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Abstract. Solving high-dimensional partial differential equations necessitates methods free of
exponential scaling in the dimension of the problem. This work introduces a tensor network approach
for the Kolmogorov backward equation via approximating directly the Markov operator. We show
that the high-dimensional Markov operator can be obtained under a functional hierarchical tensor
(FHT) ansatz with a hierarchical sketching algorithm. When the terminal condition admits an FHT
ansatz, the proposed operator outputs an FHT ansatz for the PDE solution through an efficient
functional tensor network contraction procedure. In addition, the proposed operator-based approach
also provides an efficient way to solve the Kolmogorov forward equation when the initial distribution
is in an FHT ansatz. We apply the proposed approach successfully to two challenging time-dependent
Ginzburg--Landau models with hundreds of variables.
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1. Introduction. This paper focuses on solving the Kolmogorov backward equa-
tion (KBE): \Biggl\{ 

\partial tu - \nabla V \cdot \nabla u+ 1
\beta \Delta u= 0, x\in \Omega \subset \BbbR d, t\in [0, T ),

u(y,T ) = f(y), y \in \Omega \subset \BbbR d,
(1.1)

where V is a potential function and \beta is the inverse temperature. The solution u
can also be represented as u(x, t) =\BbbE [f(XT ) | Xt = x], where Xt follows the Langevin
dynamics

dXt = - \nabla V (Xt)dt+
\sqrt{} 

2\beta  - 1dBt.(1.2)

In this work, we focus on the high-dimensional setting, where the domain has
hundreds of dimensions. One prevalent type of high-dimensional Kolmogorov back-
ward equation comes from the discretization of an infinite-dimensional Markov chain
into finite but very large dimensions. Similar to the prior work in [32], we focus on
the motivating example of a time-dependent Ginzburg--Landau (G--L) model used for
studying the phenomenological theory of superconductivity [12, 16, 17, 10]. The 2D
G--L model considers a particle taking the form of a field x(a) : [0,1]2 \rightarrow \BbbR . The
potential function is a functional V (x) defined as follows:
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A614 XUN TANG, LEAH COLLIS, AND LEXING YING

V (x) =
\lambda 

2

\int 
[0,1]2

| \nabla ax(a)| 2 da+
1

4\lambda 

\int 
[0,1]2

| 1 - x(a)2| 2 da,(1.3)

where \lambda is a parameter balancing the relative importance of the first and second terms
in (1.3). Under discretization, one decomposes the unit square [0,1]2 into a grid of
d = m2 points \{ (ih, jh)\} for h = 1

m+1 and 1 \leq i, j \leq m. The discretized field is
the d-dimensional vector x= (x(i,j))1\leq i,j\leq m, where x(i,j) = x(ih, jh). The associated
discretized potential energy is defined as

V (x) = V (x(1,1), . . . , x(m,m)) :=
\lambda 

2

\sum 
v\sim w

\biggl( 
xv  - xw

h

\biggr) 2

+
1

4\lambda 

\sum 
v

\bigl( 
1 - x2v

\bigr) 2
,(1.4)

where v and w are Cartesian grid points and v \sim w if and only if they are adjacent.
For any f :\BbbR d \rightarrow \BbbR , the evolution of the conditional expectation with f as a terminal
condition constitutes the Kolmogorov backward equation (1.1) with the discretized
potential function V (x). Even a moderate discretization scheme leads to a high-
dimensional problem.

1.1. Background and contribution.
Existing methods for solving the Kolmogorov backward equation. While the tradi-

tional finite difference [6, 35] and finite element schemes [20] are candidate numerical
solvers for the Kolmogorov backward equation, they cannot be used for the high-
dimensional case due to the curse of dimensionality. More recent work [4, 3] shows
that one can overcome the curse of dimensionality by combining Monte Carlo methods
with a downstream regression task. Essentially, due to the conditional expectation
formula, one can use Monte Carlo to approximately query function evaluation of u at
a sufficiently large number of points in \Omega \times [0, T ]. After obtaining the training sample,
one can use the approximate value of u at these points as training data for a neural
network regression task.

While the regression-based perspective overcomes the curse of dimensionality, its
implementation faces two major challenges. First, the method incurs a significant cost
to prepare the training target, as a large number of SDE simulations is required for
each training sample. Second, retraining of the neural network is unavoidable when
one considers a different terminal condition for u(\cdot , T ).

Markov operator for solving the Kolmogorov backward equation. In this work, we
propose to solve the Kolmogorov backward equation by approximating the solution
operator [22, 11, 19], i.e., obtaining a mapping from the terminal condition f to the
solution u. For any t\in [0, T ] and a stochastic process (Xs)s\in [0,T ] satisfying (1.2), one
has the following equation:

u(x,T  - t) =

\int 
\Omega 

\BbbP [XT = y | XT - t = x]f(y)dy=

\int 
\Omega 

\BbbP [Xt = y | X0 = x]f(y)dy,(1.5)

where the second equality of (1.5) is due to the time invariance of the dynamics for
(1.2). Thus, the solution operator Gt : \Omega \times \Omega \rightarrow \BbbR is simply the conditional density
defined by

Gt(x, y) := \BbbP [Xt = y | X0 = x] ,(1.6)

which is typically referred to as the Markov operator.
Our proposed approach to approximate the Markov operator is motivated by

Bayes's rule. For any chosen initial distribution X0 \sim p0, one has

Gt(x, y) =
1

p0(x)
\BbbP [X0 = x,Xt = y] ,(1.7)
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SOLVING KOLMOGOROV EQUATIONS WITH TENSOR NETWORK A615

which shows that the conditional density Gt can be characterized through the prob-
ability density of the joint variable (X0,Xt), which is an important observation un-
derlying our subsequent tensor network approach to represent the Markov operator.

Functional hierarchical tensor operator. Functional hierarchical tensor (FHT)
[32, 13, 14] is a class of parametric functions suitable for reduced-order modeling.
While a detailed introduction can be found in [32], we mention a few of its appealing
properties. The FHT ansatz scales linearly in dimension for memory requirement,
function evaluation, moment calculation, and sampling (when used as an ansatz for
density). Most importantly, the FHT ansatz scales linearly in dimension to calculate
marginal distribution density and conditional distribution density, which sets it apart
from common neural network architectures for density estimation.

Due to the aforementioned property, one can use an FHT ansatz to represent
the probability density of the joint variable (X0,Xt), which leads to an FHT-based
approximation to the operator Gt. The learned operator allows an efficient way to
obtain the approximate value of u(x,T  - t) for arbitrary point x \in \Omega and terminal
condition f . When f has an FHT structure, (1.5) allows for more efficient computation
of u(x,T  - t) through a tensor diagram contraction.

Density estimation through hierarchical sketching. Obtaining the joint density
distribution is done by using a modification of an FHT-based approach in solving the
Fokker--Planck equations [32]. After running particle simulations over the Langevin
dynamics in (1.2), one collects the value of the particles at the initial time 0 and the
intermediate time t. Then, one performs a hierarchical sketch-based density estima-
tion subroutine [25, 32] on samples of the joint variable (X0,Xt). The outputted joint
density is used to represent the Markov operator according to (1.7).

Compared to the approach in [32], the hierarchical sketching subroutine in this
instance has new challenges, such as the design of the hierarchical bipartition structure
and the functional basis. Using sophisticated numerical techniques, we are able to
solve the Ginzburg--Landau model with d in the hundreds.

1.2. Related work.
Neural network methods for density estimation. As the Markov operator is

obtained through density estimation, our work is related to generative learning al-
gorithms for which density estimation is possible. Representing Gt with the joint
distribution function for (X0,Xt) is related to density estimation. Examples include
normalizing flows [31, 26], energy-based models [15, 21], and the more recent diffusion
models [30, 29]. The main challenge in obtaining the Markov operator through the
aforementioned works lies in the calculation of the normalization constant and high-
dimensional integration through (1.5). On the other hand, representing Gt directly
as a conditional distribution is related to probabilistic imputation methods [34, 7, 8]
and conditional generative modeling [24, 28, 33, 5, 23]. For neural network-based den-
sity estimation tasks, the training associated with a neural network might be slow,
whereas our sketch-based approach relies on simple linear algebraic subroutines and
does not involve an iterative training component.

Monte Carlo methods. As one has access to trajectories of the particle dynamics
due to Monte Carlo sampling, it is possible to perform sampling to obtain the value
of u at arbitrary points. Our proposed sketching approach approximates the Markov
operator through data assimilation of one single batch of particle simulations, while
the Monte Carlo approach requires a new set of particle simulations for every new
point queried for the PDE solution u. Thus, the Monte Carlo approach is less suitable
when one is interested in the solution at more than a few points or when one is
interested in the global properties of the solution.
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A616 XUN TANG, LEAH COLLIS, AND LEXING YING

Tensor network methods. We refer the reader to [32] for a detailed discussion
on tensor network-based approaches for solving high-dimensional PDEs. It is worth
mentioning that a sketch-based density estimation subroutine for the functional tensor
train (FTT) has been developed in [18]. The proposed approach of this work can be
similarly adapted to approximate the Markov operator with an FTT as the tensor
network architecture. However, the FTT ansatz is less capable of capturing the global
correlation structure, which is why this work instead focuses on the FHT ansatz. It
is also possible to use the regression-based perspective mentioned in section 1.1 with
the functional tensor network as the parameterized function class for performing the
regression task, and a similar approach has been taken in [27, 9].

1.3. Contents and notation. We outline the structure of the remainder of the
paper. Section 2 details the functional hierarchical tensor structure for approximat-
ing the Markov operator. Section 3 goes through the algorithm for solving the Kol-
mogorov backward equation with the functional hierarchical tensor. Section 4 details
the numerical implementations and results from solving Ginzburg--Landau models in
1D and 2D.

For notational compactness, we introduce several shorthand notations for simple
derivation. For n \in \BbbN , let [n] := \{ 1, . . . , n\} . For an index set S \subset [d], we let xS stand
for the subvector with entries from index set S. We use \=S to denote the set-theoretic
complement of S, i.e., \=S = [d] - S.

2. Tensor network structure for the Markov operator. To address the
Ginzburg--Landau and general models coming from discretizing infinite-dimensional
Markov chains, we propose to represent the Markov operator via a functional hierar-
chical tensor ansatz based on a binary-tree-based low-rank structure. In this section,
we go over the functional hierarchical tensor and the tensor network structure for the
Markov operator. Importantly, to simplify the discussion, we discuss obtaining the
Markov operator for a fixed t \in [0, T ]. The symbol d is reserved for the dimension of
the state-space variable, and the symbol N is reserved for the number of samples.

2.1. Functional hierarchical tensor. For completeness, we give a short intro-
duction to the functional hierarchical tensor ansatz, which largely follows the more
detailed exposition in [32]. We first describe the functional tensor network (FTN)
representation of a 2d-dimensional function g : \BbbR 2d \rightarrow \BbbR . Let \{ \psi i;j\} ni=1 denote a col-
lection of orthonormal function basis over a single variable for the jth coordinate, and
let C \in \BbbR n2d

be the tensor represented by a tensor network. The functional tensor
network is the 2d-dimensional function defined by the following equation:

g(x)\equiv g(z1, . . . , z2d) =

n - 1\sum 
i1,...,i2d=0

Ci1,...,i2d\psi i1;1(z1) \cdot \cdot \cdot \psi i2d;2d(z2d) =

\Biggl\langle 
C,

2d\bigotimes 
j=1

\vec{}\Psi j(zj)

\Biggr\rangle 
,

(2.1)

where \vec{}\Psi j(zj) = [\psi 1;j(zj), . . . ,\psi n;j(zj)] is an n-vector encoding the evaluation for the zj
variable over the entire jth functional basis. In particular, g is a functional hierarchical
tensor when C is represented by a hierarchical tensor network ansatz.

The hierarchical tensor network is characterized by a hierarchical bipartition of
the variable set. Without loss of generality, let d= 2L so that the variable set admits
exactly L+ 1 levels of variable bipartition. As illustrated in Figure 1(a), at the lth
level, the variable index set is partitioned according to

[2d] =

2l\bigcup 
k=1

I
(l)
k , I

(l)
k := \{ 2L - l+1(k - 1) + 1, . . . ,2L - l+1k\} ,(2.2)
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SOLVING KOLMOGOROV EQUATIONS WITH TENSOR NETWORK A617

(a) Binary decomposition of variables.
(b) Functional hierarchical tensor

diagram.

Fig. 1. Illustrations of functional hierarchical tensor with d= 4.

which in particular implies the recursive relation that I
(l)
k = I

(l+1)
2k - 1 \cup I(l+1)

2k .
Given the hierarchical bipartition, the tensor network structure of a hierarchical

tensor network has the same tree structure as in the variable bipartition, which is
illustrated by Figure 1. Moreover, as Figure 1 shows, each internal bond of the tensor
network is associated with an edge in the binary decomposition of the variables.
Each physical bond of the tensor network connects a leaf node with a \vec{}\Psi j(zj) node.
In summary, the graphical structure of the hierarchical tensor network is formed
by a binary tree, and the physical index is at the leaf node. In terms of runtime
complexity and memory complexity, the functional hierarchical tensor enjoys the same
O(d) scaling as that of a hierarchical tensor [25].

2.2. Main idea for the FHT representation of the Markov operator. We
now describe the functional hierarchical tensor representation of the Markov operator.
Let the initial distribution for (Xs)s\in [0,T ] satisfy X0 \sim p0. By Bayes's rule and time
invariance of (1.2), the Markov operator Gt = \BbbP [Xt = y | X0 = x] satisfies the equation

Gt(x, y) :=
1

p0(x)
\BbbP X0\sim p0

[X0 = x,Xt = y] ,

where X0 \sim p0 means the stochastic process (Xs)s\in [0,T ] follows from the Langevin
dynamics in (1.2) with initial condition X0 \sim p0.

In practice, one solves the KBE solution u inside a bounded domain \scrX \subset \Omega , and
correspondingly one considers the value of Gt(x, y) inside x \in \scrX . Thus, one can set
p0 as the uniform distribution on \scrX . Under this construction, one has

Gt(x, y) =Vol(\scrX )\BbbP [X0 = x,Xt = y] , x\in \scrX .(2.3)

In particular, the construction of Gt in (2.3) implies solving the Markov operator
can be reduced to density estimation over the joint variable (X0,Xt). Thus, one
can employ the sketch-based density estimation subroutine in [32] to estimate the
probability distribution of (X0,Xt) as a functional hierarchical tensor ansatz, which
gives the Markov operator an FHT representation. The rest of this section gives
implementation details of this approach.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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A618 XUN TANG, LEAH COLLIS, AND LEXING YING

2.3. Network structure of the Markov operator. Representation of the
Markov operator in the FHT ansatz leads to the question of the hierarchical tensor
network structure for the 2d-dimensional probability density function

g(x, y) = \BbbP X0\sim p0
[X0 = x,Xt = y] .

We propose to use the interlacing scheme to order the joint variable. For x =
(x1, . . . , xd) and y = (y1, . . . , yd), the interlacing scheme orders the joint variable z =
(z1, . . . , z2d) by z = (x1, y1, . . . , xd, yd). Typically, the variables x, y are ordered so that
the correlation for (xj , xj\prime ) and (yj , yj\prime ) are strong only when the index j is close to
j\prime . Thus, capturing the model's spatial correlation structure means the ordering of
the joint variable needs to preserve the proximity. Moreover, xj and yj represent the
value of a high-dimensional stochastic process at the same site. Therefore, capturing
the temporal correlation structure means the ordering of the joint variable needs to
be such that xj is placed close to yj . The proposed interlacing scheme preserves the
spatial and temporal correlation structure, as is desired.

An ordering of the variables leads to a corresponding hierarchical bipartition
through (2.2). In Figure 2, we illustrate the resultant variable hierarchical bipartition
in the 2D Ginzburg--Landau (G--L) model under the proposed interlacing scheme.
The 2D G--L model has the natural geometry of a 2D grid, and we apply the natural
construction of alternatively partitioning the x, y variables along the two axes of the
2D grid. One can see that the proposed bipartition structure for the joint variable
indeed captures important correlation structures of the problem.

2.4. Functional basis for the FTN ansatz. The choice of the functional
basis is intricately linked to our choice of the bounded domain x \in \scrX . In this work,

Fig. 2. Illustration of the hierarchical bipartition of a 2D Ginzburg--Landau model discretized
to an 8\times 8 grid. The variable x= (x(i,j))1\leq i,j\leq m denotes the random variable at the initial time 0,
and y= (y(i,j))1\leq i,j\leq m denotes the random variable at the intermediate time T  - t.
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SOLVING KOLMOGOROV EQUATIONS WITH TENSOR NETWORK A619

we choose a simple hypercube structure for the domain, i.e., \scrX =
\prod 

j\in [d][aj , bj ]. This
construction is beneficial in three important aspects. First, any bounded region one is
interested in can always be covered by a hypercube, and so any domain \scrX can always
be reduced to the hypercube case. Second, the simplicity in \scrX ensures the initial
distribution p0 has a simple sampler during particle simulation. Most importantly,
the separable structure of \scrX avoids the occurrence of the failure mode where spurious
correlation from the irregularity of the domain prevents the joint density for (X0,Xt)
from having a low-rank structure.

The choice of functional basis is a direct result of the hypercube structure \scrX =\prod 
j\in [d][aj , bj ]. As a minimal requirement, the chosen functional basis for the x variable

needs to allow the functional hierarchical tensor to faithfully represent the uniform
distribution on \scrX . Thus, for each xj variable, we pick the functional basis to be a
collection of the orthonormal basis of L2 ([aj , bj ]) with the mild requirement that its
span contains the constant function, i.e., the indicator function \chi [aj ,bj ].

In practice, it is cumbersome to maintain a separate function basis for each vari-
able. For our implementation, we use a fixed orthonormal basis \{ \psi i\} ni=1 \subset L2 ([ - 1,1])
with \psi 1 = 1\surd 

2
\chi [ - 1,1]. The function basis for xj can be constructed by applying an

appropriate linear change of coordinate to \{ \psi i\} ni=1 to obtain a basis in L2 ([aj , bj ]). In
the Ginzburg--Landau model, the distribution of Xt is effectively compactly supported
inside the hypercube [ - 2,2]d, which is why the functional basis for the y variable is
also obtained by change of coordinate to \{ \psi i\} ni=1.

2.5. Functional hierarchical sketching for joint density. As the construc-
tion for the variable hierarchical bipartition structure and the basis are fixed, one
can apply the functional hierarchical tensor sketching algorithm in [32] to obtain an
FHT-based characterization of the joint density function for (X0,Xt). The details of
the sketching algorithm can be found in [32]. The complexity of the sketching algo-
rithm has a runtime complexity of O(Nd), where N is the sample size, and d is the
state-variable dimension.

We remark that the generalization to a variable-dependent function basis requires
only a straightforward modification to the subroutine. Let \{ w(i) := (w

(i)
1 , . . . ,w

(i)
2d )\} Ni=1

be the samples of the joint variable (X0,Xt) ordered according to the proposed inter-
lacing scheme. In our case, we choose to obtain the variable-dependent functional basis
\{ \psi i;j\} ni=1 through the aforementioned linear change of coordinate on a fixed basis func-
tion \{ \psi i\} ni=1 \subset L2([ - 1,1]). Thus, it is mathematically equivalent to apply a change of
coordinate to the received sample \{ w(i)\} Ni=1 and then perform the sketch-based den-
sity estimation algorithm with the variable-invariant functional basis \{ \psi i\} ni=1, which
is the setting in [32]. In general, to accommodate the variable-dependent function
basis, the modified sketching procedure would use \{ \psi i;j\} ni=1 for the functional basis
evaluation on the jth coordinate of each sample.

To give the reader some intuition on the approach, we give a condensed description
of the main procedure underlying the sketch-based algorithm for the 2d-dimensional
joint density function for (X0,Xt). For the reader's convenience, relevant equations
are included in Figure 3 in terms of the tensor diagram.

Let the tensor cores for the joint density g be denoted by \{ P (l)
k \} k\in [2l],l=0,...,L+1,

where P
(l)
k is the kth tensor core at level l. For simplicity, we outline the procedure

for solving for the tensor core at intermediate levels with 0< l <L+ 1.
Using the notation for hierarchical bipartition as in (2.2), write a := I

(l+1)
2k - 1 , b :=

I
(l+1)
2k and f = [2d] - a \cup b. In this case, P

(l)
k is a 3-tensor P

(l)
k : [ra]\times [rb]\times [rf ]\rightarrow \BbbR 

for some ra, rb, rf \in \BbbN . The structural low-rankness property of g in (2.1) implies that

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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A620 XUN TANG, LEAH COLLIS, AND LEXING YING

Fig. 3. Tensor diagram representation of main equations used in the hierarchical sketching al-
gorithm. Equation (2.4) is summarized in (a). Equation (2.5) is shown in (b) and (c). The coefficient
term in (2.5) is shown in (d).

there exist Ca : [n
| a| ]\times [ra]\rightarrow \BbbR , Cb : [n

| b| ]\times [rb]\rightarrow \BbbR , Cf : [rf ]\times [n| f | ]\rightarrow \BbbR such that
the following equation holds (illustrated in Figure 3(a)):

C(i1, . . . , i2d) =
\sum 
\alpha ,\beta ,\theta 

Ca(ia, \alpha )Cb(ib, \beta )P
(l)
k (\alpha ,\beta , \theta )Cf (\theta , if ).(2.4)

Equation (2.4) is exponential-sized, and thus, one needs to use sketching to solve
a system of smaller size. The hierarchical sketching algorithm essentially solves the
overdetermined linear system (2.4) for P

(l)
k with the use of sketch functions. Let

\~ra, \~rb, \~rf be integers so that \~ra > ra, \~rb > rb, \~rf > rf . Through the sketch functions
Sa : [n| a| ] \times [\~ra] \rightarrow \BbbR , Sb : [n| b| ] \times [\~rb] \rightarrow \BbbR , Sf : [n| f | ] \times [\~rf ] \rightarrow \BbbR , one can contract
the linear system in (2.4) with Sa, Sb, Sf at the variables ia, ib, if , respectively, which
leads to the following sketched linear system (illustrated in Figure 3(b)--(d)):

B(\mu ,\nu , \zeta ) =
\sum 
\alpha ,\beta ,\theta 

Aa(\mu ,\alpha )Ab(\nu ,\beta )Af (\zeta , \theta )P
(l)
k (\alpha ,\beta , \theta ),(2.5)

where Aa,Ab,Af are respectively the contraction of Ca,Cb,Cf by Sa, Sb, Sf and B is
the contraction of C by Sa\otimes Sb\otimes Sf . The equation (2.5) can be seen as the following

linear system of \~ra\~rb\~rf equations for the unknown P
(l)
k :

(Aa \otimes Ab \otimes Af )P
(l)
k =B.

In practice, one has access to g through the received sample \{ w(i)\} Ni=1. Through
somewhat involved derivations, which are outlined in [32], one shows thatB,Aa,Ab,Af

can be obtained by calculating statistical moments of the distribution g, which can
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SOLVING KOLMOGOROV EQUATIONS WITH TENSOR NETWORK A621

be done efficiently through sample-based moment estimation. Thus, the hierarchi-
cal sketching algorithm systematically collects statistical moments and subsequently
solves tensor cores by solving independent linear systems.

3. Solving for the Kolmogorov backward equations. In this section, we
show how the Markov operator gives rise to an approximated solution to the Kol-
mogorov backward equation. Section 3.1 summarizes the main workflow used to solve
the Kolmogorov backward equation. Section 3.2 discusses solving for the Kolmogorov
backward equation when the terminal condition admits an FHT ansatz and comments
on the case for the general terminal condition. Section 3.3 discusses solving for the
Kolmogorov forward equation and solving Kolmogorov equations under general SDE
dynamics.

3.1. Main workflow. We summarize our approach to solving the Kolmogorov
backward equation. The given information regarding the PDE includes the potential
function V :\BbbR d \rightarrow \BbbR , a hypercube region \scrX , and terminal time T . The main workflow
is summarized in the following simple steps:

1. Select K time steps 0 = t0 \leq t1 \leq \cdot \cdot \cdot \leq tK = T . Then, with a chosen
numerical scheme (e.g., Euler--Maruyama), run N independent instances of
SDE simulations on the stochastic dynamic equation (1.2) to time T with
the initial condition X0 \sim Unif(\scrX ). Obtain N trajectories and record the

trajectory data \{ X(i)
tj \} j\in [K],i\in [N ].

2. For j = 1, . . . ,K, obtain an approximated joint density gj(x, y) \approx \BbbP [X0 =
x,Xtj = y] by calling the sketch-based density estimation algorithm on the

sample \{ (X(i)
0 ,X

(i)
tj )\} i\in [N ]. Obtain the Markov operator Gt at t= tj through

Gtj (x, y) =Vol(\scrX )gj(x, y).
3. For any (x, t), output the continuous-in-time solution for u(x, t), defined as

follows: Suppose that t \in [0, T ] satisfies T  - t \in (tj , tj+1); then u(x, t) can
be approximated with uj(x) and uj+1(x) via an appropriate interpolation.
The values of uj(x) and uj+1(x) are obtained with the corresponding Markov
operator. The details are in section 3.2.

3.2. FHT ansatz for the solution. After approximating the Markov operator
Gt(x, y) on x \in \scrX via the sketch-based density estimation, one obtains the value of
u(x,T  - t) for x\in \scrX through the following equation. Let gFHT denote the functional
hierarchical tensor ansatz for the joint density obtained by the sketch-based density
estimation algorithm. One then has

u(x,T  - t) =

\int 
\Omega 

Gt(x, y)f(y)dy\approx Vol(\scrX )

\int 
\Omega 

gFHT(x, y)f(y)dy, x\in \scrX .(3.1)

In this subsection, we discuss the special case in which the terminal condition f admits
an FHT ansatz. In this case, we can indeed show that the solution u(x,T  - t) admits
an FHT ansatz through an efficient tensor contraction.

We give two motivating examples in which f admits an FHT ansatz. First, when f
is separable, i.e., when f(y) =

\prod 
j\in [d] hj(yj), one can show that f is of rank one across

any hierarchical bipartition. Second, when f is a sum of univariate functions, i.e.,
when f(y) =

\sum 
j\in [d] hj(yj), one can show that f is of rank two across any hierarchical

bipartition. For general terminal condition f , one can likewise apply an FHT-based
approximation to the terminal condition. Discussion on the approximation of general
functions by functional hierarchical tensors can be found in [1, 2] and references
therein. At the end of this subsection, we give the procedure for obtaining the solution
for general f without FHT approximations.
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A622 XUN TANG, LEAH COLLIS, AND LEXING YING

We now construct the FHT ansatz for the PDE solution u\approx Vol(\scrX )
\int 
\Omega 
gFHT(x, y)

f(y)dy. Suppose d = 2L, where L \geq 2. We use the notational convention that G
(l)
k

denotes the tensor core of an FHT ansatz corresponding to the kth node at the lth
level. When the node is not a root or leaf node, the tensor core G

(l)
k is a 3-tensor and

is otherwise a 2-tensor. The tensor indexing convention strictly follows that of [32].

Let the tensor core of the solved joint densitygFHT be denoted by\{ P (l)
k \} k\in [2l],l=0,...,L+1,

and let the tensor core of the terminal condition f be denoted by \{ F (l)
k \} k\in [2l],l=0,...,L.

We shall give an explicit FHT representation of u by a collection of tensor cores
\{ U (l)

k \} k\in [2l],l=0,...,L. Indeed, as f and gFHT are of compatible network structure, ob-
taining the FHT representation for

\int 
\Omega 
gFHT(x, y)f(y)dy is done through a simple

tensor contraction. See Figure 4 for a tensor diagram illustration of the procedure.
As the illustrated tensor diagram indicates, to form the FHT ansatz for u, the

construction is through combining the tensor cores from gFHT and f . For the root
level l = 0, we construct the tensor core U

(0)
1 as the Kronecker product between two

2-tensors P
(0)
1 and F

(0)
1 , where in addition a coefficient term is applied to absorb the

normalization constant from the volume of \scrX :

U
(0)
1 ((\alpha ,\mu ), (\beta , \nu )) =Vol(\scrX )P

(0)
1 (\alpha ,\beta )F

(0)
1 (\mu ,\nu ).

For an intermediate level l \not \in \{ 0,L\} and an arbitrary block index k \in [2l], the

tensor core U
(l)
k is the 3-tensor formed by a tensor-equivalent of Kronecker product

between the two 3-tensors P
(l)
k and F

(l)
k :

U
(l)
k ((\alpha ,\mu ), (\beta , \nu ), (\theta , \xi )) = P

(l)
k (\alpha ,\beta , \theta )F

(l)
k (\mu ,\nu , \xi ).

The construction for the leaf level is more involved, as one needs to perform tensor
contraction over four tensor cores. In this case, for k \in [d], one constructs the 2-tensor

U
(L)
k by the following formula (see illustration in Figure 4):

Fig. 4. Illustration of the tensor contraction diagram for the approximated solution to the Kol-
mogorov backward equation for d= 8.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

04
/3

0/
25

 to
 1

71
.6

6.
13

.2
17

 . 
R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



SOLVING KOLMOGOROV EQUATIONS WITH TENSOR NETWORK A623

U
(L)
k (i, (\theta , \xi )) =

\sum 
i\prime ,\alpha ,\beta 

P
(L+1)
2k - 1 (i,\alpha )P

(L+1)
2k (i\prime , \beta )P

(L)
k (\alpha ,\beta , \theta )F

(L)
k (i\prime , \xi ).

We remark that the approach likewise generalizes to the situation when terminal
condition f is a sum of functions admitting FHT ansatz. In that case, one can contract
each FHT with the FHT approximation of the Markov operator, which outputs the
approximated PDE solution as a sum of functions with the FHT ansatz.

For the case of a general terminal condition, one can also obtain an approximated
PDE solution. In this case, one can use the fact that conditional distribution with a
functional hierarchical tensor is efficient with only an O(d) scaling. Thus, for x \in \scrX ,
one uses gFHT to perform an approximate conditional sampling of the Xt condition on
X0 = x. AfterM samples (y(i))Mi=1 are collected, the solution to the PDE at u(x,T - t)
can be approximated by

u(x,T  - t)\approx 1

M

M\sum 
i=1

f(y(i)).

In this case, the FHT-based approximated solution is more efficient than simulat-
ing the conditional distribution of Xt based on SDE simulation over the dynamics in
(1.2). The reason is that the cost of calculating the drift term in the SDE simulation
is proportional to the cost of evaluating the gradient of V , as well as the total number
of times in which the gradient is called. In practical cases, even in the case where the
cost of evaluating \nabla V is O(d) and t = O(1), one would still keep a small step size
for stability, which leads to a cost often much higher than the conditional sampling
subroutine for FHT. Thus, the proposed approach can be quite beneficial when the
cost of SDE simulation is much higher than the cost of conditional sampling.

3.3. Extensions.
FHT ansatz for solution to the Kolmogorov forward equation. After approximat-

ing the Markov operator Gt(x, y) on x \in \scrX via the sketch-based density estimation,
one likewise obtains the solution to the Kolmogorov forward equation through tensor
contraction. Assume that \scrX is sufficiently large such that the support of the ini-
tial distribution q(x) is concentrated in \scrX except for a negligible volume. Then, the
functional hierarchical tensor ansatz for the joint density outputs

p(y, t) =

\int 
\Omega 

Gt(x, y)q(x)dx\approx Vol(\scrX )

\int 
\Omega 

gFHT(x, y)q(x)dx, x\in \scrX ,

which is an approximate solution to the Kolmogorov forward equation with q as the
initial distribution. We discuss the case in which q is in the form of an FHT ansatz
or when q is characterized in terms of samples following the distribution governed
by q. The latter case can be converted to the former case by using the sketch-based
algorithm to obtain an FHT approximation to q via the samples. Let the tensor
core of gFHT be denoted by \{ P (l)

k \} k\in [2l],l=0,...,L+1, and let the tensor core of q be

denoted by \{ Q(l)
k \} k\in [2l],l=0,...,L. The procedure of deriving the tensor core for the

FHT approximation of p follows exactly as the tensor contraction in section 3.2, and
thus we omit the details. The procedure is illustrated via a tensor diagram in Figure 5.

Kolmogorov equations beyond Langevin dynamics. Though we have been focusing
on Langevin dynamics for simplicity, our method can be generalized to a wider range
of SDE dynamics. In particular, one can consider a general particle system with the
following form:

dXt = f(Xt, t)dt+ \sigma (Xt, t)dBt,(3.2)
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A624 XUN TANG, LEAH COLLIS, AND LEXING YING

Fig. 5. Illustration of the tensor contraction diagram for the approximated solution to the Kol-
mogorov forward equation for d= 8.

where f : \BbbR d \times [0, T ] \rightarrow \BbbR d and \sigma : \BbbR d \times [0, T ] \rightarrow \BbbR d\times d are general advection and
diffusion terms. The formula for the Kolmogorov forward equation is

\partial tp=\nabla \cdot (pf) + 1

2

d\sum 
i,j,k=1

\partial xixj
(\sigma ik\sigma jkp), x\in \Omega \subset \BbbR d, t\in [0, T ].

In this case, solving for the forward equation requires only simple modifications to
the proposed routine. In this case, for a hypercube region \scrX , one can sample X0 \sim 
Unif(\scrX ) and then perform the SDE simulation with (3.2). The Markov operator Gt

can likewise be obtained through the probability density function via

Gt(x, y) =Vol(\scrX )\BbbP X0\sim Unif(\scrX ) [X0 = x,Xt = y] , x\in \scrX ,

and the solution p(y, t) can be obtained by contracting the Markov operator with the
prescribed initial condition q.

The situation for the Kolmogorov backward equation is more involved. In this
case, the PDE is

\partial tu+\nabla u \cdot f +
1

2

d\sum 
i,j,k=1

\sigma ik\sigma jk\partial xixju= 0, x\in \Omega \subset \BbbR d, t\in [0, T ].

Importantly, the dynamics (3.2) is no longer time-invariant, and the relevant
solution operator admits the representation

Gt,T (x, y) := \BbbP [XT = y | Xt = x] =
1

p0(x)
\BbbP [Xt = x,XT = y] .

In this case, obtaining the value of u(x,T  - t) at each t\in [0, T ] requires a separate set
of SDE simulations. For a hypercube region \scrX , one can sample Xt \sim Unif(\scrX ) and
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SOLVING KOLMOGOROV EQUATIONS WITH TENSOR NETWORK A625

then perform the SDE simulation with (3.2). The solution operator Gt,T can likewise
be obtained through the probability density function via

Gt,T (x, y) =Vol(\scrX )\BbbP Xt\sim Unif(\scrX ) [Xt = x,XT = y] , x\in \scrX .

Once the solution operator is obtained, the solution can be similarly obtained either
through conditional sampling or tensor contraction, depending on whether f admits
an FHT-based representation.

Remark 3.1. The setting of this work admits a straightforward extension to the
functional tensor train (FTT) ansatz. Similar to the case of FHT, we take the joint
variable ordering z = (x1, y1, . . . , xd, yd). Under this ordering, one can use the FTT
ansatz to model the density function g(x, y) = \BbbP X0\sim p0 [X0 = x,Xt = y]. Density esti-
mation of FTT is a special case of density estimation of FHT, and implementation
details can be found in [18]. Likewise, g can be used to give rise to an FTT represen-
tation of the Markov operator Gt.

4. Application to the Ginzburg--Landau model. We apply the proposed
Markov operator method to a discretized Ginzburg--Landau model in 1D and 2D. For
the sake of simplicity, we solve for the backward equation at t= 0. In general, solving
for the backward equation solution at t\in [0, T ] can be done by running the algorithm
at multiple time slots as prescribed in section 3.

4.1. Implementation details.
The choice of basis function. For the Ginzburg--Landau model, the

\int 
a
| 1 - x(a)2| 2da

term ensures that the distribution of each entry of XT is essentially bounded within
the interval [ - 2,2]. For simplicity, we consider the situation whereby one is inter-
ested in the value of the KBE solution u for \scrX = [ - 2,2]d. In the proposed method
for the Markov operator estimation procedure, the sample is obtained by generat-
ing X0 \sim Unif([ - 2,2]d) and subsequently generating Xt by simulating the SDE in
(1.2). Thus, the joint density function for the variable (X0,Xt) can be modeled to
have compact support in [ - 2,2]2d. Therefore, we use the polynomial representation,
choosing a maximal degree parameter q and picking the first n= q+1 Legendre basis
polynomial in [ - 2,2], denoted \{ \psi i\} qi=0.

Bipartition structure. Similar to the hierarchical bipartition proposed in [32], we
recursively bipartition the Cartesian grid along its axes in an alternating fashion. The
structure for the two-dimensional case is shown in Figure 2 and can be done likewise to
other dimensions. Explicitly, assume for simplicity that a function u in \Delta -dimensions
is discretized to the d=m\Delta points denoted \{ ui1,...,i\Delta \} i1,...,i\Delta \in [m] with m= 2\mu . In the
Markov operator case, one considers the discretization of u at initial and terminal time.
Thus, one defines variables \{ xi1,...,i\Delta , yi1,...,i\Delta \} i1,...,i\Delta \in [m], where xi1,...,i\Delta , yi1,...,i\Delta re-
spectively corresponds to the discretization of u at the initial and terminal time for
the location (i1, . . . , i\Delta ). For each index i\delta , one performs a length \mu binary expansion
i\delta = a\delta 1 . . . a\delta \mu . The variable xi1,...,i\Delta , yi1,...,i\Delta is respectively given index 2k  - 1,2k,
where k has the length \mu \Delta binary expansion k= a11a21 . . . a\Delta  - 1,\mu a\Delta ,\mu . The associated
binary decomposition structure follows from the given index according to (2.2). One
can check that the construction exactly corresponds to performing binary partition by
sweeping along the \Delta dimensions. For intuition on this construction, one can check
that the bipartition in Figure 2 corresponds to the indexing k= a11a21a12a22a13a23.

The choice of sketch function. For the density estimation procedure under hier-
archical sketching, the quality of the sketch function is critical to the fidelity of the
Markov operator approximation. In our work, the sketch functions we choose are of
two kinds. The first kind of sketch function consists of monomials of the Legendre
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A626 XUN TANG, LEAH COLLIS, AND LEXING YING

basis of low degree. For a= I
(l)
k or a= [2d] - I

(l)
k (see definition in (2.2)), the chosen

sketch functions are of the following form:

f(za) =
\prod 
j\in a

\psi ij (zj)

for some choice of 0 \leq ij \leq q for each j. One typically chooses f with small total
degree defined by deg(f) =

\sum 
j\in a ij .

The second kind of sketch function is motivated by the renormalization group, in
particular by the coarse-graining of the variables. In particular, one chooses a cluster
h\subset a, and the resultant function gh is the average over variables in h:

gh,i(za)\equiv 
1

| h| 
\sum 
j\in h

zj .

One can augment the sketch function set by including terms such as g2h,1. Empir-
ically, including such coarse-grained functions greatly increases model performance
and stability.

Sketch postprocessing. For efficient performance of the sketching operation, it is
often advantageous to apply postprocessing to reduce the noise level for the sketching
operation during its moment estimation tasks. In particular, an important subroutine
of the tensor sketching operation boils down to performing the estimation of \BbbE [g(W )]
for a function g and a 2d-dimensional random variable W = (X0,Xt). Because the
variables within X0 are pairwise independent, it turns out that one has \BbbE [g(W )] = 0
in a large number of cases. Therefore, we apply a simple hard truncation rule whereby
we estimate \BbbE [g(W )] to be zero when the sample mean for g(W ) is not larger than
twice the estimated standard deviation for the sample mean, and otherwise we take
the sample mean as the estimate. While this step can be skipped when one uses a
large number of samples for the FHT density estimation subroutine, we observe great
practical noise reduction by applying this approach.

Solution postprocessing. After the density estimation step is complete, one obtains
the estimation of the joint density according to

\BbbP [X0 = x,Xt = y]\approx gFHT(x, y),

and the Markov operator is estimated by Gt(x, y)\approx Vol(\scrX )gFHT(x, y). In practice, it
does not hold that

\int 
gFHT(x, y)dy = 1/Vol(\scrX ), and one achieves higher accuracy by

adopting the following approximation of Gt:

Gt(x, y)\approx 
gFHT(x, y)\int 
s
gFHT(x, s)

.(4.1)

Correspondingly, the approximation of the backward solution is obtained by

u(x,T  - t) =

\int 
\Omega 

Gt(x, y)f(y)dy\approx 
1\int 

s
gFHT(x, s)

\int 
\Omega 

gFHT(x, y)f(y)dy, x\in \scrX .(4.2)

The formula in (4.2) is a division between two FHT-based functions, which is
why (4.2) is not an FHT-based format for u(x,T  - t). To avoid this shortcoming,
one can perform a simple FHT-based interpolation algorithm to obtain an FHT-
based representation for u. When one has a function with a black-box access to
its evaluation, the hierarchical sketching algorithm can be used as an interpolation
algorithm, and we omit the details for the sake of simplicity.

4.2. 1D Ginzburg--Landau potential. We first consider a 1D Ginzburg--
Landau model. The potential energy is defined as
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SOLVING KOLMOGOROV EQUATIONS WITH TENSOR NETWORK A627

V (x1, . . . , xm) :=
\lambda 

2

m+1\sum 
i=1

\biggl( 
xi  - xi - 1

h

\biggr) 2

+
1

4\lambda 

m\sum 
i=1

\bigl( 
1 - x2i

\bigr) 2
,(4.3)

where h = 1
m+1 and x0 = xm+1 = 0. In particular, we fix m = 128, \lambda = 0.005, and

\beta = 1
20 . The dimension is d= 128.
We perform N = 60000 SDE simulations with T = 1 and \delta t = 1

1000 with initial
distribution p0 =Unif([ - 2,2]d). The maximal Legendre degree q is taken to be q= 20,
and the maximal internal bond dimension is r= 10.

As an initial inquiry into the quality of the estimated joint density function
\BbbP [X0 = x,XT = y], Figure 6 compares the marginal distribution of (x15, x20) and
(y15, y20) between empirical distributions and the model obtained by hierarchical ten-
sor sketching. One can see that hierarchical tensor sketching can capture the inde-
pendence between the x variables as well as the correlation between the y variables.

To assess the performance of the Markov operator in solving the backward equa-
tion, we propose to test the Markov operator with the following two terminal
conditions:

f+(y1, . . . , yd) =
1

d

d\sum 
j=1

(yj  - 1)2, f - (y1, . . . , yd) =
1

d

d\sum 
j=1

(yj + 1)2,(4.4)

where the solution to the backward equation corresponds to the expected squared
Euclidean distance from the two metastable states y+ = (1, . . . ,1) and y - =
( - 1, . . . , - 1) of the Ginzburg--Landau model.
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Fig. 6. 1D Ginzburg--Landau model. The plots of the marginal distribution at (x15, x25) and
(y15, y25).
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Fig. 7. 1D Ginzburg--Landau model. The plot compares the function evaluation of the FHT-
based approximation with reference values obtained from Monte Carlo estimations, where the error
bar indicates the standard deviation from each Monte Carlo estimation.

For both terminal conditions, to compare the performance with the true backward
equation, we estimate the value of u(x,0) at Nu = 600 randomly sampled points. For
each point, we sample 100 SDE trajectories to approximately query the evaluation of
u. The comparison with the predicted value through the Markov operator is plotted
in Figure 7, which shows that the approximated PDE solution matches the Monte
Carlo estimation well. Overall, the average error relative to the true value for both
terminal conditions is less than 4\%.

For the final numerical test, we consider using the Markov operator to probe
the transitional properties of the Ginzburg--Landau model. In the Ginzburg--Landau
model, one natural question to ask is whether a particular initial state x favors entering
proximity to the state y+ or y - under the Langevin dynamics. One way to analyze
this is to consider two functions u+, u - , which solves the backward equation for the
following two terminal conditions:

g+(y1, . . . , yd) = exp

\left(   - 2

d

d\sum 
j=1

(yj  - 1)2

\right)  , g - (y1, . . . , yd) = exp

\left(   - 2

d

d\sum 
j=1

(yj + 1)2

\right)  ,
(4.5)

and the propensity for a state x to be near y+ is characterized by the ratio

\iota (x) =
u+(x,0)

u+(x,0) + u - (x,0)
.

In this case, both g+ and g - are separable and admit a highly accurate FHT-
based approximation, which is why one can directly solve for u+, u - through FHT
contraction with the Markov operator. To consider an interesting case, we plot the
predicted value of \iota (x) along the direction of x(t) = (t, . . . , t) = t1d. As can be seen
in Figure 8, \iota (x(t)) has a sharp transition at the region of t \in [ - 0.15,0.15], which
indicates that the state x(t) has a high likelihood of entering a proximity to y+ when
t > 0 is away from zero. Quite remarkably, this sharp transition is accurately captured
by the FHT solution approximated by the Markov operator.

4.3. 2D Ginzburg--Landau potential. We consider a 2D Ginzburg--Landau
model. The potential energy is defined as
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Fig. 8. 1D Ginzburg--Landau model. Plot of \iota (x(t)), i.e., the propensity of x(t) = (t, . . . , t) to
enter a proximity of y+ = (1, . . . ,1). One can see that the Markov operator approach can capture
the sharp transition at t= 0.
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Fig. 9. 2D Ginzburg--Landau model. The plots of the marginal distribution at (x(5,5), x(8,8))
and (y(5,5), y(8,8)).

V (x(1,1), . . . , x(m,m)) :=
\lambda 

2

\sum 
v\sim w

\biggl( 
xv  - xw

h

\biggr) 2

+
1

4\lambda 

\sum 
v

\bigl( 
1 - x2v

\bigr) 2
,(4.6)

where h = 1
m+1 and x(l,0) = x(l,m+1) = x(0,l) = x(m+1,l) = 0 for l = 1, . . . ,m. The

parameters are m= 16, \lambda = 0.03, \beta = 1
5 . The dimension d is 256.

We perform N = 60000 SDE simulations with T = 1 and \delta t = 1
1000 , with the

initial distribution p0 = Unif([ - 2,2]d). The maximal Legendre degree q is taken to
be q= 10, and the maximal internal bond dimension is r= 15.

In Figure 9, we plot the marginal distribution of (x(5,5), x(8,8)) and (y(5,5), y(8,8)).
In particular, the model can capture the correlation of the y variable with a relatively
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Fig. 10. 2D Ginzburg--Landau model. The plot compares the function evaluation of the FHT-
based approximation with reference values obtained from Monte Carlo estimations, where the error
bar indicates the standard deviation from each Monte Carlo estimation.
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Fig. 11. 2D Ginzburg--Landau model. Plot of \iota (x(t)), i.e., the propensity of x(t) = (t, . . . , t) to
enter a proximity of y+ = (1, . . . ,1). One can see that the Markov operator approach can capture
the sharp transition at t= 0.

small internal bond, which is numerical proof for the hierarchical tensor network
ansatz to capture correlation structures when the variables have a 2D lattice structure.

Similar to section 4.2, we consider the KBE solution to terminal conditions f+, f - 
as defined in (4.4). Overall, Figure 10 shows that the average error relative to the
true value for both terminal conditions is less than 8\%. The 2D example has a higher
error than the 1D case due to the increased number of variables. Lastly, in Figure 11,
we repeat the experiment setting in section 4.2 and plot \iota (x) along the direction of
x(t) = (t, . . . , t) = t1d. One can see that the Markov operator can capture the sharp
transition at t\in [ - 0.15,0.15].

5. Conclusion. We introduce a novel Markov operator approach that com-
bines particle methods with a functional hierarchical tensor network to solve the
high-dimensional Kolmogorov backward equations. The algorithm is applied to the
discretized Ginzburg--Landau model in 1D and 2D. This method demonstrates that
tensor-network-based operators can be used to tackle high-dimensional equations. An
open question is whether one can extend a tensor network approach to solving related
nonlinear equations, such as the Hamilton--Jacobi equation.
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