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We present two novel generative geometric deep learning frameworks, termed Flow Matching
PointNet and Diffusion PointNet, for predicting fluid flow variables on irregular geometries
by incorporating PointNet into flow matching and diffusion models, respectively. In these
frameworks, a reverse generative process reconstructs physical fields from standard Gaussian
noise conditioned on unseen geometries. The proposed approaches operate directly on point-
cloud representations of computational domains (e.g., grid vertices of finite-volume meshes)
and therefore avoid the limitations of pixelation used to project geometries onto uniform
lattices, as is common in U-Net-based flow matching and diffusion models. In contrast to graph
neural network-based diffusion models, Flow Matching PointNet and Diffusion PointNet do not

exhibit high-frequency noise artifacts in the predicted fields. Moreover, unlike such approaches,
which require auxiliary intermediate networks to condition geometry, the proposed frameworks
rely solely on PointNet, resulting in a simple and unified architecture. The performance of
the proposed frameworks is evaluated on steady incompressible flow past a cylinder, using a
geometric dataset constructed by varying the cylinder’s cross-sectional shape and orientation
across samples. With the same number of trainable parameters, Flow Matching PointNet and
Diffusion PointNet demonstrate more accurate predictions of velocity and pressure fields, as
well as lift and drag forces, and exhibit greater robustness to incomplete geometries compared
to a vanilla PointNet.

1. Introduction and motivation

Flow matching [1], diffusion models [2], and their advanced variants [3-5] are generative deep learning frameworks that have
demonstrated success in computer graphics and computer vision, particularly for image and video generation [6], outperforming
earlier generative approaches such as generative adversarial networks (GANs) [7,8] and variational autoencoders (VAEs) [9]. At a
high level, in supervised flow matching [1] and diffusion [2] frameworks, a forward process adds noise to the training data, while
an inverse process predicts the clean fields. Several formulations of flow matching and diffusion models operate in a conditional
setting, where generation is guided by auxiliary inputs such as textual prompts [4,10] or low-resolution images [11,12]. Motivated
by their success in computer graphics, these models have been extended to computational physics, enabling a range of applications
including predictions conditioned on material properties [13-15], high-fidelity field reconstruction from low-resolution data [16,171,
and prediction of physical fields conditioned on the geometry of the computational domain [13,18,19]. In this article, we focus on
the latter case.

Flow matching and diffusion models conditioned on the geometry of the computational domain fall within the category of
geometric deep learning. These approaches are critical in computational physics, as they accelerate shape-optimization studies
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that require exploration of high-dimensional geometric parameter spaces [20]. Generative flow matching and diffusion models
conditioned on geometry have been shown to outperform regression-based surrogate models for predicting physical fields (see
e.g., Refs. [21-23]), such as convolutional neural networks (CNNs) [24], Fourier neural operators (FNOs) [25], and deep operator
neural networks (DeepONets) [26], which directly map geometry to physical fields. In particular, traditional CNNs [24], FNOs [25],
and DeepONets [26] produce a single output for a given geometry, whereas flow matching and diffusion models can generate
multiple realizations for the same geometry, thereby quantifying model uncertainty. Moreover, diffusion models have demonstrated
superior performance compared to GANs and VAEs in predicting physical field variables (see, e.g., Refs. [21,27]). In geometric deep
learning using flow matching and diffusion models, two steps are particularly important. First, how to represent irregular geometries;
and second, how to condition flow matching and diffusion models on geometry from a computer science perspective.

For the representation of irregular geometries, two common approaches are used. The first is a pixelation-based strategy, in
which the geometry is projected onto uniform Cartesian grids. In this setting, Q. Liu and N. Thuerey [13] proposed a diffusion
model conditioned on the geometry of airfoils to predict velocity and pressure fields. In their work [13], the airfoil geometry was
represented using the pixelation approach, and a U-Net architecture [2,28] was employed as the backbone neural network. The
authors [13] performed geometric conditioning by concatenating the binary image of the airfoil with the velocity and pressure fields
as the input to the U-Net, while noise was added only to the velocity and pressure fields during training (see Fig. 3 of Ref. [13]).
A similar approach was taken by Zheng et al. [18], where the authors employed an encoder that maps a two-dimensional binary
image of the geometry to a latent feature representation, which was then used in a diffusion transformer to condition the diffusion
model on the geometry (see Fig. 1 of Ref. [18]). Similarly, J. Hu et al. [19] proposed a diffusion model conditioned on the geometry
of obstacles to predict incompressible flow fields. The authors [19] conditioned the diffusion model on geometry by encoding the
obstacle as a binary mask through a U-Net-style encoder and injecting this geometry representation into the diffusion process via
cross-attention blocks (see Fig. 1 of Ref. [19]). Their results demonstrated that the proposed diffusion model outperformed CNNs
and VAEs [19].

However, pixelation strategies lose smooth boundary information (see e.g., Fig. 17 of Ref. [13] and Fig. 3 of Ref. [18]) and require
high global resolution to capture local geometric details (e.g., the trailing edge of an airfoil), leading to increased computational
cost. In addition, training data must be interpolated onto uniform grids, introducing additional errors [29,30]. In contrast, graph and
point cloud representations enable precise geometry modeling with adaptive resolution, eliminate the need for interpolation, and
thereby reduce both approximation errors and computational cost [29,30]. To avoid the limitations of the first approach, the second
approach has been proposed, which represents geometries using unstructured meshes or point clouds, and leverages graph neural
networks [31-33] or PointNet [29,34-38]. M. Lino et al. [39] proposed a diffusion graph network and a flow matching graph
network for predicting velocity and pressure fields around airfoils with a variety of geometries [39]. However, the authors [39]
faced shortcomings due to the limited performance of message passing for propagating features across the graph, as this led to
high-frequency noise in the velocity and pressure field predictions. To overcome this challenge, the authors [39] introduced an
alternative version in which noise was added during training in the latent space after encoding the physical fields and the geometry
of the domain by a graph neural network. Consequently, their neural network architecture became more complicated than a pure
graph neural network and required auxiliary neural networks, such as a variational autoencoder at intermediate levels (see Fig.
2 of Ref. [39]). In the same line of research, J. Kim et al. [40] introduced a point-wise diffusion model in which the geometry
of the physical domain was represented as a set of points; however, each point was treated independently, with its own forward
and inverse diffusion process, an independent positional encoding, and an independent diffusion transformer block. Although the
method yielded successful results, the neural network architecture was complex (see Fig. 3 of Ref. [40]) and did not account for
the fact that physical field predictions (e.g., velocity and pressure) depended on global geometric features, since noise addition and
denoising were not functions of the entire geometry. Moreover, the independent treatment of points made it unclear how the reverse
process could be used to generate multiple samples and quantify model uncertainty, which is a key advantage of diffusion models
over other surrogate approaches. This trend motivates us to introduce a simple and elegant neural network based on flow matching
and diffusion models for irregular geometries.

We propose, for the first time, Flow Matching PointNet and Diffusion PointNet, in which the segmentation branch of Point-
Net [34] is employed as the denoising network within flow matching [1] and diffusion [41] frameworks. PointNet [34] and its
extensions [34,35,38,42,43] are used for classification and segmentation of point clouds in computer graphics. Kashefi et al. [29]
were the first to adapt PointNet [34] for supervised deep learning of incompressible flow. Subsequent studies extended their
framework to compressible flows [44], elasticity [45], physics-informed machine learning [36,37,46,47], and Kolmogorov-Arnold
networks [30].

The Flow Matching PointNet and Diffusion PointNet frameworks consist of a forward process and an inverse denoising process.
In Diffusion PointNet, the forward process incrementally corrupts ground-truth velocity and pressure fields in fluid flows by adding
standard Gaussian noise. PointNet is then trained to predict the noise added at each diffusion step [2]. This prediction is conditioned
on the spatial coordinates of the point cloud, which represent the domain geometry, as well as on a sinusoidal time embedding [48].
The conditioning is implemented by concatenating the spatial-coordinate vectors and the sinusoidal-embedding vector with the
corrupted velocity and pressure fields. In the inverse process, generation begins from samples drawn from a standard Gaussian
noise distribution and is conditioned on the spatial coordinates of the point cloud and the sinusoidal embedding. During the inverse
procedure, the trained PointNet predicts the noise at each stage and progressively reconstructs the velocity and pressure fields in a
manner consistent with the imposed conditioning. In the Flow Matching PointNet model, PointNet is trained to predict a target vector
field that corresponds to the temporal derivative of a continuously perturbed field with respect to an auxiliary time variable [1].
In the inverse process, this learned vector field is used to numerically integrate an ordinary differential equation, progressively
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Fig. 1. Finite volume meshes used for the numerical simulation of flow over a cylinder with a triangular cross section, with 2775 vertices on
the left panel, and an elliptical cross section, with 2672 vertices on the right panel.

reconstructing the velocity and pressure fields from an initial standard Gaussian noise distribution [1], using the same conditioning
mechanism as in Diffusion PointNet. To investigate the performance of Flow Matching PointNet and Diffusion PointNet, the classical
fluid dynamics problem of incompressible flow past a cylinder is considered, in which the cross-sectional shape of the cylinder varies
across the dataset.

Note that combinations of diffusion models and point cloud neural networks in the computer graphics literature have been used
in which, during the forward process, noise is added to the spatial coordinates of shapes and, during the inverse process, new
three-dimensional (3D) geometries are generated [41,49]. In contrast, in the present study, noise is added to and removed from the
physical fields, while the spatial coordinates remain clean and unchanged. Additionally, Y. He et al. [50] proposed a framework for
semantic segmentation of 3D point clouds using a diffusion model (see Fig. 1 of Ref. [50]). In their approach, the diffusion process is
conditioned on two components: first, the geometry of the input represented by the point cloud, and second, the semantic context,
which provides a prior estimate of the possible label types for the points in the point cloud. Although this framework is successful
in computer graphics, it is not applicable to predicting physical quantities such as velocity and pressure fields, since these quantities
are continuous rather than discrete integer labels, as in semantic segmentation.

We summarize the key features and advantages of the proposed Flow Matching PointNet and Diffusion PointNet frameworks
as follows. First, both Flow Matching PointNet and Diffusion PointNet predict velocity and pressure fields on unseen geometries
more accurately than the baseline (vanilla) PointNet while using the same number of trainable parameters. Second, the proposed
frameworks naturally handle irregular geometries and avoid the limitations of CNN-based flow matching and diffusion models that
rely on pixelation techniques. Third, in contrast to graph neural network-based diffusion models, the proposed frameworks do not
exhibit high-frequency noise artifacts in the predicted physical fields. Fourth, the proposed frameworks employ a simple PointNet
architecture and condition the geometry through a straightforward concatenation strategy, eliminating the need for auxiliary neural
networks at intermediate levels (e.g., variational autoencoders) for geometric conditioning. Finally, the proposed frameworks use
a single, unified forward and inverse process for the entire point cloud, rather than independent diffusion processes for individual
points, resulting in more coherent and robust frameworks.

The structure of the rest of this paper is as follows. Section 2 describes how the labeled data are generated for training the
proposed deep learning configurations. Section 3 discusses the architectures of the Flow Matching PointNet, Diffusion PointNet, and
baseline PointNet frameworks, along with their training strategies. Quantitative and visual results and predictions of these three
models, along with a comprehensive comparison from different aspects such as velocity and pressure field predictions, lift and drag
computations, and robustness in the presence of distorted point clouds, are presented in Section 4. Lastly, Section 5 concludes the
paper with a summary and proposes several ideas for future research directions.

2. Data preparation

To train the Flow Matching PointNet and Diffusion PointNet models and evaluate their prediction accuracy, labeled data are
necessary. For this purpose, we use the well-known steady-state incompressible flow past a cylinder problem as a benchmark
example. The motion of an incompressible, viscous, Newtonian fluid is governed by the laws of mass and momentum conservation,
together with suitable boundary conditions, as follows:

V-u=0 inV, (€D)]
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pu-Vu—pudu+Vp=0 inV, 2)
u=up on Iy, 3)
—pn+ uVu-n = tr, on I'ves “4)

where u and p are the velocity vector and the pressure field in the domain V, respectively. The constants p and y denote the fluid
density and dynamic viscosity. The Dirichlet and Neumann boundaries, I}, and I}, are distinct and non-overlapping. The outward
unit normal vector on I is n, and the traction vector there is 7, . The velocity components in the x and y directions are represented
by u and v.

We seek to solve Egs. (1)-(2) for flow past an infinite cylinder with different cross-sectional geometries. The computational
domain is set as V' = [0,38 m] x [0,32 m]. The cylinder cross-section, centered at (8 m, 16 m), is modeled as a rigid body with a
no-slip boundary condition. The inflow, top, and bottom boundaries are assigned a uniform velocity u,, parallel to the x-axis. To
simulate far-field behavior [51], a stress-free condition is applied at the outflow boundary (i.e., ¢, . = 0). All physical quantities are
expressed in SI units, with p = 1.00 kg/m3, u,, =1.00 m/s, and p = 0.05 Pas.

The computational domain V is discretized into unstructured finite volume meshes using Gmsh [52]. Fig. 1 displays two sample
meshes corresponding to cylinders with triangular and elliptical cross-sections. The governing Egs. (1)-(2) are numerically solved
using the OpenFOAM package [53], which applies the Semi-Implicit Method for Pressure Linked Equations (SIMPLE) [54]. The
iteration process continues until the L2 norm of the residuals becomes smaller than 10~3, at which point the flow is assumed
steady.

To create labeled data, seven common geometric shapes are used for the cross-section, each with various scales and orientations,
as summarized in Table 1. The selected shapes include circle [51,55,56], square [57], triangle [58], rectangle [59], ellipse [60],
pentagon, and hexagon [61]. The characteristic length of the geometry is denoted by L, and the Reynolds number is defined as

Re= —= (5)

As shown in Table 1, for circular, square, equilateral triangle, pentagon, and hexagon cross-sections, L = a, whereas for rectangles,
ellipses, and non-equilateral triangles, L = b. The Reynolds number in the dataset ranges from 20.0 to 76.0, with a total of 2235
labeled cases. The dataset is randomly divided into training (1772 samples), validation (241 samples), and test (222 samples) subsets.
To prepare point-cloud representations, we use the mesh vertices as points, following the approach of Ref. [29]. To emphasize the
regions around the cylinder and its wake, the first N = 1024 nearest vertices to the cylinder’s center are chosen to form each point
cloud. Because the grid vertices are unevenly distributed in the unstructured meshes, the coordinate ranges differ between samples:
Xmin € [0,5.46 M], X0 € [10.55 m,22.14 m], ypin € [0, 13.41 m], and y,,, € [18.57 m, 32 m].
We define the dimensionless variables u*, v*, and p* for the velocity and pressure as

" u

u =u—, (6)
U*:ui’ 7
w _P—D

pr= /mzo, ®

[

where p, denotes the atmospheric pressure. Next, we normalize the spatial coordinates of the training data to the range [-1, 1] using

/ {¢} — min({¢})
=2 —/—— | - 1, 9
) (maX({¢})—miH({¢})> ©

where {¢} includes {x*, y*}. Similarly, we normalize the field variables of training data to the range of [0, 1] using
(y) = — v — minCly})
max({y}) — min({y})’
where {y} includes {u*,v*, p*}. The scaled data are denoted by {x’,)’,u’,0v’,p’'}. The predictions are later rescaled back to their
physical domain values. The reason for adopting a different scaling for the velocity and pressure fields compared to the spatial

coordinates x and y is that our machine learning experiments indicate that this scaling yields more accurate and stable results than
other possible choices.

(10)

3. Deep learning architectures

In this section, we elaborate on the architecture, training procedure, and inference process for the three models of Flow Matching
PointNet, Diffusion PointNet, and the baseline PointNet. The neural network of each model is PointNet [34]; however, in each
case, PointNet is used for a different purpose. All three models employ the same PointNet architecture; however, their inputs
and outputs differ (see Fig. 2). The architecture of PointNet [34] itself remains unchanged unless explicitly stated, for instance,
when the activation functions differ among the models. To avoid redundancy, we first describe the algorithmic formulation and the
corresponding input and output definitions for each model, and then present the architecture of PointNet at the end of this section
(Section 3.4).
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Table 1
Details of the generated data.
Shape Schematic ~ Variation in Variation in Number
figure orientation length scale of data
Circle [ - a=1m 1
Equilateral hexagon <:> 3°,6°,...,60° a=1m 20
Equilateral pentagon Q 3°,6° ...,72° a=1m 24
Square 3°,6° ...,90° a=1m 30
Equilateral triangle A 3°,6°...,180° a=1m 60
b
Rectangle I 3°,6°...,180° a=1m;b/a=12,14,...,3.6 780
b
Ellipse QJ 3°,6°...,180° a=1m;b/a=1.2,14,...,3.8 840
/
Triangle 3°,6°...,360° a=1m;b/a=1.5,1.75 480
v =60°, 80°

3.1. Generative Flow Matching PointNet

We describe the concept and architecture of the proposed Flow Matching PointNet model in this subsection. At a high level,
the objective is to predict the desired physical fields such as velocity and pressure, conditioned on a given geometry represented
by scattered spatial coordinates. The Flow Matching PointNet is obtained by combining PointNet [34] with the flow matching
formulation [1], as shown in the top panel of Fig. 2. Let Y ean € RV*"c0 denote the clean desired physical fields, where ncpp
represents the number of field variables. In this study, we focus on predicting the velocity and pressure variables in two dimensions,
namely u’, o/, and p’, hence ncpp = 3. Let ypqis, € RY*"cP0 denote a standard Gaussian noise field. We define a temporal variable .
At an intermediate 7 € [0, 1], a linear interpolation is given by

¥: = = T)Yclean + T¥noisy- o

Notably, at 7 = 0, we recover y ., While at 7 = 1, we obtain y;;,. The derivative of y, with respect to r defines the target field
as

dy

d_TT = ftargetv (12)
where

ftarget = Ynoisy ~ Yclean> (13)

and fgrger € RV7CPD.

The input of the Flow Matching PointNet consists of the spatial coordinates of each point cloud, representing the geometry of the
computational domain, concatenated with the ', ¢/, and p’ field variables that are perturbed by a certain level of noise according to
Eq. (11) at a temporal variable . In addition to the spatial coordinates (e.g., x" and y’) and the perturbed variables, the network must
also be informed of the temporal variable, which indicates the level of noise contamination. To achieve this, we construct sinusoidal
temporal embedding vectors [48] and concatenate them with the input vector of the Flow Matching PointNet. The output of the
network is the predicted target field (i.e., fiarge)- Let us mathematically formulate this procedure. Let x € RN*4 denote the spatial
coordinates of the points in a point cloud consisting of N points that represent a computational domain, where d is the number of
spatial dimensions. In this study, we set d = 2. At the temporal variable 7z, a sinusoidal time-embedding layer (s,) with dimension
d, is defined as

d. /2

s, = [sin(a)kr), cos(a)kr)] e

14)
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Flow Matching PointNet
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Fig. 2. Architecture of Flow Matching PointNet, Diffusion PointNet, and Baseline PointNet. Labels in the form (13,, 3,) and (,, 3,, 3;) are used
to denote shared MLPs, as illustrated in Section 3.4. ncg, denotes the number of flow variables and N represents the number of points in the
point clouds. In the Flow Matching PointNet architecture, the subscript r is used to indicate s, and y, (see Section 3.1). In the Diffusion PointNet
architecture, the subscript ¢ is used to show s, and y, (see Section 3.2). In Flow Matching PointNet and Diffusion PointNet, the outputs are,
respectively, the prediction of the target field (f ge) and the noisy field (yyq;,), given the polluted velocity and pressure fields at steps 7 and
t, and conditioned on the geometry of the physical domain represented as a point cloud.

where, for each k,

k-1
e
5 -1

In(10%)|. (15)

In this study, we set d, = 32, and our machine learning experiments indicate that this choice provides sufficient accuracy. The
constant 10* in Eq. (15) controls the range of frequencies, ensuring that the encoded time values span several orders of magnitude.
This logarithmic scaling enables the network to capture both slow and fast temporal variations effectively across different noise
levels [48].

Note that s, € R'*¢:, simply because each point cloud at a given  has one defined vector s,. To ensure dimensional consistency,
we repeat the same vector s, for every pair of (x/,)') in the point cloud, thereby constructing the tensor S, € RV¥*?:. Hence, for
each point cloud, the embedded tensor S, is concatenated with the contaminated field y, and the spatial coordinates x, forming an
input tensor X € RVX(@+d:+ncep) for the Flow Matching PointNet. The output of the Flow Matching PointNet is a tensor ) € RN¥*"crp
representing the prediction of f,rge- The loss function is defined as the mean squared error that measures the discrepancy between
Y and farge; and can be written as

1 N/, A2 (s A2 (s AN\
Liow Matching PointNet = m zl <(fu, - (eu, - “;)) + (fu, - (eu, - U,‘)) + (fp, - <€p, _p;)) > > (16)
i=

where fu,»’ fu,: and f, », denote the predicted components of the target field f e produced by the Flow Matching PointNet, with
the subscripts u;, v;, and p; corresponding to the u-velocity, v-velocity, and pressure components, respectively. €, , €, , and €, denote
the corresponding components of y,;,, and the subscripts are similarly defined.

Flow Matching PointNet is trained using the Adam optimizer [62] with a constant learning rate of 0.001 and a batch size of
256. For each training sample, a temporal variable 7 is uniformly sampled from the interval [0, 1], and three independent standard
Gaussian noise fields are generated for the v/, v/, and p’ components. Note that each point cloud in the batch gets its own random
7 value, and given 7, the noisy input y, and the target field f,.,.; are computed using Egs. (11) and (13).

After training, Flow Matching PointNet generates the velocity and pressure fields conditioned on a geometry from the test set.
Given x as the point cloud representing the target geometry from the test set, we generate three independent standard Gaussian
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Fig. 3. Schematic of the reverse process in Diffusion PointNet. As an example, the denoising process for the u-velocity field is shown, while the
network jointly predicts the noise for all velocity and pressure field variables.

fields representing yp;,, and integrate Eq. (12) from = = 1 to = = 0 using the explicit Euler method with N steps, such that
Ar = 1/N,. At each step,

Yn = Yn1 — ATyrwlam a7)

where Y, ,_,, denotes the prediction of the Flow Matching PointNet given the concatenation of x, y,, and S, at 7 = 1.0 — ndz. The
final output at = = 0 corresponds t0 yeqn, Which represents the predicted velocity and pressure fields («/, v/, p) associated with the
given geometry. In the present setup, we set N, = 1000.

3.2. Generative Diffusion PointNet

In this subsection, we present the underlying concept and architectural design of the proposed Diffusion PointNet model. Similar
to the previous part, the primary goal is to predict physical fields such as velocity and pressure, conditioned on a geometry
represented by scattered spatial coordinates. The Diffusion PointNet framework integrates the PointNet architecture [34] with a
denoising diffusion probabilistic model [2], as shown in the central panel of Fig. 2.

Similar to Section 3.1, let y jean € RV*"cPD represent the clean field, where N and n¢gp, are defined as before, since our objective
is to predict the two-dimensional velocity and pressure variables «’, v/, and p'. Fig. 3 illustrates the schematic of the forward and
inverse processes in Diffusion PointNet. In the forward diffusion process, standard Gaussian noise is incrementally added to y jean
over T discrete steps using a noise scheduler, producing a sequence of noisy fields {y, ,T= \» where y, € RN*ncrp | In this study, we
use a cosine noise scheduler defined as

2f @/Tr z
ot (422:5)

of rox) ]
cos ( 1+r 2 >
where r is the small offset parameter introduced in Ref. [63] to regularize the noise schedule, and set to 0.008 in our machine
learning experiments. At any diffusion step ¢, a noisy sample is generated as

Vi = \/&_tyclean +vVi-a Ynoisy» 19)

where

p=1- (18)

a=1-p, (20)

and

& =[] 1)

and, as mentioned in Section 3.1, y,;, is standard Gaussian noise, and ypqisy € RN>ncrp,

The input to the Diffusion PointNet comprises the spatial coordinates of the point cloud, which define the geometry of the
computational domain, concatenated with the field variables «/, v/, and p’ after being perturbed by noise prescribed by Eq. (19) at
the diffusion step ¢. Similar to the Flow Matching PointNet, the Diffusion PointNet must be provided with the step ¢, along with
the spatial coordinates (e.g., x’ and y’) and the perturbed velocity and pressure variables. The step 7 identifies the associated level
of noise contamination imposed through Eq. (19). To this end, we use the sinusoidal time-embedding layer [48] introduced in
Egs. (14)-(15). In terms of notation, instead of z, we now simply use 7. For completeness, we rewrite the time-embedding layer s,
with dimension d,, defined as

d; /2

s, = [sin(cokt), cos(a)kt)] e’

(22)
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where for every index k,

@) = exp —5_ ! In (10%) ], (23)

L

and we set d, = 32. Analogous to .S, used in the Flow Matching PointNet framework, we define .S, for the Diffusion PointNet model,
where §, € RV*4 . In this sense, for a given point cloud at diffusion step ¢, the embedded tensor S, is concatenated with the noisy
field y, and the spatial coordinates of the point cloud x € RV*¢, resulting in the input tensor X € RVNX(@+di+nc) for the Diffusion
PointNet. Accordingly, the Diffusion PointNet outputs a tensor ) € RN*"cep, which represents the prediction of the noise Ynoisy- The
loss function is defined as the mean squared error between ¥ and y;;s, and can be written as

1 N 2 2 2
Lpiffusion PointNet = N X neep Z (Su,- - eu,) + (eu, - €u,.) + (6,;, - 6,;,.) > 24
i=1

where €up> Eup> and €y denote the ground-truth standard Gaussian noise, as similarly defined in Section 3.1, and &> €y and &,
denote the corresponding noise components predicted by the Diffusion PointNet. Diffusion PointNet is optimized with the Adam
algorithm [62] using a constant learning rate of 0.001 and a batch size of 256. For each training iteration, a random step ¢ is
sampled independently for every point cloud in the training batch, and three independent standard Gaussian noises are generated,
corresponding to the «’, v/, and p’ variables, to construct the tensor y;;s, presented in Eq. (19). The corresponding noisy tensor y,
is then computed using Eq. (19).

Once training is complete, the Diffusion PointNet generates the corresponding velocity and pressure variables for a geometry
selected from the test set by simulating the reverse diffusion process, as shown in Fig. 3. For a point cloud x representing a geometry
from the test set, the reconstruction begins by generating three independent standard Gaussian noise fields to construct the tensor
yr. The fields are then iteratively denoised from ¢t =T to ¢ = 0 using

L(yr - L_ yrar—l) + \/th’ (25)
Ve,

where z denotes three independent standard Gaussian noise fields, and z € RN¥*"cep, For t = 0, the term \/F, z is omitted from
Eq. (25) in accordance with the denoising diffusion probabilistic formulation [2]. Y),_,,_, denotes the prediction of the Diffusion
PointNet given the concatenation of x, y,, and S, at ¢. The final output y, at r = 0 yields the predicted velocity and pressure fields
@', V', p’) consistent with the input geometry. In our experiments, we set T = 1000.

Yi-1 =

3.3. Baseline PointNet

Now that the Flow Matching PointNet and Diffusion PointNet architectures have been described, the baseline PointNet can be
introduced in a straightforward manner. The baseline PointNet for predicting fluid flow variables was first proposed by Kashefi
et al. [29] and has since been adopted in several subsequent frameworks (see e.g., Refs. [30,64,65]). The version considered in
this work is identical to that originally presented by Kashefi et al. [29]. In the baseline PointNet, the input consists solely of the
spatial coordinates of the point cloud representing the geometry of the domain, and the output corresponds to the physical fields of
interest, as shown in the bottom panel of Fig. 2. Following the notation introduced in Section 3.1, the input is given by x € R¥>¢,
and consequently, the input tensor is X € RV*¢. The output consists of the velocity components and pressure field, forming an
output tensor Y € RV*crp, Hence, PointNet learns a direct mapping from X to Y. The loss function is the mean squared error and
can be written as

N
~ 2 - 2
LBaseline PointNet = N X erp 4 Z ( u - u (U,, - U:) + (P: - P,,) ) s (26)
=1

where ﬁ;, 17;, and ﬁ; denote, respectively, the predicted u-velocity, v-velocity, and pressure fields obtained using the baseline PointNet.
Training is performed using a batch size of 256 and the Adam optimizer [62] with a constant learning rate of 0.001.

3.4. PointNet

In Sections 3.1-3.3, we explained the role of PointNet [34] in each of the three proposed models, namely Flow Matching PointNet,
Diffusion PointNet, and the baseline PointNet. In this part, we describe the architecture of PointNet itself. In general, the pair X and
Y denote the input and output (or the quantity to be predicted) of PointNet [34], respectively. In the earlier sections, we clarified
what X and Y represent for each of the three models. In summary, in Flow Matching PointNet, X € RV*(@+d:+ncrp) and 3 € RN *"crp;
in Diffusion PointNet, X € RVX(d+di+1cr) and ) € RV*"crp; and in the baseline PointNet, X € RV*? and Y € RV*"crp,

The original PointNet model developed for computer graphics applications consists of two branches: a classification branch
and a segmentation branch [34]. In this work, we employ the segmentation branch of PointNet [34]. Fig. 2 illustrates the overall
architecture of the segmentation branch of PointNet [29,34]. At a high level, the architecture can be viewed as an encoder—decoder
framework. A key advantage of PointNet [34] and its variants (see e.g., Ref. [35]) is their ability to process unordered sets of points
that constitute a point cloud. In particular, PointNet is invariant under the N'! permutations of an input vector representing a point
cloud with N points [34]. This permutation invariance is achieved through two main mechanisms. First, in both the encoder and
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Table 2

Comparison between the performance of the Flow Matching PointNet, Diffusion PointNet, and baseline PointNet
models for prediction of the velocity and pressure fields for the test set containing 222 unseen geometries. Number
of sampling for the Flow Matching PointNet and Diffusion PointNet is 100. In numbers reported in the form a; + a5,

«a; denotes the mean error and a, represents the corresponding standard deviation. Note that || --- || indicates the L?
norm.
Flow Matching PointNet Diffusion PointNet Baseline PointNet

Average || —ull/||ul| 1.39556E—-2 + 1.52319E—4 1.25420E-2 + 1.14052E—4 3.19833E-2
Maximum ||i — ul|/|]ul| 1.70648E—1 + 9.32820E—3 1.70626E—1 + 4.10404E—3 1.22576E~1
Minimum || — ul|/||u]| 5.86007E—3 + 3.41877E—4 3.94060E—3 + 2.04423E—4 1.12399E-2
Average ||0 - vl|/]|v]| 4.80994E-2 + 3.42805E-4 6.16094E-2 + 3.59036E—4 1.32724E-1
Maximum |5 — o||/||v]| 5.44083E-1 + 2.99690E—2 5.31338E—1 + 1.79378E—2 4.25843E-1
Minimum || — o||/|]0]| 2.29497E-2 + 1.92305E-3 3.19955E-2 + 1.40590E—3 6.49750E—2
Average ||p - pl|/IIpl| 3.66295E-2 + 3.52680E—4 3.28203E-2 + 2.33396E—4 1.08271E-1
Maximum || — pl|/|Ipl| 1.82688E—1 + 7.92950E—3 1.65267E—1 + 4.97312E-3 2.53676E-1
Minimum |5 - pl|/|Ipl| 1.63747E—2 + 1.79350E-3 1.51713E-2 + 6.72365E—4 3.41443E-2
Number of trainable 3554179 3554179 3554179
parameters

decoder, each neural network layer uses a shared weight matrix and a shared bias vector across all neurons, forming what is known
as a shared layer. Second, a symmetric function, one that is itself invariant to input ordering, is applied to encode global features
from the input. As shown in Fig. 2, PointNet uses the max function as its symmetric function, as it has been shown to outperform
alternatives such as the average function [34].

In Fig. 2, the notation (B, 3,) refers to two consecutive hidden shared layers with B, and B, neurons, whereas the triplet
(B4, By, B3) follows the same convention. As shown in Fig. 2, the initial feature extraction stage consists of two shared MLP blocks
with layer sizes (128, 128) and (128, 256,2048). A symmetric max pooling operation is then applied to obtain a global feature vector
of size 2048. This global feature is concatenated with an intermediate tensor of size N x 128, producing a combined representation
of dimension N X 2176. The subsequent processing stage employs two additional shared MLP blocks with sizes (1024,512,256) and
(256, ncpp). Consequently, the final output of PointNet is a tensor of size N X ncpp, as depicted in Fig. 2. After each shared MLP
layer, a rectified linear unit activation function,

o(A) = max(0, A), (27)

is applied and is followed by batch normalization, except for the final layer. In Flow Matching PointNet and Diffusion PointNet, the
last layer does not use any activation function or batch normalization. In contrast, the baseline PointNet applies a sigmoid activation
function in the final layer, defined as

_ 1
o= (28)

Further details about the architecture of PointNet can be found in Refs. [29,30,34].
4. Results and discussion
4.1. Overall results

In this section, we present a comprehensive analysis of the results using tables and histograms. Table 2 reports the relative
pointwise errors (L? norm) for predicting the velocity components u and v and the pressure p using the three models: Flow Matching
PointNet, Diffusion PointNet, and the baseline PointNet. The results are computed across the test set, which contains 222 unseen
geometries. Specifically, for each geometry in the test set, 100 samples are generated using both the Flow Matching PointNet and
Diffusion PointNet models, meaning that 100 random noise realizations are conditioned on the same geometry. The reported values
in Table 2 are expressed in the form a; +a,, where «; denotes the mean error and «, represents the corresponding standard deviation.
According to the values listed in Table 2, the average relative pointwise errors (L? norm) over the 222 geometries for the u-velocity
component are 1.40%, 1.26%, and 3.20% for the Flow Matching PointNet, Diffusion PointNet, and baseline PointNet models,
respectively. For the v-velocity component, the corresponding errors are approximately 4.81%, 6.17%, and 13.28%. These results
demonstrate that the Flow Matching and Diffusion models, particularly for the v variable, achieve substantially lower prediction
errors. In comparison with the baseline PointNet, they are capable of reducing the relative pointwise error (L? norm) to below 10%,
which is a remarkable improvement from an engineering standpoint. Predicting the v variable is more challenging than predicting u
because the flow field exhibits both positive and negative velocities in the y-direction due to vortex formation behind the cylinder.
Although the u variable may also become negative in some regions, its spatial gradients are typically less steep than those of the v
variable.

Examining the results for the pressure variable (p) reveals a similar trend. Both the Flow Matching PointNet and Diffusion
PointNet models reduce the average relative pointwise error (L?> norm) to below 10%, whereas the baseline PointNet exceeds this
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Fig. 4. Comparison of histograms of the relative pointwise error in L> norm for the velocity and pressure fields predicted by the Flow Matching
PointNet, Diffusion PointNet, and baseline PointNet models.

limit. According to Table 2, the relative pointwise errors (L?> norm) for predicting the pressure field are approximately 3.67%, 3.29%,
and 10.83% for the Flow Matching PointNet, Diffusion PointNet, and baseline PointNet, respectively. The accuracy of the pressure
field is particularly important because it directly influences the computation of lift and drag forces, which will be discussed in detail
in Section 4.5. Furthermore, the uncertainty quantification capabilities of the proposed generative Flow Matching PointNet and
Diffusion PointNet models provide valuable insights for practical engineering applications where safety factors must be considered in
design processes. Finally, it is worth emphasizing that, as reported in Table 2, the number of trainable parameters, and consequently
the model size, is identical across all three frameworks.

In addition to reporting the mean, minimum, and maximum errors across the 222 test geometries in Table 2, the distribution of
these errors is illustrated in the histogram shown in Fig. 4. As observed in Fig. 4, Flow Matching PointNet and Diffusion PointNet
demonstrate higher accuracy than the baseline PointNet in predicting the v and p variables. However, in all three models, there
exist a few outlier cases for which the prediction error increases noticeably, as can be seen in Fig. 4. When comparing the Flow
Matching PointNet and Diffusion PointNet in terms of prediction accuracy, the difference between the two is not substantial. Based
on the overall results presented in Table 2 and Fig. 4, the Flow Matching PointNet model predicts the v-velocity component on
average about 1.3% more accurately than the Diffusion PointNet model.

10
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Fig. 5. Evolution of velocity and pressure fields during the reverse process of Flow Matching PointNet at n =0 (i.e., n = N, standard Gaussian
noise), n = 500, n = 800, n = 950, n = 980, and n = 1000 (i.e., the clean field).
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Fig. 6. Evolution of velocity and pressure fields during the reverse process of Diffusion PointNet at 7 = 1000 (i.e., r = T, standard Gaussian noise),
t =500, t =200, t =50, t =20, and ¢ = 0 (i.e., the clean field).

12



A. Kashefi Computer Methods in Applied Mechanics and Engineering 458 (2026) 119037

Prediction of velocity u (m/s) Ground truth of velocity u (m/s) Absolute error of velocity u (m/s)
20 20 20
005
19 10 19 10 19
18 18 18 004
08 08
17 17 17
E 06 B 06 = 003
E16 £ E16
15 04 15 04 15 002
1 1 1
02 02 001
13 13 13
12 00 12 0.0 12 0.00
a 6 8 10 2 4 6 8 0 12 a 6 8 10 2
x (m) x(m) x(m)
Prediction of velocity v (m/s) Ground truth of velocity v (m/s) Absolute error of velocity v (m/s)
20 20 20 0.025
19 b 19 o4 19
18 18 18 0.020
02 02
17 17 17
_ _ _ 0.015
€ E €
S 00 £ 00 S
15 15 15 0.010
14 -02 1 -02 14
0.005
13 13 13
-04 -0a
12 12 12
a 6 8 10 2 4 6 8 10 12 a 6 8 10 12
X (m) X (m) X (m)
Prediction of gauge pressure (Pa) Ground truth of gauge pressure (Pa) Absolute error of gauge pressure (Pa)
20 20 06 2
0.08
19 19 19
04 04
18 18 18
02 0.06
17 17 02 17
E £ B
6 Ee E16
= 00 = =
00 004
15 15 15
- -02
1 02 1 1
0.02
13 13 13
-04 -04
12 12 12

a 6 8 10 12 4 6 8 10 12 a 6 8 10 12
X (m) X (m) X (m)

Fig. 7. The first set of examples comparing the ground truth to the predictions of Flow Matching PointNet for the velocity and pressure fields
from the test set.

4.2. Reverse generative process

Figs. 5 and 6 respectively illustrate the reverse processes of the Flow Matching PointNet and the Diffusion PointNet for fluid flow
fields around a cylinder with a rectangular cross section, shown as a representative example from the test set. More specifically,
Fig. 5 presents the velocity and pressure fields at different reverse steps, including n = 0 (i.e., where all three fields are sampled
from standard Gaussian noise), n = 500, n = 800, n = 950, n = 980, and n = 1000, which corresponds to the predicted clean velocity
and pressure fields. As can be seen from Fig. 5, at n = 500, the overall structure of the velocity and pressure fields is still largely
visually obscured; however, the magnitudes of the variables are approximately within the range of [-3, 3], compared to the case
n = 0, where the variables lie roughly in the range of [—6, 6] due to the standard Gaussian noise. Similarly, at n = 800, the noise level
decreases such that the flow patterns become partially visible. At n = 950, the velocity and pressure fields are largely reconstructed,
and during the remaining reverse steps, they are further refined, with the predicted values converging to physically acceptable
ranges. Quantitative error metrics have already been reported in Table 2.

Fig. 6 shows similar trends for the reverse process of the Diffusion PointNet, starting from ¢ = 1000 (i.e., the standard Gaussian
noisy field) and progressing to r = 0, which corresponds to the predicted velocity and pressure fields. By comparing the outputs
shown in Figs. 5 and 6, it can be observed that the underlying mechanisms of the Flow Matching PointNet and the Diffusion PointNet
differ. For example, consider the velocity and pressure field predictions obtained by the Flow Matching PointNet at n = 950 and by
the Diffusion PointNet at ¢ = 50, corresponding to the same number of reverse steps in the two models. Given the results shown in
Figs. 5 and 6, a visual comparison indicates that the fluid flow patterns obtained by the Flow Matching PointNet exhibit a lower
noise level and more closely resemble the predicted clean flow fields at this step (i.e., n = 950) than those obtained by the Diffusion
PointNet at the corresponding step (i.e., # = 50). This qualitative observation highlights a fundamental difference in the reverse
dynamics of the two models.

4.3. Visual evaluation
Following the numerical analysis, a visual comparison of the results is conducted. Figs. 7-10 present four examples of the
Flow Matching PointNet model predictions for velocity and pressure fields, alongside the corresponding ground truth and absolute

pointwise error distributions. These figures include cylinders with pentagonal, rectangular, and elliptical cross-sections. Similarly,
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Fig. 8. The second set of examples comparing the ground truth to the predictions of Flow Matching PointNet for the velocity and pressure fields
from the test set.

Figs. 11-14 illustrate the results of the Diffusion PointNet model for cylinders with hexagonal, triangular, rectangular, and elliptical
cross-sections. In all cases, the predictions demonstrate excellent accuracy and a strong agreement with the ground truth. The
majority of the absolute errors occur on or near the cylinder surface, where the geometric variations among different test cases
are most significant. In Figs. 9 and 13, the x component of the velocity vector (1) becomes negative, indicating the formation of
secondary flow regions, and both the Flow Matching PointNet and Diffusion PointNet models successfully capture these phenomena.
It should be noted that the test set is identical for all three models: Flow Matching PointNet, Diffusion PointNet, and the baseline
PointNet. For visual diversity, however, we intentionally select cylinders with different cross-sectional shapes to provide a more
comprehensive visual representation in Figs. 7-14. These results highlight the models’ success in handling diverse geometries
with varying shapes, orientations, and sizes. Another notable observation is that the computational domain size differs for each
point cloud. For example, as can be seen in Fig. 7, the approximate minimum and maximum x-coordinates are 5 m and 11 m,
respectively, while the corresponding y-coordinates range from 13 m to 19 m. In contrast, as shown in Fig. 9, the x-coordinates
vary approximately from 2 m to 14 m, and the y-coordinates from 10 m to 22 m. A similar comparison can be made between Figs. 11
and 14. This adaptability reflects a fundamental strength of the PointNet architecture, which can process irregular geometries with
varying domain sizes, unlike conventional CNNs that require fixed domain dimensions across the entire dataset. Additionally, the
prediction of frger by Flow Matching PointNet or yy;s, by Diffusion PointNet at each point depends on both the spatial coordinates
of that point and the global geometry of the point cloud that contains it. Since the spatial ranges of the x and y coordinates vary
across different point clouds in the dataset, accurately predicting farger OF ¥noisy is @ challenging task. The results presented here
demonstrate that the proposed Flow Matching PointNet and Diffusion PointNet models successfully handle this challenge.

4.4. Sampling diversity

As discussed in Section 3, when standard Gaussian noise conditioned on a given geometry (point cloud) is provided as input to
the Flow Matching PointNet and Diffusion PointNet models, they generate distinct realizations of the velocity and pressure fields.
Here, we compare several of these generated samples. Fig. 15 presents five samples generated by the Flow Matching PointNet model.
To better illustrate the differences among the generated samples, instead of visualizing the velocity and pressure fields directly, we
show the absolute pointwise error along with the corresponding ground truth. As can be seen from Fig. 15, it is evident that each
sample differs from the others, even though the regions with the highest errors appear in roughly the same locations. However, the
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Fig. 9. The third set of examples comparing the ground truth to the predictions of Flow Matching PointNet for the velocity and pressure fields
from the test set.

maximum absolute error for the y component of the velocity vector (v) and the pressure field (p) still varies noticeably across samples.
For instance, in the case of the pressure field, the maximum absolute error occurs near the cylinder surface, with approximate values
of 0.035, 0.04, 0.05, 0.06, and 0.07 Pa, as visualized in Fig. 15. In Section 4.5, we demonstrate that variations in these pressure
values ultimately influence the predicted lift and drag forces induced by the pressure field. By sampling within the frameworks of
Flow Matching PointNet and Diffusion PointNet, we estimate the maximum potential prediction error and assess model reliability.
Consequently, when these models are applied in engineering design, such uncertainty estimates inform the selection of appropriate
safety factors.

Similarly, Fig. 16 visualizes five samples generated by the Diffusion PointNet model. Differences among these samples are
evident, particularly in the maximum absolute errors of both the velocity and pressure fields. For example, examining the generated
u-velocity reveals maximum errors of approximately 0.04, 0.20, 0.25, and 0.35 m/s. Notably, in the second row of Fig. 16, or
equivalently the sixth row of the same figure, the maximum absolute error of 0.35 occurs at only a single point among all 1024
points in the point cloud, while the remaining points exhibit near-zero absolute error. From a computer graphics perspective, this
phenomenon resembles labeling inconsistencies encountered in part-segmentation tasks when using PointNet [34,38]. In such cases,
more advanced models such as PointNet++ [35], DGCNN [66], and PointMLP [67] have been proposed and could potentially be
employed in future studies for generative modeling in computational physics. These models place greater emphasis on capturing
local features, thereby reducing the occurrence of outlier-like labels. Hence, these observations provide motivation for exploring
more sophisticated point cloud-based architectures for generative modeling.

4.5. Computation of pressure drag and lift forces

In addition to performing an error analysis over the entire computational domain, we now focus specifically on evaluating the
predictions of the velocity and pressure fields along the surface of the object. A comparative analysis is conducted to determine
which of the three models, Flow Matching PointNet, Diffusion PointNet, and baseline PointNet, achieves superior performance. In
particular, Fig. 17 presents the velocity and pressure profiles on the surface of one test object, which corresponds to a cylinder
with an elliptical cross-section. As illustrated in Fig. 17, since the flow is viscous, the components of the velocity vector (i.e., u
and v) must vanish at the surface. It is evident from Fig. 17 that the predictions obtained by Flow Matching PointNet and Diffusion
PointNet are more accurate than those of baseline PointNet for both the velocity and pressure fields. When comparing Flow Matching
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Fig. 10. The fourth set of examples comparing the ground truth to the predictions of Flow Matching PointNet for the velocity and pressure fields
from the test set.

Table 3

Comparison between the performance of the Flow Matching PointNet, Diffusion PointNet, and baseline PointNet
models for predicting pressure drag and pressure lift on a test set containing 222 unseen geometries. Lift and drag
are computed from the predicted pressure fields. Number of samples is equal to 100. In numbers reported in the
form a, + a,, a; and «, show the mean error and the corresponding standard deviation, respectively.

Flow Matching PointNet Diffusion PointNet Baseline PointNet

Average absolute error of drag 1.65256E—-2 + 4.70271E—4 8.82595E-3 + 3.33781E-4 1.04599E-1
Maximum absolute error of drag 1.32432E-1 + 2.13175E-2 1.34004E-1 + 9.27641E-3 3.48611E-1
Minimum absolute error of drag 1.40302E—4 + 1.30478E—4 4.42719E-5 + 4.15782E-5 1.06129E-2
Average absolute error of lift 1.28349E-2 + 4.41792E—4 1.06831E-2 + 3.10677E-4 4.77564E-2
Maximum absolute error of lift 6.84403E—-2 + 1.65813E-2 1.17770E-1 + 1.18856E—-2 1.90848E-1
Minimum absolute error of lift 8.33265E-5 + 9.27361E-5 6.78547E~5 + 5.77296E-5 1.75967E—4
Number of trainable 3554179 3554179 3554179

parameters

PointNet and Diffusion PointNet, both models demonstrate excellent performance; however, the results shown in Fig. 17 indicate
that Flow Matching PointNet provides slightly more accurate predictions of the zero-velocity condition in the y-direction compared
to Diffusion PointNet.

Following the comparison of velocity and pressure distributions on the cylinder surface, performed on one of the test set, we
now turn our attention to the prediction of drag and lift forces derived from the pressure field. Accurate estimation of drag and
lift forces has always been of great importance in engineering and plays a critical role in aerodynamic applications and geometric
design processes. Table 3 summarizes a quantitative comparison of the three models of Flow Matching PointNet, Diffusion PointNet,
and baseline PointNet. According to Table 3, an examination of the average absolute error in drag reveals that the baseline
PointNet model exhibits an error of approximately 10%, whereas the Flow Matching PointNet and Diffusion PointNet achieve
substantially lower errors of below 1.7% and 0.9%, respectively. These results indicate that both Flow Matching PointNet and
Diffusion PointNet considerably outperform the baseline PointNet model, yielding more reliable predictions for drag-based design
tasks. For lift prediction, a similar trend is observed. The Diffusion PointNet achieves the highest accuracy, followed by the Flow
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Fig. 11. The first set of examples comparing the ground truth to the predictions of Diffusion PointNet for the velocity and pressure fields from
the test set.

Matching PointNet and the baseline PointNet. The Flow Matching PointNet also provides more accurate predictions than the baseline
model. In this case, the prediction error of the baseline PointNet for lift is approximately 4.8%, which is lower than its corresponding
drag prediction error.

Finally, as discussed in Section 4.1, 100 samples are drawn by injecting standard Gaussian noise for each geometry from the
test set for both Flow Matching PointNet and Diffusion PointNet. Accordingly, the values reported in Table 3 in the form of a; + a,
indicate «, as the average value and «, as the standard deviation. This representation enables the quantification of uncertainty in the
predictions, which is particularly valuable for design-oriented applications. For instance, the average over the maximum absolute
error of drag for Flow Matching PointNet is approximately 13.25%, accompanied by a standard deviation of 2.14%, as listed in
Table 3. Similar information for the maximum absolute error of lift using Diffusion PointNet is provided in Table 3. In contrast, the
baseline PointNet model does not provide such uncertainty intervals for error measurements, which represents a key limitation of
the model. In summary, both Flow Matching PointNet and Diffusion PointNet not only deliver more accurate predictions but also
offer valuable uncertainty information about the model outputs that can assist design engineers, especially when safety margins or
worst-case design scenarios must be considered.

4.6. Robustness

Another parameter we aim to investigate is the case in which the target geometry is partially corrupted, meaning that a fraction
of the points in a point cloud is missing, such as 5%, 10%, or 15% of the total points. This scenario is realistic from both industrial
and experimental perspectives. While training datasets for deep learning models are typically geometrically complete, with all points
available or reconstructed prior to training, real-time applications during inference might involve incomplete data.

The objective of this subsection is to evaluate how robust the three deep learning frameworks, Flow Matching PointNet, Diffusion
PointNet, and baseline PointNet, are in handling such incomplete data. Table 4, together with Figs. 18 and 19, illustrate the results
of this analysis. When 5%, 10%, and 15% of the points in each point cloud (e.g., 15% of 1024 points) are randomly removed,
the corresponding errors in the x- and y-components of the velocity vector (i.e., u and v) and in the pressure variable (i.e., p) are
listed in Table 4. As expected, increasing the percentage of missing points leads to higher prediction errors. Among the three models
considered, the Flow Matching PointNet demonstrates the highest robustness, followed by the Diffusion PointNet, while the baseline
PointNet exhibits the lowest robustness. When 10% of the points are removed, the average relative pointwise error (L?> norm) for

17



A. Kashefi Computer Methods in Applied Mechanics and Engineering 458 (2026) 119037

Prediction of velocity u (m/s) Ground truth of velocity u (m/s) Absolute error of velocity u (m/s)

¥ (m)
S
¥ (m)
P
y (m)

x (m) x (m) x (m)

Prediction of velocity v (m/s) Ground truth of velocity v (m/s) Absolute error of velocity v (m/s)

0.020

0.015

¥ (m)
¥ (m)
¥ (m)

0,010

0.005

x (m) x (m) x (m)

Prediction of gauge pressure (Pa) 06 Ground truth of gauge pressure (Pa) Absolute error of gauge pressure (Pa)
06

0.040

0.035

0.030

0.025

y (m)
¥ (m)
¥ (m)

0.020

0.015

0.010

0.005

Fig. 12. The second set of examples comparing the ground truth to the predictions of Diffusion PointNet for the velocity and pressure fields
from the test set.

Table 4

Robustness test of Flow Matching PointNet, Diffusion PointNet, and baseline PointNet by
evaluating the error in predicted velocity and pressure fields when a certain percentage
of points is randomly removed from point clouds in the test set, containing 222 unseen
geometries. The L? norm is indicated by || - ||.

Model Percentage 5% 10% 15%
Average || —ul|/||u]| 1.46687E—2 1.81087E—2 2.27024E-2
Flow Matching PointNet Average ||0—vl|/]|v]] 5.25402E-2 6.84943E-2 8.20785E-2
Average || — pll|/llpl| 4.27335E-2 5.48017E-2 6.71761E-2
Average ||ii—ul|/||u]| 1.73480E—2 2.15721E-2 2.99512E-2
Diffusion PointNet Average ||0—vl|/]|v]| 7.35410E-2 8.53514E-2 1.09470E-1
Average || — pll/llpl| 4.15597E-2 5.14183E-2 6.95332E-2
Average ||a—ul|/||ul| 3.32840E-2 3.59088E-2 4.23352E-2
Baseline PointNet Average ||0 - vl|/]|v]]| 1.39502E-1 1.48369E-1 1.71268E-1
Average |15 — pl|/11pl| 1.10115E-1 1.14691E—-1 1.23513E-1

predicting the v variable is approximately 6.9% for Flow Matching PointNet, 8.6% for Diffusion PointNet, and 14.9% for baseline
PointNet. Notably, the error for baseline PointNet exceeds 10%, which is generally considered unacceptable in engineering design
contexts. When 15% of the points are removed, the prediction error for the v increases to about 8.3% for Flow Matching PointNet,
nearly 11% for Diffusion PointNet, and over 17% for baseline PointNet. Under these conditions, Flow Matching PointNet is the only
model maintaining an error below 10%.

Figs. 18 and 19 show, respectively, the predictions obtained by the Flow Matching PointNet and Diffusion PointNet for the u,
v, and p variables when 15% of the points are removed. It is important to note that some of the missing points are located on the
surface of the cylinder. Mathematically, the velocity and pressure fields are functions of the cylinder’s cross-sectional geometry.
Consequently, the learning process of the deep network inherently depends on this geometry. Kashefi et al. [29] demonstrated that
such boundary points are, in fact, critical within the PointNet framework and play an essential role in geometric deep learning. This
finding further highlights the importance of robustness and underscores the superior performance of the Flow Matching PointNet
in handling geometries with missing boundary points.
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Fig. 13. The third set of examples comparing the ground truth to the predictions of Diffusion PointNet for the velocity and pressure fields from
the test set.

Table 5

Comparison of the performance of the Flow Matching PointNet model for sampling flows using
different numbers of steps (N,) in the prediction of velocity and pressure fields on a test
set containing 222 unseen geometries. The number of samples generated by Flow Matching
PointNet is 100. For values reported in the form a, + a,, «; denotes the mean error and «a,
denotes the corresponding standard deviation.

N. Average ||@ —ull/Ilull Average || —vll/Ilv]] Average ||5 - pll/Ilpl|

1000  1.39556E-2 + 1.52319E-4  4.80994E-2 + 3.42805E—4  3.66295E-2 + 3.52680E—4
100 1.28839E-2 + 1.60753E—4  4.66403E-2 + 4.23433E-4  3.38772E-2 1 4.02414E—4
50 1.23977E-2 + 1.55730E-4  4.65132E-2 + 3.97360E—4  3.30066E—2 + 4.03075E—4
25 1.20465E-2 + 1.29122E-4  4.64750E-2 + 3.91735E—4  3.36662E-2 + 2.86857E—4
20 1.20174E-2 + 1.30897E-4  4.64054E-2 + 3.82539E—4  3.41983E-2 + 3.99324E—4
10 1.20473E-2 + 1.13537E-4  4.88882E-2 + 3.45820E-4  3.79881E-2 x 3.32502E—4
5 1.31928E-2 + 1.04309E-4  5.60721E-2 + 2.99492F—4  5.18359E-2 + 2.94535E—4

4.7. Impact of the number of steps on inference in Flow Matching PointNet

In this section, we investigate the effect of the number of steps (N.) on inference in Flow Matching PointNet (see Egs. (12)
and (17)). In previous sections, we set N, = 1000. The main reason for this choice was to ensure a fair comparison between the
performance of Flow Matching PointNet and Diffusion PointNet (e.g., see Figs. 5 and 6). However, when considering Flow Matching
PointNet independently, we perform an ablation study on the number of steps at inference time. Ideally, a smaller number of steps
leads to faster sampling and inference, provided that prediction accuracy is maintained. Table 5 presents the results of this ablation
study. Based on the results in Table 5, the choices N, = 20 or N, = 25 appear to be ideal and yield slightly improved accuracy
relative to using N, = 1000. We conjecture that this improvement is due to the reduced accumulation of solver-induced numerical
errors (e.g., finite-precision effects) that arise when a large number of updates are applied.

Generally speaking, one of the advantages of the baseline PointNet compared to Flow Matching PointNet and Diffusion PointNet
is that it requires only a single step to generate the output, resulting in faster inference time. This is particularly important for
real-time applications and for accelerating shape optimization through faster exploration of the parameter space. Specifically, for
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Fig. 14. The fourth set of examples comparing the ground truth to the predictions of Diffusion PointNet for the velocity and pressure fields from

the test set.

Flow Matching PointNet, we showed that 25 steps are sufficient in the current application; however, both Flow Matching PointNet
and Diffusion PointNet remain slower at inference time compared to the baseline PointNet. To address this limitation, and from
a broader computer science perspective, several successful methods have been proposed to mitigate the limitation of requiring a
large number of steps at inference time in flow matching and diffusion models. These include diffusion model distillation [68],
consistency models [69], and fast solvers for guided sampling [70], all of which enable generation with only a few steps. Hence, a
direction for our future work is to develop alternative versions of Flow Matching PointNet and Diffusion PointNet that incorporate
these techniques.

4.8. Correlation between predictive variance and local error

In this part of the article, we address the question of whether higher variance across samples generated by Flow Matching
PointNet and Diffusion PointNet correlates with higher local prediction error. To this end, we employ the Pearson correlation
coefficient. For each point cloud in the test set, we generate 100 samples. For each spatial point, we compute the mean prediction
across samples, as well as the corresponding variance across these samples, which serves as a measure of predictive uncertainty. We
also compute the pointwise absolute error between the mean prediction and the ground truth. The Pearson correlation coefficient is
then evaluated across all spatial points within each point cloud, measuring the relationship between predictive variance and local
error. A positive correlation indicates that regions with higher predicted uncertainty tend to correspond to larger local prediction
errors, suggesting that the uncertainty estimates are informative.

The results of this analysis are presented as histograms for the 222 unseen geometries in the test set in Fig. 20, for the velocity
and pressure variables in both Flow Matching PointNet and Diffusion PointNet. More specifically, the positive ratios (defined as
the fraction of cases with a positive Pearson correlation coefficient) are 0.928, 0.977, and 1.000 for the u, v, and p variables,
respectively, in Flow Matching PointNet. Similarly, these ratios are 1.000, 0.982, and 0.990 for Diffusion PointNet. Hence, a large
fraction of geometries exhibits positive correlation. Additionally, the average Pearson correlation coefficients across the 222 test
geometries are 0.318, 0.254, and 0.563 for the u, v, and p variables, respectively, in Flow Matching PointNet. Correspondingly,
these values are 0.549, 0.283, and 0.319 for Diffusion PointNet. Based on this information and Fig. 20, it is concluded that there is
a clear positive correlation between the variance across samples and the local prediction error, indicating that regions with higher
predictive variance tend to coincide with larger local prediction errors.
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Fig. 15. Flow Matching PointNet realizations; the first row shows the ground truth, and the remaining rows show the absolute pointwise error
for five different realizations.

21



A. Kashefi Computer Methods in Applied Mechanics and Engineering 458 (2026) 119037

Ground truth of velocity u (m/s) Ground truth of velocity v (m/s) Ground truth of gauge pressure (Pa)
03 0.4
19 10 19 19
1 18 02 18
08 02
17 Y 01 17
Eiw o6 Ee Eu 00
00
15 04 15 15
-01 -02
1 12 1
02
-02
13 13 13 os
00
s 6 7 8 9 10 11 s 6 7 8 § 10 11 5 6 7 8 9 10 1
X (m) x(m) x(m)
Absolute error of velocity u (m/s) Absolute error of gauge pressure (Pa)
035 0.07
19 19 012 19
030 0.06
1 18 010 18
025 0.05
17 17 008 17
_ 0.20 _ 0.04
£E16 Ee Ee
B B 0.06
015 0.03
15 15 15
010 .04 0.02
14 1 13
0.02
- 0.05 s 5 001
0.040
19 19 19
0.04
0035 0.020
18 18 18
0.030
7 17 0015 7 0.03
0.025
E1e E1e Eis
= 0.020 =
0.010 0.02
15 0015 15 15
1 1 1
0.010 0.005 0.01
13 0.005 13 13
s 6 7 8 9 10 11
X (m)
19 19 .08 19 o040
0.20 0.035
7
18 18 0o 18
0.06 0.030
17 015 17 17
0.05 0.025
Ee Ee Eie
> > 0.04 0.020
1 010 1 1
s 5 003 5 0015
i 18 1
0.05 0.02 0.010
13 13 001 13 0.005
S 6 7 & 9 1o 11 5 6 7 8 5 10 11
X (m) x(m)
Absolute error of velocity u (m/s)
o 0.04 e 0.030 » 0.06
18 18 18
0.025 0.05
17 003 17 17
0.020 0.04
Ee Eie Ee
0.02 > 0.015 0.03
15 15 15
0.010 0.02
1 001 14 1
0.005 0.01
13 13 13
s 6 7 8 9 10 11 5 6 7 8 9 10 1
X (m) *(m) x(m)
Absolute error of velocity u (m/s) Absolute error of velocity v (m/s) Absolute error of gauge pressure (Pa)
0.08 0.06
19 19 19
020 0.07
15 18 18 005
0.06
17 17 17 0.04
015 0.05
Ee Eis Eie
= = 0.04 - 0.03
010
15 15 003 15
0.02
14 14 002 1
0.05
0.01
13 13 001 13
s 6 7 8 9 1o 11 s 6 7 8 5 10 11 5 6 7 8 9 10 1
X (m) X (m) x(m)

Fig. 16. Diffusion PointNet realizations; the first row shows the ground truth, and the remaining rows show the absolute pointwise error for
five different realizations.
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Fig. 17. An example of velocity and pressure distributions predicted by the Flow Matching PointNet, Diffusion PointNet, and baseline PointNet
models along the surface of a cylinder with an elliptical cross-section from the test set. The angle is measured counterclockwise from the positive
x-axis by connecting each surface point to the center of the ellipse at (8, 16).
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Fig. 18. An example comparing the ground truth to the predictions of Flow Matching PointNet for the velocity and pressure fields from the test
set, where 15% of points are randomly removed from the point clouds, and an imperfect geometry of the test set is fed into the network. Note
that the ground truth is shown with all 1024 points.

5. Summary and outlook

In this study, we introduced, for the first time, the Flow Matching PointNet and Diffusion PointNet, which integrated the
formulations of flow matching [1] and diffusion models [2] into PointNet [29,30,34] to generate velocity and pressure fields of
fluid flows conditioned on the geometry of the computational domain. In these generative frameworks, irregular geometries were
represented as point clouds. Independent standard Gaussian noise fields, corresponding to the velocity components in the x- and
y-directions as well as the pressure field, were concatenated with the spatial coordinates. In addition, sinusoidal positional encodings
were concatenated with the spatial coordinates and noise fields to form the input features. A forward processing phase was then
initiated, during which the Diffusion PointNet was trained to predict the noise components added to the velocity and pressure
fields, while the Flow Matching PointNet, in a similar manner, predicted the derivatives of the noise with respect to a temporal
variable. After training, inference was performed via a reverse processing phase, in which independent standard Gaussian noise
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Fig. 19. An example comparing the ground truth to the predictions of Diffusion PointNet for the velocity and pressure fields from the test set,

where 15% of points are randomly removed from the point clouds, and an imperfect geometry of the test set is fed into the network. Note that

the ground truth is shown with all 1024 points.

fields associated with the velocity components and pressure were conditioned on an unseen geometry to generate the corresponding
velocity and pressure fields. In Flow Matching PointNet, we used the explicit Euler numerical scheme during the reverse process.

To demonstrate the effectiveness of the proposed frameworks, the classical problem of fluid flow around a cylinder was employed
as a benchmark. In this setup, the cross-section of the cylinder varied across different geometries, resulting in corresponding
variations in the velocity and pressure distributions. These variations constituted the dataset that was used for training. The analysis
of the predictions from the Flow Matching PointNet and Diffusion PointNet models revealed that their performance was significantly
superior to that of the baseline PointNet framework. In particular, employing the Flow Matching PointNet and Diffusion PointNet
models reduced the average relative pointwise error in the L?> norm to below 10%, whereas the error for the baseline PointNet
model exceeded 10%. Flow Matching PointNet and Diffusion PointNet demonstrated improved accuracy in predicting pressure-
induced lift and drag forces. Furthermore, since the proposed frameworks generated predictions based on standard Gaussian noise
inputs, multiple realizations were produced for any given geometry, enabling estimation of the uncertainty in model predictions.
This capability was especially valuable for engineering design and safety factor considerations. Specifically, we demonstrated
the uncertainty range associated with the maximum possible errors in pressure-induced drag and lift predictions. Additionally,
we investigated the robustness of the Flow Matching PointNet and Diffusion PointNet models in cases where the geometry was
incomplete (i.e., when a percentage of points in a point cloud was missing). The results showed that both models exhibited greater
robustness compared to the baseline PointNet, with the Diffusion PointNet capable of maintaining the average relative pointwise
error in the L? norm of the velocity and pressure fields below 10% even when up to 15% of the point cloud data were missing.
Finally, although both the Flow Matching PointNet and Diffusion PointNet significantly outperformed the baseline PointNet, the
overall difference between the two was not substantial. The Diffusion PointNet performed slightly better in predicting pressure,
leading to more accurate pressure-induced drag and lift computations, whereas the Flow Matching PointNet demonstrated greater
robustness when the geometry was partially missing.

We provide several directions for future extensions of the current research. One potential avenue is to investigate turbulent flow
regimes, where uncertainty in the solution plays a critical role from both scientific and engineering perspectives [13,39]. Another
direction involves studying time-dependent flows, particularly those in which the geometry of the computational domain itself varies
with time. Moreover, the proposed generative models can be further applied to the super-resolution and reconstruction of turbulent
flow fields on unstructured grids. Extending the Flow Matching PointNet and Diffusion PointNet framework to three-dimensional
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Fig. 20. Histograms of the Pearson correlation coefficient between predictive variance and pointwise absolute error for the 222 unseen geometries
in the test set, computed separately for the u, v, and p variables. Results are shown for both Flow Matching PointNet and Diffusion PointNet.

cases with industrial applications, such as predicting Reynolds-Averaged Navier-Stokes (RANS) turbulent flow on the surfaces of
aircraft wings and vehicles, is another important direction for future research. Additionally, while we introduced novel flow matching
and diffusion models conditioned on the geometry of the computational domain, these models can be further extended to a hybrid
conditioning approach, simultaneously conditioned on both geometry and textual prompts, thereby enabling their integration into
foundation and large language/vision models [71-76] for computational physics.
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