EE /Stats 376A - Information Theory
Midterm
February 16, 2017 Solutions

There is a total of 8 questions with a total of 84 points. You have a total of
3 hours.

All random variables in this exam are discrete and all logarithms are to the
base 2, unless otherwise stated.

Please write all your answers in the exam booklet.

All answers should be justified, unless otherwise stated.

The exam is closed book but you are allowed one double-sided sheet of notes.
No other materials are allowed.

Good luck!



[1.]

1. (1 point) Shannon had a good sense of humor. There is a good (but subtle)
joke in the opening paragraphs of his paper. Find it!

"The recent development of various methods of modulation such as PCM
and PPM which exchange bandwidth for signal-to-noise ratio has intensi-
fied the interest in a gemeral theory of communication. A basis for such
a theory is contained in the important papers of Nyquist and Hartley on
this subject. In the present paper we will extend the theory to include a
number of new factors, in particular the effect of noise in the channel, and
the savings possible due to the statistical structure of the original message
and due to the nature of the final destination of the information.

The fundamental problem of communication is that of reproducing at one
point either exactly or approrimately a message selected at another point.
Frequently the messages have meaning; that is they refer to or are corre-
lated according to some system with certain physical or conceptual entities.
These semantic aspects of communication are irrelevant to the engineering
problem. The significant aspect is that the actual message is one selected
from a set of possible messages. The system must be designed to operate
for each possible selection, not just the one which will actually be chosen
since this is unknown at the time of design.”

Solution: ’Frequently the messages have meaning’.



2. (8 points) True or False? No justifications needed. A correct answer is
worth +1 point. Incorrect answer is worth —1 points. 0 point if left blank.

(a)

(b)

I(X;Y|Z) < I(X;Y) for any random variables X, Y, Z.

Solution: False. Counter example: X,Y gt Bern(0.5) and Z =
X + Ymod2

I(X;Y|Z = z) < I(X;Y) for any random variables X, Y, Z and value
2.

Solution: False. Same counter example as above.

D(pllq) = D(q||p) for any two distributions p and g.

Solution: False. Relative Entropy is not symmetric w.r.t p,q. Ex-
ample 2.3.1 in CT.

H(aX) = H(X) for any random variable X and any a # 0.
Solution: True. Entropy of a random variable is label invariant.

H(X|aY) = H(X|Y) for any random variables X,Y and any a # 0.
Solution: True. Conditional entropy is label invariant because
H(X|Y)=H(X,Y)—-H(Y).

The entropy rate of a Markov chain which does not start at its sta-
tionary distribution is not well defined.

Solution: False. Entropy rate of a Markov chain is defined as H =
lim,, 00 L H(X1, - X,,) and it doesn’t depend on the initial state.

n
When one communicates at capacity over a memoryless channel,
the input symbols X7, X5, ... to the channel should be i.i.d. at the
capacity-achieving input distribution p*.
Solution: False. For a noisy channel, X;’s must have some sort of
redundancy to deal with the channel noise.

Due to the lack of knowledge of the source statistics, the Lempel-Ziv
algorithm cannot compress the source to its entropy rate.

Solution: False. LZ algorithm is a Universal scheme. For example
in HW4 we showed that for i.i.d. sources LZ compresses at the the
entropy rate.



3. (8 points) Let X and Y be the input and outputs of a given discrete
memoryless channel with transition probabilities p(y|x).

(a) (4 points) Define what it means by the statement "H(Y") is a concave
function of the distribution of Y", and prove it directly from first
principles, without using any facts from convex analysis.

Solution: Concavity H(Y) w.r.t to Y means
HY)>aHY1)+ (1 —-a)H(Y2), VYae][0,1]

where Y1 ~ p1, Yo ~ ps and Y ~ ap; + (1 — a)py. Tp prove this, use
an auxiliary random variable Z ~ Bern(a) and let

vy z:szl
Yo if Z=0

and we have

H(Y) > H(Y|Z)
= H(Y|Z=1)Pr(Z=1)+HY|Z=0)Pr(Z=0)
= aHY)+ (1 —a)H(Y?).

(b) (4 points) Define what it means by the statement "H (Y) is a concave
function of the distribution of X", and prove it directly from first
principles, without using any facts from convex analysis.

Solution: Concavity H(Y) w.r.t to X means given a fixed p(y|x)
(channel)

H(Y)>aH(Y1) + (1 —a)H(Ys), VYaelo,1],

where
i. Xi ~¢q and Xo ~ge and X ~ aq; + (1 — a)ge
ii. Y1 ~ p1 where p1(y) = >, p(ylz)q1 (),
iil. Y2 ~ p2 where pa(y) = >_, p(yl7)ga(2),
iv. Y ~ p where p(y) = >, p(y[2)q1(z)a + p(y|z)ge(z)(1 — ).

1
Similar to previous part defineZ = {0 ? . Now when
-«
i. Z =1Y is distributed according to p;.
ii. Z=0Y is distributed according to ps.

Thus from conditions 3(b)ii,3(b)iii, we have

HY) > H(Y|Z)

= H(Y|Z=1)Pr(Z=1)+H(Y|Z=0)Pr(Z = 0)
= aHY) + (1 —a)H(Y?).



4. (6 points) Consider the noisy typewriter channel, where the input and
the output alphabet are both the English alphabet {a,b,¢c,...,z}. Given
an input letter, the output letter is with probability 1/2 the same as the
input letter and with probability 1/2 the next letter. (The next letter for
'a’ is 'b’, for 'b’ is ’c’, etc. The next letter for 'z’ is ’a’.).

(a) (3 points) Compute the capacity of this channel.
Solution: Since the channel is symmetric, the capacity of this chan-

nel is achieved when the input is uniformly distributed over {a, b, ¢, . .., z};
this implies that the output Y is also uniformly distributed over
{a,b,e,...,z}.
C = maxI(X;Y)
p(z)
(For uniform distribution) = H(Y) - H(Y|X)
= log26— Y  H(Y|X =2)Pr(X =x)
z€{ab,c,...,z}
1
= log26 — HY|X =2)—
g2 S HYIX =)
z€{a,b,c,...,z}
= log26 —log2
= log13.

Capacity is thus equal to log13.

(b) (3 points) Find a simple explicit communication scheme (not via
random coding) that achieves the capacity with zero probability of

error.
Solution: Consider the scheme where the sender uses only alter-
nate symbols X' ={'a’,/ /e, - [y} st
1/13 ze X’
p(z) = / ~
0 else

The decoder of this input is very trivial and has a zero probability of
error. For example, it would map the output ‘a’, ‘D’ to ‘a’ and ‘¢, ‘d’
to '¢’ and so on.



5. (12 points) Let X7, Xo,..., X, be an i.i.d. Bern(p) sequence.

(a)

(2 points) Define what it means by ™ to be a typical sequence. Be
as explicit as you can.

Solution: Define a typical set by A = {x" : | log ﬁ - H(X)| <
e}. A sequence is typical if p(z™) ~ 27 H(X),
(2 points) Suppose z" is a typical sequence. Let w(z™) be a permu-

tation of the sequence. Is w(2™) necessarily typical? Explain.

Solution: Yes. Since the sequence is i.i.d., for a given z", p(z™)
depends only on the number of 1’s and 0’s in ™. A permutation m
doesn’t change the number of 1’s and 0's and thus p(7(z™)) = p(z™)
and hence p(w(z™)) is also a typical sequence.

(2 points) Let Y7,Y5,...,Y, be output of a memoryless BSC(q) with
X1, Xs2,..., X, as input. Define what it means by (z",y™) be a
jointly typical sequence. Be as explicit as you can.

Solution: Define
A ={@m ) |- Llogp(e™) - H(X)| <,
| — 3 logp(y™) — H(Y)| <,
— Llogp(a",y") - H(X,Y)| < e }
The sequence (z™,y™) is jointly typical is p(z™) ~ H(X), p(y™) ~
H(Y) and p(y") ~ H(Y).

(2 points) Suppose (2™, y™) is a jointly typical sequence. Is (7(z™), y™)
necessarily jointly typical? Explain.
Solution: No.

p(ﬂ_(m'n/)’y'n/) — p(ﬂ- x7l))p<y71/|ﬂ_(m7l))
= pla™")p(yilm(z"):)
(In general) #  p(a™)IZ p(yi|z:).

(4 points) Repeat parts (a) and (b) if instead X1, X2 ... X, is a sta-
tionary Mickey Mouse Markov chain with symmetric crossover prob-
ability of a > 0.

Solution: Similar to Part (a), 2™ is a typical sequence if p(a™) ~
2~ H(a)  However, since 2" is not an i.i.d. sequence, we have

p(r(a")) = pla(e™))Iyp(m(@")i|m(2");)
(In general)  #  p(x1) I op(wisi]a:)

n

For example Pr(z, = 000111) # Pr(m(x,) = 010101).



6. (11 points) The random variable X takes on & different possible values.
Y is some side information we observe about X. X is an estimate of X.
We assume that the random variables X,Y, X form a Markov chain.

(a) (2 points) Define what this means.
Solution: X and X are conditionally independent given Y. Math-
ematically, p(z, 2[y) = p(Z|y)p(zly), ¥(z, £, y).

(b) (2 points) Fano’s inequality states that

H(X|X)—1

Pr(X # X) >

Explain the significance of Fano’s inequality in the context of the
proof of the converse to the noisy channel coding theorem.

Solution: Fano’s inequality lower bounds the probability of de-
coding error in terms of the uncertainty in decoding procedure -
H(W|W), where W is the message sent and W is the decoded mes-
sage.

(c) (4 points) Prove Fano’s inequality. (Hint: Define the random variable
E which equals 1 if X = X and 0 otherwise, and expand H(E, X|X)
in two ways.)

Solution: Let E = l{X = X} We have
H(E,X|X) = H(X|X)+H(E|X,X)
= H(E|X)+H(X|E,X).
Since H(E|X,X) = 0 and since H(E|X) < 1, we have
H(X|X) 1+ H(X|E=0,X)Pr(E=0)+H(X|E=1,X)Pr(E=1)

<
< 14 Pr(E=0)H(X).

This implies Pr(X # X) > Z&180=1 > A1

(d) (3 points) Fano’s inequality gives a lower bound on the probability
of error of guessing the value of X based on observing the side in-
formation Y about X. Suppose now you have no observation of any
side information and you still want to guess the value of X. Give a
non-trivial lower bound to the probability of error in this case.
Solution: Without any side information, H(X|X) = H(X) and
hence using Part (c), we have

Pr(X #X) >

—_



7. (21 points) In arithmetic coding, we represent the source symbols (as-
sumed to be binary here) X1, Xo,... as

X =0.X,X2X5. ..

and encodes them as binary symbols Uy, Us, ..., where

U =0.0,0sUs... = F(X),

where F' is the cumulative distribution function of X. You can assume F
is continuous and strictly increasing.

(a)

(3 points) Compute the distribution of U. Justify your answer from
first principles.

Solution: The distribution of U = F(X) is uniform in [0, 1] (Lemma
1, Lecture notes 7).

(1 point) What is the distribution of the sequence Uy, Us, . ..?
Solution: Since U ~ unif(0,1), Uy,--- are i.i.d. Bern(0.5).

(1 point) Justify why this is an optimal compression scheme.
Solution: The sequence U1Us --- is i.i.d. Bern(1/2) ; since it can-
not be further compressed, the above scheme has (asymptotically)
achieved optimal compression.

(1 point) After observing the first k& source symbols z1, o, ..., Tk,
compute the interval where u = F(x) lies. Which bits of the encoded
symbols can be computed at this point?

Solution: Let Ay = F(0.x129---xy) and By = F(0.x129 - 25 +
27k) and let U € [Ay, Bx] = 0.ujug - - - uso. Define [ as

[ = max (0.u1u2 -+ +1;0000.. > A, and By > O.uqug - --u;11111.. )

In other words, return the first [ bits common between Ay, By

(3 points) Suppose the source symbols are i.i.d. Bern(p). Give re-
cursive formulas for updating the interval in part (d) as you observe
more source symbols. How does the computational complexity of the
coder scales with the number of source symbols observed?

Solution: Ay =0,By =1 and

An+1 = A, + l{xn—i-l = 1}(1 - p)(Bn - An)
Bn+1 = Bn — 1{56'n+1 = 0}p(Bn — An)

Time Complexity: O(n).

(4 points) Suppose the source symbols are now not i.i.d. but follows
a stationary Mickey mouse Markov chain with symmetric cross over
probability «. Give recursive formulas for updating the interval in



part (d) as you observe more source symbols. How does the com-
putational complexity of the coder scale with the number of source
symbols observed?

Solution: The iniitilization step is
0 =0
Ay = n
1/2 a1=1

As = Pr(X <0.x122)
= Pr(Xi<z)+ Pr(Xy=21,Xs < x2)
= A+ Pr(Xy =21)Pr(Xs < 22| X1 = 21)
= A1+ (B1— A1)Pr(Xe < z2| X1 = 11) (1)

and for As we have

Thus for A,,+1 we have

An+1 = An + (Bn — An)PT(Xn+1 < xn+1|Xn = (En)

and similarly for B,y; , we have

Bn+1 = Bn — (Bn — An)Pr(XnJrl > il'n+1|Xn = xn)

Time Complexity: O(n).

(5 points) Suppose you have your disposal a sequence of i.i.d. coin
flips with biased Heads probability p and you want to use them to
simulate the source in part (f). Explain how you can do that. Draw a
system diagram to illustrate your scheme.(You can assume you have
at your disposal the arithmetic encoders and decoders for the sources
in part (e) and (f).)

Solution:

i. Pass the i.i.d. sequence generated by coin flips with Bern(p) into

encoder of Part (e) to generate an i.i.d sequence Uy, Us, - ~
Bern(0.5).
ii. Pass Uy, Us, -+ into decoder of Part (f) whose output will sim-

ulate the MMMC.

(3 points) On the average, how many coin flips do you need to gen-
erate a Markov source symbol in part (g)?

Solution: The compression rate of MMMC is H(«) and the

compression rate of encoder in Part (e) H(p). Thus we need
1

im) Bern(p) bits to generate 1 Bern(0.5) bit and we need

H(a)) Bern(0.5) bits to generate 1 bit of MMMC. Therefore we

need Z((Z)) bits to generate 1 bit of MMMC.




(a)

8. (17 points)

(3 points) State the data processing theorem. Under what condition
will the inequality in the data processing theorem becomes equality?
Solution: For random variables X,Y, Z such that X - Y — Z, we

have
1(X;Y) > I(X; 2). )

We get an equalityl(X;Y) — I(X;Z2) = I(X;Y,2) - I(X;Z) =
I(X;Y|Z) =0 . So having equality in equation (2)means that both
X -7 —Y and X - Y — Z should hold true.

(1 point) We are given a symmetric memoryless channel p(y|x) with
binary input alphabet {0, 1}. What is the capacity-achieving optimal
input distribution?

Solution: Since the conditional distribution is symmetric, p(z) ~
Unif({0,1}) is the capacity-achieving optimal input distribution.

(2 points) Let C' be the capacity of the channel. The maximum
mutual information over two uses of the channel is:

max I(Xl,XQ,Yl,YQ)

p(z1,22)
where the optimization is over all joint distributions of X7, X5. Solve
this optimization problem and express the answer in terms of C.
What is the optimizing joint input distribution?
Solution: Using the definition of mutual informations,we have

max I(X1,X2;Y1,Y2) = max (H(Yl,Yz) - H(Yl,Y2|X1,X2))
p(z1,72) p(z1,72)
(Using the memoryless property) = (max) (H Y1,Ys) — H(Y1|X1) — H(Y2|X2))
p(z1,22
< max (H()+ H(Y2) = HY|X0) — H(%|X))
p(T1,T2
= max (1(X;:Y1) + 1(Xa:V2))
p(z1,32)
— (rnaX)I(Xl,XQ,Y17Y2) < 2C.
p(Z1,22

Equality can be achieved if H(Y7,Ys) = H(Y1)+ H(Y2); which is true
when X; L X5 and X1, X5 "% Unif({0,1}).
(4 points) Now suppose we want to send two binary symbols U,
V € {0,1} on the two uses of the channel, such that

X, = U+V (mod?2)

X, = U

10



(f)

The maximum mutual information between ((U, V) and the channel
outputs is given by

max I(Up,Us; Y1, Y2),

p(u1,u2)

where the optimization is over all joint distributions of U, V. Solve
this optimization problem and express the answer in terms of C.
What is the optimizing joint distribution on U and V? (Hint: what
is the relationship between I(Uy, Us; Y1, Ya) and (X7, Xo; Y1, Y5)?)

Solution: From the construction U,V we have

U = X

V = X;+ X, (mod 2).
and hence using the condition for equality for the data processing
theorem from Part (a), I(Uy,Us; Y1,Ys) = (X1, Xo; Y1, Y5).
From Part (c), we know that the capacity achieving distribution of
X; and X is X, Xo "R Unif({0,1}), which can be achieved by
UV K g Unif({0,1}). Hence we have

max I(Ul,UQ,}/Vl,YYQ) max I(Xl,XQ;Yl,}/é):2C.

(u17“2) (.’E1,ﬂ’,‘2)

(2 point) Using part (d) or otherwise, show that under the optimal
joint distribution on U and V,

I(V;Yh,Y2) + I(U; Y1, Ys|V) = 2C.
Solution: Using chain rule for mutual information, we have
I(U,V : Y1, Ya) = I(V; Y3, Ya) + I(U: Y1, Ya|V)

and for the optimal distribution, it is equal to 2C.

(5 points) Can one say that one of the two terms I(V;Y7,Ys) and
I(U; Y1, Y2|V) is definitely greater than or equal to C', while the other
term is definitely less than or equal to C? Explain. (Hint: can you
give an interpretation to the term I(U; Y7, Y2|V)?)

Solution: Expanding mutual information in terms of entropy, we

have

and

I(U;, Ya|V) = I(X1, Xo; Yis11|V)
I(X2; Y1, Yo V) 4+ I(X1; Y1, Y2 |V, Xo)
I(X2; Y1, Ya|V)
I(X2;Ys|V)
(X2 Y2).

v v
~

11



because X5 and Y3 are independent of of V. Thus we have I(U; Yy, Y2|V) >
C' and therefore I(V;Y1,Ys) < C.

12



