EE /Stats 376A: Information theory Winter 2017

Lecture 4 — Jan 19
Lecturer: David Tse Scribe: Jaydeep S, Dennis Wu, David W, LC Tao, Vivek B.

4.1 Outline
e Asymptotic Equipartition Property (AEP)
e Markov Chains

4.1.1 Readings
e Shannon [1]: 5,6,7
e CT [2]: 5.1-5.8

4.2 Recap
Relative entropy (or Kullback-Leibler divergence) between two distributions p and ¢ is defined

D(pllg) = E[log %ﬂ

where X ~ p. It is a non-negative quantity and is equal to zero iff p = ¢. Mutual
information between a pair of random variables X and Y can be expressed as the relative
entropy between the joint distribution pxy and the product distribution px.py, i.e.,

I(X;Y) = D(pXYHpX-py)-
This formulation immediately implies that mutual information is a non-negative quantity.
In the previous lecture, we also considered the problem of compressing a random sequence

{XiH, T Bern(p). We “loosely” argued that out of the 2" possible sequences, there are
2nH(X1) “tynical” sequences, each with probability close to 2-"H(X1) Therefore, {X;}, can
be encoded using only nH (X;) bits. In this lecture, we will make this argument rigorous by
using AEP.

4.3 Asymptotic Equipartition Property (AEP)

The asymptotic equiparitition property (AEP) is central in information theory and is the
consequence of the law of large numbers.
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Theorem 1. (AEP) If X, Xs, -, X, "% p, then
1
- 1ng(X17X27 T 7Xn) i) H(X)
n

Proof. Random variables p(X;) are i.i.d and hence by using the law of large numbers, we
have

1 1<
_;logp(X17X27“' 7Xn) - _Ezllogp(Xl)

(using L.L.N) BN —E[log p(X)]
- H(X)

AEP enables us to partition (refer to Figure 4.1) the sequence {X;}; ~ p into

1. Typical set - Containing sequences with probability close to 2-H#(X).

2. Atypical set - Containing the other sequences.

Atypical Set

Typical Set

* |Typical Set| &2nH()+z

. p(Xl _____ Xn) ~2-(nHx)+e)

* Bits required to compress element of
typical set = nH(X)+¢

The set of 2" binary sequences

Figure 4.1: Typical set and Aypical set.

As shown in the next section, sequences from the typical set occur with high probability
and therefore, any property true on the typical set, will be true with high probability. Using
this line of argument, we will propose a scheme which acheives a good compression rate on
the typical set, thereby achieving a good compression rate with high probability! We will
formalize this idea in the next section.

4.4 Typical set

Definition 1. A typical set A™ with respect to a distribution p is the set of sequences
(x1, o, ,) € X" with probability

2_n(H(X)+E) S p(l‘17 ':C27 e l‘n) S 2—TL(H(X)—E)

4-2



EE/Stats 376A Lecture 4 — Jan 19 Winter 2017

4.4.1 Properties
1. For a sequence of random variables { X}, G p and sufficiently large n
Pr((Xi,....X,) € A) >1—e
2. [AM] < onHX)te),
3. ‘Ag”)} > 2HX)=) for a sufficiently large n.

The above properties can be proved by using AEP (1). This is left as an exercise to the
reader.

4.4.2 Data compression

Theorem 2. Let {Xi}?zl s Bern(p) and € > 0. Then there exists an invertible mapping
of the sequences (21, -+ ,x,) into binary codewords of length {(z1,--- ,2,) and

E[Z(Xl, . -Xn)] < n(H(X) + 2€)

Proof. Consider a scheme which encodes the typical set Al using codewords of length
n(H(X) + €) [Property 2] and the atypical set using codewords of length n. The expected
length of the codeword under this scheme is

E[I(X1, -+ X,)| = n(H(X)+Pr(AM) +n(1 - Pr(AM))

(From Property 1) < n(H(X)+€) + ne
< n(H(X) 4+ 2e¢)
Refer to Figure 4.2 for a diagrammatic proof. m

Remark 1. Theorem 2 can be extended for {Xi}?zl vy p (for a general distribution p).
This is left as an exercise to the reader.

n bits nH bits

f—)%

Typical . .
Sequences . |:> .

Atypical I:>
Sequences .
n bits

Figure 4.2: Compression scheme for typical and atypical sequences.
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Now let us ask the converse - Is the compression rate achieved in Theorem 2 is optimal?
The answer is Yes! We will prove this later in the course.

4.5 Markov chains

4.5.1 Modeling English Text

In 1948 , Shannon [1] considered the problem of modeling and compressing English text. A
sentence can be modeled as a realization of a sequence of random variables {X;}! |, where
X, denotes the i** letter in the sentence. For example, consider a sentence - ‘quick brown
fox jumped over the lazy dogs’. Here, the random variable X; takes on value ‘¢’ and the
random variable X5 takes on value ‘v’ and so on. We will discuss three models of the random
variables X;’s with increasing level of complexity:

e 0" order Model - This is the simplest model where random variables are X; S

Unif{‘d’,---,2'}. The entropy is H(X) = log26 = 4.7 bits.

e 1°" order Model - Here, we consider a non-uniform distribution p on alphabet
{‘d’,---,‘2'} and {Xi}?zl S p . Here, the entropy H(X) < log26 = 4.7 bits. Note

that the distribution p can be empirically estimated.

While the previous model captures that certain letters appear more frequently than the
others, it fails to capture that certain pairs of letters are more common. For example one
might imaging that the sequence ‘th’ appears more often than ‘tz’. This feature is captured
in the following model.

e 2" order Model - In this model, random variables X!s have dependence with the
previous letters {X,};<; in the sequence. The dependency with the past observations
can be modeled via Markov chains.

4.5.2 A short introduction to Markov chains

A stochastic process is a sequence of random variables X1, ... X,, ~ p, where X,, is the state
of the process at time n.

Definition 2. A stochastic process X1, ... X, ~ pis a Markov process or chain, if

PT(Xn+m+1 = Tn+m—1,""" 7Xn—|-1 - xn+1|Xn =Tp, Xl - '7;1)
= PT(Xn+m+1 = Tp+m+1y " ,Xn+1 = xn+1|Xn = l‘n) Ym>n>0 (41)
In other words, conditioned on the observation {X, = z,}, the states after time n,
{Xoim,..-X,} are independent of the states before time n, {Xy,... X,,_1}. This directly

implies that the joint distribution of X!s can be split into product of “simple” conditional
distributions,

Pr(Xi=uxy,... X, =x,) = Pr(X; = 21)Pr(Xo = 29| Xy = 1) ... Pr(X,, = 2| Xpoo1 = 2p1).
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Definition 3. Markov chain is time invariant, with transition probability matrixz P if
Pj 2 Pr(X; =i|X; = j) = Pr(Xun = ilX, =j)  ¥n>0
In other words, P;; is the probability of moving from state j to 4, in one time step.

A time tnvariant Markov chain is completely characterized by its transition probability
matrix and the distribution of the initial state. We will assume that Markov chain is time
invariant unless otherwise stated.

4.5.3 Mickey Mouse Markov Chain

We consider an example of two state Markov chain in order to understand basic properties of
Markov chains.

1-B

Figure 4.3: Mickey Mouse Markov Chain

Definition 4. (Mickey Mouse Markov Chain [MMMC]) Let X; — X5 ... — X,, be Markov
chain (Figure 4.3) with two states - 0 and 1, and with transition probability matrix

|1=a B
P_[ o 1—51'

Characterizing MMMC

We will characterize the MMMC in terms of the probability transition matrix and the initial

state. Let the initial state be represented by a column vector 7 = [ p(X1=0)p(X;=1) }T.

Using the rule of total probability, the state at time n = 2 is,
7[0] £ Pr(X, = 0) = Pr(X, = 0|X; = 0)7[0] + Pr(X, = 0/X; = 1)7[1] (12)
Toll] 2 Pr(X, = 1) = Pr(X, = 1|1 X1 = 0)@[0] + Pr(X, = 1|X; = D)@ [1] '

Equations (4.2) can be expressed via transition probability matrix,

" -« S "
’/T2:|:a 1f5:|7T1:P7T1
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Extending this to the state at time n,

n—1
- 1—-a - n—1=
7Tn:|: o 165] 7 =P lE
Observation: For o, < 1, lim,,_,, 7, = [o%ﬁ QL%] We make this idea rigorous in the

following section.

4.5.4 Stationary distribution

For Markov chain, the transition probability matrix P is a row-stochastic matrix (entries in
every row, sum up to 1). From results in linear algebra, P has at least one eigenvalue equal
to 1 (other eigenvalues have magnitude < 1).

Definition 5. Stationary distribution of a transition probability matrix P is the eigenvector
7, associated with eigenvalue 1. Mathematically, 7 = Pr.

For the sake of simplicity, we will restrict ourselves to irreducible and aperiodic markov
chains (refer CT [2] for definition). These Markov chains have a unique eigenvector associated
to eigenvalue 1.

Property 2. A irreducible and aperiodic Markov chain has a unique stationary distribution
7. As a consequence, for all the initial vector 7, Markov chain converges to the unique vector
i.e, lim, oo T = P"7'7 — 7

4.5.5 Entropy of stationary Markov chains
The entropy of Markov chain {X;}! , is
H(Xth) - H(X1)+H(X2|X1)—|—+H(Xn‘Xn,1,,X1)
D H(X) + H(Xa| X)) + H(X3)X0) + .+ H(X, | Xoey)

= H(Xy)+ (n—1)H(Xs|Xy),

—~
= &

where (a) follows from the definition of Markov chain and (b) follows from the time invariant
property of Markov chain. Therefore,

lim © H(Xy, .. X,) = H(X5| X)) (4.3)

n—oo M

In the next lecture will prove a stronger result than (4.3) which is

1
lim _ﬁ 1ng(X1, X2a e 7X7l) i) H(X2’X1>

n—oo
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