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Abstract. In this work, we analyze a sublinear-time algorithm for selecting a few rows and
columns of a matrix for low-rank approximation purposes. The algorithm is based on an initial
uniformly random selection of rows and columns, followed by a refinement of this choice using a
strong rank-revealing QR factorization. We prove bounds on the error of the corresponding low-rank
approximation (more precisely, the CUR approximation error) when the matrix is a perturbation
of a low-rank matrix that can be factorized into the product of matrices with suitable incoherence
and/or sparsity assumptions.
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1. Introduction. Many large-scale matrices arising in applications have a low
numerical rank (see, e.g., [25]), and while the truncated singular value decomposition
gives a way to construct the best low-rank approximation with respect to all uni-
tarily invariant norms (by the Eckart—Young—Mirsky theorem [11, 19]), this is often
too expensive to compute. For this reason, different types of low-rank approximation
strategies have been analyzed in the literature—for example, approximations con-
structed from some rows and columns of the matrix. This work is concerned with the
analysis of a randomized algorithm that selects suitable rows and columns.

Let A € R™™™ be the matrix we want to approximate. Let us denote by I €
{1,...,n}* and J € {1,...,m}* ordered index sets that correspond to rows and col-
umns of A, respectively, for some ¢ < min{m,n}, and let us denote by A([,:) € R**™
and A(:,J) € R**¢ the submatrices of A corresponding to the rows indexed by I and
the columns indexed by J, respectively. An approximation of A using these rows and
columns has the form

(1.1) A~ A(, J)MA(L)

for some matrix M € R**. The choice of M that minimizes the low-rank approxima-
tion error ||A — A(:,J)MA(I,:)||r in the Frobenius norm (given a choice of I and J)
is the orthogonal projection M = A(:, J)TAA(I,:)T (see, e.g., [22]), where 1 denotes
the Moore-Penrose pseudoinverse of a matrix. The resulting approximation is usu-
ally called a “CUR approximation” [10, 20, 21]. In this case, the whole matrix A is
needed in order to compute M. A less expensive choice for M is M = A(I,J)T, or
a regularized version of this quantity, where A(I,J) denotes the ¢ x ¢ matrix formed
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by the intersection of the rows indexed by I and the columns indexed by J. This
is called “cross approximation” [1] or “double-sided interpolatory decomposition” [9],
because the resulting low-rank approximation A(:, J)A(I,J)tA(I,:) coincides with A
in the selected rows and columns.

Row and column selection strategies. The quality of the low-rank approxi-
mation, that is, the norm of the error matrix

A—A(:, J)MA(,>),

depends on the choice of rows and columns. The CUR approximation error can be
easily related to the column subset selection error and the row subset selection error:

|A—AG, J)A(G, )T A, |A—AA(I,:)TA(T,:)].

If we consider the spectral norm, which we denote by || - ||, it is possible [14] to choose
an index set J of cardinality ¢ such that

(1.2) |A = AG, J)AG, TA| <1+ 0(m — 0o (A),

where 0¢41(A) denotes the (¢ + 1)th singular value of A and is the error of the best
rank-¢ approximation in the spectral norm.

In practice, the strategy for choosing rows and columns depends on the properties
and the size of the matrix. In the literature, several deterministic and randomized
strategies for selecting rows and columns for CUR approximation have been developed.
If it is feasible to look at all the entries of the matrix, one option is the Adaptive Cross
Approximation algorithm [1], a deterministic greedy algorithm that gives good results
in practice on a wide range of matrices but can fail for a few others (see, e.g., [7])
and takes time O(nm/) for a rank-¢ approximation. We refer to the reader to, e.g.,
[6, 10, 20, 21], for discussions on deterministic techniques for column subset selection
and CUR approximation.

In this paper, we are concerned with the case in which the matrix is so large that
it is not possible (or it is impractical) to store it in memory or compute all its entries:
randomized algorithms for sampling columns and rows come to the rescue. Among
the strategies proposed in the literature, there are uniform sampling [4], sampling
according to the norm of columns and rows of A [12], leverage score sampling [5],
volume sampling [6, 8], pivoting on random sketches [9, 26], and the discrete empirical
interpolation method [21].

Uniform sampling and rank-revealing factorizations. The simplest
method, uniform sampling, gives good low-rank approximations in many cases of
interest. In [23], it was shown that if A is a rank-k matrix that admits a low-rank de-
composition with incoherent factors (see Definition 3.1), uniform sampling of rows and
columns allows one to recover the matrix. This favorable property can be extended
to matrices that have low numerical rank. More specifically, Chiu and Demanet [4]
proved that if A~ XZYT for some rank-k matrices X € R"** Y € Rm*k 7 ¢ RF*k,
where X and Y have orthonormal columns, if X and Y are incoherent, then selecting
£ rows and columns of A uniformly at random gives a good low-rank approximation
of A if £ is chosen to be mildly larger than the target rank k.

When the matrix A does not satisfy these incoherence assumptions, a strategy
that has been proposed in the literature is to first sketch the matrix A by multiplying
it with a random matrix (tall and thin), perform a rank-revealing algorithm on the
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sketch to select row indices, and then do an analogous procedure for selecting the
column indices; see, e.g., [9, 29]. However, for a nonsparse matrix A, computing a
sketch like the ones considered in [9, 29] cannot be done in sublinear time. In the
(partial) absence of incoherence, uniform column and row sampling can still be an
excellent ingredient for constructing a low-rank approximation of A in sublinear time,
and related ideas have appeared multiple times in the literature. In [4, section 3.2],
the case in which only the factor X (from the approximate low-rank decomposition
of A) is incoherent is discussed: in this situation, a uniformly random row selection
is followed by a strong rank-revealing QR (sRRQR) factorization of these rows to
identify suitable columns. The resulting low-rank approximation is provably close to
optimal. A similar, more heuristic, approach was suggested in [17, Algorithm 2.2]:
starting from index sets I and J of rows and columns sampled uniformly at random,
one alternately considers the rows A(I,:) and the columns A(:,J) and applies a rank-
revealing algorithm (QR with column pivoting) to get a new—hopefully better—set of
columns and rows, respectively. While this latter algorithm has been seen to perform
very well in practice [17], the available theoretical results are not able to explain its
behavior beyond the assumptions of [4]. An analogous strategy that uses sRRQR
instead of QR with column pivoting has been investigated in the recent paper [27].
While the focus of our work is the case in which the matrix A is a small additive
perturbation of a low-rank matrix, the combination of random uniform sampling with
refinement step(s) has also been studied in different, but related, settings, such as, for
instance, in the matrix completion literature (see, e.g., [3]) and in the robust PCA
literature, where the assumption is that A is the sum of a low-rank matrix and a
sparse error matrix; see, e.g., [2, 15].

Contributions. In this work, we consider and analyze a variation of the column
and row selection strategies described above. Namely, given a matrix A, we first select
some rows uniformly at random, then perform an sRRQR factorization on these rows
to get columns, and add some more columns selected uniformly at random to get the
final column index set. An analogous strategy is used to select a row index set. The
procedure is summarized in Algorithm 2.1. We prove error bounds on the low-rank
approximation given by Algorithm 2.1 under the assumption that A is a perturbation
of a low-rank matrix X ZYT, for some X € R"*¢ Z ¢ R**k Y € R™** where some
of the columns of X and Y are sparse, and the other ones are incoherent. The precise
statement is in Corollary 3.13. In addition, we show that if there is no perturbation,
that is, the matrix A has rank exactly k, then Algorithm 2.1 exactly recovers A with
high probability.

We also consider a second algorithm (Algorithm 4.1), inspired by [17, Algorithm
2.2], that refines the choice of rows and columns iteratively. Under the same as-
sumptions on A, Theorem 4.6 gives an error bound for the low-rank approximation
corresponding to one iteration of this method.

Both Algorithm 2.1 and Algorithm 4.1—for the selection of row and column index
sets—run in sublinear time with respect to the size of the matrix A. The construction
of the corresponding CUR approximation, however, requires access to the full matrix
A or to a black-box computation of matrix-vector products with A.

Outline. The paper is organized as follows. In section 2, we recall the notion of
a strong rank-revealing QR factorization and describe the randomized sRRQR. algo-
rithm for column and row subset selection, together with some conceptual examples.
In section 3.1, we report some existing results on incoherence and projection onto col-
umn spaces that will be useful for our analysis. The error analysis for Algorithm 2.1
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is presented in sections 3.2 and 3.3. In section 4, we discuss the iterative version of
the randomized sRRQR algorithm (Algorithm 4.1) and show an error bound. Sec-
tion 5 illustrates some numerical examples, and section 6 concludes our paper with a
discussion of the strengths and limitations of the obtained results.

2. A randomized sRRQR algorithm for column/row selection. We start
this section by recalling the definition of an sSRRQR factorization and some conse-
quences. We explain the randomized sRRQR algorithm and show its behavior on
some simple example matrices.

2.1. Strong rank-revealing QR factorization.
DEFINITION 2.1 (strong rank-revealing QR factorization [14]). A rank-k strong
rank-revealing QR (sRRQR) factorization of A € R™*™ is given by

A, B
AP:Q{ok C:]

where P € R™*™ 4s a permutation matriz, @ € R™*"™ is an orthogonal matriz, Ay €
RF¥XF By, € RFXm=K) - and C), € RFX(m=K)  for which the following conditions
hold for some n>1:

(a) o;(Ag) > a4 for1<i<k;

V/1+nk(m—k)

(b) 0;(Ck) < 0pyj(A)/1+nk(m —k) for 1 <j<min{n,m} —k;

(€) 4% " Brllmax < /7.

Here, || - |lmax denotes the Chebyshev norm of a matrix, that is, the maximum
absolute value of its entries. Intuitively, if the singular values o41(A),..., 0, (A) of
A are small, this means that the columns of A corresponding to the first k& columns of
P well describe the range of all the columns of A. More precisely, let J € {1,...,n}*
be the index set corresponding to the first k& columns of P. Then

A=A, J)A(, J) Al = ||Ck|l < ox41(A) /1 + nk(n — k).

The paper [14] contains an algorithm for obtaining an sRRQR factorization
of rank k, which runs in time O(mnklog,7 m) for 7 > 1; see the discussion in
[14, section 4.4]. In our error analysis in sections 3 and 4, for ease of notation,
we assume 1 = 1, but all the results can be easily modified to account for a small fixed
constant 7 (e.g., n=2).

We choose to work with the sSRRQR factorization because of its strong theoretical
guarantees. Indeed, while pivoted LU or pivoted QR factorizations with column
pivoting are slightly less computationally expensive and are often good strategies for
finding the numerical rank of a matrix, there are pathological examples for which
these algorithms fail to select a suitable set of columns.

2.2. The algorithm. We consider the following procedure for selecting rows and
columns of a matrix A € R™*™ in sublinear time. We start from ¢y randomly selected
rows of A, corresponding to an index set I;. We perform the sSRRQR algorithm on the
submatrix A(lp,:) € R*™ with parameter £, and select a column index set J made
of the corresponding columns selected by sRRQR and another ¢, columns selected
uniformly at random. Now, to select the rows I, the same procedure is performed on
the matrix A”. The cost of the algorithm is O ((m 4 n)¢*log, (max{n,m})), where
we set £ = max{{g, lq,lp}; in particular, for small values of ¢ this is sublinear in the
size of A. The number of chosen rows and columns should be slightly larger than the
target rank for the low-rank approximation for this algorithm to make sense.
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Algorithm 2.1. Randomized sRRQR for row and column selection.

Input: Matrix A, number of indices #g, £, ¢

Output: Row index set I and column index set J of cardinality ¢, + ¢

: Select £y rows of A uniformly at random (index set Ip)

: Select ¢, columns of A(I,:) by sSRRQR algorithm (index set J,,)

: Select another ¢, columns of A uniformly at random (index set Jp)

: Select £y rows of AT uniformly at random (index set Jo)

: Select £, columns of AT (Jy,:) by sSRRQR algorithm (index set I,,)

: Select another ¢, columns of ATuniformly at random (index set I;)

: Return the column index set J = (J,, Jp) and the row index set I = (I, 1)

N O O W N

Remark 2.2. Instead of choosing ¢, a priori, a more practical implementation
would run sRRQR with a fixed accuracy and eliminate the “less interesting” rows
and columns.

Remark 2.3. While sampling row and column index sets as in Algorithm 2.1
takes sublinear time in the matrix dimension, the process of computing the low-rank
approximation

(2.1) AG, DA, J)TAATL)TA(TLL)

exactly is fast only if the matrix A admits a fast matrix-vector multiplication routine.
If this is not the case, the time O(mnf) needed to compute (2.1) may be too much in
practice. A possible heuristic is then to sample some larger index sets I and J and
take the middle matrix, which should be A(:,J)TAA(I,:)T, to be

AL DAL DAL J)

instead, which is faster to compute; see Step 6 in Algorithm 2.2 from [17].

2.3. When is there hope for Algorithm 2.1 to work?. We begin the dis-
cussion by trying to understand in which cases it is reasonable to hope that Algo-
rithm 2.1 gives good rows and columns of A. We present some examples to illustrate its
behavior.

When the matrix A can be decomposed as the product of XZY 7T + E for some
matrices X € R"** and Y € R™** with orthonormal columns and some Z € RF*¥
and E € R™™ with ||E| small, then it was proven in [4] that if X is incoherent,
the first two lines of Algorithm 2.1 give provably good columns. Algorithm 2.1 works
on a larger class of matrices, as we will show in Theorem 3.8, Theorem 3.10, and
Corollary 3.13 below.

On the other hand, there are cases in which Algorithm 2.1 is not able to select
a good row and column subset—for instance, when the matrix A is approximately a
block matrix, and some blocks have a small size. The following is a simple conceptual
example.

Ezample 2.4. Consider a matrix A € R™*" that has entries a1; =1, a;; =1 for
2 < i4,j7 < n, and 0 otherwise. The matrix has rank 2, but it is very unlikely for
Algorithm 2.1 to end up including the first row and column in the selected index sets
I and J for small values of £y and large values of n. Indeed, the initial selection of
{o rows with probability (1 — 1)% will not include the first row, and since the first
column will be zero in the selected submatrix, the first column will not be included in
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the column index set J,. Note that the probability that this happens is very close to
1 if n is large and £y is chosen as a small fixed number (e.g., o = 10). An analogous
argument holds for the row index set 1.

The following example highlights the advantages of Algorithm 2.1 over a uniformly
random selection of rows and columns and motivates the necessity for adding some
new uniformly random indices in lines 3 and 6 of Algorithm 2.1.

Ezample 2.5. Consider the matrix A € R"*" that has entries a1; = a;1 =1 for
1 < j <n and zeros elsewhere. The row set Iy, chosen uniformly at random, with
probability (1 — L)% (which is close to 1 if £y is small and n is large) will not include
the first row. However, when looking at the matrix A(Iy,:), the sSRRQR algorithm will
select a set J, containing the first column, plus some other ¢, — 1 columns sampled
uniformly at random. Now, the set J will contain the first column and at least another
column; therefore, it is enough to represent the range of A. An analogous argument
holds for the row index set I.

Let us now consider a matrix B = A+ F for some perturbation E € R™*™ such that
|E|| < ||All. We can expect the choices made by Algorithm 2.1 to be the same as for
A because, after the initial selection of ¢y rows, the matrix B(Iy,:) = A(lo,:)+ E(lo,:)
has numerical rank 1, and the SRRQR algorithm will select a set .J, containing the
first column of B.

Note that the matrix A from Example 2.5 has the following decomposition:

1
1
Jn
1y
Vn 1 0 0 0
a=|L {\{)ﬁ 0 1] 1 1 1 | =x2vT,
\/ﬁ " vn—1 +/n-—1 vn—1
1
— 0
LV

where, for each j = 1,2, one between the jth column of X and Y is sparse and the other
is incoherent. This example suggests that when a matrix has a rank-k decomposition
A=XZYT up to an additive error E, there is hope for Algorithm 2.1 to work if, for
each i =1,...,k, one between the ith columns of X and of Y is sparse, and the other
is incoherent.

Motivated by the examples shown in this section, it makes sense to think that
Algorithm 2.1 could return good row and column sets with high probability if A
admits a rank-k approximation X ZY7T for some X € R™* and Y € R™**  where
the pairs of vectors of X and Y are either both incoherent or one is sparse and one
is incoherent. Such a decomposition does not need to coincide with a singular value
decomposition (or its truncation) of the matrix A. The assumptions are made precise
in section 3 below.

3. Error analysis of Algorithm 2.1.

3.1. Incoherence and useful preliminary results.
DEFINITION 3.1 ([4, Definition 1.1]). Given a matriz X € R"** with orthonormal
columns, the coherence of X is p:=nl||X||2,... We say that X is p-coherent.

The coherence of an n x k matrix is always in the interval [1,n], being n when X
is a subset of columns of the identity matrix and being close to 1 when the magnitude
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of all the entries of X is more or less the same. We informally say that X is incoherent
if its coherence is small.

In our analysis, we will use the following result, which states that randomly
selecting rows from an incoherent matrix gives us a well-conditioned submatrix with
high probability.

THEOREM 3.2 ([24, Lemma 3.4]). Let X € R™** be a matriz with orthonormal
columns, which is p-coherent. Let £ > ok for some a >0, and let I € {1,...,n}" be
a subset of row indices chosen uniformly at random. Then

JCSIE (1_’”‘(5%)<k((1_5§6) for any 5.€ [0,1)

and

(1 6/)£ 66/ @ /
: > - < e — > 0.
IP)<||“XV(I7 )” - n —k (1 5,)1+5/ fOT' G/ﬂy(; 0

COROLLARY 3.3. Let B € R™** be a matriz, and let X be an orthonormal basis
of the column space of B. Let us assume that X is p-coherent. Let ¢ > aku for
some a >0, and let I € {1,...,n}" be a subset of row indices of X chosen uniformly
at random. Then the submatriz B(I,:) has full column rank with probability at least
1— ke “.

Proof. This follows from the first part of Theorem 3.2 by taking the limit § — 1. O

We will also use the following bound for the approximation of a matrix A by the
projection on a subset of its columns.

THEOREM 3.4 ([4, Corollary 2.4]). Let A € C"*™ and let U = [Uy Us] be a
unitary matriz such that Uy has k columns. Let J be an index set of £ > k indices.
Assume that Uy (J,:) has full column rank. Then

1A = AG, DAC AN < UL - [[AUU2(T, )T + (| AUz

The following linear algebra results will be helpful as well.

THEOREM 3.5 ([16, Exercise 7.3.P16]). For any matrices F' and G (of compatible
size) we have

(a) 0:(FG) <||Fl|loi(G) for alli, and

(b) O'iJrj,l(F—‘r G) S O'Z(F) +J](G) fOT’ all i and ]

LEMMA 3.6. Let X =[4 B] be a block-triangular matriz where A, B, and C have
full column rank. Assume that omin(A) >4, ||Bll2 <b, and omin(C) > dc. Then

2 2\ —1/2
min(X) 2 240 <1+ 5Ab+250) |

Proof. We have that omin(X)™! = \/[(XTX) 1|2, and (XTX)71 = [{1 {2],
where
X1 :(ATA)71+ (ATA)AATB(BTB_F OTC«_BTA(ATA)71ATB)71BTA(ATA)71’
Xio=—(ATA)'ATB(B"B+CTC - BTA(ATA)"'ATB)™ !,
Xo1=—(BTB+CTC - BTA(ATA)'ATB)1BT A(ATA)~,
Xo=(BTB+CTC - BTA(ATA)~1ATB) L,
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see, e.g., [18, Theorem 2.1]. We have that ||(ATA)~1|| < 6,2 and ||(CTC)~!| < 6,2
Moreover, since (ATA)~tAT is the pseudoinverse of A, we have ||[(ATA)~1AT| =
|A(AT A) 71| < omin(A) 7 <6,'. Now note that

BTB+0TC - BTAATA)'ATB=CTC + BT (I - A(ATA)'AT)B = C" 0,
since B(I — A(ATA)~'AT)BT is symmetric positive semidefinite. Therefore,
|(BTB+CTC - BTA(ATA)*ATB) Y| < |[(CTC) M <622
Thus, we can get upper bounds on the four blocks of (X7 X)~1:
X1l <8321+ 0557,
[ X2l [ X1l < 651652,
| X 22| < 057
Using the inequality ||(X7X)7|2 < || X112 + | X12]|? + | X21||? + || X22]|? we obtain
JXTX) 71 < 03 (U 2657) + 05" + 20703705
<G ML+ V205%)2 4650 + 202 (1 + 026 5°)%6 5
= (02 2(L+b2652) +05°)% = (b20 2057 + 0% +05°)%,

from which we obtain

Omin (X

) Z - 2
\/b%fé(}? +o72+652 P b

which is the desired result. O

—1/2
1  bade <1+5§,+5g> |

3.2. Analysis for low-rank matrices. In this section, we consider the case in
which A has a rank exactly k, and we want to find ¢ rows and columns that span
exactly the range of A and A”. Throughout this section, we will assume that the
implementation of the SRRQR algorithm, when given a zero residual matrix, selects
one of the remaining pivots uniformly at random.

Assumption 3.7. We assume that A= XZY7 for some X e R"** Z ¢ R¥** and
Y € R™** that have rank exactly k. Let us assume that Z = blkdiag(Z;, Z», Z3), and
that X and Y can be partitioned as

X=[X1 X, Xsl, Y=[V1 Y, Yi],

with X; € Rk Y, e Rm*k1 X, € R*k2 Y, € Rm™*k2 Xy € RM*Fs | Yy € Rm*ks,
7y € Rivxkr 7, ¢ Rk2xk2 7. c RFsXks for some ki + ko + ks = k. Let us further
assume that [X: X»] and [¥1 Ys3] have orthonormal columns and are p-coherent and
that each column of X3 and Y5 is sparse and has at most $ nonzero elements. See
also Figure 1 for a visual illustration.

THEOREM 3.8. If Assumption 3.7 holds and we take

bo=auk, Ly=Fk, L,=auk
for some a >0, then Algorithm 2.1 returns sets of rows I and columns J such that
A=A(;, DAG,)VAAIL)TA(L:) = A(;, J)A(I, J)TA(I,:)

with probability at least

1-— (M+M+4k6_a),
n m

where £ = max {g, Uy, lp} = apk.
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Fic. 1. Illustration of the partitioning of the factorization of the matriz A from Assumption 3.7.
The dotted matrices are sparse, the light blue matrices are incoherent, and the dark blue matrices
can be anything. (Color available online.)

Proof. Let us prove that lines 1-3 in Algorithm 2.1 select a column index set J
such that A(:,J) spans the range of X. In the first step of the algorithm, we select
Ly > ap(ky + ko) rows uniformly at random. By Corollary 3.3, with probability at
least 1 — ke™® =1 — p; the submatrix

[Xl(-[07:) XQ(IOa:)]

has rank k; 4+ k2. By the sparsity assumption, with a probability of at least

Lo
(3.1 1_k3<1_(1_ﬁ) >:1_p221_ﬁ€ok3
n n

the submatrix X3(lo,:) is made of zeros. Indeed, for each column of X3, by selecting
£y rows uniformly at random (without replacement), we have a probability of at least
(1- %)20 of sampling only zero entries, and a probability of at most 1 — (1 — %)50
of selecting at least one nonzero entry; the bound (3.1) follows from a union bound
on the k3 columns of X3. Therefore, using again a union bound, with probability at
least 1 — p1 — po, the matrix A(ly,:) has rank exactly ki + ko.

The sRRQR algorithm gives an index set J, of cardinality ki + ko. From the
rank-revealing property, we have that the top (ki + k2) x (k1 + ko) matrix A(I,J,)
has a full rank (is invertible), and therefore

(3.2) [Vi(Jar:) Ya(Ja,:)] € RUFrTh2)x(Rahe)

is also invertible. The index set J, is chosen uniformly at random from {1,...,n}.
We can partition

N Yi(Jeyt) Ya(Ja,:) Ya(Jg,:)
Y(J")—{Yl(Jb,;) Vo Yaldo |

The matrix Y5(J,,:) has rank ko because it is a submatrix with ks columns of the

invertible matrix (3.2). With probability at least 1 —ke™®* =1 — p3, by Corollary 3.3
the submatrix [Yl(Jb, D) Ya(Jy, )] has full rank ki + k3. With probability at least

Ly
1_k2(1_<l_ﬁ> )W
m m
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the matrix Y5(J,:) is made of zeros. Therefore, with probability at least 1 — ps — p4,
the matrix Y(J,:) has rank k. This implies that the matrix

A( D) =XzZY (J,)"

also has full rank, so it spans the range of the columns of A. In a completely analogous
way, one can show that, with probability at least
Bloks  Blyks

1—2ke™™ — ,
m n

the matrix A(I,:) spans the range of the rows of A. Overall, this implies the exactness
of the CUR approximation A = A(:, J)A(:, J)TAA(I,:)T A(I,:) with probability at least

1 - ape - 2 _ OO
n m
Moreover, it implies that the matrix A(I,J) has rank k, so A = A(:,J)A(I,J)}
A(l,). |

3.3. Analysis for numerically low-rank matrices. We now consider the case
in which A is a perturbation of order € of a rank-k matrix of the form described in
Assumption 3.7.

Assumption 3.9. Assume that A = XZY7T + FE for some X € Rk 7 € RF*k,
Y € R™** and E € R"*™. Assume that rank(XZY7T) = k and ||E| < e. Let us
assume that Z = blkdiag(Z, Z2, Z3), and that we can partition X and Y as

XZ[Xl XQ Xg], Y:[Yl YQ Y3]7

with X; € Rk Yy, ¢ R™*F X, € R*F2 Y, € Rm*k2 . X5 € R*Fs Yy € Rm>ks,
7, € Rk 7, ¢ RR2Xk2 - 7, ¢ RFs*ks  for some ki + ko + k3 = k. Let us further
assume that the block matrices [ X1 X2] and [¥i ¥3] have orthonormal columns and
are p-coherent, and that X3 and Y, have orthonormal columns and each column is
sparse and has at most 3 nonzero elements.

A factorization of the form of Assumption 3.9 could be obtained from a truncated
singular value decomposition of A, but the decomposition X ZY 7 is more general as
it does not require full orthonormality of the X and Y factors, or the fact that Z
is diagonal. Moreover, the fact that X3 and Y5 have orthonormal columns is needed
only marginally in our analysis; see Remark 3.11 below. While, in general, it is not
easy to show that a given matrix satisfies Assumption 3.9, our goal in this work is to
extend the class of matrices for which it can be shown that a combination of random
uniform sampling and rank-revealing factorizations provably gives a good low-rank
approximation. Note that Assumption 3.9 extends the assumptions in [4, section 3.2
by allowing some of the factors in the (approximate) decomposition to be sparse.

The first result in this section, Theorem 3.10, provides an error bound for the
column subset selection error given by the index set J selected in lines 1-3 of
Algorithm 2.1.

THEOREM 3.10. If Assumption 3.9 holds and we take
lo=op(ky + k), lo=ki+ka, Ly=au(ks +ks)
for some a >0, then Algorithm 2.1 returns a column index J such that

(3.3) |4 = AG,D)AG, ) A < (1+ V205050 (1405 +82) '),
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1 1+6 o (XZYT)\WEm| YT 4 m
04 =\ 15 7 e M0 =\ AT
oR(XZYT) = 2¢, | ok,

and £ =max {ly, ,, Ly}, with a probability of at least

(34) p=1—k (ﬁrf + % + <(1 _‘3;;16>a + ((He;)MY) for all 5 € (0,1).

The general idea of the proof of Theorem 3.10 is similar to the proof of Theo-
rem 3.8, but in this case, instead of showing that the selected submatrices have the
right rank, we also need to prove that they are not too ill-conditioned.

where

Proof. We divide the proof into several steps.

Step 1. A lower bound for oy, 11, (A(Ip,:)). Let us consider line 1 in Algorithm 2.1,
that is, the selection of £y rows uniformly at random, corresponding to the index set
Iy. We have

A(Io,:) = X1 (Lo, ) Z1 Y] + Xo(Io, 1) Z2Yy + Xs(Io,1)Z5Y4 + E(Io,:).

With probability at least 1—ks(1—(1— %)ZO) =1—p;, the submatrix X3(lo,:) is made
of zeros; the argument is the same as in th% proof of Theorem 3.8. By Theorem 3.2,
with probability at least 1 — (ky + I@)(#)OY =1 — ps, we have

|(x:t) Xotho )| < m

Therefore, with probability at least 1 — p; — po, we have
Oky1+k2 (A(I()? )) 2 Ok1+k2 (A(105 :) - E(IO7 )) —01 (E(IOv ))
= Ok ks (X1 (L0, ) 21 Y] + Xo(lo,1) Z2Y5") — || E(Lo, 3|
2 Okytks (X(Io, )ZYT) -
where the first inequality follows from Theorem 3.5(b) applied to F' = A(ly,:) and

G =—E(Iy,:) with i = k1 + ks and j =1, we used that |[E(Iy,:)|| < ||E| <&, and we
denoted

X=[X: X, Z:[Zl ZJ, V=[V1 Y.

Note that X has orthonormal columns, Z is invertible, Y has full column rank, and
X (Ip,:) also has full column rank (with probability at least 1 — p2). We can further
bound

Ok ks (X (L0,) ZY ") = | (X (T, ) ZY )| = (YT Z2)T X (To, )|

1-6)¢

> (772 R Uo7 2 0,40 (277 L2

= Ok (X ZYT) ngk(XzyT) My
n n
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where the last inequality is obtained from Theorem 3.5(b) applied to F = X1 Z;Y;l +
X2Z2Y2T and G = X3Z3Y3T with ¢ = k1 +ko and j = k3+1. Therefore, we can conclude
that

(3.5) Oy ks (A(Tp,2)) > o (X ZYT) [ —L2 —¢

with probability at least 1 — p; — po.

Step 2. The matriz A(ly, J,) is well-conditioned. Let us now consider the column
index set J = (J,, J) where J, contains the £, indices from sRRQR, and J;, contains
the new ¢, indices selected uniformly at random. Since J, has been selected using
sRRQR on A(Ip,:), we have that

Ok +k2 (A(L0,2)) Oky+k, (A(L0, 1))
3.6 s (A(Io, J0)) > > ,
(36) ki (Al =TT ot Ra)(m— 1 ) Vkm

with probability at least 1 —p; — po.
Step 3. The matriz [Y1(Ja,:) Ya(Jq,:)] is well-conditioned. With probability at
least 1 — p; — p2, we have that

A(Io, Ja) = [Xl(l(), Z) XQ(I(), )] |:Zl ZQ:| [}/1((]@, 5) }/Q(JC“ :)}T + .E(IO7 Ja)

=[X1(lo,:) Xo(Io.)] [Zl ZJ v v (7 YQ}T)T[Yl(Ja,:) Ya(Ja, )] "
+ E(ly, Ja).
We have that
(3.7)
Ulirkz([Yl(Ja’:) )/2(‘](17:)])
< Oky 4k, (ALo, Jo) — E(1o, Ja))
Ao, :) — E(o, )| - || [X1({o,:)  Xa(Lo,o)]|| - Y]
n . Ulirkz( (107 )) n .0k1+k2(A(107:))_5 km
(1+8)ly 01(X(Lo,)ZYT)- IIYTII‘ (1+8)l VEkm-o(XZYT)-|YH|

\/ﬁ o (XZYT) = 2¢, | (55

> : )

1+ o(XZYT)\WEm| YT

where we used Theorem 3.5(a) for the éﬁrst inequality, the second inequality holds with
probability at least 1 — (k1 + k;;)(MW)O‘ =1 —p3 by Theorem 3.2, because Iy was
selected uniformly at random, the third inequality follows from (3.6), and the fourth

follows from (3.5). Therefore, (3.7) holds with probability at least 1 — p; — pa — ps.
Step 4. The matriz Y (J,:) is well-conditioned. We can partition

Y(J,) = YVi(Jar1) Ya(Jart) Y3(Ja,o)| _ (Yi(Jat) Ya(Ja,:) Y3(Jas2)
e Yl(Jb,:) }/Q(Jb,:) Yg(Jb,:) Yl(Jb,Z) O Yg(Jb,:) ’

where the second equality holds with a probability of at least

Ly
1—p4:1—]€2<1—<1—ﬁ> ),
m
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for the same reason as (3.1) in the proof of Theorem 3.8. In the rest of this proof, we
assume that all equalities and inequalities above hold, which happens with probability
at least 1 — p; — p2 — p3 — psa. We wish to apply Lemma 3.6 with A = Y5(J,,:),
B = [Yl(Ja,:) Yg(Ja,:)}, and C' = [Yl(Jb,:) Yg(Jb,Z)]. Using Theorem 3.2 again,
we have that

¥ m
Yi(Jp,:) Ys(Jp,: H < )
[ vaa]'| < (1-0)6
with probability at least 1 — (k1 + kg)(%)a =1—p4. We have that

I¥2(Jas) Ya(Jay)] || <1

because this is a submatrix of a matrix with orthonormal columns. Furthermore, we
have that

Oksy (Y2<Ja7 )) > Okq+ko ([Yl(Jm :) YQ(Jaa )])

and the right-hand side can be bounded by (3.7). Therefore, the assumptions of
Lemma 3.6 are satisfied with

s1_ IS o XZYT)WVEmYY
A c -
1=0 (X ZYT)— 2,/ k. 1—

(3.8) 1Y (J1, )T <05 65 (1+5?4+5%)1/2-

SO

Step 5. The columns are a good subset for low-rank approximation. In order to
bound ||A — A(:, J)A(:,J)TA|| we apply Theorem 3.4 to the matrix A, the unitary
matrix U = [Ul UQ}, where Uj is an orthonormal basis of Y (which has rank k) and
Us is an orthogonal complement of Y, and the index set J. We have that ||AUs|| =
|EUs|| < e, and ||Us(J,:)|| < 1. To bound ||Uy(J,:)t|| let us consider the skinny QR
decomposition Y = UlR for some invertible matrix R € R¥**; then

1o 1/2
UL (L) = R-Y ()T < Y ()T 1Y) < V28,06 (1+ 63 +62) 7,

where the last equality follows from (3.8) and the fact that Y has two blocks of
orthonormal columns. Applying Theorem 3.4 then gives

(3.9) 1A= AG, D)AG DTA| <1+ V205 55" (1403 +62) 7).

Step 6. The failure probability. The success probability p can be bounded using
a union bound on all the probabilistic results used in this proof: we have

p>1—(p1+p2+p3+pa)

i (1 (1-2)) ot ()
— (ky + k3) (u:;)lMY—kQ (1— (1—2)&)
(1200 ) (1 200) -+ () ()

which concludes the proof of the theorem. 0
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Remark 3.11. The fact that X3 and Y5 have orthonormal columns in Assump-
tion 3.9, which does not appear in Assumption 3.7, is used in Step 5 of the proof to
bound ||Y|| < v/2. The proof of Theorem 3.10 would also work for nonorthonormal
X3 and Y5, as long as the matrices X and Y have full column rank; the only dif-
ference would be an extra factor ||Y|| in the right-hand side of the bound. We also
remark that, while X and Y are not required to have (overall) orthonormal columns
in Assumption 3.9, the condition number of Y does come into play in the bound of
Theorem 3.10.

Let us provide a simplified bound below that “hides” all the constants of Theo-
rem 3.10 that distract from the essence of the result.

COROLLARY 3.12. In the same assumptions as Theorem 3.10, we have that
k o (XZYT)
A—A(DAG DA < ¢ﬁ..w
14— A, TAC, 1) Al <0 (m v Y
with a probability of at least

1-k <’8£+ﬂ+ +62>

for some fized constants c1,co € (0,1).

For example, if we fix § = 4/5, the success probability (3.4) gives ¢; ~ 0.62 and
co &~ 0.78. For this corollary (and Theorem 3.10) to make sense, we need to have
{—:m\/i < 0, (XZYT); that is, the magnitude of the perturbation E needs to be
small compared to the smallest “relevant” singular value of A.

As mentioned in the introduction, there is a well-known way to relate the er-
ror of row/column subset selection to the low-rank approximation error; see, e.g.,
[6, 10, 20, 21]. In particular, for any index sets I and .J, we have

1A= AG, DAC, )T AA(L )AL ) |12
<A = AGDAC DA+ [ AG, DA, I)T (A= AA(L )AL )|
<[ A=AG DA DA+ [ AG DA D] - [|A = AAT)TA(L )|
(3.10) = A= AQ;, DAG,J)TA| + |A — AA(T, ) TA(LL) |,
where the last equality follows from the fact that A(:, J)A(:,J)' is an orthogonal
projection.

COROLLARY 3.13. Given a matriz A satisfying the assumptions of Theorem 3.10
and given the output index sets I and J from Algorithm 2.1 with {y =, = apk for
some a>0 and £, =k, we have that

|A— A, )AG, J)TAA(L)TA(L,) ||

<o <g<m+n>ﬁ~ o (X1 + ||w|>)

with a probability of at least
14
1—%(ﬁ-+ﬁ4— +%>
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Algorithm 4.1. Iterative randomized sSRRQR for row and column selection.
Input: Matrix ACR™ ™, iterations H, numbers £, EZRRQR’ col. 0 col, EZRRQR’ v
gnew, row
h

Output: Row index set Iy and column index set Jg

1: Select ¢y row indices Iy uniformly at random

2: for h=1,...,H do

3:  Apply sRRQR algorithm to A(I,_1,:) with parameter

4:  Build column index set J;, from the E;RRQR’ ! indices given by sSRRQR
factorization and £;°"" ' new indices selected uniformly at random

5:  Apply sRRQR algorithm to A(:, J,)T with parameter KZRRQR’ row

6:  Build row index set I}, from the KZRRQR’ "% indices given by sSRRQR
factorization and ¢, " new indices selected uniformly at random

7: end for

ESRRQR, col
h

Proof. The bound follows from the inequality (3.10) and Theorem 3.10 applied
to A and AT. The bound on the failure probability follows from a union bound of the
failure probabilities given by Theorem 3.10 on A and AT ]

4. Iterative randomized sRRQR algorithm. In this section, we discuss a
variation of Algorithm 2.1 that is inspired by [17, Algorithm 2.2]. We first present
the algorithm (Algorithm 4.1) and then detail its relation to Algorithm 2.1 and the
literature.

We start from ¢y randomly selected rows of A, corresponding to an index set
Iy. We perform the sSRRQR. algorithm on the submatrix A(Iy,:) € R®*™ and select
a column index set J; made of the corresponding columns selected by sRRQR plus
some other columns selected uniformly at random. Now we look at submatrix A(:, Jy)
and perform the sRRQR algorithm on its transpose. This gives us a new set of
row indices, to which we add some more new rows, sampled uniformly at random,
and merge them into the new row index set I;. This procedure can be iterated a
couple of times by alternately optimizing the columns and the rows. The cost of each
iteration is O ((m + n)¢*log, (max{n,m})), where ¢ is the total number of indices
we are considering; in particular, for small values of ¢ this is sublinear in the size
of A. The number of chosen indices does not need to be the same in each step of
the algorithm; see Algorithm 4.1 below. The number of rows and columns should be
chosen to be slightly larger than k, the target rank for the low-rank approximation.

Remark 4.1. In Algorithm 4.1, some of the row/column indices of A that have
been sampled get thrown away at each step; this has been done because it simplifies
our analysis in the rest of the paper. In practice, one can use the extra information
contained in those rows and columns and consider final index sets [ = IpUl{U---Ulg
and J=JyUJyU---UJg. The corresponding low-rank approximation will be slightly
more expensive to compute but will also yield a smaller error. Indeed, if I C I’ and
J CJ', then

|A—ACG,JVAG, J)VTAAI,)TAL )| < |A— AG, DA, J)TAA(L )AL ).

Some additional remarks are in order:
e Algorithm 4.1 is almost the same as Algorithm 2.2 in [17], with the difference
that we use an sSRRQR factorization instead of a pivoted QR factorization,

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/30/25 to 171.66.13.217 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

RANDOMIZED COLUMN/ROW SELECTION WITH STRONG RRQR 37

which allows us to obtain theoretical guarantees on the quality of the selected
rows and columns.

e An iterative refinement of the initial choice of row and column indices has been
shown to be effective in providing more accurate low-rank approximations
in the setting of interpolatory decompositions. For example, the paper [27]
considers an interpolatory decomposition for which the row and column index
sets are obtained from Algorithm 4.1. A similar strategy was proposed in [13]:
here, the authors employed a volume maximization technique, closely related
to sSRRQR factorizations.

e The first three steps of Algorithm 4.1 (lines 1, 3, 4) coincide with the first
three lines of Algorithm 2.1; what changes here afterward is that, instead
of restarting the sampling process from scratch to select the row indices, one
uses the selected columns at a starting point. The advantage of Algorithm 4.1
is that the process can be iterated, and the quality of the low-rank approx-
imation improves in many cases, in practice (see Example 5.2). Intuitively,
performing more iterations of Algorithm 4.1 allows us to “see” more infor-
mation from the matrix A due to the new rows and columns sampled at each
step, and the SRRQR factorization allows us only to keep the “important”
parts.

Let us revisit Examples 2.4 and 2.5 in the context of Algorithm 4.1. We postpone
further examples to section 5.

Example 4.2. Let us consider again the matrix A from Example 2.4. Also, for
Algorithm 4.1, it is very unlikely to end up selecting the first row and column, for
moderately large values of n and small values of the ¢-parameters. Indeed, the initial
selection of £y rows with probability (1 — %)eo will not include the first row, and since
the first column will be zero in the selected submatrix, the first column will not be
included in the column index set selected by SRRQR. At the next steps, again, the
probability of not selecting the first row or column is high in this setting.

Example 4.3. Let us consider again the matrix from Example 2.5 and let us show
that Algorithm 4.1 is able to recover A successfully. The row set Iy, chosen uniformly
at random, will most likely not include the first row—with probability (1 — %)éo.
However, when looking at the matrix A(Ip,:), the sSRRQR algorithm will select a
set Ji containing the first column, plus some other columns sampled uniformly at
random. Now, when applying sSRRQR on the column subset A(:, J;), we will get an
index set I; that includes the first row. At this point, the index sets I; and J; are

enough to recover the rank-2 matrix A.

4.1. Error analysis. We restrict the analysis of Algorithm 4.1 to its first full
step. We provide a result that states that exact reconstruction happens with high
probability when the matrix A is exactly low-rank and satisfies Assumption 3.7, and
an error bound in the case in which A has been perturbed by error, similarly to what
we have done for the analysis of Algorithm 2.1.

THEOREM 4.4. If Assumption 3.7 holds and we take

£0 = O[/j,(kl + kg), eiRRQR’COl =k + k27 grllew,col = a,u(kl + kg),
EiRRQRJOW _ k, érllcw,row _ O,

for some a > 0, then one iteration of Algorithm 4.1 returns sets of rows Iy and columns
J1 such that
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A= A(;, )ACG, J)TAA(LL, ) TA(L, ) = AG, J) AL, J)TA(T, 2

with a probability of at least
- (Mf + 2 ke )
m

1 1
where £ = max{{y, (;FRARcol gnew.col sRRQRxowr g

Proof. Since lines 1-4 in Algorithm 4.1 coincide with lines 1-3 in Algorithm 2.1,
the proof of Theorem 3.8 shows that with probability at least

lk lk
l—pl—p2—p3—p421—<’8+ﬂ+2k )

we have that A(:,J1) = XZY(J1,:)T has full rank k. Line 5 in Algorithm 4.1 will
then select a row-index set Iy such that A([7,J1) is a rank-k matrix. Hence, we have
that A(I7,:) spans the range of the rows of A, so the index sets I; and J; guarantee
that the matrix A is reconstructed exactly when forming both the CUR approximation
A(, J))A(, J1)TAA(LL, )T A(L,:) and the cross approximation A(:,Jy)A(Iy, Jp)t
A(lL,:). |

Let us now look at the perturbed case. Since the first half iteration of Algo-
rithm 4.1 coincides with lines 1-3 of Algorithm 2.1, Theorem 3.10 gives a bound on
the column subset selection error obtained using the index set J; obtained in the
first half iteration. The following result allows us to obtain an upper bound for the
low-rank approximation error of Algorithm 4.1 after one full iteration.

THEOREM 4.5 ([9, Theorem 1]). Given a “column space approzimator” B € R"*¢
of A that has full column rank, let C, € R¢ be a subset of £ linearly independent
rows of B and let Co € R"=O%L be the set formed by all other rows of B. Let R be
the rows of A corresponding to Cy. Then

|4~ ARTR| <\/1+[[C2C] |3 | A~ BB Al
THEOREM 4.6. If Assumption 3.9 is satisfied and we set

EO — aﬂ(kl + kg), esl‘RRQR,col _ kl + kg, Erllew,col _ Oé/A(k‘l + k3), eiRRQR,row _ k,

new,row __ sRRQR,row __ ,sRRQR,col new,col
Y 0, £ =0 + greweol,

for some a > 0, then the index sets Iy and Jy selected after one full iteration of
Algorithm 4.1 satisfy

1A = A(, J)ACG, J)TAA(L )T AL |

<0 (smvik- 28201+ 1v')))

with a probability of at least

1-k <B€+ﬁ+ —1-02)
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Proof. Using (3.10), we can split the error into two terms; the first one is directly
bounded by Theorem 3.10, and we can use Theorem 4.5 to bound the second term
|A— AA(Iy,:)t A(I4,:)|. More specifically, we apply Theorem 4.5 with B = A(:, J;);
note that, thanks to the sSRRQR properties, we have

IACIE, J1) AL, J1) 7HE < V= O AT, J1) AL J1) ™ lmax < V/E(n = 0),

where we denoted by I{ € {1,... ,n}""h' the index set corresponding to all the rows
not selected by I;. It follows that

|A—AA(ILL)TALL )| < V1+(n—0)||A— A, J)AG, )T A

and the quantity [[A — A(:,J1)A(;,J1)TA| can be bounded, again, using
Theorem 3.10. a

5. Numerical examples. In this section, we explore numerically the behavior
of Algorithms 2.1 and 4.1 on some examples. The numerical experiments have been
performed in MATLAB, and the implementation of the sSRRQR algorithm from [14]
is taken from [28], with parameter n=1.1.

Ezxample 5.1. Let us consider the bivariate function

_ 5sin(3x)

20y

4z —1°

+ 2¢%/2 cos(10y) +

We construct the matrix A as the discretization of f(x,y) on an equispaced grid of
size 1000 x 1000 in the square [0,1]2, to which we add a random matrix E with norm
|E|| = 1075, The matrix A is of rank approximately 3, and some of the first three
singular vectors have high coherence. A visual representation of A and of its first three
right and left singular vectors is in Figure 2. We run Algorithm 4.1 with £y =6 and all
other (-parameters set to 3. After one full iteration, we are able to find a good subset
of rows and columns. The quality does not improve with more iterations; see Figure 3
(left), where we also compare this with the low-rank approximation error given by the
index sets returned by Algorithm 2.1 with ¢y = 6,¢, = £, = 3. While the bounds we
obtain in this paper (Theorem 3.10 in the previous section and Theorem 4.6 below)
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FI1G. 2. Logarithm of the magnitude of the entries of the matriz A from Example 5.1 (left) and
of its first three left and right singular vectors (middle and right). The first left singular vector and
the second right singular vector are approximately sparse, while all the other ones are incoherent.
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Fi1G. 3. The blue part of the plot indicates the low-rank approximation error, namely, the quan-
tity |A — ACG, NAG, NTAAL,)TA(L:)||, where I and J are the index sets returned by Algorithm
4.1 for the matriz from Ezample 5.1 (left) and the one from Ezample 5.2 (right). The x-axis de-
notes the number of iterations of Algorithm 4.1. We run Algorithm 4.1 100 times; the blue dashed
line represents the average error, and the light blue areas represent the 90% confidence region. The
dotted magenta line is the approrimation error given by the index sets returned by Algorithm 2.1
(it is constant because the method is not iterative), and the pink area is the 90% confidence region.
Note that, while for Example 5.1 the two algorithms give similar errors after the first step, a few
iterations of Algorithm 4.1 help improve the error in the case of Example 5.2. The values of the
L-parameters are Ly = 6,£q = £, = 3 (left plot) and Lo = 16,£4 = £, = 8 (right plot) for Algorithm
2.1. For Algorithm 4.1, in the left plot we let o =6 and all other ¢-parameters are set to 3, and in
the right plot we let Lo =16 and all other £-parameters are set to 8. For comparison, the black line
in the left plot is the error of the best rank-3 approxzimation of the matriz, and the two black lines
in the right plot are the errors of the best rank-8 and rank-16 approzimations, respectively. (Color
available online.)

involve an “amplification” factor on the error € that depends on the size of the matrix
A, in this example we observe that the error is roughly 10 times larger than the best
rank-3 approximation error in the spectral norm, which is ~ 107°.

Ezample 5.2. While our analysis in section 4.1 is restricted to the first full iteration
of Algorithm 4.1, it is worth noting that, in many cases, the low-rank approximation
error continues to decrease if more iterations are performed. As an example of this
behavior, let us consider the matrix 4 € R1009%1000 with entries a;; = Hj%ﬂ’ and let
us run Algorithm 4.1 with £g = 16 and all other ¢-parameters set to 8. The result is
shown in Figure 3 (right), where we also compare this with the low-rank approximation
error given by the index sets returned by Algorithm 2.1 with ¢y =16,¢, = ¢, =8. The
matrix A has rapidly decaying singular values. The low-rank approximations obtained
by Algorithms 2.1 and 4.1 have rank 16. For illustration purposes, in Figure 3, we
compare the errors of Algorithm 2.1 and 4.1 with the error of the best rank-8 and
rank-16 approximations of A. However, it is not completely fair to compare their error
to the best rank-16 approximation of A since our theory results predict the need for
an oversampling factor (the f-parameter is chosen to be mildly larger than the target
rank).

Ezample 5.3 (comparison between Algorithm 2.1 and Algorithm 4.1). We con-
struct two matrices of size n =m = 128 that satisfy Assumption 3.9 and compare the
quality of the low-rank approximation given by Algorithm 2.1 with the one given by
one or three full iterations of Algorithm 4.1. Let us define
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11 1 1] 11 1 1]
1 -1 1 -1 1 -1 1 -1
11 -1 -1 11 -1 -1
1|1 -1 -1 1 1|1 -1 -1 1
Ul:\/; 11 1 1| @ UF\/; 1 -1 -1 —1] Bes
1 -1 1 -1 11 -1 1
11 -1 -1 1 -1 11
1 -1 -1 1 111 -1

where e,/ denotes a vector of all ones of length n/8 and ® denotes the Kronecker
product. The matrix [Ul Ug} has orthonormal columns and has coherence 1, the
smallest possible coherence. Let us define Uz = [!] € R"*4, where I; denotes the
4 x 4 identity matrix. Then, we let A= [Ul Us U3] [Ul Us UQ]T and this
matrix satisfies Assumptions 3.7 with k1 = ko = k3 = 4. We construct a matrix A
by adding a random perturbation of norm e = 10~® to A. To construct the second
matrix, let us consider Vi, Vs € R®** such that [Vl Vg] = \/%]Ig ® ey/8- Note that

the coherence in this case is 8. The matrix B = [V1 Vs Ug] [Vl Us VQ]T satisfies
Assumption 3.7 and we take B to be an additive e-perturbation of B. Note that A
and B satisfy Assumption 3.9, and they are approximately of rank 12. In Figure 4,
we compare the low-rank approximation error for different values of the parameter ¢
between 12 and 56, of
- Algorithm 2.1;
- one full iteration of Algorithm 4.1;
- three full iterations of Algorithm 4.1.
In both algorithms, for a given value of ¢ we set £y = £ and all other parameters are
set to £/2. Some remarks are in order.
e Both algorithms need fewer samples to recover a good low-rank approximation
for the matrix A, which has lower coherence, as is to be expected.
e The bounds from Theorem 3.10 and Theorem 4.6 seem to be quite pes-
simistic, at least for the given examples. In particular, for larger values of ¢
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Fi1G. 4. Comparison of Algorithm 2.1 (red continuous line), one full iteration of Algorithm 4.1
(blue dashed line), and three full iterations of Algorithm 4.1 (cyan dotted line) for the matrices
from Ezample 5.3. Each vertical line corresponds to one algorithm and one parameter £. For each
algorithm and each value of £ = 12,16,...,56, we have performed 1,000 independent runs of each
algorithm; the bottom of each line represents the 10th percentile, and the top of each line represents
the 90th percentile of the obtained low-rank approzimation errors. (Color available online.)
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(e.g., £ > 48) the error of the low-rank approximation is comparable to
€ =107 with high probability.

e Although Theorem 4.6 features an extra factor v/nf compared to Theo-
rem 3.10, in this example one full iteration of Algorithm 4.1 is always at
least as good as Algorithm 2.1.

e For the matrix B, we notice an improvement when performing more iterations
of Algorithm 4.1; this may be due to the fact that we are sampling more new
rows/columns at each iteration.

6. Discussion. In this work, we have shown that, with high probability, a uni-
form sampling strategy combined with sSRRQR (Algorithm 2.1) selects rows and col-
umns that give a good CUR approximation for matrices satisfying Assumption 3.9.
Our error bounds are informative when the perturbation E to the low-rank matrix
XZYT is small enough that | E| < m+/k/¢ and the ratio o1(XZYT) /o (X ZYT) is
not too large. Some dependence of the error on the size of the matrix is inevitable in
the spectral norm when working with row and column-based low-rank approximations;
see (1.2) and the results in [4]. While Algorithm 2.1 is reminiscent of [4, Algorithm
3], a key difference is that Algorithm 2.1 requires some additional random rows and
columns after the SRRQR step (lines 3 and 6), which are necessary to obtain good
low-rank approximation for a larger class of matrices than the one considered in [4],
that is, matrices that admit a decomposition into factors with suitable incoherence
and/or sparsity assumptions up to a small additive error.

While it is difficult, in general, to check whether a matrix A admits a decomposi-
tion satisfying Assumption 3.9, the objective of this paper is to shed some light on the
excellent practical performance of simple sublinear-time algorithms for column and
row subset selection. Note that, in Assumption 3.9, it is easier to think of XZY 7T as
the singular value decomposition of A or its best rank-k approximation, but in fact,
we do not require X and Y to have orthonormal columns, as long as they are well-
conditioned. This flexibility allows us to apply our bounds to a larger class of matrices.

In section 4, we introduced Algorithm 4.1, directly inspired by [17, Algorithm
2.2], and we provided an error bound for the CUR approximation constructed with
the indices returned after one iteration. Note that, with respect to Theorem 3.10 on
the column subset selection error, the constant in the bound of Theorem 4.6 has been
multiplied approximately by v/nf; this increase in the error is a result of Theorem 4.5.
However, in all the examples that we have considered, the row and column indices
returned by Algorithm 4.1 were at least as good as the ones returned by Algorithm 2.1
with a corresponding choice of the parameters. Since iterative refinement has been
shown to work for similar settings [13, 27], an interesting direction for future research
is the analysis of Algorithm 4.1 beyond the first iteration.

Our results do not cover all the matrices for which there is hope, in the sense of
section 2.3. For example, a scenario that is not covered by the current theory and
is left for future work consists of matrices that have some incoherence in the blocks
X1, X5,Y7,Y3 but do not satisfy any sparseness assumption.
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