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Simplifcaton +o pactitions and TASEP

¢ Ca\c.u\ah'ns the Ae,th'\'\[ ?VDFile:

Convergence and. ine.cbua.\I hes

- Doins continuous —tme for simplicity

o Highlighting differences between

discrete b conbinuous case.



@ Review and problem Stotement

—

Aztoc diamond: tiled with Gur kinds of dominos.
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Thm The size-n Aztec diamond hos
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zanu)/ different +ilings.
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Proved by ﬂ\u@?livm’a\ﬂiﬂm » which randemly

%e.n.e.mi‘es uniform 'Hlins recussively.
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More formally:
o Find all _EH' s ond remoue them.

« Push al\ dowminos in their Corresponding directions.

or &

. For each remaining 2x2 square, i\t

Generates wniform i (inj because *

Think alout process in reverse. Only blodes of
s orm. “aood“

44N
2300 tilings,
~prob. 9-3RT~
2 ‘Hl;l\a of
" Aztec
I~ 3’.‘/
CD"BS fom 2 djfferent
‘\'\\ﬂr\as .
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Loolca'ns more closely at Lozen region:
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Erff. Each €ozen region is the set of domines

that “‘sit" on the warked
\ :
e e ot ed wall above domines/wall

Spe,ciﬁcadl\b ne other orange domino touches
region aboe.

Forms a partition diagram:



D\,namics of shytfling:
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* Where can new erange domines be added
to the Gozen rzgt'oﬂ?

* How likely are those to ke added?
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We want 4o show:

T Arctic Circle Thm The Gozen regions

Hrace out cbwqr{-e.r-cfrcle. ares in the imt n=>e°
CHhat is, we're within o(n) Jistan<e of this

lemit dhap ).

qu.{v«:.\e.wl- tv pwve:

T Discrete—+ime TASEP hos a limiting
densily pwofile along each line o€ constant

slpe (as above),

¢

Tdea is that path Can only move
dovwn and f’(@h‘\".



@ TASEP and extracting the density profile

More formally seffing up notation

let X(k,t) be occupation indicotor ot
posiion k, time t. Process is X(t).

Ini’ere.sfetl in E X (Lut_].. t>
Shoyld behave lke:

in parkicle expectafion,

-1/2 /2

in T ASEP visualization,

\\ — less nteresting
(binomia) /Poisson).
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Stochastic ordering

Let x,, x, be twe points in TASEP state space.

SQ\/ X s Xy it coordinate-wise <.

L5 Tnduces order on prob. measures *

L&V (E dhere is coupling & 5.t a(X, Sx%2) =1
and j, v ore Coordinate ?roje_cﬂons

I Lemma Stochastic orﬂerlng i Pne.se.rch under TASEP update.

PmE Let S(k,t) = 2 X(iyt). Then ®rall k%, ¢,

5k

2(S% ) ¥ L(S(a,v) 2 2(S(k+8, ret)) .

Use a coupling arpument

let S evolve like S until
tme , tren jump to
~ S(er) j2k
S (y M= { '

SCk,e) + (k-)),
otherwise ,

Then S(ke, c48) = SCk,r)  idemtion) 4o (2, 65
bt 2(S) 2 2(9). |



S peciolizing previous result,

L (S(lued, 7)) ¥ i(S(Lut_t, £)) = L(S(lar) s}, ret))

— Vv — —~ > 2 (S (Lulr+v)), = t)).
=g Le —
ir'-\-b

B\, KQS+€.N“HaMMe,rs\e.\l, hig means S(Lutj, ’E)
t
Converges to Some h(w) a\most surely and in | .

Notice that \ is convex:
E(S (Lclut,l ,at) + S(leavt) ,czt)>2 E(S(Kﬁuu*'cz.\bt),(a«z)t))

so c h(wW) € cph(v) 2 (¢ + ¢2) hcut v,

R (&g As long as £ — u, we have

d '!:h—:“ob EX(\&, 'E) = —L\'I.U), as lon% Qs
W is dif€. at u.

(Comsder () = f EX(Lenl, ) 0% L T EX(om).
'L\Inj
We have ho(v) — hiv) as n2e, ad each
h. i Convex, So we ean indeed diffesentiate. D

(exponential clocks)
[From here, we do continuous—time for ease of calewlohion .



Limi-h'ns “independence "

1 Prop  The measues u(lut), ) ast->e

Converpe o an e.xdnunae,a\o\e, measure.

|
J u¥ = (R, pldad

. Simi\ar couP\c'ﬂs fct: R(SJ 9.) = P(P"i‘ (s) = 9')0

—

ﬂ(k/'b) ; ,r‘k‘t") ‘b),
/((k) 't'I‘S)Z ;J‘C(s, 9~) }"’(EZ’*; t)

. AT and its shifted image must be identical,

loe.ca.use. or\c,-Poin'\" correlations are ‘the same

N This implies mvarionce under TASEP semigroup.
L) Fhese imply exchangability.

Also use di Finetti's theoram (cmd?hma\\y

ndependent gien the value of a).



Tdent G.li;n:f'l‘he_ densi ‘h,

We know o

<Wan1- 14 show fhat £lu) = {;’_('I-u) uf;;us| >

(o) wu?|

]E@ h(uw) Z :‘t-(l-uyz' for all q in [~V V).

S‘\'mi-eg\,: Slow down particle in the front.
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Sthudy 9aps Y.. Tnvoriant measure (T®): @\ i iid

with P(Y;>m) =

* Our 'miim\ measure _S_ invariant measu’e, So

E 2\( (ﬂ) ) S‘ ( k (s-mrf.«-) )3 4y,
k.

slow \1
sioV'

“Zr?(x.w)-—-

m20 | =

Take k=lat], t—>e. DN;A;"J though by £,



- Dse Lau of Larae_ Numbers on

. -— OS;H N °€
LHS = A po;sson(b‘b) (PL“"'-‘::, \e.)
+ position of front parac

pqt‘b'cle

+o Qe‘\' (leﬁ'u'na Z be pos- of Parh‘c‘e—)

T slow Z.(L“t.‘[ 'b)
et':o P ( " < "‘T;E‘e>“°

‘cor q,p’ €E>0.

/’

mou\ar

Alse true &r [P instead of WSlo:J also
maximize RHS at bz=[(-Ja to find

Lim [P (Z(L:.l,‘l:) ¢ |=27a “&) _ O)

e X

W p(3EAN Y Ly -

e

= y-2=) Za

=  h(w) 2 i!‘-(l-ud&. 0



P_mlo h{w) < {;CI-u)" for all  fu[<].

Si'mi-eﬂ\,: . clever raSuming?

Tdea: S(lutl,t) is#particles faster than
erson +aveling af speed u.

k .
= ZUE(S(L ) - SGn &)
i=1
* E(S(i—l, £) - (i, ‘-“))

- 2 E(X (v u)) *‘Z G:(Jw:lrshfvomm
tome -&:’)

i
* h(w) = —uh'(w) +:.’}“;#§;L(Luﬂ £)- \‘L("w

'-—__ ___—._——-ﬁf

/7
Now Jensen's inequality: integrand (S limiting to
go.C\—a) y(da), so

me -G(u) = Sa ?(d&), we M\)C

Ll (\-4C) Z __ i

X h{w) £ —uflw) + FW-£) = -L%(u-\)"-
minimized at £(u)= l—



@ Differences in the discrete —time cose

e Markou measures Md are more complicated.

—>  Shift-inwariant Markoy measure depends on
P, = ﬂ’()(o:.l), also Lij =l?(i_;3).
b d

ement -
R%we (Louq'lo = ZQ,OO'-L.‘

(‘H\ink qbout stationary measure on
a cycle),

_ Veri&, invariant under TASEP e o\ution

(]
¢ A“ Stationary, translation —invariant measwes
1 (3
are convex combinations of the jd S-

L> Clever Coupling makes this easier ‘o

preve #Hran "exc\r\onae.mble measures’

Qryument above.



¢ Lower bound C(LLN, etc):

b . .
'6 (nuUariant mensure is Now

‘ mso

Po(vizm)= ib(—‘-’-)m othenise.

b

Upper bound (Jensen)>

Tnstead of P((%, %) = (1,0)) = all-a),

we have |- \ja"+( l-a)" .

But the Se,neml analy fic techniques

remain the same.



Vef—(-‘F\I N ng H\e 'G-Vla‘ Ca\ C_U.\ a'h.m S

(&r discrete —time TASEP, )

=U we ~1/2,
- 1-
(W)= {58 -4 leued
O us /2
' | u< -1/2
SO 'F(U.) = 7 -#z_q“‘l- Iulﬁ {
°© u> Yo,
Iﬂ&d} ’6"
2 'z=_|
u+v >
Slope at u is
m= é’- ﬂ“- » U
du \Y) "7'_‘“"
Correspond-s b 1)
fluy==2m L Y
) = 2 Zad

Qs predicted.,
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