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A B S T R A C T
Kolmogorov-Arnold Networks (KANs) have gained attention as a promising alternative to
traditional multilayer perceptrons (MLPs) for deep learning applications in computational
physics, particularly for solving inverse problems with sparse data, as exemplified by the
physics-informed Kolmogorov-Arnold network (PIKAN). However, the capability of KANs to
simultaneously solve inverse problems over multiple irregular geometries within a single training
run remains unexplored. To address this gap, we introduce the physics-informed Kolmogorov-
Arnold PointNet (PI-KAN-PointNet), in which shared KANs are integrated into the PointNet
architecture to capture the geometric features of computational domains. The loss function
comprises the squared residuals of the governing equations, computed via automatic differen-
tiation, along with sparse observations and partially known boundary conditions. We construct
shared KANs using Jacobi polynomials and investigate their performance by considering Jacobi
polynomials of different degrees and types in terms of both computational cost and prediction
accuracy. As a benchmark test case, we consider natural convection in a square enclosure with a
cylinder, where the cylinder’s shape varies across a dataset of 135 geometries. PI-KAN-PointNet
offers two main advantages. First, it overcomes the limitation of current PIKANs, which are
restricted to solving only a single computational domain per training run, thereby reducing
computational costs. Second, when comparing the performance of PI-KAN-PointNet with that
of the physics-informed PointNet using MLPs, we observe that, with approximately the same
number of trainable parameters and comparable computational cost in terms of the number of
epochs, training time per epoch, and memory usage, PI-KAN-PointNet yields more accurate
predictions, particularly for values on unknown boundary conditions involving nonsmooth
geometries.

1. Introduction and motivation
Physics-informed Neural Networks (PINNs), first introduced by Raissi et al. in 2019 [1], are increasingly recognized

as a valuable tool for solving inverse problems in diverse scientific and industrial domains. These include solid
mechanics [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18], both incompressible and compressible flow
[19, 20, 21, 22, 23, 1, 24, 25, 26, 27], chemistry [28, 29], heat transfer [20, 30, 31], and flow in porous media
[32, 33, 34]. The central idea behind PINNs for inverse problems is to train a neural network to minimize both the
residuals of the governing partial differential equations and the distance between the solution provided by the neural
network and sparse observational data at sensor locations in specific norms such as the Euclidean norm. Additional
constraints, such as boundary or initial conditions, may also be incorporated into this optimization process. The choice
of the neural network architecture in PINNs significantly influences the performance and capability of PINN models.
A prevalent choice is the fully connected neural network [3, 2, 35, 36, 37, 38]. However, a notable limitation of using
fully connected networks is that they are generally suited to solving inverse problems for a single specific geometry.
For each new geometry, the network must be retrained from the ground up, which incurs significant computational
costs. This challenge is particularly pronounced when exploring a broad range of geometric parameters for optimizing
industrial designs. The issue of high computational expense in such scenarios was addressed by [39, 20, 40]. To resolve
this issue, Kashefi and Mukerji [20] introduced Physics-informed PointNet (PIPN). In PIPN, instead of using a fully
connected neural network, PointNet [41, 42] is employed. Since PointNet [41] and its advanced versions [43, 44] can
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capture the geometric features of inputs in a latent space, they can di�erentiate between various geometries. As a
result, inverse problems across multiple geometries can be solved simultaneously in a single training process. Kashe�
and Mukerji [20] solved an inverse heat transfer convection problem over 108 irregular geometries simultaneously.
Similarly, Kashe� et al. [40] used PIPN to solve an inverse linear elasticity problem over 532 domains with irregular
geometries. The architecture of PointNet [41], derived from the �eld of computer graphics, is more complex than fully
connected neural networks and involves several components. The primary components of PointNet are fundamentally
built using shared Multilayer Perceptrons (MLPs) [45]. In this article, we introduce Physics-Informed Kolmogorov-
Arnold PointNet (PI-KAN-PointNet), where PointNet replaces MLPs with Kolmogorov-Arnold Networks (KANs)
[46, 47].

KANs [46, 47] have recently been introduced as a novel alternative to conventional MLPs [48, 49, 50]. KANs are
rooted in the Kolmogorov-Arnold representation theorem [51, 52, 53, 54, 55, 56, 57, 58]. Unlike MLPs, which rely on
training weights and biases with �xed activation functions, KANs focus on training the activation functions themselves
[46]. KANs have been incorporated into Convolutional Neural Networks (CNNs) [59, 60], graph neural networks
[61, 62, 63, 64], and PointNet [65, 66]. This approach has proven e�ective across a variety of �elds, including physics-
informed machine learning [67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81], deep operator networks [82, 68],
neural ordinary di�erential equations [83, 84], image classi�cation [59, 85, 86, 87, 88, 89, 90, 91, 92, 93], image
segmentation [94, 95], image detection [96], audio classi�cation [91], and numerous other scienti�c and industrial
applications [97, 98, 99, 100, 101, 102, 103, 104, 105, 106, 107, 108, 109, 110, 111, 112, 113, 114, 115, 116].
Concerning the usage of KANs in the PointNet framework, Kashe� [66] and Shi et al. [117] proposed, respectively,
PointNet-KAN and PointKAN for classi�cation and segmentation of three-dimensional point sets in the area of
computer graphics. Moreover, Kashe� [65] introduced KA-PointNet, wherein KAN layers were integrated into
PointNet for the supervised learning of �uid dynamic �elds. The model employed a loss function solely based on
the mean squared error between the predicted and reference velocity and pressure �elds. However, no prior work has
used KAN layers in PointNet for physics-informed machine learning. In this article, we propose PI-KAN-PointNet,
which combines KANs with PointNet and incorporates a loss function based on physical laws to solve inverse problems
on irregular geometries, where only sparse data are available.

Several researchers have made signi�cant advancements in the application of KANs in physics-informed deep
learning, particularly in solving inverse problems. Wang et al. [71] introduced a physics-informed Kolmogorov-
Arnold network for solving inverse problems in solid mechanics, such as nonlinear hyperelasticity. Shukla et al.
[68] used a physics-informed Kolmogorov-Arnold network with Chebyshev polynomials as the basis for KANs to
simulate two-dimensional lid-driven cavity problems and solve the Allen-Cahn equation. Similarly, Toscano et al.
[70] applied the same version of the physics-informed Kolmogorov-Arnold network to infer velocity and temperature
�elds in three-dimensional turbulent �ow. Howard et al. [69] developed a domain decomposition algorithm to
reduce the computational cost of solving inverse problems using physics-informed Kolmogorov-Arnold networks.
The interpretability of KANs in the context of physics-informed deep learning was explored by Ranasinghe et al.
[118]. To improve the e�ciency of physics-informed Kolmogorov-Arnold networks, Rigas et al. [72] introduced a
grid adaptation method for constructing B-splines as the basis of KANs.

As mentioned in the �rst paragraph, we propose PI-KAN-PointNet, a novel architecture that replaces traditional
MLPs with KANs within the physics-informed PointNet framework (i.e., PIPN). Although PIPN [20] demonstrates
robust performance in solving inverse problems on multiple sets of irregular geometries, there is room for improvement.
One limitation of PIPN [20] is that the activation function in the �nal layer is �xed; regardless of the underlying
physics, the network must predict the solution using a predetermined function, typically a sigmoid or hyperbolic tangent
function. A similar constraint applies to the intermediate layers. In PINNs and PIPN, the hyperbolic tangent function
is used in all layers primarily because the Navier�Stokes equations involve a second spatial derivative, and activation
functions such as the recti�ed linear unit (ReLU) would yield a zero second derivative, causing the loss function to
diverge. However, the hyperbolic tangent function was chosen mainly due to its availability in deep learning frameworks
such as TensorFlow [119] and PyTorch [120], rather than based on a principled understanding of its optimality or its
relationship to the physics of the problem. On the other hand, because the activation functions in KAN layers are
learnable, they can be optimized during training based on the physics of the problem. In particular, allowing �exibility
in the �nal layer enhances the network's ability to solve inverse problems, especially when the activation function
is responsible for predicting unknown boundary conditions. Furthermore, in the context of geometric deep learning,
when the solution depends on the geometry of the problem, such �exibility further aids in predicting variables on
boundaries with irregular or non-smooth shapes. This means that the activation functions learn both the physics and
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the geometric features of the problem. Moreover, depending on the type of partial di�erential equation, one can select an
appropriate polynomial degree for KAN layers, alleviating concerns about the di�erentiability of the activation function
when using automatic di�erentiation to formulate the governing equations in the loss function of physics-informed
PointNet. Additionally, in a deep neural network such as PointNet, di�erent layers can employ varying polynomial
degrees, resulting in a diverse set of activation functions tailored to the network's design, rather than relying on a �xed
activation function (or a limited set of options) for all layers.

To construct shared KAN layers in PointNet, we employ Jacobi polynomials. The test case addressed in this
study involves solving the inverse problem of natural convection over 135 geometries simultaneously, with the goal of
predicting the velocity, pressure, and temperature �elds over these 135 domains. The governing equations consist of
the conservation of mass, momentum, and energy in two dimensions, which are coupled together. We utilize PyTorch's
automatic di�erentiation [120] to incorporate the partial di�erential equations into the loss function of PI-KAN-
PointNet. Additionally, we explore the impact of di�erent types and degrees of Jacobi polynomials on the performance
of PI-KAN-PointNet. The depth of the network is examined to determine the optimal architecture for solving this
inverse problem and minimizing computational expenses. Moreover, a comprehensive comparison is made between
the proposed PI-KAN-PointNet and the physics-informed PointNet with MLPs (i.e., PIPN [20]). Finally, we examine
a hybrid architecture that integrates KAN and MLP layers within the PI-KAN-PointNet framework. Speci�cally, we
analyze the performance of PI-KAN-PointNet, where MLP layers are incorporated in the encoder while KAN layers
are used in the decoder, and vice versa. Overall, our key contributions can be summarized as follows:

ˆ We introduce PI-KAN-PointNet and evaluate its performance against the corresponding physics-informed
PointNet that uses MLPs to solve inverse problems over irregular geometries.

ˆ PI-KAN-PointNet is a novel framework that, for the �rst time, integrates KAN, PointNet, and the enforcement
of physical laws into the loss function via automatic di�erentiation.

ˆ We assess the e�ciency of PI-KAN-PointNet in solving steady incompressible �ow inverse problems simulta-
neously across more than a hundred irregular geometries in a single training run, thereby eliminating the need
to retrain classical physics-informed KANs for each new domain.

ˆ We extensively evaluate the hyperparameters of PI-KAN-PointNet, focusing on the polynomial degree and type
in the shared KANs, and assess performance in terms of accuracy and computational cost.

ˆ We additionally examine a hybrid physics-informed PointNet model that incorporates both KAN and MLP
components.

ˆ We publicly release our code to support reproducibility, enable future research, and facilitate educational use.

The remainder of this article is organized as follows. Section 2 provides an overview of the governing equations for
natural convection. Section 3 details the architecture of KAN layers. Section 4 elaborates on integrating KAN layers
into PointNet and establishing PI-KAN-PointNet for solving inverse problems. Section 5 covers the computational
setup, dataset, and details of the deep learning framework. Section 6.1 presents an analysis of PI-KAN-PointNet's
performance, including the impact of various parameters on result accuracy. Section 6.2 compares PI-KAN-PointNet
with physics-informed PointNet using MLPs. Section 6.3 discusses the performance of alternative architectures for
PI-KAN-PointNet. Section 6.4 proposes a physics-informed PointNet combined with both MLPs and KANs, where
one serves as the encoder and the other as the decoder, and vice versa. Finally, Section 7 summarizes the research
�ndings and discusses potential future directions.

2. Benchmark case: Natural convection in a square enclosure containing a cylinder
To assess the capabilities of physics-informed PointNet with KAN for solving inverse problems, we consider the

benchmark test case of natural convection in a square enclosure with a cylinder, which leads to thermally driven �ow.
A physics-informed neural network we used by Cai et al. [31] to solve an inverse problem involving two-dimensional
forced convection heat transfer (see Fig. 2 of [31]). Moreover, Cai et al. [31] utilized their proposed physics-informed
neural network to reconstruct the thermal �elds of steady and unsteady mixed convection heat transfer for �ow past a
circular cylinder. Additionally, Wang et al. [30] applied a physics-informed neural network to solve an inverse problem
in natural convection within a square enclosure containing a circular inner cylinder.

A. Kashe� & T. Mukerji: Preprint submitted Page 3 of 26



Physics-informed KAN PointNet

The governing equations for the conservation of mass, momentum, and energy for an incompressible, steady-state
�ow of a Newtonian �uid in two-dimensional space are given by:

( � u = 0 in V ; (1)

�
�
u � (

�
u * � � u + ( p = f in V ; (2)

�
�
u � (

�
T *

�
cp

� T = 0 in V ; (3)

whereu is the velocity vector with componentsu andv in the x andy directions, respectively. The variablesp and
T represent the pressure and temperature, respectively, whilef denotes the external body force, withf x and f y

corresponding to its components in thex andy directions. The �uid density is denoted by� , the dynamic viscosity by
� , the thermal conductivity by� , and the speci�c heat at constant pressure bycp. Energy dissipation is neglected in
Eq. 3. The �uid domainV is a non-simply connected region de�ned as:

V := H * W ; (4)

whereH represents the square enclosure and the inner cylinder is speci�ed with the spaceW . The square domain has
a side lengthL .

Consider a hot cylinder with a surface temperatureTh situated within a cold square enclosure with a surface
temperatureTc. The buoyancy force induces natural convection, with the solution to the energy equation (Eq. 3)
contributing to the source term of the momentum conservation equation (Eq. 2) via the Boussinesq approximation
[121]. Consequently, the velocity and temperature �elds are coupled in the governing PDEs (Eqs. 1�3). According to
the Boussinesq approximation [121], the forcing terms are given by:

f x = 0; (5)

f y = �G� .T * Tref/; (6)

whereG denotes the magnitude of gravitational acceleration,� represents the thermal expansion coe�cient, andTref
is the reference temperature. The Rayleigh number (Ra) is calculated as:

Ra =
� 2cpG� .Th * Tc/L

3

��
; (7)

and the Prandtl number (P r) is given by:

P r =
cp�

�
: (8)

We formulate the inverse problem as follows: given velocity boundary conditions on all boundaries, temperature
boundary conditions solely on the outer hot surface, and limited measurements of velocity, temperature, and pressure
�elds at sensor locations, the goal is to reconstruct the complete velocity, temperature, and pressure �elds at speci�c
inquiry points, with a particular interest in determining the temperature distribution on the surface of the inner cylinder.
Mathematically, this constitutes an ill-posed problem.
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3. Kolmogorov-Arnold network (KAN) layer
In this section, we explain the Kolmogorov-Arnold Network (KAN) layer framework. For clarity, let us consider a

KAN with a single hidden layer. The input to the network is a vectorr of sizedinput, and the output is a vectorsof size
doutput. In this con�guration, the relationship between the input and output in the one-layer KAN is expressed as:

sdoutput•1
= � doutput• dinput

rdinput•1
; (9)

where the matrix� doutput• dinput
is structured as follows:

� doutput• dinput
=

b
f
f
f
f
d

 1;1.�/  1;2.�/ 5  1;dinput
.�/

 2;1.�/  2;2.�/ 5  2;dinput
.�/

4 4 7 4
 doutput;1

.�/  doutput;2
.�/ 5  doutput;dinput

.�/

c
g
g
g
g
e

; (10)

where each element .z/ is de�ned as:

 .z/ =
nÉ

i=0

� iP
.�;� /
i .z/; (11)

with P .�;� /
i .z/ being the Jacobi polynomial of orderi, n representing the degree of the polynomial, and� i serving as

trainable parameters. As a result, the total number of trainable parameters in this KAN layer is.n+ 1/ • doutput• dinput.

The Jacobi polynomialsP .�;� /
n .z/ are computed using the following recursive formula [122]:

P .�;� /
n .z/ = . Anz + Bn/P .�;� /

n*1 .z/ + CnP .�;� /
n*2 .z/; (12)

where the coe�cientsAn, Bn, andCn are de�ned as:

An =
.2n + � + � * 1/.2 n + � + � /

2n.n + � + � /
; (13)

Bn =
.2n + � + � * 1/. � 2 * � 2/

2n.n + � + � /.2n + � + � * 2/
; (14)

Cn =
*2. n + � * 1/. n + � * 1/.2 n + � + � /

2n.n + � + � /.2n + � + � * 2/
: (15)

The initial conditions for the recursion are:

P .�;� /
0 .z/ = 1; (16)

P .�;� /
1 .z/ =

1
2

.� + � + 2/z +
1
2

.� * � /: (17)

Given this recursive formulation, the Jacobi polynomialsP .�;� /
i .z/ for 0 f i f n are successively generated. Since

Jacobi polynomials require inputs in the range[*1 ;1], the input vectorr is scaled accordingly before entering the
KAN layer. To achieve this, we apply the hyperbolic tangent function:
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tanh.z/ =
e2z * 1
e2z + 1

: (18)

This scaling strategy has been adopted in previous studies (e.g., [68, 123, 103]). Lastly, when� = � = 0, the Jacobi
polynomials reduce to Legendre polynomials [124, 122]. Chebyshev polynomials of the �rst and second kinds are
obtained with� = � = *0 :5 and� = � = 0:5, respectively, while Gegenbauer (ultraspherical) polynomials emerge
when� = � [122].

Multiple KAN layers can be stacked to form a KAN component. In our implementation within PointNet (see Sect.
4), we utilize shared KAN components. For the de�nition and detailed explanation of shared KAN layers, one might
refer to [65]. A shared KAN component with two layers of sizesB1 andB2 is denoted as.B1;B2/, and a component
with three layers is expressed as.B1;B2;B3/.

Figure 1: Architecture of the physics-informed Kolmogorov-Arnold PointNet (PI-KAN-PointNet). Shared KANs with the
labels .B1;B2/ and .B1;B2;B3/ are explained in the text.nPDE denotes the number of variables in partial di�erential
equations.N is the number of points in the point clouds.ns is the global scaling parameter used to control the network

size. PI-KAN-PointNet utilizes automatic di�erentiation to compute spatial derivatives (e.g.,� ƒu
�y

, � ƒp
�x

, �
�y

�
� ƒv
�y

�
, etc.), which

are then used to formulate the physics-informed loss function (see Eq.30).

4. Architecture of physics-informed PointNet with KAN layers
The main objective of PI-KAN-PointNet is to obtain the solution of inverse problems over themnumber of domains

with irregular geometries, simultaneously. Figure 1 illustrates the architecture of PI-KAN-PointNet. In a set containing
mdomain, each domainVi (1 f i f m) is represented by a point cloudXi with N points, whereXi =

�
x j Ë Rd


 N
j =1 .

The spatial dimension ofVi , and thus ofXi , is denoted byd. In this study, we focus on two-dimensional problems,
settingd = 2. Therefore,x j (1 f j f N ) represents the spatial coordinates of each point in the point cloudXi .
We denote thex andy components ofx j asx j andyj , respectively. In PI-KAN-PointNet, an end-to-end mapping is

provided fromXi to Y i , whereY i =
�

yj Ë RnPDE

 N

j =1 . The variablenPDE indicates the number of �elds we aim to
�nd. In this study, we focus on predicting the two-dimensional velocity vector, pressure and temperature �elds, making
nPDE = 4. Therefore,yj is the vector of predicted �elds at the spatial pointx j , comprising the componentsuj , vj , pj ,
andTj . Mathematically, this process is described as:

�
uj ; vj ; pj ; Tj

�
= f

��
x j ; yj

�
; g

�
Xi

��
; Å

�
x j ; yj

�
Ë Xi andÅ

�
uj ; vj ; pj ; Tj

�
Ë Y i with 1 f i f mand1 f j f N;

(19)

wheref represents the mapping function in PI-KAN-PointNet.
KA-PointNet is designed to be invariant to any permutation of the input vectorXi , meaning that if the points in

Xi are permuted, the geometric structure remains the same, and hence the solutionY i should also remain unchanged.
This permutation invariance is achieved using a symmetric function in conjunction with shared KANs. The function
g serves as a symmetric encoder of the geometric features of the point cloudXi . Following the approach introduced in
Ref. [41], we de�neg as the maximum function:
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g
�
Xi

�
= max

�
h

�
x1; y1

�
; § ; h

�
xN ; yN

��
; Å

�
x j ; yj

�
Ë Xi with 1 f i f mand1 f j f N; (20)

whereh represents two shared KAN layers in the �rst branch of PI-KAN-PointNet (see Fig. 4). In the context of PI-
KAN-PointNet,g

�
Xi

�
is referred to as the global feature. The key concept behind PI-KAN-PointNet, as a geometric

deep learning model, is that the predicted �elds at each spatial point depend not only on the spatial coordinates of that
point but also on the overall geometric structure of the domain, formed by all points, including the speci�c point. This
idea is evident in Eqs. (19)�(20).

The batch size,B, represents the number of point clouds (i.e.,Xi andY i pairs) processed by KA-PointNet at each
epoch. As illustrated in Fig. 4, the input to KA-PointNet is a three-dimensional tensor of sizeB • N • 2 . Following
this, two sequential shared KANs with sizes (64, 64) and (64, 128, 1024) are applied, as shown in Fig. 4. The global
feature, of size 1024, is generated by applying the maximum function. This global feature is then concatenated with an
intermediate feature tensor of sizeB • N • 64 , resulting in a tensor of sizeB • N • 1088. Next, two additional shared
KANs are applied, with sizes (512, 256, 128) and (128,nPDE), respectively, yielding a tensor of sizeB • N • nPDE, as
depicted in Fig. 4. After each KAN layer (except the last layer in the network), batch normalization [125] is applied to
ensure stable training and avoid divergence of the training loss.

For eachVi (1 f i f m) and its associated pairXi andY i , the residuals of the continuity equation
�
rcontinuity
i

�
,

momentum conservation equations in thex* direction
�
rmomentumx
i

�
and in they* directions

�
r
momentumy
i

�
, energy con-

servation equation
�
renergy
i

�
, along with the residuals of the Dirichlet boundary conditions of the velocity

�
rvelocityBC
i

�
,

and temperature
�
r temperatureouter-BC
i

�
and sparse observations of the velocity

�
rvelocityobs
i

�
, pressure

�
rpressureobs
i

�
, and

temperature
�
r temperatureobs
i

�
are respectively de�ned as follows:

rcontinuity
i =

1
M 1

M 1É

k=1

0
� ƒuk

�x k
+

� ƒvk

�y k

1 2

; (21)

rmomentumx
i =

1
M 1

M 1É

k=1

0
�

0
ƒuk

� ƒuk

�x k
+ ƒvk

� ƒuk

�y k

1
+

� ƒpk

�x k
* �

0
�

�x k

0
� ƒuk

�x k

1
+

�
�y k

0
� ƒuk

�y k

11
* f x

k

1 2

; (22)

r
momentumy
i =

1
M 1

M 1É

k=1

0
�

0
ƒuk

� ƒvk

�x k
+ ƒvk

� ƒvk

�y k

1
+

� ƒpk

�y k
* �

0
�

�x k

0
� ƒvk

�x k

1
+

�
�y k

0
� ƒvk

�y k

11
* f y

k

1 2

; (23)

renergy
i =

1
M 1

M 1É

k=1

H

�

H

ƒuk
� ›Tk

�x k
+ ƒvk

� ›Tk

�y k

I

*
�
cp

H
�

�x k

H
� ›Tk

�x k

I

+
�

�y k

H
� ›Tk

�y k

III 2

; (24)

rvelocityBC
i =

1
M 2

M 2É

k=1

� �
ƒuk * uk

� 2
+

�
ƒvk * vk

� 2
�

; (25)

r temperatureouter-BC
i =

1
M 3

M 3É

k=1

�
›Tk * Tk

� 2
; (26)

rvelocityobs
i =

1
M 4

M 4É

k=1

� �
ƒuk * uk

� 2
+

�
ƒvk * vk

� 2
�

; (27)

A. Kashe� & T. Mukerji: Preprint submitted Page 7 of 26



Physics-informed KAN PointNet

rpressureobs
i =

1
M 5

M 5É

k=1

�
ƒpk * pk

� 2
; (28)

r temperatureobs
i =

1
M 5

M 5É

k=1

�
›Tk * Tk

� 2
; (29)

whereM 1 is the number of interior points ofXi . M 2 denotes the number of points located on the inner and outer
boundaries ofXi , whileM 3 exclusively indicates the number of points placed on the outer boundaries ofXi . M 4 is the
number of sensors located in the computational domain to measure the velocity values, sparsely.M 5 is similarly de�ned
for the temperature and pressure. Obviously,M 1 + M 2 = N . In this study, we use a �xed value forM 1, M 2, M 3, M 4,
andM 5 and over allXi . Note that whileM 1, M 2, M 3, M 4, andM 5 could conceptually vary from one point cloud to
another,N has to be �xed over allXi . The solutions obtained by PI-KAN-PointNet are shown by. ƒu; ƒv; ƒp;›T/, whereas
the ground truth obtained by a numerical solver, lab experiment, or analytical solutions are indicated by.u; v; p; T/.
The PI-KAN-PointNet loss function is speci�ed as a combination of the residuals introduced above summed over all
Vi (1 f i f m). We indicate the automatic di�erentiation operator by� computed using the PyTorch software [120].
In line with the de�nition of the inverse problem in Sect. 2, the corresponding loss function (L ) is expressed as:

L =
1
m

mÉ

i=1

�
� 1rcontinuity

i + � 2rmomentumx
i + � 3r

momentumy
i + � 4rvelocityBC

i + � 5rvelocityobs
i + � 6rpressureobs

i + � 7renergy
i

+� 8r temperatureouter-BC
i + � 9r temperatureobs

i

�
;

(30)

where� 1; § ; � 9 denote the weights corresponding to each residual, with units that are the inverse of the units of their
respective residuals. In the experiment presented here, we set all weights to 1 with appropriate units, ensuring that
the loss functionL remains dimensionless. Note that no boundary condition is speci�ed for the pressure in the loss
function (Eq. 30).

5. Computational setup
We de�ne the square enclosure asH := [*1 m;1 m] • [*1 m;1 m] with the side lengthL of 2 m. Zero-velocity

Dirichlet conditions are applied at all boundaries. We set the density (� ), thermal expansion coe�cient (� ), gravitational
acceleration (G), speci�c heat (cp), and hot temperature (Th) to 1.00, while the cold temperature (Tc) and reference

temperature (Tref) are set to 0.00. The dynamic viscosity (� ) and thermal conductivity (� ) are both set to2
ù

2•10 *2 :5.
All units used in this study are expressed in the International System of Units (SI). This parameter set results in a
Rayleigh number ofRa = 105 and a Prandtl number ofP r = 1:0. We consider three di�erent shapes forW : equilateral
heptagon, equilateral octagon, and equilateral nonagon. To expand the range of geometries, we also rotate the inner
cylinders. Details of the generated geometries are provided in Table 1. A total of 135 geometries are generated. For
the point cloudsVi (1 f i f m), we setN = 5000, M 1 = 4340, M 2 = 660, M 3 = 492, M 4 = 105, andM 5 = 130. A
similar data set was used by Kashe� and Mukerji [20].

Due to computational constraints, we were limited to a maximum batch size of 7. Consequently, we set the batch
size parameter,B, to 7 for this study. The Adam optimizer [126] is employed with hyperparameters set to� 1 = 0:9,
� 2 = 0:999, and ‚� = 10*8 . For a comprehensive understanding of the mathematical de�nitions of� 1, � 2, and ‚� , one
may refer to Ref. [126]. We use a constant learning rate of 0.0005 and iterate for 2500 epochs. We report the results at
the iteration where the minimum loss is obtained during these 2500 epochs. From an engineering perspective, this is
reasonable because iterations cannot continue inde�nitely due to limited computational resources.

We deploy 105 sensors inside the domains and 25 sensors on the surface of the inner cylinders, as depicted in Fig.
2. Sensors inside the domains (shown as green triangles in Fig. 2) measure velocity, pressure, and temperature, while
sensors on the inner surfaces (shown as red squares in Fig. 2) measure only pressure and temperature. The placement
of 25 sensors on the inner cylinder surface and 25 sensors surrounding the cylinder is slightly adjusted according to
the cross-sectional shape, while the remaining 80 sensors are �xed across all the geometries.
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Table 1
Overview of the 135 generated geometries (m = 135). The symbol 
 denotes the counterclockwise rigid rotation of space
W around its geometric center.

Shape ofW Side length 
 (variation in orientation) Number of data

Equilateral nonagon 0:365 • sin �
9

• csc �
7

m 1ý; 2ý; 5 ; 39ý; 40ý 40

Equilateral octagon 0:8.
ù

2 * 1/ m 1ý; 2ý; 5 ; 44ý; 45ý 45
Equilateral heptagon 0:365m 1ý; 2ý; 5 ; 49ý; 50ý 50

For generating sparse data at virtual sensor locations and validating the results obtained by PI-KAN-PointNet, we
use one of our high-�delity �nite element numerical solvers. This solver has been previously employed in the literature
[127, 128, 129, 130, 131]. Note that the point clouds used are a subset of the grid vertices from �nite element meshes
employed by the numerical solver.

Figure 2: Examples of sensor locations for three domains. Green triangles represent sensors measuring velocity, pressure,
and temperature, whereas red squares represent sensors measuring only pressure and temperature.

6. Results and discussion
6.1. General analysis
6.1.1. Visual comparison and overall outcomes

To begin with, we consider the setup of PI-KAN-PointNet, where the degree of the Jacobi polynomial is set to
2, and� = � = *0 :5 (i.e., the Chebyshev polynomial), withns = 0:5. The error analysis of this con�guration for
simultaneously solving the inverse problem over 135 geometries (m = 135) is reported in the second column of Table
2. As observed, the average relative pointwise error (L 2 norm) for the velocity, pressure, and temperature �elds, as
well as the temperature on the surface of the inner cylinder, is below 10.9%. Speci�cally, this error for the pressure and
temperature �elds remains under 3%. Moreover, PI-KAN-PointNet successfully estimates the unknown temperature
on the surface of the inner cylinder, with a maximum relative pointwise error (L 2 norm) of less than 1%.

As a few examples, the velocity, pressure, and temperature �elds for domains with inner cylinders in the shapes of
an octagon, heptagon, and nonagon are visualized in Fig. 3, Fig. 4, and Fig. 5, respectively. In each of these �gures, the
predictions by PI-KAN-PointNet, the numerical solver solution (serving as the ground truth), and the corresponding
absolute pointwise error are shown. This visual comparison demonstrates a good agreement between the predicted
and ground truth solutions. The maximum error for all variables occurs near or on the surface of the inner cylinders.
This is primarily due to the fact that, across di�erent domains in the dataset, the most signi�cant geometric variations
occur along the inner surface. Moreover, from a mathematical perspective, since the temperature at the surface of the
inner cylinder is unknown in the de�ned inverse problem, the temperature variable exhibits the highest error along this
surface. This local temperature error propagates to the surface of the inner cylinder at the velocity and pressure �elds
as well, given that these variables are coupled (see Eqs. 1�3).
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Figure 3: The �rst set of examples comparing the ground truth and predictions of the physics-informed KAN PointNet for
the velocity, pressure, and temperature �elds. The Jacobi polynomial used has a degree of 2, with� = � = *0 :5. Here,
ns = 0:5.

Figure 4: The second set of examples comparing the ground truth and predictions of the physics-informed KAN PointNet
for the velocity, pressure, and temperature �elds. The Jacobi polynomial used has a degree of 2, with� = � = *0 :5. Here,
ns = 0:5.
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Figure 5: The third set of examples comparing the ground truth and predictions of the physics-informed KAN PointNet
for the velocity, pressure, and temperature �elds. The Jacobi polynomial used has a degree of 2, with� = � = *0 :5. Here,
ns = 0:5.

Figure 6: Distribution of absolute pointwise error for the prediction of the velocity, pressure, and temperature �elds by the
physics-informed KAN PointNet for the geometries when the relative pointwise error (L 2 norm) becomes maximum (�rst
row) and minimum (second row). The Jacobi polynomial used has a degree of 2, with� = � = *0 :5. Here, ns = 0:5 is set.

To better understand the e�ects of the inner cylinders' geometry on the performance of PI-KAN-PointNet, we
plot the absolute pointwise errors for the domains where the maximum and minimum relative pointwise errors of
each quantity occur in Fig. 6. Interestingly, the maximum error for all variables occurs in the domain where the inner
cylinder has a hexagonal shape. Conversely, the minimum error for all variables is observed in the domain where the
inner cylinder has a nonagonal shape. This observation demonstrates that sharper corners introduce greater challenges
for PI-KAN-PointNet. Additionally, we observe that the pressure variable exhibits local errors on both the inner and
outer boundaries. This is because no pressure boundary condition is imposed in the loss function (see Eq. 30), as
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