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Abstract

Over the last decade, machine learning techniques have revolutionized a variety of disci-
plines including medicine, natural language processing, computer vision, and finance. With
this central role that machine learning has in our lives, there exists a vital need to fully
investigate the applicability of these techniques, especially in human-centered domains. In-
deed, many assumptions behind the theoretical analysis of machine learning algorithms are
not satisfied in practice, which can lead to harmful consequences in sensitive applications.
One example is in medical decision-making, where the impact of wrong decisions may be
severe and irreversible. Furthermore, despite these huge advances in machine learning, the
traditional randomized controlled trials are still the gold standard for testing the efficacy of
various treatment and policy interventions. Although these trials are very robust and valid
with minimal (or no) assumptions, they are very expensive and difficult to run, especially in
medical applications. Thus, it is also important to carefully design and customize machine
learning techniques that under a mild set of assumptions can provide meaningful and valid
guarantees about the treatment effects using observational data. Observational data are
usually more accessible and have the advantage of bypassing the burden of running exper-
iments. It is worth noting that, however, the results from observational data should be
interpreted with caution and can potentially be used as a preliminary step for conducting
targeted trials. In particular, the decision-maker can decide to remove individuals who may
adversely be affected by the treatment from the trial or only consider those who benefit
from it.

This doctoral dissertation focuses on designing and analyzing data-driven methods with
limited experimentation, focusing on three different settings. First, we study the online
setting, where the decision-maker needs to personalize treatment decisions sequentially and
wishes to reduce the amount of experimentation (randomization). This part contributes to

the field of contextual bandit. In the rest of this dissertation, we consider the offline setting

v



where the decision-maker has access to some observational data and wishes to estimate
and draw inference about treatment effects. Specifically, we consider panel data models
and discuss the treatment effect estimation using matrix completion methods. Moreover,
we analyze personalized (non-parametric) inference from observational data with high di-
mensional covariates and combine non-parametric estimators with sub-sampling techniques
to provide valid confidence intervals that are able to adapt to a priori unknown lower-
dimensional structure of data. These two parts use techniques from probability theory and

statistics, and contribute to the field of learning theory and causal inference.
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Chapter 1

Introduction

Data-driven decision-making has recently received a substantial interest from service providers
across a variety of domains, and has greatly improved operational efficiency for numerous
firms. A powerful and (increasingly) popular means for data-driven decision-making is run-
ning controlled experiments. In fact, companies such as Amazon, Facebook, Google, and
Microsoft conduct tens of thousands of experiments every year to improve their operations.
For instance, a randomized controlled experiment on Bing ad headlines in 2012 led to a
twelve percent increase in revenue (Kohavi and Thomke|2017)).

However, a common issue in controlled experiments is that assignment of decisions (or
treatments) via randomization generates business opportunity costs and can even damage
customers’ trust (e.g., Facebook’s experiment on emotions, Lucal2014). These challenges
are inherent in domains such as healthcare, where experimentation can be unethical and is
only allowed in very expensive and highly controlled settings (Sibbald and Roland|1998)).

In this dissertation, we tackle these challenges and design new algorithms, provide per-
formance guarantees, and also confirm these theoretical guarantees via simulations. We
focus specifically on two types of solutions in this dissertation: (1) reducing unnecessary
randomization in experiments by leveraging natural variations in the data or incentive
schemes (e.g., combining greedy algorithms and hypodissertation testing to develop an effi-
cient decision-making scheme that utilizes heterogeneity of the users to successfully reduce
the experimentation), and (2) bypassing experimentation in situations where experimen-
tation is not feasible and observational data is available (e.g., designing a new class of
statistical methods for treatment effect estimation, motivated by matrix completion litera-

ture, and also building techniques that allow inference in the non-parametric setting with



high-dimensional covariates).

In this dissertation we make three main contributions. In Chapter [2] we consider the
online setting where the decision-maker has access to no past data about the treatments and
wishes to sequentially personalize the treatment decisions so as to maximize some reward
function of interest. Current literature on this topic focuses on algorithms that balance
an exploration-exploitation tradeoff, to ensure a sufficient rate of learning while optimizing
for reward. In particular, greedy algorithms that exploit current estimates without any
exploration may be sub-optimal in general. As mentioned above, however, exploration-free
greedy algorithms are desirable in practical settings where exploration may be costly or
unethical (e.g., clinical trials). Surprisingly, we find that a simple greedy algorithm can
be rate-optimal (achieves asymptotically optimal regret) if there is sufficient randomness
in the observed contexts (covariates). We prove that this is always the case for a two-
armed bandit under a general class of context distributions that satisfy a condition we
term covariate diversity. Furthermore, even absent this condition, we show that a greedy
algorithm can be rate optimal with positive probability. Thus, standard bandit algorithms
may unnecessarily explore. Motivated by these results, we introduce Greedy-First, a new
algorithm that uses only observed contexts and rewards to determine whether to follow
a greedy algorithm or to explore. We prove that this algorithm is rate-optimal without
any additional assumptions on the context distribution or the number of arms. Extensive
simulations demonstrate that Greedy-First successfully reduces exploration and outperforms
existing (exploration-based) contextual bandit algorithms such as Thompson sampling or
upper confidence bound (UCB). This chapter is based on Bastani et al. (2017).

In certain practical settings the decision-maker has access to some past observational
data on the treatment and outcomes. Ideally, in these settings, the decision-maker wishes to
bypass experimentation by estimating treatment effects from the existing data. One of the
fundamental challenges in analyzing observational data is the presence of confounders that
can affect both the treatment and outcome, leading to biased estimates for the treatment
effect (also known as the “omitted variable bias” or OVB). In Chapter |3] we investigate
settings where confounding factors might be unobserved, but we have access to treatment
decisions over time. In particular, we consider the panel data model (matrix), where a
subset of units (rows) are exposed to a single treatment during a subset of time periods
(columns), and the goal is estimating counterfactual (untreated) outcomes for the treated

unit/period combinations. Motivated by the literature on matrix completion (Candes and



Recht| 2009, [Keshavan et al.|2010a,b|), we develop a class of matrix completion estima-
tors that uses the observed elements of the matrix of control outcomes corresponding to
untreated unit/periods to predict the “missing” elements of the matrix, corresponding to
treated units/periods. This approach estimates a matrix that well-approximates the original
(incomplete) matrix, but has lower complexity according to the nuclear norm for matrices.
From a technical perspective, we generalize results from the matrix completion literature by
allowing the patterns of missing data to have a time series dependency structure. We also
present new insights concerning the connections between the interactive fixed effects models
and the literatures on program evaluation under unconfoundedness as well as on synthetic
control methods. If there are few time periods and many units, our method approximates
a regression approach where counterfactual outcomes are estimated through a regression
of current outcomes on lagged outcomes for the same unit. In contrast, if there are few
units and many periods, our proposed method approximates a synthetic control estimator
where counterfactual outcomes are estimated through a regression of the lagged outcomes
for the treated unit on lagged outcomes for the control units. The advantage of our pro-
posed method is that it moves seamlessly between these two different approaches, utilizing
both cross-sectional and within-unit patterns in the data. Simulations illustrate that our
proposed matrix completion method outperforms the existing benchmarks and successfully
reduces OVB in presence of confounding factors. This chapter is based on [Athey et al.
(2018).

Finally, in many practical applications in social sciences, the decision-maker wishes to
develop methods that not only enable the treatment effect estimation using observational
data, but also allow for inference from such data. In these applications, it is plausible
that the effect of treatment varies among different individuals depending on potentially
high-dimensional attributes (covariates). A central task in such applications is to design
adequate estimators for the personalized treatment effect that enjoy strong asymptotic
properties that enable valid constructions of confidence intervals. The decision-maker can
use these personalized confidence intervals to identify and target a subset of units (pop-
ulation) that benefit the most from the treatment, leading to improved decisions for all
individuals. With this motivation, in Chapter [ we consider non-parametric estimation
and inference of conditional moment models in high dimensions. Unfortunately, without
any further structural assumptions on the problem, the exponential in dimension rates of

approximately n'/P (see, e.g., Stone||1982) cannot be avoided (also known as the “Curse of



Dimensionality”), where D is the dimension of conditioning variable. We show that even
when D is larger than the sample size n, estimation and inference is feasible as long as the
distribution of the conditioning variable has small intrinsic dimension d, as measured by
locally low doubling measures. Our work follows a long line of work in machine learning
(Dasgupta and Freund| 2008, [Kpotufe [2011, [Kpotufe and Garg2013)), which is founded on
the observation that in many practical applications, the coordinates of X are highly corre-
lated (e.g., an image), despite X being high-dimensional. The latter intuition is formally
captured by assuming that the distribution of X has a small doubling measure around the
target point x. These works, however, solely establish estimation guarantees and do not
characterize the asymptotic distribution of the estimates, so as to enable inference, hypoth-
esis testing and confidence interval construction. Moreover, they only address the regression
setting and not the general conditional moment problem, and consequently do not extend
to quantile regression, instrumental variable regression, or treatment effect estimation. We
generalize these results by providing estimation and asymptotic normality results for the
general conditional moment problem, where the estimation and the asymptotic normality
rates depend only on the intrinsic dimension, and are independent of the explicit dimension
of the conditioning variable. In particular, we show that if the intrinsic dimension of the
covariate distribution is equal to d, then the finite sample estimation error of our estima-

—1/(d+2) and our estimate is nt/ (d+2)—asymptotically normal, irrespective of

tor is of order n
D. Our estimation is based on a sub-sampled ensemble of the k-nearest neighbors (k-NN)
Z-estimator. The sub-sampling size required for achieving these results depends on the
unknown intrinsic dimension d. We propose an adaptive data-driven approach for choosing
this parameter and prove that it achieves the desired rates. Simulations confirm our theo-
retical findings and demonstrate that our adaptive sub-sampled k-NN estimator performs

well in practice. This chapter is based on |Khosravi et al.| (2019).



Chapter 2

Reducing Experimentation in

Contextual Bandits

2.1 Motivation

Service providers across a variety of domains are increasingly interested in personalizing
decisions based on customer characteristics. For instance, a website may wish to tailor
content based on an Internet user’s web history (Li et al.2010)), or a medical decision-maker
may wish to choose treatments for patients based on their medical records (Kim et al.|2011)).
In these examples, the costs and benefits of each decision depend on the individual customer
or patient, as well as their specific context (web history or medical records respectively).
Thus, in order to make optimal decisions, the decision-maker must learn a model predicting
individual-specific rewards for each decision based on the individual’s observed contextual
information. This problem is often formulated as a contextual bandit (Auer||2003, Langford
and Zhang][2008, |Li et al.[2010]), which generalizes the classical multi-armed bandit problem
(Thompson!|1933, [Lai and Robbins |1985]).

In this setting, the decision-maker has access to K possible decisions (arms) with un-
certain rewards. Bach arm i is associated with an unknown parameter 5; € R? that is
predictive of its individual-specific rewards. At each time ¢, the decision-maker observes an
individual with an associated context vector X; € R%. Upon choosing arm i, she realizes a
(linear) reward of

X, Bi +eis, (2.1.1)



where €;; are idiosyncratic shocks. One can also consider nonlinear rewards given by gen-
eralized linear models (e.g., logistic, probit, and Poisson regression); in this case, is
replaced with

w(XBi) + e (2.1.2)

where p is a suitable inverse link function (Filippi et al.|2010, Li et al.|2017). The decision-
maker’s goal is to maximize the cumulative reward over 1" different individuals by gradually
learning the arm parameters. Devising an optimal policy for this setting is often com-
putationally intractable, and thus, the literature has focused on effective heuristics that
are asymptotically optimal, including UCB (Dani et al.|[2008, |Abbasi-Yadkori et al.[2011]),
Thompson sampling (Agrawal and Goyal 2013, Russo and Van Roy|[2014b), information-
directed sampling (Russo and Van Roy|2014a)), and algorithms inspired by e-greedy methods
(Goldenshluger and Zeevi [2013, Bastani and Bayati |2015)).

The key ingredient in designing these algorithms is addressing the ezploration-exploitation
tradeoff. On one hand, the decision-maker must explore or sample each decision for random
individuals to improve her estimate of the unknown arm parameters {3;}X ; this infor-
mation can be used to improve decisions for future individuals. Yet, on the other hand,
the decision-maker also wishes to exploit her current estimates {Bz}f; to make the esti-
mated best decision for the current individual in order to maximize cumulative reward.
The decision-maker must therefore carefully balance both exploration and exploitation to
achieve good performance. In general, algorithms that fail to explore sufficiently may fail
to learn the true arm parameters, yielding poor performance.

However, exploration may be prohibitively costly or infeasible in a variety of practical
environments (Bird et al. 2016)). In medical decision-making, choosing a treatment that is
not the estimated-best choice for a specific patient may be unethical; in marketing appli-
cations, testing out an inappropriate ad on a potential customer may result in the costly,
permanent loss of the customer. Such concerns may deter decision-makers from deploying
bandit algorithms in practice.

In this chapter, we analyze the performance of exploration-free greedy algorithms. Sur-
prisingly, we find that a simple greedy algorithm can achieve the same state-of-the-art
asymptotic performance guarantees as standard bandit algorithms if there is sufficient ran-
domness in the observed contexts (thereby creating natural exploration). In particular, we
prove that the greedy algorithm is near-optimal for a two-armed bandit when the context

distribution satisfies a condition we term covariate diversity; this property requires that



the covariance matrix of the observed contexts conditioned on any half space is positive
definite. We show that covariate diversity is satisfied by a natural class of continuous and
discrete context distributions. Furthermore, even absent covariate diversity, we show that
a greedy approach provably converges to the optimal policy with some probability that
depends on the problem parameters. Our results hold for arm rewards given by both linear
and generalized linear models. Thus, exploration may not be necessary at all in a general
class of problem instances, and is only sometimes be necessary in other problem instances.

Unfortunately, one may not know a priori when a greedy algorithm will converge, since
its convergence depends on unknown problem parameters. For instance, the decision-maker
may not know if the context distribution satisfies covariate diversity; if covariate diversity is
not satisfied, the greedy algorithm may be undesirable since it may achieve linear regret some
fraction of the time (i.e., it fails to converge to the optimal policy with positive probability).
To address this concern, we present Greedy-First, a new algorithm that seeks to reduce
exploration when possible by starting with a greedy approach, and incorporating exploration
only when it is confident that the greedy algorithm is failing with high probability. In
particular, we formulate a simple hypothesis test using observed contexts and rewards to
verify (with high probability) if the greedy arm parameter estimates are converging at the
asymptotically optimal rate. If not, our algorithm transitions to a standard exploration-
based contextual bandit algorithm.

Greedy-First satisfies the same asymptotic guarantees as standard contextual bandit
algorithms without our additional assumptions on covariate diversity or any restriction on
the number of arms. More importantly, Greedy-First does not perform any exploration (i.e.,
remains greedy) with high probability if the covariate diversity condition is met. Further-
more, even when covariate diversity is not met, Greedy-First provably reduces the expected
amount of forced exploration compared to standard bandit algorithms. This occurs be-
cause the vanilla greedy algorithm provably converges to the optimal policy with some
probability even for problem instances without covariate diversity; however, it achieves lin-
ear regret on average since it may fail a positive fraction of the time. Greedy-First leverages
this observation by following a purely greedy algorithm until it detects that this approach
has failed. Thus, in any bandit problem, the Greedy-First policy explores less on average
than standard algorithms that always explore. Simulations confirm our theoretical results,
and demonstrate that Greedy-First outperforms existing contextual bandit algorithms even

when covariate diversity is not met.



Finally, Greedy-First provides decision-makers with a natural interpretation for explo-
ration. The hypothesis test for adopting exploration only triggers when an arm has not
received sufficiently diverse samples; at this point, the decision-maker can choose to explore
that arm by assigning it random individuals, or to discard it based on current estimates
and continue with a greedy approach. In this way, Greedy-First reduces the opaque nature
of experimentation, which we believe can be valuable for aiding the adoption of bandit

algorithms in practice.

2.1.1 Related Literature

There has been significant interest in operational methods for personalizing service decisions
as a function of observed user covariates (see, e.g., Ban and Rudin||2014}, Bertsimas and
Kallus|2014a, |Chen et al.[2015, [Kallus[2016). We take a sequential decision-making approach
with bandit feedback, i.e., the decision-maker only observes feedback for her chosen decision
and does not observe counterfactual feedback from other decisions she could have made.
This obstacle inspires the exploration-exploitation tradeoff in multi-armed bandit problems.

Our work falls within the framework of contextual bandits (or a linear bandit with
changing action space), which has been extensively studied in the computer science, opera-
tions, and statistics literature (we refer the reader to Chapter 4 of Bubeck and Cesa-Bianchi
(2012)) for an informative review). This setting was first introduced by |Auer| (2003) through
the LinRel algorithm and was subsequently improved through the OFUL algorithm by
Dani et al.| (2008]) and the LinUCB algorithm by (Chu et al.| (2011). More recently, Abbasi-
Yadkori et al.| (2011) proved an upper bound of O(dv/T) regret after T time periods when
contexts are d-dimensional. (We note that they also prove a “problem-dependent” bound
of O(dlogT/A) if one assumes a constant gap A between arm rewards; this bound does
not apply to the contextual bandit since there is no such gap between arm rewards.)

As mentioned earlier, this literature typically allows for arbitrary (adversarial) covariate
sequences. We consider the case where contexts are generated i.i.d., which is more suited
for certain applications (e.g., clinical trials on treatments for a non-infectious disease). In
this setting one can achieve exponentially better regret bounds in T'. In particular, |Gold-
enshluger and Zeevi| (2013) present the OLS Bandit algorithm and prove a corresponding
upper bound of O(d®logT) on its cumulative regret. They also prove a lower bound of
O(log T) regret for this problem (i.e., the contextual bandit with i.i.d. contexts and linear
payoffs).



Greedy Algorithm. However, this substantial literature requires exploration. Greedy
policies are desirable in practical settings where exploration may be costly or unethical.

A related but distinct literature on greedy policies exists for discounted Bayesian multi-
armed bandit problems. The seminal paper by |Gittins| (1979) showed that greedily applying
an index policy is optimal for a classical multi-armed bandit in Bayesian regret (with a
known prior over the unknown parameters). Woodroofe| (1979) and [Sarkar| (1991) extend
this result to a Bayesian one armed bandit with a single i.i.d. covariate when the discount
factor approaches 1, and Wang et al.| (2005blal) generalize this result with a single covariate
and two arms. [Mersereau et al.| (2009) further model known structure between arm rewards.
However, these policies are not greedy in the same sense as ours; in particular, the Gittins
index of an arm is not simply the arm parameter estimate, but includes an additional
factor that implicitly captures the value of exploration for under-sampled arms (i.e., the
variance of the estimate). In fact, recent work has shown a sharp equivalence between
the UCB policy (which notably incorporates exploration) and the Gittins index policy as
the discount factor approaches one (Russo|2019)). In contrast, we consider a greedy policy
with respect to unbiased arm parameter estimates, i.e., without accounting for the value of
exploration (or the variance of our parameter estimates). It is surprising that such a policy
can be effective; in fact, we show that it is not rate optimal in general, but is rate optimal
for the linear contextual bandit if there is sufficient randomness in the context distribution.

It is also worth noting that, unlike the literature above, we consider undiscounted mini-
max regret with unknown and deterministic arm parameters. |(Gutin and Farias (2016) show
that the Gittins analysis does not succeed in minimizing Bayesian regret over all sufficiently
large horizons, and propose “optimistic” Gittins indices (which incorporate additional ex-
ploration) to solve the undiscounted Bayesian multi-armed bandit.

Since the first draft of our work appeared online, there have been two follow-up papers
that cite our work and provide additional theoretical and empirical validation for our results.
Kannan et al. (2018) consider the case where an adversary selects the observed contexts, but
these contexts are then perturbed by white noise; they find that the greedy algorithm can
be rate optimal in this setting even for small perturbations. Bietti et al. (2018) perform an
extensive empirical study of contextual bandit algorithms on 524 datasets that are publicly
available on the OpenML platform. These datasets arise from a variety of applications
including medicine, natural language, and sensors. Bietti et al.| (2018]) find that the greedy

algorithm outperforms a wide range of bandit algorithms in cumulative regret on more that


http://www.openml.org

400 datasets. This study provides strong empirical validation of our theoretical findings.

Covariate Diversity. The adaptive control theory literature has studied “persistent ex-
citation”: for linear models, this condition ensures that the minimum eigenvalue of the
covariance matrix grows at a suitable rate, so that the parameter estimates converge over
time (Narendra and Annaswamy|1987, |[Nguyen|2018)). Thus, if persistent excitation holds for
each arm, we will eventually recover the true arm rewards. However, the problem remains
to derive policies that ensure that such a condition holds for each (optimal) arm; classical
bandit algorithms achieve this goal with high probability by incorporating exploration for
under-sampled arms. Importantly, a greedy policy that does not incorporate exploration
may not satisfy this condition, e.g., the greedy policy may “drop” an arm. The covariate
diversity assumption ensures that there is sufficient randomness in the observed contexts,
thereby exogenously ensuring that persistent excitation holds for each arm regardless of the

sample path taken by the bandit algorithm.

Conservative Bandits. Our approach is also related to recent literature on designing
conservative bandit algorithms (Wu et al.|2016, Kazerouni et al.|2016) that operate within
a safety margin, i.e., the regret is constrained to stay below a certain threshold that is
determined by a baseline policy. This literature proposes algorithms that restrict the amount
of exploration (similar to the present work) in order to satisfy a safety constraint. Wu et al.
(2016) studies the classical multi-armed bandit, and [Kazerouni et al. (2016) generalizes

these results to the contextual linear bandit.

Dynamic Pricing. Finally, we note that there are technical parallels between our work
and the analysis of the greedy policy and its variants in the dynamic pricing literature
(Lattimore and Munos|[2014, Broder and Rusmevichientong|2012)). In particular, the most
commonly-studied dynamic pricing problem (without covariates) can be viewed as a linear
bandit problem without changing action space and with a modified reward function (den
Boer and Zwart|2013, Keskin and Zeevi 2014b). When there are no covariates, the greedy
algorithm has been shown to be undesirable since it provably converges to a suboptimal
price (a fixed point known as the “uninformative price”) with nonzero probability (den
Boer and Zwart 2013, Keskin and Zeevi|2014b} |2015)). Thus, bandit-like algorithms have
been proposed, which always explore in order to guarantee convergence to the optimal price
(den Boer and Zwart| 2013, Keskin and Zeevi| 2014alb, den Boer and Zwart|2015)); these
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approaches have similarities to Greedy-First in that they only explore (i.e., deviate from a
greedy strategy) when it is necessary, to ensure that the information envelope or variance
grows at the optimal rate.

More recently, some have studied dynamic pricing with changing demand covariates
(Cohen et al|[2016, |Qiang and Bayati 2016} Javanmard and Nazerzadeh 2019, Ban and
Keskin[2018) or a changing demand function (den Boer|2015, |[Keskin and Zeevi2015). These
changes in the demand environment can help the greedy algorithm explore naturally and
achieve asymptotically optimal performance. Our work significantly differs from this line
of analysis since we need to learn multiple reward functions (for each arm) simultaneously.
Specifically, in dynamic pricing, the decision-maker always receives feedback from the true
demand function; in contrast, in the contextual bandit, we only receive feedback from a

decision if we choose it, thereby complicating the analysis.

2.1.2 Main Contributions and Organization of this Chapter

We begin by studying conditions under which the greedy algorithm performs well. In
we introduce the covariate diversity condition (Assumption , and show that it holds for
a general class of continuous and discrete context distributions. In we show that
when covariate diversity holds, the greedy policy is asymptotically optimal for a two-armed
contextual bandit with linear rewards (Theorem ; this result is extended to rewards
given by generalized linear models in Proposition [T} For problem instances with more than
two arms or where covariate diversity does not hold, we prove that the greedy algorithm
is asymptotically optimal with some probability, and we provide a lower bound on this
probability (Theorem .

Building on these results, in §2.4] we introduce the Greedy-First algorithm that uses
observed contexts and rewards to determine whether the greedy algorithm is failing or not
via a hypothesis test. If the test detects that the greedy steps are not receiving sufficient
exploration, the algorithm switches to a standard exploration-based algorithm. We show
that Greedy-First achieves rate optimal regret bounds without our additional assumptions
on covariate diversity or number of arms. More importantly, we prove that Greedy-First
remains purely greedy (while achieving asymptotically optimal regret) for almost all problem
instances for which a pure greedy algorithm is sufficient (Theorem . Finally, for problem
instances with more than two arms or where covariate diversity does not hold, we prove

that Greedy-First remains exploration-free and rate optimal with some probability, and we
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provide a lower bound on this probability (Theorem . This result implies that Greedy-
First reduces exploration on average compared to standard bandit algorithms.

Finally, in §3.7) we run several simulations on synthetic and real datasets to verify
our theoretical results. We find that the greedy algorithm outperforms standard bandit
algorithms when covariate diversity holds, but can perform poorly when this assumption
does not hold. However, Greedy-First outperforms standard bandit algorithms even in the
absence of covariate diversity, while remaining competitive with the greedy algorithm in
the presence of covariate diversity. Thus, Greedy-First provides a desirable compromise

between avoiding exploration and learning the true policy.

2.2 Problem Formulation

We consider a K-armed contextual bandit for T" time steps, where T" is unknown. Each arm
i is associated with an unknown parameter 8; € R%. For any integer n, let [n] denote the
set {1,...,n}. At each time ¢, we observe a new individual with context vector X; € R?. We
assume that {X;}:>0 is a sequence of i.i.d. samples from some unknown distribution that
admits probability density px(x) with respect to the Lebesgue measure. If we pull arm
i € [K], we observe a stochastic linear reward (in we discuss how our results can be

extended to generalized linear models)
_ T
Yie =X, Bi+eig,

where ¢;; are independent o-subgaussian random variables (see Definition (1| below).

Definition 1. A random wvariable Z is o-subgaussian if for all 7 > 0 we have E[e™%] <
2 2
eT o /2'

We seek to construct a sequential decision-making policy 7 that learns the arm param-
eters {B;}5 | over time in order to maximize expected reward for each individual.

We measure the performance of 7 by its cumulative expected regret, which is the standard
metric in the analysis of bandit algorithms (Lai and Robbins|1985, |Auer|2003)). In particular,
we compare ourselves to an oracle policy 7*, which knows the arm parameters {51}1121 in
advance. Upon observing context X;, the oracle will always choose the best expected arm

T} = MaXjc(K) (X' Bj). Thus, if we choose an arm i € [K] at time ¢, we incur instantaneous
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expected regret

re = Expe |max(X,'8:) — X, Bil ,
t X~px je[[?}( ¢ Bj) ¢ Bi

which is simply the expected difference in reward between the oracle’s choice and our choice.
We seek to minimize the cumulative expected regret Ry := Zthl r¢. In other words, we
seek to mimic the oracle’s performance by gradually learning the arm parameters.
Additional Notation: Let le% be the closed £, ball of radius R around the origin in R?
defined as B} = {z € R?: [|z[|2 < R}, and let the volume of a set S C R? be vol(S) = Jqdx.

2.2.1 Assumptions

We now describe the assumptions required for our regret analysis. Some assumptions will
be relaxed in later sections of this chapter as noted below.

Our first assumption is that the contexts as well as the arm parameters {3;}X, are
bounded. This ensures that the maximum regret at any time step ¢ is bounded. This is a

standard assumption made in the bandit literature (see e.g., Dani et al.||2008)).

Assumption 1 (Parameter Set). There exists a positive constant Tmax such that the context
probability density px has no support outside the ball of radius Tmax, i.€., || Xt|l2 < Tmax for
all t. There also exists a constant byax such that ||B;ll2 < bmax for all i € [K].

Second, we assume that the context probability density px satisfies a margin condition,
which comes from the classification literature (Tsybakov|2004). We do not require this
assumption to prove convergence of the greedy algorithm, but the rate of convergence
differs depending on whether it holds. In particular, |Goldenshluger and Zeevi| (2009) prove
matching upper and lower bounds demonstrating that all bandit algorithms achieve O(log T')
regret when the margin condition holds, but they can achieve up to O(v/T) regret when
this condition is violated. We can obtain analogous results for the simple greedy algorithm
as well (see Appendix for details). This is because the margin condition rules out
unusual context distributions that become unbounded near the decision boundary (which

has zero measure), thereby making learning difficult.

Assumption 2 (Margin Condition). There exists a constant Cy > 0 such that for each
K> 0:
Vi IPX[O< 1XT(8; — B;)] §/€] < ok
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Thus far, we have made generic assumptions that are standard in the bandit literature.
Our third assumption introduces the covariate diversity condition, which is essential for
proving that the greedy algorithm always converges to the optimal policy. This condition
guarantees that no matter what our arm parameter estimates are at time ¢, there is a diverse
set of possible contexts (supported by the context probability density px ) under which each

arm may be chosen.

Assumption 3 (Covariate Diversity). There exists a positive constant Ao such that for

each vector u € R? the minimum eigenvalue of Ex [XXT]I{XTu > O}] s at least \o, i.e.,
/\min (EX [XXT]I{XTU 2 0}} ) 2 )\0.

Assumption [3| holds for a general class of distributions. For instance, if the context
probability density px is bounded below by a nonzero constant in an open set around the
origin, then it would satisfy covariate diversity. This includes common distributions such as
the uniform or truncated gaussian distributions. Furthermore, discrete distributions such
as the classic Rademacher distribution on binary random variables also satisfy covariate

diversity.

Remark 2.2.1. As discussed in the related literature, the adaptive control theory literature
has studied “persistent excitation,” which is reminiscent of the covariate diversity condition
without the indicator function 1{X "u > 0}. If persistent excitation holds for each arm, then
the minimum eigenvalue of the corresponding covariance matriz grows at a suitable rate,
and the arm parameter estimate converges over time. However, a greedy policy that does
not incorporate exploration may not satisfy this condition, e.q., the greedy policy may drop
an arm. Assumption[3 ensures that there is sufficient randomness in the observed conteuts,
thereby exogenously ensuring that persistent excitation holds for each arm (see Lemma ,

regardless of the sample path taken by the bandit algorithm.

2.2.2 Examples of Distributions Satisfying Assumptions

While Assumptions are generic, it is not straightforward to verify Assumption [3| The
following lemma provides sufficient conditions (that are easier to check) that guarantee

Assumption [3
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Lemma 1. If there exists a set W C R that satisfies conditions (a), (b), and (c) given
below, then px satisfies Assumption [3

(a) W is symmetric around the origin; i.e., if x € W then —x € W.
(b) There exist positive constants a,b € R such that for allx € W, a-px(—x) < b-px(x).

(¢) There exists a positive constant A such that [, xx px(x)dx = M. For discrete

distributions, the integral is replaced with a sum.

We now use Lemma [I| to demonstrate that covariate diversity holds for a wide range of
continuous and discrete context distributions, and we explicitly provide the corresponding
constants. It is straightforward to verify that these examples also satisfy Assumptions
and 21

1. Uniform Distribution. Consider the uniform distribution over an arbitrary bounded
set V' that contains the origin. Then, there exists some R > 0 such that B}é c V.
Taking W = B%, we note that conditions (a) and (b) of Lemma follow immediately.
We now check condition (c) by first stating the following lemma (see Appendix
for proof):

Lemma 2. [, xx'dx = [%VOI(B%)} I; for any R > 0.
R

By definition, px(x) = 1/vol(V) for all x € V, and vol(B%) = R%vol(BZ )/zd,..

Applying Lemma [2| we see that condition (¢) of Lemma (1] holds with constant A =
R™2/[(d + 2)a

rnax] :

2. Truncated Multivariate Gaussian Distribution. Let px be a multivariate Gaus-
sian distribution N(04, ), truncated to 0 for all ||x|l2 > Zmax. The density after
renormalization is

exp (f%XTE_lx)
exp (—3z' ¥ 'z) dz

I(xe B ).

=

Tmax

Tmax’

(c) of Lemma [1| holds with constant

Taking W = BZ | conditions (a) and (b) of Lemma follow immediately. Condition

1 1'2 2 d
_ o max max (B
A= amyirin P ( 2/\mm(2)) d+ 2" Brmas)
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as shown in Lemma [I2]in Appendix

3. Gibbs Distributions with Positive Covariance. Consider the set {+1}¢ C R¢
equipped with a discrete probability density px, which satisfies

1
px(X) = Z exp 1<Z<d Jijmi:vj 5
S,)S

for any x = (21,%2,...,74) € {£1}%. Here, J;; € R are (deterministic) parameters,
and Z is a normalization term known as the partition function in the statistical physics
literature. We define W = {#£1}¢, satisfying conditions (a) and (b) of Lemma
Furthermore, condition (c) follows by definition since the covariance of the distribution
is positive-definite. This class of distributions includes the well-known Rademacher

distribution (by setting all J;; = 0).
Finally, note that any product of these distributions would also satisfy our assumptions.

Remark 2.2.2. A special case under which the conditions in Lemma [1| hold is when W
is the entire support of the distribution Px (this is the case in the Gaussian and Gibbs
distributions, where W = B2 and W = {£1}? respectively). Now, let XV be a random
vector that satisfies this special case and has mean 0. Let X be another vector that is
independent of XV and satisfies the general form of Lemma . Then it is easy to see that
X = (XM, X®) also satisfies the conditions in Lemma . (Parts (a) and (b) clearly hold;
to see why (c) holds, note that the cross diagonal entries in XX | are zero since XV has
mean 0.) This construction illustrates how covariate diversity works for distributions that

contain a mizture of discrete and continuous components.

2.3 Greedy Bandit

Notation. Let the design matriz X be the T' X d matrix whose rows are X;. Similarly,
for i € [K], let Y; be the length T vector of potential outcomes X,  f3; + €;4. Since we
only obtain feedback when arm i is played, entries of ¥; may be missing. For any t € [T,
let S;; = {j | mj = i} N [t] be the set of times when arm i was played within the first ¢
time steps. We use notation X(S;), Y (Sit), and €(S;+) to refer to the design matrix, the

outcome vector, and vector of idiosyncratic shocks respectively, for the observations in time
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periods in S; ;. We estimate f3; at time ¢ based on X(S;;) and Y'(S;+), using ordinary least

squares (OLS) regression that is defined below. We denote this estimator BX( Si1),Y(Si0)s OF

i)
B (Si+) for short.

Definition 2 (OLS Estimator). For any Xo € R™*? and Yy € R™ !, the OLS estimator is
BXO,YO = arg ming || Yo —XoB||3, which is equal to (X Xo) "t X Yo when XJ Xy is invertible.

We now describe the greedy algorithm and provide performance guarantees when co-

variate diversity holds.

2.3.1 Algorithm

At each time step, we observe a new context X; and use the current arm estimates B(Sz‘,t—l)
to play the arm with the highest estimated reward, i.e., 7y = argmax;c g X;B(Si,tq)-
Upon playing arm 7y, a reward Yz, ; = X, Bx, + €n.¢ is observed. We then update our
estimate for arm 7; but we need not update the arm parameter estimates for other arms as
,63(81-71/71) = B(Si,t) for ¢ # m;. The update formula is given by

~

BSre) = [X(Sn) X (S 0)] X(Sn) Y(Sr0).

We do not update the parameter of arm 7 if X(Sy, ) X(Sy, ) is not invertible. The
pseudo-code for the algorithm is given in Algorithm

Algorithm 1 Greedy Bandit

Initialize 5(S;o) = 0 € R? for i € [K]

for t € [T] do
Observe X; ~ px
7  argmax; X, 5(Sis—1) (break ties randomly)
Sﬂt,t — Sfrt,t—l U {t}
Play arm 7, observe Y7, ; = X;Bm +emt
If X(Sy,¢) " X(Sy,) is invertible*, update the arm parameter 5(Sy, ) via

BSru) & [X(Sn) X (Sr )| K (S000) Y (Sr00)

end for
*In practice, until X(Srp.t) " X(Sr,.t) becomes non-singular, using ridge regression or pseudo inverse for
estimating 3(Sr,,:) may reduce the regret. See also Remark
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2.3.2 Regret Analysis of Greedy Bandit with Covariate Diversity

We establish an upper bound of O(logT) on the cumulative expected regret of the Greedy

Bandit for the two-armed contextual bandit when covariate diversity is satisfied.

Theorem 1. If K =2 and Assumptions[I{3 are satisfied, the cumulative expected regret of
the Greedy Bandit at time T > 3 is at most

< ma§2
0
_ (12800x4 o2d(log d)3/? N 160bmax @, .. .d

Ry(m) < 128CoCat . o%d(log d)/?

logT

_"_ C max max

22 s 92.3.1
by Ao T+ ) (2.3.1)

< CgplogT =0 (logT) ,
where the constant Cy is defined in Assumption[d and

_ 1
- (3 + 20y + S tog ) + 1o d)_1.5> € (1/3,52). (2.3.2)

We prove an analogous result for the greedy algorithm in the case where arm rewards
are given by generalized linear models (see Appendix and Proposition [1| for details).

Remark 2.3.1. |Goldenshluger and Zeevi (2013) established a lower bound of O(logT) for
any algorithm in a two-armed contextual bandit. While they do not make Assumption [3,
the distribution used in their proof satisfies Assumption [3; thus their result applies to our
setting. Combined with our upper bound (Theorem , we conclude that the Greedy Bandit

s rate optimal.

2.3.3 Proof Strategy

Notation. Let R; = {X EX: x> max;,; XTﬁj} denote the true set of contexts where
arm ¢ is optimal. Then, let ﬁft = {x eX:x"B(Sii1) > Max;4; XTBA(SN_l)} denote the
estimated set of contexts at time ¢ where arm ¢ appears optimal; in other words, if the
context X; € ﬁgt, then the greedy policy will choose arm i at time ¢. (since we assume
without loss of generality that ties are broken randomly as selected by 7 and thus, {Rz}fil
and {ﬁ?t}fil partition the context space X.)

For any t € [T, let Hy—1 = 0 (X1, T1:4—1, Y1(S1,0-1), Y2(S2,4-1), - . ., Y (Sk¢—1)) denote

the o-algebra containing all observed information up to time ¢ before taking an action; thus,
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our policy m; is H¢—1-measurable. Furthermore, let H,_; be the o-algebra containing all ob-
servations before time t, i.e., H, | = o (Xysp—1, T1:6—1, Y1(S1,6-1), Y2(S2,6-1)5 - - -, Y (SK t—-1))-

Define ZAJ(SM) = X(Si,t)TX(Si,t) as the sample covariance matrix for observations from
arm ¢ up to time t. We may compare this to the expected covariance matrix for arm ¢ under
the greedy policy, defined as i‘i,t = 22:1 E XkaTH[Xk IS ﬁfk] | 7—[,;1].

Proof Strategy. Intuitively, covariate diversity (Assumption [3)) guarantees that there
is sufficient randomness in the observed contexts, which creates natural “exploration.” In
particular, no matter what our current arm parameter estimates {B (S1t) B (S2,¢)} are at
time ¢, each arm will be chosen by the greedy policy with at least some constant probability
(with respect to px) depending on the observed context. We formalize this intuition in the

following lemma.

Lemma 3. Given Assumptions and@ the following holds for any u € R¢:

Ao

2
Lmax

Py[x u>0] >

Proof. For any observed context x, note that xx' < 22 I; by Assumption |1} Re-stating

max

Assumption [3| for each u € R?, we can write

max max

Aolg = /xxTﬂ(xTu > 0)px (x)dx < 22 Id/H(XTu > 0)px (x)dx = 22, Px[x " u > 0]I,,

since the indicator function and px are both nonnegative. O

Taking u = 5 (S1,1) =5 (Sa,t), Lemmaimplies that arm 1 will be pulled with probability
at least \g/x2,,, at each time ¢; the claim holds analogously for arm 2. Thus, each arm will

be played at least \gT/z2,, = O(T) times in expectation. However, this is not sufficient
to guarantee that each arm parameter estimate BZ converges to the true parameter 5;. In
Lemma 4}, we establish a sufficient condition for convergence.

First, we show that covariate diversity guarantees that the minimum eigenvalue of each
arm’s expected covariance matrix Si,t under the greedy policy grows linearly with ¢. This
result implies that not only does each arm receive a sufficient number of observations under
the greedy policy, but also that these observations are sufficiently diverse (in expectation).
Next, we apply a standard matrix concentration inequality (see Lemma in Appendix
to show that the minimum eigenvalue of each arm’s sample covariance matrix ZA](Si,t)

also grows linearly with ¢. This will guarantee the convergence of our regression estimates
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for each arm parameter.

Lemma 4. Take C; = \o/ (4022

max

). Given Assumptions and@ the following holds for

the minimum eigenvalue of the empirical covariance matriz of each arm i € [2]:
P [/\min (XA)(SZ-J;)) > )\ot/4} > 1—exp(logd — Cit).

Remark 2.3.2. Note that the above lemma in particular implies that, the probability that the
matriz $(Si) = X(Sit) T X(Si ) is singular, is upper bounded by exp(logd—Cit). Hence, as
t grows, this probability vanishes at an exponential rate, ensuring that its contribution to the
final regret is at most a constant. In fact, The second term in the regret upper bound stated
in Lemma [0 captures this term. Therefore, in practice, using ridge regression or pseudo
inverse until X(S; 1) T X(S;) becomes non-singular may reduce the final regret by a constant

(which may depend on d). However, this would not alter the final regret of O(logT).

Proof. Without loss of generality, take ¢ = 1. For any k < ¢, let u, = 3(S1%) — B(S2,%); by
the greedy policy, we pull arm 1 if X,Iuk_l > 0 and arm 2 if X,;ruk_l < 0 (ties are broken
randomly using a fair coin flip Wy). Thus, the estimated set of optimal contexts for arm 1
is

ﬁljk:{XEX:XTuk_l >O}U{x€X:xTuk_1:O,Wk:0}.

First, we seek to bound the minimum eigenvalue of the expected covariance matrix ¥ ; =

22:1 E [XkX,;r]I[Xk € ﬁlk] ] 7-[,;_1]. Expanding one term in the sum, we can write

E [XkX,jH[Xk € Rugl | H,;l] —E [ka,j (H[X,juk_l > 0] + I[X] wpt = 0, W), = 0) | H,;l}
1
=Eyx [XXT <]I[XTuk_1 > 0] + §]I[XTuk_1 = o])}

2)\0/27

where the last line follows from Assumption Since the minimum eigenvalue function
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Amin(+) is concave over positive semi-definite matrices, we can write

Amin (il,t) = Amin <§t:E [XXTH[X € ﬁl,k] | H;l])

k=1
: Aot
5 — 0
> uin (E[XXTIIX € Rag] | Hi s ]) = 5
k=1
Next, we seek to use matrix concentration inequalities (Lemma in Appendix |[A.2)) to
bound the minimum eigenvalue of the sample covariance matrix ZA)(SLt). To apply the

concentration inequality, we also need to show an upper bound on the maximum eigenvalue

of X X ];r ; this follows trivially from Assumption [If using the Cauchy-Schwarz inequality:

16X wls _ Xz _

A XX = Sy S e

We can apply Lemma taking the finite adapted sequence { Xj } to be {XkX,;rI[[Xk € 7@1;6] },
so that Y = (8;14) and W = ¥, ;. We also take R = z2,_ and v = 1/2. Thus, we have

Px |:)\min <i(81,t)> < % and  Amin (iu) > A t} <d (6_0'5 > 4%%?axt

2 0.505
0.1)g
< exp <logd — t> ,
4$I2nax

using the fact —0.5—0.510g(0.5) < —0.1. As we showed earlier, Px ()\min (f)l,t) > %) =1.
This proves the result. ]

Next, Lemma [5| guarantees with high probability that each arm’s parameter estimate
has small ¢ error with respect to the true parameter if the minimum eigenvalue of the
sample covariance matrix ZA)(Si’t) has a positive lower bound. Note that we cannot directly
use results on the convergence of the OLS estimator since the set of samples S; ; from arm ¢
at time ¢ are not i.i.d. (we use the arm estimate 3(S;;_1) to decide whether to play arm i at
time t; thus, the samples in S;; are correlated.). Instead, we use a Bernstein concentration

inequality to guarantee convergence with adaptive observations.

Lemma 5. Taking Co = \?/(2do?22

max

) and n > |S;+|, we have for all A, x > 0,
PI18(Sia) = Bill = X and Amin (5(Si0)) = X| < 2dexp (~Cot\?/n) .
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Proof of Lemma[5 We begin by noting that if the event Apyin (f)(SZt)) > At holds, then

18(Si0) — Billo = || (X(8:0)TX(8:))  X(8:0) 2(S:0)

< (XS0 TX(S0) XS TSl <

EHX(Sz‘,t)TE(Si,t)Hz-

As a result, we can write

where X(") denotes the r** column of X. We can expand

t
e(Si) XS = e X;,0[j € Siyl -
j=1
For simplicity, define D; = ¢;X;,1[j € S;;]. First, note that D; is (Zmax0)-subgaussian,
since ¢ is o-subgaussian and | X ;| < Zmax. Next, note that X;, and I[j € S; ;| are both
;—1 measurable; taking the expectation gives E[D; | H;—1] = X;,1[j € Si ;| Elej | Hj—1] =
0. Thus, the sequence {D; }3:1 is a martingale difference sequence adapted to the filtration

Hi C Ho C --- C Hy. Applying a standard Bernstein concentration inequality (see Lemma

in Appendix [A.2)), we can write

t
At x t2\2y 2
P ’ D-‘>7 <2 SR AT S
j; N=va |~ exp( 2do?z2 . .n

max

where n is an upper bound on the number of nonzero terms in above sum, i.e., an upper

bound on |S;+|. This yields the desired result. O

To summarize, Lemma[d] provides a lower bound (with high probability) on the minimum
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eigenvalue of the sample covariance matrix. Lemma [5 states that if such a bound holds on
the minimum eigenvalue of the sample covariance matrix, then the estimated parameter
B(Si) is close to the true f; (with high probability). Having established convergence of the
arm parameters under the Greedy Bandit, one can use a standard peeling argument (as in
Goldenshluger and Zeevi| (2013)) to bound the instantaneous expected regret of the Greedy

Bandit algorithm.

Lemma 6. Define .7-"1>‘t = {Amin (X(Sit) "X(Sit)) > At}. Then, the instantaneous ezpected
regret of the Greedy Bandit at time t > 2 satisfies

4(K —1)CoCa2, (logd)3? 1

max

<
rt(ﬂ-) - Cs t—1

+ 4(K — 1)bmaxxrnax <m?XP[‘Fz>,\?/éﬂ> )

where Cy = \3/(32do* x>

fax)s Co is defined in Assumption@ and C is defined in Theorem
[

Note that IP’[]-";‘?K %] can be upper bounded using Lemma Substituting this in the

upper bound derived on r¢(7) in Lemma |§|, and using Rp(w) = Ethl r¢(7) finishes the
proof of Theorem

2.3.4 (Generalized Linear Rewards

In this section, we discuss how our results generalize when the arm rewards are given by a
generalized linear model (GLM). Now, upon playing arm 7 after observing context X;, the
decision-maker realizes a reward Y;; with expectation E[Y;:] = w(X," B;), where u is the
inverse link function. For instance, in logistic regression, this would correspond to a binary
reward Y; ¢ with p(z) = 1/(1+exp(—=z)); in Poisson regression, this would correspond to an
integer-valued reward Y;; with p(z) = exp(z); in linear regression, this would correspond
to p(z) = z.

In order to describe the greedy policy in this setting, we give a brief overview of the

exponential family, generalized linear model, and maximum likelihood estimation.

Exponential family. A univariate probability distribution belongs to the canonical ex-
ponential family if its density with respect to a reference measure (e.g., Lebesgue measure)
is given by

po(z) = exp[z0 — A(0) + B(2)] , (2.3.3)
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where 6 is the underlying real-valued parameter, A(-) and B(-) are real-valued functions,
and A(-) is assumed to be twice continuously differentiable. For simplicity, we assume
the reference measure is the Lebesgue measure. It is well known that if Z is distributed
according to the above canonical exponential family, then it satisfies E[Z] = A’(f) and
Var[Z] = A”(0), where A" and A” denote the first and second derivatives of the function A

with respect to 0, and A is strictly convex (see e.g., Lehmann and Casella[1998)).

Generalized linear model (GLM). The natural connection between exponential fam-
ilies and GLMs is provided by assuming that the density of Y;; for the context X; and arm
i is given by gg,(Yi: | X¢) = PxT 4 (Yit). where p is defined in (2.3.3). In other words, the

reward upon playing arm ¢ for context X; is Y;; with density
exp | Vi X, B — ACX) ) + B(Y,)] -

Using the aforementioned properties of the exponential family, E[Y; ] = A'(X, ), i.e., the
link function p = A’. This implies that p is continuously differentiable and its derivative is

A”. Thus, p is strictly increasing since A is strictly convex.

Maximum likelihood estimation. Suppose that we have n samples {(X;,Y;)};; from
a distribution with density gg(Y | X). The maximum likelihood estimator of 5 based on

this sample is given by

n n
arg maleog g98(Ye | Xy) = arg maxz [YgXlTﬁ — A(X/B) + B(Ye)] . (2.3.4)
=1 B =

Since A is strictly convex (so —A is strictly concave), the solution to can be obtained
efficiently (see e.g., McCullagh and Nelder|1989). It is not hard to see that whenever X "X
is positive definite, this solution is unique (see Appendix for a proof). We denote this

unique solution by h,(X,Y).
Now we are ready to generalize the Greedy Bandit algorithm when the arm rewards
are given by a GLM. Using similar notation as in the linear reward case, given the esti-
mates { B (Si’til)}ie[K] at time ¢, the greedy policy plays the arm that maximizes expected

estimated reward, i.e.,
¢ = arg max [t (X;B(Siﬂg_l)) .
1€[K]
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Since p is a strictly increasing function, this translates to 7 = arg max;¢ (k] bl B (Sit—1).

Algorithm 2 Greedy Bandit for Generalized Linear Models
Input parameters: inverse link function p
Initialize 3(S;) = 0 for i € [K]
for ¢t € [T] do
Observe X; ~ px
Ty < argmax; X, 3 (Sit—1) (break ties randomly)
Play arm m;, observe Y;; = w( X, Br,) + Empt
Update B(Sm,t) < hy (X(Sry ), Y (Sryit)), where by, (X,Y) is the solution to the max-
imum likelihood estimation in Equation
end for

Next, we state the following result (proved in Appendix[A.5.1) that Algorithm [2|achieves

logarithmic regret when K = 2 and the covariate diversity assumption holds.

Proposition 1. Consider arm rewards given by a GLM with o-subgaussian noise €;; =
Yii— w(X," B)). Define mg = min {i/(2) : 2 € [~ (bmax + 0)Zmax, (bmax + 0)Tmax]}. If K =2
and Assumptions are satisfied, the cumulative expected regret of Algorithm[3 at time T
15 at most

4 2 b 3
128 Commaxo' d maxxmaxd

+ 160

128C,C,,L,z* o%d
R < MU max
v () A2 Xo

=0 (logT) ,

IOg T + CHth < + meaxbmax>

where the constant Cy is defined in Assumption@ L,, is the Lipschitz constanﬂ of the func-

_ _ 3
tion p1(-) on the interval [—Zmaxbmax, Tmaxbmax|, and C,, is defined as C,, = % (Tvl;)gw + 1) +
2
3 [ logdd 8 [ v/logdd 1 vlog 4d Mbmax 1 1 1
2 (m:max + 1) + 3 (mbomax + 1) + mg’max (( ml?max + 1) b2 + Z) + mgmax + 2Mpax

2.3.5 Regret Analysis of Greedy Bandit without Covariate Diversity

Thus far, we have shown that the greedy algorithm is rate optimal when there are only
two arms and in the presence of covariate diversity in the observed context distribution.
However, when these additional assumptions do not hold, the greedy algorithm may fail
to converge to the true arm parameters and achieve linear regret. We now show that a
greedy approach achieves rate optimal performance with some probability even when these
assumptions do not hold. This result will motivate the design of the Greedy-First algorithm

in Appendix

'Exists by continuity of u/ = A”.
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Assumptions. For the rest of the chapter, we allow the number of arms K > 2, and
remove Assumption [3] on covariate diversity. Instead, we will make the following weaker
Assumption {4 which is typically made in the contextual bandit literature (see e.g., |Gold-
enshluger and Zeevi| 2013, Bastani and Bayati|[2015]), which allows for multiple arms, and
relaxes the assumption on observed contexts (e.g., allowing for intercept terms in the arm

parameters).

Assumption 4 (Positive-Definiteness). Let Kop and Ky, be mutually exclusive sets that
include all K arms. Sub-optimal arms i € Ky satisfy x' 3; < max;4; XTB]' — h for some
h >0 and every x € X. On the other hand, each optimal arm i € Kop:, has a corresponding
set Uy = {x | x"j3; > mMax;4; XTﬁj + h}. Define ¥; = E [XXT]I(X € Ul)] for all i € Kopt.
Then, there exists \y > 0 such that for all i € KCopt, Amin (2i) > A1 > 0.

Remark 2.3.3. This assumption is slightly different as stated than the assumptions made in
prior literature; however, these assumptions are equivalent for bounded context distributions

px (Assumption . We discuss the comparison in Appendixfor completeness.

Algorithm. We consider a small modification of the Greedy Bandit (Algorithm ,
by initializing each arm parameter estimate with m > 0 random samples. Note that OLS
requires at least d samples for an arm parameter estimate to be well-defined, and Algorithm
[ does not update the arm parameter estimates from the initial ad-hoc value of 0 until
this stage is reached (i.e., the covariance matrix X(S;;) "X (S, ;) for a given arm i becomes
invertible); thus, all actions up to that point are essentially random. Consequently, we argue
that initializing each arm parameter with m = d samples at the beginning is qualitatively no
different than Algorithm |1 We consider general values of m to study how the probabilistic

guarantees of the greedy algorithm vary with the number of initial samples.

Remark 2.3.4. We note that there is a class of explore-then-exploit bandit algorithms that
follow a similar strategy of randomly sampling each arm for a length of time and using those
estimates for the remaining horizon (Bubeck and Cesa-Bianchi|2012). However, (i) m is a
function of the horizon length T in these algorithms (typically m = /T ) while we consider
m to be a (small) constant with respect to T', and (ii) these algorithms do not follow a greedy

strateqy since they do not update the parameter estimates after the initialization phase.

Result. The following theorem shows that the Greedy Bandit converges to the correct

policy and achieves rate optimal performance with at least some problem-specific probabil-

ity.
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Theorem 2. Under Assumptions[1],[3, and[4, Greedy Bandit achieves logarithmic cumula-
tive regret with probability at least

Sgb 7K) ) maxa)\ 7h =1~ i f L ,57 3 235
(m 9% 1 ) 76(0,1),6;%,1721{771—&-1 (fy p) ( )

where the function L(v,6,p) is defined as

%
8do2x2

max

T K T
L(v,6,p):=1—P [)\min(Xlszlzm) > 5} +2Kd P [Amin(Xlszlzm) > 5} exp

h252 } n dexp (—D1(’Y)(p - m‘lcsub’))

p—1
2 —
>y dexp{ 847 — (K = Dm)o2eh = exp(—Di(7))

2dexp (—Da(7)(p — m|Ksubl))
1 —exp(—D2(v)) '

(2.3.6)

Here Xy.,, denotes the matrixz obtained by drawing m random samples from distribution px

and the constants are

A1(y + (1 =) log(1 — 1))

Di(y) = = , (2.3.7)
)\2h2 1— v 2

Proof Strategy. The proof of Theorem 2] is provided in Appendix [A.7] We observe
that if all arm parameter estimates remain within a Euclidean distance of 61 = h/(22max)
from their true values for all time periods t > m, then the Greedy Bandit converges to the
correct policy and is rate optimal. We derive lower bounds on the probability that this event
occurs using Lemma [5] after proving suitable lower bounds on the minimum eigenvalue of

the covariance matrices. The key steps are as follows:

1. Assuming that the minimum eigenvalue of the sample covariance matrix for each arm
is above some threshold value & > 0, we derive a lower bound on the probability
that after initialization, each arm parameter estimates lie within a ball of radius

01 = h/(2xmax) centered around the true arm parameter.

2. Next, we derive a lower bound on the probability that these estimates remain within

this ball after p > K'm + 1 rounds for some choice of p.

27



3. We use the concentration result in Lemma (14| to derive a lower bound on the prob-
ability that the minimum eigenvalue of the sample covariance matrix of each arm in

Kopt is above (1 — y)A1(t — m|Cgypp|) for any ¢ > p.

4. We derive a lower bound on the probability that the estimates ultimately remain
inside the ball with radius 1. This ensures that no sub-optimal arm is played for any
t > Km.

5. Summing up these probability terms implies Theorem [2} The parameters ~,d, and p

can be chosen arbitrarily and we optimize over their choice.

The following Proposition illustrates some of the properties of the function S&° in Theorem

2 with respect to problem-specific parameters. The proof is provided in Appendix [A.7]

Proposition 2. The function S9(m, K, o, Tmax, M1, h) defined in Equation (2.3.5) is non-
increasing with respect to o and K; it is non-decreasing with respect to m, A\ and h.

Furthermore, the limit of this function when o goes to zero is
- K
P [ Ain (X1 X1m) > 0]

In other words, the greedy algorithm is more likely to succeed when there is less noise
and when there are fewer arms; it is also more likely to succeed with additional initialization
samples, when the optimal arms each have a larger probability of being the best arm under
px, and when the sub-optimal arms are worse than the optimal arms by a larger margin.
Intuitively, these conditions make it easier for the Greedy Bandit to avoid “dropping a good
arm” early on, which would result in its convergence to the wrong policy. As the noise goes
to zero, the greedy algorithm always succeeds as long as the sample covariance matrix for
each of the K arms is positive definite after the initialization periods.

In Corollary [1} we simplify the expression in Theorem [2| for better readability. However,
the simplified expression leads to poor tail bounds when m is close to d, while the general

expression in Theorem [2| works when m = d as demonstrated later in §2.4.3| (see Figure
51).

Corollary 1. Under the assumptions of Theorem [3, Greedy Bandit achieves logarithmic

cumulative regret with probability at least

- 3K d exp(—Dmin|Kopt|m)
1-— eXp(_Dmin) ’
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. . . )\2h2
where function Dy, is defined as Dy = min { 0.1530 L }

2 2.4
T2 ax 7 32do?xd .

To summarize, these probabilistic guarantees on the success of Greedy Bandit suggest
that a greedy approach can be effective and rate optimal in general with at least some
probability. Therefore, in the next section, we introduce the Greedy-First algorithm which
executes a greedy strategy and only resorts to forced exploration when the observed data
suggests that the greedy updates are not converging. This helps eliminate unnecessary

exploration with high probability.

2.4 Greedy-First Algorithm

As noted in Theorem [I] the optimality of the Greedy Bandit requires that there are only
two arms and that the context distribution satisfies covariate diversity. The latter condition
rules out some standard settings, e.g., the arm rewards cannot have an intercept term (since
the addition of a one to every context vector would violate Assumption . While there
are many examples that satisfy these conditions (see , the decision-maker may not
know a priori whether a greedy algorithm is appropriate for her particular setting. Thus,
we introduce the Greedy-First algorithm (Algorithm , which is rate optimal without these
additional assumptions, but seeks to use the greedy algorithm without forced exploration

when possible.

2.4.1 Algorithm

The Greedy-First algorithm has two inputs Ag and ¢g. It starts by following the greedy
algorithm up to time tg, after which it iteratively checks whether all the arm parameter
estimates are converging to their true values at a suitable rate. A sufficient statistic for
checking this is simply the minimum eigenvalue of the sample covariance matrix of each
arm; if this value is above the threshold of A\ot/4, then greedy estimates are converging with
high probability. On the other hand, if this condition is not met, the algorithm switches to
a standard bandit algorithm with forced exploration. We choose the OLS Bandit algorithm
(introduced by |Goldenshluger and Zeevi (2013) for two arms and extended to the general
setting by Bastani and Bayati (2015)), which is provided in Appendix for completeness.

Remark 2.4.1. Greedy-First can switch to any contextual bandit algorithm (e.g., OFUL by
Abbasi- Yadkori et al| (2011) or Thompson sampling by | Agrawal and Goyal (2015), |Russo

29



Algorithm 3 Greedy-First Bandit
Input parameters: )\,
Initialize 3(S; o) at random for i € [K]
Initialize switch to R =0
for t € [T] do
if R # 0 then break
end if
Observe X; ~ px
T < argmax; X, 5(Sis—1) (break ties randomly)
Sm,t — Swt,t—l U {t}
Play arm 7, observe Y;; = XtTﬁ,rt + Emy it

Update arm parameter 3(Sy, ;) = [X(SM,:)TX(SMJ) X(Sr,t) 'Y (Sr, )
Compute covariance matrices 3(S; ;) = X(Si) "X (S;4) for i € [K]
if ¢ > tp and min;c[x) Amin (XA](SM)> < % then
Set R=1
end if

end for
Execute OLS Bandit for ¢t € [R+ 1,7

and Van Roy (2014d)) instead of the OLS Bandit. Then, the assumptions used in the
theoretical analysis would be replaced with analogous assumptions required by that algorithm.
Our proof naturally generalizes to adopt the assumptions and regret guarantees of the new

algorithm when Greedy Bandit fails.

In practice, Ap may be an unknown constant. Thus, we suggest the following heuristic

routine to estimate this parameter:
1. Execute Greedy Bandit for tg time steps.
2. Estimate \o using the observed data via g = ﬁ Mine (K] Amin (2(5@,50)).

3. If Ay = 0, this suggests that one of the arms is not receiving sufficient samples,
and thus, Greedy-First will switch to OLS Bandit immediately. Otherwise, execute
Greedy-First for ¢ € [tg + 1,T] with A\g = No.

The pseudo-code for this heuristic is given in Appendix [A.4] The regret guarantees of
Greedy-First (given in the next section) are always valid, but the choice of the input pa-
rameters may affect the empirical performance of Greedy-First and the probability with

which it remains exploration-free. For example, if ¢y is too small, then Greedy-First may
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incorrectly switch to OLS Bandit even when a greedy algorithm will converge; thus, choosing

to > Kd is advisable.

2.4.2 Regret Analysis of Greedy-First

As noted in we replace the more restrictive assumption on covariate diversity (As-
sumption [3)) with a more standard assumption made in the bandit literature (Assumption
. Theorem [3| establishes an upper bound of O(logT") on the expected cumulative regret
of Greedy-First. Furthermore, we establish that Greedy-First remains purely greedy with

high probability when there are only two arms and covariate diversity is satisfied.

Theorem 3. The cumulative expected regret of Greedy-First at time T is at most
Clog T + 2toTmaxbmax » s

where C = (K — 1)Cap + Cop, Cap is the constant defined in Theorem and Cop 1is the
coefficient of log(T) in the upper bound of the regret of the OLS Bandit algorithm.
Furthermore, if Assumption @ is satisfied (with the specified parameter \g) and K = 2,
then the Greedy-First algorithm will purely execute the greedy policy (and will not switch to
the OLS Bandit algorithm) with probability at least 1 — &, where 6 = 2d exp[—toC1]/C1, and
Cy = \o/4022 .. Note that § can be made arbitrarily small since ty is an input parameter

to the algorithm.

The key insight to this result is that the proof of Theorem [I] only requires Assumption
in the proof of Lemma[d The remaining steps of the proof hold without the assumption.
Thus, if the conclusion of Lemma Min;e[g) Amin(2(Siye)) > 2% holds at every ¢ € [to+1, 7],
then we are guaranteed at most O (logT') regret by Theorem regardless of whether
Assumption [3] holds.

Proof. fProof of Theorem [3| First, we will show that Greedy-First achieves asymptotically
optimal regret. Note that the expected regret during the first tg rounds is upper bounded
by 2Zmaxbmaxto. For the period [tg+ 1,7 we consider two cases: (1) the algorithm pursues
a purely greedy strategy, i.e., R = 0, or (2) the algorithm switches to the OLS Bandit
algorithm, i.e., R € [to + 1, T].

Case 1: By construction, we know that min;e(g] Amin (2(5@)) > Aot /4, for all t > t.

This is because Greedy-First only switches when the minimum eigenvalue of the sample
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covariance matrix for some arm is less than Agt/4. Therefore, if the algorithm does not
switch, it implies that the minimum eigenvalue of each arm’s sample covariance matrix is
greater that or equal to A\gt/4 for all values of t > ty3. Then, the conclusion of Lemma
holds in this time range (]—";\t holds for all i € [K]). Consequently, even if Assumptiondoes
not hold and K # 2, Lemma [6] holds and provides an upper bound on the expected regret
r¢. This implies that the regret bound of Theorem |1} after multiplying by (K — 1), holds
for Greedy-First. Therefore, Greedy-First is guaranteed to achieve (K —1)Cqplog (T — to)
regret in the period [ty + 1,7 for some constant Cip that depends only on px,b and o.
Hence, the regret in this case is upper bounded by 22maxbmaxto + (K — 1)Cgplog T

Case 2: Once again, by construction, we know that min;c(x) Amin (ZAl(S”)) > Aot/4
for all t € [to + 1, R] before the switch. Then, using the same argument as in Case 1,
Theorem |1| guarantees that we achieve at most (K — 1)Cgplog (R — tg) regret for some
constant Cgp over the interval [tg + 1, R]. Next, Theorem 2 of Bastani and Bayati| (2015)
guarantees that, under Assumptions and 2, the OLS Bandit’s cumulative regret in the
interval t € [R+ 1,7 is upper bounded by Cop log (T' — R) for some constant Cpop. Thus,
the total regret is at most 2zmaxbmaxto + (K — 1)Cap + Cop)logT. Note that although
the switching time R is a random variable, the upper bound on the cumulative regret
2Zmaxbmaxto + (K — 1)Cap + Cop) log T holds uniformly regardless of the value of R.

Thus, the Greedy-First algorithm always achieves O(logT") cumulative regret. Next,
we prove that when Assumption [3| holds and K = 2, the Greedy-First algorithm maintains
a purely greedy policy with high probability. In particular, Lemma [4] states that if the
specified \g satisfies Amin (EX [XXTH(XTu > 0)]) > )¢ for each vector u € R%, then at
each time t,

P [)\min (ZAl(S”)) > )\4075] >1—expllogd — Cit] ,

where C7 = \g/40x2 Thus, by using a union bound over all K = 2 arms, the probability

max*

that the algorithm switches to the OLS Bandit algorithm is at most

T

o0 2d
K Z exp [logd — C1t] < 2/ exp [logd — C1t]dt = — exp [—toC1] .
t C1
t=to+1 0
This concludes the proof. ]
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2.4.3 Probabilistic Guarantees for Greedy-First Algorithm

The key value proposition of Greedy-First is to reduce forced exploration when possible.
Theorem [2| established that Greedy-First eliminates forced exploration entirely with high
probability when there are only two arms and when covariate diversity holds. However, a
natural question might be the extent to which Greedy-First reduces forced exploration in
general problem instances.

To answer this question, we leverage the probabilistic guarantees we derived for the
greedy algorithm in Note that unlike the greedy algorithm, Greedy-First always
achieves rate optimal regret. We now study the probability with which Greedy-First is
purely greedy under an arbitrary number of arms K and the less restrictive Assumption
However, we impose that all K arms are optimal for some set of contexts under px, i.e.,
Kopt = [K],Ksup = 0. This is because Greedy-First always switches to the OLS Bandit
when an arm is sub-optimal across all contexts. In order for any algorithm to achieve
logarithmic cumulative regret, sub-optimal arms must be assigned fewer samples over time
and thus, the minimum eigenvalue of the sample covariance matrices of those arms cannot
grow sufficiently fast; as a result, the Greedy-First algorithm will switch with probability
1. This may be practically desirable as the decision-maker can decide whether to “drop”
the arm and proceed greedily or to use an exploration-based algorithm when the switch

triggers.

Theorem 4. Let Assumptions [1}, [3, and [{] hold and suppose that Ksup = 0. Then, with
probability at least

S9(m, K, o, AL h)=1— inf L'(v,8,p), 2.4.1
(m, K, 0, Tmax; A, h) 'y§1—>\o/(4)\1),15n>0,Km+1§p§to (7:0,p) ( )

Greedy-First remains purely greedy (does not switch to an exploration-based bandit algo-
rithm) and achieves logarithmic cumulative regret. The function L' is closely related to the

function L from Theorem[d, and is defined as

dexp(—Di1(7)p)
1 —exp(—=D1(7))

L'(v,0,p) = L(7,6,p) + (K — 1) (2.4.2)

The proof of Theorem [4 is provided in Appendix [A.7] The steps followed are similar to
that of the proof of Theorem [2| In the third step of the proof strategy of Theorem 2] (see
42.3.5)), we used concentration results to derive a lower bound on the probability that the
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minimum eigenvalue of the sample covariance matrix of all arms in /o are above (1—v)A;t
for any ¢ > p (note that we are assuming K, = 0) in this section). For Greedy Bandit, this
result was only required for the played arm; in contrast, for Greedy-First to remain greedy,
all arms are required to have the minimum eigenvalues of their sample covariance matrices
above (1 —y)A1t. This causes the difference in L and L’ since we need a union bound over
all K arms. The additional constraints on p ensure that the Greedy-First algorithm does
not switch,

The following Proposition [3] illustrates some of the properties of the function S8 in
Theorem [4] with respect to problem-specific parameters. The proof is provided in Appendix
[A.T

Proposition 3. The function S¥(m, K, 0, Zmax, M1, h) defined in Equation (2.4.1)) is non-
increasing with respect to o and K ; it is non-decreasing with respect to A1 and h. Further-

more, the limit of this function when o goes to zero is

K Kdexp(=Di(v")to)
1 —exp(—Di(v*)) ’

P [Dunin (X[, Xiam) > 0}

where v* =1 — X\o/(4\1).

These relationships mirror those in Proposition [2] i.e., Greedy-First is more likely to re-
main exploration-free when Greedy Bandit is more likely to succeed. In particular, Greedy-
First is more likely to avoid exploration entirely when there is less noise and when there are
fewer arms; it is also more likely to avoid exploration with additional initialization samples
and when the optimal arms each have a larger probability of being the best arm under px.
Intuitively, these conditions make it easier for the greedy algorithm to avoid “dropping” an
arm, so the minimum eigenvalue of each arm’s sample covariance matrix grows at a suitable
rate over time, allowing Greedy-First to remain greedy.

In Corollary [2| we simplify the expression in Theorem [ for better readability. However,
the simplified expression leads to poor tail bounds when m is close to d, while the general

expression in Theorem [4f works when m = d as demonstrated in Figure [2.1

Corollary 2. Under the assumptions made in Theorem [J], Greedy-First remains purely

greedy and achieves logarithmic cumulative regret with probability at least

1 3K dexp(—Dpyin Km)
1 —exp(—Dmin)
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where the function Dy, is defined in Corollary[1].

We now illustrate the probabilistic bounds given in Theorems [2| and 4] through a simple

example.

Example 2.4.1. Let K = 3 and d = 2. Suppose that arm parameters are given by p; =
(1,0), B = (—1/2,v/3/2) and B3 = (—1/2,—+/3/2). Furthermore, suppose that the distribu-
tion of covariates px is the uniform distribution on the unit ball B} = {x € R? | ||z|| < 1},
implying Tmax = 1. The constants h and A1 are chosen to satisfy Assumption [ here,
we choose h = 0.3, and A\ =~ 0.025. We then numerically plot our lower bounds on the
probability of success of the Greedy Bandit (Theorem@ and on the probability that Greedy-
First remains greedy (Theorem via Equations (2.3.5) and (2.4.1)) respectively. Figure

depicts these probabilities as a function of the noise o for several values of initialization

samples m.

0.5

Probability
IS
=
T

e

Figure 2.1: Lower (theoretical) bound on the probability of success for Greedy Bandit and Greedy-First. For m =
20, tp = 1000, the performance of Greedy-First for A9 € {0.01,0.0001} are similar and indistinguishable.

We note that our lower bounds are very conservative, and in practice, both Greedy
Bandit and Greedy-First succeed and remain exploration-free respectively with much larger
probability. For instance, as observed in Example one can optimize over the choice
of A1 and h. In the next section, we verify via simulations that both Greedy Bandit and

Greedy-First are successful with a higher probability than our lower bounds may suggest.
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2.5 Simulations

We now validate our theoretical findings on synthetic and real datasets.

2.5.1 Synthetic Data

Linear Reward. We compare Greedy Bandit and Greedy-First with state-of-the-art con-

textual bandit algorithms. These include:

1. OFUL by |Abbasi-Yadkori et al.| (2011)), which builds on the original upper confidence
bound (UCB) approach of |Lai and Robbins| (1985),

2. Prior-dependent TS by [Russo and Van Roy| (2014b), which builds on the original
Thompson sampling approach of [Thompson (1933),

3. Prior-free TS by |Agrawal and Goyal (2013)), which builds on the original Thompson
sampling approach of [Thompson (1933), and

4. OLS Bandit by |Goldenshluger and Zeevi (2013)), which builds on e-greedy methods.

Remark 2.5.1. Prior-dependent TS requires knowledge of the prior distribution of arm
parameters B;, while prior-free TS does not. All algorithms above require knowledge of an

upper bound on the noise variance o.

Following the setup of (Russo and Van Roy| 2014b), we consider Bayes regret over
randomly-generated arm parameters. In particular, for each scenario, we generate 1000
problem instances and sample the true arm parameters {,@}fi ; independently. At each
time step within each instance, new context vectors are drawn i.i.d. from a fixed context
distribution px. We then plot the average Bayes regret across all these instances, along
with the 95% confidence interval, as a function of time ¢ with a horizon length 7" = 10, 000.
We take K = 2 and d = 3 (see Appendix for simulations with other values of K and
d). The noise variance o2 = 0.25.

We consider four different scenarios, varying (i) whether covariate diversity holds, and
(ii) whether algorithms have knowledge of the true prior. The first condition allows us to ex-
plore how the performance of Greedy Bandit and Greedy-First compare against benchmark
bandit algorithms when conditions are favorable / unfavorable for the greedy approach.

The second condition helps us understand how knowledge of the prior distribution and
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noise variance affects the performance of benchmark algorithms relative to Greedy Bandit
and Greedy-First (which do not require this knowledge). When the correct prior is provided,

we assume that OFUL and both versions of TS know the noise variance.

Context vectors: For scenarios where covariate diversity holds, we sample the context
vectors from a truncated Gaussian distribution, i.e., 0.5 x N(04,I;) truncated to have £,
norm at most 1. For scenarios where covariate diversity does not hold, we generate the

context vectors the same way but we add an intercept term.

Arm parameters and prior: For scenarios where the algorithms have knowledge of the
true prior, we sample the arm parameters {3;} independently from N(04,1;), and provide
all algorithms with knowledge of o, and prior-dependent T'S with the additional knowledge
of the true prior distribution of arm parameters. For scenarios where the algorithms do
not have knowledge of the true prior, we sample the arm parameters {3;} independently
from a mixture of Gaussians, i.e., they are sampled from the distribution 0.5 x N(14, 1)
with probability 0.5 and from the distribution 0.5 x N(—14,I;) with probability 0.5. How-
ever, prior-dependent TS is given the following incorrect prior distribution over the arm
parameters: 10 x N(04,I;). None of the algorithms in this scenario are given knowledge
of o; rather, this parameter is sequentially estimated over time using past data within the
algorithm. Parameters of OLS Bandit are chosen according to h = 5,q¢ = 1, that are also
used for Greedy-First when it switches to OLS Bandit. For Greedy-First, tg = 4Kd in all

experiments.

Results. Figure shows the cumulative Bayes regret of all the algorithms for the four
different scenarios discussed above (with and without covariate diversity, with and without
the true prior). When covariate diversity holds (a-b), the Greedy Bandit is the clear fron-
trunner, and Greedy-First achieves the same performance since it never switches to OLS
Bandit. However, when covariate diversity does not hold (c-d), we see that the Greedy
Bandit performs very poorly (achieving linear regret), but Greedy-First is the clear fron-
trunner. This is because the greedy algorithm succeeds a significant fraction of the time
(Theorem , but fails on other instances. Thus, always following the greedy algorithm
yields poor performance, but a standard bandit algorithm like the OLS Bandit explores
unnecessarily in the instances where a greedy algorithm would have sufficed. Greedy-First

leverages this observation by only exploring (switching to OLS Bandit) when the greedy
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algorithm has failed (with high probability), thereby outperforming both Greedy Bandit
and OLS Bandit. Thus, Greedy-First provides a desirable compromise between avoiding
exploration and learning the true policy.

Logistic Reward. We now move beyond linear rewards and explore how the per-
formance of Greedy Bandit (Algorithm [2)) compares to other bandit algorithms for GLM
rewards when covariate diversity holds. We compare to the state-of-the-art GLM-UCB
algorithm (Filippi et al.[|2010), which is designed to handle GLM reward functions unlike
the bandit algorithms from the previous section. Our reward is logistic, i.e, Y;; = 1 with
probability 1/[1 4 exp(—X,' ;)] and is 0 otherwise.

We again consider Bayes regret over randomly-generated arm parameters. For each
scenario, we generate 10 problem instances (due to the computational burden of solving a
maximum likelihood estimation step in each iteration) and sample the true arm parameters
{ﬂi}{il independently. At each time step within each instance, new context vectors are
drawn i.i.d. from a fixed context distribution px. We then plot the average Bayes regret
across all these instances, along with the 95% confidence interval, as a function of time ¢ with
a horizon length 7' = 2,000. Once again, we sample the context vectors from a truncated
Gaussian distribution, i.e., 0.5 x N(04,I;) truncated to have f3 norm at most Tpyax. Note
that this context distribution satisfies covariate diversity. We take K = 2, and we sample
the arm parameters {f3;} independently from N(04, I;). We consider two different scenarios
for d and xyax. In the first scenario, we take d = 3, xax = 1; in the second scenario, we

take d = 10, Tpax = 5.

Results: Figure [2.3| shows the cumulative Bayes regret of the Greedy Bandit and GLM-
UCB algorithms for the two different scenarios discussed above. As is evident from these
results, the Greedy Bandit far outperforms GLM-UCB. We suspect that this is due to the
conservative construction of confidence sets in GLM-UCB, particularly for large values of
d and xpax. In particular, the radius of the confidence set in GLM-UCB is proportional
to (inf,co p/(2)) ™1 where C = {2 | 2 € [~Tmaxbmax> Tmaxbmax]}- Hence, the radius of the
confidence set scales as exp(Zmaxbmax), Which is exponentially large in zpax. This can be
seen from the difference in Figure (a) and (b); in (b),Zmax is much larger, causing
GLM-UCB’s performance to severely degrade. Although the same quantity appears in the
theoretical analysis of Greedy Bandit for GLM (Proposition , the empirical performance
of Greedy Bandit appears much better.

38



FUL
oLs
40 - B

s Prior-free TS
2| —s— Prior-dependent TS

0 2000 4000 6000 8000 10000
t

(a) Correct prior and covariate diversity.

Regret(t)

0 2000 4000 6000 8000 10000
t

(¢) Correct prior and no covariate diver-
sity.

s Prior-free TS
s*"| —s— Prior-dependent TS

Regret ()

0 2000 4000 6000 8000 10000
t

(b) Incorrect prior and covariate diver-
sity.

Regret(t)

0 2000 4000 6000 8000 10000
t

(d) Incorrect prior and no covariate di-
versity.

Expected regret of all algorithms on synthetic data in four different regimes for the
covariate diversity condition and whether OFUL and TS are provided with correct or
incorrect information on true prior distribution of the parameters. Out of 1000 runs of
each simulation Greedy-First never switched in (a) and (b) and switched only 69 times in
(c) and 139 times in (d).



100 400 -

90

80

200

Regret(t)
Regret(t)

150

100

s0F

. . . . . . ) o= . .
0 200 400 600 800 1000 1200 1400 1600 1800 2000 0 200 400 600 800 1000 1200 1400 1600 1800 2000
t t

(a) d= 3, Tmax = 1 (b) d= 10, 2max =5

Figure 2.3: Expected regret of GLM-GB and GLM-UCB on synthetic data for logistic reward

Additional Simulations. We explore the performance of Greedy Bandit as a function
of K and d; we find that the performance of Greedy Bandit improves dramatically as
the dimension d increases, while it degrades with the number of arms K (as predicted by
Proposition . We also study the dependence of the performance of Greedy-First on the
input parameters ¢y (which determines when to switch) and h, ¢ (which are inputs to OLS
Bandit after switching); we find that the performance of Greedy-First is quite robust to the
choice of inputs. Note that Greedy Bandit is entirely parameter-free. These simulations
can be found in Appendix [A-6]

2.5.2 Simulations on Real Datasets

We now explore the performance of Greedy and Greedy-First with respect to competing al-
gorithms on real datasets. As mentioned earlier, Bietti et al.[(2018) performed an extensive
empirical study of contextual bandit algorithms on 524 datasets that are publicly available
on the OpenML platform, and found that the greedy algorithm outperforms a wide range
of bandit algorithms in cumulative regret on more that 400 datasets. We take a closer look
at 3 healthcare-focused datasets ((a) EEG, (b) Eye Movement, and (c) Cardiotocography)
among these. We also study the (d) warfarin dosing dataset (Consortium [2009), a pub-
licly available patient dataset that was used by Bastani and Bayati (2015]) for analyzing
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contextual bandit algorithms.

Setup: These datasets all involve classification tasks using patient features. Accordingly,
we take the number of decisions K to be the number of classes, and consider a binary
reward (1 if we output the correct class, and 0 otherwise). The dimension of the features
for datasets (a)-(d) is 14, 27, 35 and 93 respectively; similarly, the number of arms is 2, 3,
3, and 3 respectively.

Remark 2.5.2. Note that we are now evaluating regret rather than Bayes regret. This is
because our arm parameters are given by the true data, and are not simulated from a known

prior distribution.

We compare to the same algorithms as in the previous section, i.e., OFUL, prior-
dependent TS, prior-free TS, and OLS Bandit. As an additional benchmark, we also include
an oracle policy, which uses the best linear model trained on all the data in hindsight; thus,

one cannot perform better than the oracle policy using linear models on these datasets.

Results: In Figure we plot the regret (averaged over 100 trials with randomly per-
muted patients) as a function of the number of patients seen so far, along with the 95%
confidence intervals. First, in both datasets (a) and (b), we observe that Greedy Bandit
and Greedy-First perform the best; Greedy-First recognizes that the greedy algorithm is
converging and does not switch to an exploration-based strategy. In dataset (c), the Greedy
Bandit gets “stuck” and does not converge to the optimal policy on average. Here, Greedy-
First performs the best, followed closely by the OLS Bandit. This result is similar to our
results in Fig (c-d), but in this case, exploration appears to be necessary in nearly
all instances, explaining the extremely close performance of Greedy-First and OLS Bandit.
Finally, in dataset (d), we see that the Greedy Bandit performs the best, followed by Greedy-
First. An interesting feature of this dataset is that one arm (high dose) is optimal for a
very small number of patients; thus, dropping this arm entirely leads to better performance
over a short horizon than attempting to learn its parameter. In this case, Greedy Bandit
is not converging to the optimal policy since it never assigns any patient the high dose.
However, Greedy-First recognizes that the high-dose arm is not getting sufficient samples
and switches to an exploration-based algorithm. As a result, Greedy-First performs worse

than the Greedy Bandit. However, if the horizon were to be extendedEL Greedy-First and

20ur horizon is limited by the number of patients available in the dataset.
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the other bandit algorithms would eventually overtake the Greedy Bandit. Alternatively,
for non-binary reward functions (e.g., when cost of a mistake for high-dose patients is larger
than for other patients) Greedy Bandit would perform poorly.

Looking at these results as a whole, we see that Greedy-First is a robust frontrunner.
When exploration is unnecessary, it matches the performance of the Greedy Bandit; when

exploration is necessary, it matches or outperforms competing bandit algorithms.

2.6 Conclusions and Discussions

In this chapter, we prove that a greedy algorithm can be rate optimal in cumulative re-
gret for a two-armed contextual bandit as long as the contexts satisfy covariate diversity.
Greedy algorithms are significantly preferable when exploration is costly (e.g., result in lost
customers for online advertising or A /B testing) or unethical (e.g., personalized medicine or
clinical trials). Furthermore, the greedy algorithm is entirely parameter-free, which makes it
desirable in settings where tuning is difficult or where there is limited knowledge of problem
parameters. Despite its simplicity, we provide empirical evidence that the greedy algorithm
can outperform standard contextual bandit algorithms when the contexts satisfy covari-
ate diversity. Even when the contexts do not satisfy covariate diversity, we prove that a
greedy algorithm is rate optimal with some probability, and provide lower bounds on this
probability.

However, in many scenarios, the decision-makers may not know whether their problem
instance is amenable to a greedy approach, and may still wish to ensure that their algorithm
provably converges to the correct policy. In this case, the decision-maker may under-explore
by using a greedy algorithm, while a standard bandit algorithm may over-explore (since the
greedy algorithm converges to the correct policy with some probability in general). Con-
sequently, we propose the Greedy-First algorithm, which follows a greedy policy in the
beginning and only performs exploration when the observed data indicate that exploration
is necessary. Greedy-First is rate optimal without the covariate diversity assumption. More
importantly, it remains exploration-free when covariate diversity is satisfied, and may prov-
ably reduce exploration even when covariate diversity is not satisfied. Our empirical results
suggest that Greedy-First outperforms standard bandit algorithms (e.g., UCB, Thompson
Sampling, and e-greedy methods) by striking a balance between avoiding exploration and

converging to the correct policy.
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Chapter 3

Treatment Effect Estimation in
Panel Models

3.1 Introduction

In this chapter we develop new methods for estimating average causal effects in settings with
panel or longitudinal data, where a subset of units is exposed to a binary treatment during a
subset of periods, and we observe the realized outcome for each unit in each time period. To
estimate the (average) effect of the treatment on the treated units in this setting, we focus on
imputing the missing potential outcomes. The statistics and econometrics literatures have
taken two general approaches to this problem. The literature on unconfoundedness (Rosen-
baum and Rubin| (1983), Imbens and Rubin| (2015))) imputes missing potential outcomes
using observed outcomes for units with similar values for observed outcomes in previous
periods. The synthetic control literature (Abadie and Gardeazabal (2003), Abadie et al.
(2010} 2015), Doudchenko and Imbens (2016)) imputes missing control outcomes for treated
units by finding weighted averages of control units that match the treated units in terms of
lagged outcomes. Although at first sight similar, the two approaches are conceptually quite
different in terms of the patterns in the data they exploit to impute the missing potential
outcomes. The unconfoundedness approach estimates patterns over time that are assumed
to be stable across units, and the synthetic control approach estimates patterns across units
that are assumed to be stable over time. Both sets of methods also primarily focus on set-
tings with different structures on the missing data or assignment mechanism. In the case

of the unconfoundedness literature typically the assumption is that the treated units are
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all treated in the same periods, typically only the last period, and there are a substantial
number of control units. The synthetic control literature has primarily focused on the case
where one or a small number of treated units are observed prior to the treatment over a
substantial number of periods.

In this study we also draw on the econometric literature on factor models and interactive
fixed effects, and the computer science and statistics literatures on matrix completion, to
take an approach to imputing the missing potential outcomes that is different from the
unconfoundedness and synthetic control approaches. In the literature on factor models
and interactive effects (Bai and Ng| (2002)), Bai (2003)) researchers model the observed
outcome, in a balanced panel setting, as the sum of a linear function of covariates and
an unobserved component that is a low rank matrix plus noise. Estimates are typically
based on minimizing the sum of squared errors given the rank of the matrix of unobserved
components, sometimes with the rank estimated. Xu| (2017)) applies this to causal settings
where a subset of units is treated from common period onward, so that the complete data
methods for estimating the factors and factor loadings can be used. The matrix completion
literature (Candes and Recht| (2009)), Candes and Plan (2010)), Mazumder et al.| (2010))
focuses on imputing missing elements in a matrix assuming the complete matrix is the sum
of a low rank matrix plus noise and the missingness is completely at random. The rank of
the matrix is impliclty determined by the regularization through the addition of a penalty
term to the objective function. Especially with complex missing data patterns using the
nuclear norm as the regularizer is attractive for computational reasons.

We make two contributions in this chapter. First, we generalize the methods from the
matrix completetion literature to settings where the missing data patterns are not com-
pletely at random. In particular we allow for the possibility of staggered adoption (Athey
and Imbens| (2018)), where units are treated from some initial adoption date onwards, but
the adoption dates vary. Compared to the factor model literature the proposed estimator fo-
cuses on nuclear norm regularization to avoid the computational difficulties associated with
imputation that would arise for complex missing data patterns with the fixed-rank methods
in Bai and Ng| (2002)) and |Xu (2017)), similar to the way LASSO (¢; regularization, Tib-
shirani (1996))) is computationally attractive relative to subset selection ({y regularization)
in linear regression models. The second contribution is to show that the synthetic con-
trol and unconfoundedness approaches, as well as our proposed method, can all be viewed

as matrix completion methods based on matrix factorization, all with the same objective
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function based on the Frobenius norm for the difference between the latent matrix and the
observed matrix. Given the objective function the unconfoundedness and synthetic control
approaches impose different sets of restrictions on the factors in the matrix factorization,
whereas the proposed method does not impose any restrictions but uses regularization to

define the estimator.

3.2 Set Up

Consider an N x T matrix Y of outcomes with typical element Y;;. We only observe
Y;; for some units and some time periods. We define M to be the set of pairs of indices
(i,t),ie{l,...,N},t € {1,...,T}, corresponding to the missing outcomes and O to be the
observed outcomes: Yj; is missing if (i,t) € M and observed if (i,t) € O. We wish to impute
the missing Y;;. Our motivation for this problem arises from a causal potential outcome
setting (e.g., Rubin| (1974), Tmbens and Rubinl (2015))), where for each of N units and T'
time periods there exists a pair of potential outcomes, Y;;(0) and Y;;(1), with unit 7 exposed
in period ¢ to treatment W;; € {0,1}, and the realized outcome equal to Y;; = Y;;(Wj). In
that case the primary object of interest may be the average causal effect of the treatment,
7 =2 ;4[Yit(1) = Yit(0)]/(NT), or some other average treatment effect. In order to estimate
such average treatment effects, one approach is to impute the missing potential outcomes.
In this chapter, we focus directly on the problem of imputing the missing entries in the
Y (1) matrix for treated units with W;; = 0.

In addition to partially observing the matrix Y, we may also observe covariate matrices
X € RV*F and Z € RT*? where columns of X are unit-specific covariates, and columns of
Z are time-specific covariates. We may also observe unit/time specific covariates V;; € R”.

Putting aside the covariates for the time being, the data can be thought of as consisting

of two N x T matrices, one incomplete and one complete,

Yii Yo ? ... Y7 1 1 0
? 7 Yoz ... ? 0

Y = Y31 ? Y33 ... ? , and W = 1 01 ... 0 ,
Yni 7 Yns ... ? 1 01 ... O
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where

is an indicator for Y;; being observed.

3.3 Panel Configurations

In this section, we discuss a number of particular configurations of the matrices Y and
W that are the focus of parts of the general literature. This serves to put in context
the problem, and to motivate previously developed methods from the literature on causal
inference under unconfoundedness, the synthetic control literature, and the interactive fixed
effect literature, and subsequently to develop formal connections between all three. First,
we consider patterns of missing data. Second, we consider different shapes of the matrices
Y and W. Third, we consider a number of specific analyses that focus on particular

combinations of missing data patterns and shapes of the matrices.

3.3.1 Patterns of Missing Data

In the statistics literature on matrix completion the focus is on settings with randomly miss-
ing values, allowing for general patterns on the matrix of missing data indicators (Candes
and Tao (2010)), [Recht| (2011)). In many social science applications, however, there is a

specific structure on the missing data, in the form of restrictions on the values of W.

Block Structure

A leading example is a block structure, with a subset of the units treated during every

period from a particular point in time onwards.

v Vv v v
v Vv v
v VvV v
Yyxr=| v v v 7 . ?
v Vo7 ?
v v ?
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There are two special cases of the block structure. Much of the literature on estimating
average treatment effects under unconfoundedness focuses on the case where Ty = T, so
that the only treated units are in the last period. We will refer to this as the single-treated-
period block structure. In contrast, the synthetic control literature focuses on the case of
with a single treated unit which are treated for a number of periods from period T onwards,

the single-treated-unit block structure:

v v v ... v Y
v v Y v
v v Vv ... v Y
v v Y v
v v Vv v 7
v v v v
y=|: i & i 1| ady=
v v v ... v 7
4 v v VY v
v o v 7 ... 7 < treated unit

treated period

Staggered Adoption

Another setting that has received attention is characterized by staggered adoption of the
treatment (Athey and Imbens| (2018])). Here units may differ in the time they are first
exposed to the treatment, but once exposed they remain in the treatment group forever
after. This naturally arises in settings where the treatment is some new technology that

units can choose to adopt (e.g., |Athey and Stern| (2002)). Here:

v v v v oY (never adopter)
v v v/ ? (late adopter)
v 77 ?
Y =
N v v o7 (medium adopter)
N O (early adopter)

3.3.2 Thin and Fat Matrices

A second classification concerns the shape of the matrix Y. Relative to the number of
time periods, we may have many units, few units, or a comparable number. These data

configurations may make particular analyses more attractive. For example, Y may be a
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thin matrix, with N > T, or a fat matrix, with N < T, or an approximately square matrix,
with N ~ T

v 7
S
TV 7 v ?
Y=|Vv ? v | (thin) Y=[v v v v ? v | (fat),
v (AR BV v
707
or
7 7 Vv 7
NN SV
v VAR BV v _—
=\, 2 s / (approximately square).
A SV S

3.3.3 Horizontal and Vertical Regressions

Two special combinations of missing data patterns and the shape of the matrices deserve

particular attention because they are the focus of substantial separate literatures.

Horizontal Regression and the Unconfoundedness Literature

The unconfoundedness literature focuses primarily on the single-treated-period block struc-
ture with a thin matrix, and imputes the missing potential outcomes in the last period
using control units with similar lagged outcomes. A simple version of that approach is to
regress the last period outcome on the lagged outcomes and use the estimated regression
to predict the missing potential outcomes. That is, for the units with (¢,7') € M, the

predicted outcome is

T—1 T—1 2
Yir =Bo+ Y B:Yis, where f=argmin Y (Yir—fo— > BYis| . (33.1)
s=1 A i:(4,T)eO s=1
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We refer to this as a horizontal regression, where the rows of the Y matrix form the units
of observation. A more flexible, non-parametric, version of this estimator would correspond
to matching where we find for each treated unit 7 a corresponding control unit j with Yj;

approximately equal to Y;; for all pre-treatment periods t =1,...,7 — 1.

Vertical Regression and the Synthetic Control Literature

The synthetic control literature focuses primarily on the single-treated-unit block structure
with a fat or approximately square matrix. Doudchenko and Imbens| (2016) discuss how
the Abadie-Diamond-Hainmueller synthetic control method can be interpreted as regressing
the outcomes for the treated unit prior to the treatment on the outcomes for the control
units in the same periods. That is, for the treated unit in period ¢, for t = Ty, ..., T, the

predicted outcome is

N-1 N-1 2
Ve =40 + Z 4iYit, where 4 = argmin Z <YNt — % — Z %’K’t) . (3.3.2)
i=1 T w(Neo i=1

We refer to this as a vertical regression, where the columns of the Y matrix form the units
of observation. As shown in |Doudchenko and Imbens| (2016) this is a special case of the
Abadie et al. (2015) estimator, without imposing their restrictions that the coefficients are
nonnegative and that the intercept is zero.

Although this does not appear to have been pointed out previously, a matching version
of this estimator would correspond to finding, for each period ¢ where unit IV is treated, a
corresponding period s € {1,...,Ty — 1} such that Y;s is approximately equal to Yy for
all control units ¢ = 1,..., N — 1. This matching version of the synthetic control estimator
clarifies the link between the treatment effect literature under unconfoundedness and the
synthetic control literature.

Suppose that there is only a single treated unit/time period combination, i.e. M =
{(N,T)}. In that case if we estimate the horizontal regression in (3.3.1), it is still the case
that }A/NT is linear in Yi7,...,Yn_1 7, just with different weights than those obtained from
the vertical regression in . Similarly, if we estimate the vertical regression in ,
it is still the case that }A/NT is linear in Yy1,...,Yn7—1, just with different weights from the

horizontal regression.
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3.3.4 Fixed Effects and Factor Models

The horizontal regression focuses on a pattern in the time path of the outcome Y;;, specifi-
cally the relation between Y;7 and the lagged Y;; for t =1,...,T — 1, and assumes that is
stable across units. The vertical regression focuses on a pattern across units that is stable
over time. However, by focusing on only one of these patterns these approaches ignore
alternative patterns that may help in imputing the missing values. An alternative is to
consider approaches that allow for the exploitation of both stable patterns over time, and
stable patterns accross units. Such methods have a long history in the panel data liter-
ature, including the literature on fixed effects, and more generally, factor and interactive
fixed effect models (e.g., (Chamberlain| (1984]), |Arellano and Honoré (2001)), Liang and Zeger
(1986)), Bai| (2003, 2009), [Pesaran| (2006), Moon and Weidner| (2015} 2017))). In the absence
of covariates (although in this literature the coefficients on these covariates are typically the

primary focus of the analyses), such models can be written as
R
Yie = Z%‘r&tr + Eits or Y=UV' t¢, (3.3.3)
r=1

where U is N x R and V is T' x R. Most of the early literature, /Anderson| (1958) and
Goldberger| (1972))), focused on the thin matrix case, with N > T, where asymptotic
approximations are based on letting the number of units increase with the number of time
periods fixed. In the modern part of this literature researchers allow for more complex
asymptotics with both N and T increasing, at rates that allow for consistent estimation of
the factors V and loading sV after imposing normalizations. In this literature it is typically
assumed that the number of factors R is fixed, although not necessarily known. Methods for
estimating the rank R are discussed in |Bai and Ng| (2002) and [Moon and Weidner| (2015).

Xuf (2017) implements this interactive fixed effect approach to the matrix completion
problem in the special case with blocked assignment, with additional applications in |Gobil+
lon and Magnac| (2013]), Kim and Oka; (2014]) and [Hsiao et al. (2012). Suppose the first N¢
units are in the control group, and the last N = N — N¢ units are in the treatment group.
The treatment group is exposed to the control treatment in the first Ty — 1 pre-treatment

periods, and exposed to the active treatment in the post-treatment periods Tp,...,T. In
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that case we can partition U and V accordingly and write

T
UT Vpost

Using the data from the control group pre and post, and the pre data only for the treatment

group, we have

Vpre

T
Yo =Uc¢ < ) +ec, and YT,pre = UTV;)rre + €T pre

post
where the first equation can be used to estimate Uc, Ve, and Vs, and the second is
used to estimate Up, both by least squares after normalizing U and V. Note that this is
not necessarily efficient, because Y7 ;e is not used to estimate Vpe.

Independently, a closely related literature has emerged in machine learning and statistics
on matrix completion (Srebro et al. (2005), Candes and Recht| (2009), Candes and Tao
(2010), Keshavan et al.| (2010aib)), Gross| (2011)), [Recht| (2011}, Rohde et al.| (2011)),|Negahban
and Wainwright| (2011}, |2012), |Koltchinskii et al.| (2011]), Klopp| (2014))). In this literature the
starting point is an incompletely observed matrix, and researchers have proposed matrix-
factorization approaches to matrix completion, similar to . The focus is not on
estimating U and V consistently, only on imputing the missing elements of Y. Instead of
fixing the rank of the underlying matrix, estimators rely on regularization, and in particular

nuclear norm regularization.

3.4 The Nuclear Norm Matrix Completion Estimator

In the absence of covariates we model the matrix of outcomes Y as
Y=L"+e¢, where E[e|L*] =0. (3.4.1)
The £;; can be thought of as measurement error. The goal is to estimate the N x T" matrix

L*.

To facilitate the characterization of the estimator, define for any matrix A, and given a
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set of pairs of indices O, the two matrices Po(A) and P5(A) with typical elements:

Ay if (’L',t) €O
0 it (i) ¢ O,

0 if (i,t) € O,

and PLAi =
oA {Ait if (i,) ¢ 0.

A critical role is played by various matrix norms, summarized in Table Some of these
depend on the singular values, where, given the Singular Value Decomposition (SVD)
Lyxr = SyxnX NxTRng, the singular values o;(L) are the ordered diagonal elements

of X.

Table 3.1: MATRIX NORMS FOR MATRIX L

Schatten Norm  ||L|, (32, oa(L)P) /P

ST an 2\1/2 N T p2\Y/?
Frsbenius Norm [Tl (S,0:(L)?)"” = (2N, 507, £2)
Rank Norm IIL|lo > i loywy>o
Nuclear Norm IIL]|« > 0i(L)
Operator Norm  ||Lj|op max; o;(L) = o1(L)
Max Norm ||L||maX maxlgiSN,lgtST |th’

Now consider the problem of estimating L. Directly minimizing the sum of squared

differences,
min E (Yie — Lit)” = min IPo(Y —L)|%, (3.4.2)

does not lead to a useful estimator: if (i,¢) € M the objective function does not depend on
L;;, and for other pairs (i,t) the estimator would simply be Y;;. Instead, we regularize the

problem by adding a penalty term \||L||, for some choice of the norm || - ||.

The estimator: The general form of our proposed estimator for L* is (Mazumder et al.
(2010))
L = argmin {|[Po(Y — L)[F + Al|L{l.} . (3.4.3)

with the penalty factor A chosen through cross-validation that will be described at the end
of this section. We will call this the Matrix-Completion with Nuclear Norm Minimization
(MC-NNM) estimator. Some Schatten norms would not work as well. For example, the

Frébenius norm on the penalty term would not have been suitable for estimating L* in
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the case with missing entries because the solution for L; for (i,t) € M is always zero
(which follows directly from the representation of ||Ll|r =3, , L?%). The rank norm is not
computationally feasible for large N and T if the cardinality of the set M is substantial.
Formally, the problem is NP-hard. In contrast, a major advantage of using the nuclear norm
is that the resulting estimator can be computed using fast convex optimization programs,
e.g. the SOFT-IMPUTE algorithm by Mazumder et al. (2010) that will be described next.

Calculating the Estimator: The algorithm for calculating our estimator (in the case
without additional covariates) goes as follows. Given the SVD for A, A = SER', with

singular values 01(A), ..., 0min(v,1)(A), define the matrix shrinkage operator
shrinky(A) = SXR ", (3.4.4)

where 3 is equal to ¥ with the i-th singular value o;(A) replaced by max(a;(A) — X, 0).
Now start with the initial choice Li(\,O) = Pp(Y). Then for £k = 1,2,..., define,

L1 (A, 0) = shrinkA{Po(Y) + P} (Lk()\)) } , (3.4.5)

until the sequence {Ly(A)};>; converges. The limiting matrix L(\, O) = limy_y00 L (1)) is

our estimator given the regularization parameter A.

Cross-validation: The optimal value of A is selected through cross-validation. We choose
K (e.g., K = 5) random subsets O, C O with cardinality ||O|?/NT| to ensure that
the fraction of observed data in the cross-validation data sets, |Ox/|O|, is equal to that
in the original sample, |O|/(NT). We then select a sequence of candidate regularization
parameters

A >--> A =0.

with a large enough A1, and for each subset Oy, calculate
L(A1, O), ..., LAz, Op)

and evaluate the average squared error on O \ O. The value of A that minimizes the
average squared error (among the K produced estimators corresponding to that \) is the

one choosen.
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It is worth noting that one can expedite the computation by using f;(Ai, Ok) as a warm-

start initialization for calculating L(A;y1, O) for each i and k.

3.5 Theoretical Bounds for the Estimation Error

In this section we focus on the case that there are no covariates and provide theoretical
results for the estimation error. Let Ly,ax be a positive constant such that ||L*||max < Lmax
(recall that ||L*||max = max;,|L}|). We also assume that L* is a deterministic matrix.
Then consider the following estimator for L* that is motivated by the low-rank assumption
on L*.
L= argmin {|Po(Y L)%+ L.} . (3.5.1)
L:|| L[| max < Lmax

3.5.1 Additional Notation

First, we start by introduction some new notation. For each positive integer n let [n] be
the set of integers {1,2,...,n}. In addition, for any pair of integers i, n with ¢ € [n] define
e;(n) to be the n dimensional column vector with all of its entries equal to 0 except the
entry that is equal to 1. In other words, {e1(n),ea(n),...,e,(n)} forms the standard basis

for R™. For any two matrices A, B of the same dimensions define the inner product
(A,B) = trace(A'B).

Note that with this definition, (A, A) = ||A[|%.

Next, we describe a random observation process that defines the set . Consider N
independent random variables ¢i,...,ty on [T] with distributions 7). Specifically, for
each (i,t) € [N] x [T], define wéi) = P[t; = t]. We also use the short notation E,; when
taking expectation with respect to all distributions 7, ..., 7", Now, O can be written

as

N
0= L_J {(7;,1),(2‘,2),...,(2‘,@)}.

Also, for each (i,t) € O, we use the notation A;; to refer to e;(N)e;(T)" which is a N by

T matrix with all entries equal to zero except the (i,t) entry that is equal to 1. The data

55



generating model can now be written as
Yie = (A, L") + €54, V (i,1) €O,

where noise variables €;; are independent o-sub-Gaussian random variables that are also
independent of A;;. Recall that a random variable ¢ is o-sub-Gaussian if for all real numbers
t we have Elexp(te)] < exp(a?t?/2).

Note that the number of control units (IV.) is equal to the number of rows that have all
entries observed (i.e., N, = Zf\; I;,—7). Therefore, the expected number of control units
can be written as E;[N.] = sz\il ﬂ'gﬂi). Defining

Pe = min ng),
1<i<N
we expect to have (on average) at least Np. control units. The parameter p. will play an
important role in our main theoretical results. In particular, assuming N and 7T are of the
same order, we will show that the average per entry error (i.e., |L—L*||z/vNT ) converges
to 0 if pe grows larger than log®/ 2(N)/v/N up to a constant. To provide some intuition for
such assumption on pe, assume L* is a matrix that is zero everywhere except in its it
row. Such L* is clearly low-rank. But recovering the entry L}, is impossible when i; < T'.
Therefore, mf,f) cannot be too small. Since ¢ is arbitrary, in general p. cannot be too small.
Remark 3.5.1. [t is worth noting that the sources of randommness in our observation process
O are the random variables {t;}}_, that are assumed to be independent of each other. But
we allow that distributions of these random variables to be functions of L*. We also assume
that the noise variables {&'t}ite[N]x[T] are independent of each other and are independent of
{t3N,. In we discuss how our results could generalize to the cases with correlations

among these noise variables.

Remark 3.5.2. The estimator (3.5.1)) penalizes the error terms (Yi — Lit)?, for (i,t) € O,
equally. But probability of missing entries in each row decreases as t increases. In
we discuss how the estimator can be modified by considering a weighted loss function based

on propensity scores for the missing entries.
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3.5.2 Main Result

The main result of this section is the following theorem (proved in §B.1.1)) that provides an
upper bound for |L* — L||/v/NT, the root-mean-squared-error (RMSE) of the estimator
L. In literature on theoretical analysis of empirical risk minimization this type of upper

bound is called an oracle inequality. The proof is provided in Appendix

Theorem 5. If rank of L* is R, then there is a constant C' such that with probability greater
than 1 —2(N +T)72,

|L* — L|| ¢ log(N +T) Rlog(N + 1) R log®(N + T
N < Lmax b ) )
VNT - Ome N T\ T T AR

(3.5.2)

when the parameter A is a constant multiple of

o max [, /Nlog(N + 1), VT log3/2(N + T)]

O]

Interpretation of Theorem Since our goal is to show that the RMSE of L converges
to zero as N and T grow, it is important to see when the right hand side of converges
to zero as N and T grow. One such situation is when L* is low-rank (R is constant) and
pe > log®?(N +T)/ v/min(N,T). A sufficient condition for the latter, when N and T are
of the same order, is that the lower bound for the average number of control units (Np.)
grows larger than a constant times v/N log®/? (N). In we will discuss how the estimator
L should be modified to obtain a sharper result that would hold for a smaller number of

control units.

Comparison with existing theory on matrix-completion: Our estimator and its
theoretical analysis are motivated by and generalize existing research on matrix-completion
in machine learning and statistics literature Srebro et al.| (2005)), Mazumder et al.| (2010)),
Candes and Recht| (2009)), |Candes and Tao| (2010), Keshavan et al.| (2010a.b)), |Gross (2011)),
Recht| (2011), Rohde et al.| (2011), Negahban and Wainwright| (2011}, 2012), Koltchinskii
et al. (2011)), |[Klopp (2014). The main difference is in our observation model O. Existing
papers assume that entries (i,¢) € O are independent random variables whereas we allow

for a dependency structure including staggered adoption where if (i,t) € O then (i,t') € O
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for all ¢/ < t.

3.6 The Relationship with Horizontal and Vertical Regres-
sions

In the second contribution we discuss the relation between the matrix completion estimator

and the horizontal (unconfoundedness) and vertical (synthetic control) approaches. To fa-

ciliate the discussion, we focus on the case with M containing a single pair, unit NV in period

T, so that M contains a single element, M = {(N,T)}. In that case the various previously

proposed versions of the vertical and horizontal regressions are directly applicable.

The observed data are Y, an N x T matrix that can be partitioned as

Y
Y:< TY1>’
Yo ?

where Y is (N —1) x (T'—1), y1is (N —1) x 1, and yo is (T — 1) x 1.
The matrix completion solution to imputing Yy r can be characterized, for a given

regularization parameter \, as
LU mR()) = arg mﬁn {HP@ (Y — L)||2F + )\||LH*} . (3.6.1)
The predicted value for the missing entry Yy7 is then
Yﬁjﬁ}_nnm = L]II\}?T_nnm()\). (3.6.2)

We are interested in comparing this estimator to horizontal regression estimator. Let
us initially assume that the horizontal regression is well defined, without regularization, so
that N > T. First define

= (YY) (Y.

Then the horizontal regression based prediction is

N R - N\ —1 ~
YN =y, B =y, (YTY> (YTyl) :
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For the vertical (synthetic control) regression, initially assuming 7" > N, we start with
o\ L /e
= (YY) (V).
leading to the horizontal regression based prediction
. N1
W =yl =y (YY) (Yye).

The original (Abadie et al. (2010)) synthetic control estimator imposes the additional re-

strictions 7; > 0, and Zf\gl ~v; = 1, leading to

N-1
=2
Ase=adh — aromin Hy2 - YvHF, subject to Vi ; > 0, g v =1
v

=1

Then the synthetic control based prediction is
Y;[cj:adh — yil';ysc—adh'

The Doudchenko and Imbens| (2016) modification allows for the possibility that N > T
and regularizes the estimator for . Focusing here on an elastic net regularization, their

proposed estimator is
vt . ~ |2 11—«
e = arganin { Jye = o[- 2 (bl + 252 12 )

Then the elastic net / synthetic control based prediction is

Pytren = yTqvt—en,
We can modify the horizontal regression in the same way to allow for restrictions on the 3,
and regularization, although such methods have not been used in practice.

The question in this section concerns the relation between the various predictors, Yﬁlﬁ_nnm,
f/]}\}ﬁf, }A/J‘\}tT, ?]f,‘:;adh, and ?]\V,t:;en. The first result states that all these estimators can be
viewed as particular cases of matrix factorization estimators, with the difference coming in

the way the estimation of the components of the matrix factorization is carried out.

Theorem 6. All five estimators Yy ™", YJErT, YV, Y]f,CT_adh, and Y]‘\}tT_en, can be written
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in the form Yﬁs:} = fL?\S,tT, for est € {mc — nnm, hr, vt,sc — adh, vt — en}, where
Lest AestBestT

with L, A, and B N xT, N x R and T x R dimensional matrices, and A and B estimated
as
2
(AeSt7 BeSt) = arg I£11131 {HP@ (Y — ABT) HF + penalty terms on (A, B)} ,

subject to restrictions on A and B, with the penalty terms and the restrictions specific to

the estimator.
Theorem [0] follows from the following result.

Theorem 7. We have,

(i) (nuclear norm matrixz completion)
2
(e, Bremmm) — argmin|| Po (Y~ ABT)|| + AJAJE + AIBJ,
(73) (horizontal regression, defined if N >T), R=T —1

2
(AP BT = hmargmln {HP@ (Y ABT) HF + MA|% + AHB]%} )

A0
. e Y
subject to A™ = R

Yo
(7it) (vertical regression, defined if T > N), R=N —1

2
a8 = timarg yip {70 (v~ ABT) [} + M Al + NBIE ).

L0
Yai

th:<Y )
yi{

2
Asc—adh pgsc—adhy _ 5 i HP (Y — ABT> H M A2 MBI
( , ) lim arg min || Po rT Al + AlIBll% ¢,

subject to

(1) (synthetic control), R =N —1
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subject to

Bsc—adh _ <

(v) (elastic net), R=N —1

(AVt=en BY'") — lim arg min

subject to

AL0

th—en — (

AB

?T
yi

)

o (¥ - aBT) [+

?T

yi

N-1

Vi, Air >0, §:44ﬂ’::h

, where A =
) < aj

=1

l1—«
2

A

(

a1

as

az

a3

) |

)

2

F

+ o

[

a2

as

)

Comment 1. For nuclear norm matrix completion, if rank of L is R, the solution for A

and B is given by

where L = S

NXRERXR

T
RTXR

A =83Y?

is provided in Mazumder et al.| (2010).

B =Rx!?

Comment 2. For the horizontal regression the solution for B is

Br—1

and similarly for the vertical regression the solution for A is

Avt —

0

~

4!

0
Yo

TN-1

is singular value decomposition of L. The proof of this fact

The regularization in the elastic net version only affects the last row of this matrix, and

replaces it with a regularized version of the regression coefficients. [
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Comment 3. The horizontal and vertical regressions are fundamentally different approaches,
and they cannot easily be nested. Without some form of regularization they cannot be ap-
plied in the same setting, because the non-regularized versions require N > T or N < T
respectively. As a result there is also no direct way to test the two methods against each
other. Given a particular choice for regularization, however, one can use cross-validation

methods to compare the two approaches. [

3.7 Three Illustrations

The objective of this section is to compare the accuracy of imputation for the matrix
completion method with previously used methods. In particular, in a real data matrix Y
where no unit is treated, we choose a subset of units as hypothetical treatment units and
aim to predict their values (for time periods following a randomly selected initial time).
Then, we report the average root-mean-squared-error (RMSE) of each algorithm on values
for the treated (time, period) pairs. In these cases there is not necessarily a single right
algorithm. Rather, we wish to assess which of the algorithms generally performs well, and
which ones are robust to a variety of settings, including different adoption regimes and
different configurations of the data.

We compare the following estimators:

e DID: Difference-in-differences based on regressing the observed outcomes on unit and

time fixed effects and a dummy for the treatment.

e VT-EN: The vertical regression with elastic net regularization, relaxing the restric-

tions from the synthetic control estimator.

e HR-EN: The horizontal regression with elastic net regularization, similar to uncon-

foundedness type regressions.

e SC-ADH: The original synthetic control approach by [Abadie et al.| (2010), based on

the vertical regression with Abadie-Diamond-Hainmueller restrictions.

e MIC-NNM: Our proposed matrix completion approached via nuclear norm minimiza-

tion, explained in Section 2 above.

The comparison between MC-INNM and the two versions of the elastic net estimator,

HR-EN and VT-EN, is particularly salient. In much of the literature researchers choose
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ex ante between vertical and horizontal type regressions. The M C-INNM method allows

one to sidestep that choice in a data-driven manner.

3.7.1 The Abadie-Diamond-Hainmueller California Smoking Data

We use the control units from the California smoking data studied in |Abadie et al.| (2010)
with N = 38,7 = 31. Note that in the original data set there are 39 units but one of them
(state of California) is treated which will be removed in this section since the untreated
values for that unit are not available. We then artificially designate some units and time
periods to be treated, and compare predicted values for those unit/time-periods to the
actual values.

We consider two settings for the treatment adoption:

e (Case 1: Simultaneous adoption where N; units adopt the treatment in period Tp + 1,

and the remaining units never adopt the treatment.

e Case 2: Staggered adoption where IN; units adopt the treatment in some period after

period T', with the actual adoption date varying among these units.

In each case, the average RMSE for different ratios Tp/T is reported in Figure For
clarity of the figures, for each Tj/T', while all confidence intervals of various methods are
calculated using the same ratio Ty/T, in the figure they are slightly jittered to the left
or right. In the simultaneous adoption case the VT-EN method is very sensitive to the
number of treated periods, with its performance very poor if T/T is small, and superior to
the others when Ty /T is close to one. DID generally does poorly, suggesting that the data
are rich enough to support more complex models. The HR-EN, SC-ADH and MC-NNM
methods generally do well in the simultaneous adoption case. With the staggered adoption
the EN-T (horizontal regression) method does very poorly. Again our proposed MC-NNM
method is always among the top performers, with SC-ADH and DID being competitive
with few pre-treatment observations, but not with many pre-treatment observations, and
VT-EN being competitive in the setting with many pre-treatment observations but not with

few pre-treatment observations.
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Figure 3.1: California Smoking Data

3.7.2 Stock Market Data

In the next illustration we use a financial data set — daily returns for 2453 stocks over 10
years (3082 days). Since we only have access to a single instance of the data, in order to
observe statistical fluctuations of the RMSE, for each N and T we create 50 sub-samples
by looking at the first T" daily returns of N randomly sampled stocks for a range of pairs of
(N,T), always with N x T = 4900, ranging from very thin to very fat, (N,T) = (490, 10),
.y (N,T) = (70,70), ..., (N,T) = (10,490), with in each case the second half the entries
missing for a randomly selected half the units (so 25% of the entries missing overall), in
a block design. Here we focus on the comparison between the horizontal and vertical
regression and the matrix completion estimator as the shape of the matrix changes. To

make the horizontal and vertical estimators well defined we use the elastic net regularized

versions. We report the average RMSE. Figure [3.2] shows the results.
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Figure 3.2: Stock Market Data

In the T" < N case the vertical estimator does poorly, not suprisingly because it attempts
to do the vertical regression with too few time periods to estimate that well. When N < T,
the horizontal estimator does poorly. The most interesting finding is that the proposed
MC-NNM method adapts well to both regimes and does as well as the best estimator in
both settings, and better than both in the approximately square setting.

3.7.3 Synthetic Data: Planted Hidden Confounder

In this illustration, we investigate the performance of different algorithms under the presence
of confounding factors. We create (unobserved) dependency between the treatment and
outcome and compare the performance of algorithms in estimating the average treatment

effect. More precisely, suppose that N =T = 20 and R = 3, and matrices Y (0) and Y (1)
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are generated according to

Y(0)=RXS' +¢
Y(1) =Y(0)+02nxr,

where R € RV*E = [q, 1N—\/§,UNX1], S € RTXE = [15%177,VN><1], and ¥ = diag(10, 10, 5)
is the SVD of the low rank (rank 3) component. Here, entries of vectors a,u,vy and v
have been generated according to N(0, 1), normalized and orthogonalized to achieve a valid
SVD decomposition (meaning that columns of R and S are orthonormal). Also, € has
i.i.d. entries generated from N(0,0.001). The dependency between outcomes Y (-) and W
is created as follows: we sort units (rows) based on values of u, pick the 14 largest ones,
and treat these units after random starting points. In other words, units with larger values
of u; are treated. Similar to the setting of this paper, we assume to have access to Y (W)

and W. As it can be observed, this creates an unobserved dependency between outcomes

and treatments. The following figure depicts the above data generating process.

e 78! /41
\()CI’/ "-}/t/

Figure 3.3: Data Generating Process with Confounding Effects

We repeat the above process for 100 times, and compare the performance of DID, SC-
ADH, MC-NNM, and VT-EN with the true treatment effect which is 7 = 0.2. Figure
illustrates the achieved empirical distribution of estimates for these four algorithms.
According to this figure, MC-NNM is the clear frontrunner and has the smallest bias and
variance in estimating 7; it is capable of capturing the hidden factor u; and it performs
well. In contrast, DID is unable to capture this hidden effect and it leads to negative ATE
in almost all problem instances. SC-ADH and VT-EN generally perform better, but they
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both have large variances.

Average Treatment Effect
=]
<

DID MC-NNM SC-ADH VT-EN
Method

Figure 3.4: Planted Hidden Confounder Simulation Results

3.8 The General Model with Covariates

In Section [3.2] we described the basic model, and discussed the specification and estimation
for the case without covariates. In this section we extend that to the case with unit-specific,
time-specific, and unit-time specific covariates. For unit 7 we observe a vector of unit-specific
covariates denoted by X;, and X denoting the N x P matrix of covariates with ith row equal
to XZT . Similarly, Z; denotes the time-specific covariates for period ¢, with Z denoting the
T x @ matrix with t*! row equal to Z,'. In addition we allow for a unit-time specific .J by

1 vector of covariates Vj;.
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The model we consider is

P Q
Y=L+ Y XpHy Zg+7; + 06 + Vil B + et (3.8.1)

p=1g=1
the g4 is random noise. We are interested in estimating the unknown parameters L*, H*,
v*, 0* and B*. This model allows for traditional econometric fixed effects for the units (the
vf) and time effects (the 6;). It also allows for fixed covariate (these have time varying
coefficients) and time covariates (with individual coefficients) and time varying individual
covariates. Note that although we can subsume the unit and time fixed effects into the
matrix L*, we do not do so because we regularize the estimates of L*, but do not wish to

regularize the estimates of the fixed effects.

The model can be rewritten as
Y =L* + XH'Z' +T71) + 15(A%) T + [VJ } te. (3.8.2)
it

Here L* is in RVXT ) H* is in RP*9, T is in RV*! and A* is in RT*!. An slightly richer

version of this model that allows linear terms in covariates can be defined as by

Y =L+ XH'Z' +T71) + 1x(A%) T + [VJ } te (3.8.3)

ot

where X = [X|Iyxn], Z = [Z[I7x7], and

ae_ | B Hy
H; 0

where HY,, € RP*Q H?, RYXQ and H*% € RP*T. In particular,

Y =L"+XH% ,Z" + H;Z" + XH% + %17 + 1n(A%) " + [VJ *] e (384)

)

From now on, we will use the richer model (3.8.4]) but abuse the notation and use notation
X, H*, Z instead of X, H*, Z. Therefore, the matrix H* will be in RIW+P)x(T+Q),
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We estimate H*, L*, 6*, v*, and 8* by solving the following convex program,

P Q 2

i (%;O Yir = Lit - pzl qzlxipHquqt — i =0 = VB |+ ALlIL]w + g Hl1.c
Here [[H| 1, = >;; |Hit| is the element-wise ¢; norm. We choose A and Ay through
cross-validation.

Solving this convex program is similar to the covariate-free case. In particular, by using
a similar operator to shrinky, defined in that performs coordinate descent with respect
to H. Then we can apply this operator after each step of using shrinky. Coordinate descent

with respect to 7, &, and (8 is performed similarly but using a simpler operation since the

function is smooth with respect to them.

3.9 Generalizations

Here we provide a brief discussion on how our estimator or its analysis should be adapted

to more general settings.

3.9.1 Autocorrelated Errors

One drawback of MC-NNM is that it does not take into account the time series nature of
the observations. It is likely that the columns of € exhibit autocorrelation. We can take this
into account by modifying the objective function. Let us consider this in the case without
covariates, and, for illustrative purposes, let us use an autoregressive model of order one.
Let Y;. and L;. be the it row of Y and L respectively. The original objective function for
O =|[N]| x [T] is

N N
> (Vi — L) + ALl = ) (Vi — Li) (Vi — Li) T + AL||L]..
i=1 t=1 =1
We can modify this to
N
> (¥ — L) ' (Vi — Li) T+ AL||L.,
=1

69



where the choice for the T' x T matrix € would reflect the autocorrelation in the ;. For
example, with a first order autoregressive process, we would use

Qts = P‘t78| )
with p an estimate of the autoregressive coefficient. Similarly, for the more general version

O C [N] x [T], we can use the function

D> (Vi — L)@ is (Vs — Lis) T + AL|| Ll .

(3,t)€0 (i,5)€O
3.9.2 Weighted Loss Function

Another limitation of MC-NNM is that it puts equal weight on all elements of the difference
Y — L (ignoring the covariates). Ultimately we care solely about predictions of the model
for the missing elements of Y, and for that reason it is natural to emphasize the fit of the
model for elements of Y that are observed, but that are similar to the elements that are
missing. In the program evaluation literature this is often achieved by weighting the fit by
the propensity score, the probability of outcomes for a unit being missing.

We can do so in the current setting by modelling this probability in terms of the covari-
ates and a latent factor structure. Let the propensity score be e = P(Wy = 1|X;, Zt, Vir),
and let E be the N x T matrix with typical element e;;. Let us again consider the case

without covariates. In that case we may wish to model the assignment W as

Wit = Enxr +NINxT-

We can estimate this using the same matrix completion methods as before, now without

any missing values:

A

. 1
E= arg min % (Wit — eit)* + AL||E|« -
(3

Given the estimated propensity score we can then weight the objective function for esti-

mating L*:

. - é
L:arglen Z " (Yie — Lit)* + AL||L|+ -
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3.9.3 Relaxing the Dependence of Theorem |5 on p.

Recall from that the average number of control units is Ef\i 1 7#). Therefore, the
fraction of control units is Zf\;1 Wéf) /N. However, the estimation error in Theorem |5| de-
pends on p, = minj<j<y mf,f) rather than Zfi 1 m}i) /N. The reason for this, as discussed
in is due to special classes of matrices L* where most of the rows are nearly zero
(e.g, when only one row is non-zero). In order to relax this constraint we would need to
restrict the family of matrices L*. An example of such restriction is given by Negahban and
Wainwright| (2012)) where they assume L* is not too spiky. Formally, they assume the ratio
| L*||max/||L* || 7 should be of order 1/v/NT up to logarithmic terms. To see the intuition
for this, in a matrix with all equal entries this ratio is 1/ V/NT whereas in a matrix where
only the (1,1) entry is non-zero the ratio is 1. While both matrices have rank 1, in the

former matrix the value of |L*||r is obtained from most of the entries. In such situations,

one can extend our results and obtain an upper bound that depends on Zf\il Féf) /N.

3.9.4 Nearly Low-rank Matrices

Another possible extension of Theorem [5|is to the cases where L* may have high rank, but

most of its singular values are small. More formally, if 01 > -+ > oy ) are singular
min(N,T)
r=k+1

k € [min(N,T)]. One can then optimize the upper bound by selecting the best k. In the

values of L*, one can obtain upper bounds that depend on k and )’ o, for any
low-rank case such optimization leads to selecting k equal to R. This type of more general
upper bound has been proved in some of prior matrix completion literature, e.g. [Negahban
and Wainwright| (2012). We expect their analyses would be generalize-able to our setting

(when entries of O are not independent).

3.9.5 Additional Missing Entries

In §3.5.1 we assumed that all entries (i,¢) of Y for ¢t < t; are observed. However, it may
be possible that some such values are missing due to lack of data collection. This does not
mean that any treatment occurred in the pre-treatment period. Rather, such scenario can

occur when measuring outcome values is costly and can be missed. In this case, one can
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extend Theorem [5] to the setting with

0= \ Omiss .

N
U {(i, 1),(i,2),..., (z’,ti)}
i=1

where each (i,t) € UY{(i,1),(4,2), ..., (i,;)} can be in Opiss, independently, with proba-
bility p for p that is not too large.

3.10 Conclusions

We develop a new estimator for the interactive fixed effects model in settings where the
interest is in average causal effects. The proposed estimator has superior computational
properties in settings with large N and T, and allows for a relatively large number of
factors. We show how this set up relates to the program evaluation and synthetic control
literatures. In illustrations we show that the method adapts well to different configurations
of the data, and find that generally it outperforms the synthetic control estimators from

Abadie et al. (2010) and the elastic net estimators from Doudchenko and Imbens| (2016]).
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Chapter 4

Non-Parametric Inference in High

Dimensions

4.1 Introduction

Many non-parametric estimation problems in econometrics and causal inference can be
formulated as finding a parameter vector 6(x) € RP that is a solution to a set of conditional

moment equations:

E[¢(Z;0(z))|X =2] =0, (4.1.1)

when given n i.i.d. samples (Z1,..., Z,) from the distribution of Z, where ¢ : Z x RP — RP
is a known vector valued moment function, Z is an arbitrary data space, X € X C R
is the feature vector that is included in Z. Examples include non-parametric regression[],
quantile regressiorE], heterogeneous treatment effect estimatiorﬂ instrumental variable re-
gression’] local maximum likelihood estimation]] and estimation of structural econometric
models (see, e.g., Reiss and Wolak 2007) and examples in |Chernozhukov et al. (2016]), |Cher-
nozhukov et al.| (2018))). The study of such conditional moment restriction problems has
a long history in econometrics (see, e.g., Newey 1993, |Ai and Chen|2003}, Chen and Pouzo
2009, |Chernozhukov et al.|2015)). However, the majority of the literature assumes that the

conditioning variable X is low dimensional, i.e. D is a constant as the sample size n grows

1Z = (X,Y), where Y € R? is the dependent variable, and ¥(Z;6(z)) =Y — 6(z).

27 = (X,Y) and ¥(Z;0(z)) = 1{Y < 0(z)} — «, for some « € [0, 1] that denotes the target quantile.
37 = (X,T,Y), where T € RP is a vector of treatments, and ¥(Z;0(z)) = (Y — (§(2),T)) T.

17 = (X,T,W,Y), where T € R is a treatment, W € R an instrument and v(Z;0(z)) = (Y — 0(z) T) W.
>Where the distribution of Z admits a known density f(z;6(x)) and ¥(Z;60(x)) = Vo log(f(Z;0(x)).
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(see, e.g., Athey et al.|2019)). High dimensional variants have primarily been analyzed under

parametric assumptions on (z), such as sparse linear forms (see, e.g., |Chernozhukov et al.|
. There are some papers that address the fully non-parametric setup (see, e.g.,
fferty and Wasserman![2008, [Dasgupta and Freund|[2008|, [Kpotufe][2011], [Biau/[2012], [Scornet]
but those are focused on the estimation problem, and do not address inference

(i.e., constructing asymptotically valid confidence intervals).

The goal of this work is to address estimation and inference in conditional moment
models with a high-dimensional conditioning variable. As is obvious without any further
structural assumptions on the problem, the exponential in dimension rates of approximately
nt/P (see, e.g., cannot be avoided. Thereby, estimation is infeasible even if
D grows very slowly with n. Our work, follows a long line of work in machine learning
(Dasgupta and Freund [2008, Kpotufe| 2011} Kpotufe and Garg|2013)), which is founded on

the observation that in many practical applications, even though the variable X is high-

dimensional (e.g. an image), one typically expects that the coordinates of X are highly
correlated. The latter intuition is formally captured by assuming that the distribution of
X has a small doubling measure around the target point x.

We refer to the latter notion of dimension, as the intrinsic dimension of the problem.

Such a notion has been studied in the statistical machine learning literature, so as to
establish fast estimation rates in high-dimensional kernel regression settings (Dasgupta and

Freund| 2008, Kpotufe 2011, [Kpotufe and Garg [2013, [Xue and Kpotufe|2018|, [Chen and
'Shah [2018|, Kim et al.|2018| |Jiang |2017)). However, these works solely address the problem

of estimation and do not characterize the asymptotic distribution of the estimates, so as

to enable inference, hypothesis testing and confidence interval construction. Moreover,
they only address the regression setting and not the general conditional moment problem
and consequently do not extend to quantile regression, instrumental variable regression or

treatment effect estimation.

From the econometrics side, pioneering works of Wager and Athey| (2018), Athey et al|
(2019)) address estimation and inference of conditional moment models with all the afore-

mentioned desiderata that are required for the application of such methodologies to social

sciences, albeit in the low dimensional regime. In particular, Wager and Athey| (2018]) con-

sider regression and heterogeneous treatment effect estimation with a scalar 6(x) and prove
nY/P_asymptotic normality of a sub-sampled random forest based estimator and [Athey et al.
(2019)) extend it to the general conditional moment settings.
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These results have been extended and improved in multiple directions, such as improved
estimation rates through local linear smoothing [Friedberg et al. (2018), robustness to nui-
sance parameter estimation error Oprescu et al. (2018) and improved bias analysis via
sub-sampled nearest neighbor estimation Fan et al. (2018]). However, they all require low

dimensional setting and the rate provided by the theoretical analysis is roughly n—/?

, i.e.
to get a confidence interval of length € or an estimation error of €, one would need to collect
O(e~P) samples which is prohibitive in most target applications of machine learning based
econometrics.

Hence, there is a strong need to provide theoretical results that justify the success of ma-
chine learning estimators for doing inference, via their adaptivity to some low dimensional
hidden structure in the data. Our work makes a first step in this direction and provides esti-
mation and asymptotic normality results for the general conditional moment problem, where
the rate of estimation and the asymptotic variance depend only on the intrinsic dimension,
independent of the explicit dimension of the conditioning variable.

Our analysis proceeds in four parts. First, we extend the results by [Wager and Athey
(2018), Athey et al. (2019) on the asymptotic normality of sub-sampled kernel estimators
to the high-dimensional, low intrinsic dimension regime and to vector valued parameters
O(x). Concretely, when given a sample S = (Z1,...,%,), our estimator is based on the
approach proposed in |Athey et al.|(2019) of solving a locally weighted empirical version of

the conditional moment restriction

n
0(z) solves : ZK(m,Xi, S)Y(Z;;0) =0, (4.1.2)
i=1
where K (z, X;,S) captures proximity of X; to the target point z. The approach dates back
to early work in statistics on local maximum likelihood estimation (Fan et al.| 1998, [Newey
1994, |Stone| |1977, Tibshirani and Hastie|[1987). As in [Athey et al. (2019), we consider
weights K (z, X;,S) that take the form of an average over B base weights: K (z, X;,S) =
% P K (x, Xi, Sp) 1{i € Sy}, where each K (z, X;, Sy) is calculated based on a randomly
drawn sub-sample S of size s < n from the original sample. We will typically refer to the
function K as the kernel. In [Wager and Athey| (2018), |Athey et al.| (2019) K (x, X;, Sp) is
calculated by building a tree on the sub-sample, while in Fan et al.| (2018) it is calculated
based on the 1-NN rule on the sub-sample.

Our main results are general estimation rate and asymptotic normality theorems for
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the estimator é(:c) (see Theorems |8 and @, which are stated in terms of two high-level
assumptions, specifically an upper bound €(s) on the rate at which the kernel “shrinks” and
a lower bound 7(s) on the “incrementality” of the kernel. Notably, the explicit dimension
of the conditioning variable D does not enter the theorem, so it suffices in what follows to
show that e(s) and 7(s) depend only on d rather than D.

The shrinkage rate €(s) is defined as the ¢3-distance between the target point z and the
furthest point on which the kernel places positive weight X;, when trained on a data set of

s samples, i.e.,
€(s) = E[sup{|| X; — z||2: ¢ € Sp, K(z, X;,Sp) > 0,|Sp| = s}] . (4.1.3)

The shrinkage rate of the kernel controls the bias of the estimate (small €(s) implies low
bias). The sub-sampling size s is a lever to trade off bias and variance; larger s achieves
smaller bias, since €(s) is smaller, but increases the variance, since for any fixed = the weights
K (z,X;, Sp) will tend to concentrate on the same data points, rather than averaging over
observations. Both estimation and asymptotic normality results require the bias to be
controlled through the shrinkage rate.

Incrementality of a kernel describes how much information is revealed about the weight
of a sample i solely by knowledge of X;, and is captured by the second moment of the

conditional expected weight
n(s) =B |E[K(z, X;, S) | XiJ*| . (4.1.4)

The incrementality assumption is used in the asymptotic normality proof to argue that
the weights have sufficiently high variance that all data points have some influence on
the estimate. From the technical side, we use the H&jek projection to analyze our U-
statistic estimator. Incrementality ensures that there is sufficiently weak dependence in the
weights across a sequence of sub-samples and hence the central limit theorem applies. As
discussed, the sub-sampling size s can be used to control the variance of the weights, and so
incrementality and shrinkage are related. We make this precise, proving that incrementality
can be lower bounded as a function of kernel shrinkage, so that having a sufficiently low
shrinkage rate enables both estimation and inference. These general results could be of
independent interest beyond the scope of this work.

For the second part of our analysis, we specialize to the case where the base kernel is the
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k-NN kernel, for some constant k. We prove that both shrinkage and incrementality depend
only on the intrinsic dimension d, rather than the explicit dimension D. In particular, we
show that e(s) = O(s~'/?) and 7(s) = ©(1/s). These lead to our main theorem that
the sub-sampled k-NN estimate achieves an estimation rate of order n*/4t2) and is also
(442 _gsymptotically normal.

In the third part, we provide a closed form characterization of the asymptotic variance
of the sub-sampled k-NN estimate, as a function of the conditional variance of the moments,
which is defined as o?(z) = Var (¥/(Z;60) | X = x). For example, for the 1-NN kernel, the

asymptotic variance is given by

A o?(z)s?

Var(6(z)) = 71(2((911)
This strengthens prior results of |[Fan et al.| (2018) and Wager and Athey| (2018), which
only proved the existence of an asymptotic variance without providing an explicit form
(and thereby relied on bootstrap approaches for the construction of confidence intervals).
Our tight characterization enables an easy construction of plugin normal-based intervals
that only require a preliminary estimate of o(z). Our Monte Carlo study shows that such
intervals provide very good finite sample coverage in a high dimensional regression setup
(see Figure ﬂ

Finally in the last part, we discuss an adaptive data-driven approach for picking the
sub-sample size s so as to achieve estimation or asymptotic normality with rates that only
depend on the unknown intrinsic dimension. This allows us to achieve near-optimal rates
while adapting to the unknown intrinsic dimension of data (see Propositions [4| and .
Figure depicts the performance of our adaptive approach compared to two benchmarks,
one constructed based on theory for intrinsic dimension d which may be unknown, and the
other one constructed naively based on the known but sub-optimal extrinsic dimension D.
As it can be observed from this figure, setting s based on intrinsic dimension d allows us to
build more accurate and smaller confidence intervals, which is crucial for drawing inference
in the high-dimensional finite sample regime. Our adaptive approach uses samples to pick
s very close to the value suggested by our theory and therefore leads to a compelling finite

sample coverageﬂ Such estimators address the curse of dimensionality by adapting to a

6See Appendix for detailed explanation of our simulations.
A preliminary implementation of our code is available via http: //github.com/khashayarkhv/np_inference_intrinsic.
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priori unknown latent structure in the data.
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Figure 4.1: Left: distribution of estimates over 1000 Monte Carlo runs for £ = 1,2, 5. Right: the quantile-quantile plot
when comparing to the theoretical asymptotic normal distribution of estimates stemming from our characterization,
whose means are 0.676,0.676, and 0.676 for k = 1,2, 5, respectively. Standard deviations are 0.058,0.055, and 0.049

for k = 1,2,5 respectively. n = 20000, D = 20, d = 2, E[Y|X] =

E[Y|X = 2] ~ 0.676.
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4.1.1 Related Work

Average Treatment Effect Estimation. There exists a vast literature on average treat-
ment effect estimation in high-dimensional settings. The key challenge in such settings is
the problem of overfitting which is usually handled by adding regularization terms. How-
ever, this leads to a shrinked estimate for the average treatment effect and therefore not
desirable. The literature has taken various approaches to solve this issue. For instance, |Bel-
loni et al.| (2014ajb)) used a two-step method for estimating average treatment effect where
in the first step feature-selection is accomplished via a lasso and then treatment effect is es-
timated using selected features. |Athey et al.|(2018) studied approximate residual balancing
where a combination of weight balancing and regression adjustment is used for removing
undesired bias and for achieving a double robust estimator. |Chernozhukov et al.| (2016
2018)) considered a more general semi-parametric framework and studied debiased/double
machine learning methods via first order Neyman orthogonality condition. [Mackey et al.
(2017)) extended this result to higher order moments. Please refer to |Athey and Imbens
(2017), Mullainathan and Spiess (2017)), Belloni et al.| (2017) for a review on this literature.

Conditional Treatment Effect Estimation. However, in many applications, researchers
are interested in estimating conditional treatment effect on various sub-populations. One
effective solution is to use one of the methods described in previous paragraph to estimate
problem parameters and then project such estimations onto the sub-population of interest.
However, these approaches usually perform poorly when there is a model mis-specification,
i.e., when the true underlying model does not belong to the parametric search space. Con-
sequently, researchers have studied non-parametric estimators such as k-NN estimators,
kernel estimators, and random forests. While these non-parametric estimators are very
robust to model mis-specification and work well under mild assumptions on the function
of interest, they suffer from the curse of dimensionality (see, e.g., [Bellman| /1961, |Robins
and Ritov (1997, [Friedman et al.2001). Therefore, for applying these estimators in high-
dimensional settings it is necessary to design and study non-parametric estimators that are
able to overcome curse of dimensionality when possible.
The seminal work of |[Wager and Athey (2018) utilized random forests originally intro-

duced by Breiman| (2001) and adapted them nicely for estimating heterogeneous treatment
effect. In particular, the authors demonstrated how the recursive partitioning idea, ex-

plained in |Athey and Imbens (2016|) for estimating heterogeneity in causal settings, can be
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further analyzed to establish asymptotic properties of such estimators. The main premise of
random forests is that they are able to adaptively select nearest neighbors and that is very
desirable in high-dimensional settings where discarding uninformative features is necessary
for combating the curse of dimensionality. In a follow-up work, they extended these results
and introduced Generalized Random Forests for more general setting of solving generalized
moment equations (Athey et al.[|2019)). There has been some interesting developments of
such ideas to other settings. Fan et al. (2018) introduced Distributional Nearest Neighbor
(DNN) where they used 1-NN estimators together with sub-sampling and explained that
by precisely combining two of these estimators for different sub-sampling sizes, the first
order bias term can be efficiently removed. [Friedberg et al.| (2018) paired this idea with a
local linear regression adjustment and introduced Local Linear Forests in order to improve
forest estimations for smooth functions. |Oprescu et al.| (2018]) incorporated the double ma-
chine learning methods of |Chernozhukov et al.| (2018)) into GMM framework of |Athey et al.
(2019)) and studied Orthogonal Random Forests in partially linear regression models with
high-dimensional controls. Although forest kernels studied in [Wager and Athey| (2018) and
Athey et al. (2019) seem to work well in high-dimensional applications, to the best of our
knowledge, there still does not exists a theoretical result supporting it. In fact, all existing
theoretical results suffer from the curse of dimensionality as they depend on the dimension

of problem D.

Estimation Adaptive to Intrinsic Dimension. The literature on machine learning
and non-parametric statistics has recently studied how these worst-case performances can
be avoided when the intrinsic dimension of problem is smaller than D. Please refer to|Cutler
(1993) for different notions of intrinsic dimension in metric spaces. |Dasgupta and Freund
(2008) studied random projection trees and showed that the structure of these trees do not
depend on the actual dimension D, but rather on the intrinsic dimension d. They used
the notion of Assouad Dimension, introduced by |Assouad| (1983]), and proved that using
random directions for splitting, the number of levels required for halving the diameter of
any leaf scales as O(dlogd). The follow-up work (Verma et al.|?2009) generalized these
results for some other notions of dimension. Kpotufe and Dasguptal (2012)) extended this
idea to the regression setting and proved integrated risk bounds for random projection
trees that were only dependent on intrinsic dimension. Kpotufe| (2011)), Kpotufe and Garg

(2013)) studied this in the context of k-NN and kernel estimations and established uniform
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point-wise risk bounds only depending on the local intrinsic dimension. They also provided
data-driven approaches for choosing k in the case of k-NN, and bandwidth in case of kernel
estimators, so that they can adapt to the unknown intrinsic dimension and also smoothness

of non-parametric function of interest.

k-NN and Generalized Method of Moments. Our work is deeply rooted in the
literature on intrinsic dimension explained above, literature on k-NN estimators (see, e.g.,
Mack|[1981], [Samworth|[2012, [Gyorfi et al.|[2006, Biau and Devroye|[2015, Berrett et al.[2019,
[Fan et al]2018), and generalized method of moments (see, e.g., [Tibshirani and Hastie|1987,
[Staniswalis| [1989), [Fan et al.|[1998, [Hansen! [1982, [Stone| (1977, [Lewbel| 2007, Mackey et al.|
2017). We adapt the framework of [Athey et al|(2019) and |Oprescu et al| (2018) and solve

a generalized moment problem using a sub-sampled k-NN estimator, originally studied by

[Fan et al.| (2018). In particular, the authors studied the problem of heterogeneous treatment

effect estimation under unconfoundedness using sub-sampled 1-NN estimator, which they

refer to as DNN estimator. Our work complements the work of Fan et al.|(2018) and extends

it to the generalized method of moment setting and also allows for general k-NN estimators.
Also, we establish that these DNN estimators are able to adapt to intrinsic dimension of
problem d and hence do not suffer from the curse of dimensionality.

Our result differs from existing literature on intrinsic dimension (e,g.,
[Freund| 2008, [Kpotufe| 2011, Kpotufe and Garg|[2013) since in addition to estimation guar-

antees for the regression setting, we also allow valid inference in solving conditional moment
equations. Our asymptotic normality result is different from existing results for k-NN (see,
e.g., Mack [1981)), generalized method of moments (see, e.g., [Lewbel 2007). Indeed, these
papers only establish the asymptotic distribution of these estimators without providing a
data-driven way for constructing confidence intervals.

We also provide the exact expression for the asymptotic variance of DNN estimator built
using a k-NN kernel, which enables plug-in construction of confidence intervals, rather than
the bootstrap method of which was used by (Wager and Athey|[2018|, |Athey]
et al.|2019, [Fan et al|2018)). While establishing consistency and asymptotic normality of

our estimator, we also provide more general bounds on kernel shrinkage rate and also incre-
mentality which can be useful for establishing asymptotic properties in other applications.
One such application is given in high-dimensional settings where the exact nearest neighbor

search is computationally expensive and Approximate Nearest Neighbor (ANN) search is
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often replaced in order to reduce this cost. Our flexible result allows us to use the state-of-
the-art ANN algorithms (see, e.g., |/Andoni et al.[2017, |2018) while maintaining consistency

and asymptotic normality.

Conditional Stochastic Optimization and Newsvendor Problem. Finally, there
are technical parallels between our analysis and the literature on conditional stochastic
optimization (see, e.g., Ban and Rudin| 2018, Bertsimas and Kallus|2014b, Hannah et al.
2010, [Hanasusanto and Kuhn|2013). In particular, this literature focuses on estimating
2*(z) = argmin, E[e(z;Y) | X = z], where z is the decision variable, Y is the uncertain
quantity of interest, X = x is the set of observed features, and c(z;Y’) is the uncertain
cost associated with decision z. Ban and Rudin (2018)) study feature-based newsvendor
problem and consider two empirical minimization risk (ERM) approaches together with a
non-parametric kernel estimation method for solving this problem. Bertsimas and Kallus
(2014b)) study the problem of conditional stochastic optimization problem with a general
cost function, apply various non-parametric machine learning estimators such as k-NN,
random forests, and Nadaraya-Watson’s kernel regression (Nadaraya/|1964, Watson||{1964]),
and provide asymptotic consistency results for them. The main focus of this literature is
in providing a decision Z(x) such that the expected cost under this decision is close to the
optimal decision z*(z) (or Z(x) itself is close to z*(x)). However, we are mainly interested on
the task of inference which in this setting translates to providing valid confidence intervals
for zZ(x). While our techniques are mainly designed for solving the conditional moment
equations, i.e., finding 6(z) that solves E[¢)(Z;0) | X = z] = 0, with a slight change, our

techniques are also applicable to the conditional stochastic optimization setting.

4.1.2 Main Contributions and Organization of This Chapter

q

In §4.21 we explain the problem that we study in this chapter and provide preliminary
definitions. In we explain the general sub-sampled kernel estimation. In particular,
given a general kernel K, Algorithm [4] explains how the parameter of interest 0(z) is esti-
mated. In , we apply this algorithm to the special case of k-NN kernel (see Algorithm
5). In we explain the notion of intrinsic dimension defined using locally low doubling
measures and provide examples of spaces with low intrinsic dimension in In §4.3| we

state other assumptions that we need for our analysis.
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Our analysis starts in where we provide general estimation (Theorem |8) and infer-
ence results (Theorem E[) for kernels that satisfy shrinkage and incrementality conditions.
In particular, assuming that the local intrinsic dimension around target point z is equal
to d, we prove that the finite sample estimation error of order n=(4+2) together with
nt/(4+2)_asymptotically normality result of general sub-sampled kernel estimator for solv-
ing the generalized moment problem regardless of how big the actual dimension D. While
an upper bound on the shrinkage rate is sufficient for providing estimation guarantees, for
asymptotic normality we also require the incrementality to decay at an appropriate rate. In
many situations, it is easier to establish kernel shrinkage. Therefore, for making the asymp-
totic normality more applicable, in Lemma [7], we prove a lower bound on the incrementality
based on the kernel shrinkage.

In we establish appropriate shrinkage and incerementality rates for the k-NN kernel
and combining this with the results of we prove estimation (Theorem and inference
rates (Theorem for the k-NN kernel that only depend on the intrinsic dimension d. Along
the way of establishing such results, in Theorem we provide the exact expression for the
asymptotic variance of sub-sampled k-NN estimator, which enables plug-in construction of
confidence intervals.

The sub-sampling size required for achieving these results depends on the intrinsic di-
mension d, which may be unknown in many applications. In we explain a data-driven
way for choosing the sub-sampling size. In Propositions [4] and [5] we also prove that this
method is guaranteed to achieve the optimal rates (depending on d) and therefore it is adap-
tive. Our simulations (see Figures and demonstrate that this adaptive algorithm
works very well and provides valid finite-sample confidence intervals in high-dimensional,
intrinsically low dimensional settings.

Finally, we conclude in and defer a discussion on the extension to heterogeneous

treatment effect estimation to Appendix and the technical proofs to Appendix

4.2 Preliminaries

Suppose we have a data set M of n observations Z1, Zs, ..., Z, drawn independently from
some distribution D over the observation domain Z. We focus on the case that Z; = (X, Y;),
where X is the vector of features and Y; is the outcome. In Appendix[C.2] we briefly discuss

how our results can be extended to the setting where nuisance parameters and treatments
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are included in the model.

Suppose that the covariate space X C R” is contained in a ball with unknown diameter
Ay. Denote the marginal distribution of X by p and the empirical distribution of X on
n sample points by j,,. Let B(z,7) = {z € RP : |z — z[|2 < r} be the £s-ball centered at
x with radius 7 and denote the standard basis for R” by {ej,e2,...,ep}. Finally, for any
integer n, we let [n] = {1,2,...,n}.

Let ¢ : ZxRP — RP be a score function that maps observation Z and parameter 6 € RP

to a p-dimensional score 1(Z;0). For x € X and 6 € RP define the expected score as
m(z;0) = E[¢(Z;0) | X = z].
The goal is to estimate the quantity 6(x) via local moment condition, i.e.
O(x) solves: m(x;6) =E[(Z;0) | X =z] =0.

4.2.1 Sub-Sampled Kernel Estimation

Base Kernel Learner. Our learner £, takes a data set S containing m observations as
input and a realization of internal randomness w, and outputs a kernel weighting function
K, : XxXxZ™ — [0,1]. In particular, given any target feature = and the set S, the weight
of each observation Z; in S with feature vector X; is K, (z, X;, S). Define the weighted score
on a set S with internal randomness w as Vg(x;0) = > ;g Ko (x, Xi, S)¥(Z;;0). When it
is clear from context we will omit w from our notation for succinctness and essentially
treat K as a random function. For the rest of this chapter, we are going to use notations
asw,(Xi) = K,(z, X;, S) interchangeably.

Averaging over B Sub-Samples of Size s. Suppose that we consider B random and
independent draws from all ( ) possible subsets of size s and internal randomness variables
w and look at their average. Index these draws by b = 1,2, ..., B where S}, contains samples
in bth draw and wy is the corresponding draw of internal randomness. We can define the

weighted score as

B

Z s, (13 6) Z Z s,y wy (Xi)0(Zi56) . (4.2.1)

b: €S
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Estimating 6(z). We estimate 0(z) as a vanishing point of ¥(z;6). Letting 6 be this
point, then W(z;0) = = Zle Sy sy w, (X)W (Zis 0) = 0. This procedure is explained in
Algorithm [4

4.2.2 Sub-Sampled i-NN Estimation

We specially focus on the case that the weights are distributed across the k-NN of zx.
In other words, given a data set S, the weights are given according to K, (z,X;,S) =
1{X; € Hi(x,S)} /k, where Hy(z,S) are k-NN of z in the set S. The pseudo-code for this
can be found in Algorithm

Complete U-Statistic. The expression in Equation is an incomplete U-statistic.
Complete U-statistic is obtained if we allow each subset of size s from n samples to be
included in the model exactly once. In other words, this is achieved if B = (Z), all subsets
S1,853,...,5p are distinct, and we also take expectation over the internal randomness w.

Denoting this by Wq(x;6), we have

Wo(a:0) = (Z)_l Y E

Se[n):|S|=s

> asu(Xi)w(Zi;0)

i€S

: (4.2.2)

Note in the case of k-NN estimator we can also represent ¥y in terms of order statistics, i.e.,
U is an L-statistics (see, e.g., [Serfling|2009). By sorting samples in X = {X;, Xs,..., X, }
based on their distance with z as || X (1) — 2| < [|[ X9y — || < --- < || X(n) — 2|, we can write
Wo(z;0) = > i) a(X(y) ¥(Z); 0) where the weights are given by

M~ ifi <k

1

E:
a(X() = Ry = o A R TS TS
k\s J=0\ j J\s—=1—j N ‘

Remark 4.2.1. Note that both algorithms assume that the equation ¥ (x;0) = 0 is solvable.
This has only been made for simplicity and can be replaced with milder assumptions. In fact,
similar to |Athey et al| (2019), we can allow for settings that ¥(x; ) is only approximately

solvable. In such settings, we put an assumption on the existence of an optimization oracle
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that, given weights a(X;), can solve for 0 satisfying
”\Ij($7 0)”2 < Coracle max a(Xz) s
1€[n]

where Cyraele 15 a constant. It is not hard to see that for sub-sampling with size s, if B is
large enough, a(X;) < 2s/n for all i with a very high probability. Therefore, the error due
to this approzimate solution of the optimization oracle is at most O(s/n). We can allow

for this amount of error in all our theorems as this is a lower order term compared to the

variance which is roughly O(\/s/n).

Algorithm 4 Sub-Sampled Kernel Estima- Algorithm 5 Sub-Sampled k-NN Estima-
tion tion

1:

Input. Data {Z; = (X;,Y;)},—,, mo-
ment v, kernel K, sub-sampling size s,

number of iterations B

2: Initialize. a(X;) =0,1<i<mn
3: for b+ 1,B do

Sub-sampling. Draw set S, by

1: Input.

Data {Z; = (X;,Y;)};—,, mo-
ment v, sub-sampling size s, number of

iterations B, number of neighbors k

2: Initialize. a(X;) < 0,1<i<n
: for b+ 1,B do

Sub-sampling. Draw set Sp by

sampling s points from Z1,2s,...,7Z, sampling s points from Z1,2s,...,Z,
without replacement. without replacement

5: Weight Updates. alX;) <« b Weight Updates. alX;) <«
Oé(Xl) + wa(x, X, Sb) Oz(XZ) + 1 {XZ € Hk(fL‘, Sb)} /k:

6: end for : end for

7. Weight Normalization. «(X;) < 7. Weight Normalization. «o(X;) <

Oé(Xl)/B R
Estimation. Denote 6 as a solution of

U(2;0) =320 a(Xi)y(Zi0) =0

. Estimation. Denote 6 as a solution of

U(2;0) =320 a(Xi)y(Zi50) =0

4.2.3 Local Intrinsic Dimension

We are interested in settings that the distribution of X has some low dimensional structure
on a ball around the target point x. The following notions are adapted from Kpotufe| (2011)),

which we present here for completeness.

Definition 3. The marginal i is called doubling measure if there exists a constant

Cap > 0 such that for any x € X and any r > 0 we have u(B(z,r)) < Capu(B(x,7/2)).

An equivalent definition of this notion is that, the measure p is doubling measure if

there exists C,d > 0 such that for any x € X,r > 0, and 6 € (0,1) we have u(B(z,r)) <
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CO~%u(B(z,0r)). In this definition, d acts as dimension.

A very simple example of doubling measure is Lebesgue measure on the Euclidean
space R?. In particular, for any r > 0,6 € (0,1) we have vol(B(z,0r)) = vol(B(z,r))6%.
Building upon this, we can construct doubling probability measures on RP. Let X € RP
be a subset of d-dimensional hyperplane and suppose that for any ball B(z,r) in X we
have vol(B(xz,r) N X) = O(rd). If p is approximately uniform, then we can translate this
volume approximation to the probability measure p. In fact, under this condition, we have
u(B(w,0r) /u(B(x, 7)) = ©(6%).

Unfortunately, the global notion of doubling dimension is very restrictive and many
probability measures are globally complex. Rather, once restricted to local neighborhoods,
the probability measure becomes lower dimensional and intrinsically less complex. The

following definition captures this local notion of dimension more appropriately.

Definition 4. Fiz x € X and r > 0. The marginal p is (C,d)-homogeneous on B(z,r)
if for any 0 € (0,1) we have u(B(x,r)) < CO~u(B(x,0r)).

Intuitively, this definition requires the marginal u to have a local support that is intrin-
sically d-dimensional. This definition covers low-dimensional manifolds, mixture distribu-

tions, d-sparse data, and also any combination of these examples.

4.2.4 Examples of Spaces with Small Intrinsic Dimension

In this section we provide examples of metric spaces that have small local intrinsic di-
mension. Our first example covers the setting where the distribution of data lies on a
low-dimensional manifold (see, e.g., Roweis and Saul |2000, [Tenenbaum et al.| 2000} Belkin,
and Niyogi| 2003). For instance, this happens for image inputs. Even though images are
often high-dimensional (e.g., 4096 in the case of 64 by 64 images), all these images belong

intrinsically to a 3-dimensional manifold.

Example 4.2.1 (Low-Dimensional Manifold (Adapted from [Kpotufe (2011)))). Consider a
d-dimensional submanifold X C RP and let u have lower and upper bounded density on X.
The local intrinsic dimension of u on B(x,r) is d, provided that r is chosen small enough and
some conditions on curvature hold. In fact, Bishop-Gromov theorem (see, e.g.,|Carmo|1992)
implies that under such conditions, the volume of ball B(x,r) N X is ©(r?). This together
with the lower and upper bound on the density implies that u(B(x,r)NX)/u(B(x,0r)NX) =
0(0%), i.e. u is (C,d)-homogeneous on B(x,r) for some C > 0.
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Another example which happens in many applications, is sparse data. For example, in
the bag of words representation of text documents, we usually have a vocabulary consisting
of D words. Although D is usually large, each text document contains only a small number
of these words. In this application, we expect our data (and measure) to have smaller
intrinsic dimension. Before stating this example, let us discuss a more general example

about mixture distributions.

Example 4.2.2 (Mixture distributions (adapted from Kpotufe (2011)))). Consider any miz-
ture distribution p =Y, mip;, with each p; defined on X with potentially different supports.
Consider a point x and note that if x & supp(u;), then there exists a ball B(x,r;) such that
wi(B(x,r;)) = 0. This is true since the support of any probability measure is always closed,
meaning that its complement is an open set. Now suppose that r is chosen small enough
such that for any i satisfying x € supp(p;), pi is (Ci, d;)-homogeneous on B(x,r), while for
any i satisfying x & supp(p;) we have p;(B(xz,r)) = 0. Then,

w(B(x,r)) = Zmui(B(w))z Y. mum(Blar)+ Y miu(Bla,r)

i3 (B(z,r))=0 i (B(x,r))>0

IN

co~t > mp(Blx,0r) = Cé_dzmui(B(x,Qr):C’G_du(B(:n,Gr)),

i:5(B(z,m))>0

where C = max;,,,, (B(z,r))>0 Ci, d = MaX;, (B(x,r))>0 di; and we used the fact that if p;(B(z,7)) =
0 then p;(B(x,0r)) = 0. Therefore, u is (C,d)-homogeneous on B(x,r).

This result applies to the case of d-sparse data and is explained in the following example.
Example 4.2.3 (d-Sparse Data). Suppose that X C RP is defined as
D
X = {(.%‘1,:172,...,1‘1)) ERD : Z 1{33i 7&0} Sd}
i=1

Let p be a probability measure on X. In this case, we can write X as the union of k = (Z) ,d-

dimensonal hyperplanes in RP. In fact,

X = U1§i1<i2<---’id§D {($1,.T2, e 7J;D) € ]RD : 1"] = 07 .7 g {i1>i27 e 7id}} .

Letting i, i,,..i, be the probability measure restricted to the hyperplane defined by x; =

0,7 & {i1,i2,...,1q4}, we can express p = Zl§i1<i2<~--id§D Tt i ighlissia,..iq- 1herefore,
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the result of Example implies that for any x € X, for r that is small enough p is
(C,d)-homogeneous on B(x,r).

Our final example is about the product measure. This allows us to prove that any
concatenation of spaces with small intrinsic dimension has a small intrinsic dimension as

well.

Example 4.2.4 (Concatenation under the Product Measure). Suppose that p; is a prob-
ability measure on X; C RPi, i = 1,2. Define X = {(21,22) | 21 € X1, 22 € X} and let
U= p1 X pe be the product measure on X, i.e., w(E1 X Ey) = u1(E1) x ua(Es) for E;
that is p;-measurable, i = 1,2. Suppose that p; is (C;, d;)-homogeneous on B(x;,r;) and let
x = (x1,22). Then, p is (C,d)-homogeneous on B(x,r), where d = dy +dz, = min{ry,r2}
and C' = (Cy Co r—(ditd2) oldid2)/2y (- 202y T establish, this, let r = min {ry, 72} and
note that for any 6 € (0,1) we have

p(B(z,r)) < M(B(xlv r) % B(xg,r)) = pa (B(x1,7)) X p2 (B(x2,7))

961,7“1)) x pi2 (B(z2,72))

_ [ ) (5 (e 2))] = e (22g) e (2 (2 25)

01 CQ r —(d1+d2) Cdd
di \/if(d1+d2)9 R <B(m1,r0/\f2) X B($27r9/\[2))
C1 0y p—(d1+d2) 2(dy+d3)/2

- —dy —d2
Ty

AN

o (B(x,r0))

where we used two simple inequalities that ||(z1, z2) — (x1,x2)||2 < 7 implies ||z; — z;il|2 <
2, and further ||z; — xi||2 < r/V2, i = 1,2, implies ||(21, 22) — (z1,22) |2 < 7.
4.3 Assumptions

The bias of non-parametric estimator is tightly connected to the kernel shrinkage, as noted
by |Athey et al.| (2019), [Wager and Athey| (2018]), Oprescu et al.| (2018).

Definition 5 (Kernel Shrinkage in Expectation). The kernel weighting function output by

learner Ly when it is given s i.i.d. observations drawn from distribution D satisfies
E [sup {||lz — Xi|l2 : K(x, X;,S) > 0}] = €e(s).

90



Definition 6 (Kernel Shrinkage with High Probability). The kernel weighting function
output by learner L when it is given s i.i.d. observations drawn from distribution D w.p.

1 — 6 over the draws of the s samples satisfies
sup {||lz — Xj||2 : K(z, X;,S) > 0} <e(s,0).

As shown in \Wager and Athey| (2018), for trees that satisfy some regularity conditions,
e(s) < s~/ for a constant ¢. We are interested in shrinkage rates that scale as s~%/%, where
d is the local intrinsic dimension of y on B(x,r). Similar to |Oprescu et al. (2018]), Athey
et al| (2019)), we rely on the following assumptions on the moment and score functions. We
divide our assumptions into two parts. While the first part is sufficient for establishing

estimation guarantees, for asymptotic normality results we require both.
Assumption 5.

1. The moment m(x;0) corresponds to the gradient w.r.t. 6 of a A-strongly convez loss
L(z;0). This also means that the Jacobian My = Vom(z;0(x)) has minimum eigen-

value at least .

2. For any fized parameters 0, m(x;0) is a Ly,-Lipschitz function in x for some constant

Ly,.

3. There ezists a bound max such that for any observation z and any 0, |1 (2;0)]c0 <

wmax .

4. The bracketing number Nj(F,¢, La) of the function class: F = {(0) : 0 € O},
satisfies log(N(F, ¢, La)) = O(1/e).

Assumption 6.

1. For any coordinate j of the moment vector m, the Hessian H;(z;0) = V3ym;(z;0)

has eigenvalues bounded above by a constant Ly for all 0.
2. Mazimum eigenvalue of My is upper bounded by Lj.

3. Second moment of 1(x;0) defined as Var (¢(Z;0) | X = x) is Liym-Lipschitz in z, i.e.,

| Var ((Z;0) | X = z) — Var (¥(Z;0) | X = ') | < Limllz — 2'||2.
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4. Variogram is Lipschitz: supgey || Var(y¥(Z;0) —(Z;0") | X = z)||p < Ly||0 — ¢'||2.

Note that our assumption on strong convexity of the moment m(x;#) has been made
to make the presentation easier. This assumption allows us to establish consistency and
convergence rate together in a single analysis. However, once this assumption is removed,
the analysis of consistency and establishing the rate of convergence is still feasible, but
needs to be divided in two parts (see, e.g., Athey et al|2019, Oprescu et al./[2018).

The condition on variogram always holds for a 1 that is Lipschitz in 8. This larger class
of functions ¢ allows estimation in more general settings such as a-quantile regression that
involves a 1 which is non-Lipschitz in #. Similar to |Athey and Imbens| (2016)), Athey et al.

(2019), we require kernel K to be honest and symmetric.

Assumption 7. The kernel K, built using samples {Z1, Za, ..., Zs}, is honest if the weight
of sample i given by K (x, X;,{Z; };:1) is independent of Y; conditional on X; for any j € [s].

Assumption 8. The kernel K, built using samples {Z1, Za, ..., Zs}, is symmetric if for
any permutation  : [s] — [s], the distribution of K (z, X;,{Z; }jzl) and K (x, Xx(), { Zx(j) };:1)
are equal. In other words, the kernel weighting distribution remains unchanged under per-

mutations.

For a deterministic kernel K, the above condition implies that K(z, X;, {Zj}izl) =
K (2, Xi,{Zrj)};=1), for any i € [s]. In the next section, we provide general estimation and
inference results for a general kernel based on the its shrinkage and incrementality rates.
Our estimation guarantees require kernel K to be honest (Theorem , while for asymptotic

normality we also require K to be symmetric (Theorem @

4.4 Guarantees for Sub-Sampled Kernel Estimators

Our first result establishes estimation rates, both in expectation and high probability, for

kernels based on their shrinkage rates. The proof of this theorem is deferred to Appendix

[C3l

Theorem 8 (Finite Sample Estimation Rate). Let Assumptions E5] and E?] hold. Suppose
that Algorithm is executed with B > n/s. If the base kernel K satisfies kernel shrinkage

in expectation, with rate €(s), then w.p. 1 —§

160601l < 3 (L) + O (g2 g los(r/) + g/ ) ) . (40)
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Moreover,

VE[10-06018] < 3 (2et5)+ 0 (e [P rogtostonss)) ) . (1.42)

The next result establishes asymptotic normality of sub-sampled kernel estimators. In

particular, it provides coordinate-wise asymptotic normality of our estimate 0 around its
true underlying value (). The proof of this theorem is deferred to Appendix

Theorem 9 (Asymptotic Normality). Let Assumptions @ @ @ and@ hold. Suppose that
Algom'thm 1s executed with B > (n/s)5/4 and the base kernel K satisfies kernel shrinkage,
with rate €(s,0) in probability and €(s) in expectation. Let n(s) be the incrementality of
kernel K defined in Equation and s grow at a rate such that s — oo, nn(s) — oo,
and €(s,m(s)?) — 0. Consider any fived coefficient § € RP with ||3]] < 1 and define the
variance as

2
0n5(T) = - Var

E [Z K(x, Xi,{Z;}521) (B, My " 0(Zi;0(x))) | Z1
=1

Then it holds that o, g(x) = §2 <s«/77 ) Moreover, suppose that

max (6(8),6(3)1/4( log log(n /) ) (2 Ioglog(n/s)>5/ 8> —o(ons(z).  (4.43)

Then,

on,p()
Remark 4.4.1. Our notion of incrementality is slightly different from that of | Wager and
Athey (2018), as there the incrementality is defined as Var [E [K(x,Xl, {Zj};-1) | X1”.

However, using the tower law of expectations

—d N(O, 1) .

[E[K (z, X1,{Z;}}=1) | X1]*] — Var [E[K (z, X1,{Z;}}—) | X1]]
= E [E [K(vah{Zj}j':l) ‘ Xl]]Q =K [K(vah {Zj};zl)]Z

2
For a symmetric kernel the term E [K(m,Xh {Zj};‘:l)} is equal to 1/s* and is asymp-
totically negligible compared to Var [E [K(m,Xl, {Zi};1) | Xlﬂ , which usually decays at a

slower rate.
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Theorems [§ and [J] generalize existing estimation and asymptotic normality results of
Athey et al.|(2019), Wager and Athey| (2018)), |[Fan et al.| (2018) to an arbitrary kernel that
satisfies appropriate shrinkage and incrementality rates. These general theorems could be
of independent interest beyond the scope of this work. Following this approach, the main
steps would be deriving shrinkage and incrementality rates of the kernel of interest. The
following lemma relates these two and provides a lower bound on the incrementality in

terms of kernel shrinkage. The proof uses the Paley-Zygmund inequality and is deferred to
Appendix
Lemma 7. For any symmetric kernel K (Assumption[§) and for any 6 € [0,1]:

_ N : (1= 6) (1/s)?
n =B B[R X420 | 4] 2 e

Thus if 1(B(x,€(s,1/(25%)))) = O(log(s)/s), then picking p = 1/(2s%) and 6 = 1/2 implies
that E[E[K (z, X1, {Zj}j-:l)|X1]2] = Q(1/slog(s)).
This result has the following immediate corollary. The proof is left for Appendix

Corollary 3. If €(s,6) = O((log(1/6)/s)"?%) and u satisfies a two-sided version of the
doubling measure property on B(x,r), defined in Deﬁnition i.e., the existence of two con-
stants ¢ and C such that pu(B(z,0r)) > CO~%u(B(x,r)) and u(B(z,0r)) < = u(B(z,r)),
for any 0 € (0,1). Then, E[E[K (z, X, {Zj}jzl)\Xl]Q] =Q(1/(slog(s))).

Even without this extra assumption, we can still characterize the incrementality rate of

the k-NN estimator, as we observe in the next section.

4.5 Main Theorem: Adaptivity of the Sub-Sampled i-NN

Estimator

In this section, we provide estimation guarantees and asymptotic normality of the k-NN
estimator by using Theorems [8 and [0] We first establish shrinkage and incrementality rates

for this kernel.

4.5.1 Estimation Guarantees for the Sub-Sampled £-NN Estimator

We start by providing shrinkage results for the k-NN kernel. As observed in Theorem

shrinkage rates are sufficient for bounding the estimation error. The shrinkage result that
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we present here would only depend on the local intrinsic dimension of y on B(z, ).

Lemma 8 (High Probability Shrinkage for the k-NN Kernel). Suppose that the measure p
is (C,d)-homogeneous on B(z,r). Then, for any ¢ satisfying 2exp (—u(B(z,r))s/(8C)) <
§ < Sexp(—k/2), w.p. at least 1 —§ we have

1/d
Iz = Xy ll2 < ex(s,6) = O <log(1/5)> |

S

We can easily turn this into a shrinkage rate in expectation. In fact, by the very

1/d combined with the fact that X has diameter Ay, we can

convenient choice of § = s~
establish O ((log(s) /s)Y ) rate on expected kernel shrinkage. However, a more careful
analysis would help us to remove the log(s) dependency in the bound and is stated in the

following corollary:

Corollary 4 (Expected Shrinkage for the k-NN Kernel). Suppose that the conditions of
Lemma@ hold. Let k be a constant and ex(s) be the expected shrinkage for the k-NN kernel.
l)l/d.

Then, for any s larger than some constant we have e (s) = E [[|z — Xg)ll2] = O (3

We are now ready to state our estimation result for the k-NN kernel, which is honest
and symmetric. Therefore, we can substitute the expected shrinkage rate, established in

Corollary [4] in Theorem [§] to derive estimation rates for this kernel.

Theorem 10 (Estimation Guarantees for the k-NN Kernel). Suppose that p is (C,d)-
homogeneous on B(z, ), Assumptz’on@ holds and that Algorithm@ is executed with B > n/s.
Then, w.p. 1 —9§:

16 =060}l = 3 (0 (5/) +0 thnaey /2 loglogtn/s) +louto/) ) ) . (450

and

\/E 16— 6] < 3 (o (s +o0 (wmax\/ps logk;g(p"/s)» L (452)

By picking s = © (n¥(4+2)) and B = Q (n?(4+2)) we get \/]E [Hé — H(x)H%} = O (n~V(d+2)).

95



4.5.2 Asymptotic Normality of the Sub-sampled k-NN Estimator

In this section we prove asymptotic normality of k-NN estimator. We start by provide

bounds on the incrementality of the k-NN kernel.

Lemma 9 (k-NN Incrementality). Let K be the k-NN kernel and let ni(s) denote the

incrementality rate of this kernel. Then, the following holds:

2k—2
mk(s) = E [1[«: (K (2, X1,{Z;}j=1) | Xlﬂ = (25_11);{;2 (Z ZZ) ’

2k—2

where sequences {at}?if and {bi};—o" are defined as

min{t,k—1}

t
s—=1\ (s—1 s—1\ (s—1
" 2 < i ><t—i> and =3 ( i ><t—z'>‘
i=max{0,t—(k—1)} =0

Remark 4.5.1. Note that b, = (25;2) since we can view by as follows: how many different
subsets of size t can we create from a set of 2s—2 elements if we pick a number i = {0,...,t}
and then choose i elements from the first half of these elements and t — i elements from the

second half. This process creates all possible sets of size t from among the 2s — 2 elements,

23;2) ]

Furthermore, for 0 <t <k —1, a; = b; and for any k <t < 2k — 2, after some algebra,

which is equal to (

we have
2k —1—1t Qg
_ < =< 1.
t+1 b T

This implies that the summation appeared in Lemma[3]] satisfies

2k722k_1_t 2k72a
k -t <ok 1.
YL T sl S

Note that the above remark implies that the summation a;/b; that appeared on Lemma
|§| always belongs to the interval [k, 2k — 1], and therefore it is known up to a factor 2. As we
observe later, the same term would appear on the characterization of asymptotic variance
of the k-NN estimator. The following lemma shows that when s — oo, we can exactly

characterize this summation up to a lower order term of 1/s.
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Lemma 10. Suppose that s — oo and k is fized. Then
2k—
Z bft = +O0(1/s),
t=0

where G =k + Y0227t ().

We can substitute n(s) in Theorem |§| to prove asymptotic normality of the k-NN es-
timator. Before doing that, we establish the asymptotic variance of this estimator, i.e.
on,j(x), up to the smaller order terms. The proof of this Lemma is deferred to Appendix
IC. 3
Theorem 11 (Asymptotic Variance of the Sub-Sampled k-NN Estimator). Let j € [p] be
one of coordinates. Suppose that k is constant while s — co. Then, for the k-NN kernel

s oj(x)

afl’j(az) = T2 =) Ck +o(s/n), (4.5.3)

where a]( x) = Var [{e;, My L(Z;0(x ) | X =] and ¢ = k+ka 22_tzz P ()
Combining results of Theorem [0 Theorem [11], Corollary [4, and Lemma [J] we have:

Theorem 12 (Asymptotic Normality of the Sub-Sampled k-NN Estimator). Suppose that
w is (C,d)-homogeneous on B(x,r). Let Assumptions@ @ hold and suppose that Algorithm
@ is executed with B > (n/s)®/* iterations. Suppose that s grows at a rate such that s — oo,
n/s — oo, and also s~ /%(n/s)/? — 0. Let j € [p] be one of coordinates and (f%’j(x) be

defined in Equation (4.5.3)). Then,

9@ = 05=) _, \o.1)
n,j(€) ’

Finally, if s =n® and B > n11=5) with B € (d/(d+2),1). Then,

9@ =05 _, \o.1)
on,j(2) ’

Plug-In Confidence Intervals. Observe that the Theorem [I1]implies that if we define

52 (2) = 39 & a5 the leading term in the variance, then 224 5, 1. Thus, due ¢
o‘nJ(J,') = S 5.7 15 as the leading term in the variance, then @) —p L. us, due to
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Slutsky’s theorem

>

A 2
i =0 0;—0;90,(2)

~2 2 ~2
n](x) Un,j(x) Un,j(x)

—a N(0,1). (4.5.4)

Hence, we have a closed form solution to the variance in our asymptotic normality theorem.
If we have an estimate &?(az) of the variance of the conditional moment around z, then

we can build plug-in confidence intervals based on the normal distribution with variance

52
%;Js (_Il) % Note that {; can be calculated easily for desired values of k. For instance,
we have (1 = 1,(o = %,Qg = 3—;’, and for £k = 1,2,3 the asymptotic variance becomes
2 62(x) 2 52(x) 2 62(x) .
BT 8 9h 1 31 3o Tespectively.

4.5.3 Adaptive Sub-Sample Size Selection

According to Theorem picking s = ©(n%(4+2)) would trade-off between bias and variance
terms. Also, according to Theorem [12} picking s = n® with d/(d +2) < 8 < 1 would result
in asymptotic normality of the estimator. However, both choices depend on the unknown
intrinsic dimension of p on the ball B(z,r). Inspired by Kpotufe| (2011), we explain a
data-driven way for choosing s.

Adaptive Selection for s. Suppose that 6 > 0 is given. Let C), , 5 = 2log(2pn/d) and
pick A > Ay. For any k < s < n, let H(s) be the U-statistic estimator for €(s) defined as
H(s) = D sem):|8)=s MAXX, e Hy (,5) |7 — Xill2/(%). Each term in the summation computes
the distance of x to its k-nearest neighbor on S and H(s) is the average of these numbers
over all () possible subsets S. Define Gs(s) = A\/C,psps/n. Tterate over s =n, - k.
Let sy be the smallest s for which we have H(s) > 2Gs(s) and let s; = s2 + 1. Note
that €x(s) is decreasing in s and Gs(s) is increasing in s. Therefore, there exists a unique
1 < s* < n such that e;(s*) < Gs5(s*) and ex(s* — 1) > G5(s* — 1). We have the following

Lemma.

Lemma 11. Consider the selection process described above and let sy be its output. Then,

w.p. 1 —9 we have
st —1

9

<sp <s*.

Having this lemma in hand, it is now easy to provide adaptive estimation and asymptotic
normality results. In particular, choosing s. = 9s; + 1 ensures that s, € [s*,10s*] and
therefore we are able to trade-off nicely between the bias €x(s) and variance (which is

roughly at the same order as Gs(s)). Note that constant numbers would only increase our
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bounds by constant factors. Furthermore, choosing s. = (9s1 4+ 1)n¢ for any ¢ > 0 ensures
that we fall in the region where €;(s) = o(o, j(x)) and therefore it leads to the asymptotic

normality of this estimator.

Proposition 4 (Adaptive Estimation). Let Assumptions of Theorem hold. Suppose
that s1 is the output of the above process. Let s, = 9s1 + 1 and suppose that Algorithm[3 is
executed with s = s, and B > n/s.. Then w.p. at least 1 — 2§ we have

A . —1/(d+2)
W—H@W2=O«%®ﬂ)20((pbﬁ%mﬂ”> )'

Furthermore, for § = 1/n we have

VE[10 - 0wg] =0 (nre2)

Proposition 5 (Adaptive Asymptotic Normality). Let Assumptions of Theorem 12 hold.

Suppose that sy is the output of the above process when § = 1/n and s, = 9s1 + 1. For any
¢ € (0, (log(n) — log(s1) — loglog?(n))/log(n))) define s¢ = s.nS. Suppose that Algom'thm@

is evecuted with s = s¢ and B > (n/s¢)*/4, then for any coordinate j € [p], we have

0;(x) — 0;(x)

i (@) — N(0,1).

Remark 4.5.2. Note that although computation of H(s) may look complex as it involves the
calculation of distance of x to its k-nearest neighbor on all (2) subsets, there is a closed form
expression for H(s) according to its representation based on L-statistic. In fact, by sorting
samples (X1, Xo, ..., Xy) based on their distance to z, i.e, ||[v — X(ll2 < [z — Xg)ll2 <

oo Sl = Xy ll2, we have

weo= (1) S () (e ok

Therefore, after sorting all training samples based on their distance with x, we can compute

values of H(s) very efficient and fast.
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4.6 Conclusions and Discussions

In this chapter, we studied estimation and inference for conditional moment equations in
the presence of high-dimensional conditioning variable which has a low intrinsic dimension
locally. We proved that by combining sub-sampling techniques and non-parametric esti-
mators, we can achieve both estimation accuracy and also asymptotic normality which is
crucial for building confidence intervals and drawing inference about quantities of inter-
est. In particular, letting D and d be the extrinsic and intrinsic dimension respectively,
we proved that finely tuned sub-sampled k-NN estimators are able to adapt to unknown
intrinsic dimension of the problem and provide O(n~1/(¢+2)) estimation accuracy and also
are n'/(4+2)_asymptotically normal.

Our results shed some light on the importance of using adaptive machine learning based
estimators, such as nearest neighbor based estimates, when performing estimation and
inference in high-dimensional settings. Such estimators address the curse of dimensionality
by adapting to a priori unknown latent structure in the data. Moreover, coupled with
the powerful sub-sampling based averaging approach, such estimators can maintain their
adaptivity, while also satisfying asymptotic normality and thereby enabling asymptotically
valid inference; a property that is crucial for embracing such approaches in econometrics

and causal inference.
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Appendix A

Supplementary Materials for
Chapter

A.1 Properties of Covariate Diversity

Proof of Lemma[i] Since for all u € R at least one of x ' u > 0 or —x'u > 0 holds, and

using conditions (a), (b), and (c) of Lemma (1| we have:

/xxT]I(XTu > 0)px (x)dx > / xx ' I(x"u > 0)px(x)dx
W

- ;/W xx! [H(XT“ > 0)px (%) + I(—x"u > 0)px (—x)| dx

>~ 1/ xx | [H(XTU >0) + g]I(x—ru < 0)]pX(X)dx
2 Jw b

- % . xx ' px(x)dx

= —1.
= op td

Here, the first inequality follows from the fact that xx' is positive semi-definite, the first
equality follows from condition (a) and a change of variable (x — —x), the second inequality
is by condition (b), the third inequality uses a < b which follows from condition (b), and

the last inequality uses condition (c). O

We now state the proofs of lemmas that were used in §2.2.2
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Proof of Lemma[g. First note that B}iz is symmetric with respect to each axis, therefore the
off-diagonal entries in | B xx ' dx are zero. In particular, the (i, ) entry of the integral is
equal to [ BY x;xjdx which is zero when ¢ # j using a change of variable x; — —x; that has
the identity as its Jacobian and keeps the domain of integral unchanged but changes the

sign of x;z;. Also, by symmetry, all diagonal entry terms are equal. In other words,

/ xx ' dx = /
B¢ B

Now for computing the right hand side integral, we introduce the spherical coordinate

x%dx> Iy. (A.1.1)

d
R

system as

x1 = rcosb,

T9 = rsin fq cos by,

Tg_1 =rsinf;sinfs...sinf;_ocosby_q,
Tg=rsinfysinfsy...sinfy_osinfy_q,
and the determinant of its Jacobian is given by

ox

oro

det J(r,0) = det [ ] =9 1sin?2 6, sin% 36, .. .sinb,_o.
Now, using symmetry, and summing up equation (A.1.1)) with :E? used instead of :L‘% for all
i € [d], we obtain

),

xx ' dx = / (:p% +x% + ... —i—:):?l) dzidxs . ..dzy
B

d
R

R
= / / r4tlsin®2 0, sin? 30, ... sinfy_odrdéy...d0g_; .
01,....,04-1 Jr=0

d
R

Comparing this to

vol(B%) = /

R
/ r4 1 sin?2 0, sin? 30, .. .sinfy_odrdé; ...d04_1,
01,..,04-1 Jr

=0
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we obtain that

O]

Proof of Lemma[I3 We can lower-bound the density px trunc by the uniform density as

follows. Note that we have xS 7!x < ||x|3Amax (£7!) and as a result for any x satisfying

Ix|l2 < Zmax we have

22
1 1 B exp (‘%)
exp <_XTE 1x> > = PX,uniform-1b -

pX,trunc(x) > px(X) = W B (27r)d/2‘§]|d/2

Using this we can derive a lower bound on the desired covariance as following

Bd

Tmax

1 :L'?nax T
= emazzjir P (‘ 2>\min(2)> /Bd xxdx

Tmax

;e . :UIQna.x $I2nax Ol(Bd )I
2m)a2[s|42 TP\ T (D) ) d+2 0w

= )\uniId )

/d XXTpX,trunc (X)dX = / XXTpX,uniform—lb (X)dX
B

Tmax

where we used Lemma [2| in the third line. This concludes the proof. O

Lemma 12. The following inequality holds

/d XXTpX,trunc(X)dX = )\uniId7
B,

Tmax

where >\um = W exp (*m) d+2 VOl(BfUmax)'

Proof. We can lower-bound the density px trunc by the uniform density as follows. Note

that we have x' £ 'x < ||x[3Amax (£7!) and as a result for any x satisfying [|x||> < Zmax
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we have

22
| L e ()
pX,trunc(x) > px (X) = W €Xp <_2XTE 1X> > (27.[.)d/2‘2|d/2 = PX,uniform-1b -

Using this we can derive a lower bound on the desired covariance as following

/ XXTpX,trunc (X)dX b / XXTpX,uniform—lb (X)dX
Bd Bd

Tmax Tmax

1 l'?nax T
= emazzjir P (_ 2>\min(2)> /Bd xx - dx

Tmax

_ 1 . :L‘IQna.x $1211ax I(Bd )I
T en @2z d2 TP\ (D) ) d+ 20 emad)d
= Aunild
where we used Lemma [2in the third line. This concludes the proof. O

A.2 Useful Concentration Results

Lemma 13 (Bernstein Concentration). Let {Dy, Hy}72, be a martingale difference se-

quence, and let Dy be oy-subgaussian. Then, for all t > 0 we have

]P’[’Zn:Dk’>t

t2
<2ew{-jea .

Proof. See Theorem 2.3 of Wainwright| (2016) and let by = 0 and vy = oy, for all k. ]

Lemma 14 (Theorem 3.1 of Tropp| (2011))). Let H1 C Ha C --- be a filtration and consider
a finite adapted sequence { Xy} of positive semi-definite matrices with dimension d, adapted
to this filtration. Suppose that Amax(Xy) < R almost surely. Define the series Y = >, X},
and W =3, E[Xy, | Hr—1]. Then for all p >0,y € [0,1) we have:

e n/R
P Pnin(¥Y) < (1= ) and Amm<W>zmgd<M) .
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A.3 Proof of Regret Guarantees for Greedy Bandit

We first prove a lemma on the instantaneous regret of the Greedy Bandit using a standard
peeling argument. The proof here is adapted from Bastani and Bayati (2015 with a few
modifications; we present it here for completeness.

Notation. We define the following events to simplify notation. For any A, x > 0, let

Fy = {in (X(Si) X (S10)) = At} (A3.1)
G = {13(Si0) = Bill < x} - (A.3.2)

Proof of Lemma[6. We can decompose the regret as r4(m) = E[Regret, ()] = Zf; E[Regret, () |
X € Ri] - P(X; € R;). Now we can expand each term as

E[Regret,(r) | X; € Ri] =E [Xj (B — Br) | X: € Rl} :

For each 1 < i,l < K satisfying i # [, let us define the region where arm i is superior over

arm [

Rizit = {X €X:x B(Sis1) > XTB(Sl,t—l)} ,

Note that we may incur a nonzero regret if XtTB(Sm’t,l) > XtTB(Sl’t_l) or if XtTB(Sm’t,l) =
X,tT B(Sl,t—l) and the tie-breaking random variable W; indicates an action other than [ as
the action to be taken. It is worth mentioning that in the case X;B(Sm,t—l) = X;B(Sl,t—l)

we do not incur any regret if W; indicates arm [ as the action to be taken. Nevertheless, as
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regret is a non-negative quantity, we can write

E[Regret,(7) | X; € Ry] <E [H(Xjﬁ(sm,t_l) X, B )X (61— Br) | Xi € Rl}

<) E [ Siv-1) = X[ B(Si—)) X[ (B — Bi) | X¢ € Rz]
1#l

= Y E[UX: € Rz ) X[ (B~ B) | Xi € Ri|
il

< Z { [ Ri>is l)\f/i,fé\fﬁ)XtT(ﬁl - Bi) | Xi € Rz]
1#£l

+E |:]I(Xt € Risi tv]:[\f/%)XT(ﬁl -Bi) | Xe € Rz]

+E []I(Xt € ﬁizlt,}"” DX (B -B) | X € Rl] }

Xo/4 A
0/ , and F, tO/l are

independent of the event X; € R; which only depends on X;, together w1th the Cauchy-

where in the second line we used a union bound. Using the fact that Fi
Schwarz inequality implying X," (8 — ;) < 2bmax@max, we have

E[Regret, () | X, € R] <Y {E [1(X1 € Rz, Fop! 1 FRELDX] (8- B) | X € R
il

Ao/4 Ao/4
+ 2bmax$max < ("rl 1?/1) + P(‘/rz,?—/l)) }

SOE 10X € Rizue, Foy 1 FLDX] (5= B) | X € Rl
il

+ 4(K — 1)bmaxTmax m?X]P(f:‘fz 1. (A.3.3)

Hence, we need to bound the first term in above. Fix 7 and note that when we include events

Ao /4 Ao/4 . . 5
.7-"“?1 1 and ]-'lf 7/ 1» we can use Lemma |5 which proves sharp concentrations for 5(S;;—1) and

B (Sit—1). Let us now define the following set

I"={xe X :x" (B — Bi) € (20Zmaxh, 20T max(h + 1)]},

where § = 1/4/(t — 1). Note that since X, (3 — ;) is bounded above by 2bmaxTmax, the
set I" only needs to be defined for h < h™* = [by.,/6]. We can now expand the first term
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in Equation (A-3.3) for i, by conditioning on X; € I" as following

E [H(Xt € ﬁizl,t,]ﬁ?fﬁ,ﬂ/\f/%)XT(ﬁl —Bi) | Xi € Rl}
hmax

= Z E [H(Xt € ﬁigluﬁ)\f/iaﬁi\ffi))(;(ﬁl - Bi) | Xe e Ryn Ih} P[X; € I"]

h]’IlaX

<> 20Tmax(h + DE [H(Xt € ﬁizz,t,}}?fﬁ, ZA,?/%) | Xt e RN Ih} PIX; € 1"
h=0
hmax

< 3" 262 max(h + 1)E [H(Xt € Ristis Fpl L F) | X € Rin Ih}
h=0

PIX," (8 — B:) € (0,20 max(h + 1)]]

pmax

< Z 4Co0%2, (h+ 1)*P [Xt € Ristis Fpt L FY | X € Ry Ih} (A.3.4)

where in the first inequality we used the fact that conditioning on X; € I", X, (8 — 5:)
is bounded above by 2§zmax(h + 1), in the second inequality we used the fact that the
event X; € I" is a subset of the event X, (8 — ;) € (0,202max(h + 1)], and in the last
inequality we used the margin condition given in Assumption [2l Now we reach to the final
part of the proof, where conditioning on .7-'1)‘;)/ %,]—"{\ﬂ Zi, and X; € I" we want to bound
the probability that we pull a wrong arm. Note that conditioning on X; € I, the event
X, (B(Si,tfl) - B(Sl,t_l)) > 0 happens only when at least one of the following two events:
i) X, (8 — B(Sl’t,l)) > dZmaxh or ii) X;(B(Siyt_l) — Bi) > 0xmaxh happens. This is true

according to

X[ (B(Sia-1) = B(Sia))
=X (B(Sie—1) — Bi) + X, (B — B) + X, (B — B(S14-1))
X i,t—1

p
(B(S, - ) - ﬁl) - 26$maxh + Xt—r(ﬁl - B(Sl,t—l)) .
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Therefore,

P |:]I(Xt S 7%1'21715,.7[):;7/%, j\?/éi) | Xt c Rl N Ih:|
<P X (B = B(Si1)) = dwmash, Frp { Fotlt | Xo € RO T

+P | X (BSie1) = Bi) 2 Samah, Foy 4, Foslt | Xe € RO ']

IN

XtT(/Bl - B(Sl,tfl)) Z &xmaxh -F.l)\l?/zi ’ Xt S Rl N Ih]

P [X;(B(Si,tfl) — Bi) = 0Tmaxh, -7:1)}0/4; | X e RiN Ih}

'ﬂ_‘_ =

IN

1161 — B(Ste—1)llz = b, F/4 | X, € leh}

+P[||ﬁ< 1) = il > 60, FXY | Xp e R0 1], (A.3.5)

where in the third line we used P(A,B | C) < P(A | C), in the fourth line we used
Cauchy-Schwarz inequality. Now using the notation described in Equation (A.3.2)) this can

be rewritten as

[glt 1 l)‘f/‘i]thle]h]+p[g” 1 z)\?/ﬂXtERzﬂfh}

)\ 4 )\ 4
=P {glt 1 lz?/l} +P [gzt i) zf/l}
< 4ddexp (—Cs(t — 1)(0h) ) = 4d exp(—h?),
in the fifth line we used the fact that both R; and I" only depend on X; which is independent

of 6( .t—1) for all ¢, and in the sixth line we used Lemma We can also bound this
probability by 1, which is better than 4dexp(—h?) for small values of h. Hence, using
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SK  P[R;] = 1 we can write the regret as

K
E[Regret,(r)] = Y _E[Regret,(r) | X; € Ry] - P(X; € Ry)
=1

K hmax
<SS (4608222, (0 + 1) min{1, dd exp(—h2)}] + A(K — 1)bimaxmax max P(F; 0 ))
=1 \ i#l h=0 ‘
P(Xt c Rl)
hmax
< A(K —1)C0%22,,, (Z (h4 1) min{1,4dexp(—h2)}> + 4(K — 1)bymaxTmax maxp(f;?ﬁ)
h=0 ‘
hO max
<4(K —1) [ Cod2%a2 [ S+ 12+ Y 4d(h+1)? exp(—h%) | + bmaxmax max P(Fe 1)
h=0 h=ho+1 ‘

(A.3.6)

where we take hg = |v/Iog4d] + 1. Note that functions f(z) = z?exp(—2?) and g(z) =

rexp(—2?) are both decreasing for > 1 and therefore

Jyma Jyma
> (h+1)%exp(—h*) = > (h®+ 2k + 1) exp(—h?)
h=hgp+1 h=ho+1
pmax pmax max
Z h%exp(—h?) + 2 Z hexp(—h?) + Z exp(—h?)
h=ho+1 h=ho+1 h=ho+1
g/ thxp(—hQ)le—/ 2hexp(—h2)dh+/ exp(—h?)dh.
ho ho ho

(A.3.7)

Computing the above terms using integration by parts and using the inequality ftoo exp(—2z?)dz <
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exp(—t%)/(t + \/t2 + 4/7) yields

hO hmax
ho +1)(ho + 2)(2ho + 3
Sh+1+4d > (h+1)2exp(—h2):( o+ 1)( ”g )(2ho )+d(2h0+7)exp(—h3)
h=0 h=ho+1
1 3 13 1
< -h34+Sh24+ = 1 2 —
1 3 3 2 8 11
Sg(\/logéld—l—l) +§<\/log4d+1> +§<\/log4d+1)+z
3 3 2 8 11
§<\/logd+2> +§<\/logd+2) +§(\/logd+2>+z
1 i}
=3 (logd)®? + glogd + ?(log d)/? + % = (logd)*/*C

where C is defined as (2.3.2). Plugging 6 = 1/4/(t — 1)C3 and substituting in (A.3.6))

implies

4(K —1)CoCa2,, (logd)3/? 1

max

ri(m) = E[Regret, ()] < Cs t—1

+4(K —1)bmaxTmax <mzax IP’[.FQEE])

as desired. O

Proof of Theorem[1 The expected cumulative regret is the sum of expected regret for times
up to time 7. As the regret term at time ¢ = 1 is upper bounded by 2Zyaxbmax and as

K = 2, by using Lemma [ and Lemma [6] we can write

Rp(m) = Zrt(w)

t=1
4CoC22,, (logd)®? 1

max

Cs t—1

T
< 2T maxbmax +
=2

+ 4bpaxTmaxd exp(—C1 (t — 1))]

N oo

1 =
4CoCa, (logd)*/ 1
0 xmaéf( Og ) E +4bmaxxmaXdeXp(_Clt)

3

(]

= 2Zmaxbmax +

=1
4CoCx2 . (

max

< 2Zmaxbmax +

loo d 3/2 T 1 0
g )"y | / 2t) + 4biasTaxd / exp(—Cht)dt
1 1

Cs
4CyC22,.  (log d)3/? 4bmaxTmaxd
— e by 20T (log d) (1+ log T) + — max?max®
03 Cl

_ 128C)Cx} . 0d(log d)*/? 4

128C,Czt , .o%d(log d)>/? . 160byax

3

max

logT + | 2xmaxbmax +
22 ( x0ma 22
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finishing up the proof. O

A.4 Greedy-First Assumptions and Its Heuristic Implemen-

tation

We present the pseudo-code for OLS-Bandit and also the the heuristic for Greedy-First that
were not presented in §2.4]due to space limitations. The OLS bandit algorithm is introduced
by |Goldenshluger and Zeevi (2013) and generalized by Bastani and Bayati (2015)). Here,
we describe the more general version that applies to more than two arms where some arms
may be uniformly sub-optimal. For more details, we defer to the aforementioned papers.
As mentioned earlier, in addition to Assumptions|l|and [2| OLS bandit needs two additional

assumptions as follows:

Assumption 9 (Arm optimality). . Let Kop and Ksup be mutually exclusive sets that
include all K arms. Sub-optimal arms i € Kgu satisfy X' 5; < max;; XTBJ- — h for
some h > 0 and every X € X. On the other hand, each optimal arm i € Kop, has a
corresponding set U; = {X | XTp; > maxj#XT,Bj + h} We assume there exists p, > 0
such that mingeic,,, Pr[U;] > p*.

Assumption 10 (Conditional Positive-Definiteness). Define £; = E[XX ' | X € U;] for
all i € Kopt. Then, there exists A1 > 0 such that for all i € Kopt, Amin (£;) > A1 > 0.

The OLS Bandit algorithm requires definition of forced-sample sets. In particular, let us
prescribe a set of times when we forced-sample arm ¢ (regardless of the observed covariates
Xt)l

T = {(2” “1)-Kq+j | ne{0,1,2,.} andje {g(i —1)+1,q(i — 1) +2,...,iq}} .
(A.4.1)
Thus, the set of forced samples from arm 4 up to time t is 7;+ = 7; N [t] = O(qlogt).

We also need to define all-sample sets S;; = {t’ ‘ my =t4and 1 <t < t} that are the
set of times we play arm ¢ up to time ¢. Note that by definition 7;; C S;;. The algorithm
proceeds as follows. During any forced sampling time ¢ € 7;, the corresponding arm (arm i)
is played regardless of observed covariates X;. However, for other times, the algorithm uses
two different estimations of arm parameters in order to make decision. First, it estimates

arm parameters via OLS applied only on the forced samples set and discards each arm that
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is sub-optimal by a margin at least equal to h/2. Then, it applies OLS to all-sample sets
and picks the arm with the highest estimated reward among the remaining arms. Algorithm

[6] explains the pseudo-code for OLS Bandit.

Algorithm 6 OLS Bandit
Input parameters: ¢, h
Initialize 3(7;0) and 3(8@0) by 0 for all i in [K]
Use ¢ to construct force-sample sets 7; using Eq. for all ¢ in [K]
for t € [T] do
Observe X; € Px
if ¢t € 7; for any ¢ then
T 1
else
K= {z € K | XTB(Tiy1) > maxjer XTB(Tr 1) — h/z}
Tp <= argmax; g XEB(Si-1)
end if
Sm,t — S7rt,t—1 U {t}
Play arm 7, observe Y;; = XtTﬁm +eit
end for

The pseudo-code for Heuristic Greedy-First bandit is as follows.

Algorithm 7 Heuristic Greedy-First Bandit
Input parameters: ¢,
Execute Greedy Bandit for t € [to]

Set 5\() = ﬁ miniE[K] Amin (2(82,t0)>

if Ao # 0 then )
Execute Greedy-First Bandit for ¢ € [to + 1, 7] with Ao = Ao

else

Execute OLS Bandit for t € [tg + 1,7
end if

A.5 Extensions to Generalized Linear Rewards and a-margin

Conditions

A.5.1 Generalized Linear Rewards

Uniqueness of solution of Equation (2.3.4). We first prove that the solution to maxi-
mum likelihood equation in Equation (2.3.4)) is unique whenever the design matrix XX is
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positive definite. The first order optimality condition in Equation (2.3.4)) implies that

an X <Ye - A(x/ B)) = an X (Ye — (X, B)) =0. (A5.1)
/=1 (=1

Now suppose that there are two solutions to the above equation, namely 31 and Bg. Then,

we can write

ZXZ( (X[ 1) — (X;BQ)>:O.

Using the mean-value theorem, for each 1 < i < n we have
p(X{ Bo) = (X[ By) = 1 (X[ Be) (X[ (B2 = ).

where ; belongs to the line connecting Bl, Bg. Replacing this in above equation implies
that

> X (WX ) (XL (Ba - B1) ) = (Z (X Boxex) ) (Bo—B)=0. (A52)

/=1 /=1

Note that p is strictly increasing meaning that u' is always positive. Therefore, letting
m = minj<j<y, {M’(XZTB@)}, we have that

n
> (X Bo) XX = mXXT
/=1

Therefore, if the design matrix XX is positive definite, then so is Y j_, u’(X;Bg)XgXET.
Hence, Equation (A.5.2)) implies that By = Bo.
Proof of Proposition [1} For proving this, we first state and prove a Lemma that will

be used later to prove this result.

Lemma 15. Consider the generalized linear model with the inverse link function u. Sup-
pose that we have samples (X1,Y1), (X2, Ya2),...,(Xy, Yy), where Y; = u(X,' Bo) + &, where
1Xill2 < Tmax and ||Bollz < bmax. Furthermore, assume that the design matriz XX =
S Xa X, is positive definite. Let B = hu(X,Y) be the (unique) solution to the Equa-
tion (A5.1)). Let 0 > 0 be arbitrary and define my := min {1/'(2) : |2| < (6 + bmax)Zmax } -
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Suppose ||(XTX)" X Te|la < Omy, then

I(XTX) "X Te|2
me '

18 — Boll2 <

Proving the above Lemma is adapted from |Chen et al.| (1999). For completeness, we
provide a proof here as well. We need the following Lemma which was proved in |Chen et al.
(1999).

Lemma 16. Let H be a smooth injection from R? to R with H(xq) = yo. Define
Bs(xo) = {x€R?: ||x —x0| <6} and Ss(x0) = 0Bs(xg) = {x€R?: |x — x| =6}.
Then, infyeg;(x,) [1H (%) — yol| > r implies that

(i) By(yo) = {y € R: |ly —yol <r} € H(Bs(xo)),
(ii) H=*(B,(yo)) C Bs(xq)

Proof of Lemma[13. Note that A is the solution to the Equation (A.5.1) and therefore

> (XTI B) = (X o)) Xi = Y Xiew: (A.5.3)
=1

=1

Using the mean-value theorem for any g € R4 and 1 < i < n we have
WX B) = (X[ Bo) = 1 (X 81) (X (8= Bo))
where 3] is a point that lies on the line segment between  and fy. Define

n -1 n
G(B) = (Z XiXZ»T> (Z (n(x]8) = (X ) Xz)
i=1

=1

n -1 n

- (Z Xix' ) (Z W (XT8) (XT (8- B0) Xz->
1=1 i=1
n -1 n

= (Z XiXZ»T> (Z u’(Xfﬁé)Xin) (8 — Bo)
1=1 i=1

As i/(-) > 0, G(B) is an injection from R? to R? satisfying G(B8p) = 0. Consider the sets
By(Bo) = {BE€R: ||B—Boll2 <0} and Sp(B) = {B € R ||B— Bo| = 6}. If B € By(fo),

for each 4, 3/ lies on the line segment between 3 and Sy and therefore we have | X, 3/| <
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max (XZT B0, XZ»T ﬂ) < Tmax(bmax + 6) according to the Cauchy-Schwarz inequality. Then for
cach B € By(fy)

IG5 = IG(B) — G(Bo)lI3

-2 n
=(B—Po)" (Zu (X, B X, XT) (ZX XT> (Z W (X B X X ) (B — Bo)

=1 =1
-2 n
— m3(8 — fo) (Z” (X, 5) XXT> <ZXXT> (Z“ &, mXXT) (6 - Bo)
i=1 =1
>m2(8—Bo)" <ZXXT> (Z XiXiT) (ZXzXZT> (B — Bo)
=1 =1
=mgl|(8 — Bo)ll3, (A.5.4)

or in other words ||G(B)|l2 > mygl||S — Boll2. In particular, for any 5 € Sp(5p) we have
G(B) > Omy. Therefore, letting v = 0my, Lemma [16] implies that G~ (B,(0)) C By(Bo)-
Note that if we let z = (XTX)_1 X Te, then by the assumption of lemma z € B,(0) and
hence there exists 3, |5 — fo|| < 0 satisfying G='(z) = 3, i.e., G(3) = z. Now we claim that
B = B The is not very difficult to prove. In particular, according to Equation we
know that

2:;( (X[ ) = u(X] o)) Xi ;X@:G :<ZXXT> (gxﬁi>zz,

Since the function G(-) is injective, it implies that 3 = 5. As a result, 3 € By(3) and
G (B) = z. The desired inequality follows according to Equation (A.5.4)). O

Having this we can prove a Corollary of Lemma [5| for the generalized linear models.

Corollary 5. Consider the generalized linear model with the link function u. Consider
the contextual multi-armed bandit problem, in which upon playing arm i for the context
X;, we observe a reward equal to Yy satisfying E[Y;] = (X, B:). Furthermore, suppose
that the noise terms ez = Yy — uw(X,' B:;) are o-subgaussian for some o > 0. Let B( Sit) =
hy (X(Sit), Y (Sit)) be the estimated parameter of arm i. Taking Co = \?/(2do?x?
n > |S;i+|, we have for all A, x >0,

max) and

PI3(Si) = Bille = X and Amin (5(Si0)) = N| < 2dexp (~Cot?(xmy)?/n)
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Proof. Note that if the design matrix 3(S;;) = X(S;i¢) X(Si;) is positive definite, then
the event {||B(S”) — Bill2 > X} is the subset of the event

{18607 X(Su0) Te(Sun) | = xmy } -

The reason is very simple. Suppose the contrary, i.e., the possibility of having || B (Sit) —
Billa > x while [|3(Si ) "X (Sis) "e(Sis)ll2 < xmy. By using the Lemma for 6 = x we
achieve that

12(Si0) X (Sie) Te(Siat) 2 xmy

1B(Sie) — Billa < : < =X
My My

which is a contradiction. Therefore,

P [I13(Si0) = Billo = x and Awin (5(S10)) = M|
< P [I15(Si) "X (Sia) Te(Sia) 2 = xmy and Amin (2(810)) = M|

< 2dexp (—02t2(me)2/n) ,

where the last inequality follows from the Lemma O

Now we are ready to prove a Lemma following the same lines of idea as Lemma 6l This

lemma can help us to prove the result for the generalized linear models.

Lemma 17. Recall that .7-"f‘t = {)\min (X(S7;7t)TX(Si,t)) > )\t}. Suppose that Assumptions
and [4 hold. Then, the instantaneous expected regret of the Greedy Bandit for GLMs
(Algorithm@) at time t > 2 satisfies

4(K —1)L,,CoC) 22 1 No/4

& max " + 4(K — 1)bmax®max <mZaXP[]:Z-7t_1]> ,

ri(m) <

where Cy = \3/(32do? 22

max

, Cy is defined in Assumption|d, L, is the Lipschitz constant o
“w

the function u(-) on the interval [—Tmaxbmax, Tmaxbmax|, and C_’u is defined in Proposition .

Proof. The proof is very similar to the proof of Lemma[6, We can decompose the regret as
ri(m) = E[Regret,(7)] = Zf; E[Regret,(m) | X; € Ri] - P(X; € R;). Now we can expand
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each term as

E[Regret,(r) | X; € R)] = E [M (XJ 51) —u <XtT 57”) | X, Rl]

< LuE [X] (B~ Br) | Xe € Ry

as f is L,, Lipschitz over the interval [—Zmaxbmax, Tmaxbmax] and |X," Bj| < Zmaxbmax for all
j € [K]. Now one can follow all the arguments in Lemma |§| up to the point that we use
concentration results for 5; — Bj- In particular, Equation (A.3.5) reads as

P 10X, € Risi, Fi0/3 oD | Xe € RiN T

A~

<P (8~ B(S-1)lle > 60, F¥Y | Xe € Rin T

+P [HB(Sz’,t—l) — Bill2 > 5h,f{}fﬁ | Xi € Ry ﬂlh} .

Using the concentration result on Corollary and noting that X is independent of ﬁ (Sji-1)

for all 7, the right hand side of above equation turns into

P (118 - B(Ste1)ll2 = 0h Fpp /3] + P [1B(Si1) - Billa > ok, Fopls ]
< 4ddexp (—Cs(t — 1)(6h)2m(2;h)
= 4dd exp(—h*m3y).

Now note that §h is at most equal to byay (since x ' (B;— ;) is upper bounded by 22 maxbmax )-
As mp := min{y/(2) : 2 € [~ (bmax + 0)Tmax, (bmax + 0)Tmax|}, therefore if 63 > 67, then

mg, < my,. Hence, for all values of 0 < h < hyax.
4d exp(—h*m3,) < 4dexp(—h*mi_ ).

We can simply use 1 whenever this number is larger than one as this is the probability of
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an event. Therefore,

M=

E[Regret, ()] L,E [XJ (B — Br,) | X € ’Rl] x P(X; € Ry)

N
Il
—

hxnax
<)L (ZZ 4O 17 min{1, Adexp( o, )]

i1#l h=0

+ 4(K — 1)bmaxTmax m?xp(ﬁfff ﬁ))

hmax
< A(K — 1)L, | Cod%22 . <Z (h+1)? min{1,4dexp(—h2mgmx)}>
h=0

Ao /4
+ bmaxTmax mzax P(‘Fz,le)

ho hmax
<AK - 1)L, | Cob®al | Y (h+1)%+ D 4dd(h+1)*exp(—h*m;, )
h=0 h=ho+1

Ao /4
+ bmaxTmax max ]P’(}'i,le) ,

where we take hg = |¥X%8%4| 1 1. Note that functions f(z) = a2 exp(—mgmaxmz) and

Mbmax

g(z) = zexp(—mj__a?) are both decreasing for 2 > 1/my,,,, and therefore

Jmax

h+ 1)% exp(—=h®m? < h? exp(=h*m?  )dh
bmax bmax
h=ho+1 ho

+,, Bow(hnd i [ et )an
h

0 ho

Using the change of variable b’ = my,_,_h, integration by parts, and the inequality ftoo exp(—2z?)dz <
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exp(—t?)/(t + \/t> + 4/7), we obtain that

hO Jmax
D (h+D?+dd D (h+1)%exp(=h?)
h=0 h=ho+1
(ho + 1)(ho + 2)(2ho + 3) ho%jLi 1 .
i 6 + 4d gmax mgma 2mbmax exp(_hombmax)
1 3 13 holbmax 4 1 1 1 .
< 7h3 7h2 hn 1 Ad 5 i 1
= 30 Tl T G o +1+ ( T + 7 + ) 1
<1 log4d+1 3+§ M+1 2+§ 10g4d+1
=3 Mpax 2 Mo 3 M,
1 log 4d 1 1 ) i
+— <<\/g7+1) mbmax+>+ R _e,
bmax mbmax 2 4 mbmax 2mbmax

By replacing this in the regret equation above and substituting 6 = 1/4/(t — 1)C5 we get

4(K —1)L,CoCpat . 1

max

r¢(m) = E[Regret,(m)] < Cs t—1

F4(K —1) Lybmax Tmax <m?XP[]:2‘ffﬂ>

as desired. O

Now we are ready to finish up the proof of Proposition|l} The only other result that we

need is an upper bound on the probability terms P[]::‘f _/ %] The key here is again Lemma
Note that in the case of GLMs this lemma again holds. The reason is simply because of the
fact that the greedy decision does not change in the presence of the inverse link function
p- In other words, as arg max;e ) i (X, ;) = arg max;e (k] X, B;, the minimum eigenvalue
of each of the covariance matrices is above t)\y/4 with a high probability and that implies

what we exactly want.
Remark A.5.1. The result of Lemma |4 remains true for the generalized linear models.

Therefore, we can use this observation to finish the proof of Proposition (Il This consists

of summing up the regret terms up to time 7.

Proof of Proposition[]l The expected cumulative regret is the sum of expected regret for

times up to time 7. As the regret term at time ¢ = 1 is upper bounded by 2L,Zmaxbmax
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and as K = 2, by using Lemma [4] and Lemma [17] we can write

Ry(m) =) ri(m)

t=1
4000#1‘2 1

max

Cs t—1

T
< 2L,uxrnaxbmax + Z Ly |: + 4bmaxTmaxd eXP(—Cl (t - 1)):|
t=2

T—1 -
4CoCt o 1
= 2L, Tmaxbmax + E L, [0 Cf; max . + 4AbmaxTmaxd exp(—Clt)]
t=1

4CoCpua? hl h
%(1 + / gdt) + 4Lubmaxxmaxd/ exp(—clt)dt
3 1 !

4C()C_' x?nax 4bmaxTmaxd
20 kT max (1 4 100 T 4 [, 2PmexTmaxd

< 2LuImaxbmax + Lu

= 2Luxmaxbmax + Lu

CB Cl
128C0Cumax0”d 128050zt 02d  160bmaxa®,. d
:LH< : ;\LQ : log T'+ (2$maxbmax+ 0 ;\LQ A + m; max )) ,
0 0 0

finishing up the proof. O

A.5.2 Regret bounds for More General Margin Conditions

While the assumed margin condition in Assumption [2| holds for many well-known distribu-
tions, one can construct a distribution with a growing density near the decision boundary
that violates Assumption Therefore, it is interesting to see how regret bounds would
change if we assume other type of margin conditions. Similar to what proposed in [Weed
et al. (2015)), we assume that the distribution of contexts px satisfies a more general a-

margin condition as following.

Assumption 11 (a-Margin Condition). For a > 0, we say that the distribution px satisfies

the a-margin condition, if there exists a constant Co > 0 such that for each k > 0:
Vi#j: Px|0<|X"(8—B8;) <r|<Cor®.

Although it is straightforward to verify that any distribution px satisfies the 0-margin
condition, it is easy to comstruct a distribution violating the a-margin condition, for an
arbitrary a > 0. In addition, if px satisfies the a-margin condition, then for any o’ < « it

also satisfies the o/-margin condition. In the case that there exists some gap between arm
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rewards, meaning the existence of kg > 0 such that
Vi IPX[0< 1XT (8 — Bj)| < ro| =0,

the distribution px satisfies the a-margin condition for all @ > 0.
Having this definition in mind, we can prove the following result on the regret of Greedy

Bandit algorithm when px satisfies the a-margin condition:

Corollary 6. Let K = 2 and suppose that px satisfies the a-margin condition. Further-
more, assume that Assumptions[d] and[3 hold, then we have the following asymptotic bound

on the expected cumulative regret of Greedy Bandit algorithm

O (TU=9/2) jfo<a<l,
Rr(m) =4 O (logT) ifa=1, (A.5.5)
o(1) ifa>1,
This result shows that if the distribution px satisfies the a-margin condition for o > 1,

then the Greedy Bandit algorithm is capable of learning the parameters 3; while incurring

a constant regret in expectation.

Proof. This corollary can be easily implied from Lemma [l and Theorem [I] with a very slight
modification. Note that all the arguments in Lemma[6 hold and the only difference is where
we want to bound the probability P[X; € I"] in Equation (A.3.4). In this Equation, if we

use the a-margin bound as
PIX," (8 — i) € (0,20Zmax(h + 1)]] < Co (20Zmax(h + 1))%,
we obtain that

E [H(Xt € ﬁizl,t,]:IA,E,/%,]:SEE)X;(& —Bi) | Xi € Rz}

hmax
< Y attegystteglie(h 4 1) 4 P [Xt € Risi, Firt 1 Fodl 1 | X € Ry Ih] ,
h=0

132



which turns the regret bound in Equation (A.3.6) into

hO hmax
re(m) < (K — 1) [cozHaaH%}n;g ( S+ ST dd(h+ 1)t exp(—h2))]
h=0 h=ho+1

(A.5.6)
-+ 4(K — 1)bmax55max mﬁxp(ﬁ)’

Now we claim that the above summation has an upper bound that only depends on d and
a. If we prove this claim, the dependency of the regret bound with respect to ¢ can only
come from the term 6'*® and therefore we can prove the desired asymptotic bounds. For
proving this claim, consider the summation above and let h; = [v/3 + a]. Note that for
each h > ho = max(hg, h1) using h? > (3 + a)h > (3 + a)log h we have

21+a

(b + 1)1 exp(—h?) < (2h) Y exp(—h?) < 21 exp(—h? + (14 @) logh) < e

Furthermore, all the terms corresponding to h < hy = max(hg, h1) have an upper bound
equal to (h + 1)1 (remember that for h > hg + 1 we have 4d exp(—h?) < 1). Therefore,
the summation in (A.5.6) is bounded above by

hO pmax hg 00

1
D ()T Y dd(h+ 1) T exp(=h?) < Y (b DT+ Y
h=0 h=ho+1 h=0 h=ha+1

2
< (14 ho)* ™ + % = g(d, )
for some function g. This is true according to the fact that hs is the maximum of hg, that
only depends on d, and hy that only depends on a. Replacing § = 1/4/(t — 1)C3 in the
Equation (A.5.6)) and absorbing all the constants we reach to

ri(m) = (K = 1)g1(d, at, Co, Zamax; 0, Ao) (t — 1) ~AF/2 L 4(K — 1)bpax@max (maxp[fggo

for some function g;.
The last part of the proof is summing up the instantaneous regret terms for ¢ =
1,2,...,T. Note that K = 2, and using Lemmal[dfor i = 1, 2, we can bound the probabilities
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P[ﬁ] by dexp(—Ci(t — 1)) and therefore

T
RT(W> < 2xmaxbmax + Z g1 (d, «, CO’ Lmax, 0, AO)(t - 1)—(1+a)/2 + 4bmax:pmaxd eXP(—Cl (t - 1))
t=2
T—1
< 2$maxbmax + Z g1 (d, «, 007 Lmaxy 0, )\O)t_(l+a)/2 + 4bmax$maxd eXP(—Clt)
t=1

T
< meaxbmax + gl(d7 «, 007 Tmaxy 0, )\O) |:1 + </
t=1

t(1+a)/2dt>]
4 4dbmax Tmax / exp(—Cht)dt
0

T
= 22 maxbmax + 91(d, @, Co, Tmax, 05 Ao) [1 + < / —(1+40)/2 dt)]
t=1

4bmaxTmaxd

C
Now note that the integral of t~(1%%)/2 over the interval [1, 7] satisfies

T(1—0a)/2

/ ¢ (1+e)/2 < logT ifa=1,
t=1
which yields the desired result. O

A.6 Additional Simulations

A.6.1 More than Two Arms (K > 2)

For investigating the performance of the Greedy-Bandit algorithm in presence of more than
two arms, we run Greedy Bandit algorithm for K = 5 and d = 2,3, ...,10 while keeping
the distribution of covariates as 0.5 x N(04,I4) truncated at 1. We assume that g; is again
drawn from N(04,1I;). For having a fair comparison, we scale the noise variance by d so as
to keep the signal-to-noise ratio fixed (i.e., ¢ = 0.25v/d). For small values of d, it is likely
that Greedy Bandit algorithm drops an arm due to the poor estimations and as a result
its regret becomes linear. However, for large values of d this issue is resolved and Greedy

Bandit starts to perform very well.
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Figure A.1: These figures show a sharp change in the performance of Greedy Bandit for K = 5 arms as d increases.

We then repeat the simulations of for K = 5 and d € {3,7} while keeping the
other parameters as in In other words, we assume that f; is drawn from N(0g4, I).
Also, X is drawn from 0.5 x N(0g4,I;) truncated to have its o, norm at most one. We
create 1000 problem instances and plot the average cumulative regret of algorithms for
T € {1,2,...,10000}. We use the correct prior regime for OFUL and TS. The results,
as shown in Figure demonstrate that Greedy-First nearly ties with Greedy Bandit as
the winner when d = 7. However for d = 3 that Greedy Bandit performs poorly, while

Greedy-First performs very close to the best algorithms.

A.6.2 Sensitivity to Parameters

In this section, we will perform a sensitivity analysis to demonstrate that the choice of
parameters h, ¢, and to has a small impact on performance of Greedy First. The sensitivity
analysis is performed with the same problem parameters as in Figure for the case that
covariate diversity does not hold. As it can be observed from Figure the choice of
parameters h, g, and tg does have a very small impact on the performance of the Greedy-
First algorithm, which verifies the robustness of Greedy-First algorithm to the choice of

parameters.
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Figure A.2: Simulations for K > 2 arms.

Rogret(t)

Fith = 1

GF with = 10

GE with g = 10
2 o
2000 3000 4000 S000 6000 7000 000 9000 10000 0 1000 2000 3000 4000 SN0 6000 7000 5000 9000 10000
t t

0 1000 2000 3000 4000 S000 6000 7000 8000 9000 10000

(b) Sensitivity with respect to (¢) Sensitivity with respect to
q. to.

Figure A.3: Sensitivity analysis for the expected regret of Greedy-First algorithm with respect to the input parameters
h, q, and tg.
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A.7 Proofs of Probabilistic Results

Proof of Proposition[3 We first start by proving monotonicity results:

e Let 07 < o9. Note that only the second, the third, and the last term of L(~,d,p),
defined in Equation ([2.3.6]), depend on o. As for any positive number y, the function
exp(—x/0?) is increasing with respect to o, second and third terms are increasing

with respect to o. Furthermore, the last term can be expressed as

2exp (Do)~ mlKaal) . (A1)
oD M p( Sdo?r] t)'

t:p_mvcsubl max

Each term in above sum is increasing with respect to o. Therefore, the function L is
increasing with respect to 0. As S%" is one minus the infimum of L taken over the
possible parameter space of 7, d, and p, that is also non-increasing with respect to o,

yielding the desired result.

e Let my < mo and suppose that we use the superscript L& for the function L(,-,")
when m = my,i = 1,2. We claim that for all v € (0,1),6 > 0, and p > Kmj + 1,
conditioning on L) (v,d,p) < 1 we have LW (~,8,p) > LB (,6,p + K(mg — my)).
Note that the region for which L(l)(’y,é, p) > 1 does not matter as it leads to a
negative probability of success in the formula S8 =1 — inf, s, L(7,d,p), and we can
only restrict our attention to the region for which L(l)('y, d,p) < 1. To prove the
claim let §; = P [Amin(XIminzmi) > 5] , i =1,2 and define f(8) = 1 — 05 + QK0
for the constant Q@ = 2dexp (—(h?§)/(8do?z2,,)). Note that f(6;) is equal to to

the first two terms of L(®) (7,4,p) in Equation . As we later going to replace

0 = 6; we only restrict our attention to 8§ > (0. The derivative of f is equal to

f'(0) = —K0K~! + QK which is negative when #%~1 > Q. Note that if 651 < Q

and if we drop the third, fourth, and fifth term in L (see Equation ) that are all

positive, we obtain L) (vy,8,p) > 1 — 05 + QK6 > 1 — %X + Q6 > 1, leaving us in the
unimportant regime. Therefore, on the important regime the derivative is negative
and f is decreasing. It is not very difficult to see that 68; < 62. Returning to our

original claim, if we calculate L) (v, 6,p) — L) (7,6, p + K(my — my)) it is easy to
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observe that the third term cancels out and we end up with

L(l)(7757p) - L(Q)(’Ya 5,]? + K(m2 - ml)) = f(el) - f(‘92)
L &P (=D1(7)(p — m1|Ksup|)) — exp (—=D1(7)(p — m2|Ksup| + K (m2 —m1)))
1 —exp(—D1(v))
L &P (=D2(7)(p — m1|Ksup|)) — exp (= D2(7)(p — m2|Ksup| + K (m2 —m1)))
1 —exp(—D2(7))

>0

Y

where we used the inequality (p — m1|Ksup|)—(p — ma|Ksup| + K (ma — my)) = |Kopt|(ma—
mq) > 0. This proves our claim. Note that whenever when p varies in the range
[K'm; + 1,00), the quantity p + K (mg2 — m1) covers the range [Kmg + 1,00). There-

fore, we can write that

Sgb 7K7 ) maX))‘ ah :1_ i f L(l) 75)
(m1, K, 0y B A ) = 1= dnd B 0p)
<1-— inf LW (~, 5 K(ms —
S coni i (7,0,p + K(ma —m1))
=1- inf L®(v,6,p)

’76(0,1),6,}7’2}(’”@24*1

= Sgb(m27 Ka 0, Lmax )\1’ h)’

as desired.

Let hy < ho. In this case it is very easy to check that the first, fourth and fifth terms in
L (see Equation ) do not depend on h. Dependency of second and third terms
are in the form exp(—QAh?) for some constant ), which is decreasing with respect h.
Therefore, if we use the superscript L) for the function L(-,-,-) when h = h;,i = 1,2,
we have that LM (v, 8, p) > L&) (v, 8, p) which implies

Sgb(m7 K7 g, ‘Tmaxa)‘la hl) =1- L(1)<’Y7 57p)

inf
~€(0,1),6.p> Km+1

<1- inf L®(~, 8,
B 76(0,1),15372[{7714—1 (7:9.p)

=1- inf L(Q) ) /
76(0’1)752/2Km+1 (’75 P )

- Sgb(mv K7 0, Tmax, )‘17 h2)7

as desired.
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e Similar to the previous part, it is easy to observe that the first, second, and third term
in L, defined in Equation do not depend on A;. The dependency of last two
terms with respect to A is of the form exp(—Q1 A1) and exp(—Q2)?) which both are
decreasing functions of A;. The rest of argument is similar to the previous part and
by replicating it with reach to the conclusion that S8 is non-increasing with respect

to )\1.

e Let us suppose that Kym; = Komag, |Kq,,,|m1 = |Ka,,,|me, and K1 < Kj. Sim-
ilar to before, we use superscript LY to denote the function L(-,-,-) when m =
mi, K = K;,Ksyp = Ki,,. Then it is easy to check that the last three terms in
LM and L@ are the same. Therefore, for comparing Seb(my, K1, 0, Tmax, A1) and
S8 (my, Ko, 0, Tmax, A1) one only needs to compare the first two terms. Letting

P Dwin(XJ 0 Xtom;) > 6] = 6;, i = 1,2 and Q = 2d exp ( %) we have

T 8do?aZ
LW (y,8,p) — L@ (v,8,p) = 95{2 - 9{{1 + QK101 — QKa0s.

Similar to the proof of second part, it is not very hard to prove that on the reasonable

regime for the parameters the function g() = —0%1 +QK10 is decreasing and therefore
LO(5,6,p)—LP (7,6, p) = 05701 + QK10 — QK26 < 05 —05" +QIK 16— QK263 < 0,

as 01 > 69 € [0,1] and Ky > K;. Taking the infimum implies the desired result.

Now let us derive the limit of L when o — 0. For each o < (1/Km)?, define y(0) =
1/2, 6(0) = +/o, and p(c) = [1/4/c|. Then, by computing the function L for these specific
choices of parameters and upper bounding the summation in Equation (2.3.6) with its

maximum times the number of terms we get

L0rto), sto),plo)) <1 (P [/\mm(XImXI:m) > \/E]>K
+ 2KdP [Apin(X LX) = V| exp (-Q1/0%2) + \2/?; xp (~ @2/ v5)

exp (=Qa/V0) |, exp (=Qu/o")
T on(-Q) T ew (-Quo?)

= J(0),
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for positive constants ()1, @2, @3, and Q4 that do not depend on o. Note that for o > 0,

Inf L(v,6,p) < J(o).
76(0,1),5;%7p2Km+1 (v,0,p) < J(o)

Therefore, by taking limit with respect to o we get

lim S8 (m, K, 0, Zmax, A1, h) = 1 — lim L(~,§
01'\?01 (m7 70_73; axy 1 ) ;irol (77 7p)

> 13%(1 —J(o)=1- {1 - (IP’ [Amin(XImXLm) > ODK}

- K
=P [Ain (XL Xaom) > 0]
proving one side of the result. For achieving the desired result we need to prove that

P [Amin(XImXI:m) > O]K

that the function L always satisfies

> limg o S&°(m, K, 0, Tmax, A1, h) which is the easier way. Note

L(v,0,p) > 1— (]P’ {/\min(XImXLm) > 5})1{ >1— (IP [Amin(XIlezm) > oDK

As a result, for any o > 0 we have
b T K T K
S8 (m7 K, 0, Tmax, )\1, h) <1- (1 -P [)\min(Xl;mxlzm) > 0:|) =P |:)\min(X1;mX1:m) > 0:| .

By taking limits we reach to the desired conclusion. O

Proof of Proposition[3 We omit proofs regarding to the monotonicity results as they are
very similar to those provided in Proposition
For deriving the limit when o — 0, define v(0) = v*, §(0) = /o, and p(o) = to. Then,

by computing the function L’ for these specific values we have

L(+(0).5(0).p(0) < 1~ (B [Ain(X LX) = V] )

+ 2K dP [)\ (XTI X ~@ Qb
mm( 1:m l:m)zﬁ exXp —i—2dtoexp —7

3/2
Kdexp(—D1(~v*)to) exp (_QgtO/JQ) — J(o
1 —exp(—=D1(v*)) le —exp (—Qf/0?) o),
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for positive constants @}, @5, and Q% that do not depend on o. Note that for o > 0,

. L/ 5 < J, '
7§'Y*,5>0,1£m+1gp§t0 (7? 7p) >~ (O‘)

Therefore, by taking limit with respect to o we get

lim ng(m, K, 0, Tmax, M1, h) =1 —lim L' (v, 6, p)
al0 ol0

> lim (1 - J'(0))
K Kdexp(—D1(y")to)

1 —exp(=D1(v*)) ’

= B [ (KT X > 0]

proving one side of the result. For achieving the desired result we need to prove that the

other side of this inequality. Note that the function L’ always satisfies

Kdexp(—Di1(7)p)
1 —exp(=D1(y))

L'(y,6,p) >1— (]P’ [)\min(XIlezm) > 5])K (A.7.1)

Note that the function Dj(7) is increasing with respect to «. This is easy to verify as the
first derivative of Dq(7) with respect to v is equal to

8D1 )\1 )\1
By {1 —log(l—v) -1} = oz log(1 — 1),

which is increasing for v € [0,1). Therefore, by using p < ¢y and v < v* we have

Kdexp(=Di(v)p) _ Kdexp(=Di(v")to)
1 —exp(=Di(y)) ~ 1—exp(=Di(y*))

Substituting this in Equation (A.7.1) implies that

K K _Dy(+*
S (m, K, 0, T M, h) < 1 — {(1 _P [Amm(xlmxm) > o]) dexp(—Di(y )t(’)}

1 —exp(—=D1(v*))
K Kdexp(—D1(v*)to)
1 —exp(—=D1(y*))

=P [Amin(xlmxl:m) = 0}

By taking limits we reach to the desired conclusion. O
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Proofs of Theorems [2] and 4]

Let us first start by introducing two new notations and recalling some others. For each
0 > 0 define

HY = { i (X(Sikm) X (Siiem) ) = 6}
Ty = {min (X(Si) TX(S:4)) = At = m|Caml } |

and recall that
*Fz%\t = {)\min (X(Sz‘,t)TX(Si,t)> > )\t}
Y = {HB(Si,t) = Bill2 < X} .

Note that whenever |Kgyp| = 0, the sets J and F coincide. We first start by proving some
lemmas that will be used later to prove Theorems [2 and [4

Lemma 18. Let i € [K] be arbitrary. Then

P [Hf a m < 2dP {Amm (XImXLm) = 5} exp {—;jfz}

Remark A.7.1. Note that Lemma [3] provides an upper bound on the same probability

event described above. However, those results are addressing the case that samples are highly
correlated due to greedy decisions. In the first Km rounds that m rounds of random sampling
are executed for each arm, samples are independent and we can use sharper tail bounds. This

would help us to get better probability guarantees for the Greedy Bandit algorithm.

Proof. Note that we can write

P {Hf ﬂm =P |:)\min (X(Si,Km)TX(Si,Km)> > 6, 16(Skms) — Bill2 > 91} . (AT72)

Note that if Apin (X(SZ Km)TX(S@ Km)) > 0 > 0, this means that the covariance matrix is
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invertible. Therefore, we can write

B(Skmz) — Bi = [X(Si,Km)TX(Si,Km)] X(Sikm) Y (Sixm) — Bi
= (XS 0m) X (Siion)]| X Sisem) T X (Si )i+ <(Sisem)] — B

= [X(Sirem) X(Siem)| X (Sim) Te(Skcm)

To avoid clutter, we drop the term &; ky, in equations from here onwards. Letting M =
[X(Si, Km)TX(Si, Km)] - X (S km) the probability in Equation (A.7.2]) turns into

{H‘Smm

—

P [ A (XTX) > 5, || Mel|s > 91}
d
mln XTX > 5a Z |m;|'€| Z 91
j=1

(XTX) >5,3j € [d],|m] e > 91/\/&]

IN
M&’—‘|—|

1 P Dnin (X7X) > 6, m] e > 01/

<.
I

Il
'M:“

PxP.x [Amm (XTX) > 5, [m] el > 6,/Vd| X = Xo} . (AT7.3)

<
Il
—

where in the second inequality we used a union bound. Note that in above Px means
the probability distribution over the matrix X, which can also be thought as the multi-
dimensional probability distribution of px, or alternatively p%¥. Now fixing X = Xj, the
matrix M only depends on Xy and we can use the well-known Chernoff bound for subgaus-

sian random variables to achieve
0 0
PAmin (XJXO) > 6, [mjel > —= | X =Xo| =1 [/\mm (XJXO) > 5} Pjm] e| > 71& | X = X

Vd
<2l [Amm (XJ XO) > 5} exp {—H%}

2do?(|m; 3

Now note that when Ay, (XJ Xo) > § we have

mzﬁ |m;]|3 = max (dlag (MMT)> = max (diag (XTXA)) < Amax (XTX )

Oq\v—l

143



Hence,

P5|X [)\min (XTX> 29, ’m]T5| = Hl/ﬂ ‘ X= XO] =2l [)‘min <X(TX0) = 5} exp {_;d%j? } .

Putting this back in Equation (A.7.3|) gives

P [”Hf N gfkm < 2dPx [(Amin (XTX» > 6} exp {—;d%jz}

— 2dP {/\min (XImX1:m> 2 5} P {_ 2%%0('52 } ’

as desired. In above we use the fact that Px [/\min (XTX) > 5] isequal to P {)\min (XIlezm) > (5}
as they both describe the probability that the minimum eigenvalue of a matrix derived from

m random samples from px is not smaller than §. ]

Lemma 19. For an arbitrary Km+ 1<t <p—1 and i € [K]| we have

P {7—[‘5 mﬁ} <2dexp{ — or0”
S 2d(t — (K — 1)m)o2x2

max

Proof. This is an immediate consequence of Lemma |5l Replace y = 61, A\ = 6/t and note
that |S;¢| <t — (K — 1)m always holds as (K — 1)m rounds of random sampling for arms

other than ¢ exist in algorithm. O

The next step is proving that if all arm estimates are within the ball of radius 6; around
their true values, the minimum eigenvalue of arms in Koy grow linearly, while sub-optimal

arms are not picked by Greedy Bandit algorithm. The proof is a general extension of Lemma

£l

Lemma 20. For each t > p,i € Kypt
- [ ji’xtlu—w) A <m{i1 N gﬁ;)] < dexp (=D1(7)(t — m|Kgup)) -

Furthermore, for eacht > Km 4+ 1 and i € Ky conditioning on the event m{ilgf;_l, arm

1 would not be played at time t under greedy policy.

Proof. The idea is again using concentration inequality in Lemma Let i € Kopt and
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recall that

t
Sie= Y B [XXTT X0 € RE] 1745
k=1
t
S0 =3 X X[ 1 [Xk e R’Tk] :
k=1
denote the expected and sample covariance matrices of arm ¢ at time ¢ respectively. The aim
is deriving an upper bound on the probability that minimum eigenvalue of ZA?i,t is less than
the threshold tA1(1 — ) — m|Kgyup|. Note that 2i,t consists of two different types of terms:
1) random sampling rounds 1 < k < K'm and 2) greedy action rounds Km+1 < k <t. We

analyze these two types separately as following:

e k < K'm. Note that during the first K'm periods, each arm receives m random samples

from the distribution px and therefore using concavity of the function Ay, (-) we have

Amin <§E XXXk € RT] | H,;J)

k=1
> mAminE (XXT)

> mAmin [ Y E (XXT]I (XTﬁj > nlf?xXTBl + h>>
. J
JGICDpt

> m|ICopt’)\1a
where X is a random sample from distribution px.

e k> Km+ 1. If G holds for all I € [K], then
E [XkX,jH (Xk € R”k,) | ”Hl;l} ~E [XXT]I (XTB(Si,k) > I?QXXTB(SM)H = M1

The reason is very simple; basically having N lgf; means that ||3(Syx) — i < 61 and
therefore for each x satisfying x'3; > max;y-4; x '3 + h, using two Cauchy-Schwarz

inequalities we can write

XT/S(SL]') - XTB(SL]‘) > XT(ﬁi - Bl) - 2$max91 = XT(ﬁi - 5Z) —h> 0,
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for each | # i. Therefore, by taking a maximum over [ we obtain XTB(SM) —

max;-4 XTBA(SM) > 0. Hence,
E [XkX,;r]I <X,IB(SZ-7;€) > max X,IB(SM)> y H,;l] =K [XXT]I (XT@- > I?QXX% + h>]
t )\lIa

using Assumption EL which holds for all optimal arms, i.e, @ € Kop.

Putting these two results together and using concavity of Ayin(+) over positive semi-definite

matrices we have

Amin (ii,t) = Amin (iE [XkXI;rH [Xk € ﬁ?k] | Hkl})

k=1
> KiAmin (E [XkXJ I [Xk S R”k} | H;:_J)
k=1

n Zt: Amin <E [ka,j I [Xk € Rﬂ-k} \%;Z_lD
k=Km+1

> m‘lcoptp\l + (t - Km))\l = (t - m|]Csub|))\1-

Now the rest of the argument is similar to Lemma[4] Note that in the proof of Lemma [4]

we simply put v = 0.5, however if use an arbitrary v € (0, 1) together with XkX,;r e |

max~—?

which is the result of Cauchy-Schwarz inequality, then Lemma [I4] implies that

P |:Amin (21‘7,5) < (t — m]/Csub’))\l(l - 7) and Amin (Si,t> > (t - m‘K:SUbD)\l}
<dexp (—D1(7)(t — m|Ksup|)) -

The second event inside the probability event can be removed, as it always holds under

(ﬁ{il ﬁ;;le Qla ;) The first event also can be translated to ji?‘tl(l_w and therefore for all

i € Kopt we have

P | T 0 (0l i 983)| < dexo (- D1)e = i),

as desired.

For a sub-optimal arm i € Ky using Assumption |4} for each x € X there exist | € [K]
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such that x"8; < x' 8 — h and as a result conditioning on ﬁ{i lgf’i_l by using a Cauchy-

Schwarz inequality we have

ﬁ(slt 1)—X B( i, t— 1) >XT(/BI_/Bi)_2xmax91ZXT(/Bl_ﬁi)_h>0'

This implies that ¢ ¢ argmax;cg; XTB(Sl,t,l) and therefore arm ¢ is not played for x at
time ¢ (Note that once K'm rounds of random sampling are finished the algorithm executes
greedy algorithm). As this result holds for all choices of x € X, arm ¢ becomes sub-optimal

at time ¢, as desired. ]

Here, we state the final Lemma, which bounds the probability that the event aej occurs

(1=7)

whenever Jl)‘tl holds for any ¢t > p.

Lemma 21. For each t > p,i € [K]
P| 67077 < 2dexp (~Da(3)(t — mlKa]) -

Proof. This is again obvious using Lemma O

Now we are ready to prove Theorems [2]and [l As the proofs of these two theorems are very

similar we state and prove a lemma that implies both theorems.

Lemma 22. Let Assumption and [4) hold. Suppose that Greedy Bandit algorithm with m-
rounds of forced sampling in the beginning is executed. Let v € (0,1),6 > 0,p > Km + 1.

Suppose that W is an event which can be decomposed as W = Ny>pW;, then event

(ml | Neskm G ) aw

holds with probability at least

1— (IP [Amin(XImXLm) > 5]>K +2Kd P [Amm(xlmth) > 5} exp{ _m* }

8do2x2
p—1 )
2§
2 _
p> dex"{ 840 — (K — Dm)o%al }

max
j=Km+1 max

+ 3P (K i, 90 0 (92 0|

t>p
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In above, )\min(XIlezm) denotes the minimum eigenvalue of a matrix obtained from m

random samples from the distribution px and constants are defined in Fquations (A.3.1])

and (A32).

Proof. One important property to note is the following result on the events:

{( .G 1> (Ulilgiei)}z{( £.G0 1) mgm}. (A.7.4)

The reason is that the estimates for arms other than arm m; do not change at time ¢,
meaning that for each i # my, QZ 1= gﬁ ;- Therefore, the above equality is obvious. This
observation comes handy when we want to avoid using a union bound over different arms
for the probability of undesired event. For deriving a lower bound on the probability of

desired event we have
P [(m < Nisim G ) N w} _Pp [(ufil Urskm G t) U w}
Therefore, we can write
P [(u < Usiem G ) U W} <P [UKWS] 4P [(m{;ﬁf) N [(u U km & ) U WH

The first term is equal to 1 — (IP’ [Amin(XIlezm) > 5] )K. The reason is simple; probability
of each ”H?,i € [K] is given by P [)\min(XIlezm) > 6] and these events are all independent
due to the random sampling. Therefore, the probability that at least one of them does not
happen is given by the mentioned expression. In addition, the probability of the second

event can be upper bounded by

P [(m{il’Hf) N [(UZ W Uiskm 6! ) UWH
< 21}» (M) G, ] + P [(nEamd) 0 (NG00 ) 0 [(VE Uik 671) U]
< 378 ] + P[40 0 (00, 1 (5 e ) 0]

KdP {Amm (lexlrm) = } e {_ 29552 }

+P Kmfiﬂ{f) N (mf(lgl Km) N [(u Ui km GF ) UWH
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where we used Lemma [18| together with a union bound. For finding an upper bound on the
the second probability, we treat terms t € [K'm + 1,p — 1] and ¢ > p differently. Basically,
for the first interval we have guarantees when N, #? holds (Lemma and for the second
interval the guarantee comes from having the event ﬂ ﬂ; 1Km g‘f; (Lemma. Following
this path leads to

PL(a8) 0 (Pa6ien) 0| (0F ez 11) UV

By -
< 5 (o) (o t) (50
+Y P [(m{iﬁ?) N (mfil ni-L Qﬁi) N ( .6l UWtﬂ
t>p
< S p[(rtn) 0 () gt
t=Km+1
+ 3P [(rittt) (mfil ien 904) 1 (970 W) |
< pz% P[(mfi{Hf) m@] +ZP[(HZ LN G > (gﬁitUWt)}
t=Km+1 t>p

using Equation (A.7.4) and carefully breaking down the event [(U L Uskm g ) U W}
Note that by using the second part of Lemma [20] if the event ﬁK 1th ; holds, then
is equal to one of the elements in Ky, and sub-optimal arms in Ky, will not be pulled.

Therefore, with further reduction the first term is upper bounded by
p—1 _
> Y Em=np[ (k) ngl]

t=Km+11€Kopt
92(52
=12 —
Z 2 Plm= ldeXp{ 2d(t — (K — D)m)o?a? }

t=Km+11ept max

p—1 9262
P> 2deXp{‘2d<t—< K — 1)m)o?a? }

t=Km+1 max

using uniform upper bound provided in Lemma (19 and Zlelcopt P[m, =1] = 1. This con-
cludes the proof. O
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Proof of Theorem[d. The proof consists of using Lemma Basically, if we know that
the events gﬁ i for i € [K] and t > Km all hold, we have derived a lower bound on the
probability that greedy succeeds. The reason is pretty simple here, if the distance of true
parameters (; and BZ is at most 6; for each t, we can easily ensure that the minimum
eigenvalue of covariance matrices of optimal arms are growing linearly, and sub-optimal
arms remain sub-optimal for all ¢ > Km + 1 using Lemma Therefore, we can prove the
optimality of Greedy Bandit algorithm and also establish its logarithmic regret. Therefore,
in this case we need not use any WV in Lemma we simply put Wy = W =, where € is
the whole probability space. Then we have

K
PN iz rom 90 2 1= (P [Amin (XL X1m) = 6] )

2
+2KdP [Amm(XIthm) > 5} exp { M}

8do?x2 .«
p—1 252
h 1)
+ Z 2d exp {— - 1 }
+ ZP KQK . gz’%) N gfri,
t>p

The upper bound on the last term can be derived as following

S P[(n ni e, 60) 0 (V62

t>p
=30 3 Blm= 1 (0 nitn %) 0 (UG

t>p 1€ELopt

<Y B { [jlh(l (mKlmJ ngel)} {g A g0 v)}}j

t>p I€ELopt

which by using Lemmas [20] and 2I] can be upper bounded by

YD Plm = {dexp (=Di(1)(t = m|Ksusl)) + 2d exp (= Da(7)(t = m|Ksus )}

t>p 1€ opt
= exp (=Di(7)(t = m|Kaw)) + Y _ 2dexp (—Da(7)(t — m|Ksup|))
dieXp (=D1(7)(p — m|Ksup|)) n 2diexp (=Da2(7)(p — | Ksus|))
1 —exp(—D1(7)) 1 —exp(—D2(7)) '
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Summing up all these term yields the desired upper bound. Now note that this upper
bound is algorithm-independent and holds for all values of v € (0,1),0 > 0, and p > Km
and therefore we can take the supremum over these values for our desired event (or infimum

over undesired event). This concludes the proof. O

For proving Theorem [4] the steps are very similar, the only difference is that the desired
event happens if all events gf 1, i € [K],t > Km hold, and in addition to that, events

f{‘t,i € |K],t > tp all need to hold for some A > \o/4. Recall that in Theorem {4 Ky, = 0

(2
and therefore we can use the notations J and F interchangeably. For Greedy-First, we
define W = Ni¢[k] ﬂtzp]:%t for some A. This basically, means we need to take Wy = Nic (k) ]:;\t

for some .

Proof of Theorem [ The proof is very similar to proof of Theorem 2] For arbitrary =, d,p

we want to derive a bound on the probability of the event
A1 (1—
P [(ﬂfil Me>Km QZ;) N (ﬁfil Nisp ‘Fi,tl( 7))} '

Note that if p < tg and v < 1 — A\o/(4A1), then having events .7-'2;(1_7),2' € [K],t > p
implies that the events ]-"Z-)" N / 4,1’ € [K],t > to all hold. In other words, Greedy-First does not
switch to the exploration-based algorithm and is able to achieve logarithmic regret. Let us
substitute W; = ﬂfilﬂﬁl(l_w which implies that W = ﬂfil Ni>p .7-"2}1(1_7). Lemma |22| can

be used to establish a lower bound on the probability of this event as

P [(ﬂfil i>Km gf}) N (milil Me>p ‘Ef;(l_v))}

> 1= (B [huin (X X1) 28]

B 2.2
8do2x2 .

2
+2Kd P [Amm(XImxl;m) > 6} exp { M}

p—1 h252
2d —
p> eXp{ 8d<j—<K—1>m>a?x;4nax}
j=Km+1

_ 0 50, A1 (1—
+ ZP |:(ﬁzKl Mz km gﬁe) N <g7r1,t U <ﬂilil]:i7tl( 7)>>] .

t>p

Hence, we only need to derive an upper bound on the last term. By expanding this based
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on the value of m; we have

Sr [(mz«l e 6%4) 1 <gu (mK mu_w))]
t>p
K —_— S
= PBlm =P [(ﬂfil A 6) (gﬁ; U <Ug; 1 fié“”))]

t>p =1
K K
T =3 e[ b)) o [0
t>p =1 w=1
A1)

using a union bound and the fact that the space F/, has already been included in the

first term, so its complement can be included in the second term. Now, using Lemmas [20]

and 21| this can be upper bounded by

> Plm =] {Kdexp(—Di(y)t) + 2d exp(—Da(7)t)}

t>p leopt
= ZKdexp( Dy (v +22dexp —Ds(7)1)
_ Kdexp(—Dl(’Y)p) n 2dexp(—D2(v)p)
1—exp(—D1(v)) 1—exp(—Da(y)) "

As mentioned earlier, we can take supremum on parameters p,y,d as long as they satisfy
p < to,y < 1—Ag/(4\1), and 6 > 0. They would lead to the same result only with the

difference that the infimum over L should be replaced by L’ and these two functions satisfy

dexp(=D1(v)p)
1 —exp(=Di(7))’

L/(’}/,(s,p) = L(’Y?éap) + (K - 1)

which yields the desired result. O

Proof of Corollary[]. We want to use the result of Theorem In this theorem, let us
substitute v = 0.5,p = Km + 1, and § = 0.5A\1m|KCyp|. After this substitution, Theorem
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implies that the Greedy Bandit algorithm succeeds with probability at least

K
P [Amm(xlmxl;m) > 0.5A1m|Kopt]

0.5h%Aym|Kopt| }

2,2
8do=x2 .

—2Kd P [)\min(XImXLm) > 0.5)\1m]lCOpt]} exp {—

_ dexp{=D1(0.5)(Km + 1 — m|Keup|)}
1 —exp{—D1(0.5)}

 2dexp {—D3(0.5)(Km + 1 —m|Ksu|)}
1 —exp{—D2(0.5)}

For deriving a lower bound on the first term let us use the concentration inequality in
Lemma Note that here the samples are drawn i.i.d. from the same distribution pyx.
Therefore, by applying this Lemma we have

P [Amin(XIlezm) < 0.5Mm|Kope]) and E[dmin (X7, X1am)] > Almucopt@

—0.5 \ MmIKopt|/27ax
<dl&f
= (0.50~5>

— dexp {—W (—0.5 — 0.5log(0.5))}

Alm’Kopt‘)

2
Tmax

> dexp (0.153

Note that the second event, i.e. E[Amin(XIle;m)] > A\im|Kopt| happens with probability

one. This is true according to

ENin (X X1:m)] = EAmin (Y X1X,")]
=1

> E[Z )\min(XleT)] = ZE[/\mln(XleT)}
=1 =1

= mE[Amin (XX )],

where X ~ pyx and the inequality is true according to the Jensen’s inequality for the concave
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function Apmin(-). Now note that, this expectation can be bounded by

EAmin(XX )] > E

K
Amin (Z XX'I(XTB > max X "B+ h))

i=1

K

>N E [ Apin [ XXTI(XTB; > max X T »+h>]
_2[ (F0XTICC 61 2 max X5, 41
Zlcopt’)\la

according to Assumption {4 and another use of Jensen’s inequality for the function Apin(-).
Note that this part of proof was very similar to Lemma[20] Thus, with a slight modification

we get,

2

max

Arm|K
P [Amin(ximxlzm) > 0.5A1m|/copt|} > 1 — dexp <—0.1531m|°pt|) .
After using this inequality together with the inequality (1 — )% > 1 — Kz, and after
replacing values of D;(0.5) and D3(0.5), the lower bound on the probability of success of
Greedy Bandit reduces to

—0.153\1m | Kot RN m| Kopt|
1—KdeXp< 3 —2Kdexp —W

max max

> —0.153)\ > AIh?
=

I=(K—|Ksup|)m+1 max (K —|K gup|)m—+1 max

In above we used the expansion 1/(1 —z) = > 7°; #!. In order to finish the proof note that
2

max*

by a Cauchy-Schwarz inequality \; < x Furthermore, K — [Kgyup| = [Kopt| and therefore

the above bound is greater than or equal to

> —0.153)\ > A2h?

l:mucopt | max lzm\/Copﬂ max

1 3K dexp(—Dminm/|Kopt|)
o 1 — exp(—Dhin) 7

as desired.
O

Proof of Corollary[3 Proof of this corollary is very similar to the previous corollary. Extra
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conditions of the corollary ensure that both v = 0.5,p = Km + 1 lie on their accepted
region. For avoiding clutter, we skip the proof.
O
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Appendix B

Supplementary Materials for
Chapter

B.1 Proofs

B.1.1 Proof of Theorem [5

First, we will discuss three main steps that are needed for the proof.

Step 1: We show an upper bound for the sum of squared errors for all (i,t) € O in terms of

the regularization parameter A, rank of L*, | L*—L|| , and || &]|op where & = 2o EitAt.

Lemma 23 (Adapted from Negahban and Wainwright| (2011))). For all X > 3||€||op /|0,

A~

Ay, L* — L)? 5
2 <t0> < 10AWR|L* — L|p. (B.1.1)
(i,t)eO ’ ’

This type of result has been shown before by Recht| (2011), Negahban and Wainwright
(2011), |[Koltchinskii et al.[ (2011)), Klopp| (2014)). Similar results also appear in the analysis of
LASSO type estimators (for example see Buhlmann and Van De Geer| (2011)) and references

therein).

Step 2: The upper bound provided by Lemma contains A and also requires the con-
dition X\ > 3||€&||op/|O|. Therefore, in order to have a tight bound, it is important to show
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an upper bound for ||&||,, that holds with high probability. Next lemma provides one such

result.

Lemma 24. There exist a constant Cy such that

|€llop < Cro max {\/Nlog(N +T),VTlog® (N +T)| ,

with probability greater than 1 — (N + T)~2.

This result uses a concentration inequality for sum of random matrices to find a bound
for ||&||op. We note that existing papers Recht| (2011)), Negahban and Wainwright| (2011)),
Koltchinskii et al.| (2011)), Klopp (2014), contain a similar step but in their case O is obtained
by independently sampling elements of [N] x [T]. However, in our case observations from
each row of the matrix are correlated. Therefore, prior results do not apply. In fact, the

correlation structure deteriorates the type of upper bound that can be obtained for ||&||op.

Step 3: The last main step is to show that, with high probability, the random vari-
able on the left hand side of is larger than a constant fraction of ||L — L*|%. In
high-dimensional statistics literature this property is also referred to as Restricted Strong
Converity, Negahban et al. (2012), Negahban and Wainwright| (2011, 2012)). The following
Lemma states this property for our setting and its proof that is similar to the proof of

Theorem 1 in (Negahban and Wainwright/|2012) or Lemma 12 in (Klopp 2014) is omitted.

Lemma 25. If the estimator L defined above satisfies |L —L*||p > & for a positive number

K, then,

Pec ¢ 2 ¢ 2 p2’€2
Pr EHL_L ’FS(-%G:@<A#7L_L ) >1—exp <—32TLQ) :

max

Now we are equipped to prove the main theorem.

Proof of Theorem[5 Let A = L* — L. Then using Lemma and selecting A equal to
3||€llop/|O] in Lemma with probability greater than 1 — (N 4 T')~2, we have

(A, A 30C10vRmax [\ /N Tog(N + T), VT log¥2(N + T)}
1ty <
o - @

D

(i,t)eO

[AllF. (B.1.2)
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Now, we use Lemma [25] to find a lower bound for the left hand side of (B.1.2). But first
note that if p?||A||%/(32T L2,,) < 2log(N + T) then

max

holds which proves Theorem Otherwise, using Lemmafor k = (8Lmax/pc)/ T log(N +T),

1 1
P Zp|lA|% < Ap, A2 S >1- —— B.1.
2]? ” ||F —= (%E:O< ts > = (N+T)2 ( 3)

Combining this result, , and union bound we have, with probability greater than
1—2(N+T)2

N log(N +T T )
|A|% < 60C) 0V R max <a ngpZH \ /? log®?(N + T)) 1A

The main result now follows after dividing both sides with vV NT'||A||p. O

B.1.2 Proof of Lemma [23]

Variants of this Lemma for similar models have been proved before. But for completeness

we include its proof that is adapted from |[Negahban and Wainwright| (2011]).

Proof of Lemma[23 Let

f(L)

Yir — Lir)*
5o Tt ..
(i,t)eO

Now, using the definition of ﬁ,
FL) < f(LY),

which is equivalent to

~ L, Ay)? ; L A, 3 .
3 L7 - L Ai)” 5 0”4 g 3 cirlL £ 4 AL, < AL (B.1.4)
(3,t)eO ‘ ‘ (i,t)eO
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Now, defining A = L* — L and using the definition of &, the above equation gives

A, A2 2 . .
R N R Y| (B.15)
(i,t)eO ’ | ’ ’
(@ 2 . )
< Al 1€l + AL 1. - NIE (816
2
< 18Il + AlAL (B.17)
(b)
< Al (B.1.8)

Here, (a) uses inequality [(A,B)| < ||Allop||B|/max which is due to the fact that operator
norm is dual norm to nuclear norm, and (b) uses the assumption A > 3||&||op/|O|. Before
continuing with the proof of Lemma [23] we state the following Lemma that is proved later

in this section.

Lemma 26. Let A = L* — L for A\ > 3||€|lop/|O| Then there exist a decomposition A =
A1 + Ay such that

(i) (A1,Ag)=0.
(ii) rank(Aq1) < 2r.
(iit) || Do« < 3[|Ax][«.

Now, invoking the decomposition A = Aj + Ay from Lemma [26] and using the triangle

inequality, we obtain
(c) (d) (e)
Al < 4[Aq]ls < 4V2r]A][r < 4V2r A F . (B.1.9)

where (c) uses Lemma [26(i77), (d) uses Lemma [26]ii) and Cauchy-Schwarz inequality, and
() uses Lemma [26{4). Combining this with (B.1.8) we obtain

A, A2
B ) <|O|t> < 10\T | A7, (B.1.10)
(3,t)eO
which finishes the proof of Lemma O

Proof of Lemma[26 Let L* = UNXT,STX,,(VTXT)T be the singular value decomposition for

the rank r matrix L*. Let Py be the projection operator onto column space of U and let
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P be the projection operator onto the orthogonal complement of the column space of U.

Let us recall a few linear algebra facts about these projection operators. If columns of U are

denoted by ui, . .., up, since U is unitary, Py = Y_I_, wu . Similarly, Py. = Zi]irﬂ wiu;
where uy, ..., ug, Upi1, . . ., uy forms an orthonormal basis for R . In addition, the projector
operators are idempotent (i.e., P%, = Py, PIZJl =Py.), Pu+Pyi =Inun.
Define Py and Py 1 similarly. Now, we define A; and Aj as follows:
AQ EPUJ_APVJ_ 5 Al EA—AQ.
It is easy to see that
Ay =Py +Py ) APy +Py.) — Py APy (B.1.11)
=PyA + Py APy . (B.1.12)
Using this fact we have
(A1, Ag) = trace (ATPUPUJ_ APy + PVATPUJ_PUJ_ APVJ_) (B.1.13)
= trace (Py APy APy ) (B.1.14)
— trace (ATPy APy Py ) =0 (B.1.15)

that gives part (i). Note that we used trace(AB) = trace(BA).

Looking at , part (ii) also follows since both Py and Py have rank r and sum
of two rank r matrices has rank at most 2r.

Before moving to part (iii), we note another property of the above decomposition of
A that will be needed next. Since the two matrices L* and As have orthogonal singular

vectors to each other,

IL* + Aol = L7 + 1 As].. (B.1.16)
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On the other hand, using inequality (B.1.6), for A > 3||&||,,/|O] we have

2

A(IE =187 ) < 15 1Al € o
2
< =) A«
NN
2
< A AL+ [[Ae]) - (B.1.17)

Now, we can use the following for the left hand side

I = T = IL* + Ap + Agfl — L7,
> L7+ Azl = Al — [T
)
= L7+ Al = | Al = L7

= | Aglls — [[A]lx-

Here (f) follows from (B.1.16). Now, combining the last inequality with (B.1.17) we get
2
1Azl = 1AL < 5 (1ALl + 1 A2]l.) -
That finishes proof of part (iii). O

B.1.3 Proof of Lemma [24]

First we state the matrix version of Bernstein inequality for rectangular matrices (see|Tropp
(2012)) for a derivation of it).

Proposition 6 (Matrix Bernstein Inequality). Let Zi,...,Zy be independent matrices in
R4*42 gych that B[Z;] = 0 and ||Zi|lop < D almost surely for all i € [N] and a constant R.
Let o7 be such that

N N
02 > max Z]E[ZIZ:] ; ZE[Z;‘FZi
=1 op =1 op
Then, for any o > 0
N o2
; i zap s (dtd)exp [%%(21}@/3] (B.1.18)
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Proof of Lemma[2{. Our goal is to use Proposition [l Define the sequence of independent

random matrices By, ..., By as follows. For every i € [N], define

t;
B, = E Eit At .
=1

By definition, € = Y.~ B, and E[B;] = 0 for all i € [N]. Define the bound D =
C’za\/m for a large enough constant Cy. For each (i,t) € O define &; = il |<p-
Also define B; = S| & Ay for all i € [N].

Using union bound and the fact that for o-sub-Gaussian random variables e;; we have
P(leq| > t) < 2exp{—t?/(202)} gives, for each a > 0,

5]

| zar+ S Plleul = D}

N
Pl > a) <P |3
i=1 op (i,t)eO

A
=
=

@
Il
—

—D?
>« +2|(9|exp{ 552 }

op

(B.1.19)

A
=
=

S
Il
—

1
> — .
Z o +(N—|—T)3

op

Now, for each i € [N], define Z; = B; — E[B;]. Then,

N N [ i
ZE- < Zi\|l +|E Z B;
i=1 op i=1 op L<isv [,
N I i N
<Doz| +|E| D B <D z| +VNT|E| ) B
=1 op _1§i§N 1llF i=1 op 1<i<N max

But since each ¢;; has mean zero,

[E[ga]| = [Elealie,|<p]l = [Eleulie,>p]| < \/E[%?t] P(leir| > D)
< /202 exp[-D?/(202)]

g

SN
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Therefore,

— oV NT o
VNT |E B; < <
! T (N+T) = (N+T)3’

max

which gives
N

>

i=1

< (B.1.20)

N+T)3"

N
S8,
=1

+<U

op op

We also note that ||Z;|lop < 2DVT for all i € [N]. The next step is to calculate oy
defined in the Proposition [f] We have,

N N t;
> E[ZiZ{)| < max {E[(y — Elzu))’]} |D_E [Z ei(N)ei(N)T] (B.1.21)
i=1 op (i.t)e0 i=1 Lt=1 op
<20%max | Y tm” | <270 (B.1.22)
1€[N] te[T]
and
N N ti
Y E[Z]Zi]| <2*|) E er(T)e(T) T (B.1.23)
i=1 op i=1  Lt=1 op
T .
= 202 max Z ng,z) = 2No?. (B.1.24)
te[T] e

Note that here we used the fact that random variables &; — F[&;] are independent of each
other and centered which means all cross terms of the type E{(&;s — E[€it])(Ejs — E[€js]) }
are zero for (i,t) # (j,s). Therefore, 0% = 202 max(N,T) works. Applying Proposition |§|,
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we obtain

_ 052
>ap < (N+T)exp | 402 max(N,T) + (4Daﬁ)/3]

<(N+T)ex -fimin o c
- P17 16 o?max(N,T) DVT)) ]

Therefore, there is a constant Cs such that with probability greater than 1 — exp(—t),

N

>z

=1

< (O30 max <\/maX(N, T)[t + log(N + T)], /T log(N + T)[t + log(N + T)]) :

op

Using this for a ¢ that is a large enough constant times log(N + T'), together with (B.1.19)
and ([B.1.20]), shows with probability larger than 1 — 2(N + T)~3

€]y, < Cromax {\/max(N, T)log(N + T), VT log®?(N + T)]
= Cjo max {\/Nlog(N +T),VTlog®*(N +T)} ,

for a constant Cj. O
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Appendix C

Supplementary Materials for
Chapter

C.1 Simulation Setting

Here we explain the settings for simulations shown in Figures and

C.1.1 Single Test Point

The data for single test point simulation, shown in Figure has been generated as follows.
Here p =1, D = 20 and d = 2. All the points are generated using X; = AX%OW7 where A €
RP*? and entries of A are independently sampled from U[—1,1]. Components of each X%OW
are also generated independently from U[—1,1]. We generate a fix test point Ty = Ao
and keep the matrix A throughout all Monte-Carlo iterations fixed. In each Monte-Carlo
iteration, we generate n = 20000 training points as mentioned before. The values of Y;
are generated according to Y; = f(X;) + &;, where f(X) = m, and g; ~ N(0,02)
with o, = 1. We are interested in estimating and drawing inference about f(xest) which is
equivalent to solving for E[¢)(Z;0(x)) | X = z] = 0 with ¢(Z;0(x)) =Y — 0(x) at & = Tyest.
We run the sub-sampled k-NN estimation (Algorithm |5)) for £ = 1,2 and 5 with parameter
s = s¢ chosen using Propositionwith ¢ = 0.1 over 1000 Monte-Carlo iterations and report
the histogram and quantile-quantile plot of estimates compared to theoretical asymptotic

normal distribution of estimates stemming from our characterization. In our simulations,

we considered the complete U-statistic case, i.e., B = (2)
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C.1.2 Multiple Test Points

The data for the multiple test point simulation, shown in Figure has been generated very
similarly to the single test point setting. The only difference is that instead of generating
a single test point we generate 100 test points. These test points together with matrix A
are kept fixed throughout all 1000 Monte-Carlo iterations. We compare the performance of
sub-sampled £-NN estimator (Algorithm with parameter s = s¢ chosen using Proposition
with ¢ = 0.1 with two benchmarks that set sq = n*054/(4+2) and sp = n1-05P/(D+2)  This
process has been repeated for kK = 1,2 and 5 and the coverage over a single run for all test

points, the empirical coverage over 1000 runs, and chosen s¢ versus sy are depicted.

C.2 Nuisance Parameters and Heterogeneous Treatment Ef-

fects

Using the techniques of Oprescu et al.| (2018), our work also easily extends to the case where
the moments depend on, potentially infinite dimensional, nuisance components hg, that also

need to be estimated, i.e.,
0(x) solves: m(x; 0, ho) = E[(Z;0, ho) | x] = 0. (C.2.1)

If the moment m is orthogonal with respect to h and assuming that hy can be estimated

on a separate sample with a conditional MSE rate of
E[(h(2) — ho(2))?|X = x] = op(e(s) + \/5/n), (C.2.2)

then using the techniques of Oprescu et al.| (2018)), we can argue that both our finite sample
estimation rate and our asymptotic normality rate, remain unchanged, as the estimation
error only impacts lower order terms. This extension allows us to capture settings like
heterogeneous treatment effects, where the treatment model also needs to be estimated

when using the orthogonal moment as

(26, ho) = (y = qo(x, w) = 6(t = po(x,w))) (t = po(z,w)), (C.2.3)

where y is the outcome of interest, ¢ is a treatment, x, w are confounding variables, go(x,w) =

E[Y|X =z, W = w] and po(z,w) = E[T|X = x,W = w]. The latter two nuisance functions
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can be estimated via separate non-parametric regressions. In particular, if we assume that

these functions are sparse linear in w, i.e.:

qo(z,w) =(B(x),w) , po(z,w) = (y(x),w) . (C.2.4)

Then we can achieve a conditional mean-squared-error rate of the required order by using
the kernel lasso estimator of |Oprescu et al.| (2018]), where the kernel is the sub-sampled

k-NN kernel, assuming the sparsity does not grow fast with n.

C.3 Proofs

C.3.1 Proof of Theorem

Lemma 27. For any 0 € ©:
2
16 = 6(2)ll2 < S lIm(z; )2 (C.3.1)
Proof. By strong convexity of the loss L(z;6) and the fact that m(x;60(x)) = 0, we have:
A 2 _ A >
L(z;0) — L(z;0(x)) 2 (m(z;6()), 0 = 0(z)) + 5 - 10 = ()2 = 5 - 1 — 0(=)]l>
By convexity of the loss L(x;6) we have:
L(x:6(x)) — L(x:6) > (m(z:6),6(x) — 6)

Combining the latter two inequalities we get:

A 2

5 10 =0(@)ll2 < (m(2:0),0 — 0(2)) < |m(z;0)]|2 - 1| — O(z)]2

Note that if |0 — 6(z)||2 = 0, then the result is obvious. Otherwise, dividing over by
|0 — 0(x)||2 completes the proof of the lemma. O

Lemma 28. Let A(x;0) = m(x;0) — U(x;0). Then the estimate 0 satisfies:

lm (3 6) |}z < sup | A (23 0)]] - (C.3.2)
0cO
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Proof. Observe that 0, by definition, satisfies ¥(x; é) = 0. Thus:
Im(x; 0)l|2 = [Im(w; 6) — U (x;0)]l2 = [|Alz; 0)[|2 < Sup [A(z;0)]2-

O]

Lemma 29. Suppose that the kernel is built with sub-sampling at rate s, in an honest
manner (Assumption@ and with at least B > n/s sub-samples. If the base kernel satisfies

kernel shrinkage in expectation, with rate €(s), then w.p. 1 —4:

sup [|[A(z;0)ll2 < Lme(s) + O <¢max\/ps (loglog(n/s) + log(p/5))> : (C.3.3)
0co n

Proof. Define
po(w; 0) = E [Wo(x;0)]

where we remind that ¥y denotes the complete U-statistic:

1
w0 = (") X By | ¥ asu (6o

SbC[n}:|Sb|:s €Sy

Here the expectation is taken with respect to the random draws of n samples. Then, the

following result which is due to |Oprescu et al. (2018) holds.

Lemma 30 (Adapted from |Oprescu et al.| (2018)). For any 6 and target

m(m;e):@_l S E | ase(X)m(X::0)

SbC[n]:|Sb|:S 1€Sy

In other words, Lemma states that, in the expression for pg we can simply replace
¥(Z;;0) with its expectation which is m(X;; ). We can then express A(x; 6) as sum of kernel
error, sampling error, and sub-sampling error, by adding and subtracting appropriate terms,

as follows:

A(z;0) = m(x;0) — V(x;0)
= m(x;0) — po(x;0) + po(x;0) — Wo(a;0) + Wo(;0) — ¥(z;0)

I'(z,0)=Kernel error A(z,0)=Sampling error Y (z,0)=Sub-sampling error
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The parameters should be chosen to trade-off these error terms nicely. We will now bound

each of these three terms separately and then combine them to get the final bound.

Bounding the Kernel error. By Lipschitzness of m with respect to x and triangle

inequality, we have:

1
ol < (%) E |'S agy (X3 [ma:0) — m(X,:0)]

S
Sbc[n]Z‘SH:S €Sy

-1
n
<i(!) X E|Taswle-xi
SpC[n]:|Sp|=s 1€Sh
-1
n
< Lm<) S Efup{lle - Xill: g, (Xi) > 0}
SpC[n]:|Sp|=s
< Ly e(s),

where the second to last inequality follows from the fact that >, |ag, (X;)| = 1.

Bounding the Sampling Error. For bounding the sampling error we rely on Lemma
and in particular Corollary Observe that for each j € {1,...,p}, Yo,(x;0) is a
complete U-statistic for each 6. Thus the sampling error defines a U-process over the
class of symmetric functions conv(F;) = {f;j(;6) : § € O}, with f;(Z1,...,Zs60) =
Eo [ 07 ) oz, w(Xi);(Z;;0)]. Observe that since f; € conv(F;) is a convex combina-
tion of functions in F; = {1;(-;0) : 6 € ©}, the bracketing number of functions in conv(F;)
is upper bounded by the bracketing number of F;, which by our assumption, satisfies
log(Np(Fj, €, L2)) = O(1/e). Moreover, by our assumptions on the upper bound ¥max of
¥;(2;0), we have that sup f, cconv(r,) | fill2, SUP £, cconv(F;) | filloo < ¥max. Thus all conditions
of Corollary [§] are satisfied, with 7 = G = ¥ax and we get that w.p. 1 —46/2p:

Zgg ’Aj(l‘, 9)‘ =0 (¢max\/2 (log 10g(n/s) + log(Qp/&))) . (034)

By a union bound over j, we get that w.p. 1 —4/2:

sup ||Aj(z,0)]|2 < v/pmaxsup |Aj(z,0)| = O (@Z)max\/ps (loglog(n/s) + log(p/é))) .
) Jj€lp] beo n 35
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Bounding the Sub-Sampling Error. Sub-sampling error decays as B is increased.
Note that for a fixed set of samples {71, Zs, ..., Z,}, for a set S, randomly chosen among

all (Z) subsets of size s from the n samples, we have:

ESyw, | D sy (Xi)1(Zi30) | = Wo(x30).
€Sy

Therefore, ¥(z;0) can be thought as the sum of B ii.d. random variables each with
expectation equal to Wo(x; #), where expectation is taken over B draws of sub-samples, each
with size s. Thus one can invoke standard results on empirical processes for function classes
as a function of the bracketing entropy. For simplicity, we can simply invoke Corollary [§]in
the Appendix for the case of a trivial U-process, with s = 1 and n = B to get that
w.p. 1 —4/2:

e loglog(B) + log(2/9)
sup [1(2:0) = O (wmax\/ . )

Thus for B > n/s, the sub-sampling error is of lower order than the sampling error and can
be asymptotically ignored. Putting together the upper bounds on sampling, sub-sampling

and kernel error finishes the proof of the Lemma. O

The probabilistic statement of the proof follows by combining the inequalities in the
above three lemmas. The in expectation statement follows by simply integrating the expo-

nential tail bound of the probabilistic statement.

C.3.2 Proof of Theorem

We will show asymptotic normality of & = <B ) é> for some arbitrary direction § € RP, with

|Bll2 < R. Consider the complete multi-dimensional U-statistic:

-1
o= (1) X B |Taswu@o| . (©30

SbC[n}:|Sb|:s €Sy

Let
A(z;0) = Wo(z;6) — po(x;0) (C.3.7)
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where po(z;0) = E [Ug(z;0)] (as in the proof of Theorem [8)) and

0 = 0(x) — My ' Az; 0(x)) (C.3.8)
Finally, let
a2 (8,6) = (8,0(x) ~ (8, My A;0(x))) (C.3.9)
For shorthand notation let ag = (3,6(x)), ¥3(Z;0) = (8, My ' (¥(Z;60) — m(X;0))) and

Vo p(z;0) = (B, My' Az;0()))

-1
= (Z) Z Zasbwb wg Zl,(9>

SbC[n}:|Sb|_s 1€Sh

be a single dimensional complete U-statistic. Thus we can re-write:
a = ag — Vo (x;0(x))

We then have the following lemma which its proof is provided in Appendix

Lemma 31. Under the conditions of Theorem[9:
v ;0
st oy
on(z)

2

2
for o2 (@) = £ Var [E |0, K (2, Xi, (X, 15 0)ws(Z:0) | X ]| = Q(5n(s)).
Invoking Lemma 31| and using our assumptions on the kernel, we conclude that:

a — ap(x)

N, (C.3.10)

For some sequence o2 which decays at least as slow as s?1(s)/n. Hence, since

G-—ap a—0(x) a-—a
on(z)  op(z) +0'n x)’

if we show that ;‘n;(f) —p 0, then by Slutsky’s theorem we also have that:

0 5 N(0,1), (C.3.11)
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as desired. Thus, it suffices to show that:

& — &l
—F —, 0. C.3.12
O'n(ﬂf) p ( )
Observe that since ||8]]2 < R, we have ||& — @lls < R||6 — 0]|2. Thus it suffices to show that:

16 4]

on(x)

—p 0.

Lemma 32. Under the conditions of TheoremH, for o2 (z) = Q (%n(s)) :

16 -]

on(z)

—, 0. (C.3.13)

Proof. Performing a second-order Taylor expansion of m;(z;#) around 6(x) and observing

that m(z;0(x)) = 0, we have that for some 0; € ©:

Pj

Letting p = (p1,...,pp), writing the latter set of equalities for each j in matrix form,

multiplying both sides by M, 1 and re-arranging, we get that:
0 = 0(x) + My 'm(x;0) — My 'p.
Thus by the definition of § we have:
0—0=DM;'- (m(x;0) + Az; 0(x))) — My tp.
By the bounds on the eigenvalues of H;(x;6) and M, ', we have that:
105" plls < Z216 — o) 3. (C.3.14)
Thus we have:

PR 1 A Ly 4
16 = Bll2 = § llm(as0) + A () |2 + 57116 — 0() 3.
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By our estimation error Theorem [§] we have that the expected value of the second term
on the right hand side is of order O (e(s)?, £ loglog(n/s)). Thus by the assumptions of the
theorem, both are o(c,,). Hence, the second term is op(oy,).

We now argue about the convergence rate of the first term on the right hand side.

Similar to the proof of Theorem [8 since ¥(z;0) = 0 we have:

~ ~ ~

m(z;0) = m(z;0) — U(x;0) = m(x;0) — Wo(w;0) + o (;0) — V(x30) .

Sub-sampling error

A~

We can further add and subtract p from m(z;6).

m(x;0) = m(w;0) — po(x;0) + po(w; 6) — Wo(w;0) + o (w;0) — W(a; 6)
= m(x;0) — po(w;0) — Aw;0) + Wo(w;0) — W(x;6) .

Combining we have:

m(x;0) + A(w;0(x)) = m(x;0) — po(w;0) + Alw; 6(x)) — A(w;0) + o (w; 0) — U(w;0) .

C=Kernel error F=Sampling error E=Sub-sampling error

Now similar to proof of Theorem [8] we bound different terms separately and combine the

results.

Kernel Error. Term C is a kernel error and hence is upper bounded by €(s) in expecta-
tion. Since, by assumption s is chosen such that e(s) = o(on(x)), we ge that ||Cll2/on(x) —p
0.

Sub-Sampling Error. Term F is a sub-sampling error, which can be made arbitrarily
small if the number of drawn sub-samples is large enough and hence ||E|2/0pn(z) —p 0.
In fact, similar to the part about bounding sub-sampling error in Lemma [29| we have that
that:
Es, | Y a5, (X:)(Zi;0) | = Wo(x;0),
€Sy

Therefore, ¥(x;0) can be thought as the sum of B independent random variables each with
expectation equal to ¥o(z;0). Now we can invoke Corollary [§ in Appendix |C.3.12| for the
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trivial U-process, with s = 1,n = B to get that w.p. 1 — d1:

sup ||[¥o(z;0) — ¥(z;0)|| <O (lpmax\/loglog(B) + 10g(1/51)) |
(23]

B

Hence, for B > (n/s)%/4, due to our assumption that (s/nloglog(n/s))5/8 = o(op(x)) we
get [|Ellz/on(x) = 0.

Sampling Error. Thus it suffices that show that ||F||2/0y,(x) —; 0, in order to conclude
that lm(@0)+¥o(z:0(2))|2

on(z

—p 0. Term F' can be re-written as:
F = Uy(z;0(x)) — Uo(2;0) — E [\I’Q(x; 0(x)) — Wo(z:0)| . (C.3.15)

Observe that each coordinate j of F', is a stochastic equicontinuity term for U-processes
over the class of symmetric functions conv(F;) = {f;(:;0) : 0 € O}, with f;(Z1,...,Zs;0) =
Eo D7 4 az,..w(Xi)(Wi(Zi;0(x)) — 1;(Z;;0))]. Observe that since f; € conv(F;) is a con-
vex combination of functions in F; = {¢;(-;0(x)) —¢;(-;0) : 0 € O}, the bracketing number
of functions in conv(F;) is upper bounded by the bracketing number of F;, which in turn
is upper bounded by the bracketing number of the function class {1;(-;6) : 6 € ©}, which
by our assumption, satisfies log(Nj(Fj, €, L2)) = O(1/¢). Moreover, under the variogram

assumption and the lipschitz moment assumption we have that if |0 —6(z)|| <r <1, then:

2
1£;(50) B2 = E (Zazls )(¥(Zi; 0(x ))—%(Zi;e))

IN
=

Z oz, (Xi) (Vj(Zi; 0(x)) — ¢ (Zs; 9))2] (Jensen’s inequality)

=E Z az, (X)E[Y;(Zi;0(x)) — vi(Zs; 0))% | X;] (honesty of kernel)

= E Zazls (Varw(z;e(x))—w<z;e>\xi>+<m<xi;e<x>>—m(Xa@))Z)]

IN

LwH9—9( )+ L3110 = 0(@)||* < Lyr + Lir* = O(r) .
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Moreover, | fjllocc < 2¥max. Thus we can apply Corollary with = y/Lyr + L%r? =
O(y/7) and G = 20ax to get that if |0 — 6(x)|| < r, then w.p. 1 —8/p:

|Fy| < sup
0:)|0—0(x)||<r

= 0 (4 v VioB/a) + ToeTog /1)) |2 )
-0 <<r1/4\/10g(p/5) n loglog(n/s)> \/D 2 x(r, 8,1, 8).

Wo(:6(2)) — Wo(a: ) — E |Wo(a: 6() — Wo(a: )|

Using a union bound this implies that w.p. 1 — § we have
max |Fj| < k(r, s,n,0).
j
By our MSE theorem and also Markov’s inequality, w.p. 1—4": ||§—6(z)|| < v(s)/d’, where:

v(s) = % (Lme(s) +0 (wmax\/pns log log(p 8/n)>>

Thus using a union bound w.p. 1 —J§ — ¢, we have:

max |Fj| = O (s(v(5)/8', 5,7, 9)))

To improve readability from here we ignore all the constants in our analysis, while we keep
all terms (even log or loglog terms) that depend on s and n. Note that we can even ignore
d and §’, because they can go to zero at very slow rate such that terms log(1/d) or even
§"1/% appearing in the analysis grow slower than loglog terms. Now, by the definition of
v(s) and k(r, s,n,d"), as well as invoking the inequality (a + b)'/* < a/* 4+ b'/* for a,b > 0

we have:

s 1/2 s 5/8
m]aX\Fj] < O(k(v(s)/d',s,m,8)) <O <€(S)1/4 (Elog log(n/s)> + (ﬁ loglog(n/s)> > ,
(C.3.16)
Hence, using our Assumption on the rates in the statement of Theorem [ we get that both
of the terms above are o(oy,(z)). Therefore, || F||2/opn(x) —p 0. Thus, combining all of the
above, we get that:
16— 9|

on()

= op(1)



as desired. O

C.3.3 Proof of Lemma [Tl

We give a generic lower bound on the quantity E[E[K (x, X7, {Zj}jzl)\Xl]Q] that depends
only on the kernel shrinkage. The bound essentially implies that if we know that the
probability that the distribution of X’s assigns to a ball of radius €(s,1/2s) around the
target x is of order 1/s, i.e. we should expect at most a constant number of samples to
fall in the kernel shrinkage ball, then the main condition on incrementality of the kernel,
required for asymptotic normality, holds. In some sense, this property states that the kernel
shrinkage behavior is tight in the following sense. Suppose that the kernel was assigning
positive weight to at most a constant number of £ samples. Then kernel shrinkage property
states that with high probability we expect to see at least k& samples in a ball of radius
€(s,0) around x. The above assumption says that we should also not expect to see too
many samples in that radius, i.e. we should also expect to see at most a constant number
K > k of samples in that radius. Typically, the latter should hold, if the characterization
of €(s,9) is tight, in the sense that if we expected to see too many samples in the radius,
then most probably we could have improved our analysis on kernel shrinkage and given a

better bound that shrinks faster. The proof of Lemma [7] is as follows.

Proof. By the Paley-Zygmund inequality, for any random variable Z > 0 and for any
d€[0,1]:

E[Z]?

B2 2 0= b7 smiz

Let Wi = K(z,X1,{Z;};—;). Then, applying the latter to the random variable Z =
E[W1|X1] and observing that by symmetry E[Z] = E[W;] = 1/s, yields:
(1-0)*E[W,]? (1-0)*(1/s)

E [EW1|X1)?] > Pr[E[W1|X1] > 0E[W1]]  PrE[Wi|X1] > 6/

Moreover, observe that by the definition of €(s, p) for some p > 0 we have
PrWy > 0A [ X1 —z|| Z €(s,p)] < p.
This means that at most a mass p s/d of the support of X; in the region || X; — x| > €(s, p)
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can have Pr[WW; > 0|X1] > §/s. Otherwise the overall probability that W; > 0 in the region
of || X1 —z|| > €(s, p) would be more than p. Thus we have that except for a region of mass
ps/d, for each X in the region || X1 — x| > €(s, p): E[W1]|X1] < d/s. Combining the above
we get:

PrE[W1|X1] < 6/s] > Pr{[|[ X1 — x| > €(s, p)] = ps/d.

Thus,
PrE[W|X1] > 6/s] < Pr[| X1 — || < €(s, p)] + ps/6 = u(B(z,€(s,0))) + ps/é.

Since p was arbitrarily chosen, the latter upper bound holds for any p, which yields the

result.

C.3.4 Proof of Corollary

Applying Lemma [7] with § = 1/2 yields

2
E[E[K(l‘, Xl’ {Zj}jzl)’XI]Q] z infp>o (N(B((lx{i?‘zv P))) + 2p 3) .

Observe that

cr S

W(B(@, (s, p))) < —ge(s, p)u(B(z, ) = O <1g<1/ﬂ>> |
Hence,

inf (u(B(a.c(s. )+ 205) = O (1t (2012 1 255) ) —0 (<5

where the last follows by choosing p = 1/s2. Combining all the above yields

BIEIK (o X0 (25X =0 ()

as desired. ]

C.3.5 Proof of Lemma

For proving this lemma, we rely on Bernstein’s inequality which is stated below:
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Proposition 7 (Bernstein’s Inequality). Suppose that random variables Zy, Za, ..., Z, are
i.i.d., belong to [—c,c] and E[Z;) = p. Let Z, = 13" | Z; and 0 = Var(Z;). Then, for
any 6 >0,

Pr(|Z, — p| > 6) < 2exp i .
- 202 +2c0/3

This also implies that w.p. at least 1 — § the following holds:

202 1log(2/90) n 2¢clog(2/4)

Z, — | <
[Zn =l < n 3n

(C.3.17)

Let A be any p-measurable set. An immediate application of Bernstein’s inequality
to random variables Z; = 1{X; € A}, implies that w.p. 1 — ¢ over the choice of features

(X3)i_,, we have:

2u(A)log(2/6) . 2log(2/9)
s 3s

) — ()] </

In above, we used the fact that Var(Z;) = u(A)(1 — u(A)) < pu(A). This result has the

following corollary.

Corollary 7. Define U = 2log(2/9)/s and let A be an arbitrary p-measurable set. Then,
w.p. 1 — 0 over the choice of training samples, (A) > 4U implies ps(A) > U.

Proof. Define U = 2log(2/6)/s. Then, Bernstein’s inequality in Proposition m implies that
w.p. 1 — 9 we have

1s(4) ~ W(A)] < VIR + 5.

Assume that p(A) > 4U, we want to prove that us(A) > U. Suppose, the contrary, i.e.,
us(A) < U. Then, by dividing the above equation by p(A) we get

‘MS(A) v 1 U

w0 =\ s

Note that since us(A) < U < u(A), by letting z = U/u(A) < 1/4 the above implies that

4
1—z§\/2+§:»§z+ﬁ—120,

178



which as z > 0 only holds for

\/22_3?/?:,220.3234.

This contradicts with z < 1/4, implying the result. O

Now we are ready to finish the proof of Lemma[8] First, note that using the definition of
(C, d)-homogeneous measure, for any 6 € (0,1) we have u(B(z,0r)) > (1/C)0%u(B(x,r)).
Replace 6r = € in above. It implies that for any e € (0,r)

1

w(B(z,€)) > o el u(B(z,T)). (C.3.18)
Pick €k (s, d) according to
[ 8C log(2/9) 1/d
wtd) = (Gt y)

Note that for having ex(s,d) € (0,7) we need

log(2/9) < %M(B(m,r))s = 0 > 2exp (_81C'M(B(J:’T)S> .

Therefore, replacing this choice of e (s, §) in Equation (C.3.18)) implies that u(B(x, €x(s,9))) >
81%(2/5). Now we can use the result of Corollary EI for the choice A = B(x,e€x(s,0)). It
implies that w.p. 1 — § over the choice of s training samples, we have

(B, ex(s,0))) > 2108(2/9)

s
Note that whenever § < exp(—£k/2)/2 we have
21og(2/9) > ﬁ
s s
Therefore, w.p. 1 —§ we have
log(1/6 1/d
o= Xl < as.0) =0 (L)
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C.3.6 Proof of Corollary
1/d
Lemma (8| shows that for any t = e;(s,0) = r (%ﬁ)@) , such that ¢ < r and ¢t >

1/d
4k C .
r (7”3(%“))8) , we have that:

Pr{[|z — X ll2 = ex(s,0)] < 0.
Lot p— L (aB@m\Y .o ' : .
et p= (=577 , which is a constant. Solving for  in terms of ¢t we get:

Prlllz — Xll2 > t] < 2exp (—pdstd) ,

for any t € [W,r} Thus, noting that X;’s and target x both belong to A that has

diameter Ay, we can upper bound the expected value of [||z — X(y)|l2 as:

Ay
E[Hx—X(k)Hg]:/o Pr [l — Xl > €] dt

(S/k)_l/d r
S i Pr [H[E — X(k)HQ Z t] dt + Pr [HJ} — X(k)HQ Z T] (AX — 7’)
p p(s/k)= 1/
—-1/d r
< (S/k)—k/ 2exp{—pdstd}dt+2exp{—pdrds}(AX—7‘).
p p(s/k)=1/4

Note that for s larger than some constant, we have exp {—pd rd s} < s~ 14, Thus the first
1/d

and last terms in the latter summation are of order (%) . We now show that the same
holds for the middle term, which would complete the proof. By setting v = p?st? and

doing a change of variables in the integral we get:

/PT(s/k:)l/d 2exp {_pd Std} di < /0°° 2 exp {_pd Std} dt

1 * 1jd-1 S
= dpsl/d/o w4t exp {—u} du = .

where I' is the Gamma function. Since by the properties of the Gamma function zI'(z) =

['(z 4+ 1), the latter evaluates to: Sfl/dI‘((d +1)/d). Since (d+ 1)/d € [1,2], we have that

0
I'((d+1)/d) < 2. Thus the middle term is upper bounded by 28;1/d

(5"

s

, which is also of order
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C.3.7 Proof of Lemma

Before proving this lemma we state and prove and auxiliary lemma which comes in handy

in our proof.

Lemma 33. Let P; denote the mass that the density of the distribution of X; puts on the
ball around x with radius ||x — X1 ||2, which is a random variable as it depends on X,. Then,

for any s > k the following holds:

k—1

> (S R 1) (1= P~ 7P

=0

E =E[E[S | Xi]] = -

Proof. Let S; = 1{sample 1 is among k nearest neighbors}, then we can write

k—1

EmwuxszbjC;ﬁu_gw+@f

)

1=0

which simply computes the probability that there are at most k — 1 other points in the ball

with radius ||z — X1||. Now, by using the tower law of expectations
E[E[S: | Xa]] = E[S1] =

which holds because of the symmetry. In other words, the probability that sample 1 is

among the k-NN is equal to k/s. Hence, the conclusion follows. O

We can finish the proof of Lemmal[9] Define S; = 1{sample 1 is among k nearest neighbors},

then we can write
s 2] _ 1 2
E [E [K (2, X1,{Z;}5_1) | X1 } = E [E 1S | X1] } .

Recall that P; denotes the mass that the density of the distribution of X; puts on the ball

around z with radius ||z — X1 ||2, which is a random variable depending on X;. Therefore,
k-1

E[S)| X1 =) ( > (1— P> 'pf.

=0
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Now we can write

[ k-1 2
-1 o
E[E 51 |X1]2} - E < (3 . >(1—P1)8‘1"Pf>
| \i=0 !
[k—1k—1
s—=1\ (s—1 Iy
- (Z><]><1 P)QSQ’L]P;"FJ
| i=0 j=0
[2k—2 L N
- E (1—P1)282tPfZZ< . >< . )1{¢+j=t}
= i=0 j=0 J
(oK _9 min{t,k—1} 1 1
_9_ S — S —
= E (1— P> 2tp} > < . ><t_z.>
| t=0 t=max{0,t—(k—1)}
r2k—2
=E a; (1 — Py)*=27tp!
L t=0

Now using Lemma (where s is replaced by 2s — 1) we know that for any value of 0 <

r < 2s — 2 we have

r

> (28; 2) (1— P)»27'pf

t=0

r+1
= . 3.1
25 —1 (C.3.19)

T
E Z be(1—P)®» 2P| =E

t=0

This implies that for any value of 7 we have E [b,(1 — P1)?*"2""P[| = 1/(2s—1). The reason
is simple. Note that the above is obvious for r = 0 using Equation . For other values
of r > 1, we can write Equation for values » and r — 1. Taking their difference
implies the result. Note that this further implies that E [(1 — P)*727" P[] = 1/(b, (25—1)),
as b, is a constant. Therefore, by plugging this back into the expression of E[E[S] | X1]?]

we have
2k—2 1 %2
E[E[S1| X1 =E | > a;(1— P> >7'Pf| = 25— 1 (Z b:) ’
=0 t=0

which implies the desired result.
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C.3.8 Proof of Theorem [11I

Note that according to Lemma |37, the asymptotic variance o7, (@) = % Var [®1(Z1)], where
Oy(2y) = %E[Zier(w,s) {ej, My y(Z;; 6(x))) | Z1]. Therefore, once we establish an expres-
sion for Var [®1(Z;)] we can finish the proof of this theorem. The following lemma provides

such a result.

Lemma 34. Let K be the k-NN kernel and 0]2-(;1:) Var ({e;, My L(z;0(x N) | X =x).
Moreover, suppose that ex(s,1/s%) — 0 for any constant k. Then:

Var [@1(21)] = o (2)? E [E [K (2, X1, {Z;};-1) | X1]°] +0(1/s)

0_2($) 2k 2at
= @R (Z bt> oll/s)

t=0

where the second equality above holds due to Lemmal[9 and sequences a; and by, for 0 <t <
2k — 2, are defined in Lemma[9

Proof. In this proof for simplicity we let Y; = (ej, My '1(Z;0(x))) and pu(X;) = E[Y;] =
{ej, My 'm(X;;0(x))). Let Z(;) denote the random variable of the i-th closest sample to z.
For the case of k-NN we have that:

k

Y Yo lZ

=1

k®y(Z)) =E

Let S; = 1{sample 1 is among k nearest neighbors}. Then we have:

k

1-5)> Yy | 2

=1

k®i(Z1) = +E

Sle | Zy
=1

Let ffm denote the label of the i-th closest point to x, excluding sample 1. Then:

k

k®(Z)= E Sle | Zy| +E|(1-5) Yy | 2
zkl z:kl

=E S1Z(Y(i) >|Z1 +E Z y | 21
i=1 =1
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Observe that 57@ are all independent of Z;. Hence:

k
k®)(Z) = E [Slz (Yo ~Yo) 1 21

=1

k
> Yy

i=1

+E

Therefore the variance of ®(Z;) is equal to the variance of the first term on the right hand

side. Hence:

- k =27 k 2
K Var[01(Z0)] = E|E|[$1 Y (Yo - ¥i) [ 41| | —E[$13 (Yo - V)
- 0
—E|E|$ Y (Y(i) —f/(i)) PARERIOP
L =1 _
Where we used the fact that:
- ; 2> ma
E |5 ; (Yo = Yio) || < EIS1) 2htpmar = =22 (C.3.20)

Moreover, observe that under the event that S; = 1, we know that the difference between
the closest k values and the closest k values excluding 1 is equal to the difference between

the Y1 and Y3, 1). Hence:

k

1Y (Yo~ Vi) | 21

=1

E B[S (YY) | 2] =E[8) (¥i — (X)) | 21]

where the last equation holds from the fact that for any j # 1, conditional on X, the
random variable Y; is independent of Z; and is equal to p(X;) in expectation. Under the
event S; = 1, we know that the (k + 1)-th closest point is different from sample 1. We
now argue that up to lower order terms, we can replace u(X;11)) with p(X1) in the last

equality:

E[S1 (V1 —m(Xyn)) | Z1] = E[S1 (Vi — u(X1)) | Z1] +E [S1 (0(X1) — (X xr1))) | Z1] -
A p
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Observe that:
2
E[E[Si (Vi - 1(Xain) | Z1)°] = E[4?] + E[p?] + 2E[4p].
Moreover, by Jensen’s inequality, Lipschitzness of the first moments and kernel shrinkage:

[l = E[E [S1 (1(X1) = #(Xs1) | Z21]°] B |81 (1(X0) = p(Xe41)))?]

k
< AL2 €pq1(s,0)*RB[E[Sy | X1]] + 4092, < 4L? €pp1(s, 5)2g + 4602 .

max

Hence, for § = 1/s2, the latter is o(1/s). Similarly:

EAp)| < EJA]1pl] € Y [E [S1 [1(X1) ~ 1(Xerny| | Z1]] = Y [S1 [1(51) — (X sy ]

k
< ¢maxE[Sl]€k+1(57 5) + 26wmax = wmaxﬁk—l-l(s’ 5)g + 25¢max .
which for § = 1/s? is also of order o(1/s). Combining all the above we thus have:

K2 Var [01(Z1)] = E [E[S1 (Vi - su(X1) | 21| +o(1/s)

= E[B[S) | X (Vi — p(X0)%] +0(1/5).
We now work with the first term on the right hand side. By the tower law of expectations

E |E[S; | X1)? (Y1 — N(Xl))Q] = E[E[S1 | X1]°E [Y1 — p(X1)? | X1]] = E [E[S1 | X1]%07(X1)]

= E [E[S1 | X1]°0}(2)] + E [E[S1 | X1]* (05 (X1) — 03 (2))] -

By Lipschitzness of the second moments, we know that the second part is upper bounded
as:
E[E[S) | X1]? (05 (X1) — o} (2))]| < [E[E[S) | X1] (0F(X1) — 05 (2))]]
|E [S1 (07 (X1) — o} (2))]|
[E [S1 (07 (X (k) — o7 (@)]]
< LmnmE [S1] (s, 8) + 61pay

_ Lmm s, 0)k 6’;(5’5) e 2.

IN
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For § = 1/s? it is of o(1/s). Thus:

k? Var [®1(Z1)] = E [E[S1 | X1]?] o3 (z) + o(1/s).

Note that Lemma@provides an expression for E [E[S; | X1]?] which finishes the proof. [

For finishing the proof of Theorem we need to prove that Zfﬁf Z—: is equal to (i
plus lower order terms. This is stated in Lemma [10[and the proof of this lemma is provided

below.

Proof of Lemma[10. Note that for any 0 < ¢ < k — 1 we have a; = b; according to Remark
[45] For any k <t <2k — 2 we have

k—1  (s—1y)(s—1 k=1 (s=D(s=2)...(s=1) (s=1)(s=2)...(s—t+1)
at ( i )(t—i) - Z i! (t=0)!
by - . (28—2) B . (25—2)(25—3)...(2s—1—t)
i=t—k+1 t i=t—k+1 t!
B ’“i <t> (s—1)(s—2)...(s—1) (s—1)(s—2)...(s —t+1)
St i (2s—2)(2s—3)...(2s—1—1)
_ kz_:l t\s—1s-2  s—i s—1 s-2  s—t+1i
o 1) 28 —22s—3 2s —1—12s—12s—1—1 2s —1—t
i=t—k+1
k—1 . . ..
B it 1 (i1 i—2\ i—(i—t+1)
o 2 (z Sy o) U R v
i=t—k+1
k-1 +
=27t (> (14+0(1/s))
i=t—k+1 !
k=1
=97t
X (5) o).
i=t—k+1

where we used the fact that ¢t and ¢ are both bounded above by 2k — 2 which is a constant.

Hence,
%2 2k—2 k—1 .
t —t _
Sitoke 2t Y (1) 00/ =600/,
t=0 t=k i=t—k+1
as desired. O
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C.3.9 Proof of Theorem [12

The goal is to apply Theorem [9] Note that k-NN kernel is both honest and symmetric.
According to Lemma [8) we have that ex(s,d) = O ((log(l/é)/s)l/d) for exp(—Cs) < § <
D, where C' and D are constants. Corollary {| also implies that e,(s) = O((1/s)/9).
Furthermore, according to Lemma [9] the incrementality ny(s) is ©(1/s). Therefore, as s
goes to oo we have ex(s,ni(s)) = O ((10g(s)/5)1/d) — 0. Moreover, as ni(s) = O(1/s),
we also get that nng(s) = O(n/s) — oco. We only need to ensure that Equation is
satisfied. Note that o, j(z) = ©(y/s/n). Therefore, by dividing terms in Equation
it suffices that

max <sl/d (E)m .5~ /4 (log log(n/s))/?, <%>_1/8 (log log(n/S))5/8> =o(1).

S

Note that due to our Assumption n/s — oo, the last term obviously goes to zero. Also,
because of the assumption made in the statement of theorem, the first term also goes to
zero. We claim that if the first term goes to zero, the same also holds for the second term.

Note that we can write

51/ (log log(n/5))/% = (S—l/d (”)1/2)1/4‘ [(z)l/s (loglog(n/s))/?| |

S

and since n/s — oo, our claim follows. Therefore, all the conditions of Theorem |§| are
satisfied and the result follows.

The second part of result is implied by the first part since if s = n” and 8 € (d/(d+2),1)
then s_l/d\/g — 0.

Proofs of Propositions [4 and We first start by proving Lemmal[II]l For proving this
result, we need one auxiliary lemma, which can be derived from Hoeffding’s inequality for

U-statistics (Hoeffding|[1994)) that is stated as follows.

Proposition 8. Suppose that X = (X1, Xo,...,X,,) are i.i.d. and q is a function that has
range [0,1]. Define Us = (2)_1 > (X, Xiy, ..., Xi,). Then, for any e >0

11<i9<...<ig

Pr(|Us — E[U]| > €] < 2exp (—|n/s]é?) .
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Furthermore, for any § > 0, w.p. 1 —§ we have

1

|Uv571[’3[0v5”S Ln/SJ

log(2/6) .

Lemma 35. Recall H(s) defined in Section and let Gs(s) = Ay/2ps/nlog(2np/s).
Then, w.p. 1 =9, for all values of k < s < n we have

[H(s) — er(s)| < Gs(s) -

Proof. Note that H(s) is the complete U-statistic estimator for e(s). For each subset S of

size s of {1,2,...,n} we have

E ~ Xillo| = exls).
o= Xl e

Further, ||z —2'||]2 < Ay < A holds for any 2/ € X'. Therefore, using Hoeffding’s inequality
for U-statistics stated in Proposition [§] for any fixed s, w.p. 1 — § we have

H(s) — ex(s)] < Ay —

< /5] log(2/9) .

Note that |z| > z/2 for z > 1 and therefore the above translates to

H(s) — ex(s)] < Ay /% log(2/5)

Taking a union bound over s = k,k + 1,...,n, replacing 6 = §/n, and using p > 1, implies

the result. O

Proof of Lemma([11 Note that using Lemma w.p. 1 — 4, for all values of s we have
|H(s) —ex(s)] < Gs(s). Now consider three different cases:

e 51 > sy > s* : Note that based on the choice of s1,s2, we have H(s2) > 2Gs(s2).
However, H(s2) < er(s2) + Gs(s2). Hence, €;(s2) > Gs(s2) which contradicts with
the assumption that so > s*. Note that this is true since €x(s) — Gs(s) is non-positive

for s > s*.

e 51 = 5" 59 =5"—1:Obviously s; < s*.
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e 59 < 51 < s*—1: Note that we have
€x(s1) — Gs(s1) < H(s1) < 2Gs(s1) .
Hence, G5(s* — 1) < ex(s* — 1) < ex(s1) < 3Gs(s1). This means that Gs(s* —
1)/Gs(s1) < 3 which implies /(s* — 1)/s1 < 3. Therefore, s1 > (s* —1)/9.
Putting together all these cases finishes the proof. O
Now we are ready to finalize the proof of Proposition [4]

Proof of Proposition [/, Note that using the result of Lemma [II} w.p. 1 — 4, we have

s*—1
9

<sp <s*.

This basically means that if s, = 9s; + 1, then s, belongs to [s*,10s*]. Hence, we have
€r(sx) < ex(s*) < Gs(s*) and Gs(sx) < G5(10s*) = V10Gs(s*). Now using Theorem for
B >n/s, w.p. 1 — 4 we have

10— 01z < 5 (Lne(s.) +0 (v 22 toglogton) + ogto/s)) ) )

Note that Gs(s«) = A\/%% log(2pn/d). Therefore,

\/pn& (loglog(n/s.) +log(p/d)) < Gs(ss) < VI0G,(s*).

Replacing this in above equation together with a union bound implies that w.p. at least
1 — 29 we have
160 = 0(x)[l2 = O(Gs(s7)) ,

which finishes the first part of the proof. For the second part, note that according to
Corollary 4] for the k-NN kernel €(s) < C's~ /¢, for a constant C. Note that according to

the definition of s*, for s = s* — 1 we have

A % log(2np/8) = ex(s) < s~
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for a constant C'. The above implies that

O\ 24/ (d+2) n d/(d+2) O\ 24/(d+2) n d/(d+2)
SF<1+(~ S — <2(= S L ,
<A> <2plog(2np/5)> <A> <2plog(2np/5)>

Hence,

)

*\ < 2A2/(d+2) d/(d+2) #
Gs(s*) < V2 ¢ 2plog(2np/9)

which concludes the proof. O

) —1/(d+2)

Finally, we can use Lemma [T] to also prove Proposition [5

Proof of Proposition[5. Note that according to Lemma w.p. 1 —1/n, the output of

process, s satisfies
s*—1

9

<s1<s",

where s* is the point for which we have e (s*) = Gy/,(s*). This basically means that
s« = 9s1 + 1 > s*. Note that for the &-NN kernel we have n;(s) = ©(1/s). As s¢ > n®, this
also implies that ey (s¢, m(s¢)) = O((log(s¢)/s¢)Y?) — 0. Also, according to the inequality

¢ < log(n)_loglgsg*%log10g2(n) we have 1 — ¢ > (log(s.) 4 loglog?(n))/log(n) and therefore

_ s
n'=¢ > sclog?(n) — g{ < o2 (n)

and hence nng(s¢) — 0. Finally, note that o, j(x) = ©(y/s/n) and according to Theorem
[ it suffices that

o (euts) (26) 7 (o0 Qogogtns 2, (%)

n

(log 1og<n/s<>>5/8) —o(1).

Note that for any ¢ > 0,s; > s* and therefore ex(s¢) < €x(s*) = Gy/p(s*). For the first

term,

exts0) (2) 7 < Gty (2) 77

_ 2p s* 2 s¢\ T2
= A\/ log(2n?/p) (n)

=0 <\/8>*10g(n)> .
8¢
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Now note that s; = s,n¢ > s*n¢ and hence +/s*/s¢ log(n) = O(n=¢/?1log(n)) — 0. For the
second term, note that again s; > s* and therefore ex(s¢) < ex(s*) = G/n(5") < Gyyp(8¢)-
Now note that since s¢/n < 1/log?(n) hence

og(n) \ /8
ci(50) " log log(n/s)"”? < G (5¢) log log(n) = O ((f ) e 1og<n>) 0.

Finally, for the last term we have s¢/n < 1/log?(n) and hence
18 1\ l/4
(%C) (log log(n/sc))5/8 < (log(n)> loglog(n) — 0.
This basically means w.p. 1 — 1/n, s¢ belongs to the interval for which the asymptotic
normality result in Theorem [9] holds. As n — oo, the conclusion follows. O

C.3.10 Proof of Lemma [31]

We will argue asymptotic normality of the U-statistic defined as:

1
Voaeo@) = (1) X B | T s 0vazoa)

bC[n]:|b|=s 1€Sy

under the assumption that for any subset of indices S, of size s: E [E[as, w, (X1)|X1]?] =
n(s) and that the kernel satisfies shrinkage in probability with rate €(s, §) such that €(s, n(s)?) —

0 and nn(s) — oo. For simplicity of notation we let:
Yi = $5(Z 0(x)) (C3.21)

and we then denote:

S

Y Koz, X {Z}5-) Vil - (C.3.22)
=1

d(2y,...,7,) =E,

Observe that we can then re-write our U-statistic as:

qzo,ﬂ(x;e(x)):(”)_l Y (% 7).

s
1<ii<...<is<n
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Moreover, observe that by the definition of Y;, E[Y; | X;] = 0 and also
_ R Ryp
il < 1Bl M5 (02 0(a)) — (X 0@)a2 < 25 0N < 2P 2 e

Invoking Lemma it suffices to show that: Var[®;(Z1)] = Q(n(s)), where ®1(z1) =
E[® (21, Z2,...,Zs)]. The following lemma shows that under our conditions on the kernel,

the latter property holds.

Lemma 36. Suppose that the kernel K is symmetric (Assumption @, has been built in an

honest manner (Assumption@ and satisfies:
E[E[K(@ X, {2} [ X)) =ns) <1 and  e(s,n(s)%) = 0.
Then, the following holds
Var [01(21)] = Var(Y | X = ) n(s) + o(n(s)) = 2 (n(s))
Proof. Note we can write

O1(21) = E[0(Z1,..., Z,) | Xi|+E[0(Z1, ..., Z)) | X0, V1] ~E[®(Z1,..., Z,) | X1].

A B

Here, B is zero mean conditional on X; and also A and B are uncorrelated, i.e., E[AB] =
E[A]E[B] = 0. Therefore:

Var [®1(Z1)] > Var [B]

Var | > (B [K (z, Xi, {Z;};20)Ys | X0, V1] = B[K (2, X, {Z;}12,)Y; | X1])
=1

For simplicity of notation let W; = K(x, X1, {Zj}jzl) denote the random variable which
corresponds to the weight of sample i. Note that thanks to the honesty of kernel defined
in Assumption [7] W; is independent of Y] conditional on X7, for ¢ > 2. Hence all the cor-
responding terms in the summation are zero. Therefore, the expression inside the variance
above simplifies to

E[W1Y: | X1, V1] — E[W1Y; | X1].

Moreover, by honesty W7 is independent of Y; conditional on X;. Thus, the above further
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simplifies to:
EW1 | Xi] (Y1 —E[Y1 | X4]) .

Using Var(G) = E[G?] — E[G]?, this can be further rewritten as
Var [@1(Z1)] > E |E[W: | X1)* (Y1 — E[Y1 | Xl])ﬂ ~E[EW: | Xi](Y1 —EM | i) .

Note that Y7 — E[Y7 | X1] is uniformly upper bounded by some t,,x. Furthermore, by the
symmetry of the kernel we have E [E[W; | X;]] = E[W;] = 1/s[| Thus the second term in

the latter is of order 1/s?. Hence:
Var [@(21)] > E [Elag(X1) | Xi? (Vi — E[Vi | X1])°] +0(1/s).
Focusing on the first term and letting 0%(x) = Var(Y|X = z), we have:

E [EW: | X0 (i — E[Y1 | X1))’]
=E [E[W1 | X1]*0*(X1)]
=E [E[W; | X1]*] o(2) + E [E[W1 | X1)? (0*(X1) — o*(2))] .

The goal is to prove that the second term is o(1/s). For ease of notation let V7 = E [W; | X;].

Then we can bound the second term as:

[E [VE (0°(X1) = 0*(2))]| < Lunme(s,6)E [V 1{l|z = X112 < e(s,5)}]

+ 20 [VE 1|2 = X112 > €(s,6)}]
Linm€(s,6) E [V?] + 202 E [V 1{||z — X1[]2 > €(s,6)}]
< Linme(s,6)1(s) + 2maxE Vi 1L{l|z = X1l2 > e(s,6)}]
< Lynme(s, 6)1(s) + 2maxE W1 1{[l2 = Xull2 > €(s,0)}] ,

IN

where we used the fact that V; < 1, the assumption that o2(-) is Ly,-Lipschitz, the tower

'Since E[W;] are all equal to the same value x and Y, E[W;] = 1, we get k = 1/s.
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rule and the definition of 7(s). Furthermore,
E[Wi1{]|z — Xi|l2 > €(s,9)}] < Pr]||lz — Xi||2 > €(s,6) and Wy > 0]
< Pr|sup{[|z — Xill2 : W; > 0} > €(s,9)| ,

2

which by definition is at most 0. By putting 6 = n(s)* we obtain

[E [EW1 | X1]? (0°(X1) = 0%(@))]| < Lonme(s:n(5)*)n(s) + 2ymaxn(s)” = o(n(s))
where we invoked our assumption that €(s,7(s)?) — 0. Thus we have obtained that:
Var [®1(Z1)] > E [EW: | X1]*] 0% (z) + o(n(s)) ,

which is exactly the form of the lower bound claimed in the statement of the lemma. This

concludes the proof. O

C.3.11 Hajek Projection Lemma for Infinite Order U-Statistics

The following is a small adaptation of Theorem 2 of Fan et al. (2018), which we present

here for completeness.

Lemma 37 (Fan et al.| (2018)). Consider a U-statistic defined via a symmetric kernel ®:

-1
n
U(Zi,...,Z) = ( ) > (i, 2, (C.3.23)
y 1<i1<...<is<n
where Z; are i.i.d. random vectors and s can be a function of n. Let ®1(z1) = E[® (21, Z2, ..., Zs)]

and n1(s) = Var,, [®1(z1)]. Suppose that Var ® is bounded, nn(s) — co. Then:

U(Zy,...,2Z,) —

On

ElU],, N(0,1), (C.3.24)

where 02 = %7}1(8).

Proof. The proof follows identical steps as the one in Fan et al.| (2018). We argue about
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the asymptotic normality of a U-statistic:

-1
U(Zi,....2,) = (”) S ®(Zy... Z). (C.3.25)

S
1< <. <is<n

Consider the following projection functions:

D1 (21) = E[®(21, 2o, ..., Zs)], B1(21) = D1(z) —E[D],
(192(21,22) = E[(I)(Zl,ZQ,Zg,...,ZS), @2(2’1,2’2)

[
&
[\o}
S
3

|
=
2

Dy(21,22,...,25) = E[®(21,22,7Z3,...,7Z5), és(zl,zz,...,zs) = Dy(21,22,...,25) — E[DP],

where E[®] = E[®(Z1,...,Z;s)]. Then we define the canonical terms of Hoeffding’s U-

statistic decomposition as:

91(21) = ‘il(zl),
g2(21,22) = Pa(21,29) — g1(21) — g2(22),
3
g3(21, 20, 238) = Pa(21,20,Z8) = > _gu(z) — Y, 92(2i,2),
i1 1<i<j<3

S
93(21,22,...,25): (ps(ZleQa"wzs)_Zgl(zi)_ Z 92(2’1’72’]')—-“
i=1

1<i<j<s
. E gs—l(zi17zi27--'7zisf1)'

1<i1<12<..<is—1<8

Subsequently the kernel of the U-statistic can be re-written as a function of the canonical

terms:

‘13(21,---,2’5):q’(zl,---,zs)—E[‘I’]:Zgl(zz‘)Jr Z 92(zis 2j) + ..+ gs(215 -5 26) -
i=1 1<i<j<s

(C.3.26)

Moreover, observe that all the canonical terms in the latter expression are un-correlated.
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Hence, we have:

Var [B(Z1, ..., Zy)] = G)E [47] + <;)E (3] + ...+ <2>E (2] - (C.3.27)

We can now re-write the U statistic also as a function of canonical terms:

U(Z,...,2Z,) —E[U] = (”)1 > O(Ziy, ..., Z;,)

S
1<i1<i9<...<is<n

- <Z>_1<<2:i>291 (Z:;) Y 922 Z)+ ...

1<i<j<n

N (Z::’) 3 gS(Zil,...,ZiS)>.

1< <i9<...<is<n

Now we define the Hajek projection to be the leading term in the latter decomposition:

0(2Z,....7,) = <Z> (’; B i) Zgl (C.3.28)

The variance of the Hajek projection is:

2 2
o2 = Var |U(Z,.. .,Zn)] = %Var [1(21)] = %7]1(8). (C.3.29)

The Hajek projection is the sum of independent and identically distributed terms and hence

by the Lindeberg-Levy Central Limit Theorem (see, e.g., Billingsley [2008], Borovkov|2013):

U(Zy,...,72,)

On

—4 N(0,1). (C.3.30)

We now argue that the remainder term: %g]_lj

latter then implies that Z= E[U] —a N(0,1) as desired. We will show the sufficient condition
[(U E[U]— 0)2}

2
On

vanishes to zero in probability. The

of convergence in mean square: — 0. From an inequality due to Wager and
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Athey] (2018):

sl(o-ze-0)]= (0) {072 Gt (0) (oo
:

s(s—1) < (s 9
< oD (T>E[gr]
< " Var [®(Zy,...,25)] .

Since Var [®(Z1, ..., Z,)] is bounded by a constant V* and nn;(s) — oo, by our assumption,

we have:

E[(U—E[U]—U)Q] _Ev

‘7721 N %2771 B nn1(s)

—0. (C.3.31)

O]

C.3.12 Stochastic Equicontinuity of U-Statistics via Bracketing

We define here some standard terminology on bracketing numbers in empirical process
theory. Consider an arbitrary function space F of functions from a data space Z to R,
equipped with some norm || - ||. A bracket [a,b] C F, where a,b : Z — R consists of all
functions f € F, such that a < f < b. An e-bracket is a bracket [a, b] such that |ja —b|| < e.
The bracketing number Ny(e, F, || -[|) is the minimum number of e-brackets needed to cover
F. The functions [a,b] used in the definition of the brackets need not belong to F but
satisfy the same norm constraints as functions in F. Finally, for an arbitrary measure P

on Z, let

1Pz = VEz~p[f(Z)?] [fllpee =" sup [f(z)| (C.3.32)

z € support(P)
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Lemma 38 (Stochastic Equicontinuity for U-Statistics via Bracketing). Consider a func-
tion space F of symmetric functions from some data space Z° to R and consider the U -

statistic of order s, with kernel f over n samples:

\Ifs(f,zlm):<n>_1 S fenez) (C.3.33)

S
1<i1<..<is<n

2
Supposesuper |fllp2 < m, supser || fllpo < G andlet s =n/s. Then for k > logN[](l/GQ,J-',H~||p,z)’
w.p. 1 —=9:

sup ‘\I/s(fv Zin) — E[f(ersm

feF
=0 (inf \;E/Zn \/log(Nn(e,f,H lpz) +n\/log(1/5) +loglog(n/p) +p)

p>0 K

Proof. Let k = n/s. Moreover, wlog we will assume that F contains the zero function, as we
can always augment F with the zero function without changing the order of its bracketing
number. For ¢ =1,..., M, let F;, = U?ﬁl}"q,; be a partition of F into brackets of diameter
at most €, = 2n/29, with F{ containing a single partition of all the functions. Moreover,
we assume that F, are nested partitions. We can achieve the latter as follows: i) consider a
minimal bracketing cover of F of diameter €4, ii) assign each f € F to one of the brackets
that it is contained arbitrarily and define the partition Fq of size Ny = Ny(eq, F, ||| p2), by
taking Fy; to be the functions assigned to bracket 1, iii) let 7, be the common refinement
of all partitions Fo, . .. ,]:"q. The latter will have size at most N, < Hé\io Nq. Moreover,
assign a representative function fy to each partition Fg;, with the representative for the

single partition at level ¢ = 0 is the zero function.

Chaining Definitions. Consider the following random variables, where the dependence

on the random input Z is hidden:

Tof = Jfair [ e Fg

Agf= sup |g—nh|, if feFyu
g,hG]‘—qi

qu = {Aof < ao,...,Aq_lf < qu—lyAqf > aq}
Agf = {Aof < ag,...,Auf < ag},
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for some sequence of numbers ay, . .., s, to be chosen later. By noting that A,_1f = Ay f+
B, f and continuously expanding terms by adding and subtracting finer approximations to

f, we can write the telescoping sum:

f—mof = (f —mof) Bof + (f — mof)Aof
= (f=mof)Bof +(f —mif)Aof + (m1f —mof)Aof
= (f—mof)Bof + (f =mf)Bif + (f —mf)ArLf + (mif — 7o f)Aof

M

M
= Y (f =7 Bof +> _(wof = 7q 1) Agrf + (f —7af)Amf -
=0

q q=1

For simplicity let Py, f = V(f, Z1.n), Pf = E[f(Z1.s)] and G, denote the U-process:
Gsnf =Psnf —Pf. (C.3.34)

Our goal is to bound ||Ps,, f||7 = sup ez [Psn f[, with high probability. Observe that since
Fo contains only the zero function, then G, , fo = 0. Moreover, the operator G, is linear.
Thus:

Gs,nf = Gs,n(f - 7T0f)

M M
= Gonlf = 74/)Bof + D Gan(maf = g1 /) Agrf +Con(f =7 f)Anf -

q=0 q=1
Moreover, by triangle inequality:
M
[Gsnfllr < Z |G (f = 7qf)Bofll 7
q=0

M
+ Y NGan(mgf — w1 ) Agr FlF + [1Gon(f — marf) At 7 -

q=1

We will bound each term in each summand separately.

Edge Cases. The final term we will simply bound it by 2ayy, since |(f — marf)Anm f| <

apr, almost surely. Moreover, the summand in the first term for ¢ = 0, we bound as
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follows. Observe that Bof = 1{sup;|f| > ao}. But we know that sup;|f| < G, hence:
Byf < 1{G > Oéo}.

Gs,n(f - 7"-Of)-BOf = Gs,nfBOf < |Ps,nfBOf‘ + “P)fBOf‘ < 2G 1{G > O[()} .

Hence, if we assume that «q is large enough such that ag > G, then the latter term is
zero. By the setting of o that we will describe at the end, the latter would be satisfied if

2
> .
R Z g Ny(1/2.F Mr.2)

B, Terms. For the terms in the first summand we have by triangle inequality:

|Gs,n(f - qu)Bqﬂ < Ps,n|f - 7qu|qu + IP)|f - 7qu|qu
< PsmAquqf + PAquqf
< GsvnAquqf + QPAquqf .

Moreover, observe that:

1
PA,fByf <PAfI{Af > a,} < a—P(Aqf)Ql{Aqf > ag}
q
1 1 e
< CTqIP)(Aqf)2 = quHAqu%D,z <,

Q

where we used the fact that the partitions in F;, have diameter at most €,, with respect
to the || - ||p2 norm. Now observe that because the partitions F, are nested, A,f <
Aq_1f. Therefore, Ay fByf < Ay—1fByf < ay—1, almost surely. Moreover, ||A,fB,f|p2 <
|Aqfllp2 < €. By Bernstein’s inequality for U statistics (see, e.g., Peel et al.2010]) for any
fixed f, w.p. 1 —6:

2log(2/6 2100(2/6
CandalByf| < e EHO) 1, 28R/

Taking a union bound over the N, members of the partition, and combining with the bound
on PA,fB,f, we have w.p. 1 — ¢:

2log(2N,/6) 1210g(2Nq /6) N 2¢;

1Gon(f = Taf)Baf |5 < eqyf 22 4 0y (C3.3)

3K oy
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A, Terms. For the terms in the second summand, we have that since the partitions are
nested, |(mgf—mg—1f)Ag—1f| < Ag-1fAq1f < ag—1. Moreover, ||(7qf—mg-1f)Ag-1fl P2 <
|Ag—1fllp2 < €g—1 < 2¢4. Thus, by similar application of Bernstein’s inequality for U-
statistics, we have for a fixed f, w.p. 1 —6:

8log(2/4) 21og(2/96)

‘GS,R(qu - 7"'q—lf)Aq—lf‘ < ¢ - . + Oéq—lT .

As f ranges there are at most N,_1 N, < Nq2 different functions (7y f —mg—1f)Aq—1f. Thus

taking a union bound, we have that w.p. 1 —§:

161og(2N,/9) ‘e 1éJtlog(QJ\fq/é) .

HGS,n(ﬂ'qf - 7Tq—lf)Aq—lf”F < € q— 3k

Taking also a union bound over the 2M summands and combining all the above inequal-

ities, we have that w.p. 1 — d:

321og(2N,M/6) 6log(2N,M/5) 22
+ g ————— 4+ .
K 3K 0y

M
1GsnfllF < Zeq

g=1

Choosing ag = €gv/k/+/10g(2Ng+1M/3) for ¢ < M and apy = €pr, we have for some constant
C:

log (2N, M/9)

M
[Gsnfllr < Czﬁq + 3ens

q=1 :
M M
log(N, log(2M /4§
03 e[, 5", BTy
q=1 q=1
M
[log(N, /
Sczfq OgEiQ)_A'_QC’n W"ﬁ‘?)EM.
K
q=1

IN
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Moreover, since log(Ny) < > -7, log(Ny(eq, F, || - | p2), we have:

M M q M M
> eqy/loa(Ny) < D> \Jlog(Ny(er, F |- 1) = Dy log(Ny (e F [ - 1p2) 3 e
0 t=0 qg=t

q=1 q=1 t=
M
< 226t\/10g(]\7u(6t7}—: |- 1lp2)
t=0
M
< 4> (&— €t+1)\/10g(N[](6t’]:7 I-llp2
t=0
€0
<4 / VIoa(Ny (e, . || [12).
€M
Combining all the above yields the result. -

n and log(Ny(e, F, || - | p2) = O(1/€). Then for k > O(G?), w.p. 1 —6:

sup [ W (f, Z1.n) — E[f(2)]| = O <\/Z + n\/ log(1/9) +;°g log(x/ ’7)) L (C3.36)

fer

Proof. Applying Lemma we get for every p > 0, the desired quantity is upper bounded
by:

o( Lo, 10g(1/5)+10g10g(77/P)+p>

Vi, ve ! z
— log(1/6) + log1
_o (V=P [loe(1/0) +loglog(n/p)
NG K
Choosing p = \/1/+/k, yields the desired bound. O
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