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Physics-Informed PoimntNet (PIPN)

Introduction & Motivation
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What is the optimized shape of wing?
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What is the optimized shape of wing?

Parametric
CAD

L/D

.8

~—

<

ad

oY)

<

o oo e
A %
o

~— O Feasible

ﬁ s Une

—

Design
Optimization
Environment

“| Sel. 6772 'Sol. 6749

Lift Coefficient

Accelerating by Machine Learning Mattos et al. (2015)



Parametric
CAD

1. Supervised learning
" plentiful labeled data (observations)

Design
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Environment

2. Unsupervised/weakly supervised
_ learning

no labeled data or only sparse
labeled data (observations)
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Supervised Learning Framework

Let’s explain it by an example:
Imagine we would like to obtain the velocity fields around 1000 airfoils

with different geometries

Step#1 Obtain the velocity fields for 900 domains using a numerical solver (or
a lab experiment)

Step#2 Train a neural network on these 900 domains (training set)

Step#3 By the neural network, predict the velocity fields on the remaining 100
domains (test set)



Supervised Learning Framework

Producing plentiful labeled data is
expensive!
Sometimes, labeled data are not
accessible!

Step#1 Obtain the velocity fields for 900 domains using a numerical solver (or
a lab experiment)

Step#2 Train a neural network on these 900 domains (training set)

Step#3 By the neural network, predict the velocity fields on the remaining 100
domains (test set)



Unsupervised/Weakly Supervised Learning Framework

Our goal: Designing a neural network to predict the
solution on multiple domains without plentiful labeled data

tain the velocity fields for 900 domains using a numerical solver (or
a riment)

g Y

tep#2 Train a neural network on these 900 domains

Step#3 By the neural network, predict the velocity fields on the remaining 100
‘domains 4
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Can PINN obtain the solution over more
than one different geometries
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Uncommon points 1n
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Even 1n common points, the solution

might be different 1n each of these
two domains
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Can PINN obtain the solution over more
than one different geometries
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Can PINN obtain the solution over more
than one different geometries
simultaneously (i.e., in one training set)?
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PhyGeoNet: Physics-informed geometry-
adaptive convolutional neural networks for

solving parameterized steady-state PDEs on
irregular domain

Han Gao, Luning Sun, Jian-Xun Wangf—"k &
PhyGeoNet strategies:

* Capturing geometric features using encoders in CNNs

* Using non-trainable filter representing a fiite difference stencil, instead of using
automatic differentiation

* Using elliptic coordmate transformations for irregular geometries



PhyGeoNet architecture
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Figure taken from the PhyGeoNet journal paper (Gao et al. 2021)



PhyGeoNet limitations:

 Lmmitations of finite difference schemes such as order of accuracy and issues of
high order methods near boundaries

* Elliptic coordinate transformations require offline efforts

e (Cannot handle more than five Cy continuous boundaries
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Physical Domain Mesh Physical Domain Mesh Physical Domain Mesh Reference Domain Mesh
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geometries
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Our proposed solution:
Use PointNet 1nstead of stmple fully connected networks

Physics-informed network
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Our proposed solution:
Use PointNet 1nstead of stmple fully connected networks

. ——

PointNet

Back-propagation

Physics-informed network
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Pointnet: Deep learning on point sets for 3d classification and segmentation 6962 2017
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Physics-Informed PoimntNet (PIPN)

Methodology
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Important features of PointNet (and PIPN)

Let’s imagine we have a 2D domain representing by

X4 | Vs




Important features of PointNet (and PIPN)

Permute the input The network output
should not change!

X4 | Vs




Important features of PointNet (and PIPN)

H Permute the input The network output
| X4 | Vs |

should not change!

PointNet (and consequently, Pl
two features:

1. Shared MLPs
2. A symmetric function

PN) 1s 1nvariant to N! permutations using



Important features of PointNet (and PIPN)

H Permute the input The network output
| X4 | Vs |

should not change!

PointNet (and consequently, Pl
two features:

1. Shared MLPs
2. A symmetric function

PN) 1s 1nvariant to N! permutations using

g(X) = maX(h(Xﬂ; h(x,), -, h(XN))

symmetric ‘
function shared MLP



Important features of PointNet (and PIPN)

Shared MLPs are “not” dense layers (TensorFlow terminology)!
Implementation of shared MLPs is explained in

» the PointNet source code (https://github.com/charlesq34/pointnet)

» and the manuscript “Network in Network” (cited 6563),
(https://arxiv.org/abs/1312.4400)

2. A symmetric function | |

symmetric
function shared MLP
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PIPN framework

Training PIPN to solve a forward or inverse problem
governed by PDEs over geometries of set @

Physics-Informed

b = {V; ﬂ’i — VJVJ”"V :
Widiza = N, V2 m} PointNet (PIPN)

Solution of PDEs over set @

Using the trained PIPN ::to obtain the solution of
PDEs over gcof;nctrics of set W

v

Y ={V}_, =,V V) Ph).zsws—lnformed Solution of PDEs over set ¥
PointNet (PIPN)

Set W = {Vi}%zl contains unseen geometries from seen and unseen
categories with reference to the set @ = {Vi}ﬁl.




Physics-Informed PoimntNet (PIPN)

Results & Discussion



Natural convection in a square enclosure with a cylinder
Cold

0.95
0.9
0.85

Inner cylinders have different
shapes and different poses!

0.75
0.7
0.65
0.6
0.55
0.5
0.45

0.35
0.3
0.25

We do not know the
temperature distribution on
the surface of inner cylinder!

0.15
0.1
0.05

Shape of W (see Eq. 4) Side length Q (variation in orientation) Number of data
Equilateral nonagon 0.365 X sin % X CSC % m 1°,2°--,39° 40° 40
Equilateral octagon 0.8(\/2 = 1) m [°,2°, ..., 44°, 45° 45

Equilateral heptagon 0.365 m 1°,2°,.--,49° 50° 50




Natural convection in a square enclosure with a cylinder

We would like to obtain the velocity, temperature, and pressure fields for 135
domains with different geometries for the mner cylinder.

For 108 domains, we have sparse observations in sensor locations (set @)

For 27 dominos, we have no observations (set W)

Training PIPN to solve a forward or inverse problem
governed by PDEs over geometries of set @

Physics-Informed

b = VTE — VJVJ”.IV :
Witize = V1, Voo V) PointNet (PIPN)

Solution of PDEs over set ®@

Using the trained PIPN ::to obtain the solution of
PDEs over geometries of set ¥

v

Y ={V}_, =V, V3 Ph)‘rsws—lnformed Solution of PDEs over set W
PointNet (PIPN)
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_|_

+

+ velocity boundary conditions
+ temperature boundary condition of the outer cylinder
+ sparse observation of velocity/temperature/pressure in sensor locations

examples of sensor locations 1n the set & = {V
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Absolute pomtwise error distribution for geometries with maximum and

minimum errors for the set ® = {Vi}%g ?
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Absolute pomtwise error distribution for geometries with maximum and
minimum errors for the set ¥ = {V;}7/,
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Error analysis

Over the set ® = {V;},-lg?

Over the set ¥ = {V;}il

Average ||@ — ull, /|]ully, [1.08589E — 1 | [1.18250E — 1]
Maximum ||& —ul|, /||ul], 1.43521E — 1 1.45620E — 1
Minimum |[|@ —ull, /|ul], 7.73181E - 2 8.92147E — 2
Average |5 — 0|l /110l [9.06379E — 2| [1.07225E - 1]
Maximum ||5 — o||,, /||0l], 1.27650E — 1 1.27621E — 1
Minimum ||7 — vl|, /||v]]y 6.23631E — 2 8.26707E — 2
Average |15 - pll, /llplly [2.89030E — 2 | [2.89858E — 2|
Maximum |15 = pll, /l1plly 3.34799E — 2 3.28380E — 2
Minimum |15 - pll, /112l 2.47451E - 2 2.37549E — 2
Average |IT =TI, /11Tl 13.66134E — 2| 3.80187E — 2 |
Maximum ||T = T|l,,/IIT|l, 4.91492E — 2 4.60109E — 2
Minimum ||T =Tl /1Tl 2.57257E - 2 2.86674E — 2
Average ||T = T||.. /Tl [2.26461E — 2| [7.41204E — 2 |
Maximum ||T =TI /IIT]ly, 4.14641E — 2 1.12027E — 1
Minimum [|T =Tl /IIT|In 1.19202E — 2 2.07173E = 2

mnner




Temperature distribution

Set @ = {V}105 Set ¥ = {V;}?Z,
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Natural convection in a square enclosure with a cylinder

So far the set W = {V/;}7/, has been established from unseen geometries

but from seen categories with reference to the set ® = {V }108 such as
heptagonal, octagonal, nonagonal inner cylinders

Now we set ¥ = {V;}7_, from unseen geometries from unseen categories
with reference to the set ® = {V; }108 such as circular and hexagonal inner
cylinders.
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Prediction by PIPN vs. the ground truth for the circular inner cylinder
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Absolute pomtwise error distribution
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Error analysis

lla—ully ll5-0lly ll5-plly IT=Tlly 17T ey
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Physics-Informed PoimntNet (PIPN)

New Research Questions



* When and Why PIPN f{ails to train?!

. Journal of Computational Physics
T . Volume 449, 15 January 2022, 110768

ELSEVIER

When and why PINNs fail to train: A
neural tangent kernel perspective

Sifan Wang &, Xinling Yu ® &, Paris Perdikaris b o =

How these error analysis change with the presence of
“shared” MLPs and the “Max’ function?!




* When and Why PIPN f{ails to train?!
* Parallel physics-informed PointNet via domain decomposition?!

Domain(f2)

@ B
B

Journal of Computational Physics
Volume 447, 15 December 2021, 110683

ELSEVIER

Parallel physics-informed neural networks

via domain decomposition

- Khemraj Shukla, Ameya D. Jagtap, George Em Karniadakis & &

w
~

GPU 1 GPU 2 GPU 3. GPU 4

How we should decompose “multiple domains”™
while the solution of each domain depends on its geometry?!




* When and Why PIPN f{ails to train?!
* Parallel physics-informed PointNet via domain decomposition?!

* Extension to 3D and unsteady problems with applications to other
areas such as compressible flows, linear and nonlinear elasticity, ...

Physics-Informed PointNet: A Deep Learning Solver for
Steady-State Incompressible Flows and Thermal Fields on Multiple

Sets of Irregular Geometries )
https://arxiv.org/abs/2202.05476
Ali Kashefi“*, Tapan Mukerji

2 Department of Civil and Environmental Engineering, Stanford University, Stanford, 943035, CA, USA
b Department of Energy Resources Engineering, Stanford University, Stanford, 94305, CA, USA

ARTICLE INFO ABSTRACT
Keywords: We present a novel physics-informed deep learning framework for solving steady-state incom-
Physics-informed deep learning pressible flow on multiple sets of irregular geometries by incorporating two main elements: using
PointNet a point-cloud based neural network to capture geometric features of computational domains, and
Irregular geometries using the mean squared residuals of the governing partial differential equations, boundary con-
Automatic differentiation ditions, and sparse observations as the loss function of the network to capture the physics. While
Incompressible flow the solution of the continuity and Navier-Stokes equations is a function of the geometry of the
. Thermally-driven flow computational domain, current versions of physics-informed neural networks have no mecha-

nism to express this functionally in their outputs, and thus are restricted to obtain the solutions



Physics-Informed PoimntNet (PIPN)

Summary



e We proposed PIPN as a novel physics-informed deep learning framework.

e PIPN solves forward and inverse time-independent problems on several
irregular domains by training only once.

e PIPN overcomes the shortcoming of regular PINNs that need to be
retrained for any single domain with a new geometry.

e We showed applications of P
fields.

N for imncompressible flows and thermal



A Short Advertisement



Physics of Fluids ARTICLE scitation.org/journal/phf

Point-cloud deep learning of porous media
for permeability prediction © @

1\ ed
. . . feot™
Cite as: Phys. Fluids 33, 097109 (2021); doi: 10.1063/5.0063904 @; + @
Submitted: 18 July 2021 - Accepted: 26 August 2021 - [
Published Online: 28 September 2021 View Onlne ERnRoRN Crosshlark
Ali Kashefi'® (%) and Tapan Mukerji*"’
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Voxel Representation Point Cloud Representation

Data Size:

4000x3 = 12000
Needs Low GPU Memory:

Data Size:

64x64x64 = 262144
Needs Huge GPU Memory e

L 1.0
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Supportive Materials



Journal of Computational Physics

v g 1 Volume 446, 1 December 2021, 110666
ELSEVIER

Physics-informed machine learning for
reduced-order modeling of nonlinear problems

Wwengian Chen * " &, Qian Wang ® & &, Jan S. Hesthaven &, Chuhua Zhang * =

(a) (b)



Convolution filter for derivatives on reference domain

For internal nodes on the reference domain, the first derivatives are approximated by 4th order central differences,

ou N —Ug 42587 -+ 8U5+5;§’n — Su&‘_(ﬁg,n + Ug 28,1

9t - + 0((88)Y),
5 1252 ((88)7),
ou  —Ug py2sn + 8Ug yysy — BUg n—sn + U n—2s

=~ E.n+281 £.n+om &n-bn FUEN-250 | o (573,
an 1261

which can be expressed by an convolution filter as shown in Fig. B.25.

e —

x0 x0 =0 =0 =0 0O O O 0 0

«0 x0 =0 =0 =0 ) O O 0 0 0 1
x] x-8 x0 x8 x-1 Xm < 1 -8 0 8 -1 X @
x0 x0 =0 =0 =0 O O 0 0 0

x0 x0 =0 x0 x0 0 0 0O 0 0

Fig. B.25. Finite difference based convolution filter for the differential operator: 3‘—1,

The snapshot taken from the PhyGeoNet journal paper (Gao et al. 2021)



Non-linear Independent Dual System (NIDS) for Discretization-independent
Surrogate Modeling over Complex Geometries

Supervised
J. Duvall et al. (2021) on arXiv Learning
University of Michigan
- Paramoter Network N (wh
aplit, reshape Vi Ph

(Wihl, +bj = aGd.m))

[T

Wikl , + bl = a(xg.p')|

g3




IMPROVED ARCHITECTURES AND TRAINING ALGORITHMS FOR
DEEP OPERATOR NETWORKS

S. Wang et al. (2021) on arXiv
University of Pennsylvania

Wall

—

> \
Inlet —| @ Outlet
—_—
S

=

— u=>0 u=g — p=10

wall )]

Figure 11: Stokes equation: lllustration of the computational domain and boundary conditions.

OI' = 0I'(¢) = (acos(¢) + %, bsin(¢) + %) ¢ € |0,27),



Method of manufactured solutions in non-trivial geometries

A divergence free velocity field: I The set & ={V;}?°, contains 26
geometries, where we know the velocity
and  pressure  Dirichlet  boundary
conditions!

u = cos(x) sin(y)

v = —cos(y) sin(x)

with an arbitrary pressure field: I
p=— % |cos(2y) + cos(2x)] I

Loss function for the set ® =
+ + velocity boundary conditions
+ pressure boundary conditions



Geometric descriptions

of domains of the set ® = {V;}£°,

Shape of W Schematic Geometric Number of data
(see Eq. 4) figure description
Circle Q a=08zrm 1
Semi circle a a=087rmwith Q=0,n 2
b )‘a
Three-quarter sector of a circle a=08rm,b=04r m with Q=0,n 2
Equilateral triangle a a=0.87 m with Q = g, %, g 3
Equilateral hexagon a a= O.Sx? m with Q =0, % 2




Geometric descriptions of domains of the set ® = {V;}£°,

-

Equilateral octagon

a = 0.87(1/2 — 1) m with Q=0%

Trapezoid

a=08zrm, b= :—i;r.rm,
c=04rmwith Q=07

Square

a:0.8;rmwith§2:0,§

Symmetrical star

=

Ib

a= 0.8z m, b=0.162x m with ﬂ:O,E

Ellipse

th

a=1.04r m, b =047 m with Q = f
0,

and a = 0.96x m, b = 0.47r m with Q

¥
E""

z
2

Rectangle

a=1.047rm,b=0.4jrmwith£2=§,%

and a = 0.962 m, b = 0.4z m with Q = ?,

S

S
6




Examples of point-cloud representations of domains of the set ® = {V;}#°,
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Examples of point-cloud representations of domains of the set ® = {V;}#°,
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Prediction by PIPN vs. the ground truth for a domain of the set ® = {V;}2°,

% (m/s) ¥ (m/s) 7 (Pa)
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Prediction by PIPN vs. the ground truth for a domain of the set ® = {V;}2°,
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Prediction by PIPN vs. the ground truth for a domain of the set ® = {V;}2°,
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Prediction by PIPN vs. the ground truth for a domain of the set ® = {V;}2°,
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Prediction by PIPN vs. the ground truth for a domain of the set ® = {V;}2°,

7 (m/s)

......
.......
........

.....

.......
-------
........

0.75
0.50
0.25
0.00
-0.25
—0.50
-0.75

0.75
0.50
0.25
0.00
-0.25
—-0.50
=0.75

------------

.......

PN
...........

------------

.
"
,,,,,,

-------
---------

----------

.........

------------
............
............

.......

------------

......
---------
----------
.........
..........

0.75
0.50
0.25
0.00
=0.25
=0.50
—0.75

0.75
0.50
0.25
0.00
—0.25
—0.50
=0.75

8 IR tE b
E Ibieeenn Jreeeinin
;..,6
"1 PRt
4 6 i
% (m)

...............
.....

0.4

0.2

0.0

-0.2

-0.4

0.4

0.2

0.0

-0.2

-0.4



Prediction by PIPN vs. the ground truth for a domain of the set ® = {V;}2°,

i (m/s) ¥ (m/s) 7 (Pa)
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Absolute pomtwise error distribution for geometries with maximum and
minimum errors for the set ® = {V;}7°,

(@) |u-u| (m/s) (b) [v-V|(m/s) (¢) |p-p|(Pa)
017 B TSRS T EE
0.020 oL FHREEERER Tl T
0-0150 8' ..:::: ‘.'.'...‘.-......_ .-':
0.015 0.0125 0.008
0.0100 E 0.006
0.010 > 6
0.0075
______ 0.004
0.005 0.0050 N e T 0,000
0.0025 s3riiicieani siiiiiiisl: '
(e) (f)
0.010
0.020 0.014
0.012 0.008
0.015 0.010
0.006
i 0.008
0.010 :
: 0.006 0.004
G i R 0,005 ERN 0004 0.002
FreemEEE mE saw c.-:.::: .... Y 0‘002
4 6 8 4 6 8 4 6 8




Error analysis

Average ||i — ull, /||ull, 9.79855E — 3
Maximum ||& — ull, /||ull, 1.06049E — 2
Minimum ||&@ — ul|, /||ull, 9.11389E — 3
Average || — v||, /||v]l, 9.55093E — 3
Maximum ||0 — vl|, /||v]l, 1.03773E — 2
Minimum [|7 - vl|, /I||v]ly 8.89982E — 3
Average [|p — plly /IIplly 1.27507E -2
Maximum ||p — pl|,/ /I|Iplly 1.35610E — 2
Minimum [|p = pl|,, /lIplly 1.19376E — 2




Error analysis

The effect of removing the Dirichlet pressure boundary conditions from the loss
function; PIPN preservers the pressure gradient.

= 2L/, 1231/,
Average 5.40516E — 2 7.56162E — 2
Maximum  5.57193E — 2 8.57065E — 2

Minimum  5.18154E -2 6.08985E — 2




Prediction by PIPN and the absolute error for a domain of the set ¥ = {V;};_
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