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Introduction & Motivation
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1. Supervised learning

plentiful labeled data (observations)

2. Unsupervised/weakly supervised 

learning 

no labeled data or only sparse 

labeled data (observations)



Supervised

Learning

Deep Learning Methods for Reynolds-Averaged

NavierïStokes Simulations of Airfoil Flows
N. Thuereyet al. (2020)

Technical University of Munich



Supervised

Learning





Supervised Learning Framework

Step#1 Obtain the velocity fields for900 domains using a numerical solver (or 

a lab experiment)

Step#2 Train a neural network on these 900domains (training set)

Step#3 By the neural network, predict the velocity fields on the remaining 100

domains (test set)

Letôsexplainit by anexample:

Imaginewe would like to obtain the velocity fields around1000 airfoils

with different geometries



Supervised Learning Framework

Step#1 Obtain the velocity fields for900 domains using a numerical solver (or 

a lab experiment)

Step#2 Train a neural network on these 900domains (training set)

Step#3 By the neural network, predict the velocity fields on the remaining 100

domains (test set)

Producing plentiful labeled data is 

expensive!

Sometimes, labeled data are not 

accessible!



Step#1 Obtain the velocity fields for900 domains using a numerical solver (or 

a lab experiment)

Step#2 Train a neural network on these 900domains

Step#3 By the neural network, predict the velocity fields on the remaining 100

domains

Unsupervised/Weakly SupervisedLearning Framework

Our goal: Designing a neural network to predict the 

solution on multiple domains without plentiful labeled data



Crunch Group



Loss function = governing equations + boundary conditions 

+ initial conditions + sparse observation

S. Cai et al. (2021)

automatic differentiation



Can PINN obtain the solution over more 

than one different geometries 

simultaneously (i.e., in one training set)?

S. Cai et al. (2021)



Uncommon points in 

these two domain

S. Cai et al. (2021)



Even in common points, the solution 

might be different in each of these 

two domains

S. Cai et al. (2021)



No, because there is no mechanism in the fully 

connected network to capture geometric variations!

S. Cai et al. (2021)

Can PINN obtain the solution over more 

than one different geometries 

simultaneously (i.e., in one training set)?



No, because there is no mechanism in the fully 

connected network to capture geometric variations!

S. Cai et al. (2021)

Can PINN obtain the solution over more 

than one different geometries 

simultaneously (i.e., in one training set)?

Why it is bad?!

Because for each new geometry, we must 

retrain the network!



PhyGeoNetstrategies:

ÅCapturing geometric features using encodersin CNNs

ÅUsing non-trainable filter representing a finite difference stencil, instead of using 

automatic differentiation

ÅUsing elliptic coordinate transformations for irregular geometries



PhyGeoNetarchitecture

Figure taken from the PhyGeoNetjournal paper (Gao et al. 2021)



PhyGeoNet limitations:

ÅLimitations of finite difference schemes such as order of accuracy and issues of 

high order methodsnear boundaries

ÅElliptic coordinate transformations require offline efforts

ÅCannot handle more than five ὅ continuous boundaries



parameterized vascular 

geometries
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Our proposed solution:

Use PointNetinstead of simple fully connected networks

Fully connected network



Our proposed solution:

Use PointNetinstead of simple fully connected networks

PointNet
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Physics-Informed PointNet(PIPN)

Methodology



Representing each domain as a set of points ὢ ὀȟὀȟỄȟὀ



Representing each domain as a set of points ὢ ὀȟὀȟỄȟὀ

For example in 2D, we have ὀ ὼȟώ

N is number of 

points in each 

domain



Representing each domain as a set of points ὢ ὀȟὀȟỄȟὀ

Approximating geometric feature of the domain by Ὣὢ ÍÁØὬὀ ȟὬὀ ȟỄȟὬὀ

Max Pool shared MLPglobal feature



Representing each domain as a set of points ὢ ὀȟὀȟỄȟὀ

ό ὪὀȟὫὢ

Approximating geometric feature of the domain by Ὣὢ ÍÁØὬὀ ȟὬὀ ȟỄȟὬὀ

PointNetprediction (output)

The PointNetoutput at each point depends 

on both the spatial coordinates and the 

geometric feature of the whole domain. 
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Approximating geometric feature of the domain by Ὣὢ ÍÁØὬὀ ȟὬὀ ȟỄȟὬὀ

is the automatic differentiation‏
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Representing each domain as a set of points ὢ ὀȟὀȟỄȟὀ
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Thus, the weights of PIPN is updated based on 

all the domains at each epochs during training.
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Important features of PointNet (and PIPN)

Letôsimaginewe havea2D domainrepresentingby
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Important features of PointNet (and PIPN)

Permute the input The network output 

should not change!
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Important features of PointNet (and PIPN)

Permute the input The network output 

should not change!

PointNet (and consequently,PIPN) is invariant to N! permutationsusing
two features:

1. SharedMLPs

2. A symmetricfunction
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Important features of PointNet (and PIPN)

Permute the input The network output 

should not change!

PointNet (and consequently,PIPN) is invariant to N! permutationsusing
two features:

1. SharedMLPs

2. A symmetricfunction

Ὣὢ ÍÁØὬὀ ȟὬὀ ȟỄȟὬὀ

shared MLP

symmetric 

function
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Important features of PointNet (and PIPN)

Permute the input The network output 

should not change!

PointNet (and consequently,PIPN) is invariant to N! permutationsusing
two features:

1. SharedMLPs

2. A symmetricfunction

Ὣὢ ÍÁØὬὀ ȟὬὀ ȟỄȟὬὀ

shared MLP

symmetric 

function

Shared MLPs areñnotòdenselayers (TensorFlowterminology)!

Implementationof sharedMLPs is explainedin

ü thePointNetsourcecode(https://github.com/charlesq34/pointnet)

ü and the manuscript ñNetworkin Networkò(cited 6563),

(https://arxiv.org/abs/1312.4400)

https://github.com/charlesq34/pointnet
https://arxiv.org/abs/1312.4400


Uncommon points in 

these two domain



Even in common points, the solution 

might be different in each of these 

two domains



PIPN framework

Set ɰ ὠ contains unseen geometries from seen andunseen 

categories with reference to the setɮ ὠ .



Physics-Informed PointNet(PIPN)

Results & Discussion



Natural convection in a square enclosure with a cylinder

Cold

Hot

Inner cylinders have different 

shapes and different poses!

We do not know the 

temperature distribution on 

the surface of inner cylinder!



Natural convection in a square enclosure with a cylinder

Å We would like to obtain the velocity, temperature,andpressure fields for 135

domainswith different geometriesfor theinner cylinder.

Å For 108domains,wehavesparseobservationsin sensorlocations(setɮ)

Å For 27dominos,wehaveno observations(setɰ)



Loss function for the set ɮ= conservation of mass 

+ conservation of   momentum + conservation of energy 

+ velocity boundary conditions 

+ temperature boundary condition of the outer cylinder

+ sparse observation of velocity/temperature/pressure in sensor locations

examples of sensor locations in the set ɮ ὠ



Predictionby PIPNvs. thegroundtruth for a domainof thesetɮ ὠ



Predictionby PIPNvs. thegroundtruth for a domainof thesetɮ ὠ



Absolute pointwise error distribution for geometries with maximum and

minimum errorsfor thesetɮ ὠ


