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Creating an educational tool that uses interactive representations to provide a 
new approach to mathematics learning 
Keith Devlin, Stanford University 

 

Abstract: The paper describes an implementation of research done over several years, by me and in 
some cases others, at Stanford University and elsewhere. The implementation comprised the design, 
building, testing, and marketing of a digital educational technology platform to provide a supplementary 
tool for explorative mathematics learning and assessment.  

 
1. The implementation project 

We describe an implementation project involving the design, building, and testing of an 
interactive, digital platform for mathematics learning and assessment. The implementation 
artifact comprises: 

! A suite of digital games to be used as supplemental educational materials to provide 
students with a stress-free opportunity to engage in creative mathematical problem 
solving.  

! An adaptive engine to assure that the game-puzzles presented to players match their 
current ability level. While this makes the product suitable to players of all ages beyond 
around six, the main target audience is (at least initially) middle-school students.  

! A formative assessment dashboard. The assessment algorithm that drives the adaptive 
engine also provides real-time, formative assessments that measure three aspects of 
mathematical problem solving: performance, persistence, and creativity.  

The goal of the implementation was to make the resulting educational resource available to as 
many students (and their teachers) as possible, and to remain available for the foreseeable 
future. 
     The traditional educational resource that satisfies these requirements is the textbook, and 
over many centuries an entire infrastructure has evolved to support the production, marketing, 
sale, and distribution of such resources: namely publishers and the book industry. 
     In our case, the resource would be a digital product—a software application that could run 
on a smartphone, a tablet, or a laptop or desktop computer via a Web browser. That meant 
that in our case, sales and distribution would be handled by organizations such as Apple (the 
App Store), Google (Google Play) and Amazon (Amazon Games). In that regard, our situation 
was not unlike the writer(s) of a textbook. But there were some significant differences. 
     For one thing, it would be our responsibility to arrange any publicity to create awareness of 
our resource—something authors of textbooks never have to think about. 
     That, however, was not the only difference. With a textbook, longevity requires at most the 
preparation of new editions from time to time. But with a digital technology resource, there has 
to be an ongoing system of user support, and moreover the resource has to be constantly 
modified as the platforms it runs on are upgraded. For most implementers, that means the 
resource has to be viewed as a product, designed, packaged, and marketed as such, with the 
goal that in time it will generate sufficient revenue to sustain the required customer support 
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and updating.  
     Those differences meant that from the very first day, our implementation process was 
constrained by the need to produce a consumer product that would achieve sufficient sales to 
eventually become self-sustaining. (The consumer in our case would be students, teachers, 
parents, schools, or school districts.) It was clear from very early in the implementation process 
that if we did not end up with a robust product that found its way into the hands of the 
intended users, our work would have been in vain. Implementations are created to be used, 
after all. And for that to happen, those users had to hear about it and be persuaded to try it. 
We had to approach our implementation as a product, built for sale, with a support 
infrastructure that could maintain it long term. As a result the process was very different from 
what it would have been if we were simply turning theory into practice. 

With these considerations in mind, we (the design team) incorporated as a for-profit 
corporation and developed a business plan. We funded the original development of the 
implementation with a number of private gifts and launched an initial app to test our concept. 
A standalone learning game called Wuzzit Trouble, it garnered a lot of critical acclaim, and 
found its way into the hands of mathematics teachers who used it with their classes, either in-
class, as a supplemental activity, or for students’ home use. That took us to the point where we 
were able to secure a large, two-part grant from the US Department of Education to complete 
the bulk of the initial implementation.  

 

2. The “why?” behind the implementation 

The introduction, in the early 1990s, of technological tools that can execute any formal 
mathematical procedure, and their rapid adoption by all professionals who use mathematics, 
drew a line between the algorithmic parts of mathematics and the creative part. Professionals 
today execute procedures by hand only rarely. The available tools are considerably faster, far 
more accurate (essentially error-free), and can handle far more variables, bigger data sets, and 
greater complexity than any human could. 

While most educators remain convinced that educational time spent mastering a number of 
key procedures is an essential part of learning to think mathematically (a view for which 
there is supporting evidence), what is no longer the case is that students need to spend 
many hours mastering procedural execution to meet goals of speed and accuracy. Instead, 
the educational focus can be—and increasingly is—put on achieving the deep, conceptual 
understanding that is required to use mathematics to solve problems efficiently, effectively, 
and accurately when machines are employed to execute any procedures. 

As a result of this shift, mathematical praxis has now highlighted a distinction previously 
considered in mathematics only by logicians, between symbolic representations (what is 
written down) and their semantic interpretations (what is thought). “Mathematical 
thinking” is a term a number of mathematicians and educators, myself included, have 
adopted to refer to the way mathematics is done when machines are used to execute all the 
procedures. (In common parlance, machines actually “do the math”! By elimination, people 
do the thinking.)  
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Identifying a form of thinking as “mathematical thinking” highlights a significant distinction 
between two distinct views of mathematics people have. On the one hand, many people 
see mathematics as a large collection of definitions, rules, methods, and tricks that must be 
mastered in order to solve problems of different kinds. Solving a problem means matching a 
problem to a suitable method, and then applying that method. To many students, the 
landscape appears vast and daunting, and for some can be overwhelming. (Boaler, 2009)  

Then there are the people, far fewer of them, for whom mathematics appears to be 
effortless. They are the ones who, usually fairly early in their mathematical development, 
realize that all the different problems and all the different branches of mathematics are 
essentially variations on a single theme. There is a core collection of (higher level) concepts 
and methods that, once mastered, enable you to quickly figure out how to handle anything 
you come across. Students who reach that realization quickly learn that there is really very 
little they need to memorize; they can always “wing it”, in real time, whenever they need 
to—including in the exam. That level of thinking is what we call “mathematical thinking.” It 
is particularly powerful in today’s era, when there is no need to achieve mastery in 
executing any specific algorithms by hand, since machines do that part. 

How many branches of mathematics need to be mastered in order to acquire mathematical 
thinking ability? Ma (2013) has argued that a suitably designed school education focused 
entirely on arithmetic is sufficient. (She did not use the term “mathematical thinking,” 
which became somewhat common later, but that was her focus.) She based her argument 
on her experience as a mathematics educator in her native country of China.  

A curriculum that would likely find greater acceptance in the West would include, in 
addition, geometry, some linear algebra, and, as an increasing number are arguing for, data 
science. (See Boaler’s youcubed website.) Leaving aside the mathematical education of 
students interested in the STEM area, such a school curriculum would arguably serve the 
general (non-STEM) school population well in terms of preparation for life and career. 

 

3. The “what?” behind the implementation 

The project described here began around 2012, as an attempt to create a suite of tools that 
would provide middle-school students with an alternative, parallel track to mathematical 
thinking that did not require prior mastery of symbolically-represented computational and 
procedural skills, which are known to be problematic (see later).  

Based on many years of research at Stanford University and elsewhere, the resource we 
developed exhibits a number of novel aspects, and was designed to support use as an 
educational research tool by independent teams. 

With the capacity that exists today of using mathematics effectively without having first to 
achieve a high degree of mastery of a symbolic reasoning and procedural execution, we saw 
an opportunity to provide students at an early stage in their mathematical development, 
with educational experiences that by-pass what was previously an essential set of 
prerequisite computational skills. 
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This possibility exists only as far as the middle-school level; beyond that, the abstraction 
level becomes too high, with many of the concepts essentially defined symbolically. It is 
however worth trying to take educational advantage of this narrow window, since the 
middle-school level is where the first “mathematics-educational cliff” is encountered. That 
is where so many students lose interest in, if not develop an antipathy towards, 
mathematics, and frequently give up, having convinced themselves it is not for them. 

As it happens, our parallel track would be much closer to “mathematical thinking” (as a 
form of mental activity) than to the classical, symbol-manipulation way of doing 
mathematics, in that the dynamic representations we chose are close to the sketches 
mathematicians produce when cognitive scientists ask them to visualize their solutions to 
problems. (The Singapore Mathematics Program adopts a similar approach with its pictorial 
representations. Our representations have the advantage over theirs of being interactively 
dynamic.)  

Being closer to mental imagery than symbolic expressions is, however, not a significant 
feature of our approach, since our learning puzzles are not intended to provide direct 
support for solving the corresponding problem in the traditional way. Rather, as described 
below, our approach is to provide a parallel track that a teacher can leverage to help 
students’ progress. (It is of course well established that conceptual understanding 
eventually emerges as a result of a range of perspectives and representations.) 

Having decided we would build a resource to help students acquire mathematical thinking 
skills, a number of pedagogic principles guided our implementation. 

First, there was our decision to build the learning product around digital games. There is a 
rich history of initiatives and scholarship in using games for learning, including the seminal 
text I wrote (Devlin 2013). Their potential to support mathematics learning in particular was 
significant. Video games enjoy widespread popularity among people of all ages, they lack  
dependency on a prior literacy, and their use as the primary delivery medium sidesteps the 
traditional approaches, that were known to cause many students to develop an antipathy 
towards, and sometimes an anxiety of, mathematics. (No need for a citation here. This is a 
global phenomenon of massive proportions. Just google “math anxiety” and look through 
some of the 51 million or more references that come up. Add “Tobias” to the search field 
and the search will quickly narrow, but there are still over 1 million links.) 

Second we decided that the mathematical content presented would not be by way of 
symbolic representations. (See the next section for the reason for references to the 
research behind this decision.) Nor would the puzzles be designed so that they could be 
solved offline and the answer entered. Indeed, in order to create a sense of acting within 
the game (rather than on it), we decided to avoid any kind of data entry. Rather, the player 
would solve the puzzles by manipulating game elements on the screen. This would, among 
other things, allow the player’s solution path to be tracked in detail, permitting fine-grained 
progress to be to be logged and used to drive an adaptive engine, and to provide real-time 
formative assessments. 

Third, each of our puzzles is based on one or two mathematical concepts. (See later for the 
product description.) They are however, not designed to provide instruction or direct 
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practice in working with those concepts in the traditional, written-symbols way. Rather, we 
provide a parallel track to traditional instruction in which the same concepts are 
implemented by a different, dynamic representation.  
     To provide teachers with assistance in helping students connect our puzzles with the 
corresponding traditional representations, we designed, built, and tested “digital 
manipulatives.” These are “skeletal” versions of the game puzzles, stripped of their game 
elements, with explicit notations to connect the two representations. The idea is that 
players can solve the puzzle and see the corresponding traditional mathematics develop, or 
they can work through the traditional mathematics and see the puzzle solve.  
     For some puzzles, the digital manipulative does not work exactly like that. But the goal in 
each case is to highlight the way our puzzles correspond to classical representations. 

Fourth, we decided that the mathematical thinking experiences in the games would be 
complex performance tasks that provide explorative learning in mathematical reasoning. 
We were not focusing on the acquisition of facts or the development of basic skills, nor 
were we setting out to conduct multiple-choice testing of facts and basic skills. Rather, 
solutions would require multi-step reasoning, in order to develop mathematical thinking.      

Finally, ideally the puzzles would involve optimization, so as to permit a range of answers, 
each of which could be reached by a range of solution paths. This would avoid a player 
“failing;” after a less-than-optimal solution, there would always be the option of trying 
again to get a better solution. 
     This is of course the case for the majority of real-world mathematical problems. The 
familiar, single-unique-answer problem is an artifact created for mathematics learning in 
the era when the student had to do everything by hand, moreover within a given time limit.  
     In some cases we were able to achieve this puzzle ideal only in a limited fashion. A puzzle 
we created based on fractions is one example. Questions about fractions and proportions 
usually have unique right answers. The fractions puzzle is in fact included in the version of 
the product already released. It’s there because of the need for the suite to include a puzzle 
based on fractional arithmetic. On that occasion, a curriculum imperative won out over a 
good pedagogic design principle. Even then, however, we were able to build in the 
possibility of different solutions for the more advanced puzzles where the complex 
performance aspects are more significant. 

 

4. The “how?” of the implementation 

We were determined that the games we created would not try to combine or blend 
traditional mathematical puzzles with a game, nor use a game to provide a wrapper for 
mathematical tasks presented using the traditional, symbolic representations—common 
approaches to learning games often referred to derisively (with justification) as “chocolate-
coated broccoli.” Many existing games adopt precisely those approaches. For reasons to be 
explained in the next section, we chose to follow a different path: we would identify 
mathematical concepts or techniques that could themselves be implemented in the form of 
a challenging digital game mechanic that requires genuine mathematical thinking to solve.  
     It turns out that many mathematical concepts and techniques can be implemented as a 
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digital interactive, but relatively few can be implemented so the result is also an engaging 
game. A lot of our early research involved creating digital puzzle concepts and testing 
rapidly-built prototypes, both in-house and in classrooms. In the majority of cases, we saw 
no way to make them into engaging games. (Despite having a highly accomplished game 
designer in the team.)  
     The decision to create games, not just instructional digital interactives, came from our 
decision to create a product that would be effective outside the classroom, with players 
engaging because of the game dynamics. We were able to make that decision because we 
had the opportunity to have a highly successful game designer on the team. 

As a product implementation initiative, the project required a multi-disciplinary team. The 
small company we formed, BrainQuake, has highly experienced professionals in middle-
school teaching, mathematics curriculum design, the educational technology industry, 
video-game design, software engineering, data systems and data security, user-experience 
design, and business development and management.  

Development research was handled in-house. Classroom testing was/is outsourced to 
independent research nonprofits (WestEd and SRI, and more recently NLET), and the 
company actively cooperates with any universities that show interest in using our product 
for studies. (Seven so far, including Stanford, Northeastern, Beijing Normal in China, and 
Tampere University in Finland.) 

Both at the start of the project and throughout, the team pooled our many years of 
collective experience in mathematics, mathematics education, educational technology, 
software engineering, gaming and business, to formulate a bullet-point list of goals and 
constraints that the product would have to meet. These guided the “how?” of the 
implementation. 

Bullet 1. From a pedagogic perspective, we favored games to be played on tablets or 
smartphones, since the finger control provides a tactile way to manipulate game elements 
(i.e., move elements about on the screen), mirroring the use of physical manipulatives in 
mathematics education. Unfortunately, many potential users, including a large number of 
US schools, have ChromeBooks or laptops without smart screens, so we also had to provide 
Web versions played through a browser. (This was just one of a number of pedagogic 
compromises we had to make in order to be able to reach our target market. 
Implementations are only of value if people have access to them.) 

Bullet 2. We would avoid the need for players having to complete an instructional tutorial in 
order to begin. (Explicit instruction is one of the things we were trying to avoid.) They would 
play the game from the outset. To facilitate this, each game has associated with it a large 
database of puzzles, ranked by complexity and difficulty, and a performance assessment 
algorithm drives an adaptive engine to deliver puzzles at the challenge-level appropriate for 
the player. We put a lot of initial effort into the design of an introductory puzzle ramp and 
an adaptive engine that could very rapidly determine the ability level of a new player to 
initialize the adaptive engine. Our first US Department of Education award ($150,000 over 
five months) was dedicated to this part of the project. One third of that funding went to 
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WestEd, who conducted classroom tests of the product throughout the development 
process. 

Bullet 3. Prior to seeking federal funds to support the development, we used private 
donations we raised ($200,000 in total) in order to design, build, test, and release one 
puzzle as the standalone game marketed as Wuzzit Trouble. It was a result of that app, the 
positive reviews it obtained, and an affirming classroom use study conducted by Stanford 
University, that we succeeded in obtaining the highly competitive IES SBIR award referred 
to above. 

Bullet 4. A second IES SBIR award a year later ($900,000 for two years) provided most of the 
funding to build and test the complete product suite currently released.  

Bullet 5. In addition to the product being fully adaptive, we decided to use the rich data 
gathered by the player performance tracking algorithm (which provided the data for the 
adaptive engine), to build a formative assessment module. Our proposal for the second IES 
award included the implementation and testing of such a module that reports on three key 
parameters of a student’s engagement with the product: Performance, Persistence, and 
Creativity. The nature of the puzzle designs, whereby the player solves multi-step puzzles by 
manipulating game objects on the screen, meant we are able to collect a large quantity of 
data to permit the calculation of those three metrics. 

Bullet 6. We decided at the very start that we would design and build our entire product 
according to game-industry standards, so that maintenance, corrective updates, and further 
extensions would be a smooth process, even if one or more of the team had to be replaced, 
or additional member brought on. This is critical for any software product. 
     We also decided our underlying games would be “AAA games,” offering the same quality 
as leading mobile (entertainment) games. We all agreed that an educational game should 
not look like a second class product.  
     From the start, all our budgets have been calculated to meet all the requirements we 
decided to impose on ourselves. 

Bullet 7. The need for the product to be, eventually, self-sustaining, meant we had to 
always take account of market considerations in both the video-game world and the 
education-technology world. A number of pedagogically excellent digital interactions had to 
be put to one side (for possible alternative use later), because they could not be presented 
as engaging games. In the other direction, the pedagogic need for a puzzle that was based 
on fractions and proportions (mentioned earlier) meant we decided to include it despite it 
having the gaming disadvantage that fraction problems are ultimately right or wrong. An 
implementation as a product intended to be used requires constant juggling of scientific 
requirements and marketing necessities. 

Bullet 8. Classroom product testing (conducted by WestEd) during development indicated 
that teachers found the formative assessments we provided were useful, and appeared to 
align with the teachers’ knowledge of their students abilities. This raised the issue of further 
development of the product as an assessment tool. We are currently in the early stages of a 
collaboration with SRI to conduct rigorous validation tests of the product as an assessment. 
The highly modular way we built the product makes it relative straightforward to run such 
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tests, and to adapt the product to operate as a summative assessment should we see such a 
possibility.  
     This was a powerful indication of a major benefit that comes from implementation. 
Either the implementation process itself, or the feedback obtained when the implemented 
product is in use in the market, may provide information regarding further research that 
needs to be done, extensions of the product that could be made, or new products that 
could be developed. 

 

5. Getting the implementation into the hands of the intended users 

In general, the need to achieve consumer sales influenced every step of our product 
development. We have been asked on a number of occasions why we chose to market our 
implantation as a consumer product, rather than sell to schools. That was a decision that to 
a large extent reflects our situation of being an American company, trying to get our 
educational resource in the hands of American students.  
     Discussions we had with acquaintances at a number of educational technology 
companies made it clear to us that sales of educational products to schools is totally 
dominated by large corporations, predominantly the large textbook companies. It was 
virtually impossible, we were told again and again, for a small player to gain any traction. 
Individual teachers or schools did however frequently purchase consumer products for use 
in class. So that was the way we went. 
     This usage pattern has been our experience. Accordingly, we are in the process of 
developing an online course for teachers to help them make better use of our product. That 
was not part of our original plan. It is another instance of how implementation can bring 
about the recognition of the need for other, related implementations. 
     In particular,  or need to understand how teachers could (and do) use our 
implementation led us to collaborate with researchers at Beijing Normal University in China 
in a study of teachers’ use of our product (as an existing exemplar for what may be a range 
of such platforms) with classes. (Sun et al 2021).  
 

6. Background research that led to the implementation 

In the early 1990s, three researchers, Terezinha Nunes, Analucia Dias Schliemann, and David 
William Carraher conducted an anthropological study in the street markets of Recife, in Brazil. 
With concealed tape recorders, they posed as market shoppers, making purchases at stalls 
being staffed by young children (all between 8 and 14 years of age, it turned out). At each stall, 
they presented the young stallholder with a transaction designed to test a particular 
arithmetical skill. The purpose of the research was to compare traditional instruction (which all 
the young market traders had received in school since the age of six) with practices learned in 
context. In many cases, they made purchases that presented the children with problems of 
considerable complexity. (None of the children had calculators back in the early 1990s.) 

 What they found was that the children got the correct answer 98 percent of the time. But 
posing as shoppers and recording the transactions was only the first part. About a week after 
they had tested the children at their stalls, and subsequently introduced themselves to their 
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parent(s), the three researchers visited the subjects again and asked each of them to take a 
short pencil-and-paper arithmetic test. Among the questions on the test were exactly the same 
arithmetic problems that had been presented to them in the context of purchases the week 
before, but expressed in the familiar classroom form, using symbols. 

The investigators were careful to give this second test in as non-threatening a way as possible. 
It was administered in a one-on-one setting, either at the original location or in the subject’s 
home, and the questions were presented in written form and verbally. The subjects were 
provided with paper and pencil, and were asked to write their answer and whatever working 
they wished to put down. They were also asked to speak their reasoning aloud as they went 
along. Although the children’s arithmetic had been close to flawless when they were at their 
market stalls—just over 98 percent correct despite doing the calculations in their heads and 
despite all of the potentially distracting noise and bustle of the street market—when presented 
with the same problems in the form of a straightforward symbolic arithmetic test, with no 
distractions, their average score plummeted to a staggeringly low 37 percent. 

 The children were number wizards when they were at their market stalls, but virtual dunces 
when presented with the same arithmetic problems presented in a typical school format. The 
researchers were so impressed—and intrigued—by the children’s market stall performances 
that they gave it a special name: they called it street mathematics. 

Naturally, when the three scholars published their findings (Nunes et al 1993), it created a 
considerable stir, and many other teams of researchers around the world carried out similar 
investigations, with target groups of adults as well as children. All obtained comparable results. 
When ordinary people are faced with doing everyday math regularly as part of their everyday 
lives, they rapidly achieve a high level of proficiency (typically hitting that 98 percent mark). Yet 
their performance drops to the 35 to 40 percent range when presented with the same 
problems in symbolic form. 

It is simply not the case that ordinary people cannot do everyday math. Rather, they cannot 
do symbolic everyday math. In fact, for most people, it’s not accurate to say that the problems 
they are presented in paper-and-pencil format are “the same as” the ones they solve fluently in 
a real-life setting. When you read the transcripts of the ways they solve the problems in the two 
settings, you realize that they are doing completely different things. (The Recife researchers 
present some of those transcripts in their book; transcripts from other studies are also 
available.) Only someone who has mastery of symbolic mathematics can recognize the 
problems encountered in the two contexts as being “the same.” In Devlin (2011), I referred to 
the problem Nunes et. al. discovered as the Symbol Barrier.  
 

7. Our approach to the implementation 

The manipulable digital objects in BrainQuake’s learning puzzles provide direct representations 
of mathematical concepts, breaking the Symbol Barrier. Students (players) solve puzzles entirely 
within the application itself, by manipulating digital objects, instead of writing and manipulating 
symbols on a page. The (multi-step) solutions students have to develop to solve all but the most 
elementary puzzles are logically identical to the steps they would carry out to solve the puzzle 
in classical symbolic form. But the experience of doing so is dramatically different. So much so, 



 10 

that hundreds of thousands of children in the age range 12 to 14 have, for instance, successfully 
solved systems of simultaneous linear equations in up to four unknowns, subject to optimizing 
their solution to meet various constraints on the solution. See Figure below. 

 
The figure shows two representations of the same problem. On the right, is a classical symbolic 
representation of a problem requiring the student to solve a system of simultaneous linear 
equations in two unknowns, subject to various constraints. The student is also asked to try to 
find solutions that are optimal in two ways (parts 2 and 3 to the question). On the left, the 
same problem is presented as a mechanical puzzle dressed up as a quest to free a caged 
creature (a Wuzzit) from a trap, by rotating, one at a time, two small cogs to turn the large 
wheel. When the player turns the cogs to rotate the wheel, so as to bring one or more of the 
items hanging on it (three items in this instance) to land beneath the origin marker at the top, 
the player acquires the item(s). Acquisition of all keys frees the Wuzzit and the puzzle is solved. 
(The equations have been solved.) Maximum stars are awarded if the player solves it in the 
fewest possible number of turns. (Part 2 of the question.) Part 3 asks the player to collect the 
bonus item on the wheel before the last key is acquired. (Puzzles can have up to four keys and 
four bonus items.) 

To be sure, the system of equations on the right is not a standard one. Rather, it is precisely the 
system of equations that corresponds to solving the puzzle on the left. But the purpose of the 
puzzle is not to develop the ability to solve systems of symbolic linear equation; the goal is to 
develop mathematical thinking, in particular number sense and general problem-solving ability. 
For this puzzle, the solution of systems of linear equations is simply the mathematical topic 
chosen as a vehicle to do that. 

The use of alternative, non-symbolic representations clearly provides an alternative approach 
to developing number sense that breaks the symbol barrier, which can cause so many problems 
for learners. Other educational technology developers that have adopted a similar approach of 
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providing alternative representations to the mathematics are DragonBox, MotionMath, and 
MIND Research Institute’s ST Math. 

Of course, for students who wish to go to further study or a career in STEM, there remains the 
problem of leveraging the number sense and problem-solving skills acquired in a non-symbolic 
fashion to master the traditional symbolic representations, which is a necessary skill for STEM 
areas. This process is known as “concreteness fading,” and has already been studied by others 
(Goldstone & Son 2005). It is a special case of education’s notorious transfer problem.  

BrainQuake has produced alternative versions of their 
puzzles, called digital manipulatives, that are stripped of 
the game features and are designed to support 
concreteness fading. The digital manipulative for the 
Wuzzit Trouble’s Gears puzzle is shown in the figure on 
the right. It carries the gears mechanism and the 
corresponding symbolic-equation representations side-
by-side, so the student can see both develop in tandem, 
thereby explicitly linking the two representations. 

The Wuzzit Trouble Gears puzzles have from one to four drive cogs, which means that the 
mechanism provides a mechanical representation of systems of linear equations in up to four 
unknowns. See figure below. 
 

 
 

Two independent university classroom studies, one in the US (Pope & Mangram 2015) the 
other in Finland (Kiili et al. 2015), showed that use of our launch game Wuzzit Trouble for as 
little as 120 minutes of play spread over four weeks in ten-minute bursts at the end of math 
class produced significant improvements in student number sense, as measured by a written 
pre- and post-test in one case, and by both a written test and another digital math game as pre- 
and post-evaluations in the other. Thus, we know that this approach works.  

The written pre- and post-test used in the study (which is published an appendix to the paper) 
had five questions. Four of them focused on basic number skills related to the Wuzzit Trouble 
puzzle; the fifth was different. It was a complex performance task about positive integers that 
was unfamiliar to the students. As discussed at length in the paper, it was this question that 
produced the bulk of the dramatic performance gain of the intervention group, shown in the 
graph. The game clearly resulted in improved number sense and problem solving ability.  
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The Finnish study was conducted similarly, but with a symbol-barrier-breaking fractions game 
(called Semideus, http://www.flowfactory.fi/semideus/) as a pre- and post-test in addition to 
the same written test. The results were almost identical to the ones obtained from the Stanford 
study. 

[One interesting result from the Finnish study was that playing the Wuzzit Trouble integer-
arithmetic puzzle led to better student performance in the fractions game. This suggests that 
the problematic transfer problem may be significantly dependent on the symbolic 
representations. In other words, it may be, at least in part, a linguistic issue. This possibility 
clearly deserves further investigation.] 

An interesting question is exactly what features of the Wuzzit Trouble game led to such a 
significant improvement after such a short intervention (just two hours spread over a month)? 
This question was discussed in a research-journal editorial by Kiili, Devlin and Multisilta (2015). 
In addition to the designed focus on developing number sense and the intrinsic problem solving 
required to solve the puzzle, the authors suggest that the following may all play a role: 

! increased engagement with mathematical ideas  
! support for embodied numerosity in games  
! positive attitude towards—and a willingness to engage in—numerical practice and 

problem solving  
! willingness to “play with the problem” before (or instead of) trying to find and apply a 

solution technique  
! willingness to take risks and learn through failure  
! development of a growth mindset 
! development of fluid intelligence (Gf)—a complex human ability that allows us to adapt 

our thinking to a new cognitive problem or situation.  
Mathematical puzzle games encourage, support, reward, and develop all of these traits, so it is 
possible that all have significance. 

The two published studies of Wuzzit Trouble mentioned above deployed the game for the 
intervention group for a fixed, short length of time at the end of class several days a week for a 
number of week. No attempt was made to use it as part of instruction, or to integrate it in any 
way with the other class activities. In a third study, carried out in Beijing, teachers built lessons 
around the use of the game (Sun et al. 2021). The main goal was to determine the degree to 
which use of a digital game as a curriculum-relevant part otherwise standard mathematical 
instruction improved student interest, attention, and willingness to explore problems they 
initially find challenging.  

     In the paper’s conclusion, the authors write: 
[T]his study found that traditional classrooms where most students are passive were transformed into 
active classrooms where students are energetically involved in mathematical problem solving because of 
the use of digital games. This transformation also appears in teachers’ roles. In a digital game-based 
classroom, mathematics teachers transform from traditional teachers into tutors and guides who support 
and instruct students in their learning during the gameplay process. Those transformations allow students 
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to experience and explore mathematics learning, leading to an activation of their interest in mathematics 
and development of their knowledge and arithmetic skills.  

The figure below shows the two other BrainQuake puzzles in the current suite. The Tanks puzzle 
asks that liquid in the input tank be transferred into the output tanks (three in this instance, the 
range going from one to four) by setting an apportioning valve and instigating flow, whereupon 
the input tank drains out and liquid flows in the set proportions. Completion may require more 
than one flow action (the input tank re-fills automatically after draining). The valve may require 
re-setting in between flows. Valve representations use percentages (shown), decimals, 
fractions, and unlabeled segments. Valves also have rectangular and radial-arc shapes. The 
puzzle is a representation of fractional and proportional reasoning. 

 
In the Tiles puzzle, the player has to select tiles from a palette and place them in trays (the 
instance shown has two trays, the range is from one to four). Having placed tiles, a series of 
GROW moves causes all placed tiles to expand according to the growth rule indicated by 
chevrons. For instance, the middle tile on the palette grows one square to the left and two to 
the right, and hence represents the linear function y = 3x + 2. The tiles must be selected and 
placed so that a sequence of one or more grow moves exactly fills all the trays, with no 
overlaps. Tiles come in widths from one to four squares, with 0 to 4 chevrons in each direction. 
(So, a tile with no chevrons represents a constant function.) The puzzle is a representation of a 
system of simultaneous linear equations in a single unknown. The solution also incorporates an 
element of spatial reasoning in the placement of the tiles, in order to provide an engaging 
puzzle.) 

The Gears and Tiles puzzles both involve optimization challenges. At some future time, we may 
introduce an optimizable version of the Tanks puzzle, though as it currently exists, advanced 
instances of the puzzle already offer a significant challenge that goes well beyond simply 
computing fractions.  
     As noted earlier, for Gears the player can optimize the solution by collecting the keys in the 
fewest possible number of wheel-turns. This involves use of a wind-up option whereby each 
cog can be rotated up to a specified maximum possible number of turns, before releasing it to 
drive the wheel. Most puzzles allow for a wind-up of up to five turns, and some allow up to 
three. Future game expansions may have other wind-up limits. Minimizing the number of wheel 
turns is in opposition to collecting any or all bonus items before the final key drops. A top-level 
solution requires collecting all items (keys and bonus objects) using the minimum number of 
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wheel-turns consistent with getting all the bonus items. With two or more cogs, this can be 
quite a challenge, requiring sophisticated ordering of actions. Obtaining optimal (or near 
optimal) solutions is the feature that contributes most to developing general problem-solving 
skills. 
     For Tiles, the primary optimization goal is to complete the puzzle with the fewest number of 
GROW moves. When a student finds an optimal solution, some puzzles offer a bonus item for a 
second solution that uses the minimal number of tiles. This asks the player to approach the 
same tiling problem with a very different optimization perspective. Both variants develop 
general problem-solving skills (in addition to number sense). 

 

7. Implementing a new assessment system 

In addition to breaking the Symbol Barrier, another significant benefit from using interactive 
digital applications (such as the ones described above) to provide mathematics learning is that 
the system can track every step of a student’s solution. That allows the development of 
algorithms that provide fairly detailed formative—and potentially summative—assessment. 

In contrast, with most digital mathematics learning systems, the student essentially has to solve 
the problem outside the application and then enter the result, which means that the system 
has no information regarding how the student obtained the result they entered.  

The game’s assessment algorithms are used to drive an adaptive engine that selects puzzles for 
each student so as to keep them in their zone of proximal development, where the opportunity 
for learning is optimal.  

Other algorithms take the same data and present the student, teacher, or parent with real-time 
dashboard information of the student’s progress in terms of three important characteristics: 
Performance (how well they solved each puzzle), Creativity (which is based on Ervynck 1991), 
and Persistence (the degree to which they are willing to keep trying when faced with a puzzle 
they cannot initially solve). This is considerably richer than the assessment information typically 
provided by an automated system. Users can drill down beyond the three numerical measures 
to obtain more fine-grained information regarding the manner in which the scores derived from 
the individual puzzle plays. The player has an option to go back and replay any puzzle in order 
to improve their score.  

The importance to students and teachers of regular, actionable feedback on progress towards 
meeting those goals has long been recognized. (Bangert-Drowns et. al. 1991 is one of many 
comprehensive studies showing the importance of focused assessment in guiding effective 
instruction.) 

In addition to the need for frequent, formative assessment to guide the learning process, 
educational organizations, government departments, school districts, schools, teachers, 
parents, and students need periodic summative assessments to measure outcomes (op. cit; 
Boaler 2003). We are just now embarking on research (jointly with SRI) that focuses on the 
potential of well designed, interactive, digital learning apps offer in the field of systemic 
summative assessment. 
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In both use cases, formative and summative, assessments must measure what is important and 
be fair to all students, regardless of background. Doing that in a manner that is timely, at scale, 
and economically feasible is a major challenge. Educators have always looked to the latest 
technology to find solutions. But while technology-aided approaches have yielded some 
benefits, there is widespread recognition that the best, current mathematics assessments, be 
they paper based or computer based, still have significant limitations. This is because: 

1. They depend in large part on multiple-choice questions, which significantly limit access to 
more robust and relevant proficiency data, as they measure only students’ knowledge of 
basic facts and their ability to execute standard procedures. 

2. The few assessments that try to measure the crucial skills of mathematical thinking and 
creative problem solving (such as PARCC, Smarter Balanced, and MARS in the US) require 
hand-grading of open-ended questions by experts, and thus are expensive and time 
consuming. 

Moreover: 

3. Even those better-quality assessments are entirely summative; they do not provide 
formative, diagnostic information on a student’s performance, leaving instructional 
interventions problematic. 

In fact, current assessments have another drawback:  

4. They all persist the use of symbols and syntax as the sole interface to the demonstration of 
mathematics proficiency, an approach that, as noted earlier, is known to produce 
unreliable/biased/ inaccurate results, particularly for students whose background leaves 
them with inadequate mastery of the necessary literacies.  

Implementation of the form of assessment based on digitally-implemented, complex 
performance tasks as discussed in this article would require a refocusing of mathematics 
learning that has been advocated by a number of mathematics educators (for example, Ma 
2013), and implemented to various degrees elsewhere in the world (for example China and 
Japan). Here, briefly, is the approach Ma (and others) have advocated.  

You can master mathematical thinking by focusing on any one branch of mathematics—
arithmetic, geometry, algebra, trigonometry, calculus, etc.—and studying it in depth. 

1. Once you have mastered mathematical thinking, you can fairly quickly acquire 
an equivalent mastery of any branch of mathematics with relatively shallow coverage. 
(There are limits to this. There is a complexity and abstraction hierarchy of branches of 
higher mathematics. But for K-12 mathematics, that is not an issue.) 

2. Thus, to learn mathematics effectively, it suffices to (1) master mathematical thinking by 
the study of one branch of the subject, and (2) acquire some breadth by branching out to 
a few other areas. 

3. For the same reason, it meets society’s need for assessment of mathematics learning if 
we (1) assess mathematical thinking restricted to one branch, and (2) measure the 
individual’s knowledge in a number of other branches. 
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As I noted earlier, Ma (2013) has suggested that school arithmetic is the best subject for doing 
that, but school arithmetic is not the only choice. Euclidean geometry could also work. In both 
cases, or with any other choice, it would be important to teach the core topic the right way, so 
as to bring out the general mathematical thinking patterns. 

Of course, making major changes to a nation’s education curriculum is a major undertaking. In 
the case of mathematics, it is, however, one that all nations will have to face up to. Digital 
technologies have so revolutionized that way mathematics is now done that curricula and 
educational methods that made sense for three-thousand years are rapidly proving to be 
inadequate. Much of today’s mathematics curriculum focuses on mastering techniques that are 
now done by machines. BrainQuake’s learning platform is designed to develop and measure the 
key human skillset to work in today’s world. Not just the world of applied mathematics, but the 
technological revolution has also resulted in major changes to the way many (not all) pure 
mathematicians work. For a discussion of these changes to the way mathematics is done (in 
both pure and applied settings), see Devlin (2019). 

This is all very speculative. Of relevance to the focus of this article, however, is that fact that 
none of these possible developments would even be considered, let along pursued, where it 
not for the implementation of scientific results, theories, and ideas as artifacts that people can 
use. Presentations, books, and papers advance and spread society’s knowledge, but it is a slow 
process. Implementation can be a massive accelerator.  

 
8. Further information 
There is a considerable amount of information about the BrainQuake learning platform on the 
company’s website https://brainquake.com, including links to the various independent research 
studies that have been conducted and to a company blog (https://brainquake.medium.com) 
that discusses various features of our system, as well as more general mathematics education 
issues. 
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