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Spectral estimation is a fundamental task in signal processing. Recent algorithms in quantum phase 
estimation are concerned with the large noise, large frequency regime of the spectral estimation 
problem. The recent work in Ding-Epperly-Lin-Zhang proves that the ESPRIT algorithm exhibits 
superconvergence behavior for the spike locations in terms of the maximum frequency. This note 
provides a perturbative analysis to understand this behavior and extends to the case where the 
noise grows with the sampling frequency. However, this does not imply or explain the rigorous 
error bound obtained by Ding-Epperly-Lin-Zhang.

1. Introduction

This note is concerned with the spectral estimation problem, a fundamental task in signal processing. Let us consider an unknown 
spectrum measure of the form

𝜇(𝑥) ≡
𝑟∑

𝑘=1
𝛿𝑥𝑘

(𝑥)𝑤𝑘,

where {𝑥𝑘} ⊂ [0, 2𝜋) are the spike locations and {𝑤𝑘} are the weights. Let 𝑓𝑗 be the Fourier transform of the measure 𝜇 at integer 𝑗, 
i.e.,

𝑓𝑗 =
𝑟∑

𝑘=1
𝑒𝑖𝑗𝑥𝑘𝑤𝑘.

Suppose that we have access to the noisy measurement 𝑔𝑗 ≡ 𝑓𝑗 + 𝑧𝑗 for −𝑛 ≤ 𝑗 ≤ 𝑛, where 𝑧𝑗 is the measurement noise. In what 
follows, we assume that each 𝑧𝑗 is an independent complex Gaussian random variable 𝜎𝑁ℂ(0, 1) with standard deviation 𝜎, denoted 
as 𝑧𝑗 ∼ 𝜎𝑁ℂ(0, 1). The spectrum estimation problem is to estimate the locations {𝑥𝑘}1≤𝑘≤𝑟 and the weights {𝑤𝑘}1≤𝑘≤𝑟 based on the 
noisy {𝑔𝑗}−𝑛≤𝑗≤𝑛.

Spectral estimation is a fundamental problem in signal processing. Over the decades, many theoretical studies have been devoted 
to this problem. When the noise level is relatively small, this is often referred to as the superresolution setting [1,2,7,11–13]. The 
algorithms proposed for this include optimization-based approaches and algebraic methods such as [8,15,16]
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In recent years, spectral estimation has become an important tool in quantum computing, especially in quantum phase estimation 
[4–6,9,10,14]. However, the setup is somewhat different: the noise level is relatively large, but it can be compensated by collecting 
Fourier measurements for large values of 𝑗. Therefore, this is the large noise, large 𝑛 regime.

Recently in [3], Ding et al. showed that, for mean-zero 𝑂(1) noise, the ESPRIT algorithm [16] results in 𝑂(𝑛−3∕2) error in {𝑥𝑘}
and 𝑂(𝑛−1∕2) error in {𝑤𝑘}. The superconvergence result 𝑂(𝑛−3∕2) for {𝑥𝑘} is quite surprising and the proof in [3] is a tour de force.

The goal of this short note is to provide an intuitive understanding of the 𝑂(𝑛−3∕2) error scaling in {𝑥𝑘} and 𝑂(𝑛−1∕2) error scaling 
in {𝑤𝑘}. We conduct a perturbative analysis to explain this superconvergence behavior of {𝑥𝑘}. This argument is also extended to 
the more general case where the standard deviation of the noise grows with frequency, which is highly relevant for quantum phase 
estimation. We would like to emphasize that this does not imply or explain the rigorous error bound obtained in [3].

The rest of the paper is organized as follows. Section 2 presents the perturbative error analysis for the large noise large 𝑛 setting. 
Section 3 considers the more general noise scaling model. Numerical results are also provided for different noise scalings to compare 
with the perturbative analysis.

2. Perturbative analysis

The analysis in this section makes two assumptions.

• The minimum gap between {𝑥𝑘} is bounded from below by a constant Δ > 0.
• Each 𝑤𝑘 is Θ(1).

From the perspective of maximum likelihood estimation (MLE), one approach for spectral estimation is to solve for the approximations 
{𝑥̃𝑘} and {𝑤̃𝑘} from the following optimization problem

min
𝑥̃𝑘,𝑤̃𝑘

𝑛∑
𝑗=−𝑛

|||||
𝑟∑

𝑘=1
𝑒𝑖𝑗𝑥̃𝑘 𝑤̃𝑘 − 𝑔𝑗

|||||
2

.

Let us introduce

𝑥̃𝑘 = 𝑥𝑘 + 𝑎𝑘, 𝑤̃𝑘 =𝑤𝑘(1 + 𝑏𝑘)

where 𝑎𝑘 is the absolute error of 𝑥𝑘 and 𝑏𝑘 is the relative error of 𝑤𝑘. In terms of 𝑎𝑘 and 𝑏𝑘, the residue for each 𝑗 is

𝑟∑
𝑘=1

𝑒𝑖𝑗𝑥̃𝑘 𝑤̃𝑘 − 𝑔𝑗 =
𝑟∑

𝑘=1
𝑒𝑖𝑗𝑥𝑘𝑤𝑘𝑒

𝑖𝑗𝑎𝑘 (1 + 𝑏𝑘) − (𝑓𝑗 + 𝑧𝑗 ).

Expanding in terms of {𝑎𝑘} and {𝑏𝑘} and ignoring the higher order terms gives

𝑟∑
𝑘=1

𝑒𝑖𝑗𝑥𝑘𝑤𝑘(1 + 𝑖𝑗𝑎𝑘 + 𝑏𝑘) − (𝑓𝑗 + 𝑧𝑗 ).

Using the idenitity 
∑𝑟

𝑘=1 𝑒
𝑖𝑗𝑥𝑘𝑤𝑘 = 𝑓𝑗 for exact {𝑥𝑘} and {𝑤𝑘} leads to the leading order difference

𝑟∑
𝑘=1

𝑒𝑖𝑗𝑥𝑘 (𝑖𝑗𝑎𝑘 + 𝑏𝑘) − 𝑧𝑗 .

Therefore, modulus the higher order terms, the optimization problem becomes a least square problem in terms of {𝑎𝑘} and {𝑏𝑘}

min
𝑎𝑘,𝑏𝑘

𝑛∑
𝑗=−𝑛

|||||
𝑟∑

𝑘=1
𝑒𝑖𝑗𝑥𝑘𝑤𝑘(𝑖𝑗𝑎𝑘 + 𝑏𝑘) − 𝑧𝑗

|||||
2

.

In order to put this into a matrix form, let us define the matrices

𝐴 =
[
𝑖𝑗𝑒𝑖𝑗𝑥𝑘

]
−𝑛≤𝑗≤𝑛,1≤𝑘≤𝑟 , 𝐵 = [𝑒𝑖𝑗𝑥𝑘 ]−𝑛≤𝑗≤𝑛,1≤𝑘≤𝑟, 𝑊 = diag([𝑤𝑘]1≤𝑘≤𝑟),

and

𝑀 =
[
𝐴 𝐵

] [𝑊
𝑊

]
.

Define the vectors 𝑧 =
[
𝑧𝑗

]
−𝑛≤𝑗≤𝑛, 𝑎 =

[
𝑎𝑘

]
1≤𝑘≤𝑟 and 𝑏 =

[
𝑏𝑘

]
1≤𝑘≤𝑟. Then, the linear system from the least square problem is

𝑀∗𝑀

[
𝑎

𝑏

]
=𝑀∗𝑧,
2

and, from the factorization of 𝑀 ,
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𝐴∗𝐴 𝐴∗𝐵
𝐵∗𝐴 𝐵∗𝐵

][
𝑊

𝑊

][
𝑎

𝑏

]
=
[
𝐴∗

𝐵∗

]
𝑧 (1)

Let us consider the matrix[
𝐴∗𝐴 𝐴∗𝐵
𝐵∗𝐴 𝐵∗𝐵

]
.

• For the top-left block 𝐴∗𝐴, the (𝑘′, 𝑘)-th entry is 
∑𝑛

𝑗=−𝑛 𝑗
2𝑒𝑖𝑗(𝑥𝑘−𝑥

′
𝑘
). Each diagonal entry is 2

3𝑛
3(1 + 𝑂( 1

𝑛
)). To estimate the 

off-diagonal ones, we denote 𝑡 = 𝑥𝑘 − 𝑥′
𝑘
, consider

𝑛∑
𝑗=−𝑛

𝑒𝑖𝑗𝑡 =
sin(𝑛+ 1

2 )𝑡

sin( 12 )𝑡
, (2)

and take the second-order derivative in 𝑡. Bounding the derivative shows that each off-diagonal entry is 𝑂( 𝑛
2

Δ + 1
Δ3 ). Since we 

care about the large 𝑛 behavior, assuming 𝑛 ≳ 1
Δ ensures that every off-diagonal entry is bounded by 𝑂( 𝑛

2

Δ ).
• For the top-right block 𝐴∗𝐵, the (𝑘′, 𝑘)-th entry is 

∑𝑛

𝑗=−𝑛(−𝑖𝑗)𝑒
𝑖𝑗(𝑥𝑘−𝑥′𝑘). Each diagonal entry is zero due to cancellation, while 

each off-diagonal one is 𝑂( 𝑛Δ ) by considering the first order derivative of (2).
• The bottom-left block 𝐵∗𝐴 is similar to 𝐴∗𝐵.
• For the bottom-right block 𝐵∗𝐵, the (𝑘′, 𝑘)-th entry is 

∑
𝑗 𝑒

𝑖𝑗(𝑥𝑘−𝑥′𝑘). Each diagonal entry is 2𝑛(1 +𝑂( 1
𝑛
)), while each off-diagonal 

entry is 𝑂( 1Δ ).

Therefore, the whole matrix takes the form

[
𝐴∗𝐴 𝐴∗𝐵
𝐵∗𝐴 𝐵∗𝐵

]
=

[ 2
3𝑛

3(1 +𝑂( 1
𝑛
))𝐼 +𝑂(𝑛2∕Δ) 𝑂(𝑛∕Δ)

𝑂(𝑛∕Δ) 2𝑛(1 +𝑂( 1
𝑛
))𝐼 +𝑂(1∕Δ)

]
.

When 𝑛 ≳ 𝑟

Δ , the diagonal entries dominate the non-diagonal ones, leading to the factorization

[
𝐴∗𝐴 𝐴∗𝐵
𝐵∗𝐴 𝐵∗𝐵

]
=
[
𝑛3∕2𝐼

𝑛1∕2𝐼

]([ 2
3𝐼

2𝐼

]
+ 𝑜(1)

)[
𝑛3∕2𝐼

𝑛1∕2𝐼

]
and its inverse

[
𝐴∗𝐴 𝐴∗𝐵
𝐵∗𝐴 𝐵∗𝐵

]−1
=
[
𝑛−3∕2𝐼

𝑛−1∕2𝐼

]([
3
2𝐼

1
2𝐼

]
+ 𝑜(1)

)[
𝑛−3∕2𝐼

𝑛−1∕2𝐼

]
. (3)

Let us next consider 
[
𝐴∗

𝐵∗

]
𝑧 =

[
𝐴∗𝑧
𝐵∗𝑧

]
.

• The 𝑘-th entry of 𝐴∗𝑧 is 
∑

𝑗 (−𝑖𝑗)𝑒−𝑖𝑗𝑥𝑘𝑧𝑗 . By the independence of 𝑧𝑗 ∼ 𝜎𝑁ℂ(0, 1), each entry of the vector 𝐴∗𝑧 is ∼√
2
3𝑛

3∕2𝜎𝑁ℂ(0, 1).

• The 𝑘-th entry of 𝐵∗𝑧 is 
∑

𝑗 𝑒
−𝑖𝑗𝑥𝑘𝑧𝑗 . The same argument shows that each entry of the vector 𝐵∗𝑧 is ∼

√
2𝑛1∕2𝜎𝑁ℂ(0, 1).

To solve (1), we introduce

[
𝑢

𝑣

]
≡

[
𝐴∗𝐴 𝐴∗𝐵
𝐵∗𝐴 𝐵∗𝐵

]−1 [
𝐴∗𝑧
𝐵∗𝑧

]
.

Using the factorization (3), each entry of 𝑢 is ∼
√

3
2𝑛

−3∕2𝜎𝑁ℂ(0, 1), while each entry of 𝑣 is ∼
√

1
2𝑛

−1∕2𝜎𝑁ℂ(0, 1). Finally, because

[
𝑎

𝑏

]
=
[
𝑊 −1

𝑊 −1

][
𝑢

𝑣

]
and the weights 𝑤𝑘 are all Θ(1), we conclude that each entry of 𝑎 is ∼𝑂(𝑛−3∕2)𝜎𝑁ℂ(0, 1), while each entry of 𝑏 is ∼𝑂(𝑛−1∕2)𝜎𝑁ℂ(0, 1).

To summarize, when focusing the 𝑛 dependence and considering the regime 𝑛 ≳ 𝑟

Δ , the absolute errors of the spike locations {𝑥𝑘}
3

scale like 𝑂(𝑛−3∕2), while the relative errors of the weights {𝑤𝑘} scale like 𝑂(𝑛−1∕2).
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Fig. 1. 𝑝 = 0. The slopes of the log-log plots of the absolute errors in {𝑥𝑘} and the relative errors in {𝑤𝑘} match the perturbative analysis.

Fig. 2. 𝑝 = 0.25. The slopes of the log-log plots of the absolute errors in {𝑥𝑘} and the relative errors in {𝑤𝑘} match the perturbative analysis.

3. General noise

We have so far assumed that the noise 𝑧𝑗 ∼ 𝜎𝑁ℂ(0, 1) has a variance independent of 𝑗. In the quantum phase estimation problems, 
a noise magnitude can grow with 𝑗 since it takes a longer quantum circuit to prepare. Therefore, a more realistic noise model is

𝑧𝑗 ∼ 𝑗𝑝 ⋅ 𝜎𝑁ℂ(0,1) (4)

for some 𝑝 > 0. The above analysis can be easily adapted to this more general noise model. The only difference concerns the right 

hand side 
[
𝐴∗

𝐵∗

]
𝑧 =

[
𝐴∗𝑧
𝐵∗𝑧

]
. With the model (4), each entry of 𝐴∗𝑧 has a standard deviation 𝑂(𝑛3∕2+𝑝𝜎), while the one of 𝐵∗𝑧 has a 

standard deviation 𝑂(𝑛1∕2+𝑝𝜎). Therefore, for[
𝑎

𝑏

]
=
[
𝑊 −1

𝑊 −1

][
𝐴∗𝐴 𝐴∗𝐵
𝐵∗𝐴 𝐵∗𝐵

]−1 [
𝐴∗𝑧
𝐵∗𝑧

]
,

each entry of 𝑎 is ∼ 𝑂(𝑛−3∕2+𝑝𝜎) ⋅𝑁ℂ(0, 1), while each one of 𝑏 is ∼ 𝑂(𝑛−1∕2+𝑝𝜎) ⋅𝑁ℂ(0, 1). This states that, as long as the 𝑝 < 1∕2, 
the errors of {𝑤𝑘} decay as 𝑛 grows. As long as 𝑝 < 3∕2, the errors of {𝑥𝑘} goes to zero with 𝑛.

Below, we provide several numerical examples with different noise scalings. In each case, 𝑟 = 4, Δ = 0.1. The noise added is 
complex Gaussian (4) with 𝜎 = 0.1. Multiple 𝑛 values are tested, ranging from 16 to 4096. We plot the absolute error in {𝑥𝑘} and the 
relative error in {𝑤𝑘}, averaged over ten runs.

Example 1. 𝑝 = 0, and this is the standard setting of Section 2. Fig. 1 gives the error asymptotics for {𝑥𝑘} and {𝑤𝑘} as 𝑛 varies. The 
4

slopes of the log-log plots match well with the predictions −1.5 and −0.5 of the perturbative analysis, respectively.
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Fig. 3. 𝑝 = 0.75. The slopes of the log-log plots of the absolute errors in {𝑥𝑘} and the relative errors in {𝑤𝑘} match the perturbative analysis.

Example 2. 𝑝 = 0.25. Fig. 2 gives the error asymptotics for {𝑥𝑘} and {𝑤𝑘} as 𝑛 varies. The slopes of the log-log plots also match 
well with the analytical predictions −1.25 and −0.25, respectively. Though the noise grows with 𝑗, the errors in {𝑥𝑘} and {𝑤𝑘} still 
exhibit the predicted decay rates.

Example 3. 𝑝 = 0.75. Since 𝑝 > 0.5, we expect the error of {𝑥𝑘} to decay while the one of {𝑤𝑘} to grow. Fig. 3 summarizes the error 
asymptotics for {𝑥𝑘} and {𝑤𝑘} as 𝑛 varies. The slopes of the log-log plots again match well with the prediction −0.75 and 0.25, 
respectively.

Data availability

No data was used for the research described in the article.
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