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Centralized or Distributed?

How to allocate N divisible processing resources to N users.

User 1

Total processing resource:

N tasks / sec

User 2 “a) 4‘} 4')
<& ?

User N
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Centralized or Distributed?

Option 1: fully distributed (e.g., 1 PC per user).
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Centralized or Distributed?

Option 2: fully centralized (e.g. Cloud, mainframe)

User 1

Speed: N tasks / sec

User 2

User N
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Centralized or Distributed?

Option 3: (1 — p)N distributed, pN centralized (0 < p < 1).

User 1 Speed: 71-p task / sec

N .
‘ Speed: pN tasks / sec
N
User 2 \ =
@) -
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Centralized or Distributed?

Trade-oft:
e More centralization (larger p) = better utilization of resources.

e But also higher infrastructure and communications costs!



Centralized or Distributed?

This talk:

e Understand performance impact of centralization in
distributed processing and resource allocation.
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Centralized or Distributed?

This talk:

e Understand performance impact of centralization in
distributed processing and resource allocation.

e Main message: even a small amount of centralization is
significant!
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Motivations *

e Applications

1. . .
image source: http://www.opensolutions.ie/
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Motivations *

e Applications

» Infrastructure planning and design of server farms and cloud
clusters.
» Scheduling with limited state information.

@ A building block for finding optimal performance v.s. costs
trade-off
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Related Work

Small coordination makes a big difference...
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Related Work

Small coordination makes a big difference...
e Flexible routing to two queues
[Foschini and Salz 78]
» Routing a single stream to two stations
» Constant factor delay improvement when having flexible customers
(under diffusion heavy-traffic scaling).

e Super-market model in load-balancing (“power of two choices”)
[Vvedenskaya et al. 96] [Mitzenmacher 96] [Bramson et al. 2010]
» Routing a single stream to N parallel stations.
» Substantial benefits by routing to the shorter queue between two
randomly chosen queues.
@ Our work: also consider partial coordination, but very different in
model, dynamics and analysis.
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Model: Server Farm with Local and Central Servers

e Time is continuous.

e Arrivals and departures modeled by independent Poisson
processes.

» Events = clock ticks.

e N parallel stations. One queue per station to store unprocessed

jobs: Q;(t).
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Model: Server Farm with Local and Central Servers

e Time is continuous.

e Arrivals and departures modeled by independent Poisson
processes.

» Events = clock ticks.

e N parallel stations. One queue per station to store unprocessed
jobs: Q;(t).

e System designer chooses p € [0, 1].

Station 7

— Dooafi-s

Station 2

—___ 00y

Statiim N
- DDD!

LQF
Service




Model: Server Farm with Local and Central Servers

Station 7

— [Dooo)-»

Station NV

LQF
Service

— | Oofi-s

e Job arrivals: \ jobs / sec to each station, 0 < A < 1.
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Model: Server Farm with Local and Central Servers
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Model: Server Farm with Local and Central Servers

Station 7
— 0Ooogf-»
Station 2
> oo
E | | LQF
! Service
StatilonN
S|

e N local servers, working at 1 — p job / sec.

e Each serves the assigned station only.
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Model: Server Farm with Local and Central Servers
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e One central server, working at pN jobs / sec.
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Model: Server Farm with Local and Central Servers

— Ooog-»

Station 2

—__ Oodfi

Station N

—__ Odfi-s

LQF
Service

e One central server, working at pN jobs / sec.

@ Serves a job from a most loaded queue whenever it becomes

available.
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Performance Metric: Average Queue Length

e Performance metric: the average queue length at time ¢

total number of jobs at time ¢
N

Qavg(t) =

® (Qqug closely related to average waiting time (delay) by Little’s
Law.
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Simple Observations

Some simple observations before calculations:
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Simple Observations

Some simple observations before calculations:
o If p =0, system degenerates into N separate M /M /1 queues.

o C(lassical queuing theory: delay scales as ﬁ as A — 1.
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Simple Observations
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Simple Observations

For p > 0, more observations:
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Simple Observations

For p > 0, more observations:
e Central server always busy whenever the system is non-empty.

e Some local servers may be idling while other local servers are
busy.

Idling leads to waste of processing resources at local servers.

o Reasonable to expect:

larger p = less idling resources = better performance
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Simple Observations

To analyze the system when p > 0:

@ The central server induces correlations among queues, making
exact analysis very difficult for finite N.
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Simple Observations

To analyze the system when p > 0:

@ The central server induces correlations among queues, making
exact analysis very difficult for finite N.

o We consider the regime as N — oo.

@ The rest of the talk:

» Exact performance characterization for any p and A using a fluid
approximation, in the limit of N — co.
» How to justify the approximation.



System State

To describe the system state:

o Let SN () be the fraction of queues with at least i jobs:
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System State

To describe the system state:

o Let SN () be the fraction of queues with at least i jobs:

IID

e System is Markov w.r.t {SN }1 1
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A quick warm-up...

e N=2
Station 7

(] ° Qi(t) =1, Qax(t) =2

Station 2

N




System State: Example

A quick warm-up...

e N=2
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(] ° Qi(t) =1, Qa(t) =2
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System State:

Station 7
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A quick warm-up...
o N=2
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System State: Example

A quick warm-up...

o N =
Station 7
(] ° Q1(t) =1, Qa(t) =
o S)(t)=3 =1 (always 1)
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System State: Example

A quick warm-up...

e N=2
Station 7
l:, ° Ql(t) =1, QQ(t) =
o S)(t)=3 =1 (always 1)
o IR
—_— o SY(t) =13
° Sf(t)zOforalliZS



System State: Example

Station 7
Station 2
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System State

o Interpretation of SN (¢): tail probabilities

SN(t) ~ prob. of typical arrival sees a queue with

> 1 jobs.



System State

o Interpretation of SN (¢): tail probabilities

SN(t) ~ prob. of typical arrival sees a queue with > i jobs.

o In particular, average queue length in the system at time ¢ is

N
oty EELTI T @) g,

V]
1
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© Fluid Approximation
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Fluid Approximation

Sample paths of SV (¢) “converge” to some smooth trajectory s(t), as
N — o0

Small N Large N

26 /
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Fluid Approximation

Why use fluid approximations?

e s(t) is solution to a system of ordinary differential equations

@ Much easier to analyze than the original finite stochastic system.



Fluid Approximation

General steps when applying fluid approximation
e Step 1: Write down fluid model (5(t) = F(s(t))).
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Fluid Approximation

General steps when applying fluid approximation
e Step 1: Write down fluid model (5(t) = F(s(t))).
e Step 2: Solve for invariant state(s) of fluid model, s’, as an
approximation of the steady state of S™(t), i.e.

F(s’) = 0.

e Step 3: Prove convergence results to justify why s’ is a good
approximation as N — oc.
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Outline

@ Main Results
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Summary of Results

Qualitative results for system performance:

o Closed-form expressions for the invariant state of fluid model, s/,
for all values of p and A.
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Summary of Results

Qualitative results for system performance:

o Closed-form expressions for the invariant state of fluid model, s/,
for all values of p and A.

@ A phase transition in delay scaling: exponentially better
scaling for any p > 0, compared to p = 0.
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Summary of Results
Convergence results to justify approximation:

o Transient regime: S (¢) — s(t) uniformly over any interval
[0,7] w.h.p. as N — o0.

o Steady-state regime: Steady state distributions of SV ()

concentrates on the invariant state of fluid model, s’, as N — oo.

@ Require non-standard work due to intrinsic discontinuities in
fluid model.

(stochastic process) (fluid trajectory)

SN(Z‘) &» S([)

TT R S

(steady-state distr.) (invariant state)



Fluid Model

Definition of Fluid Model
s(t) is a solution to fluid model if
o (initial condition) s(0) is equal to some finite s,
o (boundary condition) sg(t) =1 and 1 > s;(t) > s;11(¢t) > 0 for
all 4 > 0,

o (drift) s(¢) is differentiable a.e. on [0, 00) and
8i (t) = A(sic1 —si) = (1 —p) (si —siy1) — gi(s),
where

0, s; > 0,841 > 0,
p—min{As;,p}, s; >0,841 =0,
min {As;_1,p}, s;=0,8_1>0,
0, S; = 0, Si—1 = 0.

gi(s) =

©




Interpretation of Drift

Drift of Fluid Model
$i (t) = A(si—1 —si)) — (1 —p) (si —si41) — gi (s) J

@ A(si_1 —s;) = job arrivals.
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Interpretation of Drift

Drift of Fluid Model }

$i () = A(sic1 —si) — (1 = p) (si — siv1) — gi (s)

@ A(s;_1 —s;) = job arrivals.

e (1—p)(si —si+1) = job departures due to local servers.
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Interpretation of Drift

Drift of Fluid Model
$i (t) = A(si—1 —si)) — (1 = p) (s;i —si41) — gi (s) J

@ A(si_1 —s;) = job arrivals.
e (1 —p)(si —si+1) = job departures due to local servers.

e g; (s) = job departures due to the central server.
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Interpretation of Drift

$i (t) = A(si—1 —84) — (1 = p) (si —si41) — gi (s)

Technical challenge: ¢(s) admits many discontinuities:

Drift of Fluid Model J

0, s; > 0,8;41 > 0,
p—min{\s;,p}, s; >0,841 =0,
min {As;_1,p}, s;=0,81>0,
0, S; = O,SZ',l = 0.

gi(s) =

Solution: use a different state representation to establish uniqueness
and convergence results.

Details are given in the paper.
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Expressions for Limiting Tail Probabilities

Theorem: Limiting Tail Probabilities

For every fixed p and A, the fluid model admits a unique invariant

state, s’, where
o If p=0, thens{z)\", Vi > 0.
o If p > ), then s! =0, Vi > 0.

e If0<p< A and A =1 — p, then
(-2, e g
SZ[: 1 (1*1))2’ 1<i< (p7)‘)7
0, T >1

where i* (p, \) 2 {%J .




Expressions for Limiting Tail Probabilities

Theorem: Limiting Tail Probabilities (cont.)
e If0<p< A and A #1 — p, then

=2 A ¢ ; %
iI: m(f»—%, 1<i<i*(p,A),
0, i>i"(p, ),

where i* (p, \) 2 [logi lf;)\J
1-p

@ 0 < p< A: A most important case, because it includes the
heavy-traffic regime (A — 1).
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Expressions for Limiting Tail Probabilities

Theorem: Limiting Tail Probabilities (cont.)
e If0<p< A and A #1 — p, then

1-\ A\ .
ZI:{ 1(p+)\)(1Tp> —%, 1<i<i*(p,A),
0. .

where i* (p, \) 2 [logi IE;AJ
1-p

@ 0 < p< A: A most important case, because it includes the
heavy-traffic regime (A — 1).

o s’ always have finite support.
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Interpretation: Finite Support of {s/}%°,
Intuition behind finite-support property:

e Longest queues receive all of the attention from the central
server.
“Very long” queues almost never emerge when p > 0!

e “Very long” =~ i*(p, A).

”)

0
1

Tail Prob. (S
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Phase Transition in Expected Queue Length Scaling

Corollary: Phase Transition in Expected Queue Length
Scaling

For any fixed p > 0,

1
E [Qavg] ~ logﬁ -\ as A — 1.

o Exponentially better delay scaling from p = 0, where

1
E[Qavg] ~ m as A — 1.
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Interpretation: Phase Transition
e Finite-support property of {SZI }zl is crucial.
e Recall i* (p, \) 2 Llogﬁ %J
e Scaling of E [Qqug] = scaling of i*(p, A).

it
* p:0
o p=0.
& p=0.05
038 %
—~ 0, %
o o
Z s % e
. - <> %
o S
o N i T
= 0
B o4 %, 1
= o ~log . ——
[ % . gl; —-A
0.2 i _7
VO I (p,?\.)
o
o

Il I
0 10 20 30 40 50 60



Phase Transition in Expected Queue Length Scaling

Scaling of E [Qauvg]: p > 0 versus p = 0.
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Phase Transition in Expected Queue Length Scaling

Scaling of E [Qauvg]: p > 0 versus p = 0.

1000

- —p=0.05

= ===pn=0 o
S 800- 4
o) :

- H
q) I

600- =

3 :
o :
o 400r =
> 200- R
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Traffic Intensity (A)



Simulations

Good approximation even for N = 100.

600
--p=0, by Theorem 2 (numerical) !
=1 5001| —p=0.05, by Theorem 2 (numerical) i
o p=0.05, N=100, by simulation !
= 4007 ™ with 95% confidence intervals i
59;300— ]
2
S 200~ q
>
< 100" :
05

0.951 0958 0965 0971 0978 0985 0991 0.998
Traffic Intensity (A)
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Summary

o Small degree of centralization or resource pooling has
significant benefits.
@ Model more realistic constraints?
» General arrival and processing time distributions.
» Transmission delays to central server.

e Partial centralization in other distributed systems?
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Questions?

Thank you!

technical report available at:
http://www.mit.edu/~kuangxu/papers/TsiXullSIG_Ext.pdf.


http://www.mit.edu/~kuangxu/papers/TsiXu11SIG_Ext.pdf

	Introduction
	Fluid Approximation
	Main Results
	Summary

