes non-conservative in the close
vicinity of the axis (see panels corresponding to A®g = —-1.5 kV
and —2.0 kV in Fig. 11). It is the profuse two-dimensionality of the
electric force near the burner axis in these high-voltage conditions
that induces a significant non-linear scaling of the radial pressure
gradient, axial variations of J, along with radial variations on the
velocity components ¢ and A, and consequently, on ®A, and Y;,
thereby breaking down the self-similarity. At these high voltages,
the electric force cannot be passively absorbed into the hydrody-
namic pressure gradient and has a dynamical effect on the velocity
field that leads to significant momentum coupling.

It is worth mentioning that the radial electric force f,, follows
a linear scaling with r near r =0, as shown in the transformed
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profiles in Fig. 12. Therefore, in order to palliate some of the short-
comings of the formulation (1)-(13), it would be tempting to in-
clude a transformed radial electric force F (§) = 2f, L/ (poUATr)
on the right-hand side of the transformed radial momentum equa-
tion (2) while limiting the self-similar description to very small ra-
dial distances r— 0, with f, ./r being finite in that limit. In princi-
ple, at high voltages, this addition would create a positive source
of momentum in the radial direction in Eq. (2) that would con-
sequently increase the axial velocity toward the stagnation plane
by mass conservation. Note that these dynamics would be oppo-
site to those observed in the experiments [6] and simulations [1],
in which the axial flow toward the stagnation plane is decelerated
in electrified conditions. The discrepancy would be partially palli-
ated by employing the precomputed parabolic-like distribution of
the pressure gradient J(§) (see Fig. 6) in solving Eq. (2), but that
would be of limited practical interest. In addition, the transformed
radial electric force

N
Uar _ g S pr e o
i=1

]:el,r(‘i:) = poUAT =

would necessarily involve the non-zero radial curvature P of the
electric potential defined by its quadratic expansion near the axis,

o=9@+ (1) (18)

As observed in Fig. 13, the curvature of the potential is an os-
cillatory function of £ that becomes zero near the flame axial loca-
tion and at the boundaries & = +1/2, where the quadratic expan-
sion (18) must satisfy the Dirichlet boundary conditions for ¢ at
the electrodes (i.e., p =0at £ =1/2, and p = -1 at £ = -1/2). It
can be shown that the utilization of (18) in deriving a revised self-
similar formulation would lead to additional terms involving P(£)
that would appear in the transformed versions of the species and
energy conservation equations, as well as in the Gauss equation.
However, similarly to J(£), the function P (&) would need to be pre-
computed numerically from a full numerical simulation of the type

-0.4 -1

-0.4 -0.2 0 0.2 0.4

Fig. 13. Axial distribution of the dimensionless radial curvature of the electric po-
tential at the axis r = 0 for the case Zy = 0.50.

reported in Ref. [1]. Note that, even if the exact J(§) and P(£) were
to be substituted into the self-similar formulation augmented with
the terms mentioned above, the solution to the resulting system of
equations along the axis might differ from the solution provided by
the full numerical simulations. This can be understood by noticing
that the velocity components A and ¢/ also develop an increased
two-dimensional character with increasing voltages, and that near
the axis they are better described by series expansions in even
powers of r. The second-order coefficients of those expansions, or
equivalently, the radial curvatures of 4 and &/, would readily ap-
pear in the viscous terms of the transformed momentum equations
in the radial and axial directions, thereby complicating the analysis
in a multi-fold manner and leading to the inconvenience of having
to precompute additional unclosed functions using full numerical
simulations.

3. Conclusions

Based on the above considerations, it is concluded that self-
similar descriptions are appropriate in this counterflow configu-
ration under zero incident electric fields. However, in electrified
conditions, the self-similar description breaks down because
of two-dimensional electrohydrodynamic effects associated with
transition from sub-saturated to saturated conditions. These effects
lead to a transition between a mostly axial and conservative elec-
tric force field, which has a small magnitude and is directed away
from the diffusion flame, to a biaxial and non-conservative electric
force field of larger magnitude at higher voltages. In the latter
conditions, a radial component of the electric force pervasively
influences the vicinity of the axis in conjunction with a large
outwards axial electric force that corresponds to a bi-directional
ionic wind. The resulting two-dimensional and non-conservative
character of the electric force prevents from passively absorbing
it into the gradient of the hydrodynamic pressure. It also induces
significant non-linear scaling of the radial pressure gradient, large
axial variations of the radial pressure gradient, along with radial
variations on the axial velocity, temperature and mass fractions,
thereby breaking down the self-similarity.

The breakdown described above occurs more profusely un-
der undiluted injection conditions corresponding to pure methane
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burning in air (i.e., Z¢ = 0.07). In this case, the diffusion flame is
located closer to the oxidizer injector and acquires a significant
concave curvature in unelectrified conditions (e.g., see Fig. 10(b)
in Ref. [1]), which induces large radial variations in all variables.
As shown in the figures provided in the Supplementary Material
accompanying this paper, the numerical results indicate that the
configuration with Zs = 0.07 cannot be described by self-similar
formulations in any of the cases analyzed here, including the one
where there is no incident electric field.

In unelectrified conditions, it is known that self-similarity in
counterflow diffusion flames can be preserved by using sufficiently
slender burners with large aspect ratios 2R/L>>1. The present
study suggests that, all other characteristics of the configuration
being the same, the aspect ratio required to preserve self-similarity
in electrified conditions is larger than the aspect ratio required to
satisfy that condition in the absence of electric fields. This differ-
ence is caused by two-dimensional electrohydrodynamic flow dis-
tortions generated at the edges of the diffusion flame, which creep
radially toward the axis in a noticeable manner due to the ellip-
tic character of the electrostatic field. In principle, extra-large as-
pect ratios are expected to maintain radial uniformity in the elec-
tric and aerothermochemical fields for as much radial distance as
possible, thereby leading to an axial and conservative electric force
that could be passively absorbed into the hydrodynamic pressure
gradient without any dynamical consequences. As a result, in that
slender limit, the ionic wind would be mostly axial and radially
uniform, the strong momentum coupling observed in experiments
[6] and simulations [1,7] would disappear, the intensity across the
burner would vary monotonically with the voltage, and the self-
similar description (1)-(13), including its counterpart in flamelet
model form [25], would perhaps be useful in describing the flow
field. Further research would be worthwhile for an improved un-
derstanding of these aspects, possibly in configurations animated
by higher Reynolds numbers for enhanced separation of scales.
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