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1 Introduction

To start off the class, all of the students introduced ourselves (whether we're an undergrad or grad student, what

department we're in, and where we're located).

This is a graduate statistical mechanics class, so it will be taught at a level for first-year graduate students.
Professor Todadri hopes to have a chance to see all of us on campus in the near future, but for now we're all learning
virtually. His research is in quantum condensed matter physics, and he's been at MIT for 20 years. Recitations will
be taught by Alex Siegenfeld — his research is about applying concepts from statistical physics to social and economic
systems, particularly COVID-19.

Most of us should have seen the Canvas site by now — most of the course business will be conducted there. We'll
find some information there about the syllabus, grading, and logistics, most of which will not be repeated. It's also
good for us to sign up for the Piazza, so that we can ask questions and connect with each other in this virtual format.
(Piazza will mostly be used for chatting, but the course staff may answer questions or refine answers occasionally.)

Homework will be assigned roughly once per week — since this is a graduate class, this will be weighted at 60 percent
of the total grade. In other words, if we're doing a good job keeping up with the work, we have a good chance of
receiving close to the full 60 percent. There will be three take-home, open book, open notes quizzes (designed to be
more low-stakes) worth 8 percent each, and then there will be a synchronous final exam worth 16 percent. (Logistics
for this will be announced later.)

There will be a variety of resources available to us for this class: many good books are listed on the Canvas site,
but we'll cover topics from Professor Mehran Kardar's book. (The organization will be different, but we can find
Professor Kardar's lectures on MIT OCW.) A particularly sophisticated book is the one by Landau and Lifshitz — we
should consult it only if we have enough maturity to tackle it.

All lecture videos and handwritten class notes will be posted on Canvas, but (per department guidelines) recitations
will not be recorded, so that students feel comfortable speaking up.

2 September 2, 2020

This class will be taught under the assumption that we have had some exposure to statistical mechanics and ther-

modynamics in the past. (For undergraduates, 8.044 is probably the relevant background.) The general question



to answer for a class like this is how to describe properties of macroscopic objects in terms of certain known
laws describing the physics of atoms. In other words, if we know (at least adequately) how physics describes small
particles, can we describe how systems with many such particles behave?

Such a microscopic description depends on whether we're treating our particles classically or quantum mechanically
— technically we should treat everything quantum mechanically, but the classical limit is sometimes adequate. In
the classical case, a gas can be described by the coordinate and momentum of each particle, and we want to learn
something based on the time-evolution of those coordinates. (We could theoretically use Newton's equations of motion
and apply it to our large collection of atoms.) Alternatively, in the quantum case, we could specify the quantum many-
body wavefunction. But in most macroscopic objects, there are O(1023) atoms, and so trying to describe the system
with either of the two treatments above is essentially impossible and also pretty useless.

So what's useful for physicists is not the exact mathematical description of each atom — instead, we want to extract
information by developing concepts and descriptions which apply to the system as a whole, rather than any one of

its constituents.

Example 2
From past physics experience, we may know that temperature, heat, and pressure are often useful for a macro-

scopic description of a system.

This means that we should understand what temperature, heat, and pressure mean at the microscopic level — how
are they defined, and how do they arise? If we can take a small set of variables like these, and use that to capture the
overall state of the system, then we've successfully completed a macroscopic description.

And the point is that the difficulty of describing our large systems at the microscopic level can be turned into an
advantage:

Proposition 3
Statements of a statistical nature (about averages or fluctuations) become useful when systems have lots of

degrees of freedom.

We will simplify our discussion throughout most of these lectures by focusing on equilibrium properties (rather
than the approach to equilibrium) for our systems. To explain what “equilibrium” really means, remember that we're

describing our large, macroscopic system in terms of a small number of variables.

Definition 4
If all macroscopic variables describing a system have assumed their average values in the absence of external

forces, and those values do not change in time, then our system is at equilibrium.

The "not changing in time” statement will depend on the timescale over which we're considering or observing our
system — as Feynman describes, this is the time when the “fast things” have happened already, but the “slow things”
have not.

Example 5
A glass of water does not look like it is changing after it has been sitting on a table for a few minutes, but after a
few days, the water will evaporate. So a meaningful notion of equilibrium does need to depend on our timescale.




It's important to note that our description of macroscopic systems, like the glass of water above, is often done
while it is constantly interacting with the surrounding environment. This environment is often much larger than the
system we care about — we usually can't do anything to get rid of it, but it still has some influence on our system. So
this is an extra level of challenge: if we don't know the nature of the environment, or its explicit interaction with our
system, it will be even more difficult to describe the properties that we care about.

So a tool we'll be using frequently throughout this class is probability: we want to be able to calculate how likely
it is for our system to be in various possible states. After all, even if we have a completely specified microscopic
description of our initial conditions, there is no way to solve the problem exactly without knowing how our environment
behaves. And even a completely isolated system can be thought of as a large number of (smaller, but still macroscopic)
systems that are interacting with each other: if the length scale for our whole big system is L, and we break it up into
smaller systems of length £, so that L >> £ >> a (where a is a microscopic length scale), it's believed that (after some
evolution) each of our small subsystems should be “in equilibrium relative to the other subsystems,” at least at short

timescales.

Remark 6. /n the past few years, some exceptions to this “ability to internally equilibrate without an environment”
have been found, but they are rare and have only been discovered recently. So it's interesting that the field is still
evolving and that assumptions are still being challenged.

Proposition 7 (A reasonable statement, not a theorem)

Consider a system in contact with its environment. If this system is sufficiently “generic” (we'll explain what this
means later), then the probability of being in a certain state with energy E is the same as being in any other state
with energy E.

To explain this, consider two such states a and b with respective energies E, and E,. If E, =~ E,, then weak
interaction with the environment can cause transitions between these two states. (This is a general phenomenon —
our environment will provide a perturbation to our system, which can cause this small energy difference A = E, — E,.)

Thinking about this quantum mechanically, if we have some potential V/(t) applied to our system, that will cause
us to have some rate of transition from the states a to b, and that rate is proportional to | (b| [ dt e’2/V/(t)|a) |°.
This transition will therefore occur except when the above matrix element “prohibits” it (meaning the rate is 0), and
in large systems in contact with some environment, such transitions will happen between states with the same energy
without needing any energy transfer from the environment. (Since A = 0, the rate is dependent on (b|a), which is
basically never zero.) So the system will visit different states of the same energy, as long as some set of them isn't
forbidden.

So when does this “forbidding accessing other states” happen? Certain conservation laws (e.g. conservation of
spin) can come into play here — states of different total spin cannot be "kicked around” by the environment. But
generically, when we assume no other conservation laws are present (here's our definition), nothing else about
our system can prevent the environment from kicking us between possible states.

This means that the probability of being in a state should only depend on the energy E, and this is the framework

with which we'll start to study many-body systems.

3 September 4, 2020 (Recitation)

We'll generally start recitations by discussing any questions from lecture that might come up, and then we’ll discuss

some topic — this week, we'll do a review of some probability theory.



Fact 8

During the proof of the “states with equal energy have equal probabilities” result, we used a formula for transition

rates that is only valid when the two energies are different.

There was indeed a bit of handwaving that occurred during lecture. But the general idea is that quantum me-
chanically, probabilities of transforming from state a to b are the same as probabilities of transforming from state b
back to state a under any given interaction. And if we have two states of unequal energy, the environment needs
to input energy — the point is that “all transitions that can happen will happen” due to the large number of available
microstates.

For a more rigorous proof of this kind of result, we should wait for the microcanonical ensemble to come up. This
is because often in statistical mechanics, we start with closed systems with no attached environment. In such a setup,
all states are equally likely (if the system is at a fixed energy), and then we try to argue from general principles that a

subsystem of it (which we can think of as the actual “system” attached to an environment) behaves as we want.

Fact 9

Our main example of non-equilibrium systems in this class come from hydrodynamics — that is, how a gas or fluid

tends towards equilibrium.

Fact 10

The “matrix element” or Fermi's golden rule argument has to do with time-dependent perturbation theory in

quantum mechanics, but this is not super related to the material we'll be covering.

And finally, two answers to logistics questions: homework will be first assigned next week (and we'll always get a
week to do it), and there will occasionally be extra credit problems on the homework to allow us to bump up our grade
to the full 60 percent allotment. Also, even though +/- grade modifiers are not directly displayed on a transcript, a
B+ specifically will be needed to place out of the physics qualifying exam.

There's a very formal way of thinking about probability, but mathematicians need to worry more about the details
than physicists when working about infinite spaces. So this won't be “up to mathematical rigor,” but it'll give the basic

idea:

Definition 11

A probability space consists of a sample space Q, such that for (some of the) events E C 2, we assign a
probability P(E) € [0, 1] so that

- P(Q)=1, and

« if E;1 N Ey; = & are disjoint events, then P(Ey U Ep) = P(E1) + P(E»).

Here, the main idea is that “probabilities add to 1" if we cover the whole space with disjoint events.

Example 12

If we roll a die, the result of that die roll has Q = {1,2,3,4,5,6}, and P(E) = |—§|.




Notice that there is no definition of “randomness” here: we've just assigned numbers to mathematical objects. So
randomness is actually more subtle, and we're abstracting it away. The only case where probability does intersect with
reality is that if we have N independent trials and we measure how many times Ng that event E occurs, we should

have N

. E
P(E) = | —
(E) im N

N—oo

that is, we expect that over time, we get the correct fraction of occurrences.

Definition 13

A real random variable is a map X : Q — R, which can also be defined by a cumulative distribution function

F(x)=PHw € Q: X(w) < x}) =P(X < x).

Here, the more formal notation is just used for reference: basically, {w € Q : X(w) < x} refers to the "set” or

“event” that X returns a value at most x.

Remark 14. The reason we care about this abstract notion of a sample space (rather than thinking about drawing
numbers from the real line directly) is that we might have different variables with weird correlations (x,y, z).
We can equivalently also define a probability distribution function

p(x) = dl;ix),

which we can think of as the “relative probability of finding the value of X near x." Note that this derivative may not
exist, which means we might have delta functions for discrete random variables, but we'll often be using continuous
random variables in this class.

From here, we'll consider functions of random variables: suppose we have some new random variable
Y = g(X),

and we know the probability distribution function px(x) of X. Our goal is to find the probability distribution function
py(y), and we do this by noting that (in differential form)

py(V)dy = > px(x)dx,
x:g()=y

and then solving for py yields

= 2 |

The derivative term here basically accounts for the “slantedness” of g — that is, how wide of a range of x's maps onto

a small interval around some y.



Definition 15
The expectation value of a function g(X), denoted (g(X)), is

(g(X)) = / p(x)g(x)dx.

One specific example is the moments of a random variable X, which are

(XM = /p(x)x’"dx.

We'll assume in this class that moments are well-defined, but this is not always true for probability distributions
especially with extreme values.
One way to get a handle on these moments is to combine the moments together:

Definition 16

The characteristic function of a random variable X is

B(k) = () = / p(x)e~"* dx.

Since this is the form of a Fourier transform, we can also invert this characteristic function to get the distribution

function back: )
= [ ==pB(k)e"*dk.
p() = [ 5-b(ke

If we assume that all moments are indeed well-defined, we can do a Taylor expansion here:

sy = 3 TR xemy.

m!

n=0

and therefore the mth derivative of the characteristic function

= (=)™(X™).

(In other words, the characteristic function "determines the moments.”)

Remark 17. The reason to use the characteristic function instead of the moment generating function (eX) /s that

the moment generating function is not always well-defined, because it can take on infinite values.

We can start putting our random variables together now: suppose we have two independent random variables X
and Y, which essentially means that “knowing X tells us nothing about Y’, and vice versa.” Now if we want to find the
characteristic function of X + Y/, then

Px+y (k) = // p(x)p(y)e e~ dxdy

which then factors into two components,
= Px (k)b (k).

So this kind of “product structure” indicates that taking logarithms might be helpful, and what we can rewrite here is

[1n B4y (K) = In fx (k) + In py (k) |




And the useful motivation here is that we might want to consider the natural log of the characteristic function, also
called the cumulant generating function.

Definition 18
For all m > 1, the cumulants of a random variable X, denoted (X™)., are defined as the coefficients of the

cumulant generating function:

m

nptk) = S R emy
m=1 :

(This sum starts from 1 instead of 0, because the left-hand side takes in a value of 0 at 0 no matter what and
there is no constant term in this Taylor series.)

By using the Taylor expansion of a logarithm In(1 + €), we can work out a calculation, and this gives us the mean

the variance
(X?)e = (X?) = (X)?,
the skewness
(X%)c = (X%) = 3(X*)(X) + 2(X)?,

and the kurtosis
(X% e = (XF) = 4(X)(X) = 3(X?)? + 12(X?)(X)? - 6(X)*

of a random variable. The cumulants might look somewhat arbitrarily defined, but they're important because they add
for two independent variables. (For example, means and variances add, while the expectation values of the squares
does not add in such a simple way.)

And now we can go over a nice trick for relating cumulants to moments: we can imagine the cumulants (X"). as
being a bag of n points, and (X") as referring to how to put n points into bags. (Points are distinguishable, but bags
are not.) For example, (X) = (X). because a single point goes in a bag,

(X?) = (X)Z+ (X)c,
because two points can be put into the same bag or two different bags, and
<X3> = <X>§ + 3<X2>C<X>c + <X3>C,

since either the points go in the different bags, one of them is in its own bag in 3 different ways, or all three go in the
same bag. A similar calculation can be done for (X*), and notice that we can recursively compute the cumulants in
this way.

We'll now cover some common probability distributions:

Definition 19
The Gaussian distribution with mean X and variance o2 has probability distribution function
(x) 1 _(x—A2>2
p{x) = e 2
V2mo?




We can compute the characteristic function of this Gaussian to be
5(/() _ /e—ikxp(x)dx _ e—ikke—02k2/2'

which means that the power series for the cumulant generating function is

P e

InB(k) = —ikX +

indeed matching with the mean and variance that we described. (Notice that all higher cumulants (X™). for m > 2
are 0.) What's interesting here, though, is that there is no skewness, kurtosis, or anything “higher” for a Gaussian,
and that Gaussians are the only functions with this property! This means that we can write higher moments (X™) in

terms of just the mean and variance, which is a nice property.

Fact 20
We can also do calculations for discrete random variables, but we need to deal with delta functions. For example,
the characteristic function of a random variable which is 1 with probability a and 0 with probability 1 — a is

p(k) = ae’* + (1 — a).

And now we can talk about having multiple random variables that do have some dependence on each other. Suppose
we have a vector of random variables X = (X1, -+, Xn), which is a function Q2 — RM. Then we can make some
analogous definitions to the work above: we have a joint probability distribution function

P(X is in the box around X of width []; dx;)

X)= lim .
P(X) Vi,dx;—0 dxidxy - - dxy

In other words, we take a vanishing volume around X and find the “density” of likelihood around that region.
We can then compute the unconditional probability distribution function of the first s variables by integrating
out the other variables: N
pla, ) = [ T] dxptoa oo o).
i=s+1
On the other hand, we can also compute a conditional probability distribution function, assuming that the other
variables take on a specific value: this means we need to put in a normalization factor

p(x1, -+ xn)

p(x1, -+ Xs|Xsq1, - 0 Xn) = 2 ,

because we're modifying the sample space of allowed events. This A will depend on the values of X541, -+, xy, and it

is such that .
A:/HdX/P(XL"' L XN)
i=1
(that is, we integrate out the unknown variables X; through Xs). And this is just the unconditional probability of the

rest of the variables p(xsy1,--- . Xy), SO we can put everything together now:

p(a and b)
p(b)

and this is the well-known Bayes’ theorem, leading us to a more formal definition:

p(alb) =

1



Definition 21
Two random variables X and Y are independent if p(x|y) = p(x) and p(y|x) = p(y) (the unconditional and

conditional probabilities are the same).

Bayes’ rule also then tells us that the probability distribution functions factor as

p(x,y) = p(x)p(y).

And a final note, we should be careful to think about the differences between pairwise and mutual independence: just

because any pair of variables in a set are independent does not mean that they are all mutually independent.

4 September 9, 2020

The first homework assignment has been posted — they will be posted weekly on Tuesdays. Office hours for Professor
Todadri and the two TAs are also posted now; we can chat about homework problems or other questions for the
course. (And we can always email if the times don't work for us.)

By the way, if any of us are taking this class without much physics background, we can ask Hamed (one of the
TAs), who will conduct some informal physics review sessions.

Today's lecture will cover the microcanonical ensemble, as well as classical Hamiltonian dynamics and Liou-
ville’s theorem. We'll then begin to discuss density of states for many-body density.

Over the next few lectures, the goal we're working towards is to deal with a situation where a system is attached
to a much larger environment, and the whole setup is in equilibrium. We want to get to a formula for the probability
that our system is in some particular microscopic state a with energy £, — namely, that the probability of occupation
is

p(a) e PEa,

where B > 0 is a constant which we can interpret as k%T where T is the absolute temperature of the system. (We'll
call this the central principle — it's the crucial rule of calculation for equilibrium statistical mechanics, and sometimes

textbooks actually start with a loose justification of this.) Then the constant of proportionality is just a normalization

Zp(a) =1 = Z:Ze_ﬁEa.

Z here is known as the partition function, and it'll be important for us to study. But it'll take us some time to get to

factor < such that

this result and give enough supporting evidence, and that's what we'll be developing now.

We're going to start with the “simplest” theoretical device, where we have a system that is large and strictly
isolated. In such a system, the total energy is strictly conserved, and different parts of this isolated system are in
equilibrium with each other. What we're interested in here is the values of various macroscopic properties, averaged

over some small (but nonzero) time interval and region of space.

Example 22

If we want to extract a macroscopic quantity out of a gas in a room (such as the temperature), we'll measure on
time scales longer than the time between collisions for atoms, and we'll measure on length scales larger than the
distance between atoms. But for a system at equilibrium, we don't need to wait a year or measure the average

temperature across the entire room to get a good measurement.




Fact 23
We'll assume (by tradition) that it's possible to calculate these averages correctly from a uniform probability

distribution that assigns equal probabilities to all microscopic states with some fixed energy E.

This means that we're assuming the system is “generic enough” — we're basically assuming classical dynamics for
generic initial conditions are chaotic. And also, we're basically extending the postulate we made earlier about an open
system to a closed system (saying that particle trajectories will be fairly random, with the only restriction being that

energy is totally conserved).

Definition 24
For a large, strictly isolated system, let Q(E) be the total number of microscopic states (also referred to as
microstates) with total energy E.

Then we can state our above assumptions as

1
== E;=E
p(a) =4 A&
0 otherwise.

We can dig into this assumption more clearly by using a concrete example:

Example 25
Consider a collection of N classical atoms, where N is very large (approaching infinity, and in practice close to
Avogadro’s number).

If we want to specify the state of a given particle, we specify its position and momentum, so when we have N
atoms, we have 6N degrees of freedom (each atom has three real-number components for the position vector and three
real-number components for the momentum vector). That means we can describe our microstate to be a point in a
6/N-dimensional vector space known as the phase space. We'll write this point as (q, p), where ¢ = (g1, -+ . gn)

encodes the coordinates of all N particles, and p = (p1, -+ , Pn) encodes the momenta of those particles.

Remark 26. /f we stick entirely to classical mechanics, then every point in this phase space can count as a microstate,
and then there are uncountably many microstates. But as we go along, we'll refine this by using quantum position-
momentum uncertainty. This will then tell us that there's a “minimum volume” of phase space, set by Planck's

constant.

Assume now that we put our collection of N atoms into a rigid box. If we're given some initial condition (g, p),
we can think about the dynamics of the atoms: they'll evolve according to the laws of classical dynamics, which are
given by the Hamiltonian equations of motion

0q;  OH op;  OH

ot op;’ ot  0qg’
where H = H(q, p) is the Hamiltonian of the system, which describes the total energy in terms of our current g, p.
Notably, becomes our energy is conserved, our (g, p) phase space coordinates must move along a surface of constant
energy H(g,p) = c. If we now assume that our system is generic — that is, there are no conservation laws (even

momentum, because bouncing particles off the box will change the total momentum), and our initial conditions are

10



generic — then it is reasonable for us to assume that the trajectory will uniformly cover that constant-energy surface.
(In other words, if we take two equal volumes of phase space inside the surface, they will both be visited equally
frequently on average by our trajectory.) Then if we want to calculate physical quantities averaged over a long
time, we can calculate averages over this probability distribution instead.

Remark 27. Mathematicians have tried to prove that this “mixing” occurs, but the regimes where the proofs are
valid are only for impossibly long time scales that don't correspond to real-life time scales. But we'll still accept the
assumption.

Some related justification does come from the following result. Suppose we have a large number of copies of
our system, distributed in phase space with some density p(q, p, t), so that the number of systems in a volume

dar =1J; d®q;d®p; is p(q, p, t)dl". Then after an infinitesimal time §t, our variables evolve via

Jo = Qo = G + Gu0t,  Pa = Py = Pa + Padt.

We can imagine a small box in phase space then moving to some other box in phase space. Then our volume
dr = [1, d®G:d®p; is distorted into
dar = [ *d:d°p';.
i

The question is how this changes under Hamiltonian dynamics. To first order, the changes that affect the volume of
the box dg,dp, are
86 Py
0o = daly = dGo + =2 dqedt,  dpe — dpl, = dpa + 22 dpadt
0Gq Opa

(the other terms in the chain rule are “rotations,” so they don't contribute), and we can multiply the new infinitesimals
together to find

04e = OPa
d;d;:dada<1+<+>5t+o 6t2).
qndp, dadp, 20 T opa ((6t)%)

And now we can use the Hamilton equations of motion to write
o0 _ 0 (o _ o
0Ga 04 \ Opa 0GaOpa’

and similarly (but just with a negative sign)

O _ O (aH) ___OH
OPa OPa \ 00a 09a0pa’
and we find that the order §t terms cancel out.

Remark 28. We basically don't need to address second-order terms, because we're only looking at infinitesimal

transformations, and the result we arrived at is essentially that the Jacobian is the identity matrix.

And therefore dI" = dI", and this is the result we're looking for:

Theorem 29 (Liouville)
The phase space volume does not change under time evolution, so the density of the probability distribution in
phase space has not changed as a function of time.

After all, if we have many copies of our system, we have some number of copies in any given phase space “volume

containers”, and then after an infinitesimal amount of time, we'll have that same number of copies in the updated

11



phase space volume containers. (And because we can run this argument in reverse, it's not possible for two different
volumes to end up in the same spot in phase space.) Importantly, though, this doesn’t mean the distribution is

uniform, just constant under time-evolution: J
p_
dt

(We have a total time-derivative because the value of g and p depend on time “around any point” in phase space.)

0.

This can be written out as

8,0 N 5,0 6pa 69 aCIa o
81‘+Z<8Po¢6t+8qaat =0

a=1

and therefore

% _ (30 OH 3 OHY _
ot~ ;(apaaqa aqaapa)—{p'H}

is defined to be the Poisson bracket of the density p with the Hamiltonian H. Notice that when our system is in

equilibrium, we should also have % = 0, and that tells us that

{peq. H} = 0.

Such a result is always true if peq, the equilibrium density, only depends on the energy of our microstate:

Peq(d. P) = peq(H(q, P)),

and that's a further point of support (though not a proof) for why the distribution is indeed uniform across all
microstates with this fixed energy.

5 September 11, 2020 (Recitation)

We'll continue our discussion of probability theory today, looking at multiple random variables, and we'll also discuss
Hamiltonian dynamics and chaos.

Like last time, suppose we have a set of random variables (X1,---, X,), with probability distribution function
p(x1, -+, Xx,). We know what it means for two variables to be independent already: two variables X and Y are
independent if p(x|y) = p(x), or equivalently p(x, y) = p(x)p(y), but we need to be more specific when we have more
than two variables at a time.

Remark 30. Technically, there should be subscripts on the different p functions, so p(x) should be px(x).

Definition 31
Random variables (Xi, - -, Xj) are pairwise independent if X; and X are independent for all / # j. In contrast,

the variables are mutually independent if

P(le T vXn) = p(Xl) : "p(Xn)-

This last equation can be equivalently written as
PO X X X, ) = (X, XG,)

for any two disjoint subsets of the random variables {Xj,,---, X; } and {Xj,,---, X, }.

12



Example 32

Consider the three random variables X, Y, Z with the following distribution:

X Y Z|p
0 0 03
0 1 1|z
1 0 113
1 1 013

Basically, X,Y, Z are binary bits must sum to an even number, but all allowed states have equal probability. And
now we can check that X and Y are independent, and so are X and Z, and so are Y and Z, but it's not true that

X, Y, Z are mutually independent (knowing X and Y tells us information about Z).

Definition 33

Let Xi,---, X, be random variables. The joint characteristic function is the function
5(/?) = <e—//?->?> — /HdeP(XL .. ’Xn)e—/zj kixj
J

where the argument k is an n-dimensional vector.

From this characteristic function, we can generate the moments of our random variable by taking derivatives, just

like in the one-dimensional case:

N C e O ) R

And similarly, we can compute the cumulants in the same way:

0 m o o -
o= (5 )  (sem) M),
The same “points in bags” argument for relating cumulants and moments works here: if we want to put two 1s and
one 2 into bags, the different configurations are (112), two ways for (1)(12), one way for (2)(11), and one way for
(1)(1)(2), so
(XTX2) = (XTX2)c + 2(X1) (X1 X2)e + (X2)c(XD)e + (X1)2(X2)c.

Definition 34

The joint Gaussian distribution in N dimensions is given by the probability distribution
PR) = e exp | —2(F = D) C R = X)
V(2m)N det C 2 ’

where X is the “mean vector” and C is a symmetric covariance matrix.

Remark 35. We can write the complicated vector expression as

(%= X)TCTHR=X) =D G706 = Mg = ).
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Since the Cj; and Cj; terms contribute to the same coefficients, it makes sense by convention to make C symmetric.
We can write out the characteristic function of this multivariate Gaussian
/3(/?) _ e—ik,A,—%C,Jk,kJY
where we are summing over / and j but just omitting the sums in notation (this is the Einstein convention). Therefore,

- . 1
Inp(k) = —iki\j — EC,-J-k,-kJ-,
and this tells us (like in the one-variable case) that there are no higher-order cumulants beyond the mean and variance

(Xi)e = Xis (Xi, Xj)e = Cij.

This leads us to a result that is important in field theories:

Theorem 36 (Wick's theorem)
Suppose we have a multivariate Gaussian with X = 0. Then
0 > m; is odd

(X Xy =
sum over all pairwise contractions otherwise.

For example,
<X12X2X3> = (X1 X1 X2 X3) = (X1 X1)(XaX3) + 2({X1 X2) (X1 X3),

because there are three ways to pair up the four indices into two pairs: the first 1 either pairs with the other 1, 2, or 3.
This is particularly important (for example, for Feynman diagrams) because we often sample values from a Gaussian
distribution.

We'll now consider functions of random variables, and we'll begin by reviewing the one-dimensional case. If we

have a variable Y = g(X), then the probability distribution of Y can be written as

dx
dy

()= > px(x)

x:y(x)=y

(This sum comes up if g is not a one-to-one function.) We're going to derive this equation in a way that generalizes

well to the multi-dimensional case now. Notice that

b 0o
/ py(y)dy = / dxpx (%) 1155 (9(x))

where 1, 4 is the indicator function that returns 1 if g(x) is in the range [a, b] and 0 otherwise. We can then rewrite

this as 0 b
:[ dxpx(X)/ 6(g(x) — y)dy

(since we're “picking out” values where g(x) falls in the range from a to b). This means we can write the density

function as

pr(y) = / " dxpx (x)3(g(x) — ) |

—00
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And now we'll generalize this to the multi-dimensional case: if we have a random variable Y = g(Xy, - -+, X,,), then

py(y) = / (H dx,-) p(xt, -+ xn)0(g(x1, -+ Xn) — ) |

Remark 37. As a reminder, delta functions are defined so that

/dxé(x— a)f(x) = f(a).

So we can compute something like
/dxé(g(x) —a)f(x)
by doing a change of variables:

dx
= [ dg(x)——0d(g9(x) — a)f(x),
[ dat) 355580900 = a)f (0
and now we need to be careful about the bounds and order of integration if g is not one-to-one, and also because of

dx
dg(x) -

the positive or negative sign of the expression

Example 38

LetY = Xf + X22, where X1, X, are independent random variables.

Then we can write the probability distribution function as
priv) = [ dadraps(x)pale)d0f 48 - ),
and this can be simplified most easily by using a (polar) change of variables: set
rP=x2+x3 = dxidx; = rdrdf = %de(rQ),
so that x; = rcos@ and xo = rsinf. Then
py(y) = / %ded(rz)pl(rcose)pg(rsin 0)5(r> —y),

and nowwe canplugin r’ =y = r = V¥ (in polar coordinates, r is always nonnegative) wherever it appears to get

27
py(y) = /O %epl(ﬁ6059)pz(ﬁsin 6),

and we've removed the delta function from the expression.
Our last topic for the recitation is Hamiltonian dynamics. Suppose that we have N particles, and we can represent
the positions and momenta in three dimensions with a 6 N-dimensional vector

(g1, p1. - g3n. pan) = (g, p).

Then a Hamiltonian H gives us the Hamilton's equations of motion

dp,-:_yi OH dq,-:_‘767H
dtip,i fQ/*api-

~9g; dt
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Example 39

Consider the Hamiltonian

H= Z —|—V(q)

where the first term is the kinetic energy and the second is the potential energy.

Then the Hamilton’s equations tell us that y

pi _6767,-
(this is Newton's second law), and
gi = %
(this connects with our classical definition of position and momentnum). In lecture, we defined the Poisson bracket

O0AO0B 0AOB
ABY =2 5qan  opoa

Notice that {A, B} = —{B, A}, and this is useful because it helps us work with the total derivative of a function like

ff(p q.t) +Z@q p,

Substituting in with Hamilton's equations, we find that this becomes

Z of OH  of OH Gf

50,05 Opag ot

So if f has no explicit time-dependence (it just depends on our internal variables p and ¢), and it commutes with the

Hamiltonian (so {f, H} = 0), then f will be a conserved quantity. And in particular,

dH  OH oH
H, H} =
dt ot 1 b= ot
(because {H, H} = —{H, H} must be zero). So this tells us that energy is conserved as long as H has no explicit

time-dependence.

Example 40

Consider an ensemble, meaning that we have a collection of separate systems, with a density p(p, g, t).

It's important to note that this density tells us not about the properties of a particular system, but rather the
“density in phase space” of the different possible configurations. Then we can consider the relationship between %
(What happens to a density that we follow around a point that we follow evolving according to Hamilton's equations?)
and (how does probability density flow at a fixed point?). We proved during lecture that the former is zero, and

we'll thlnk about that some more here. We have the conservation of number equation

op
0= 3t +V - (pV),

where the second (divergence) term tells us how much stuff is “flowing in or out” at the given point. (Here, ¥ is the

phase space velocity, defined as (g1, p1.- -, dsn. P3n).) That equation can be rewritten as
0
0= 879 v-Vp+ V7,
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and now the divergence of the velocity is
8%H 8°H
V= - =0
Z aq. " " Z daidpi  0pda;

by Hamilton's equations. (In other words, “phase space volume is conserved, because there is no divergence.) And this

argument doesn't need to worry about “doing first-order calculations,” like we needed in lecture with the chain rule,
since we're computing a derivative more straightforwardly.

So knowing that phase space is conserved, and that the number of points is conserved, should tell us that the
density is conserved. But we can find that explicitly: from the above equation,

dp op
dat +Z ap, =gtV Ve

so we have that
dp
dt

(note that this equation now has a total derivative). Since we just found that V-v=0, % = 0, and therefore

0=—"+po(V-7)

ap
= = —{p.H}.
And this is important to us because at equilibrium, we expect 3 8” = 0: there should be no average change in the

density of states, and that means that {p, H} = 0 at equilibrium. It was mentioned in lecture that
{f(H), H} = f'(H){H, H} =0,

so it makes sense for p to be just a function of the energy of the system. (If there were other conserved quantities

that had a Poisson bracket of zero with H, then p could also be a function of those other quantities, though.)

6 September 14, 2020

Our first homework assignment is due tomorrow evening — each of the course staff will have an office hour before we
need to turn in the assignment. (And if time zones don't work out for any of us, we should send an email.)

We'll look more carefully at the microcanonical distribution today, which is a setup where calculating average
macroscopic quantities over short space and time intervals can be done simply: recall that if our system is isolated
with energy E, then we have the probability distribution

1
= E,s=E
Q(E a
p(a) = ¢ 4 ,
0 otherwise.
Last time, we showed Liouville's theorem (a classical dynamics result) as some justification for why this kind of result
makes sense. Liouville's theorem says that if we have an ensemble (collection) of systems distributed in phase space

with some density p(d, p, t), then

dp dp ( dp OH Op 8H>
dt ot {o.H} za: 0Ga Opo OPa Oqu

And in particular, at equilibrium, since ag;“ = 0, we must have {peq, H} = 0. Then as long as we have a generic system

without any conservation laws, the equilibrium density can be just a function of the Hamiltonian H, and therefore the

17



probability density basically “only depends on our energy.”

Remark 41. We're restricting ourselves to situations here where the Hamiltonian H is conserved, so it makes sense
to define it as the energy of our system. (After all, systems with time-dependence in H are not at equilibrium.)

We'll now make a few comments about why the microcanonical distribution “actually works:”

+ The first thing we might notice is that the microcanonical probability distribution is a §-function, which is
only nonvanishing in phase space on a specific surface with some specified energy E. So the normalization factor
Q(E) is just the area (or volume) of the surface that we have. In practice, it's convenient to assume that this
total energy E has some small uncertainty — maybe we don't know the exact energy of the state, so we'll often

consider the distribution to be uniform and nonzero in the shell
E<E,<E+AE.

Our normalization factor then becomes the volume of this shell: Q' = QAE (as long as the difference AE is

small enough), but practically the answers won't change very much at the level of thermodynamic quantities.

« The claim that “time averages are ensemble averages” is basically a dynamical statement for the classical many-
body statement: there are different explanations in the classical and quantum cases, so we'll need to discuss them
separately. In the classical case, we're saying that dynamics are chaotic, so (except on a set of initial states with
measure zero) we will evolve into a “seemingly-random” state, with that randomness following the microcanonical
distribution. (The phrase “ergodicity” is the idea that phase space trajectories fill the constant-energy surface.)
So it’s reasonable to assume that basically any initial system will reach equilibrium with enough time
(meaning that the time it spends in various different states is roughly the same), and Liouville's theorem
shapes what that equilibrium distribution looks like.

« For the quantum many-body system argument, consider such a system in a state with energy E;, with £ < E; <
E + AE. Then there are Q(E)AE quantum eigenstates in this interval, and when in equilibrium, we know that
averages of observables are given by averaging over a uniform distribution of states in energies [E, E + AE]. So
the probability of any eigenstate a is m if Eq € [E, E+ AE] and 0 otherwise (much like what we've had so

far), and we're saying that the average of any such observable is
0 =5z > (alOl)
= a a .
Q(E)AE
aE<EL<E+AE
We'll define this to be (O)micro, e. The reason for the above equality is a topic of current research: the main
question is “what is the nature of quantum many-body chaos?”. Here, we are analyzing eigenstate thermalization

hypothesis (ETH) (Srednicki '94, Deutsch '91), which basically states that a state initially far away from

equilibrium will evolve in time to be seemingly in equilibrium:

Proposition 42
If we consider a generic Hamiltonian, and we have some single eigenstate with a finite energy density (per

unit volume), this eigenstate will behave “like a thermal ensemble.”

To be more precise, if |a) is such an eigenstate, and we have some observables O which are sums of operators
that can be localized in small regions of space (like the total magnetization or total energy), then

<OC|O|O(> = <O>micro, E, T O(e_#N),
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with off-diagonal matrix elements a # 3 (where B is some other energy eigenstate) satisfying
(@|O]B) = o(e™#").

Because N is being sent to infinity, the exponentially decaying terms go away, and our averages “look like what

we expect” in the microcanonical distribution.

Example 43

If we have a spin 1/2 system with Hamiltonian

H= E ofof +ofay,
iJ

the kind of quantity we care about when we say we have a “localized” operator looks like M = >". 07, rather

i

than something like an infinite product of operators.

So now if we take some generic state, we can write it in terms of the energy eigenstates

|'L/)> = an|a>-

Then the time-evolution of this state is

Y1) = e ) =) cae B ),

a

and then the expectation of our observable O is

W(OIO[p(1)) =D cagpe’E="F)M (a|O|B) .
[<%6]
And now we use the ETH hypothesis we've been mentioning above: due to exponential decay, we can write this

as just

~ Z |Coz|2 <Ol|O|O£> = Z |Co¢|2<o>micro, Eq-
a

a
And if |cq| is prepared so that it is initially sharply peaked with some energy Eg, we can use the fact that
(O)micro £ varies slowly with E (which we will explain later in this class), and this tells us that

<¢(t)‘OWJ(t)> ~ <O>micro, E=E, Z |Ca|2 = <o>micro, E=E,-

So this “thermalization” statement gives us some further foundation for the microcanonical distribution.

Remark 44. Many of the arguments we've been presenting here have numerical and physical evidence, but there are
some exceptions. We can search up the example of “many-body localization,” which involves systems with a certain

kind of strong disorder, as well as certain special kinds of cold atomic systems.

From here on, we'll do “regular stat mech:” we'll assume the microcanonical distribution works, and we'll try doing

some calculations with the density of states and systems in contact with each other.
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7 September 16, 2020

Last class, we made some arguments about why the microcanonical distribution works (that is, why it's a legitimate
way of thinking about the equilibrium state of our system). It's a complicated subject with lots of subtle aspects, and
specifically, there's a lot of ongoing work looking into the ETH (eigenstate thermal hypothesis). But we'll put that
behind us for now, and we'll take the microcanonical distribution as a way of calculation for granted, looking at what
consequences follow.

Recall that the probability distribution we've been talking about requires us to know the value of
Q(E)AE = {total number of microstates with energy in [E, E + AE]}.

This function Q(E) actually grows very quickly: for a typical many-body system with N degrees of freedom, we'll
typically have the order of growth
Q(E) o EN

for some constant ¢ > 0. This function is known as the density of states, and we'll work out an example of this now:

Example 45

Consider N free (quantum mechanical) particles inside a rigid box of side length L.

(The motion of those particles is then described by the free-particle Schrodinger equation.) This system has total

energy
-
p:
E = -
_Z 2m
=1
where p; denotes the momentum of the Nth particle. We want to calculate the number of states within some specified
energy level, and we'll make our life easier by assuming periodic boundary conditions. Then our particles in a box
must satisfy
. 2mh _ .
pi = T”i' mi = (nix, Niy, Niz),
where njy, njy, nj, are all integers, because we need e’”* to be periodic under x; — x; + L or similar translations in the

y- and z-direction. So the number of states w(E) with energy at most E is
7
E)= I ible pj h that L < E|.
w(E) {Z; all possible p; such tha 2,22’77_
Pi

And now this sum can be approximated with an integral if we have a large enough box length L. For example, if we're
summing up the x-components of one specific particle’s momentum, we can replace with

Z — / dpx
2mh/L
Px
2rh

(because =T* is the spacing in phase space between our states, and we're using a Riemann sum). That means we can

also write

LY p?
w(E) = (27rh> /Hd3p,- 6| E— E ﬁ
i J
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where 6 is the Heaviside step function

This integral is also

L 3N s
w(E) = (27rﬁ) /sz;<2mEHd 4

and now we want to understand the E-dependence of this quantity. To do this, we make a change of variables: if we

let p; = v2mE;, then
L 3N
Ey=(=—) (2 E3N/2/ a*pi
w(8) = (55)  (2mE) [ Do

and now the integral is a unitless quantity: it's the volume of a unit sphere in 3/ dimensions, so it's some constant

that’s independent of the energy E. Therefore, the total number of states

Lo\
el 3N/2 3N/2
w(E) (27rﬁ) (2mE) o E2MV2

Now, we want to count the number of states that are around some certain energy E — this is similar to finding the
probability density function from the cumulative density function. Then the density of states is obtained by taking a
derivative, since

Q(E)dE = w(E+ dE) — Q(E)

(and then taking the limit as dE — 0), and therefore we have
dw(E) 3N/2—
Q(E) = ——= o E3N271

The —1 in the exponent doesn’t really play a role as N goes to infinity, and the point is that we've shown the rapid
growth of Q as a function of E for our special example. This enables us to make certain approximations that are

exact in the limit N — oo, which will be useful for us.

Remark 46. Note that not all systems exhibit this rapid growth: in our homework assignment, we'll be able to look

at a system of spins in a magnetic field, which behaves very differently.

Because this quantity Q2(E) grows so quickly, it's easier and useful for us to extract a slower-growing quantity out
of it, which is
S =kgInQ(E).

Here, kg is some constant which we identify with the Boltzmann constant, and S is now some function of the energy,

the number of particles in our system, the volume, and so on. Later on in this class, we'll identify S with the entropy

(from thermodynamics), but we'll work with its properties and understand why S plays this kind of descriptive role.
Our next goal of this class will be to establish what the term thermal equilibrium means when we have two (large)

systems in contact with each other — we'll do that using the microcanonical distribution.

Example 47
Suppose two large systems A;, A> are next to each other, each with N particles, so that energy can be exchanged

between them but nothing else (not particles or volume).

In this setting, our combined system (A; and A) is still isolated from the outside environment, so the total energy
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E will be fixed. We'll assume that any interaction between these systems is weak, so that we can make the assumption
E=FE +E,

where E7 is the energy of system A; and E; is the energy of system A,. (This basically means that we don't need to
worry about particles in A; and A, having gravitational interactions and so on.) The strength of this interaction does
influence how long it takes for the two systems A; and A, to equilibrate, but we'll just assume we’re in equilibrium
and try to calculate what's going on.

We know that A; + A, is an isolated system, so it follows the microcanonical distribution at equilibrium, meaning
that a microstate (ai, a2) of the joint system occurs with probability ﬁ if E1+ E> = E and 0 otherwise. And
furthermore,

Q(E) = /dElQl(El)QQ(E - Ey),

since we're only interested in states where the total energy sums to E. And now defining €2; to be the density of states
of system A;, and using that
Ql‘ — eSI/kB'

we can rewrite the above integral as

Q(E) = /dEIel/ks(sl(E1)+sz(E—El))_

But remember that the entropy S is of order N if the density of states Q;(E) is of order E°V. So we are really

/dx ey

where N is very large and ¢ is some function of x, and such integrals can be evaluated with saddle-point approximation,

evaluating something that looks like

which we'll describe now. Notice that Q;(E1) is extremely rapidly increasing as a function of E;, while Qo(E — Ey) is
extremely rapidly decreasing (because £ — E; rapidly decreases). Therefore, their product will be very sharply peaked
at a specific value for E7, and we will equate the integral to the maximum value of the integrand.

And the saddle point approximation is what helps us do this calculation: if we want to compute

/:/dx eNok)

for a real function ¢ and a very large value of N, notice that any differences in ¢ are amplified both by the multiplication
by N and by the subsequent exponentiation. So if we let x = xmnax be the maximum value of ¢, we can expand in a
Taylor series

H(x) = G(Xmax) — %‘(b”(Xmax)KX - Xmax)2 4+

and plugging this in yields
J / A @N@0ma) =16 Gina) (x—ma)+)

The first term in the exponent doesn't depend on x, so we can take it out of the integral, and that leaves us with

— eN¢(Xmax)/dXe_%‘d)”(xmax)‘(x_xmaxy""”_

We can now extend the limits of integration to go from —oo to oo, because the contributions on the tails basically
don’t matter — the largest contributions are coming near the middle. And we'll make the further approximation

o
~ eN¢(Xmax) / dx e_%‘d’”(xmax)‘(x_xmax)z .
—0o0
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by ignoring higher-order terms. (This is okay because (x — Xmax) is of order \F and thus the higher power terms have
corrections in a power series in ﬁ which we can ignore in the limit.) This is now just a Gaussian integral, and we

get the answer

I = o eN0ma) |
NI|@" (Ximax)|

Note that if there are a few different local maxima for our function ¢(x), we can (in principle) do the same approximation
for each of them. But then we have

Z S e
N|¢”(Xma><)|

max

but any unique global maximum will dominate the sum, so this is not necessary unless there are two different values
of x which both reach the global maximum. And restricting only to the global maxima also helps us deal with the

validity of our approximations — we won't get any weird tail behavior.

Fact 48
This kind of saddle-point integration can help us compute an asymptotic expression for the factorial N!, which

we'll see during recitation.

So returning to the integrand we actually care about, we need to first find the maximum value of the integrand

e1/ke(S1(E1)+S2(E—E1)

This occurs when the derivative of the exponent is zero, which happens at the value E} where

05,
0E,

_ 05,
fee: OB

Ex=E—E}

and then replacing the integral with the integrand gives us the density of states
Q(E) = eé(sl(EI)-i'Sz(E—Ef))_
So the boxed expression above is now the condition for systems A; and A, to be in equilibrium with each other.

Since the left-hand side only depends on system A;, and the right-hand side only depends on system A,, we're dealing

with a “matching of properties” between the two systems:

Definition 49

The temperature T of a system is defined via

85 1

8E T

In other words, two systems are at (thermal) equilibrium if T3 = T5, and this agrees with the usual description.

(The reason for the reciprocal is a convention will make sense later.) Then the entropy of the full system satisfies
S(E) = kg InQ(E) = kg (In(Q21(ET)) + In(0(E — EY))) = S1(E7) + S2(E3),
and therefore entropy is additive at equilibrium for large systems. (This is already something we've been implicitly

assuming when we say that the density of states increases as e".)
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Finally, we can now return to the gas of free particles from earlier again: since Q(E) o E3V/2~1 the entropy of
the system is 5
S(E,N) = ENkB InE+C

for some constant C. (We're ignoring the —1 because it's negligible compared to the N term.) Therefore,

1 0S5 3Nk

3
T 2 - E=3NkT

This is the familiar formula for the energy of an ideal gas in 3 space dimensions. This means that we've obtained a

macroscopic statement just by knowing how to calculate the density of states of our system.

8 September 18, 2020 (Recitation)

Today, we'll talk about some mathematical details and examples related to the material from lecture.
The first topic of the recitation is the saddle-point approximation, which is one of the core reasons “all of

statistical mechanics works.” We'll start with the sum version: suppose we have an expression

n
Q= Z eNei
i=1

Then the loose claim we're making is that Q ~ eN®mx when N is large, where ¢max was the largest value of ¢ over all
indices. More rigorously, we're claiming that

i INQ  IneNdme
im — = —— = .
N—oo N N max

Proof of the asymptotic result. We know that the sum is at most equal to the quantity when all terms in the sum are
equal to the maximum value, so
eN¢max S Q S neN¢ma><’

so taking the natural log and dividing by N gives us

InQ2 Inn
d)max S W S ¢ma><+ W

So as long as the number of terms n is, for example, polynomial in N, the log term Ian will go to 0, and the sandwich
theorem gives us the result. O

This sum version helps us out when we go to the integral version and have multiple global maxima, but we'll now

look at the actual saddle-point approximation that we care about. If we start with an integral of the form

/:/dx elNow),

then we can rewrite this as a Taylor series around a (local or global) maximum x = x,, as

B /dx N [B0m)+38" (xim) (x—xm)2+ £ 8" (xm) (x—xm)* 4|

(There's no first derivative because we're at a maximum.) The second derivative is negative, and we can pull out the
constant and write this as

i N N
NéGm) / dx &= 219 )l G2 (1 50" 00) (X = xm) + 30" i) (= )+ ) ,
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where we've pulled the higher order (x — x,) terms out of the exponential and expanded the Taylor series. So now we
can evaluate this integral — we take the limits of integration to +o00, which is a small correction. Then the cubic term
goes away in the integral because it is odd (and being integrated against the Gaussian from —oo to oc). Furthermore,
because the expected value of (x — x,,) in the Gaussian is of order % (since the width of the Gaussian is of order \%N)

the quartic term (that is, the term corresponding to %(b’”’(xm)(x — xm)*) is again only a small correction of order

v (k) =4
_NCm) 2m 1
e NWWMM<1+O(N>)'

And now if we do the same thing as before, where we take the log and then divide by N,

In/ 1 2m 1

v =90+ o0 () +© (30
(here we use the fact that In(1+¢€) o €), and so really we don't even care about the prefactor term: as N — oo, this
quantity just approaches ¢(xp,).

Remark 50. This looks somewhat similar to the central limit theorem: if we have a bunch of identically distributed
random variables X; with probability distribution

px (x) ~ e?),

we could consider N such random variables. Then we're drawing some connections to the fact that we get something

close to a Gaussian when adding a bunch of these random variables together.

Our next topic is an application of the saddle-point approximation: our goal is to calculate an approximate value

of the factorial N!, which we'll do with an auxiliary definition:

Definition 51

The gamma function is defined via the integral
(N +1) :/ xNe™dx
0

for all real numbers N.

We actually have that (N + 1) = N! when N is an integer. To see that, we integrate by parts to see that
[ee]
/0 xNd(—e™) = —><Ne_x|;O +/d(XN)e_X = N/XN_le_de.
Thus, T(N + 1) = NI(N), which gives us the familiar recursive formula N! = N(N — 1)!. And now we can use this to
show Stirling's approximation:
N! = /oo eNInx=Xgx = /OO eV gx,
0 0

where ¢(x) = Inx — . And now we want to find the maximum value of ¢: now the function ¢ does actually depend
on N, but we can check that the predominant scaling of ¢ isn't changing, so this approximation is still fine. (The
point is to not create any weird dependencies.) The maximum value of ¢ here occurs when
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so the maximum value of ¢ here is
¢(xm) =InN —1.

(Again, this does depend on N, but it's not as rapid as the growth of N, so it turns out this is fine. If we wanted to
be rigorous, we'd have to check the above bounding a bit more carefully.) And now plugging this into our saddle point

approximation, we find

1 1
"(m) = —— = 18" ()l = 177

2 2"
X3, N

and therefore,

which evaluates to

N
NI ~ V2 NeNIN=N — \/or N <’Z) .

Looking at the natural log instead, we find that
1 1
In N! = NInNN+2|n(27rN)+O(N) .

and the first two terms here grow much faster than everything else, so we often don’t even need more than that.

Remark 52. For a more rigorous mathematical proof of Stirling’s approximation, we can check Wikipedia or some
other source. But we can check that the first three terms of this approximation (that we've displayed) do a pretty

good job even for something like N = 10.

We'll spend the rest of this class on some calculations, first in information theory:

Example 53
Consider a message of length N > 1, where each letter can be chosen from the m letters {x1, -, xm} with
frequency py, - - -, pm, respectively.

In other words, we are given that exactly p; N of the total letters of the message must be x;. Then the quantity
N!
H7:1(Pi/\/)!

tracks the number of total messages we can have (this is actually asymptotically the “same” number of messages we

Q:

get if the p; are probabilities instead of frequencies, at least in the limit N — oo — we should see the asymptotic

equipartition theorem if we're curious), and we can use Stirling's approximation to find that
m
InQ =1In N = In((p;N)!).
i=1

We'll drop everything except the first two terms, so that

INQ~ NInN =N = (NpiIn(Np;) = Np;).

1

The terms without logs cancel out, because > p; = 1, and then we're left with

InQ ~ NInN = (Np;In N+ Np;Inp;).

]

26



And now the terms with In Ns also cancel out, so this further simplifies to

InQN—NZp,Inp, )
i

This is really only rigorous at the level that

. InQ
lim N :_Zj:pilnpi.

N—oo

but now the right hand is what is called the information entropy of the probability distribution.

For example, if we take p; = % for all m, then

In 2 1
lm —— = — —In—=InM
Nooo N ;
which means that we get In M "bits” of information per letter. But furthermore, In M = % so in the case where all

pis are equal, the number of states Q is essentially M (the set of all possible messages)! So “the total number of all
messages is more-or-less the same as the number of messages where all letters occur with equal frequency,”
and we can see that this is a kind of saddle-point approximation being made again: making the change from “all
configurations” to “most likely configurations” in the form

NI

NI |
% T2, ! - [T, (N/m)t

is negligible as long as we're taking the log of both quantities and dividing by N.

Remark 54. And this is a very rough justification of the microcanonical ensemble: “assuming everything is equally
likely is the same as saying that anything goes.” We still need assumptions like ergodicity, because we only have one
system in real life, but we're saying that our ignorance almost allows us to sample from all equally likely states.

And we'll finish with a discussion of equilibrium and temperature:

Example 55
Suppose we have two systems at energy £; and E,. If the two systems are isolated from each other and everything
else, then

Q= Q1(E1)0(EL),

so S =5; + S5 and entropy is additive. But we want to look at how this works when our systems do interact and

exchange energy.

In the case where the two systems are allowed to exchange energy, but we're still bound to a total energy of

E = E; + E», then the total number of states becomes

Q= > UEIBE)= Y UEI)BE-E)= Y ep[N(%Sﬁf)*Aﬁ&ﬁ)]

Ei+Ex=E Ei+Ex=E Ei+Ex=E

where we've written this in a “saddle-point form” and taken kg = 1. So now the saddle-point approximation lets us
say that
Q(E) ~ D (E7)20(E3)

(as always, with ~ valid after taking the In and dividing by N, which goes to oo in the limit). This is again saying that
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“equilibrium means we just look at the most likely states:” we now actually have an expression

im S(E) _ M Si(ED) | N Sa(E5)
N—oo N N N1 N N2 '
but we really only care about the extensive parts of the system that scale with N, so physicists are okay with writing

down an expression like
S(E) = S1(ET) + Sa(E3).

From here, we define the inverse temperature 5 so that

1 0S

kB = == —.

80=7=3E
(This is a more natural variable to use in statistical physics than T, for example if we need to work with negative tem-
peratures.) And we say that equilibrium is reached when T; = T, (this is the point where the value of Q1 (E1)Q2(E>)
is maximized) — unless there are multiple maxima or other quantities that are being exchanged, T; = T5 is a sufficient

condition for equilibrium.

9 September 21, 2020

Our final exam date has now been announced to be Thursday, December 17. The standard timeslot is 9am-noon, but
our exam won't take that long since everyone is at home — it'll be designed to take about 1.5 hours instead, so that
people in Pacific Time can still wake up earlier to take the exam. (We won't need to turn on our video or anything,
but the course staff will be available during the exam time period to answer questions if they come up.) Our first quiz
will be on September 30, and more details about that are to be posted later.

Remark 56. We should expect a survey to be sent out about the class soon (as suggested by the department).

Today, we're going to continue exploring the equilibrium state of two systems that are in contact with each other.
As before, suppose we have these two systems A; and A, which can be in certain microstates (a;, a») with energies
(E1, E»). If these two systems are allowed to exchange energy, and we allow this system to evolve towards equilibrium,
we will settle into a microcanonical distribution of the full systems. (We aren't thinking very much about the evolution
towards equilibrium, which depends on the detailed dynamics of the two systems.)

And as we showed with the saddle-point approximation, this combined system at equilibrium will spend most of its
time at a specific energy level — what we're basically saying is that we can pick some (E7, E3) energies for our systems
so that for all E; + E> = E,

Qu(E7)20(E3) = (E1)20(E2),

where (E7, E3) are the energies for (A1, Az) in the final equilibrium state. In other words, the entropy of the final

system will satisfy

’Sfinal = kg In(Q(ET)202(E3)) > Sinitial = ke In(Q21(E1)202(E2)) ‘

This means that entropy has increased from the initial to final state: over the next few weeks, we'll formulate this
into a more coherent law of thermodynamics. And we calculated this energy Ej by finding the maximum value of
S1(E1) + S>(E — Ep). At such a point, the first derivative must vanish, and the second derivative must be negative,

so
025,

0°5: %S,
oE2

< 0.
E1=E} 0E3

E2=E}
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This is a “stability condition” for our equilibrium, and an analogous condition needs to be true if we have other conserved

quantities in our system as well (such as spin).

Fact 57

We can relate this second derivative of S to a measurable quantity, but we'll postpone that discussion for now.

Example 58
For now, let's return to the (canonical) ideal gas system from last lecture. We're going to be more careful about

the density of states calculation from last class this time, looking at prefactors and being more exact.

We showed that Q(E) ~ EN for a gas with N particles, but we want an actual formula for the density of states of

our non-relativistic gas here. Recall that we had the following integral expression for the number of states with energy

L 3N
w(E)=|=— / d*pi.
( ) (27rf7) 5‘%+...+5‘,2V§2mE1;[ I

We then made the change of variables p; = v2mET;, so that the integral became a dimensionless quantity in terms
of N:

at most E:

w(E) = (27er7)% (2mE)*V2y,

where V' is the volume of a unit sphere in 3N dimensions. To calculate this V, note that a sphere in d dimensions of

R d
R
d-1
d = —
/0 r r'Sq d Sd

where sy is the solid angle. We calculate this solid angle with a trick: if we consider the integral

o = (/Oo e_xzdx)d = (Vm)? = w2,

—0o0

radius R has volume

we can also compute it in the alternative manner

> 2 2

= / dX]_"'dXde_(Xl—FerXd).
—0oQ

But this integrand is also spherically symmetric in d dimensions, so we can evaluate it in radial coordinates: letting

r?=x{+---+x3, we find that
oo ) Sd oo
lg = / drritsye™" = 5/ dyyd/?~te™y
0 0

where we've made the substitution y = r?, and where sy is the same solid angle in d dimensions as before. And now
the integral is the Gamma function discussed in recitation, so it's exactly (% — 1)! (If d is odd, we just use the Gamma

function instead of the factorial.) And therefore

d/2
a2 _ S (4, __m
" 2(2 >:> SR

And now we can plug this into the volume V we're trying to find (setting R = 1 and plugging in d = 3N), and this

gives us that

3N 3N/2 3N/2
w(E)< L > (2mE) 27

o1h 3N (BN 1)

29



This time, we can obtain a formula for the density of states, which is

do 2m (L \*" N 23N/
_ == j2—1_ <" =
W) =g =7 <27ri7> (2mE) EIEEY

Remark 59. There's a slight notational difference here than in Kardar's book, in which Qkarqar(E) is defined to be the
number of states in an energy window from E — A to E 4+ A. So there’s an extra factor of 27 in Qgardar( E) compared

to our Q(E). (But this is a factor of order 1 which doesn’t plan into the final calculations.)

Recall that our ideal gas system is inside a cubic box of length L, so we can define the volume V = L3 to find the

density of states in terms of the energy E, volume V/, and number of particles N:

VN 2qr3N/2

Q(E,V.N) = (27rﬁ)3’Vm(% =)

! (2mE)3N/2_1.

We can then find the entropy by calculating

S(E,V,N) = kg InQ(E, V, N).

If we take N — 00,V — o0, E — oo while keeping the ratios % and % finite — this is called the thermodynamic

limit, and we'll be taking this limit often — then we can use Stirling’s approximation and only keep the terms of leading
order in N. Then y 3N N 3N 3N
N)=kg INIn——— + —In(2 ——In—4 —
S(E,V,N) B{ n(27rh)3+ 5 n(2mrmE) 5 In= + 2]

which simplifies to

= NkgIn

Vv demE\ >/?
(2mh)3 3N

(Here, e is Euler's constant, and it comes from the % in the entropy.) But something isn’t quite right here: this
answer is not extensive, because there's an weird dependence on the scale of our system inside the log term. We can

be more formal about what we mean:

Definition 60
A quantity f(E,V, N) is extensive if the transformation (E,V, N) — (AE, AV, AN) takes f to Af.

(It makes sense for entropy to be extensive in the large N limit, based on the idea that “entropy basically adds
when two systems combine.”) We can check that doing this transformation to our above entropy expression sends S
to A(S + NkgIn ), instead of AS, and this was an issue that Gibbs (one of the founders of statistical mechanics)
noticed when thinking about thermodynamic considerations of two identical gases mixing with each other — this issue
goes by the name of the Gibbs paradox.

The way Gibbs got around this issue was to propose that gases are made out of indistinguishable particles. In
other words, we should count the number of states w(E) (and subseqeuntly the density of states Q(E)) by allowing
permutations of the particles to be the same state. Since a gas with N particles has N! such permutations, the

actual correct expression is

1 VN 27F3N/2

il 3N/2-1
i (27rh)3Nm(%_1)!(2mE) .

Q(E,V,N) =
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The modified entropy then becomes (using Stirling's approximation on the N! term)

S(E,V, N) = Nkg In

eV 4remE\>?
N(2mh)3 3N

and this time the log argument only involves the finite constant ratios % and % So now entropy is actually an

extensive quantity: S is now proportional to N, as expected.

This idea of treating different atoms as indistingiushable is really just a “hack” at first, and in classical statistical
mechanics, it is just a postulate that we're asserting. But in quantum mechanics, we need this indistinguishability
for determining which Hilbert space our particle wavefunctions live in (for instance, symmetric wavefunctions
for bosons and antisymmetric ones for fermions), so we do (unavoidably) need the ﬁ factor for an accurate
description of different states. (Basically, we can't “tag” individual particles and separate out which one is which

in quantum mechanics.)

In other words, we get a sensible result in this case when we regard the classical gas as an approximation to the
quantum gas.

Remark 62. Note that if we were a physicist pre-quantum-mechanics, we would need some quantity that helped deal
with the dimensionful volume in phase space. So the entropy depends on the units being used in classical mechanics,
but in quantum statmech, we have a 2wh to help balance out that volume factor. And this helps us remove ambiguity

from the classical statmech description — we should think about it as the limit of the quantum description.

10 September 23, 2020

Our next homework assignment has been posted — it's longer than previous homework assignments and carries twice
the weight, because there is a quiz next week. So the pset will be due in two weeks, and we can pace ourselves
accordingly.

Example 63
Today, we're going to consider a situation where our system is connected to a (much larger) bath. (The system
and bath can still only interact by exchanging energy, though.)

Label the system of interest A; and the bath A, — we'll assume the number of degrees of freedom for the two
systems satisfy Na, > N, > 1. Much like before, we're taking the combined system A; + A; to be isolated from the
rest of the world, so that it can be described by the usual microcanonical distribution when it's in equilibrium. Our
goal is then to derive the probability distribution for the microstates of our system A;.

To do this, suppose we have some particular microstate n of A; with energy E,. If the total energy of the

combined system A; 4+ A, is Eg, then the probability of nis
p(n) =P(A; is in state n) < Q(Eq — Ep),

because Q,(Ep — E,) tracks the density of states for our bath and therefore how many microstates can exist at this
given (complementary) energy in the system.
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Remark 64. This is basically a conditional probability: we're taking the number of possible combined states Q1 (E;)Q(Eq—
E,), and dividing through by Q1(E,) because we're conditioning on an energy E, for the first system.

If we have a large bath, lots of the energy of the total system will be in the bath. This means that Eq > E,;, and
Q(Eg — E,) is a rapidly decreasing function of E,. From our above argument, we also know that

Inp(n) = In(Q2(Eq — E,)) + constant,
and we can Taylor expand this to leading order as

~ const — E/\/i In Q2(E0)

O0Eq
If our system Aq is in equilibrium with the bath A,, then we know that
0 1
— InQW(Eg) = —=
3, "$e(Fo) = 1

where T is the common temperature of our system and bath. Therefore, we find that

In p(n) =c—BEn,

where B = ks# which can be rewritten in the following statement:

Proposition 65 (Canonical ensemble)
The probability that a system is in a state n with energy E, satisfies

p(n) oc e PEn.

In order to make this a valid probability distribution, our normalization constant, obtained via ), p(n) = 1, must

Z = Z e FEn,
n

and therefore the probability of a state n is explicitly

be the partition function

1
—ePEn,

p(n) =<

We'll see that being able to calculate Z as a function of external variables, like T or V/, will help us extract information

about equilibrium properties.

Example 66
Let's calculate the average energy of our system A;. (This is often called the internal energy and is denoted U.)

We know that E; is not fixed in this situation, because we can exchange energy between A; and A,. But we can

write out the average energy explicitly as

E,e PEn , Ene PEn
U= (E) = S b, =30 25— = Zate

n n

and now a slight trick (taking advantage of the similarity of the numerator and denominator) yields

—_i _6En __3
U= aﬁm(zn:e ) = aﬁ(InZ).
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So taking a single derivative gives us a useful macroscopic quantity!

Definition 67

Define the (Helmholtz) free energy via the equation

7 =ePF.

This turns out to be usefully related to the other quantities

1 8
F=-5hZ = U=25(6F).

Knowing the free energy is equivalent to know the partition function, and the reason for introducing this expression is
that derivatives of F are easy to measure (for example, as we've just shown, it's closely connected to U). We'll be
able to extract macroscopic equilibrium behavior just from this quantity F, and we'll see many more applications and
a sense of how it's an actual “energy” throughout the course.

One good step is to look at this internal or average energy U — basically, how close our measurements of the energy
will be to the average value. For a large system, we claim that the internal energy U is essentially given exactly by
its average, with very small fluctuations. This is something we'll develop a better understanding of as we discuss
the central limit theorem, which we'll discuss at the end of this lecture.

For now, we can rewrite the partition function Z in terms of an integral, since a large system essentially has
continuous possible values of energy:

Z=Y Pt /Q(E)e—ﬁEdE = /eS/ks—ﬁEdE.
n

Because we know that Q(E) scales as EV, meaning that our entropy S is of order N (it is extensive), Q is a rapidly

E

increasing function of £, while e PE is a rapidly decreasing function. So the saddle-point approximation works well

here, and we expect that the integral is dominated by the maximum value of the integrand, meaning
Z ~ QUE))e PE,

(We're saying that we expect to have a Gaussian-like shape after multiplying the rapidly increasing and rapidly decreasing
functions, so the average is also the highest point.) Therefore, taking a log tells us that

1 1

Notice now that the internal energy is extensive (U ~ N), and we also know that S ~ N from earlier lectures. So
because T is just some constant, F itself must be extensive as well. This means that Z = e™8F exponentially decays
in N — this makes sense because each term in the sum Y, e PEn is of order 1. (And we can often make sure F is
indeed positive, by defining all energies relative to the ground state energy.)

Our next step is to take a closer look at the entropy and obtain it from the probability distribution directly. We

know that
efﬁEn

Z
Now taking averages, we find that (because In Z is just a number)

p(n) = = Inp(n)=-BE,—InZ

(Inp(n)) = -BU = BF,
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and plugging in our F = U — TS tells us that

(Inp(n)) =——5 = |S= _kBanln Pn |-

This last equality is often the way that the entropy of a probability distribution is defined (for example, in
information theory). Often, this is actually used as the starting principle of statistical mechanics, since the
equilibrium state can be thought of as the state with the maximum entropy with certain constraints. Doing those

calculations turns out to give us the same answers as our description here.

From here, we can be more careful about the energy distribution (beyond just looking at its average U) by considering
the width and fluctuations of the probability distribution. (The goal is that this will allow us to show, by direct
calculation instead of a qualititative argument, that the probability distribution is peaked at U.) Remember that this
canonical distribution, while sharply peaked at its mean, has a nonzero probability of being at any energy, unlike the
micocanonical distribution.

To do that, we'll calculate the variance

(E?) — (E)*
of our energy distribution. The second term is already known to be U?, because U = (E) = —% InZ. This motivates
us to consider a further derivative
o2 o (102
—n2)=—= (=== ],
oB2 o6 \Z op

which can be written out with the product rule as
197 (1 82)2
Z 932 Z06)
But now this is just ,
= 2 Y Bt (é > Ene55~> = (E?) - (E)?,
n n
so we find that the variance of our energy is just

82 8 au ,0U

(just making a change of variables in the last step). Here, g—#, denoted Cy, is called the heat capacity of our system,
and the reason for the subscript V is that we've been considering systems at fixed volume. (We'll connect this to the
thermodynamic definition of C,, when we start talking about heat later on.) In summary,

(E?) — (E)* = ks T*Cv,

and because we can measure T and Cy in experiments (the latter is a measurement of how much energy we need to
add to our system to raise its temperature), we can find out how the fluctuations behave explicitly. Since U is of order
N, we find that Cy is also of order N, which means that the width of the distribution

o =+(E?) —(E)2 x VN.

Even though v/N is a big number, we should be comparing this to the actual value of energies around the mean: as
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we take N — oo, we find that
width energy ~ V/N

mean energy N -0
So fluctuations are extraordinarily small, and in the large N limit, the width is just a small perturbation. Since
(E?) — (E)? is nonnegative — it can always be written as {(E — (E))?) — we find that the heat capacity Cy is always
positive.

We'll finish this lecture with a (self-contained) discussion of the mathematical central limit theorem. Suppose
we have N real-valued random variables Xy, -, X, with joint probability distribution p(x,---, xn) (meaning that
the probability of being in a volume [T, dx; is p(x1, -+, xn)dx1 -+ dxy, and [ dxq - dxyp(xi, -+, xn) = 1). We're
going to assume that our N random variables are independent (this is a special case of the more general central limit
theorem), so that

p(xi, - xn) = pr(x1) - pnv(xn).

We know that the average value of any function f(xg, -, xy) is
(f) = /dxl coedxyp(xq, e xn)FOxa, L xw),

and we're interested in looking at the distribution of u = % Z,’-V:l x; for large N. This variable’s probability distribution
function can be written as

N
P(u) :/dxl"'dXNp(Xl."' , XN )0 (ul{/ZX’) ,
i—1

and we'll handle the delta function by writing it as an integral of its own:

1 0 . 1
= g d)\/dX]_u.dXN)p(Xl’,,' ,XN)(E")\(L’*NZ/XI).

Specializing to the case where our variables are independent, we find that

N

P(u) = % /:: dX [H (/ dx,'Pi(Xf)e"M’/N)l e |

i=1

But notice that we have characteristic functions in the inner integrals, which we can Taylor expand (right here, we're
defining it with a negative sign, which is different from in the recitation):

L (A _ A A2 1
bi <N> = /dX/Pi(Xi)e PN = /dX/P/(X/) (1 — N WX-Z +0 (/\ﬁ)) :

and the integrals turn the variables into moments:

i 2, 1
= 1_N<Xi>_2l\/2<X’>+O</\/3>'

We can rewrite this expression as an exponential to the same order of approximation to find

i (Z) = [ dxp)e N = RO -0,

Doing this makes it easier to multiply all of the individual integrals together when we plug back into the boxed expression

above: we now have

P(u) = % / T ane™ ][5 (2) - % / e S0 25 T (X -(x))+0( ) ginu
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But also remember that some of these quantities are also in terms of u:
1 1
() =4 DX, ()= N2 D UXP) = (X)) + D (X (X))
i i i
(since (X;Xj) = (Xi){X;) whenever i # j for our independent variables). Therefore, we can check that
1
A= () —(u)? = N2 > UXP) = (X)),
i
and we can plug everything back into the probability distribution function for u to find (in the limit N — oo)
2T J_ oo ’

Now, evaluating the integral gives us a final answer in the limit N — oo of

1 _ u—(w)?
e,
2mA

And notice here that A is of order % and what we've found is a Gaussian distribution with mean (u) of order 1 and
width (standard deviation) VA of order \%N So just like before, we recover a sharply peaked distribution as long as N

is large.

11 September 25, 2020 (Recitation)

We'll talk today about a variety of topics, possibly including Gibbs' paradox, free energy and fluctuations, the Central
Limit Theorem, and Lagrange multipliers.
First of all, a clarification about Stirling's approximation: recall that we talked about how in the integral

NI = /00 dxeNlnX—X
0

we can't exactly use the saddle-point approximation with a fixed function ¢(x), because the integrand isn't perfectly

a multiple of N. The way to get around this is to make the substitution x = Ny to turn this into
o0 o0
:/ dyeNIn(Ny)fNy _ NeNInN/ dyeN(Inyfy,
0 0

and now we can use the saddle-point approximation on the remaining function ¢(y) = Iny — y: this will give us the
answer NeN'”N\/%e_N (since the integrand is maximized at y = 1), and this is indeed the same approximation we
derived last time.

Also, there have been questions about the difference between Q(E) and Q2(E)AE: as mentioned during lecture,
we should technically use the latter because we want a unitless quantity, and Q(E) has units of inverse energy. But

InQ(E)AE _In Q(E) n InAE
N N N
and the second term goes to 0 regardless of whatever units we're using, as long as AE is constant as NV changes. And
we're often taking derivatives of this natural log, which would make the second term go away anyway! So the whole
point is that we can always ignore the arbitrary AE in our picture, as long as it's small enough to make sure the density
of states is essentially constant within the interval [E, E + AE].
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Example 69
Gibbs' paradox comes up when we mix two systems together. Suppose that we have two gases A and B (in the
left and right side of a box, respectively) with a divider between them, such that the two gases are distinguishable

— if we lift the divider, then entropy should increase.

But entropy increasing means we must be able to measure something about the change, and thus we must be able
to distinguish between the two gases. Suppose, for example, that there exists some permeable boundary that allows B
to pass through but not A. Then as the B particles move to the left, the pressure will move the divider all the way to
the right, and the point is that we can “take advantage of the entropy” to do some work by moving the divider.
(And this process is reversible — we could put in energy to move the divider back to its original position.)

On the other hand, if there is the same gas A in the two sides, there's a sense in which there is no way to “use”
the extra entropy when we lift the divider. So even if we defined our entropy in a way where we're just count states,
there isn't really any physical significance of the “extra entropy” obtained by lifting the divider — for instance, there's
no way to create a reversible process which allows a noticeable heat transfer

_ erev
ds = T

So it makes sense to have this factor of indistinguishability of ﬁ when we define our entropy for the identical gases.

Remark 70. Note that putting the barrier down in the gas with all A particles does force us to have some fixed number
of particles on the left side (at equilibrium, basically an equal amount on each side), but the point of the saddle-point
approximation here means we only need to consider the most probable configuration of the number of particles to

leading order, instead of considering all possibilities.

Our next topic centers around the free energy, which comes out of a closer look at the partition function

107
Z=) P = U=(E)= -5 o=
= Z 0B

We can keep taking derivatives to find that the moments of the energy E satisfy
1 07
(M = 2 5o
Z0(-p)
for all n > 1, but we want to try writing this in another way that feels less like a trick. To do that, we'll look at the

characteristic function .
e ikEy — e~ (B+iK)Ea

and now we can rewrite this by thinking of our partition function Z as a function of 3:

_ Z(B+ik)

Z(5)

Then the moments are supposed to be related the nth derivatives of the characteristic function via

e DEE| 1 2B k)
IS L P (6) I TCT S L P

and now taking the partial derivative with respect to —/k is the same as taking it with respect to —3, because the
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arguments have the same dependence in Z:

1 9ZB+ik| 1 9Z
- ZB) o-B)" o ZO(=B)"

If we only cared about the moments, this wouldn't give us very much, but we also care about the cumulants. And now

we access the cumulants easily, because

0" In{e~'kE) an A an . o"InZ
ENe= ——————+— =—(InZ(B+ik)—InZ 0= ———InZ(B+ ik = —Q.
< >C a(_’k)n Ko 6(_//()"( (5 ) (ﬁ))|k 0 6(_1/()” (113 ) K—o0 a(_ﬁ)n
This indeed shows us that the cumulants come from derivatives of In Z — the cumulants turn out to be much more
useful than the moments, because we care about the variance of energy rather than the second moment. We expect
InZ ~ N to be an extensive quantity if the different parts of the system are essentially independent of each other,
because then the partition function will multiply across different subsystems (as long as energies add together): if our

total system comes from two subsystems X and Y,
Ziotal = Z e PEAHE) — Z e PEx Z e PE =747y
Xy x y

So that means that the cumulants will all be proportional to N as well, meaning that the energy, variance, and so

on have this same N-independence. And we'll find something that our system scales higher cumulants like

(),

which is good — in fact, higher cumulants go to 0 fast, so we're really only left with the lowest order cumulants, and
this gives us a Gaussian distribution with standard deviation proportional to ﬁ
And now this is where free energy comes into the picture! If we write our partition function as an integral

Z:/dEQ(E)e_BE = /dEeS(E)/kB_BE’
we can then make a change of coordinates to get

where f = % is the “free energy per unit particle:

(6)-5-52

This quantity can be thought of as an “effective energy:” even though different states get counted numbers of times,

this value of f is the energy we should expect to have if each energy level only has one state, and we want our partition
function to remain the same. Then the probability distribution of % becomes
E N
pl =) = S eBNEN.
N Z
since N is large, we can do a Taylor series expansion around the point which minimizes the free energy f (and therefore

maximizes the integrand). Our function will look symmetric around the minimum, and it'll be approximately Gaussian,

so the average is also the minimum:

(EN_(EMPY,

N
~ = exp (<BNF((E/N))) exp (— 2((E/N)?).
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hen we know that £ £ N
_ _ —BNf((E/NY) >
1/d<N)p(N> = e V21 {((E/N)?),

and now taking a logarithm gives us

27 (E?
NZ=—BF+InN+In % = —BF +In\/21kgT?Cy.

So the second term is a correction here — Cy is proportional to the size of the system, but it's not extensive, so the
first term is the largest contribution. And in this argument, our key assumption was hidden: we assumed that S was
extensive, so that the total entropy is NV times the entropy of an individual small component. (In other words,
in the second term of the definition of f(E/N), we're assuming that as £ and N scale at the same rate, % also

stays constant.)

A case where the entropy S does not scale with the size of the system is where a bunch of electrons have
interactions such that all are either spin up or spin down. In general, systems that can magnetize will not have
entropies coming from the sum of the individual particles’ entropies. So we should be careful not to describe such

systems just with a few “average values!”

We'll conclude with a few mathematical tricks that are good to know. First of all, looking at the Central Limit

Theorem, if we have a vector of random variables X = (X1, --- , X,), we want to consider the characteristic function
CRX _ (=) (=i)®
In(e™ kX = —j Z ki Xide + Z Kiki(XiXj)e + >3~ 2; Kiki k(X X Xa) e
I 1J IJ,

If the variables are independent, then we know that expectations are multiplicative, meaning that everything will just

simplify to (after some calculation)

N N

n(e®X) = Jte " =3 (—/k,-<><,v>,_- + (_2’;)2 K (XP)e + (;’;)3 K (XP)e + - ) .

This doesn’t help us deal with the sum of the random variables as we need in CLT, but it'll help get us started.
Finally, we'll do some intuition refreshers for Lagrange multipliers. Suppose that we're trying to maximize a scalar
function f(X) given some constraint g(X) = 0: then we can consider the following Lagrangian

L(Z ) = £(%) — Ag(%).

If we try to maximize this quantity instead, then we need g—f = 0, which enforces our constraint g(X) = 0, as well as

or 0F(%) . 89(%)
% V= o e

This means that our gradients must point in the same direction: using a physical analogy of energy, potential, and
forces, we can think of f(X) exerting a gradient force pulling us towards the maximum value, and at equilibrium, the
force is balanced out by a “normal force” of some sort, which is always perpendicular to our constraint.
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12 September 28, 2020

About half of us have completed the survey from last week, and the rest of us are urged to do so as well (so that
we can give feedback on what's working for learning). And as a reminder, there will be a take-home exam posted
on Wednesday, with two questions on the microcanonical ensemble and earlier topics. (We can consult class-related
materials, but not each other, for the exam.)

We'll start today by talking a little about the central limit theorem, before looking at ideal gases and other
thermodynamic concepts. Recall that the central limit theorem tell us that when we have N real-valued random variables
X; (for 1 < i < N) with some probability distribution p(xy, - - - , xn), and when we make the simplifying assumption that
the X;s are independent random variables, so that p(Xy, -+, Xny) = p1(x1) - - pnv(xn), then u = % >, xi is distributed,
in the limit N — oo, according to

P(u) —

where A = (u?)—(u)? is the variance of the distribution and is order % In other words, the average of the measurements
u becomes (universally) Gaussian, with mean (u) ~ O(1) and width /A ~ O (\%N)

Remark 72. It's sufficient that the cumulants (X, --- X; ) grow slower than N™/2 instead of assuming that the X;s

are independent. But we won't go through the proof of this more general case.

We can notice that this theorem is related to how we discussed the internal energy in the canonical ensemble — the
result there was that the mean value of E is very sharply peaked around the average U. And these two concepts can be
connected as follows: suppose we break up a large system of length scale L into smaller subsystems of length scale £,
so that L > £ > a for a microscopic length scale a. If we're trying to find the total energy of our system, we have an
integral over the energy density by essentially summming over energies of subregions. And if the cross-correlations
of energies between different parts of the systems are small enough, we expect a “central limit theorem type result” to
hold: as we saw, the energy will be of order N, while the width will be of order v/N.

We should keep in mind that the Boltzmann distribution applies to a single microstate of the system or to the

velocity of a single particle, not the total energy distribution.

Remark 74. There are situations where the assumptions of the central limit theorem are violated — phenomena where

“tail effects” dominate, which happens in some glassy dynamics. But there are ways to deal with those as well.

For now, we'll move on to concepts of heat and pressure, two important thermodynamic quantities.

Example 75
Consider a system at equilibrium with a bath at some temperature T. If the temperature is changed to another
temperature T’ (for example, some energy gets injected into the bath), but external parameters like V' and N for

the system are fixed, the mean energy of the system must change.

Because the system and bath are isolated from the rest of the world, there must be some given energy transfer
between the system and the bath, and this is called heat transferred to or from the system. In fact, we can relate the

heat transfer to changes in the entropy of the system, which we'll derive now.
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We start with an infinitesimal change in the state of our system, and we keep our external variables V, - - - fixed (so
that no work is done on the system), so that the entropy S = S(E,V, - --) satisfies

AE

AS = —

T

(because our temperature is defined as % = 2—2). Thus, the heat transfer is AE = TAS, and we'll denote this quantity

in general by AQ. In other words, we can write down the equation

[80=745],

where T is a function of S and E, to define the heat transfer — again, remember that this transfer happens when we
change the temperature while keeping any specific external variables for the system fixed.

And now we'll try a contrasting calculation: instead of fixing V' and modifying T, we can try changing the volume
while keeping the temperature fixed. Intuitively, this should also lead to a change in mean energy of the system, because
compression takes pressure and so on. (Microscopically, what's going on is that a particle in a box has different energy
eigenvalues when the volume gets larger.)

Definition 76

The pressure of a system is negative of the average change in energy per unit volume change:
oE,
P=- ,

2oy

where p, is the probability of a microstate n, and E, is its energy.

Usually, pressure is defined to be the force per unit area, but we can imagine a cubic box where we change the
z-direction’s length. Then the work done (which is the change in energy) is the force applied times the distance of
particle movement, and now we can notice that the two definitions are equivalent.

From here, notice that we can calculate pressure from the free energy:

1 OE, keT @ 102
—_lseee %t kel O S
P=z2""y = Z av (Ze ) kel

n

where the partial derivative is done at constant temperature. This then leads us to

0 oF
P=kgT|=—InZ) =—|=—] .
o7 (anz), = (&),
Since we have a useful quantity out of one partial derivative of F(T,V), it makes sense to consider the other quantity

(%)V' We can calculate this directly via

aF 8 8
(8T>V = o7 (~keThZ) = —ks Z — ksT 5= In Z

by the chain rule, and now we can convert this to a derivative with respect to 3:

— —kgh Z + kBﬁ% InZ.

But both terms now look familiar, and we are left with

STOTo Y
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which means we've arrived at the entropy! So putting this together,

oF oF
(%), =-(5F),]

and now we can consider arbitrary infinitesimal changes in T and V:

dF = <8F> dTl + <6F> dV = —-SdT — PdV.
v T

oT oV

Therefore, if we have an internal energy U = F + TS, we have that

= —PdV — SdT +d(TS) =|—PdV +TdS |

Therefore, we can write down partial derivative relations like

ou ou
P“(av)s' T—(as)v'

We also know that —PdV is the work done on our system, so we have

dU = dW when there is no change in entropy (and thus no heat flow).

We should remember that these calculations have been done while ensuring that we are still in equilibrium, but they
allow us to think about how certain thermodynamic quantities vary with others, as long as we specify what variables
are fixed.

Before we continue down the path of thermodynamics, we'll illustrate the use of these ideas by revisiting an earlier

example:

Example 77
Let's calculate the free energy F of a classical ideal gas explicitly in terms of VV and T. Our Hamiltonian will again
be H=S"V P

i=12m"

We can first describe some statistical properties with the microcanonical distribution: recall that the density of

Q(E.V,N) = A (%)N (Z)m,

states here is

where A is just some constant, and thus the entropy is

VAN 7B\ 32
S:kBInQ:kBIn<(N> (N) + c,

meaning that

T 2E

If we now want to calculate the pressure, we know that

1 /as 3Nkg 3
1_ <6E>V_ — E=NksT.

dU=TdS - PdV = dS = %dU—F ;dv.

P_(%
T \av),
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but U is the symbol for the average energy of the system in the canonical distribution, so it really is equivalent to E.

We can then find that Nk
TP TPV = NkaT
T % v Bl

This mostly illustrates that we've defined the pressure correctly, but what's more useful is to try arriving at these

results using the canonical distribution. We care then about the partition function, which we'll now explicitly calculate:
1 2
_ —B > B /2m
Z N Z e ,
{pi}
where the 2 is the Gibbs factor and

. 2mh

pi = T(nix: Niy, ”/z),

for integers njy, njy, niz and a cubic box of length L (which we'll take to infinity eventually). We can convert this sum

into an integral for large L to get

— L 3N1/Hd3p,eﬁ2,ﬁ?/2m
27h NI / ! '
If we do a similar change of variables p; = v2mkgT ii;, then
Z= \/N(zkaT)W?/H dPue.
(2wh)3N NI ;
We can do the Gaussian integral, which is unitless, and we end up with a final answer of

VN 1 3N/2

From here, we can extract the free energy by using Stirling’'s approximation: we arrive at

F=—kgTInZ=—NkgT In ((G,D (W)) '

We can now confirm that

po_ Gi _ NkgT
n ov )+ v
which is the right answer, and the entropy S also works out to the correct value we calculated above. At the end of

the day, this means that using the microcanonical and canonical ensembles give us the same values for these “average

extensive quantities,” which is what we expect.

13 September 30, 2020

First of all, those of us who haven't completed the course survey should do so as soon as possible so that “what is
most helpful for the majority of the class” is most clear. And to make a quick note about last lecture: in the ideal gas,
the canonical and microcanonical distributions giving us the same results wasn't a coincidence. We should expect this
kind of behavior to work for statmech systems in general, because the energy is almost always peaked sharply around
the mean value.

Today, we'll be talking about (classical) non-ideal gases at a very high level. The first step for doing this is writing
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the Hamiltonian for our gas of atoms via

p?
2m

i (2

where the potential energy of interaction U({g;}) could have one-body, two-body, or other interactions. To start, we'll

) +U({a}),

assume the system can be treated classically — then our partition function will look like
N
7 = A/H(d3p,-d3q,-)e_5"’(p'q),
i=1

where A is some undetermined constant when we're working within classical mechanics (because we don't have a

well-defined “spacing” in phase space). But if we treat this classical system as an approximation to the underlying

3N
NEYERS
NI\ 2mh
1

where 77 comes from the Gibbs factor, and the other term comes from the uncertainty principle (atoms cannot be

quantum system, then

found infinitely close to each other).

Remark 78. To explain the (2mh) factor in situations where we don't just have a fixed spacing between allowed
eigenstates, the idea is that we are putting our system into a large box, and ultimately the system will not depend on

boundary conditions very much for large volumes.

If we know the form of U, for example if we know that atoms interact via the van der Waals interaction, then this
partition function Z (and its derivatives and related quantities) can tell us lots of important information about the
system, like its pressure or entropy. (However, in practice, having to do a large or infinite number of integrals for an
integrand that can’t be done exactly can be very difficult.)

We can solve half the problem completely generally for any system of this form, though, because given a Hamiltonian
H of the form above where the potential energy U doesn't depend on the momentum, we can separate out the
exponential e into two terms. And we can do the momentum integral, which will always be the same as that for
the ideal gas — this term always factors out. So we can deal with the kinetic energy component of the Hamiltonian

for all classical systems at the same time, which we will do right now.

Z= A/H(di‘p,)e—ﬁﬁ?/zm/H(d3ql_)e—ﬁu<{@}),
i i

and if we define Zy to be the partition function of the classical ideal gas (where U = 0), which is

Zo = A\/”/H d3pie P 2ipi/2m,
,,

So now

then the non-ideal gas must be written as

1
7_ WZO/H dBqePulad) |

Rephrased, this means the kinetic and potential energy contributions to the free energy completely separately:

1
\/N/Hdsq/.eau({q,})] '

F=—ksTInZ=Fo—kgT In

44



where Fo = —kgT In Zy is the free energy of the classical ideal gas.

This kind of calculation is only an artifact of the classical treatment, though — it’s not true in quantum statistical
mechanics! This is because the partition function there looks like

Z = Z e PE = Tr(e_ﬁpl),
n

where H is the Hamiltonian operator, and we can't separate the exponential in the same way because p and § do

not commute.

This will come up again when we study quantum ideal gases, and then we'll be able to think about “when we
can treat atomic motion as being classical.” Essentially, classical statistical mechanics says that we can separate
out thermodynamical properties from the dynamical ones, while quantum statistical mechanics says that they are
“intimately linked.”

So now if we look at the special case where U is a one-dimensional integral (for example, if the whole system is
in some external potential), we can do the integrals separately and see how it gives us an explicit partition function.
We'll do this calculation at some point later in the class, for instance for a harmonic oscillator potential. (It isn't too
difficult, because the integrals end up being Gaussians.)

For now, we're going to use the formalism we've been building up to arrive at the laws of thermodynamics.

Proposition 80 (Zeroth law)
If two systems As, A> are in thermal equilibrium with a third system B, then they are in equilibrium with each

other.

This is a statement that is “almost obvious,” in the sense that we've been considering a lot of systems attached
to external systems where only energy can be exchanged. Then the condition for equilibrium is that temperatures are
equal between A; and B, and also between A, and B, so it seems like we then must have A; and A, at equilibrium
because their temperatures are the same.

But we could ask what happens if other things are allowed to be exchanged as well (for example, some volume can
be transferred into or out of A; from B, instead of just heat). To deal with this case, we can repeat the derivation
by looking at the maximum density of states for the joint distribution for our system, and we find then that we must
have an additional condition about the partial derivatives %, and that tells us then that the pressures must match.
So this means we have an additional condition on top of temperature, and this should make sense to us: if two gases
are in a box with a partition between them, the partition can only stay stationary if the pressures are equal on both

sides. And then equality of pressure is transitive, so the zeroth law holds analogously.

Remark 81. The laws of thermodynamics were established before statistical mechanics, so it was harder to find solid

reasoning for a lot of them back then. But now hopefully those laws are easier to justify from our point of view.
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Proposition 82 (First law)

Energy is conserved; specifically, the change in the total energy of a system can be written as
dU = —-PdV + TdS.

Here, —PdV is known as the work done, and TdS is the increase in heat (corresponding to random internal

microscopic motion).

Proposition 83 (Second law)

For a closed system, we have i’,—f > 0.

We'll reiterate the calculation we did a few lectures ago to justify this law. Again, consider two isolated systems
A1 and A, that are initially separated and in internal equilibrium, and then we bring them together and allow energy to
flow. Initially, if the total energies of our systems are E? and ES, then the densities of states are Q;(E?) and Q(EY),

respectively, and thus the total initial entropy is
S? = kg InQ;(E?).

But now if we bring A; and A, in contact with each other, then the probability distribution of the joint system will
evolve from the initial distribution to its final equilibrium distribution, and this process will occur so that the sequence
of states traversed runs through more and more probable distributions of the total energy as it approaches
equilibrium. (Here's where ergodicity is being used, but we're really assuming that when we ask for the microcanonical
distribution to work in the first place.) Then the probability that A; has energy E; and A, has energy E;, given a
constraint on the total £y + E; = EY + E3, is proportional to Q;(E£1)Q2(E>), so the value of

Ql(El)Q2(E2) = el/kB(Sl(El)+52(E2)

must be maximized in the final equilibrium state, meaning that entropy indeed (almost) never decreases, especially in
the thermodynamic limit.

We can consider this setup in another way as well: suppose we have two systems A; and A, in fixed volumes next
to each other, and then the heat absorbed by system a € {1,2} is

AQa = Efoz - Eioz

(the final energy minus the initial energy when a system is at a fixed volume). We know we must have AQ: +AQ> =0
by energy conservation, and let's consider the case if we only have an infinitesimal amount of heat transferred. Then

the change in entropy of system A, is

054

dQu
oE. Q=77

Sa(Era) — Sa(Eiar) =
E|lpha=E;o TD‘

This means that if the total change in entropy of the combined system is nonnegative as the second law suggests,
then (using the fact that dQ; = —dQ>)

dQ;  dQ» 1 1
- — > — | >
o, 20 = dQ1<T1 T2>o.

In other words, if T, > T; > 0, then dQ; > 0, meaning that heat flows from the hotter to the colder body, as we

46



expect. (This has implications for systems like heat engines, but we won't cover those in this class.)

Proposition 84 (Third law)

For every macroscopic system, the entropy per particle limpy_ s % goes to 0 as the temperature T goes to 0.

This statement cannot be true within classical statistical mechanics, since we only know the entropy up to an
additive constant, so we cannot know its exact value at T = 0. So the justification needs to come from quantum
statmech arguments. The idea (that we're not explicitly proving) is that quantum systems with a large number
of particles has a unique ground state, or at least one with a small degeneracy g. As T — 0, our system then
settles into a ground state (because e PE» goes to 0 as 3 — c0), so

0 nis an excited state

Pn =
L1 pis one of the g degenerate ground states.

Then
S=key_ palnp,=kslng,
n

so the necessary condition is that lim N — oo'”Wg = 0 (meaning g just needs to grow slower than exponential in N). And
this is a reasonable thing to believe generically (we won't have exponentially many ground states in typical systems).

Remark 85. The third law is an empirically correct statement — when we have symmetries that create degeneracy in

our systems, we will indeed see that g grows much more slowly than exponentially in N.

14 September 2, 2020 (Recitation)

One topic of today's class is heat engines and the second law, but we'll start with a few clarifications of recent
material first.

First of all, we know from classical mechanics that the pressure is defined as

Sl

p— ﬁ )

P
A '

where 77 is the normal vector to our area A, and this can be rewritten as

where we need to make sure the change in energy comes from changes in volume, not transfer of heat. And if we do

this process slowly, we can rewrite this as a derivative at constant entropy — (2—5)5, because the change in volume

dV = Adx. Remembering that dE = TdS — PdV/, we find that

dF = d(E —TS) = —SdT — PdV,

oF
P—‘(av)T'

So we can measure pressure at constant temperature or entropy — it depends on whether we're looking at the free

so we can also define pressure as

energy or the energy, but this explains to us why we often like working with F. (Keeping a system at constant
temperature is much easier than doing so at constant entropy.)
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Remark 86. One way of thinking of the free energy is a way of quantifying how much energy we release (as heat)
when we let our system settle into its ground state — it accounts for the fact that certain energy states might have
more entropy than others.

Specifically, if the change in entropy is

ASuniverse = ASenv + AS,

some of the change in entropy comes from heat transfer and others from the entropy of our excited states, so we can
rewrite this as

AE
=——+AS=A(In2),
-
which is a constant times the change in free energy F = —kgT In Z. So maximizing entropy is related to minimizing

the free energy.

So now let's look back at pressure and connect it to the derivation from class: we said that

()%

where “constant entropy” essentially that “we keep the probability distribution the same.” This can be rewritten as

w(Ene) - ().

o

since we're claiming that the p,s are just constant here, meaning we can pull the derivative out of the sum.

Remark 87. Quantum mechanically, justification for doing this comes from the adiabatic theorem in quantum me-
chanics, which says that slow enough evolution does not have us jump between eigenstates. And in the classical

description, even if the Hamiltonian changes slowly with time, we can use Liouville's theorem to “trap” our states.

Note that this is a different derivation from the one we did in class, in which we said that the canonical distribution

allows us to do an explicit mathematical calculation:

o e PEBE, 1 (0Z\ _ [(OF
~ L7 v pz\av),” \av),

Let's clarify what the zeroth law means, and why it actually historically only refers to temperature (not other

variables).

The idea is that this is the only postulate we actually need to assume — statements like “if two systems can
exchange volume, then they must settle at the same pressure” is a basic property of Newtonian mechanics. The idea
is that being at thermal equilibrium (that is, no longer exchanging heat) is a transitive property — we can think of this
as saying that if a thermometer A is in equilibrium with a system B, and also with a system C, then B and C must
actually be in thermal equilibrium if we put the two next to each other. This was something that we could observe but
not prove (without understanding things at the microscopic level or knowing what heat is), and it's why the zeroth law
exists as a postulate. Then we can define temperature by looking at the equivalence classes of thermal equilibrium.

On the other hand, pressure is already a well-defined quantity — there's no “mysterious process of heat,” so there

is no law to posit.
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Fact 89
A final clarification before we talk about heat engines: the first law of thermodynamics is basically conservation

of energy, and basically all energy we know of can be written as work.

This means our “mysterious heat” is written as
AQ =AE - AW = dE =daW +adQ

The reason for the notation of @ here is that work W and heat Q are not state variables — the amount of work a
system does when it transfers between two states depends on the path. And if we have a quasi-static process, we
can write
aw =" JidX;,
i

where the X, represent extensive properties of our system, like volume or length or area, and the J; represent intensive
properties, like pressure or force or surface tension. (So an example of a pair (J;, X;) is (F, L), or (g, A), or (—P,V.)
And we need to keep in mind that some of these pairs have negative signs, like in the expression —PdV/, and that
can be thought of as "what happens when we put energy into a system.” Essentially, we can think of J;s as the
derivatives of energy with respect to the X;s.

And now we're ready to look at heat engines, and it'll make sense why we treat the TdS term in a special way

when looking at changes in energy.

Example 90
Consider two heat reservoirs at temperature Ty and T¢: is it possible to use this temperature difference to do

useful work?

During the Industrial Revolution, there were important practical considerations about how efficient systems could
be. Any heat engine takes in some heat Qy from the Ty reservoir and expels some heat Q¢ from the T¢ reservoir
(we can assume the temperatures Ty and T¢ stay constant because the environment is big), and in the process we do
some work W. So then we know that

W+ Qc = Qn,

and we want to maximize the efficiency of our energy

W, Q
Qu Qu’

On a microscopic level, the second law of thermodynamics makes sense, but from a macroscopic perspective, we

n

basically have to postulate the second law in some way. From here, Kelvin formulated (1) that 7 < 1, while Clausius
claims (2) that if W = 0, then Q¢ > 0 (we can't transfer energy from a cold place to a hot place). Both of these
statements really tell us the same thing, which is that "heat flows from hot to cold.”

Proposition 91

Kelvin's law and Clausius's law are equivalent.

Proof. To show that Clausius’s law implies Kelvin's law, suppose that the latter is false. Then we can construct an
engine that converts heat directly into work, and then we can use that work to move some heat from the cold system
to the hot system, which means Clausius's law is not true.
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On the other hand, suppose Clausius’'s law does not hold, and we can transfer some amount of heat Q from the
cold reservoir to the hot reservoir. Then we can run another (possibly inefficient) heat engine so that the heat going
in and coming out of the cold reservoir amounts to 0, and the net effect becomes that all of the net loss of energy

from the high-temperature reservoir gets made into heat, which breaks Kelvin's law. O

Example 92

Consider a Carnot engine, which is a specific example of a reversible heat engine.

We perform the following steps, starting from some point in a diagram that tracks our pressure P versus our

temperature T, and ending up back where we started:
« Isothermal expansion (by taking in some energy)
+ Adiabatic expansion (no heat exchanged),
+ Isothermal contraction (by expelling some energy),
+ Adiabatic contraction (work is done on the gas, but no heat is exchanged.

If we do all of these steps very slowly, so that we're always in equilibrium and doing work in a reversible way, we

would be able to reverse this whole process. This means that we have a reversible process here.

Proposition 93

No heat engine between temperatures T¢ and Ty is more efficient than the Carnot engine.

Proof. Suppose we have a hypothetically more efficient engine than the Carnot engine. Then we can use the more
efficient engine’s outputted work to run the Carnot engine in reverse, and that means that we could use less heat
Qc than the Q- that is drawn by the Carnot engine. And this means that we're sending net heat from the cold
temperature bath to the hot temperature bath, breaking Clausius’ law. O

In other words, reversible heat engines must all be at max efficiency, and thus we can define the maximum efficiency
for our engines as 1(Ty, T¢) just by looking at how the Carnot engine does.

And if we now consider a tiered heat engine system, so that one Carnot engine works between temperatures T3
and T, and another works between temperatures T, and T3, chosen to run at a rate so that the neat heat flowing into

the T> bath is zero, we'll notice that
R2=Q1(1—n(T1,T2)), Qs=Q21—n(T2,T3)),
and substituting values in yields
=Q1(1 —n(T1, T2))(1 —n(T2,T3)).

But the joint system is also a Carnot engine between T; and T3, so this expression is also Q1(1 — n(T1, T3)). Thus,
defining F(Ta, Tg) =1 —n(Ta, Tg), we have

F(T1,T3) = F(T1, T2)F(T2, T3),

and this implies mathematically that
f(Te)

F(TA,TB) = f(TA)
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for some function f. And now we've gotten back to the idea of defining temperature — we know that we have some
freedom in our definition of temperature beyond just having equivalence classes, so we can choose f(T) = T. (We
know f(T) must be increasing as function of T, or else we end up with weird results if we are allowed to combine
heat engines and get net effects of heat being transferred from lower to higher energies.) So this tells us what the

efficiency of our heat engines looks like:

Remark 94. We have a physical understanding of what “temperature” looks like, beyond the microscopic definition or
this weird definition in terms of heat engines: another way to define temperature is to look at an ideal gas and consider

(experimentally)
PV
T=lm —.
V—o0 NkB
It turns out this new definition is equivalent to our currently existing definitions, and we do this by running the Carnot

cycle on an ideal gas and calculating the resulting efficiency. So this is indeed temperature as we know it.

In general, if we have a non-reversible engine, we know that we must have

Q T
Qn ~ Th
(a general engine must have lower efficiency), meaning that

Qe Qs

Tc Ty — '

And now this is starting to look like the second law of thermodynamics: we know that we could associate these with
entropy changes if we had a reversible process. (And we can think about the least efficient possible heat engine as
well: if Qc = Qu, meaning that we do no work, we do indeed get a nonnegative quantity on the left side.) We can

generalize this equation some more:

Theorem 95 (Clausius)

The heat inputted into a system over one cycle satisfies
aq
— <0.
% T -

Proof. Consider a heat bath at a constant temperature To, and suppose our system is at some temperature T (which

can change over the cycle). This heat bath will put some heat dQr into a Carnot engine, which does some work @dW
and puts some heat dQ into our system. Over a cycle, we know that

.
AQR :fa'QR :f?‘)m

because we are working with a (maximally-efficient) Carnot engine. Now Kelvin's law tells us that AQgr < 0, because
we can't just convert heat to work (there's no bottom bath, so after the engine runs in a cycle, no heat can be expelled

to a different bath. And therefore - 40
0
—dQ < — <
f v QR<L0 = 7{ T+ <0,

as desired. O
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If every step here is reversible, we can run this argument in reverse as well, which proves that

aQrev_
=

15 October 5, 2020

Our quiz has been graded and returned to us. (Because of the shared Dropbox folder, it couldn't be returned by
Canvas, so we should check our email.) The last part of the first problem was supposed to be the most challenging
part of the quiz, but hopefully the rest of it was reasonably straightforward for us. (Looking at grading, most of us got
those parts correct, and we did pretty well as a class.) A lot of students mentioned that the quiz took much longer
than one hour, though.

One other logistical comment comes from the results of the survey sent out last week. Specifically, in response
to “what comes in the way of doing well in this class,” the majority of us said that it was difficult to find time to do
Jjustice to this class and also handling other expectations from other courses and responsibilities. For first-year graduate
students, this may not be something specific to remote learning, but it is definitely a difficult transition. The main
suggestion here from Professor Todadri is to “get the coursework out of the way” — since there are no qualifying exams
being offered on entry, it makes sense to focus on coursework so that the second semester can focus on research.
(And for the undergrads in the class, we're taking this voluntarily, so we should make the most of it.)

The other point that was getting in the way of the course for many people was finding it difficult to focus given
what's going on in the world. And the main suggestion there is that structure is particularly important for our lives —
forcing us to focus on work can help us avoid the news. (What this means is that our homework load will basically be
the same as it would be in a non-virtual setting.)

We'll start the physics today with some comments on the third law of thermodynamics. Recall that the idea is that
every quantum system with a large number of particles N has a unique ground state or a small degeneracy g < N,
so that when T — 0, our system will settle into (one of) the ground state(s) because of the canonical ensemble

calculations (B goes to infinity). Then the probability of occupation at T =0 is

0 nis an excited state
Pn =

é n is one of the ground states,
and therefore the entropy is

S:kaZp,,lnpn:kglng.
n

Therefore the entropy per particle % of a quantum many-body system goes to zero as N — oo, and this is the

third law of thermodynamics we're working with.

Remark 96. Remember that we can only make this statement in the quantum statmech situation, because S is only
defined up to additive shifts in the classical case. And if we want to compare different systems, the arbitrary additive

constant can be different in the classical case, but not in the quantum one.

We're working with this third law at the level of “it's reasonable that this happens:” any special degeneracies of the
ground state should be lifted if our Hamiltonian is generic enough, or if we perturb any “accidents” that come up from
an accidentally degenerate Hamiltonian. And the third law holds empirically, so we want to understand how to use it.
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We know that we can compare the entropy difference between two different temperatures by integrating a quantity
related to the heat capacity (which we can measure). And the idea is that this allows us to actually compute

the entropy T, because we know the entropy at temperature 0.

There's a small subtlety with this approach — in order to use this result, we need to make sure equilibrium as been
reached. But as we go to lower temperatures, equilibration times can become very large (in the limit T — 0). So
the relevant question for us is how small the temperature T needs to be before the entropy becomes sufficiently
small, and this depends on the system we're working with.

Example 98
Consider a solid with atomic nuclei having nonzero spin (say 1/2). This solid also has electronic degrees of
freedom, either in moving around in a metal or from spin degrees of freedom. Then the nuclear spins are very

weakly coupled to the electronic degrees of freedom, and also to each other.

For example, the strength of the hyperfine coupling in Hydrogen is related to the famous 21 cm line, and the
differences are indeed very small in comparison. The point is that each nuclear spin talks to everything in its environment
very weakly, so even down to very low temperatures the nuclear spins may remain disordered. At some temperature Ty,
the entropy of the other degrees of freedom, like electronic excitations or translational degrees of freedom or lattice
vibrations, have settled down and become negligible. And if the nuclear spins (which we're assuming to be 1/2) are
completely disordered, and we have N nuclei, then the entropy in the spins is So = NkgIn2.

So the entropy must go to Sg as T — Tg, and then once T drops below Tq, those weak interactions will eventually
order themselves, leading to a final loss of entropy, so that S — 0 as T — 0 as we expect. So the idea is that we'll
forget about nuclear spins (because they're weakly coupled compared to whatever we're actually trying to probe), and
the “practical form” of the third law is that S — Sy as we decrease T but still keep it larger than Ty.

Proposition 99

The third law implies that heat capacity C, = (g—u)v goesto 0 as T — 0.

Proof. We know that changes in energy are related to changes in volume and entropy by the equation

dU = —-PdV 4+ TdS,

ou 0S
Cv= <8T>V_T<8T>v

(because dV = 0 when we take these derivatives). And now if we integrate C—TV we get the entropy difference between

SO

different temperatures, as mentioned, and if S goes to a constant (possibly zero, but it doesn't matter if we do
something like in the above example), then T (%)V must go to 0 as long as our derivative is well-behaved. O

(@), = (awn).

and then we're saying that S, if we treat it as a function of In T, goes to a constant as —InT goes to infinity. We

We can also write

can similarly show that the specific heat Cp = T (%?)P at constant pressure, as well as the the thermal expansion

coefficient ($%) . go to 0, but we won't show that here. We can try deriving this on our own.

53



Remark 100. We can check that in a polymer (like on our quiz) or in other materials, it's possible for ( ) to be
negative, because systems can have more entropy when coiled than when stretched out. (This is sometimes called an
entropic force, and this comes up in many situations.)

We're going to shift gears now to a concrete example, so that we can illustrate the use of the canonical ensemble.

Example 101
In a “classical” ideal gas, the translational motion of atoms or particles is classical, but the internal motion within
those particles may not be classical.

We'll start by proving an important result from classical statistical mechanics. To start, let x; be any of the p; or

g; degrees of freedom in a system, and consider
oH d3q;d® aH
(5¢) =z T G ™"
X N Z (2mh)3

0 BH
@XJ _.Baije ,

oH ksT Pad®p 0, sy
(550 ) =~ N'Z/H R

We can now integrate this by parts — we put the x;-derivative on the x;, and that gives us
_ keT /H d*qid® Pl o—BH
N'Z (2mh)3 bye

(The boundary term is gone, because e P makes those contributions negligible. We can object about the potential

and now

meaning that

energy not being large at the boundary, but in any case these are boundary calculations which will not scale with N in
the same way. We're going to apply this to Hamiltonians that are quadratic in the p and g, anyway.) So now the x;

is either p; or g;, so we'll specialize to two certain situations: if x; = x; = p;, we find that

OH
i =kgT
<P ap,-> B

(because this integral defines the partition function and we cancel out the Z in the denominator), meaning that

PN _ keT
2m 2

This means we can, for example, calculate the average kinetic energy in the x-direction for our system for a single

particle. And now let's specialize to Hamiltonians of the form
p

H= .
220

which is a generalized simple harmonic oscillator. (This is a good approximation for systems that are near their

i

minimum potential energy.) Then we find that

(H) = Z<2p;> +;Zuij<Qqu’>,

]
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and now we can use the fact that oK
<qiaqj> = u;{(qiq;) = 6ijkaT.

Therefore, we find that

1 3NksT
,Zj EUUW/‘%‘) =

and putting together all of our calculations leads us to the following result:

Theorem 102 (Equipartition theorem of classical stat mech)

Each quadratic degree of freedom contributes % to the total energy:

(H) = 3NkgT.

In particular, this tells us that the heat capacity is C,, = 3Nkg for such a system C, at least within classical
statistical mechanics. And this is important because we can calculate a measurable quantity — the specific heat — for
a broad range of Hamiltonians. But perhaps we should be worried — this seems to mean that if we make a model for
a single atom, where we just have an electron moving in a quadratic potential around the atomic nucleus, we might
be able to keep adding more degrees of freedom and considering internal motion at various energy scales — when do
they contribute to thermodynamics? And this concern was only resolved through quantum mechanics — this was one
of the spots in pre-quantum physics where people realized the theory had serious structural issues.

Next class, we'll see how quantum mechanics helps us resolve this, and then we'll look at some more examples.

16 October 7, 2020

An extension has been granted for problem set 3 until Friday at noon, and the next problem set will be due on
Wednesday instead of the usual Tuesday. Next Monday is a holiday (Indigenous People's Day), so we won't have
class, but Tuesday will follow the Monday schedule. (So we'll have classes on Tuesday and Wednesday next week, and
recitation on Friday as usual.) Office hours are adjusted accordingly — there was also a request for additional office
hours, so there will be a new one added on Thursdays, either in the morning or evening.

We'll continue to examine the “classical” ideal gas today. Last time, we discussed the classical equipartition theorem

for quadratic Hamiltonians, which holds when we have
NPl
H= Z 5m T 5 Z uijqid;,
i ij

where we're summing over the degrees of freedom. What we found then was that (H) = U = 3NkgT, meaning that
the heat capacity is C = 3Nkg: one way to state this equipartition theorem is that “each quadratic degree of freedom
contributes % to the total energy.”

This theorem doesn't hold in a quantum description of the same system, though — if we have a system like

2
_ P 15 2
H—Z%+§mw Zq,'.
meaning we have 3/ identical simple harmonic oscillators, then each oscillator has a spectrum E, = (n,- + %) fiw, and

now we can calculate the thermodynamic properties by looking at these energy levels.
First of all, because the oscillators are decoupled, the total partition function is the partition function of a single
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simple harmonic oscillator, raised to the 3Nth power:

o 3N

7 = Z e—ﬁ(n—&-é)ﬁw) )
<n0

Remark 103. We don’t include the % Gibbs factor here, because we're thinking about a situation where the 3N

oscillators are all distinguishable (they sit in different orientations in phase space). This is different from having two

electrons which can be swapped around because they are completely indistinguishable.

This inner term is a geometric series:

e—ﬁﬁw/2

o0
Zswo =Y e B(n+3) gBh/2(1 4 g=Phw 4 o=2Bhw 4y _ T

n=0
Therefore, the internal energy of a single simple harmonic oscillator is

5] hw — hwe P
Usho = — 5z In Zsho =

6 2 tT e
The first term here is the ground state energy, and the second is the energy of our thermally excited states (since the
harmonic oscillator can be in each of those higher-energy states with some probability). And the internal energy of
the whole system of simple harmonic oscillators is the sum of the individual internal energies.

Next, we can also find that

C . dUsho — fiw 2 e Bhw
MO g~ "B\ ksT ) (1 — e Phw)2

This is a complicated expression, but we can understand it by looking at the limits of high and low temperature. When

we take T — oo, we have T > ﬁ—‘;’ and B8 — 0. So the numerator of the last term can be approximated to 1, and we

keep the first two terms of the expansion of e ™™ ~ 1 — Bhw in the denominator. This gives us

fw \? 1
C T ~kg| —=| ——— = kg.
sHo(T — o) =~ kg <kBT) Bray ke
This is indeed in agreement with classical equipartition. But in the limit T — 0, we have T < Z—‘;’, and we have

B — 00. So then the denominator of the last term goes to 1, and what we end up with is

2
Csho(T — 0) = kg (/::;_) e P
The blowing up of the ,g—“’T term is less significant than the exponential decay here at large 3, so this expression goes
to 0 rapidly. But now this second result is in disagreement with classical equipartition, and this is happening
because we have discretized energy states. To understand that, notice that when kgT > fiw, the differences of energy
hw are negligible compared to our energy scale, so we get our classical result back again. On the other hand, when
ksT < hw, levels are very pronounced, and we have very low population at any excited energy states. In fact, the
probability of occupation satisfies
'ZEZ z é; = e Mw/keT « 1.

So it's only the ground state that is substantially occupied, and there is very little thermal energy in the system. We
expect then that Csyo should go to zero when kgT < hw, and this is the regime where classical equipartition fails.

(In words, at low temperatures, we need very little heat to increase the temperature.)
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Fact 104
If we graph Cspo versus T, the value starts at 0 at T = 0 and approach kg as T gets larger. And the other way

to look at this is that below the scale T = Z—: our heat capacity starts to drop noticeably.

And this also helps us turn to the question of “why we don't care about internal degrees of freedom” (for example,
if there are moving parts inside an atom or molecule). Classical equipartition would tell us that we should get an
order-1 contribution from each of these, giving us an infinite heat capacity if we keep looking deeper, but quantum
mechanics tells us that we suppress contributions of modes with arbitrarily high energy scales (we can assume
those degrees of freedom have settled into their ground states, and we just focus on things active at the temperature

we're working with). This resolved some of the 19th century issues with classical statistical mechanics.

Example 105
Let's consider the specific heat of a diatomic gas, which is something that could be measured in the 19th century
but not properly explained by statistical mechanics. We'll assume the two atoms in the molecule are distinct (like

carbon monoxide).

Such a diatomic molecule has various degrees of freedom: translations of the whole molecule, rotations of the
molecule axis, vibrations of the two nuclei about their mean separation, and excitations of the internal electronic
structure. But the electronic excitations tend to have a high energy — the energy scale in a small molecule is on the
order of an electron-volt (eV), but we're considering the diatomic molecule at temperatures around room temperature.
And an electron volt corresponds to 10% Kelvin (since 1% ~ 10* K), so experiments at order room temperature (give
or take an order of magnitude) will treat 10* Kelvin as a huge number. So we’ll forget about electronic excitations
completely here, for the same qualitative description as we described in the SHO just now.

Our molecule is then essentially two balls connected with a spring, and what matters to us at our given temperatures

is the nuclear motion. This means we can write the Hamiltonian of our diatomic gas as
H=H:+H,+ H, + He,

corresponding to translations, rotations, vibrations, and electronic excitations, respectively, and use that to get our
partition function
=2:2,2,Ze.

+ By assumption that we're working at kgT < (electronic excitation energy), we can set Z, to a constant 1.

+ We can now look at the rotational Hamiltonian, which corresponds to the rotation of the vector connecting the

center of the two atoms. Then .
L
==

where L is the angular momentum of the rotations, and / is the moment of inertia. Then remember that [2 has

H,

eigenvalues £(£+ 1), where each £ € {0,1,2,---} has degeneracy 2¢ + 1. Therefore, our rotational energies are

L+ 1)

E
" 2/

with (2£ + 1)-fold degeneracy, and now we can calculate the partition function

—ph2e(e+1)

Z, =) (2+1)e = .
{=0
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Instead of calculating this explicitly, we'll look at the high and low temperature limits directly. If kgT < g—j then
only the £ = 0 state will be occupied, and our partition function will be approximately 1. (At small temperatures,
the corrections are exponentially small, so the heat capacity contributions are exponentially small as well.) On
the other hand, when kgT > g—j, many levels are thermally excited, meaning we can approximate with the

classical limit by converting the sum over £ into an integral. Then

0 _gH2
Z(T) ~ / de(2¢ + 1)e =,
0

and we'll change variables x = £(£ + 1) = dx = (2£+ 1)d£, meaning that at high temperaure,

*° 21kgT
Z.(T) %/ dxe PIx/2l = 7h28 :
0

We can also calculate the average rotational energy for high
U(T) = (E;) = keT.

This is again consistent with classical equipartition.

So what matters is the actual energy scale, and for a typical molecule, the spacing between energy levels is on
the order of hTZ which is on the order of 10™* V. And since this corresponds to a few degrees Kelvin, we are
typically working in the limit where kgT > ﬁTZ at room temperature, so we do want to factor in this factor of
kg T into our heat capacity.
« Now we turn to the vibrational Hamiltonian H, as a one-dimensional simple harmonic oscillator, in which
P>

1
Hy = — + Zuw?x?
v 2u+2uwx,

where x and p are the relative position and momenta of the vibration to center-of-mass equilibrium, and u is the

1
En: (n+2) hUJ,

and what matters to us here is the typical frequency of the vibration. It turns out fAiw is on the order of 0.1 &V,

reduced mass. Then we have that

corresponding to 103 K, which is still larger than room temperature. So whenever T < 103K, we do not treat

this vibration classically, and we have Z ~ e #™/2 — no contribution to the specific heat is made here.

And just like we've been doing in this class so far, translational motion is being treated classically. (As long as
our temperature is above the “degeneracy tempreature” that we'll talk about for the quantum ideal gas later in this
class, this is okay.) So we get a factor of %kg from translation, and at room temperature, we ignore vibrational and
electronic excitations, but we treat the rotations as significant, giving us an additional factor of Nkg. This gives us a

final answer of

3N 5N
C—7kB+NkB— 7/(3 .

And if the temperature drops enough, C will drop to %ks when the rotational degrees of freedom become insignificant,

and then further to 0 after that. But that's something for us to study another time.
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17 October 9, 2020 (Recitation)

Today, we'll start by finishing our discussion on heat engines and entropy, and then we'll talk about some ideas related
to the third law and rotational degrees of freedom.
Last time, we discussed Clausius’ theorem, which tells us that over a cycle, the total heat

f@co

Since reversible processes can be performed in the opposite direction, leading to the negative amount of heat being

dQrev
PR

This allows us to make a state variable definition, independent of path taken:

transferred, we must have

Definition 106

The difference in entropy between two states is defined as

B
S(B) — S(A) = /A ‘@.

In particular, this tells us that dS = HQ%. We already know by the first law of thermodynamics that
dE =dw +dQ.

For reversible processes, we have dQ = TdS, and we can write dW = Z,-J,-dx,- (for example, —PdV is one such

possible term in this sum). So then
dE =TdS+ ) Jidx;,

1
where we can have terms corresponding to surface tension or magnetic fields or other state variables. The point is
that this equation must be true even if we don’t take a reversible path — it's possible that dW and dQ aren't equal
to >, Jidx; and TdS, respectively, but their sum must still be the total energy change.

Example 107
Suppose we have a gas in a box, and a divider is lifted up so that the gas can do a (non-reversible) free expansion,

where no heat is transferred

But we can also find another way to expand this gas slowly: if we want dE = 0 at all times,
dE=TdS — PdV = TdS = PdV.

The idea is that we use the gas to push our divider slowly so that heat is transferred, but work is also done. We'll end
up in the same final state, and we can take the work that we've “saved” to push the divider back to the middle of the

box.
And we can say that if we take a (possibly non-reversible) path from A to B, and then we take the reversible path

/BdQ+/AaQrev <o,
A T Jg T

back, Clausius’ theorem tells us that
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and then taking differentials simplifies this equation to

aQ aQ
— —dS<0 = dS>—=0.
T - - T
So this gives us a minimum amount of entropy increase, and in particular if we have an adiabatic process where
dQ =0, we must have dS > 0. (And we've arrived back at the second law of thermodynamics!)
We'll take this opportunity to make a few more connections between concepts of the class. We first defined entropy

in terms of the number of microstates: S = kg In 2, and now we can write out

oS oS 1 P
ds = (8E>VdE+ (av)EdV = ?dE+ ?d\/.

The reason for the equality of the second terms is that P = — (2—5)5, and at constant S, we can rearrange our
partial derivatives as
85 85 OE &
0=4dS = <E> dE + <> v = <) = f(gg)E_
0E ), oV ) g oV ) (aT)v
Plugging in our definitions, this means
as
&)
1/T
(And this is the “cyclical property” of partial derivatives: (55), (%), (3%), = —1.)
Rearranging, we find that ) )
ds = ?(dE + PdV) = ?((C'J'Q +adw) + PdV).
In a reversible process, we know that dW,., = —PdV/, so as long as the work is being done reversibly, this equation

above reduces to dS = ‘?. But in general, we have AW > —PdV for a not necessarily reversible process, and this
gives us dS > ‘?. (We can think of the right-hand side of this inequality as “how much entropy the bath loses in heat
transfer.”)

Our next topic will be the third law of thermodynamics — remember that classically, we can’t find the exact value

of S, so the formulation of the law in a classical setting is
lim S(T, x) = constant.
T—0

(In other words, if we cool down a system, the entropy goes to a constant which doesn’t depend on the volume or
pressure of our system.) In particular, this tells us that

oS
lim () =0
70\ Ox ) +
for any other variable x. Then we can say that

S(T.x) — S0, x) = /OT ((‘Zi)x JT = /OT ng) JT,

where C,(T) is the heat capacity at constant x. And we know that integral is finite, so we must have Cy(T) — 0 as

T — 0 so that the integral doesn’'t blow up.

And now with this behavior of heat capacity C, in mind, we'll try to relate Cp and Cy to each other. First, if we
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use V' as our variable x, we can take the equation
dQiey = TdS = dE + PdV,
and we can check that the heat capacity at constant volume is

ereV as aE
&= (%r),=7(),=| (),

4

because at constant volume, we have no work and thus no PdV term. Similarly,

AQrev . oS
o (5),7(2),

But TdS = dE + PdV, so we can rewrite this as

~\oT /), oT )5’

and now we know that because E is a function of V and T, which we can vary independently,

lol= oOE OE OE lol= oV
qE = (ar)vd”(av>TdV = (ar),r (ar)ﬁ(av)T(m)P

(where we've essentially “divided by dT at constant pressure”). At this point, we can substitute the blue expressions

to find that
o0E o0E 15)% oV
= 7= = (%= Pl—=) |
cr <6°T)V+(6V>T<6T>P+ <8T>P

Substituting in our expression for Cy above gives us

OE ov
c=cor((57), +7) (57). |
OE

For an ideal gas, we have (W)T =0, and (%)P = % because PV = NkgT. So ideal gases satisfy

|Cp=Cy+ Nksg|

We expect both Cp and Cy, go to zero as T — 0, though, so that means that one of the two red terms should go to
zero, and the ideal gas approximation is not valid at zero temperature. (We'll soon see that both of the red terms
vanish, to0o.)

Remark 109. What's breaking down in our classical formulation is that we can only derive something like PV = NkgT
from the classical Hamiltonian of an ideal gas, and the system is not described well at low temperature by this
Hamiltonian. But the other arguments with derivatives are general and work for basically any system.

To bring this back to the third law, we can write S as a function of V and T to find

0S oS oS oS oS o\
a5 = (ar)v"” (av)#’v = CP—T(aT>P—T(aT)V+T(av>T(w>P

(where again we've "divided by dT at constant pressure”). Substituting in this time gives us
oS oV
Cp=C T | =— — .
a7 (@), (57),
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So we have two different ways to relate Cp and Cy together, and in fact the “correction” error terms needs to line
up. But in this latter case, it's more clear that the correction goes to 0 as T — 0, because we have an explicit T term
showing up.

We can notice that the expansivity term (B—V)P shows up in both red terms, and we're interested in how it behaves

aT
as T — 0. Notice that
dE=TdS—-PdV = dG=d(E-TS+ PV)=-SdT +VdP,
where G is the Gibbs free energy. This is useful for us because it leads us to a Maxwell relation: taking the mixed

(7).~ (@),

And since S goes to a constant as T — 0, S cannot vary as a function of P in the limit, and therefore this is indeed

partials of E in either order gives us

@ (as long as we ignore smoothness concerns). Maxwell's relations (which we get by taking mixed partial derivatives)
may not be super intuitive, but their point is to give us connections between different state variables changing in

different ways.

The point is that we can describe a system like an ideal gas with any two variables, even though we have variables
P,S, T,V,E,G and so on. So that gives us a lot of connected constraints, and that's why we work with so many
partial derivatives. (And if we introduce new variables in pairs, like the number of particles and chemical potential,
that will usually give us two more variables, but only one more degree of freedom. So we will always have added

structure in that sense!)

We'll finish this recitation with some small comments. First of all, we'll talk about rotational degrees of freedom
— suppose we have N atoms, meaning that we have 3N position degrees of freedom (along with their conjugate
momenta). We can track the number of translational, rotational, and vibrational degrees of freedom in the following

table:

# atoms
1
2

3 collinear

w o<

3 non-col.
N > 3 collinear
N > 3 non-col.

3N -5
3N -6

w wwww w|y
W N W NN oD

We can confirm that the sum always adds up to 3N, but we can explicitly check in each of these cases where
each of the translational and rotational degrees of freedom are coming from. If we're in the classical limit, we know
that translational and rotational degrees of freedom each contribute %kBT to the total energy, while the vibrational
degrees of freedom each contribute kg7 (because we also get energy from the momentum, since we have a harmonic
oscillator). For example, when we write down the rotation Hamiltonian for the non-collinear case,

1/12 L2 (2
ot 2</X+/y+/z)'

we're doing this in body-fixed coordinates (meaning that L, is always referring to the same type of rotation with
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respect to the object /). On the other hand, we often write down the rotation Hamiltonian for the collinear case

1

— 12
2/

Hrot =
in space-fixed coordinates, because everything is in a line and the orientation doesn't matter. The point is that
quantizing the collinear Hamiltonian is much easier than doing so for the body-fixed non-collinear Hamiltonian, so we
need to be a lot more careful in the latter case.

Finally, let's consider an adiabatic expansion of an ideal gas to connect some of today's topics together: since

energy can be written as a(PV) for some constant «,
0=30Q =dE —dW = ad(PV) + PdV.

This tells us that
aVdP + (a+1)PdV =0,

or

dP  a+1dV
“P e v
and therefore PV is a constant, where v = O‘T“ And if f is the number of degrees of freedom that we have in our
a+l ff+2 Cp

a f Gy
so it isn't a general statement, but it's commonly used. And this ratio E—C can be defined for any gas, and we'll see its

0

system, we have o = g by equipartition, so |v = . This argument only works for an ideal gas,

uses later on as well.

For example, when N =1 (a single atom), we have v = % and when N = 2 (a diatomic gas), and we assume only
rotational and translational degrees of freedom are engaged, v = % The idea is that the more degrees of freedom we
have, the more it doesn't matter whether we heat at constant pressure or constant volume — the heat is just going

towards internal degrees of freedom, and how the work is being done externally doesn’t contribute very much.

18 October 13, 2020

We'll talk about equilibration of systems that can exchange particles, introducing the concepts of chemical potential
and the grand canonical ensemble. From here, we'll discuss the kinetic theory of gases, but before that, we'll make a

clean break and take some time to answer general questions about the material so far.

Example 111
Consider a cup of hot water sitting outside, which evaporates slowly into the atmosphere. Then the system (cup)

is exchanging particles with its surrounding environment, and we want to be able to describe that.

Our first step is to determine what conditions must hold at equilibrium — for example, we've already seen constraints
on temperature or pressure if we allow for energy or volume to be exchanged. The analysis will look similar in this case
— we start from the microcanonical ensemble.

Call our large system A;, and suppose it's in contact with a larger system A, (a bath) with which it can exchange
energy and particles. As always, we say that A, typically has many more degrees of freedom than A;. Then if we
want to describe some given microstate r of A;, we need to specify its energy E, and particle number N,. Letting Eq

and Ng be the total energy and number of particles in the (isolated) composite system A; + Az, just like before, we
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can write that
P(A; in state r) o< Qo(Eq — Er, No — N,),

and we can write this (as usual) in terms of the entropy as

1
= exp <k852(Eo — Er N — Nr)) .

We can Taylor expand this exponent, since E, < Eg and N, < Ny when A7 is “small” compared to A>. This yields

1 1
—So(Eo — Ef, No — N;) = —Ss(Eo, No) —BE, —aN, +---,
ke ke

where B = 2222 s the usual inverse temperature, and we define a = 22 So this tells us that
ks OF ks N

p(r) o e PE—aN,

and therefore we can write the probability distribution explicitly as

1
— —BE,—aN,

where Z¢ is the grand partition function
Zg = Z e—ﬁE,—aN,_
r

(This is naturally called the grand canonical distribution / ensemble.) It turns out that using this probability
distribution for calculations is just as valid as using either the microcanonical or canonical ensemble, and the justification
for the switch will be similar as the passage from microcanonical to canonical ensemble. But certain calculations will
be easier in certain frameworks than others, and we'll see it in great effect when we deal with quantum ideal gases.

We traditionally write the probability in a slightly different form

1
_ *B(Er*l”\/r)
= e !
Pr Zc
where u = —kgT a is the chemical potential of the system. So just like in the canonical ensemble, we can define

equilibrium between our systems A; and A, to be where 3, a (if they can exchange particles), P (if they can exchange

volume), and other variables are all equal for the two systems, meaning that

Ti=T,, P=P, p1=ps.

Fact 112
We will soon see that the equations of state tell us more about how these different state variables are related —
for example, P will be a function of T and w in a gas, so whenever this condition can be satisfied, we must have

the same equation of state everywhere to actually reach equilibrium.

We can do a similar calculation as with the canonical distribution to find that the grand canonical probability
distribution is sharply peaked for both energy and particle number around the mean values (E) and (N). (In other

words, we have that
width of distribution 1

———— ~ — —0
mean of distribution /N -

in the limit N — o0o.) This will show up on our homework, and the consequence is that we can work in either the

microcanonical, canonical, or grand canonical ensembles in the thermodynamic limit.
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We can write down the definition of the chemical potential as a partial derivative

oS

And we can write our grand partition function as an integral
_ _ 1
Zc = /dE%:Q(E,,N,)e BB —pNr) — /dE%:exp <kBS(Er, N,) — B(E,, /vr)>.

If we do the f dE Z,\,r in a saddle-point approximation, we find that the integral is dominated by its maximum value,
which occurs when E,, N, are at their mean (E) and (N). So in the thermodynamic limit,

Zg =exp (les — B(E) — u(N>)> _ e~BUE)-TS—u(N)

where we're defining S to take on its value at the equilibrium E = (E), N = (N). This leads us to define a new energy,
much like the Helmholtz free energy, via

Zg=ePl = [g=U-TS—uN|

(Here, g is called the grand potential.) Because fluctuations are small, we'll use the same symbol for N and (N).
Now, we'll spend some time doing calculations in the grand canonical distribution, obtaining formulas in terms of

the partition function. First of all, we know that

1 110
Ny == NePERN) = = =~ |nZ.
(N) ZGZ r€ ZGﬁa/uLn G
Plugging in a definition tells us that
9g
N) =——|
(N) e

Similarly, we can try to calculate the average energy via
1 aF 1 _B(E.— _BE,—
(E) =5 S E e PEuN = > > (Er — uN,)e PETEND 4 N, e PE 1N
r r

This reduces, using the previous result, to

-5 (—6%26) ),

SO

(E) = 5(89) + w(N) = 9~ T2 + () |

And now we can look at the alternate definition of our entropy in terms of the probability distribution:
S=—key_ prinp =—kg Y pr(~B(E; — uN;) —In Zg),
r r

which can be written further as
= Bke(E) — nksB(N) — Bgks.
Putting this all together, we find that

and indeed rearranging this recovers the same g = U — TS — uN that we defined thermodynamically using the saddle-
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point approximation. Remembering our definition of the Helmholtz free energy F = U — TS from the canonical
partition function, we can also write down the equation g = F — uN. Since g is a function of variables T, V, i, we can
first understand how g varies as we vary each of those quantities. (This gave us relations between other thermodynamic
quantities, like dF = —SdT — PdV, and we want to do the same thing here.) Notice that (we'll use E for energy

instead of U)
as
w1 (G).,

I1_(9
T \8E/,,

Since S is generally a function of E,V, N, and we know that

o5y _F
V)en T

from previous work, we know all three derivatives of entropy, and thus we can write

and we also know that

1 P W
dS—?dE+?dV—?dN == ‘dE—TdS—PdV+p,dN.

So when we're allowed to vary the number of particles that we have, we get an extra term +udN which can also
change the total energy of our system. (Even though N is always an integer, because it is very large, it's okay to take
dN here.) Then

dF =d(E—-TS)=-SdT — PdV + udN,

again generalizing what we had earlier at fixed particle number, and finally
dG = d(F — uN) = —-SdT — PdV — Ndu.

And now we have the equation for how G varies in terms of T,V,u — all the derivatives are just thermodynamic

quantities that we’ve already seen. In particular, this tells us that
0
N=— (9) ,
o)1y
which is in agreement with earlier results, and similarly
0 0
5:_<9) , P:_<g> _
oT Y ov Ty

But we know that g = g(T, V, ) is an extensive quantity — it's proportional to V in the thermodynamic limit — and V/
is obviously extensive, while T and u are not. So we must be able to write down

g=Va(T, u)

for some function g, and therefore

_ (%) _ _; __9

This means that — being able to calculate the grand potential g indeed gives us an explicit equation of
state.
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Example 113

Let's calculate the grand partition function for a classical ideal gas.

We have that .
d3q;d® Pi p;
Z NI/H (2mh)3 (_ﬁzm“Lﬁ“N)

(the Gibbs factor becomes even more important now). For any fixed N, this should be familiar to us, because it's the

same answer as for our canonical ensemble. We end up with

& eﬁuN VN
ZG:Z( NI >>\3’V

N=0

where \ = TarmiaT 1S the thermal de Broglie wavelength. And now this is really an exponential series when we sum

over N: we end up with the answer

(o] N
76 = Z il (ei‘;\/> = exp (P4V/N3) |.

So the grand potential

1 1,V
=—ZhZs=-=l
I= TN T TS

and now we notice that our volume only appears as a prefactor, exactly as we asserted earlier. And

dg Vv
v=-(50), =%
K vr

which also tells us how to think about the chemical potential

3

NX
w=kgTIn——

VAl ks T In(nX\3) |,

where n = % is the particle density.

Remark 114. We'll see that this classical treatment is appropriate (at high temperature) as long as n\3 < 1, so that
W < 0 in a classical ideal gas. But in a quantum ideal gas, at low temperature when n\3 becomes comparable to 1,
we need to start thinking about quantum statistics. Then the chemical potential will sometimes evolve in such a way

that w can be positive (for example, for fermions).

From here, we can calculate the pressure by taking a volume-derivative, and we find that for a classical ideal gas,

p_ 89 _ kgTePH . NkgT
o % VA3 '

again recovering the usual result.

19 October 14, 2020

Today's class is spending the first half an hour on questions from students.

« First, we should make sure to keep track of our fundamental assumptions — the laws of thermodynamics come

from statistical mechanics, and they're statements about average quantities, so we don't need to assume them
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separately. And stat mech generally lets us calculate fluctuations, rather than just average values, which is much

more powerful.

+ We've seen a lot of state functions that are “functions of different things’ — to get some intuition for why S
is naturally a function of U,V, N, while g is naturally a function of other variables, we can think about what
we've discussed so far in a general manner. Microscopically, we don’t know anything about pressure or chemical
potential, but we do know about the values of conserved quantities like energy or particle number if we're looking
from a totally microscopic point of view (such as the microcanonical distribution). So defining S = kg InQ(E)

means that it makes sense our entropy is naturally a function of conserved quantities.

And from here, we do thermodynamics: putting systems in contact with heat baths, allowing us to exchange
these conserved quantities, give us new state variables that can be written as partial derivatives. Defining
partition functions based on our newly established probability distributions will naturally lead us to define Z in
terms of new “free energies,” which explains why we end up using the thermodynamic conjguate variables (for

example, N versus u in yesterday's class).

+ The point of going to this generalized probabiltiy distribution is (1) that it represents a real physical system,
or that (2) (even if our system is sort-of isolated, so it can't actually exchange quantities with a bath) it's
convenient to pretend we can exchange particles and energy and use the grand canonical distribution to do

calculations.

« Including the Gibbs factor or not in the calculation of the partition function depends on whether we have
distinguishability — it's a question about the structure of the underlying Hilbert space. We'll discuss more details
of this later in the course.

« If we have a mixture of two different atoms in a gas, the third law of thermodynamics doesn't actually tell us
that the two types of atoms need to spatially separate — it just says that the system will evolve in some way that
makes the entropy go to 0. (In this case, the two different types of atoms will form solids, which indeed have
zero entropy at absolute zero.)

(Some discussion also occurred about exams and problem sets, which has been omitted here.)

For the next few weeks, we'll be talking about the kinetic theory of gases and the approach to equilibrium, and
then we'll return to studying equilibrium of quantum gases, photons, phonons, Fermi and Bose gases, and so on. But
the framework established in the past few lectures is the basic framework for statistical mechanics.

We're going to start looking at dynamics of our systems now, which we've been ignoring so far in our study.

The specific model that kinetic theory of gases is concerned with is a dilute gas of N atoms in a box of volume

V which we can describe with classical mechanics, where two atoms interact only at close range.

If we consider the distribution of our particles in position-momentum phase space, and we look at a small volume
d®qd®p (note that “small” here means that the spacing is small compared to macroscopic dimensions, but still large
compared to h3). Then we'll define f(q, p, t) to be the distribution of atoms, so that our small-volume box contains
(g, p, t)d3qd®p total atoms.

So far, we've been assuming that in the absence of external time-dependent forces, we'll reach an equilibrium:

lim £(q. P, t) = fq(q. ).

t—o0
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Throughout this time-evolution, the total number of particles in our entire gas,
N= [ Eadpr(ap.)

must stay constant. But f({, 5, t) may evolve because of changes in (g, p), either due to (1) collisions between

particles or (2) external forces.

We'll ignore the first factor for now and try to write down an equation for f(q, p, t), and then later we'll take into

account interparticle collisions.

After a time 8t passes, we know that (g, B, t)d®qd3p evolves into f(q', p', t + 6t)d>q'd>p’, where
q=3q+qst, p=p+pot,

and ¢, p are determined by the dynamics of the system. But we know from an earlier lecture that d3q’d3p’ = d3qd®p

(phase space volume stays constant), so we must have
f(q,p, t+ot)=F(q p t).

(In other words, if we look at the value of our density f in our time-evolving coordinates, it will stay the same.) Taylor
expanding, we find that to first order,
st l @ 8f+-q 6f+8f _0
Tog P opar)
And now we have § = % by definition, and also the only way momentum can change is due to external forces (since
we're ignoring collisions), meaning that g = F. (Again, we're lumping in close-range interactions into “collisions,” so
for now we're assuming the particles move independently of each other.) So this tells us that (we're basically looking
at the total time-derivative of f)
of pof = Of
— + Bi +F ==
ot  moq op
Our next step is to modify this equation in terms of collisions, which can “kick” particles in and out of our given volume

0.

element d3qd3p. Our equation then becomes

of pof = of (87‘)
— F - [ —— ,
ot coll.

at "Tmag a5

where (%)Co“. d3qd®p is the net rate of flow of particles into our volume element d3qd3p. In order to calculate this,

we'll need to make a few simplifying assumptions:

« We only have binary collisions (particles intersect pairwise), which is a reasonable assumption if our gas is dilute

and the range of interaction is small enough.
« We ignore the effects of the wall of the container for our gas (these are just boundary condtiions).

« We'll also ignore the effects of external forces on the collision cross-section:
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Definition 117
The collision cross-section o() is define via

number of atoms deflected with a solid angle between Q and Q + dQ2 per unit time

(e = incident flux

where the incident flux is the number of atoms that cross a unit area perpendicular to the incident beam

per unit time.

In other words, we have an incoming flux of a beam of particles that scatter off of some object, and then we
care about the density of appearance at each angle off of the object. (This is useful for calculating the strength

of a scattering interaction.)

+ The momentum of two atoms in the same volume element d3q are uncorrelated with each other. More explicitly,
if we condition two atoms' probability distributions such that they're near each other in position, then their
momenta are independent.

This last assumption tells us that “collisions between particles generate enough randomness,” and it's a bit harder
to justify than the other ones. We may find more information about it under the name “molecular chaos.” (We only
need to make the assumption about momentum at short range to calculate f as a function of time, but we'll see soon

why this is useful.)

20 October 16, 2020 (Recitation)

A poll for office hours was sent out, and the most popular time was Monday at 1pm, so that will be the new time.

Example 118
We'll start this recitation by discussing chemical reactions, seeing how high-school chemistry connects to the

physics we've been doing.

First of all, consider the equation

ds = %dE + gdv - za: “—T“d/va,
where we're defining different kinds of particles a that can change into one another, but no particles can be exchanged
with the environment. (Here, u, is the chemical potential for particle type a.) We reach equilibrium when Siota =
S + Sg is maximized, where Sg is the entropy of the environment, meaning that dS 4+ dSg = 0.
But notice that
dSg = —ldE — EdV
T T
(the negative signs because these are for the environment, not the system), so at constant energy E and volume V/,

equilibrium is equivalent to dS = 0, and that’s the same as saying that

> padNg =0
o]

if dE,dV = 0. And in fact, this condition is equivalent regardless of whether E and V are constant, because the
entropy changes from the system and environment cancel out with each other.
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And now remember that

7= (on.)
T ONa ) gy’

but working with constant £ and V is inconvenient, so we want to try to work with different state variables. First of
all, because T dSiotal = TdS + TdSEg, we have

TdStotal = TdS — dE — PdV = —dF — SdT — PdV

using the definition of free energy (because d(TS) =TdS + SdT), so at equilibrium, we can alternatively say that at
constant T and V, dF = 0. And similarly, we can write things in terms of the Gibbs free energy: because G = F+ PV,
and d(PV) = PdV + VdP, we have

TdStotal = —dG — SIT + VdP.

So at constant temperature and pressure, equilibrium is equivalent to dG = 0. (And maximizing entropy is equivalent
to dF or dG being minimized here.) Chemical experiments are easiest to do at constant temperature and pressure,
because keeping volume constant requires a strong surrounding apparatus and so on. (And this helps us deal with
intensive variables, which are potentially nicer than extensive ones — the only relevant extensive quantity is now the

number of atoms for each of our different substances.)

Unless the entropy of a system is constant, we won't really be wanting to minimize energy E (we'd have the
constraints that V, S are constant, which is a hard thing to do physically). And fundamentally, the point is that
we're writing in terms of different variables.
So suppose that we have some chemical equation of the form
81A1+82A2+"'\:‘blBl+b282+"' .

(The ay, a2, -+, by, by, - - - are coefficients, and the A;, Ay, -+, By, Ba, - -+ are the different molecules in the balanced

equation.) If this is the only way our particles can exchange with each other, then
d/VAj = *ajdX, dNB, = b,‘dX,

where x is the reaction coordinate tracking how far along our reaction has moved. On the other hand, we also know

that (copying an equation from above)

0=dG =—SdT +VdP + Y piadNy,
a

and we're working at constant temperature and pressure, so

0= HadNo = | ugbi—Y naa | dx
a i Jj

which means equilibrium is achieved at

ZMB,bi = ZMAjaj .
i J
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We know that p, is defined to be (66'51)7/: For an ideal gas, it turns out that

P
fho = AGS + kT In — |,
Fo

where Py is standard pressure, T is measured in Kelvin, and AGg = p,g is the Gibbs free energy per atom at standard
pressure. We'll prove this at the end of class (this turns out to also work for “ideal solutions” if we replace P% with the

concentration [a]).

Remark 120. Everything here is being measured “per atom,” which is why we have kgT instead of RT in the boxed

equation.

The reason these equations are useful is because values of AG? is usually listed in a table or on Wikipedia for
various materials, and we can look them up when needed. But we can substitute these values into our equilibrium
condition to find that

> bi(AGE + ksTIn[B)]) = > aj(AGY + ksT In[A)]).
i J
(The terms with natural logs of the concentrations can be thought of as “entropy factors” — remember that we're

using units so that the concentrations are 1 at standard pressure.) And now the quantity

0o _ ILIB1>\
Aern = —kgTIn <H;[Aj]aj =—kgTIn Keq,

can be calculated by looking up the individual G%s for our particles (and scaling by the coefficients). This K, is exactly
the equilibrium constant we're used to from high school chemistry, and now we have a proof of this fact.

Note that we've used the ideal gas assumption here, and we always do this in high school chemistry — it allows us to
calculate the exact chemical potential in terms of the concentration of our species. But that's an approximation, and

if we're being more precise, we need to replace the concentration with an effective concentration called the activity.

Example 121

Let's now turn to the microcanonical, canonical, and grand canonical ensembles and compare how they behave.

In a microcanonical ensemble, we have a function Q2 = Q(E, V, n), which is a function of all conserved (extensive)

quantities, and we define| S = kg In€2|. In the canonical ensemble, we consider a partition function instead, which can
be written as

/dEQ(E,V, N)e PE = /dEeS/kB*BE ~ /dEe’BF

in the thermodynamic limit. Then F plays a similar role as entropy, because | —GF =1InZ |.

The Gibbs canonical ensemble wasn't explicitly mentioned in lecture, but it's a system where we fix the pressure
instead of the volume. We can write the partition function as (using the same notation as grand canonical ensemble
from lecture, but they're different)

Zs(T.P,N) = /dVZ(T,\/, N)e PPV

(Notice that we're converting extensive quantities to intensive quantities one by one.) We're basically using e PV to

penalize volumes based on their effect on the environmental entropy here, and now we can rewrite as

— Ve BF+PV) =BG
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So this means that | —8G = In Z; | for the Gibbs partition function Zg. And more generally, we can write
Z6(T, J N) = /de(T,x, N)ePH,

where J and x form a conjugate pair of variables. This simplifies to

and now remembering that like we found in the canonical ensemble,

m0"InZ
<Em>C = (_’) 66,-”
we can also find the cumulants of x via
(x), = ia’"ln e
¢ Bgm o aJn ’

And finally, let's consider the grand partition function, which we'll denote
QT Viu) = /dNZ(T, V, N)ePHN.

(Here, the idea with the “penalty” factor is that exchanging particles changes the entropy of the environment as well.)

Similarly, we write this as
_ /dNe*B(F*uN) _ efﬁgv

where g is the Gibbs potential.

Example 122
By this point, we've made energy, volume, and number of particles all intensive, but not all at the same time —

we may want to ask what happens if we did this process not to Z, but to Zg.

Then we will find that we have a function R where all variables are intensive:
R(T,P.u) = /dVQ(T, V,u)e PPV = /d\/efﬁ(ng)_

But this is not an ensemble — the issue is with this g + PV term, and remember that we found g = —PV from
lecture! The argument here is that we must have

oG

(T Vo) = (T, )V = (6\/)7 (T,

and plugging this in either gives us an exponent of zero (if we chose the correct pressure P in terms of T, u in our
function R), or some constant P — P(T, &) times V, meaning that the most likely volume is either 0 or infinite. So
the issue is that only one pressure is allowed for given T, 1, and we can't really use three intensive quantities for
that reason. (And this makes sense — we need to fix the system size in some way to describe it.)

This brings us to our final topic of today, extensivity. If we have an equation like
dE =TdS — PdV + udN,
writing E as a function of S, V, N, our variables being extensive tells us that

E(AS, AV, AN) = AE(S, V, N).
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(That is, if our system gets twice as large, we have twice as much entropy, volume, energy, and twice as many
particles.) Taking the derivative with respect to A at A = 1, we find that

9
o

9E oE oE
:5() +\/<> +/\/(> =E(S,V,N).
A=1 o) V.N ov S.N ON A%

E=ST—-VP+ Ny

But this can be rewritten as

meaning that the energy has a very simple form because of extensivity. Then we can derive very simple expressions for
our other state functions:
F=E-TS=—-PV+uN,

G=F+PV=yuN,
g=F—uN=-PV.

(Alternatively, we could have taken the A-derivative directly from the definition of extensivity for F, G, or g.) Further-

more, we notice that the product rule gives us
dE =5dT +TdS —-VdP — PdV + Ndu + udN,
but we also know that dE = TdS — PdV + udN by definition, so
SdT —VdP + Ndu = 0.

And this is the constraint of extensivity: we can’t vary T, P, u independently of each other, because the contributions

need to cancel out. And now we can write down relations like

(5#) _Vv
oP)+ N’
(There's a small technicality here. If we're only fixing T, we haven't actually fixed our system here — we can instead
take (g%)rv or (%)T,N' but neither of those matter because intensive relations are independent of the size of the

system. ) And we can use this to derive the chemical potential for an ideal gas, as promised: then

ou\ _ keT B P

which is exactly what we wanted to show.

21 October 19, 2020

Our next quiz will be on Monday, October 26, with similar logistics as before (submit by 9am). The only difference from
the previous quiz is that because of the upcoming election, the homework posted tomorrow will be a normal-length
homework, due in two weeks (Monday, November 2). Topics included go up to the kinetic theory of gases.

First of all, answering a question from the class: if we take the energy eigenvalues for the hydrogen atom and
calculate the partition function, we can calculate the partition function and find that the sum diverges. So this tells
us that a single hydrogen atom in thermal equilibrium with a big bath at any nonzero temperature T will be ionized
with probability one, and the bound state is not stable. But usually hydrogen atoms are not alone, and interactions

with other particles will change this behavior in real life (except in outer space!).

74



In today’s lecture, we'll discuss the kinetic theory of gases some more. Recall that we derived the following equation

for the distribution f(q, p, t) of particles:

of p of = of of
— 4 ——=+F === )
ot m 0q op ot ) i
where F is the external force and the right-hand side of the equation describes changes due to particle collisions. We
wish to write down an expression for the right-hand side using the particle distribution f itself, and recall that we do

this with the following assumptions:
« Only binary collisions occur.
+ We ignore the boundary-condition effects of the walls.
« We also ignore the effects of any external forces F on the collision cross-section.

+ The momenta of two atoms that are in the same spatial volume element are uncorrelated (this is the

assumption of molecular chaos).

In other words, the number of pairs of atoms in a spatial volume d®g with momenta (py, p») factorizes into a
product of the form
(f(G. pr. t)d>q d°py) (F(G. B2, t)d>q d°p2) .

We're going to run with this as an assumption and try to extract information about the collision of particles in our

system. We know that (%) depends both on particles leaving (P, §) because they collide (short-range) with another

coll
particle, and also on particles that enter a given p because of collisions at other positions or momenta into our given
(P, q).

We'll consider the rate of leaving our given phase volume first. Suppose another particle with momentum p}

hits our particle with momentum p, and after the collision the particles are scattered into momenta of p> and ps,
respectively. Conservation of momentum and energy tell us that

=2 =2 =0 =2
s pim PP _PB R
because all of the interactions happen during a short time of collision, and external interactions don't affect this by

assumption. So if we define the center-of-mass momentum

_Ptp_ Pt p3
2 2

vl

then the relative momenta are

— —

Prel. i =P1— P, Prel f = P2 — Pa.

Lemma 123
With the above definitions, the magnitude of the initial and final relative momenta are the same:

|Prel, il = [Prel, -

Proof. We have that (in our usual frame)

[(F+5)>+(F—B)°]-

N =

P+ P =
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The right simplifies to 2P2 + M, but we also know that p2 + 52 = p2 + p3. So repeating the argument gives us

2F_52 \ﬁ;'eh i|2 _ np2 Dy
s R

and canceling gives the result. ]

In other words, the direction of the initial and final momenta can be different, but the magnitude must stay the
same in this center-of-mass frame. So now if we have an atom in a phase space volume d3qd®p around (q, ), there
are other atoms within the same spatial volume that can collide with it (we're using the short-range assumption
here). So the incident flux of such atoms is proportional to the relative velocity:

Therefore, the rate of collisions that deflect a single atom (p, p1) into (P2, p3) is

p— pil
m

(f(fﬁ p1. t)d>py ) (0(Q)dQ),

where Q is the solid angle between piel f = P> — p3 and pre, i = p1 — P. Multiplying by the number of atoms that exist

at the (g, p) that we care about, we find that

- P—hl, ., . -
d*qd®p Rout = (d®q d®p F(q, P, t))/d%ﬂQa(Q)%f(q, p1,t) ],

where we can think of o(£2) as the cross-section corresponding to this particular collision from (9, p1) into (P2, p3).

The next step is to calculate the rate of particles entering d®qd3p, and we do this by looking at the reverse process
from (P>, p3) into (P, p1). Then the incident flux into our volume element of an atom of momentum p5 at location §
is

- P2 — P
f(q,pf’,, t)d3p3%x

so the total rate of such collisions into the correct momentum for a single atom is

1P2=psl o5 5= 5.5

(g, ps. t)d>ps P>, 3 — P, p1)d<2.

Thus the total rate requires us to integrate over all possibilities and also account for the density of atoms: since we're

counting particles scattered in from all initial states, we integrate over p» to find

o - N
d3q/d3p2Rm - d3Q/d3P2 d*ps £(G, P2, t)F(G, P, t)o (P2, 3 — P, pl)$d9 :

—

But we also know that p'+ p1 = p> + p3 = P, and also that the final relative momentum pe ¢ only rotates from pie .
Therefore,
PPrd?pre, i = PP dpret ¢ = d>pd®p1 = d>po d®ps.

—

And because all of the dynamics work in reverse as well, we know that o(p>, Pz — p,p1) = (P, p1 — P2, P3).

Therefore, we can also write the above expressions as

. ~ p— P
d*qd®p Rin = d3qd3p/d3p1 f(q, P2, t)f(q, P3, t)U(Q)dQ|7ml‘.

and

o - p— P
d*q dp Royt = d3qd3p/d3p1 £(q.p. t)f(q, p, t)a(Q)dQ| - 1‘,
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And putting this all together tells us that
of o — P
() — [ @ndne@ PPl rr, — 1),
ot coll

where f = f(q,p.t) and fy = f(J, Px, t). And now we have an equation that tells us how to calculate how a gas

behaves not at equilibrium:

Proposition 124 (Boltzmann transport equation)
We have

| D |

of 5 of = Of —
5t +F~i:/d3md%(9)—p P (56— fA).

aq op

Let’s try to see what consequences this has for us by reconsidering our equilibrium state. If we assume our system
has no external forces, meaning that F =0, then our equilibrium distribution feq should be independent of both ¢ and
also t (all positions are equivalent if there's no external potential), meaning the left side of this equation is 0 when
f=fyq. So

and one sufficient condition for this to hold is if the |ntegrand is always zero, and we can write this as

(feq feq fed fleq) =0

R = = Inf9+Inf59 = In 9 4 In £,

So at equilibrium, we have a system where In 54 + In £ is collision invariant, but for our present model (a gas of
particles at short-range interactions), the only additive collision invariants are p and energy E. So this forces us to
write this additive invariant as a linear combination

— p2
Inf9=A+B-V+C—,
2m

for some A, B, C, and if the entire gas is collectively at rest, we can set B = 0. And this leads us to (replacing e#

with A)
Feq — Aesz/2mv

which looks a lot like the answer that we know as long as we set . The constant A is then determined by
the density n = % and the temperature T, since

n= /d3pf(c7, pt) = A/d3pe—ﬁp2/2m = A(2mmksT)>?.

We end up with the answer

f . -pr/em
4 (2mmkgT)3/2 ‘

which is the Boltzmann distribution of an ideal gas.

Remark 125. Angular momentum is also conserved, but for a free collection of particles, conservation of momentum

implies conservation of angular momentum — we can’t have a rotating gas without external forces.

This calculation tells us that the Boltzmann distribution is consistent with the Boltzmann transport equation, but

in fact there is a stronger result:
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Theorem 126 (Boltzmann H-theorem)

From a function 7(q, p, t), construct a function H(t) = [ d®pd3qfInf. If f satisfies the Boltzmann equation,

dH
then T <0.

This should look like a second law of thermodynamics type result, because H is essentially an entropy.

Proof of a simple case. We'll assume that there is no external force, and that f is independent of g. Then

dH 5 Of
E_V/d pa(l—i—lnf),

and now if % = 0, that implies that % = 0, and this is precisely the equilibrium condition. But in general, we use

the Boltzmann equation to find
of b — P

m

(fs — fh),

and we get that

1 dH rp
vVidt /d3pd3p1d9d0(9)(fzfz —fA)(1+In f)‘ m S
O
Interchanging the two dummy variables p, p;, we also have
1 dH PP
Vdt /d3pd3p1deU(Q)(fzf3 — fA)(1+In fl)| m S

So we can average the two equations together and find
1 -
=3 / d*pd®p1dQdo(Q)(Bfs — FA)(2+Inf +In ﬂ)%_

Now changing our coordinates to p, and ps instead of p and p;, using that d3pd3p; = d3p2d§ and that the magnitudes
of the relative momenta are the same, we end up with

| — —

_ l/d3pd3pldm(9)(f2f3f FAYINF +Infi —Inf —Infy) PPl

4

simplifying to

|p'— pil

— 7 | PoPdo@)(Bh — FH)(n(FR) - In(55)

But the point here is that
(hfs = fA)(In(ffi) —In(f2f3)) <0
always (consider the cases where 3 > ff; and vice versa), and the other parts of the integrand are all positive.

So this quantity is always nonnegative, as desired, with equality only when 3 — ff; = 0, which is again our usual

equilibrium condition.

22 October 21, 2020

Last class, we derived the Boltzmann transport equation, and we checked that we get the correct Maxwell-Boltzmann

distribution if we additionally impose equilibrium. From there, we looked at Boltzmann's H-theorem, which stated that

dH d 3
<
9r = dt (/d pd°qf(q,p, t)Inf(q,p, t)> <0,
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with equality if and only if f is the equilibrium distribution feq.

The form of this expression H looks a lot like the entropy of a probability distribution, and we can in fact show

that H and S look very similar at equilibrium.

If we assume that there are no external forces, we must have
—Bp2/2
fug = Ae Bp?/2m

for some A (which we computed last time), and then integrating g out gives us

H 2
H=V [ @ofa(p)nfulp) = ¢ = [ @pacoon [InA _ 2’;] |

Now a direct integration gives us
2
—nlhA —ﬁA/d3p P g-br?/2m
2m

where n is the density of the gas, and now we can evaluate this last integral with

2
3. P _pp2/2m _ 0 / 3, ~—BP?/2m | _ _g n
/d”zme 66( dpe ) 86(A>'

Since n is a constant independent of temperature (and thus independent of 3), we find that

8(In(1/4))

H—nlnABnA8(1>—nlnA+nﬁ 26

o8 \ A

And now because we calculated last class that A = W our final answer ends up being
n 3
H=nln|— = | — =n,
[(27rkaT)3/2] 2

which is in agreement with ideal gas entropy up to scaling:
S = —kgV H + (constant).

So this H is basically the same as our entropy, modulo an additive constant which is undetermined in classical mechanics.

But now % < 0 means that there is an arrow of time — the time-evolution of our system is irreversible! Our next
point of interest is then where this comes from. Our proof of the H-theorem follows rigorously from the Boltzmann
equation, so there must be some irreversibility inherent in the Boltzmann equation too. (We used time-reversibility at
the microscopic scale during our argument, so it's not about the equations of motion themselves.)

So to place what's going on here, we need to examine the assumptions that we established at the beginning
of this derivation, namely the one about molecular chaos. Molecular chaos tells us that the distribution of pairs
of atoms at some spatial point is given by the product of the single-particle distributions. But let's try some-
thing else: let's denote the number of pairs of atoms at (g1, p1) and (G, p») within a region d3q1d®p1d®g.d>po,
by (G, p1. Go. Pa, t)d3q1d3p1d®god®ps. A reasonable assumption to make is the “opposite” to the one we actually

made, which is that £, factors in terms of the single-particle f:
(1, 1. G2, P2, t) = (G, P1, ) (G2, P2, )

when @i, &> are very far away (rather than when they are very close to each other). And it makes sense to say that
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there is some distance or range of interaction d such that when |q1 — ¢| < d, the two particles strongly interact and
we shouldn’t expect a factorization. So our best hope is to be in a situation where most collisions do actually satisfy
|G1 — &| > d (meaning the factorization holds and our derivation is valid), but that our collisions between particles
also occur at the “same” §; and &, meaning that |g; — g>| is smaller than the length scale L at which our system is
being probed. In other words, our particles must be close enough to look like they coincide at the L scale, but not too

close to cause interactions at the d scale!

In summary, the Boltzmann equation is a coarse-grained description of the dynamics which are valid at length
scales > d and time scale > 7. (the collision time). Because our resolution length scale L is much larger than

d, even when our particles have q; = @», most of the time the distance between the two particles will still be at
least d.

This isn't exactly where irreversibility has been explicitly introduced, though — the point where this happens comes
from another aspect of the molecular chaos assumption. If we look more carefully at our derivation, what we actually
assumed was that incoming particles (just before colliding) satisfy

fQ(CT. ﬁv d: 51: t)lbefore = f(d: 5! t)f((?, 5lv t),
which allows us to calculate the rates of leaving and entering the momentum 5 (by looking at the collision forward

and backward). But we know that when our particles evolve in the collision via

(q.0.q p1.t) = (4.P2 G P3. t)
(we assume the collision is instantaneous at our time scale), we must have

fQ(C_fv 5v CT, ﬁly t)|before = fZ(Jy ﬁ2y C_f, 53, t)|after

because of the Hamiltonian equations of motion that govern our underlying system. The point is that we can write
collision terms either in terms of f|pefore and fHafter, SO if we make the molecular chaos assumption for f|afer, that
means we replace ff; — ff3 from the collision term with f,f3 — ff; (since the rate of leaving is governed by either the
“before” or “after” pair of particles). Then we'd end up getting the opposite sign in our H-theorem, which is physically
incorrect — thus, it makes sense to make this molecular chaos assumption only for the before-collision situation. This

can all be summed up in the following statement:

Proposition 129

Colliding introduces correlations between particles, and thus the joint distribution f|afer does not satisfy the
molecular chaos assumption.

What's interesting about this is that if we reverse the exact microscopic equations that govern our system, and we
think about the above proposition, there must be some subtle correlations between the incoming particles. And the
details of this are hidden and still pretty unknown — it has to do with the coarse-graining inherent in the Boltzmann
equation. When we don't examine the system at our very short length scales (like d) or short time scales (like 7¢),

we throw out those subtle correlations, and that gives us irreversibility.

Remark 130. We can read Kerson Huang's Statistical Mechanics book for more details on this point.
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To finish today's lecture, we'll start discussing the approach to equilibrium for a gas, now that we have the
Boltzmann equation to work with. It's worth first thinking about what time and length scales play a role in the physics
of our system:

+ The shortest relevant time scale is 7., the (typical) duration of a collision. The Boltzmann equation is only valid

at time scales much larger than 7. and length scales larger than d.

+ The next shortest time scale is the mean free time 7, which is the typical time an atom spends between
collisions with other atoms. This can be closely associated to the mean free path £, which is the distance

between successive collisions.

« We can assume that our gas is at local equilibrium after a few collisions, so it's reasonable to assume local
equilibrium at time scales larger than 7 and length scales greater than £, but still smaller than macroscopic
time and length scales. If we're at this third time scale ( which is what we care about for macroscopic probes
and measurements), that means we have local but not necessarily global equilibrium. Thus, the one-particle
distribution f relaxes to its equilibrium form with possible slow @, t dependence (due to lack of global equilibrium).

Such states are specified by the local values of the quantities conserved during collisions, as well as local

values of entropy.

« The final time and length scale is the time required for relaxation to global equilibrium.

In order to analyze this last situation, we'll need to make some more simplifications beyond the Boltzmann equation,

and we'll discuss this next time.

23 October 23, 2020 (Recitation)

Today, we'll give an example calculation for the grand canonical ensemble, and then we'll focus on coarse-graining and
the arrow of time in the Boltzmann equation and physics in general.
First of all, a question about combining partition functions: when can we multiply or add partition functions of

subsystems together to figure out the partition function for the whole system? Remember that the definition of the

Z = Z e PE
i

where we sum over all possible distinguishable states / (at some fixed volume V and number of particles N). Thermo-

canonical partition function starts off as

dynamics tells us that we have a set of extensive variables like E, V, N, M, along with their intensive conjugate variables
T,—P, u, B — what we're saying in the canonical ensemble is that all of the extensive variables (conserved quantities)
get fixed except for energy E. In order to account for the varying energy, we need its intensive counterpart T to come
into the picture (and we can always think of these counterparts as derivatives with respect to their corresponding
extensive variable).

For example, if we have an ideal gas, computing this partition function is equivalent to

N
1 d*pid3q; —BE
m/H 19 g BE(R)),
i=1
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where the ﬁ comes from us not being able to distinguish between particles being permuted. But what we can notice
is that the energy can be written as a sum of the individual particles:

-BE({p,q}) = —B(E1 +--- + En),

where E; only depends on particle 1's coordinates, £, only depends on particle 2's coordinates, and so on. So then

we can factor the integral by writing the exponent as a product, turning this into

N
L d*pdiq —BE(pi.qi)
L] [ P00
NI piy h

And now each term of the product is the partition function for a single particle, and therefore this is a case where
we can multiply partition functions together. (On the other hand, we add partition functions together if we know
the system is one of two possible disjoint sets of states, but this doesn't happen when combining particles' partition

functions together.)

Example 132

Suppose we have Ny particles in a d-dimensional space of volume V, so that if n particles bind together, we have
an additional energy term —e,. (We'll ignore rotational and vibrational energy here.) Our goal is to figure out
the behavior of this system (the pressure, the distribution of the clusters, and so on).

We'll start with the canonical partition function to do a calculation, but we'll soon see that the grand canonical

ensemble works better for this problem. Our first attempt will give us

(N],NQ,--- ,NN) n=1

Snit Na=No
where we're summing over how many clusters we have of size 1,2, --- , N respectively, and the fraction <V§i£"> is the
partition function for a single ideal-gas cluster, meaning that
h
Ap = ——
Vomnmkg T

(since this cluster has n times the mass of a typical particle). Note that we have a product H,N:l in the expression for
Z, because the contributions to the partition function for each cluster size are independent of each other. But this is
a very annoying sum to calculate because of the weird constraint, so we'll use the grand canonical ensemble instead.

It might seem like going to the grand canonical ensemble and computing Q, especially because we're now allowing
n{N,) = Ny, and the sharply

peaked nature of N means this is good enough — we're describing basically the same system as if we had exactly Ny

N to vary a little bit. But what we'll do is pick our chemical potential u so that (N) = >

n

particles. (This is a matter of mathematical convenience!) So the partition function is now calculated by letting N,

vary over all nonnegative integers for each n:
0= ez ym =[5 o (Lemmee)”
N=0 o n=1 N,=0 Nal A7

What we've really done is eliminated the constraint ), nN, = Ny, as long as we include a factor of eBLN in our
partition function! And this basically lets us “switch the sum and product” in our earlier expression for Z, and now

computing this expression is a lot more reasonable to deal with than the previous one.
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Fact 133
Notice a trick that we used in the equality above: inside of the sum we have an €8#"M» term, and taking the product
of those over all n gives us e 2N So we've factored the €PN term in Q into its individual n-components when

going from the left to the right side above.

To simplify the expression now, each term of the product looks like Z(/)vi:o N%!XN" for some complicated expression

X, but that's exactly the formula for an exponential. So this simplifies to
= V
Q= H exp [Meﬁ“”ws”] ,
n=1 n
and now we have a grand partition function that factors in n, the cluster size! This tells us that the grand potential is
oo V o0
g=—ksTIhQ = ~kBTz; A—geﬁﬂ”ﬁfn = Zlgn,
n= n=

where g, is the grand potential for the n-cluster particles! This will make it easier for us to compare the distributions
of different types. So now using that

dg = —SdT — PdV — Ndu = —SdT — PdV = > nN,dp,
n=1

we find that the expected number of particles of cluster size n is (we take a derivative with respect to wn, because
there's the extra n in the equation above — alternatively because the chemical potential w, has n times as much

influence on n particles, or because the reaction between nA; and A, is reversible)

_ @gn _ 1 n+Ben
(o) = = (a(ﬁm)>7’,v B Ad I,

and the expected number of total particles is

— @ — S l wn+Ben
Wy = <6M>T,V_Zn>\deﬁ '

n=1 n

Numerically, we can use this last equation to find a u that gives us our desired average Ny, which we then plug in to
the rest of our calculations.

Remark 134. For an analogy of this approximation of Ny particles, we can think of how we might budget our time
between different activities in real life. Instead of rearranging every hour of our time each time, we can use u as a
measurement of how busy we are, and we can assign a priority (energy) to each task that we want to do. And this is

an easier way to adjust our schedule (by giving ourselves some slack rather than fixing every hour).

Let's now look at some special cases of our setup:

Example 135

If €, =0 for all n, then
891 Vv

m=-(3),, =5

The % is the number of independent quantum states our system can be in, so we expect N; <« % in the classical
1 1
limit. So e%* needs to be very small, meaning that our chemical potential 4 must be negative. And the same calculation
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yields y
(Np) = Ygeﬁ‘m,

so we'll have very few particles for large n because u is negative. And this means that in the classical limit, we'll only
have single particles — indeed, if there’s no binding energy, we don't expect particles to stick together.

Notice that this behavior also occurs if €, = ne for any energy €, because that means that
V4
=  Blute)n
(Npy = ¥ .

So we're just making a substitution in our system of u — w4 € (saying that all particles have an inherent energy of
—e), without changing the physics of what's going on.

Example 136
Now let's consider the case where €, = €(n — 1), which means that any two clusters that come together reduce
the energy by €.

The formula now gives us y
(N,) = Feﬁ(u-i—s)n—ﬁe.

n

To understand the distribution of particles, we can calculate that

%4
(Np) = Xl BN, = n?P (NP hte),
1
where n/2 comes from the As being differently for the different masses of clusters. So the exponential decay term

means that we will still expect many more small clusters than large clusters.

Example 137

Now suppose that €2 = ¢ but €, = 0 for all other n (so only clusters of two particles are energetically favorable).

Then we find that the dimensionless quantities are

2 € N Ny ? €
(Np) = 29/2(Ny)PHtPe — \i/;g = (\%é) e

And now notice that for something like hydrogen gas, € is between 4 and 5 €V, which is on the order of 10* Kelvin.

(N1)
V/Ad

in the classical limit, we still expect to only ever see diatomic hydrogen gas (rather than monatomic hydrogen) at room

2
That means that at room temperature, the e8¢ term is incredibly large, so even though the ( ) term is very small

temperature.

Finally, if we want to calculate the equation of state for this grand canonical ensemble, we have

_ (9
F=- (6\/)“,7"

which we can compute and then substitute in our value of u. And we can also calculate the pressure due to a particle

99n
Pn__<6v>y.,7'.

The whole point is that the different cluster types are interacting independently, and that's what makes lots of our

type of cluster by setting

calculations much easier throughout this problem.
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In the last part of this recitation, we'll consider the arrow of time.

Example 138
At the beginning of a game of pool, we have a single (cue) ball moving at a momentum pp toward a group of N
balls at rest. (We assume elastic collisions, and also assume that N is larger than it actually is.)

We can think of the interactions as a sequence of 2-particle collisions — as soon as the first collision occurs, we have
lots and lots of these happening in a short amount of time. Remember that in the Boltzmann equation derivation, we
assumed molecular chaos, which gives us uncorrelated momenta before each collision. Then the starting distribution

1 ( (550)2)
————exp ([ |
NV 2mwo? 20

since the starting momentum has some uncertainty. At the beginning, because (for large N) basically all of the particles

is
() = "5 5(0) +

have zero momentum. So we actually start off satisfying the molecular chaos assumption because only one particle
has nonzero momentum. But what we're further assuming is that after each collision but before the next, things are
more or less random. (We also need to make the assumption of random scattering cross-section.)

But now if we reverse time, we'll apparently have N particles that come together elastically, correlated exactly
so that N — 1 of them end up at rest. So there must have been subtle correlations at the beginning — smudging
any momentum a little would have significantly changed the configuration — but remember that there’s still some
randomness from the initial condition we wrote down above. So even if we did the particle evolution exactly, we'd have
a weird randomness where all of the deviations correlate in a way that all of the variance goes into the one particle not
at rest. The fundamental thing happening differently backwards from forwards is that smudging makes a much larger

impact on the backward dynamics than the forward dynamics, because our initial condition is far from equilibrium.

24 QOctober 26, 2020

Our (take-home) quiz is happening right now — if we have any questions, we should email all of the 8.333 staff (and
whoever sees it first can respond).

Last week, we started looking at the kinetic theory of gases and comparing different timescales of behavior. Today,
we'll continue exploring the approach to equilibrium, looking at conservation laws.

Recall that the shortest timescale is 7., the duration of a collision. (At timescales shorter than 7., we need to use
the exact microscopic dynamics.) The next shortest timescale is the mean free time between collisions 7, followed by
the timescales for local and global equilibrium (which we'll just denote Teq).

As a summary of the properties of these different quantities, the Boltzmann equation is valid at timescales t > 7,
and we can assume that local equilibrium is established if t > 7. The point is that we don't need the full power
of the Boltzmann equation once local equilibrium is reached, because the degrees of freedom are just (entropy and)
the conserved quantities that we use on the macroscopic scale, except that they're allowed to vary. (And then when
t > Teq, global equilibrium is reached.) For example, local equilibrium means pressure is defined everywhere, meaning
we don't need to look so fully at the dynamics. So we’ll focus on time scales t > T and try to analyze what happens

to our conserved quantities.
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Definition 139
The (local time-dependent) density is given by integrating out the momentum

manzjﬂﬁmaﬁw

This function n tells us the density at a particular point in space and in time, and now we can define the local
expectation value for a physical quantity O(g, p, t) via
0(d.t) = ——
q. =—=
n(q. t)

As we just stated, the dynamics of our system for t > T are determined by the evolution of our conserved quantities
and by the local value of the entropy. If we consider a quantity x(q, p) (associated with an atom at (&, p) in phase

/ &p F(d, 5. 1)0(d. 5 1).

space), which is conserved by collisions (so examples would be momentum or energy), we're stating that

x(q. P) +x(qv. pr) = x(G2, P2) + x(q3, P3).

Proposition 140
Suppose x({, p) is conserved by collisions. Then

/= /ﬂ%“am<wlmzo

Proof. Substituting in the expression for the collision term, we have that
3,43 P — P1|
J= [ &pd”p1dQo(Q)———(f(p2)f(ps) — F(p)f(p1))x(7. ).

The manipulations from here will look similar to the H-theorem. Changing p and p; with each other only changes

x(q, P) and keeps everything else the same, so we also have (averaging the two such equations that we get)

P — ﬁ |(f(p2)f(p3) — f(p)f(p1))(x(q.P) + x(G1, 1))

1
J= /d3pd3p1dQ o(Q2)

And now if we exchange p, p1 with p>, p3, this further simplifies to
X(G2, p2) — x(G3. P3)),

PRl () () — F(2) (o)) ((d,B) + X(d0. B1) —
[l

1
/ d*pd®p1dQ o (Q)

and this is 0 by conservation of x.
Substituting this back into the Boltmann equation gives us

PO Lk a)f_o

0
px(Gp =
/ px(dp) (8t+m 27 o5
We can rearrange this a little, taking integrals out and making appropriate corrections, to find that
v
/ PpXf =0,

oo 0 o 8x P
3 v 3 Pr 3
at(/dpxqp)Jraa(/dpx(qp ) /d

= . Zf_F.
m
where the first term comes from the %, the second and third term come from the
the last term comes from integration by parts, assuming that F is some external force and is therefore momentum-

Z . 6% and the product rule, and
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independent. (The boundary term involves the value of x - f at infinite momentum, and we require that f goes away
rapidly enough because we have a well-defined finite distribution.) And now we can rewrite this a little in terms of

5 () + 5o (n(22x)) = n (B2 2 ) e () o

where we're using repeated index notation (summing over all a). This is the equation that relates the dynamics of

averages:

our conserved quantities, and again, it's most powerful when t > 7 (since this is the timescale where evolution is

governed by conserved quantities)!

Example 141
If we're looking at a monatomic gas, there are five conserved quantities: the particle number, the three components
of momentum, and the kinetic energy.

We'll apply the formula we just derived for our conserved quantities

« Let's first try setting x = 1 (which is clearly conserved), corresponding to the particle number N. Then the last

ot g, ("(5)) =°

This should make a lot of physical sense if we consider the local velocity of the fluid (that is, the gas)

two terms disappear, and we're left with

Uy = <p°‘>.
m

Then the equation above becomes

on 0
a + %Jna = O,

where J, = ni is the particle current. And this is the familiar continuity equation — we could have written it
down from undergraduate physics, because density can only change locally if particles flow to or away from a

point.

+ Next, we set x = %“, which we define to be v, (for a given component a). This time, the third term disappears,

and let's change the dummy index to 3:

nFg

55 (n01a)) + o= (0 o)) = 2 =

We'll now relate the second term to the covariance between vy, vg:
(Vavg) = ((Va — Ua)(vg — Up)) + (Va) s + (VB) Us — UaUg,
where uq, ug are defined to be the average values of v,, vz, and thus this simplifies to
= ((Va = Ua)(v3 — Up)) + Ualip + Uglla — Ualp = ((Va — Ua)(Vs — Ug)) + Ualp.

Plugging this back in (and also making a few other substitutions) gives us

0 o nFy B
51 (1) + 50 (et + (v = ) — up))) = = & =0

This motivates us to make the following definition:
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Definition 142

The pressure tensor is defined as

Paﬁ = mn((va - ch)(vﬁ - U5)>.

At this stage, this is still a symbol, but we'll see it relates to the actual pressure soon. This allows us to write

down 0 0 F 1
n
ot (nua) + % (nugug) = ?a = _EaﬁPaﬁ-
Expanding out the derivatives gives us
ou, on 0 0 nF, 1
naitl_l + UQE + UQ%(HUB) + HUB@UQ = 70‘ — EOBPO@,

but the second and third terms on the left-hand side cancel out by the continuity equation, so we end up with

o o\ F 10,
ot 8G) " m mndg

Since the operator on the left-hand side will appear frequently, we'll define the material derivative (or Lagrangian

derivative)
0 0
D, = — 4+ - —
A TR T
so that our equation looks like
F 10
m  mnog

The idea is that a pressure gradient leads to a force, so indeed F,g has to do with the ordinary pressure here.

Finally, let's try setting x = E = % = %mV2 — it's best to state the result in terms of the kinetic energy with

local flow subtracted: )
_* = D
€= 2m(v )°.

Again, the third term disappears again when we substitute £ into the original boxed equation:
0 0 Pa = /OE\
52 (EN + oo (n(22E)) = nF - (52 ) =0

which simplifies to 5 5
3¢ (ME) + 5= (n{vaE)) —nF -7 =0.

A quick notation rewrite turns this into
8:(n(E)) + 8a(n{va(E)) = nF - ,
and then we can rewrite (Vo E) = ((vq — Ug)E) + te(E), so that
n0:({E)) + Ba(n{ta(E) + n{(vo — Ux)E)) = nF - 0.
Using the definition of the material derivative D; above, we end up with

nD(E) + 8a(n{(Ve — U)E)) = nF - @I,
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To make this cleaner, it's time to put things in terms of €: we can now write
. 1 5
E:€+mv~u—§mu ,

meaning that

1
E:5+m(\7—ﬁ)~ﬁ+§mﬁ2.

Thus (E) = (€) + $m@?, and we can also multiply through by (v — ug) before taking an average to find

(Ve — 1)) = (Ve — )e) + 5 mup{(va — ) (¥ — ).

If we now define the local heat flux

and the rate of strain tensor (for clarification, notice that the tensor has two indices, while the average velocity

u has one)

1
Uap = E(aaU5 + Ggua),
then our definitions plug back in to yield
h ugP,
(Voo = ) E) = > 4 =22,
Plugging this back into our original equation, the left hand side becomes
= n(Deg + mi- D+il) 4+ On(ho + UgPop),
so that the left-hand side of the energy equation gives us (after some tedious algebra)
=nD:e + I’IIE' a— Uﬁ@apag + O hy + UaﬁPaﬁ + u56aPaﬁ.
Meanwhile, the right-hand side is nF -, so cancelling finally gives us
1 1
DtE = —Eaaha — ;Paﬁuaﬁ.
Putting all of this together and making some more small manipulations, we have the equations
Din = —nBy Uy,
1
thUa = FD( - EaﬁPaﬁ,
1
D:e = —E (aaha + Paguaﬁ) .

Each of these describes the evolution of one of local flow velocity, energy density, and particle number. We still need
to know more about the right-hand sides of these equations, because we have these new objects FP,g3, tas, and hq.

Next time, we'll discuss how to relate these quantities to properties of the flow, so that we can extract the dynamics!

25 October 28, 2020

89



Because of the upcoming election, Alex will spend some time on Friday in recitation talking about applications of

statistical mechanics to polarization (of voting).

In today’s lecture, we'll continue the study of the approach to equilibrium, looking at “Oth order hydrodynamics.”
For reference, we'll copy down all of the relevant equations from our derivation last class again: letting n(g, t) be the

local particle density and € = %m(\‘/’— i7)? be the energy independent of local flow, we have that
Din = —nlyuy,
mDiuy = Foy — %85/3&5,
D;e = —%(aaha + Papliag),

where Uy = (£2) is the local flow velocity, D; = % + - a%, Pap = mn{(vVa — Ua)(vg — ug)) is the pressure tensor,
Uap = (Balip + Opla) is the rate of strain tensor, and hq = n{(Va — Uq)€) is the local heat flux. The first equation
above is the continuity equation rewritten in terms of the material derivative D; (measuring change when we move
along with the fluid), the second tells us about evolution of local flow velocity through a “force equation,” and the
third tells us about evolution of energy. And remember that all of these equations come from the Boltzmann
equation, but the point is that looking at times t > T allows us to characterize our fluid with local equilibrium values
of conserved quantities and how the entropy depends on them.

To actually make use of the above equations, we need more information about P,z and h,, and these are determined
by the full particle distribution function (g, p, t). At equilibrium, we know the form of f, so at local equilibrium we

can make a zeroth order approximation

q 5 i d )2
FOG 5ty — T (P mi@ 7y
2rmkg T (q, t)3/2 2mkgT(q, t)

where we're accounting for the fact that n, T, i’ can change over space and time (because we're not at global equilibrium
yet), and also that the gas may be flowing (not just at rest). And now that we have the distribution, we can calculate
all of the average values that we need, because we have the Gaussian weight. For example,

kgT
(Vo = ta) (v — Up)) = 0o,
m
which is the usual result of velocity fluctuations from the Maxwell-Boltzmann distribution, so the pressure tensor is
0
P = nksTdap.

And we know that for an ideal gas in complete equilibrium, this is indeed the pressure from the diagonal terms of the

tensor (we have the usual P = W) We can also find that
1 3
e = 5m((7— 0Y) = SkeT,

which also looks like our usual result. Next, for the heat flux h,, we notice that f© is even in v, — gy, so all odd
expectation values of vy — tg will vanish. So A(® = 0 — there is no heat flux at this zeroth order. (In other words,
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this approximation gives us adiabatic behavior.) So putting everything back together, we have

Din = —nlyuy,
1
mDiuy = Fo — ;aa(nkBT),

2
D, T = _gT(aaUa)x

and combining the first and third equations gives us

3

thT.

1
—Din = —0qla =
n

Therefore,
D.(InnT~3/?) =0,

and thus this flow leaves nT~3/2 invariant. In fact, In(n73/2) is (up to an additive constant) the negative entropy
per particle of our gas, so the local entropy does not change through evolution of our system to equilibrium, which

leads us to this adiabatic flow.

In other words, what we've learned is that global equilibrium will not be reached in this zeroth order approximation

(because entropy needs to be increased for us to get there)!

To understand the dynamics more clearly, we'll consider a special case where F=0 (there are no external forces),
and we have a small disturbance from equilibrium. Specifically, let (7, T) be the density and temperature of an
equilibrium state when the gas is at rest — the density is uniform if there are no external forces — and consider a small
perturbation

n(g.t)=n+v(gt), T(Gt)=T+06(q. t),

where v, 0, i are all small (so the gas moves slowly, and also we only change the temperature and particle density by a
little bit). If we linearize our above equations and expand the conservation laws to first order, we can replace D; with
Ot (because we have a % term that dominates the 7 - 6% term, and whatever we're taking a derivative of is already

small, so we get “second-order smallness” there). So now our equations look like

th/ = —ﬁ@aua,
kgT
MOsly = —kg0nb — B?aalf,

2__
6159 = —gTaaUa.

And these are (coupled) linear differential equations with constant coefficients, which are exactly solvable by
writing down the matrix eigenvalue problem (we have a 5 by 5 matrix, because v has three components, and we also
have v and 6). We find that (using block matrices, so that the =y indices form row vectors and the o indices form

column vectors):

v(k,w) 0 Nky 0 v(k,w)
W ua(k,w)| = %ka 0 %Bka uy(k,w)| .
0(k, w) 0 2Tk, O 0(k, w)

and now we want to diagonalize the matrix. But there are two zero-frequency modes that correspond to transverse

velocities where k - 7 = 0 (we can do the multiplication on the right side to find that the first and last rows of the
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matrix go away), so that gives us two eigenvalues of 0, called shear modes. And related to our earlier discussion,
these do not relax to equilibrium in our zeroth order approximation, because there is no amplitude decay for this
eigenvalue 0.

The third zero-frequency mode that we can observe comes from the “decayless” flow of entropy that we were

studying earlier. This mode satisfies

n
0 .
= —, elgenvecto ,
T igenv r 07
-T

SR

and we can indeed plug this eigenvector in and directly check that there is zero frequency. And now we only have

two eigenvalues left, and these actually correspond to modes that we physically understand well (longitudinal sound

- ~ 5ksT
w(k) = twlk|, v = \/5%_

Putting all of this together, what the zeroth order approximation tells us is that we have no relaxation to equilibrium,

modes). The dispersion relation is

but we have shear and entropy modes which stay there forever (disturbance doesn't evolve, because the frequency is
zero). Other than those, we also have two sound modes that are undamped in this approximation.

We can correct the issues with this result by using a better solution of the Boltzmann equation, specifically picking

a better distribution f than f(©) so that relaxation to equilibrium is actually captured. Notice that (62(:)) L= 0, but
coll.

in general
(at+ %~65+ F”~aﬁ) FO) £,

so we do not actually have a solution to the Boltzmann equation here. What we'll do, then, is write

and linearize the Boltzmann transport equation in g. The collision term

of s |p — p1l
(5) = [ enono@PBliws—rn)

then linearizes to 5— Bl
p—p
~ /C/3l31dQ U(Q)Tl(gzﬁ + Hhgs — fg1 — gf1)

at order g, and a typical term on the right hand side now kind of looks like (we can take g out of the integral because

we're not integrating over p;)

—g/d3p1 an(Q)—'p;f”fl ~ -2,

where 7 is the mean free time between collisions. Trying to actually work with the actual collision terms coming from

g can be very hard, so what we're going to do is cheat and just use

ofy  __g_ (F-fO)
ot ).y T T '

which is called the relaxation-time approximation. This allows us to solve for g, and what we'll find next time is that
all of our modes that we computed above will acquire a damping factor depending on 7. So then we'll finally have a

way to characterize the behavior of this system towards equilibrium!
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26 October 30, 2020 (Recitation)

We'll spend this class on a high-level review of kinetic theory (the Boltzmann equation, hydrodynamics), and then we'll
see how statistical physics can be applied to elections, particularly instability and negative political representation.

In the textbook, Kardar defines the operator £ via
df <8 p o

0
E— a‘i‘**ﬁ-/‘_ a)f(pqt)

Lf = mod

which is 0 if we have no collisions by Liouville's theorem. (Liouville's theorem tells us that d" , Where p is a distribution
of all particles in 6/N-dimensional space, while f is a distribution in 6-dimensional space for particle density.) But
otherwise, we need to account for an extra collision time, and then we derived that

£r= <Z’;>coll_ - /d3pldQU(Q)| ﬁl(f2(p2 p3, - )7 fz(p, P1. )) .

where f>(pa, p3, -+ ) tells us about the density of finding a pair of particles at momenta po, p3, respectively. We'll

define this as the collision expression Lf = C[f].

Remark 145. In class, we then used the shorthand

fo=1f(p2), 3= f(p3),

because we treated the momenta as uncorrelated, but we'll ignore this notation for now — f5 is the two-particle density

throughout this recitation.

In order to derive the boxed expression above, we only had to make a few assumptions: we assumed there were
no 3-particle collisions, and we ignored the effect of the external force F on collisions too (because we derived the
expressions using Newtonian physics). Since we can treat walls as external forces, we're also ignoring those boundary
conditions. (Basically, the timescale of a particle is very fast, so any external force mainly acts between collisions
rather than between collisions.) So no inaccuracies or “coarse-graining” has been done yet.

But then the next approximation is that we can factor f, into one-particle densities, and we evaluate all f's in

the collision term at a single point §. Then we find that

[ /31

£f = C[f] = CIf, f] = / p1dQ0(Q) PP (£ (0)F(ps) — F(0)F(p1))

(the Cs are just extra notation — something like C[f, f>] doesn’t really make sense). Then we looked at the expression

H(t) = /d3q d*pfinf,

which looks reasonably similar to a (negative) entropy (since f is a probability distribution), even though f doesn't
actually describe microstates. (And remember that we could derive the canonical ensemble by maximizing the real
entropy — we'll see something similar on our problem set this week.) And now if we use the Boltzmann equation, which
is exactly the statement L£(f) = C[f, f], then the H-theorem tells us that f’j—’;’ < 0. If we write out this statement in
more detail, we write that

dH 3 5 Of B 3 5 df
dt—/dpdqat(lnf—l—l)—/dpdth(lnf—i—l)

(in this case, it doesn't matter whether we take a total or partial derivative, because phase space volume is conserved
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under the evolution of the single-particle Hamiltonian). And then the +1 doesn't contribute to total integral, because

total particle density is conserved, and thus we end up with
= /d3p d®q(LF)Inf = /d3p d®q C[f, f]Inf.

And now we “symmetrize” over f(p), f(p1), f(p2), and f(p3) as we did in class: since the expression looks the same

with certain swaps of dummy variables, this is also just

3 [ a0 apa20@ P (1 (p)1(ps) — 1) () INCF(p5)F(p2)) = In(F () (1))

(the idea is that by integrating over both p and p;, we're considering all pairs of particles coming at each other,
rather than just fixing one of the momenta). But now this integrand must always be nonpositive, because we have an
expression of the form (A — B)(In B — In A), and In preserves ordering, and thus we've derived ‘Zj—f <0.

The next thing we considered from there was that for a collision-conserved quantity x, we have

/d3p CIf, flx(p. q.t) = 0.

(This was basically a symmetrization argument similar to the H-theorem from class.) We can then use the fact that
C|f, f] = Lf again to find that

O:/d3p(£f)x= /d%ﬁ(fx) — L),

since L is a differential operator. We then derived the hydrodynamic equations by plugging in various conserved
quantities x = 1,x = p, and x = % (we assume monatomic gas because there can't really be other degrees of
freedom in our derivation, though a slight modification works for polyatomic gases too). The results involve the
material derivative D;, which is the total derivative with respect to flow lines for the average velocity, instead

of the flow lines along the velocity of a single particle:
Din = —ndy Uy,
mDiuy = Fo — %aﬁPag,
Die = —%(&xha + Paplag),
We've explained these equations in lecture already, but if we define
Ca=— — Uqa,
that makes it easier to define the pressure tensor (created from deviations of velocity from the average)
Pog = mn{ca ),

the local reference-frame energy )
2
e = —m(c?),
Smic?)

the heat transfer term coming from asymmetric distributions in energy along different axes

2
ho = nm <2ca> .
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and the symmetrized derivative (all derivatives 8, are in terms of the position coordinates)
1
Uap = E(GQUB + Ggua).

(There might have been a bit of abuse of notation during class between the energy and average value of energy.) So
now we look at zeroth-order hydrodynamics: since £ has units of inverse time, we should think of a certain timescale
L~ % as the time to global equilibrium. On the other hand, we have C[f, f] ~ %X and the collision time 7, is much
smaller than 7. So we can think of this as having an equation like

3x = 10*(x? — 4),

and since the right side is much larger than the left, we can basically set the left side to 0 at zeroth order in x. So

what we say is that we are ignoring collisions’ role as we approach equilibrium: our equation is
0= CIf, f].

So our hydrodynamics don't account for collisions between flows, but we can still try to get some physics out of it.
To solve for the kinds of functions f that work for us here, note that

dH

art _ 3. 43
o /d qd3pCIf, f]Inf,

so our approximation implies that %’ = 0. One possible solution for H is

Inf(p,q)+Inf(p1,q) —Inf(p2, q) —Inf(ps,q) =0,

and because % is integrating over a nonpositive thing everywhere, we indeed need this equality to be true at all points!

Thus, we know that
~2

- - P
Inf(p.q) = alq) +5(a) - F = Bla); -
in other words, In f should be a combination of the conserved quantities if it needs to be conserved by collisions. This

tells us that
f o« n(q, t)efﬁ(q,t)ﬁ(ﬁfmg(q't)y

(so f looks like the global equilibrium distribution ne PE except that n, 3, E can all change as a function of time and
also position). The key, though, is that
Paﬁ X 6(15, ha =0

(pressure points outward instead of having weird shear, and the above distribution is symmetric around deviations of
velocity), and what we found next was that local values of entropy don't change, so we don't actually do any relaxation
to global equilibrium for this approximation.

So if we look at the first-order picture (which we'll discuss more in the future), what we should assume is Lf ~ O(g)
(for some small €) and write f = () 4 g(§f), where §f is of the same order as the zeroth order f(®). Then we know
that

CIfO fO]1=0 = CIf, f] = Ae(6f) + O(€?)

for some linear operator A that can depend on (9, and also that

Lf = LFO 4 e£(6F) = LFO 4 O(e?).
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So the new equation is (to first order)
LfO = Lf = Ae(6f),

and now we make the huge approximation: because A has units of inverse time, we're replacing A with % (In other
words, we diagonalize and assume all of the eigenvalues are the same.) We'll see how this plays out in more detail on
Monday.

The last 10 minutes of this class will be dedicated to elections:

Example 146
Suppose we have some political opinions x € R? (a vector representing a single person’s opinions), and we have
some distribution of opinions f(x). An election takes in a function f and outputs the opinions of a single candidate

y[f] € RY. We'll write everything in terms of 1-dimensional functions f(x).

Political representation can then be described by “how the outcome changes if the xs change by an infinitesimal

amount” using a functional derivative:
d by

r(f,x) = X300
(The reason for the di’x term is that we “move” an opinion from one spot x to a different spot x + dx.) Then we
define an unstable election if y[f] is discontinuous, and we can have negative representation r(f, x) < 0: — perhaps
opinions x moving in one direction cause the outcome to move in the other direction. It turns out that if we assume

overall translational invariance, meaning that
y[f1+ c = y[f(x+ )]

(shifting everyone's opinion by the same amount also shifts the election result by that amount), then necessarily
instability leads to negative representation. But unfortunately, elections in the US, especially in the past few
decades, have become increasingly unstable, so people aren’t being politically represented properly.

To tie this back to the statistical physics, we want to think about phase transitions between stable and unstable

configurations.

Example 147

Let's use a toy model where the choice of winning candidate follows

y* = argmax,cg / dx f(x)u(y — x)

for some utility function u.

We often assume that the utility functions u are concave, but it makes sense that preferences become weaker as
people become farther from both election candidates, so the utility function could be Gaussian as a function of y — x.
And then we can calculate representation

r(f,x) oc =" (y — x).

So for the Gaussian, people who are sufficiently far away from the candidates (that is, |y* — x| is sufficiently large) are
negatively represented!

And this maximization problem can be replaced as choosing a function F(y) that minimize the free energy. As we
create a more polarized distribution, we should expect that F(y) follows a double-well potential: the minima occur
according to party preference, and with enough energy we can move between the two wells (which is what happens

from election to election).
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27 November 2, 2020

The election is coming up tomorrow, and it's a stressful and uncertain time for everyone — we'll hope that it isn't too
chaotic and that things proceed like they do in previous elections. We should make sure to stay safe!

Our first quiz has been graded, and our score and comments have been released to us. One comment about one
of the problems: in problem 2, most of the class found that if we start with the high-pressure metal phase and heat it
at constant pressure, it will eventually transition into the insulating phase. This is the opposite of the usual behavior
we expect, since adding thermal energy usually causes electrons to move around! In this case, it is the entropy that
drives the transition to insulation, and this does happen in certain organic materials, as well as certain low-temperature
behavior of Helium. For example, heating a solid is usually supposed to give us a liquid, but sometimes we get lots of
degrees of freedom from the (barely interacting) spins in atoms’ nuclei, and that gives us a big boost in entropy that
is not present in the liquid. (We can search up the Pomeranchuk effect for other examples.)

We'll continue thinking about the approach to equilibrium today, looking at first order hydrodynamics in the kinetic
theory of gases. Recall that we started with conditions of local equilibrium, using the zeroth order approximation (or
guess)

O =D (n(d. ). T(q. 1), u(d. 1)).

Working with this a bit, we then found shear modes and sound waves that propagate without any damping, and in

particular we found that we don’t actually approach equilibrium at all. This is because
P = )
8t+a-85+F-65 Y #£0,

even though the collision term on the right-hand side was assumed to be 0, so f(® isn't actually a solution of the
Boltzmann equation. So our next step was to linearize a deviation around this: we wrote f = f(® + g, where all
functions here are of @, p, t. Then, we linearize as a function of g and make a relaxation-time approximation where

the collision term is replaced with

g f—fO
T T
(A more precise argument would have given different timescales 7 for each of the different modes we found in the

zeroth-order approximation, but we'll work with this for now.) So now we have

P = 0) g

O+ — 05+ F - 95 ) ( ==

< : + el + p) ( +9) p
Remark 148. If we look at a case where there is no q or p-dependence, and the fluid isn't moving (for example,
because we've reached global equilibrium), we end up with an equation like 8;g = —%, which is an exponential decay
of the deviation term g. So indeed we expect some type of approach to equilibrium with this model now, and it's why

the negative sign is important.

To arrive at a leading-order solution, we actually ignore the g on the left-hand side of this equation. This is because

the dominant term is the derivative of £(9): more precisely, if (%) varies significantly on a length scale L, then V’Z(O) is

on the order of 2, so

g | vt ¢
’W‘ VIR
where £ is the mean free path. So we're making the assumption that deviations from equilibrium occur on length

scales longer than the mean free path.

97



With this new approximation, it is much easier to solve
_ Py 7 ©
g=-—-T 8t+5657+f-6,3 A

Since we already have our previous guess for £(°) from last lecture, we can calculate the derivatives directly to find the
expression for g. But instead of calculating the derivatives of (%), it turns out to be more convenient to calculate the

derivatives of In F(®, since

% —_— <at + % 0+ F - aﬁ) (In F©).
Here, we recall that
(0) 3/2 me® 3
Inf®™ =In(nT /%) — 2T 2 In(2mmkg),

where ¢ = V—{lis the velocity in the co-moving frame with the fluid. We will denote the operator <6t + % -9+ F - 6,3)
by £ from here on, so that

[L]=0,+T 05+ C 85+ F-0;=Ds+C-95+F -0y = D+ 05+ — - Oc

Now we've replaced references to p with references to ¢, and now the expression expands out to

2keT2 ke T 27 ) Targredel TC"‘Cﬁ@ BT

c? o) 30.T c? Fo
L(In FO) = De(In(nT~32))+ -2 D, T~ " ¢, Dscatca (77” 2% ) me Co
Using the fact that Dicy = —D:lq, 0o = —Oxlg, and applying the zeroth order hydrodynamic equations (that f(©

satisfies), we have

Co

£(in F®) = 3k T t g7 e

a(n@T»+md(if 3% ) me 2

27 ) T okere @O T T TC"‘Cﬁa ollo = 4T

And now we do some more simplification (algebra omitted, but worth going through ourselves) to find that

2 2 5 c
oM. me 5\, |
g=-7 joT (et~ F0ap)lap | 5~ 5 ) TOa

To check if this is legitimate, we can do a quick check:

/d3pg=—7n . CCB—C—255 Uag + met 5 o OuT
kT \ 3 0 . 2kgT 2) @ o T

where the 0 subscript refers to averages with respect to the Gaussian distribution £(°) for velocity. And we can easily

show that
c2
<CaCB>o = <3> 5a5v
0

me? > C =0
2kgT 2) %)y

because everything is odd in ¢, which is symmetric. So indeed [ d®p g = 0, and this implies that [ d®pf = [d3p f(®) =

and also that

n, so adding our deviation rearranges but does not add particles — in fact, it preserves the density of particles at
each @ and t, and we only redistribute how the particles behave in momentum space.

And now calculating averages of various observables to first order in 7 can be done as

<o>(”:%/d3po(f(°>+g)=< @+ (700,
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If O is a polynomial in the cs, for example, the last term here requires calculations over averages of ¢,s with respect
to the Gaussian distribution £, but now we can make use of Wick’s theorem from recitation 1:

ke

n
o > - (sum over all possible products of paired averages).

(CayCar *** Coy) = (

This lets us calculate all of the quantities: for example,
<pa> - mc? 5 e T
m/ YT T\ \okgT ~2) B T

and then )
T™m c
P(ili;) = nm{cacs)P = nm [(cacm(o) T <<cucu - 36W> cacﬁ> UW]

simplifies to

= nkBTéaﬁ - QHkBTT (Uaﬁ - 6(163&\”> .

(Recall that we're still summing over repeated indices.) And now we can define the viscocity
w=nkgTT,

meaning that we're claiming that

Oapl
PO%) = nkgT 0o — 21 (uag — 70663 W) ,

Example 149
Let's think about the meaning of P,z and u now, because we have some extra terms compared to the “usual”

pressure.

We know that if we have a conserved quantity x that is associated with a single atom, then xn is the total value
of x in a given region of space, divided by its volume. Since J,, the current density, is given by the rate at which x
flows past a point, we know that

Jxa = NXVa,

and if we switch to the co-moving frame, we have
jx,a = nX(Va - Ua)-

Since the momentum is conserved, we can choose x to be the Bth component of the momentum in the co-moving
frame. Now we have

Jpga = mn(vg — Ug) (Ve — Ua),

so the average “current density of momentum” (transmitted by flow of the gas itself) is mn((vg — ug)(Va — Ua)). But
this quantity is also measuring force per unit area, since the rate of change of momentum is force! So this indeed
makes sense as a “pressure”’ object, and this also explains why we should think about it as a tensor rather than a single
number.

So now let's look at the off-diagonal elements of the pressure tensor: for example,

Py, = current of p, along the y-direction,
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and those off-diagonal terms are just (in these first-order hydrodynamics)
Py = —2u(uxy) = —p(Oxuy + 0y Uy).

So if we have a fluid flowing in the X-direction, we can write the velocity as & = (ux, 0, 0), where u, can be a function

of y. Then we can write down the relation J
Ux

dy’
telling us about the force per unit area in the xz-plane, and the role that u plays here is exactly the standard definition

ny:_u

of viscocity!

Returning to our earlier work, we now need to calculate the heat flux, which was zero in zeroth-order hydrodynamics.

mc2 (1)
hz(xl) =n <Ca2> ,
which requires us to calculate the average in
nT mc? mc? 5
=——03T { — —_— = i
TP < 2 <2kBT 2> C5>

SnTk2T
) = (—”;nf> 0aT = —kBoT,

It turns out to be

Using Wick's theorem yields

2
where k = 5”;?T is the heat conductivity. So at first order, a non-uniform temperature does produce a heat flow

that smooths it out, which is what we want. Similarly, if we have a shear flow, we'll oppose that flow with a non-zero

viscosity, further getting us towards global equilibrium.

Fact 150

Notice that k is proportional to the mean free time 7, and similarly the viscosity also has a factor of 7. So if we
k
w
relaxation approximation. It turns out that it is pretty well-satisfied in the dilute gas limit with weak interactions!

take the ratio 5 those two factors will cancel out, and we can indeed measure = in a variety of gases to test the

Next time, we'll plug everything back into the conservation equations, and we'll show that in linearized hydrody-

namics, we have finite damping rates for our different normal modes.

28 November 4, 2020

Fact 151

Class began with a discussion about everyone's thoughts on the election and election process.

We'll finish the discussion of first order hydrodynamics today, showing that the long-wavelength modes relax (damp)
to equilibrium, which will conclude our discussion of kinetic theory. Then we'll move on to a completely different topic

— quantum ideal gases — but before that, we'll take some time to ask questions about the course material in general.

Remark 152. These past few lectures have had a lot of algebra, and it's easy for us to get lost in the calculations. But
if we look back at the notes after this section of the class, hopefully we can see the bigger picture and the strategies

we've been using. Our homework, due next Tuesday, should help us develop some more intuition too.
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We've been working to characterize the deviation g from equilibrium (9 at linear order, and we can do this by
plugging in the heat flux and pressure tensor we derived last time into our conservation equations. (The goal is to
show that these will indeed lead to relaxation to global equilibrium). Recall that two of our linearized hydrodynamic

where v = n — 7 is the deviation of density, and

equations are

1
(for momentum:) mo;uy, = _%aﬁPaﬁ,

where we found last time that
u
Pa@ = ﬂkBTdaﬁ — 2p, (Uaﬁ — 6065%) ,

with & = nkgT T the viscosity coefficient in the relaxation-time approximation. So if we plug in this pressure tensor

into the momentum equation, what we end up with is

m@tua = —kBaae — fﬁau + =
n n

i

kT 9ud)
5 = ( "t +5aﬁaqaq) us

where 8 = T — T. (Remember that we're specializing to a case where we're perturbing about a state where the fluid
is at rest in global equilibrium, meaning there is a fixed density 7 and temperature T .)

Remark 153. /f we instead plug in the pressure tensor into the non-linearized momentum equation, we end up with
the Navier-Stokes equation (the basic equation of fluid dynamics).

What we've written down is a linearized version of Navier-Stokes, and the first two terms on the right-hand side
already existed in the zeroth order hydrodynamic equation. If we do a similar substitution into the energy equation,
we find that

2 (= K
010 = —= | TOxta — —— 00040 | |
3 nkB

akeTT

where K = % is the thermal conductivity. As a sanity check, if uy, = 0 (so the fluid is at rest), we have

010 x 0,040,

which is the heat (or diffusion) equation! Since 6 is the deviation in temperature, what we're saying is that heat is
transported through diffusion in our gas. And the heat diffusion constant is the thermal conductivity, divided by the
heat capacity %nkg of the gas, which is indeed what we expect.

So we want to take these three boxed equations, which are linear coupled differential equations with constant
coefficients, and we can solve them with a Fourier transform like we did before. For clarification, this means that we

want to look for solutions of the form

and the Bs are the Fourier coefficients. Plugging these in, each time-derivative multiplies the function by —iw, and each
space-derivative along a brings a factor of iky. So derivatives just give us multiplication, and the original differential

equations will reduce to a set of coupled ordinary linear equations for the quantities &, ii,, and 8, which is a linear
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algebra eigenvalue problem. What we end up with is (remembering that the parts of the matrix with indices are in

block form)
b 0 Tikg 0 b
W |G| = | “oapks 2 (Koup+42) “2baphs| |G| |
g 0 $Tke S |18

and now we look for the eigenvalues of this 5 x 5 matrix, which tell us how the mode frequencies have been modified
now that we have a better solution to the Boltzmann equation. Recall that in our first attempt, the terms proportional
to K and p did not exist, and we had three zero-frequency modes. But the viscosity should take away the two shear
modes that we found, and the last zero-frequency mode, the “entropy mode,” originally had density and temperature
vary in a way so that there was no pressure anywhere — that won't happen anymore, either.

We could find values of w by brute force, but let's make our lives a bit easier: if we consider a transverse mode
with k - @ = 0, which were initially the shear modes with zero frequency, the middle part of the matrix is no longer
zero, and what we end up with is a frequency ‘
~Eie
mn

wr =

This is a pure imaginary eigenvalue, and if we plug that in to the e~™f component of our solutions, we find that
ur (G, t) o ol (K-@) g—pk?t/(mi)

So we end up with an exponential decay of this mode, meaning that its amplitude decays to zero: this mode is
damped over a characteristic time B B
mn  mn_,
Teransverse (K) ~ W ~ 7 ;
where X is the wavelength of the mode. So any flow pattern with velocity modulated in a transverse direction must
decay to zero, and that’'s indeed what we want if the system should relax back to equilibrium.
For the remaining modes, we have i parallel to k (since we've dealt with the transverse modes already), meaning
we can write 7 = /?ue. We can now simplify our equation to (now we have a 3 x 3 matrix, because we only consider a

single scalar i)

1 0 nk 0 1
~ ks Tk —4ipk? kek ~
WU mn 3mn m Ug |
~ — i L2 ~
i) Lo gk =2l |s

and because we're working only to linear order in 7, we can simplify our life some more — we have three remaining

modes which had frequencies (0, vk, —vgk) in the zeroth order equation, and we expect that they will all pick up a

negative imaginary component: (wgl)(k), vek — iy, —vgk — i). Note that the determinant of the matrix above is easy
to calculate — it's % K,Z%‘A

— and that also needs to be the product of the three eigenvalues. So
(WM (K (=i k* = 77) & (WP (k) (—vi k)

to linear order in T, because each of the modifications v and wél) are small. Therefore, we can solve to find

[ 2Kk?
w0 =i ().

and thus the (originally zero-frequency) entropy mode is getting damped as well. We can finish by noting that the

trace is the sum of the eigenvalues: thus
4uk®>  2Kk?
wgl)(k)+vzki7v4k/'yi(u+ >

3mn | 3kgh
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and the vyk terms cancel on the left and we can plug in the we )(k) value. This finally gives us

2 2K
S (A,
g <3mn * 15an)

At the end of the day, what matters is that all of our modes get damped, and in fact the damping rate is proportional
to k2. Thus, long-wavelength disturbances of the medium take a long time to relax, but they will still eventually do
so. Indeed, Toq, the equilibration time, is then much larger than 7 (as we mentioned several lectures ago)! So we've

described the approach to equilibrium in some detail, using these linearized hydrodynamic equations.

Effects like turbulence (in fluid dynamics) are not coming up in our analysis here, because everything's being done
to first order. If we want to apply this to a liquid, we have to show that these equations are more general than

their original context, and that depends on the microscopic behavior.

And in general, there are different adequate approximations that come up for different timescales — the full micro-
scopic picture, the Boltzmann transport equation, hydrodynamics, and so on. It's impossible to try to solve everything
exactly, but we can make appropriate assumptions to make the calculations feasible for us.

29 November 6, 2020 (Recitation)

We'll have a general discussion of length and time scales in the context of first order hydrodynamics today, and then
we'll think about Wick's theorem some more if we have time.

As always, we're starting with the Boltzmann equation
Pa 0
L[fl=(0:+ —04+ Fa=— | f = C[f, f],
m Opa

where we calculated the collision term using the molecular chaos assumption. A quick recap of what we did with this:
this equation is still too hard to solve in its current state, so we wrote f = f(9 4 g = f(O(143), where C[f(®), f(®O] =0
(basically £ is equilibrium) and § = -%;. Then we find that

L[FO)+L[g) = / d*prdQ o(Q)Lnf” (FOp2)FOps) (1 + G(P2)) (1 + G(p3)) = FO (P)F(p1) (1 + G(P)(L + (p1)))

(writing in terms of § is nice because that makes things factor out), and now we also know that £(O(p,)f(©(ps) =
FO(p)fO(py), because C[F(@, FO] = 0 tells us that <& = 0, and that forced us to have In ) (pg) + In F©(p;) =
In @ (po) +1In F©(p3). This enables us to rewrite

)|P—P1\f(o)
m

LI+ £lg] =/d3md90(9 (P)FO(p1) (14 G(p2))(1 +G(p3)) — (1 +(P)(L+G(p1))).

and then expanding and writing this to first order in § gives us

= [n 020(2) 2= P 0 ()70 ) (5(02) + 3(p3) — 5(p) ~ 3(p1)) + O(&),

which we define in terms of a new operator C; as

= fO(p)CL[g] +O(F).
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Example 155
Let's quickly shift gears and develop a helpful mathematical principle: if we have an equation like ax = B(x> —4),
we can think of our solution as a perturbation x = xg + €, where B(Xg — 4) = 0 is the solution if we ignore the

left side of the equation.

Plugging this in gives us

ix +i£—2x€+€2$5(2x i4—8)—ix
B BT "B - B
But if 5 is small, then € should be small along with it, and it's consistent for us to say that € = %% + 0 (%)2.
So returning to our original question, we have a linear operator on the left side, £[f]+ £[g], which is “pretty small.”

So we want to know when it's self-consistent to make the linear approximation

LI = r9¢, (a1

and this is true (the equivalent of checking whether £ is small) if the following conditions hold:

« The magnitude of our external force must be much less than T—”X, where T, is the characteristic time of our

operator. (T—”X is the typical amount of force that our particles are experiencing, because every mean collision
time, we'll get our momentum changed on the order of p.)

+ We need %f < ﬁ ~ % where £, is the mean free path for the particles. (In other words, the differences in
f at different regions must be not noticeable by a traveling particle, compared to the influences of collisions it
experiences as it travels between those two regions.)

+ Finally, we need "Lff < % which is a similar idea as the one above.
X

The first and second conditions are true if we set up our initial conditions properly, and the variations in f can
be caused either by initial conditions or external forces. But if everything is small (and we have long-wavelength
fluctuations), waiting a bit will make the collision terms get rid of fast fluctuations. Combined with the fact that g is
small, and that means that C[f, f] is small, we find that the solution form we've presented is self-consistent! Here's
one way to think about this: a perturbation to our system that is very large or rapidly varying might cause the different
terms here to have large influences. But if our initial conditions aren't large and our force does not have a huge impact,

our deviations will behave properly.

Example 156

For illustration, let's think about our previous problem set and consider a force F = Eoe’Wt+’F'ﬁ. Recall that

we approximate our collision term as —% (this is the time for electrons bouncing off impurities, rather than

scattering off each other).

Now we have

Llfee) + £lg) = =7,

because the equilibrium foq has collision term zero under our relaxation-time approximation. But notice that the
approximation
g

FOC () _f0d _ 9
(g) i i

is essentially approximating the parenthetical (g(p2) + g(ps) — §(p) — g(p1)) term from earlier in our calculation as
only having the —g(p) term, and also making other assumptions about how the rest of the integrand’s p-dependence
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looks. There are plenty of corrections that are actually added for what's going on at other momenta, and we're
essentially treating the other terms on average as “not doing anything” because we integrate over them. (Basically,
“scattering is a pretty random process,” so effects from other p;s don't do anything to p.) And we're also assuming
that all 7s that show up in this equation are the same, which is physically unlikely when looking over different values
of p.

So returning to our example, it's not important that L[g] itself is small relative to L[f] — we just need to be
able to do a self-consistent order-by-order expansion with it, and that requires § to be small relative to f and also
Llfeq] < £ (meaning the electric field is much smaller than 2, which will typically hold). Expanding gives us (to first
order, noting that g is the same order as Ey)

J2) 0
8t9—|—*aa9—|—Ea feq:_ .
m OPa T

lQ

And now if wT < 1, and |k|vT ~ |k|¢ < 1 (meaning that the electron has gone through many collisions before the
electron reaches an electric field with a different spatial or temporal dependence), the first two terms here on the
left side will be negligible. (For something like a metal at room temperature, we have 7 ~ 107'* s and £ ~ 10 nm.)
And then we get a direct proportion relating g to the electric field, and the problem can be solved from there.

Looking further down the derivation, if we write down the hydrodynamic equations
Din = —nOy Uy,
1
mDyty = Fo — Eéﬁpaﬁ
1 1
Dts = E aBlUap — ;aahou

we're taking the equation L[f] = C[f, f] and integrating (averaging) over the local momenta. \We then need to
learn what F,s and h, values are — as written, they can depend on a complicated distribution, but this is where we
“coarse-grain” over the small 7,.: we do an expansion so that we can write P,g and hy in terms of conserved-quantities.
And we do this with another order-by-order expansion: we can write P,g, hy. € as functions of &, n, and T, which give
us five differential equations for five variables. And for the first order case, we use L[f(9)] = —T%, and note that
there is no correction to i, n, € in this first-order approximation, because we derived these equations from the equation

0 = [ d®pL[flx(p) (the collision-conserved quantities can't change along the flow lines). So we must have

/d3pg(p)x(p) = —'r/d3p£[f(°)]x(p) =0,

with the last equality true because we're writing L[f(®] = C[f(® + g, f©) 4 g] and evaluating that to first order.
There's a lot to keep track of, but what's important to take away is the overall logic!
Finally, we'll talk a bit about Wick's theorem: suppose we need to compute an average value

<C0£1 e Ca2n>0'

where each ¢, is an iid centered Gaussian drawn from a fixed distribution, and the O indicates average over that
Gaussian. Then the only nonzero cumulants are the first and second order cumulants (the mean and variance), so if
the means are zero, we only care about contributions from the variance. Thus, we want to do a cumulant expansion,

which is the set of different ways to pair up the ¢js:
= (Cay Can){Cas Cay) - - - + (Other permutations),

noting that (c,cg) is isotropic (meaning it'll be Adyp for some A, depending on the variance).
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For example, calculating
(Ca Cﬁc’YC5>O

will have two factors of A because we have two pairs, and then we just do all of the pairings:
= A? (50@575 + (5,17557 + 55155@7).

In our derivation of first-order hydrodynamics, this comes up because we often integrate an observable O and get an

equation the form
e—X2/2

V2m

and we can integrate O (which can usually be written in terms of the ¢,s) with respect to the Gaussian:

dx (14 §(x))O,

= (0)o + (Od)o.

And since O often looks like c2¢c, or CaC, We can use Wick's theorem directly in this way.

30 November 9, 2020

Because of Veterans Day, we won't have class on Wednesday. And by popular demand, the due date for our problem
set this week is extended to Thursday at noon. (There are some special rules this year for Thanksgiving week, which
will affect future problem set logistics too — we'll hear more information about that and our upcoming quiz soon.)

Today, we'll start a new topic. Now that we've finished with kinetic theory (which essentially served to provide a
more useful description by approximating statistical mechanics at longer timescales), we'll begin discussing quantum
ideal gases, starting with the ideal Bose gas.

Some of us may not have taken quantum mechanics before, and the most important thing is that (especially since
we've come this far in a graduate physics class) quantum physics is important for us to learn if we haven't
done so already. The rest of the class can probably be followed without knowing quantum mechanics, but it'll

be a lot easier to appreciate conclusions with the relevant background.

One of the fundamental reasons for this topic is that as the temperature of a gas decreases, Boltzmann statistics
becomes increasingly inapplicable, and we need to be more careful about indistinguishability of particles and its effect
on the structure of our Hilbert space. When we're working in three dimensions, there are two general types of behavior
for identical particles under exchange:

« Bosons, for which the quantum wavefunction is symmetric under exchange, so for particles at positions xi, Xo,
P(x1, %) = P(x2, x1),
« Fermions, for which the quantum wavefunction is antisymmetric under exchange, meaning

Y(x1, x2) = —P(x2, x1).

We're always going to be interested in a large system of identical particles, and throughout this course, we'll

only deal with systems where those particles are noninteracting. (Interactions between gantum mechanical particles
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are discussed in 8.513 and 8.514, which are the quantum many-body physics classes.) If we have such a set of
non-interacting identical quantum particles, we can let the single-particle eigenstates be denoted |r), and a many-
body eigenstate written as |r1, >, -+, ry). Naively, the wavefunction looks like a superposition of states of the form
YW, - - -y, (which are products of the single-particle wavefunctions), but we can specialize in the case of bosons
and fermions. For bosons, we're only able to consider the subspace of states which are symmetric under permutations,
and for fermions, we only consider the subspace which is antisymmetric under those permutations. And we can state

that in another way as follows:

Proposition 158
If we have a system of bosons, then any number of particles can occupy any given single-particle state. But if we

have a system of fermions, any single-particle state can only be occupied at most once.

Basically, if we antisymmetrize a wavefunction where two particles have the same single-particle wavefunction, then
the subsequent exchange will make everything cancel out, and we won't have a valid wavefunction at all. And this is
exactly what we might hear in atomic physics as the Pauli exclusion principle.

Now, if we want to specify the eigenstates for our many-body system, we can index them as (ny, na, -+ ), where
n, is the occupation number for the single-particle state |r). (For example, if there are 100 single-particle states,
and there are 10 particles, we can ask how many particles are in the state |1) and |2) and so on, up to |100).)
This is equivalent to providing the eigenstate of every individual particle, but it is easier to use the n; notation for

thermodynamic description later on. So we have the constraint

Z n, = N = total number of particles.

r

For bosons, the only additional constraint is that n, > 0 for each r, but for fermions, we also need that n, < 1 (each

state |r) can only have 0 or 1 particles). If we let €, be the energy of the single-particle state |r), then we can also

write down the canonical partition function
7 = Z e P2 ner
{’71'”2#“}

with the constraint >, n, = N over the big sum. It turns out that it's often easier to calculate with the grand partition
function, fixing the chemical potential instead and then working with the grand free energy to get what we want.

Specifically, we just need to be able to handle the sum

Zc = Z e_BZy”r(Er_IJ'),

{m.n2, -}

this time with no additional constraint on the big sum (except the n, < 1 constraint in the fermion case), and now
our problem is completely well-defined — the difficulty now comes in the mathematics.
In the ideal Bose gas (meaning we have bosons), since each n; can be any nonnegative integer, we can do the

sums independently over each n,, so we can factor this sum as

ZG — H (i e‘ﬁ”r(&‘ﬂ)) .
r nr

=0

Each term here is an infinite geometric series

1
—B(er—u) —26(er—u) e —m —
1+e +e + g e—
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and thus we have our answer in the Bose gas case:

1
— I I — o Pg
Z6 = 1_eBe—m ¢

r

where g is the grand free energy. Taking the log tells us that

g=ksT > In(l—e Pl |
r

so if we can evaluate this sum over single-particle states, we'll have our final answer for the grand free energy.

Example 159
Consider a gas of such bosons confined to a large box of volume V' (and no external potential acting on the

system).

We know that each single-particle state here can be labeled by the momentum p, so

g= kBTZ In(1 — e—ﬁ(ﬁQ/@m)—u))_
5

More specifically, if the box is L x L x L, we know that

27mh

p= T(va my, mz),

with my, my, m, all integers. Since we'll end up taking the thermodynamic limit L — oo, keeping the ratio L—’\é fixed

as always, this is the real sum that we want to evaluate, and because the spacing 2%” goes to 0 in this limit, we can

proceed by turning this into an integral (this should sound familiar to us!). Then we find that

d3
g= kBTV/ﬁ In (1 _ e—ﬁ(ﬁ?/@m)—u)) ,

and now thermodynamic quantities can come out of derivatives of this free energy.

Definition 160

From here on, @p will denote %.

We can find the density of the gas
_M_ 19
P=V = Vo

which we can do by bringing the derivative into the integral, yielding

3 e_ﬁp2/2meﬁu
p=[d P B am B
1 — e—Br?/2maBu

This is some function of T and u, as we expect, and in order to evaluate this integral, we'll set z = ®# and perform

the change of variables x? = g—ﬁf, leaving us with

2 2

4w ze X

_ 32 [ X
0 (27rh)3(2kaT) /dx

0 l—Zeixz’

where the 47 comes from the angular integrals when we switch to spherical coordinates (and now we're left with the

radial integral, which is why the bounds have changed).
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Definition 161
The thermal de Broglie wavelength is defined through the equation

h? 5 h?
—— =kgT = A7 = .
omxz ~ " T OmkgT
. . . L. . . P2 . . .
Physically, the motivation for this is that particles with a thermal energy kgT = —3%* gives an uncertainty in

position given by ——. (Our definition might be off by a factor of 7 from other ones.) Then we find that

Ptypical
3 1 [ Xz~
PAT = Py dxX————,
212 Jo 1—2ze™x

and now we can't evaluate this integral in terms of elementary functions, but we can do so with some special ones.

Expanding the denominator gives us

1

oo
= ﬁ/ dxxzze_xz(l +ze X 4272 4. ),
0

which rewrites to

1 [ = 2
=5 dx x° E z"e™> ",
T
0 n=1

We now just have Gaussian integrals weighted by an x? factor, and evaluating those one at a time gives us
1 &z
~ gn3/2 Z 32
n=1
This can be written in terms of the function

G3/2(2) = Z %

n=1

and we get our answer for the particle density (remembering that z = &%)

1
PAF = WC3/2(Z) :

Next time, we'll use another series expansion to calculate the average energy, which will be a different zeta function.

We'll then be able to take the resulting expressions to get some interesting physics!

31 November 13, 2020 (Recitation)

We'll start by finishing the story of kinetic theory and hydrodynamics from last time, and then we'll discuss separation
of scales and begin a review of density matrices.

Recall that for any collision-conserved quantity x, we have
[ ectr. fixe) =0

Furthermore, if f satisfies the Boltzmann equation L[f] = C[f, f], then we also have [ d®*pL[f]x(p) = 0, and this is

what gives us the hydrodynamic equations. For example, setting x = 1 gives us

Diug = —nd:ly,
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setting x = p gives us )
thUa = FO( — Eaﬁpaﬁ,

and setting x = % gives us
Die = —%Paﬁuaﬁ — %Gaha.
These are exact equations, but we can make a first-order approximation and assuming £[f(®] = C[f(!), (D] (which
is only true to first order). Then we have fd3p£[f(0)]x(p) = 0, and this gives us zeroth order hydrodynamics
(because all of the equations are in terms of £(9)).
Next, we can say that L[f(Y] = C[f(?, )] to second order, and thus [ d*pLfP]x(p) = 0. This then gives us
first order hydrodynamics, and our perturbation from () will be of order % where T, is the timescale of £ (the rate

of relaxation to global equilibrium), and 7, is the mean collision time. (Alternatively, & is of order 7x.)

Remark 162. Here, f(©) satisfies the hydrodynamic equations to zeroth order, so C[f(o), f(o)] = 0. Then we define
f() = £ 4 g (when solved to first order), to get the next-order solution, through the equation L[f(®] = C[f(1), f(1)]
(which holds to first order). The next-order correction is then defined through L[f(V] = C[f®), f)] (which holds to
second order), and so on — this iterative order-by-order calculation is basically how perturbation theory works.

Let's now look at the Navier-Stokes equation, which comes from the first-order hydrodynamic equation with

relaxation time approximation: because f(1)) = (O — 7£[f(9)] we basically take

[ PoLtr® — 7Ll (p) =0

and we replace T with certain effective parameters u, K. (We don’t actually need the assumptions of the Boltzmann
equation — we can derive this with conservation laws directly, too.) And we might ask why the Navier-Stokes equation
is always considered close to exact — why do we never ask for the second-order expansion? It turns out :— is really
small — the order of the mean free path, versus the order of probing the system, gives us a huge gap, and we're not
interested in the small-scale details.

Then the natural followup is why first order matters to us — why not stay at zeroth order? The answer here is
that we need to compare timescales to each other, and we know that all of our frequencies have zero imaginary part
in the zeroth order hydrodynamic equations. So our timescales for oscillation don't have any decay timescales — no
modes decay to equilibrium — so even though :—g is small compared to other timescales, it's still large compared to
0, and it still qualitatively changes the system. Remember that the damping rate is on the order of C[f(o)], which is
proportional to 7,v2k2, where k is the wave number for our modes. This can then be rewritten as puk?, where y is
the viscosity, and thus if our variations are long wavelength enough, our damping rate is very small.

And this kind of logic means, for example, that studies of material properties versus atomic physics versus quantum
field theory don't need to be considered with each other, because they're dealing with different time scales. This

separation of scales is part of what makes physics work!

In the kinetic theory of gases, if there's no scale between T, and 7, we shouldn't expect any behavior to happen
between those two scales, unless it happens at all scales. But this idea comes up in other situations too.

Similarly, if we look at the distribution of the sizes of cities, there is no particular scale — it follows a power law,
and no particular population is picked out. (The only scales here are the smallest number of people needed to fill a
settlement, and the maximum number of people on Earth.) This gives rise to a “fractal” behavior, which we can also

see in the shape of coastlines.
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The idea of turbulence in fluid physics also comes up in wealth distribution and education, because lots of
inefficiencies from the large to small scale gives us a dissipative system. (If financial flows came in at a small scale
at the service level, there would be less chance for turbulence to occur.) Returning back to kinetic theory, a large u
gives us less turbulence, but p = 0 also gives us no turbulence! So perturbations will break down completely — small
nonzero values of w give us turbulent behavior, but . = 0 gives us zeroth order hydrodynamics. Usually, averages in
thermodynamics will work, but turbulence will not give us a normal distribution where we can average out small-scale
behavior.

In the remaining time, we'll start a discussion of density matrices:

Definition 164

A density matrix is given by a sum over quantum states
p(t) = Zpa W’a> <'l/)a| ;
a

where p, is the probability of being in the state a and the v, states are normalized.

These objects come up if we have, for example, an entangled set of particles and we only look at part of that

system. (So for example, a particle might be in a spin-up state with probability % or a spin-down state with probability
1
jv
do this by first applying a product rule to

=D palitd: [Wa) (ol + [a) ih: (e

and density matrices can encode this information.) We can think about how this changes over time, and we can

and then this can be written as

=Y palH [Wa) (Yal = [¥a) (Yal H) = Ho — pH =| [H. o]
a
because H is Hermitian on kets, so it is anti-Hermitian on bras. This might look similar to the classical 8;p = {H, p},
and it's sometimes thought of as an analog of “Liouville's theorem,” but there is no conservation of phase space in
quantum mechanics — in quantum mechanics, we just have a set of states, and momentum and position are useful
ways to describe a state, but they're not the only way to do so.
We can then think about the expectation value of an operator relative to this density matrix, and this is just the

linear combination

<@> = Zpa <1/)a|@|"/)a> =tr

@chx [Ya) <’§%¢{| ,

which can also be written as
= tr[Op] = tr[pQ],

which is a sum over a complete orthonormal set of states
= Z (n|pO|n).
n
(In contrast, the classical version would be

R d3di3Nq R
(0) ://137,\,00,

where p was the classical density of states in 6/N-dimensional phase space.) If we think about the trace of just the

111



density matrix, we find that
tr(p) = Zpa (nYa) (Yaln) = Zpa2| (n|Ya) 2:ZPo¢:1-
a

This density matrix is also Hermitian (just by plugging into the definition) and positive semidefinite (no negative

eigenvalues). We'll explore some more properties next time.

32 November 16, 2020

Our third quiz will be on Wednesday, with the same procedures (take-home, 24 hours to submit) as the first two,
covering the kinetic theory of gases. Also, our next problem set will be due the Wednesday after Thanksgiving, since
there are no classes during the break. Because no homework can be due beyond December 4 (since this class has a
final exam), this will likely be the last assignment that is officially due. A ninth problem set will be posted, covering
subject matter for the final exam, and it is recommended but not counted in our grade. (And our final exam isn't
allowed to be take-home by MIT laws, meaning that it will be timed over a 3-hour period. For those of us in different
time zones, there will be an alternate accommodation.)

We'll continue discussing the ideal Bose gas today, looking at Bose-Einstein condensation. Recall from last class

that we have the equation

1
PAT = WC3/2(Z)1

where p is the density of the gas, Ar = 4/ sz — Is a characteristic length, z = ePH (where w is the chemical potential),
and the (3, function is defined through the power series

e n

C3/2(Z) = Z #

n=1

Definition 165

The functions {,(z) are defined via
n

n(2) =32

n=1

3

(These are also known in mathematics as the polylogarithm functions, denoted Liy,(2).)

Our next step is to calculate the average energy of the system, which is given by

1 0
(E) = 7 > (Z nr8r> e PLim(E—1) — %([39) + w(N).
{ni} r

Doing some calculations simplifies this to

_ 3 P 1
o V/d 2m eB(p?/2m—u) _ 1’

where @3p = (27rh)3 and this should make physical sense because this fraction, known as the Bose factor, is the energy

associated with a particular momentum. We can further write this as

2 %) 4

p 1 4 p 1
=V [@p— = % dp—ro ————
/ Pom z1eprzm — 1 (2mwh)3 /0 Pom z—1ebram — 1
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where we've switched to spherical coordinates and done the angular integrals. Now if we make a change of variables
and let x° = g—’,’:, we find that (this way we can factor out the temperature dependence as much as possible)

(E) =

(ks T)(4TV)(2mkgT)3/2 /°° i x*ze
0

(2mh)3 1—ze>'

(So now the only dependence of this integral on the temperature is in the z.) At this point, we can do the integral by

a power series:

VkBT /oo . %) .,
= dxx z"e ™™,

and now we can do each Gaussian integral weighted by an x* to find

(8) = gz (3407 ) VACsa(a)|

Dividing this expression by the one for density p that we derived earlier, we find that

E_3 (5/2(2)
2 2k8TpC3/2(Z)-

We can analyze this in some limiting cases:

o If p>\3+ < 1, and A7 is inversely proportional to /T, this means we're looking at the high-temperature or low-
density limit. We expect that the statistics of the particles should not matter in this limit (we should get a
classical result). Notice that (3/5(z) < 1 in this limit, because we found earlier that p o< (3/2(z), and that
means that z < 1. Given this, we also learn that (3,,(z) =~ (s5/2(z) (the higher-order terms don't contribute
much to either expression). Therefore we have

E 3
— = —kgTp,
% 250

which is the usual classical ideal gas result. (And notice also that this means e®* < 1, so u must be large and

negative. But that's something we already knew this from studying the classical ideal gas.)

+ Because p>\3T o¢ (3/2(z), which is a monotonically increasing function of z, we must have z increase as p>\3T

increases. So the value of z = e is determined by solving the equation

1
P>\3T = WC;’»/Q(Z),

and in order to do that more explicitly (which we avoided having to do in the high-temperature limit), let's
understand the structure of this {3/, function. The function starts off linear for small z, but when we hit z > 1,
the series starts to diverge (and for z >> 1 this series will diverge), and thus it is finite and increasing for 0 < z < 1
but divergent for z > 1 (for example, by the ratio test on successive terms of the infinite series). Thus, we can
find a solution for z as long as

8T/2pA3 < (3/0(1) & 2.612.

In other words, there's a critical temperature T., obtained by solving the equation above:

2/3
s (S (YY) e (e )
T\ Gp(1) \2m m \(3/2(1) ’

and everything we're saying here only makes sense above this temperature T = T.. But it's natural to think

about what happens to the physics of the Bose gas as our temperature falls below this critical value — if we have
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this phase transition, where in our calculations did we go wrong?

« To get more insight into that, we can consider the other extreme temperature of T = 0. Then all of the bosons
occupy the single ground state with zero momentum, and we have macroscopic occupation of a single quantum
state. So if we raise the temperature by only a little bit, it makes sense that we'll have a macroscopically large
occupation (that is, a finite fraction of our total N particles) in the ground state. Recall that in our derivation
of the grand free energy g, we replaced our sum over states in Zs with an integral, and the only place we could
have gone wrong is in converting that sum to an integral. Indeed, if there is this macroscopically large occupation

of the zero-momentum state, our sum-to-integral approximation cannot be valid.

So we're going to go back to our discrete sum for the grand free energy
1 , 1
g==>1n (l — PP /Qmeﬁ“) ==3"In (1 — e*ﬁ(ﬁr*ﬂ)) ’

where our labeling over r is a sum over particular single-particle quantum states (that is, particular momenta p). We

know that the average occupation of a quantum state r is
1
- -8B Zi(e/*u)nf
<nr> = 7c ; n-e ,
nj

which we obtain by differentiating with respect to ¢,:

1 076 10 99
= ——— =—— InZg = —.
BZs Oe, B Oe, Oe,
So if we use the above discrete sum expression for g, we find that
1
{nr) = ePler—u) — 1|

Since the left hand side is some nonnegative value, we must have €, — i > 0 for all r, but if we apply this on the
ground state, we find that
w<e=20

when our energy is € = % — thus, the chemical potential of the ideal Bose gas is negative for free particles with

this dispersion. Notice, though, that if u is very close to 0, we can expand in a power series to find that

(no) = 1 N 1 _ keT
T e 1T 1 pu-1 u
This tells us that
_ kseT
(no) "’

1
Vv
situation where macroscopic occupation occurs is one where our chemical potential is sufficiently small (relative to the

and if {(ng) is macroscopic — proportional to V — we have u o which goes to 0 as the system size grows. So the

system size).

We can now look at behavior for excited states, and to find the energy of the first excited state, we know that

energy is proportional to p?, and the momentum spacing is proportional to % So the energy spacing is of order

1 1

— more specifically,

L Vv2/3
h2

f1r 2mlL2’
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Therefore,

€ 1/v2/3
& / — V13
| — 1V
which goes to infinity as our system size increases. That means that we can ignore the p contribution in our occupation

number in the following expression: ) )

(m) = eBlei—u) — 1 ~ eber 1"

and similarly for all other excited states n,. In other words, if we ask about the mean number of particles at any
particular non-ground state, it's going to be a finite number — not on the order of the total particle number N, and
thus only the ground state is macroscopically occupied. A way to explain this is that our “excess density is dumped
into the ground state:” if we have any extra density beyond 87r3/2p>\3T = (3/2(1), then it all goes into the ground state,

and this is exactly the behavior of Bose-Einstein condensation occurring for temperatures T < T.

Even if this huge jump in occupation number from n; to ng seems surprising mathematically, Bose-Einstein con-
densation does happen physically — for example, there are labs in Building 26 at MIT that create this environment
on a daily basis!

With our new understanding, we can now understand how to calculate the number of particles N: since only the
ground state has a huge occupation,

(N) = Z(m) = (no) + V/d%eﬁnTlnuf

where we've also incorporated the fact that we must have u = 0 to see this condensation behavior. And we've already
calculated this integral, and evaluation gives us

(o) 1
p=-"+ 53373 C32(1)
Vo emeaag Y

and this ground-state density term “soaks up” all of the extra particles we have beyond the critical temperature Te.

Remark 167. /f we replace our box with a harmonic potential and cool down the gas until it Bose condenses, releasing
the gas will give us a Gaussian wavefunction in momentum space from the macroscopic occupation of the ground
state. So the velocity distribution should be Gaussian, and releasing the potential means that we'll see the particles
spread out in a velocity distribution like we expect! But the technological feats required to make this happen in a real

lab are incredible.

33 November 18, 2020

We talked about the low-temperature phase of the Bose gas last time, and we saw that there is a macroscopic
occupation of a single quantum state (the one at zero momentum). We then derived an expression for the density at
low temperature, which can be rearranged for writing things in terms of the occupation number:

{no) 1 1%
p= 70 + m@/z(l) = (no) = (8m2pA3 — 43/2(1))W(>\3%)-
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Remembering that we defined the critical temperature T, last time, and plugging in its value tells us that

o)) - e ()7)

So (ng) is indeed proportional to V' as promised, and furthermore, once the temperature goes below the critical
temperature T., we start getting a nonnegative fraction of occupation of the ground state. And as T — 0 and
T — T¢, we do indeed get (ng) — pV = N and (ng) — 0 respectively, which is also the behavior that we expect from
yesterday's discussion. (Our Bose gas is not classical immediately once we cross T = T, though: as we discussed last
time, the condition is pA3 < 1.)

Remember that the macroscopic occupation of the single-particle ground state here is called Bose-Einstein con-
densation, and we'll do another calculation related to this phenomenon, calculating the total energy at T < T.
Because particles in the ground state all have zero energy, the only energy contribution comes from the occupation of
the excited states, and we already saw that the contribution from all nonzero momenta can be safely approximated as
an integral (we don't have macroscopic occupation at any energy other than the ground state energy). The chemical
potential u is 0 in a Bose-Einstein condensate, so z =1 in our previous result tells us that

EX3 1 3
TT =30 <2/<BT> Cs/2(1).

Therefore, the energy per particle is (again plugging in results from the previous lecture)

E 3 N —No\ s/2(1)
B kBT( v )C3/2(1).

vV 2

(This is in contrast to the 5 = (%kBTp) 5228 that we previously had for T > T.: the changes are that we now set

z =1, and the density p is replaced with the density of the uncondensed particles. Using the value of (ng) we derived

3/2
earlier on in class, which tells us that a fraction (TL) of the particles are uncondensed, we have

E 3 N (T>3/2 (s/2(1)
— =—kgT— | = .
v 2 V \Tc (32(1)
This lets us compute the heat capacity, which scales as
o0E
Cy = — ~ T3/2
Vo aT

in the regime T < T, while for T > T, the heat capacity should be %ng, matching the classical case. So plotting
% will give us T3/2 growth at first, but then we actually have a kink in the derivative at T = T,. It turns out the
heat capacity actually increases above %kB at low temperatures (for non-interacting particles), and then at the phase

transition T = T., Cy is continuous but not differentiable, and then the value relaxes back down towards %kB.

Phase transitions are often hard to understand, and 8.334 discusses a lot of the theoretical technology needed for
understanding them. In most settings where we have to worry about interactions between the different degrees

of freedom, we usually require sophisticated analysis to understand what happens.

So the ideal gas is amazing in that we can actually analyze the phase transition in an elementary way, and somehow
the identity of particles enforces long-range knowledge of particles on other particles because of the symmetry! We'll

see how the Fermi gas exhibits even more spectacular behavior than the Bose gas after Thanksgiving break.
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Example 169
Variants of this phenomenon have been observed in a lab — for example, a weakly interacting Bose gas, for instance

Helium-4, does undergo a condensation.

Helium becomes a liquid when we cool it under constant pressure at 4 Kelvin, and at around 2 Kelvin, we get a
phase transition that is closely related to the Bose condensation. We find that as T — 0, we do have a macroscopic
occupation, but there is a depletion of the condensate due to repulsive interactions. (And at ambient pressure for
Helium-4, the fraction of particles that are condensed is only about 10 percent.)

On the other hand, when we cool Helium-3 below 2 Kelvin, it just stays a liquid. Helium-3 does undergo a transition
into a low-temperature phase when we cool it further, but it only happens at milliKelvin temperatures. And the fact
that Helium-3 and Helium-4 are fermions and bosons, respectively, means that the statistics of fermions and bosons
do lead to completely different physics! We're encouraged to look up the physics of superfluids to learn more as well.

That’s all we'll say about Bose-Einstein condensation for now, and now let’s talk about blackbody radiation
(which was one of the reasons statistical mechanics came up in the first place), which is the electromagnetic radiation
occurring in thermal equilibrium (that is, the equilibrium of a gas of photons).

Photons are essentially non-interacting, so a photon gas can be treated as an ideal gas. (If we include quantum
electrodynamics corrections, there are weak interactions between photons, but unless the electric fields are very high,
these nonlinear modifications can be ignored.) In addition, they are bosons, so a lot of the calculations we've been

doing will still apply.

Example 170
Consider electromagnetic radiation in a large cavity, where the radiation reaches equilibrium through absorption

and emission of photons by the atoms in the walls of the cavity.

A key point about this photon gas is that the number of total photons is not conserved because of this absorption
and emission — instead, N is determined by conditions of thermal equilibrium. Most textbooks make the following

statement:

Fact 171
If we have a fixed temperature T and volume V for the cavity, the thermal equilibrium state is the one with the

minimum free energy F. And we know that (g—Z)TV = 0 at equilibrium, so w = 0 for the photon gas.

What this means is that we can take our generic formulas for a Bose gas and just set 4 = 0, but the main point
is really that N is not a fixed constant independent of the other thermodynamic quantities. Regardless, we know that

the occupation of a particular single-particle state with energy €, = hc|/?| is

1 1
(M) = o= = Bpak =1

(Remember that we label states of a photon by their momentum — the wavenumber of the photon —and the polarization
of the photon. But for any fixed polarization and k vector, we get a single state, and the occupation is then given
by this standard formula.) We're often instead interested in the total number of photons within some momentum
region, though, and then we need to include the polarization factor of 2, too.
So the number of photons in a range d3p = h3d%k around some momentum 7' is
d3p

de = 2VWH}(,
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where the V% is the standard phase space factor. Since n, only depends on the modulus of Kk, we can then switch

to spherical coordinates and do the angular integrals to find that

4T
(2m)3

1
eﬁﬁdm —1 '

/deNk =2V |k|2d|K|
This can then be converted to a frequency distribution: in the frequency range [w, w + dw], the number of photons

satisfies
L 8mdw W %4 w?

= _— = w ,
813 3 P —1  m2c37 P — ]

dN,,

and the energy stored in this frequency range is

Vi widw

1 dEy
V dw

we find that at low frequencies (meaning hw < kgT), we can expand €™ ~ 1 + Bhw and find that

This is the Planck blackbody law, and we've derived it from the ideal Bose gas! Plotting as a function of w,

dE, ~ ks Tw?dw,

m2c3

and this answer is actually known in classical electrodynamics — it's known as the Rayleigh-Jeans formula, and notice
that the fi doesn’t even appear here — the derivation of this result can be obtained from equipartition. But the other
limit is the interesting one: when fiw > kgT, we find that the exponential in the denominator dominates the —1, and
thus

which means emission is strongly suppressed at high frequencies due to the exponential decay! The maximum of the
distribution can therefore found in the regime hw ~ kg T, and this should sound similar to previous discussions we've
had with low and high-temperature limits and how quantum mechanics plays a role.

Finally, we can calculate the total energy

dE, Vh [® w3
E= | dou— = dw———.
/ Y dw 7r2c3/0 Wepho 1

We can obtain the temperature-dependence by scaling it out of this integral: if we set z = %' then we find that

Vh ksT\* [ x3
E_<7r2c3)( h > /o dXeXfl'

The integral turns out to have the value 7{—; so we end up with

v (kT)*
15 (ho)?

and this T*-dependence is characteristic of many three-dimensional systems. (Intuitively, the phase space volume has
three powers of the momentum, and momentum is proportional to energy for a massless particle. And then we get

another factor of kgT from the energy of the particles.)
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34 November 20, 2020 (Recitation)

We'll continue our discussion of density matrices today, looking at entanglement. Recall that a density matrix is defined

as a sum over a set of quantum states

p= Paltha) (Yal

(which is an operator), and we can define the expectation values of some other operator relative to the density matrix
via

(01=) > Pa (¥a|Olvhar) .

and if we insert a complete set of states, this can be written as

= Zpa (¥a|O]n) (nppe) = Z {n|pO|n) = tr[pO].

n

We found also that
ihdep = [H. pl,

meaning that equilibrium occurs if and only if [H, p] = 0, and then the equilibrium density matrix can only be written

in terms of things that commute with H (including H itself).
« If we look at the microcanonical ensemble, our density matrix looks like

b(E) = ﬁam ~E).

To figure out what this means, it's helpful to go to a specific basis, and we can do that by using an orthonormal

energy eigenbasis. (We can define the delta function of a Hermitian operator by defining it on energy eigenstates
§(H)|m) = 6(Em)|m),
and then extending to the rest of the space from there.) So now we have
1 - 1 "
{n|p|m) = 5 {n|6(A — E)|m) = 5 {(n|6(H—E)|m),
and now we can evaluate the operator on the ket to write this as
1 1
=9 (no(Epm — E)m) = 56(Em — E)omn.
Because tro = 1, we must have

1= 3" (nleln) = 3 S 8(E, — ),

n

which means that

Q=Y 6(E,— E),
n
and we've found our definition for the normalization factor.

+ In the canonical ensemble, we now know that the overall system (our system plus the bath) is defined by the
microcanonical ensemble p = %5(/—77 E7) for the total energy Et. To get a description of just the system, we'll
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want to look at operators of the (tensor product) form 0= 1g® @5 which do nothing to the bath, and then

tr[p0] = Z <n5,n5‘p15®és‘n5,n5>,

ns.ng

where we have to label over both the system and the bath. But now we can separate out this sum because the
bath states have no interaction with the Os, and then do a sum (partial trace) over all bath states using the

function trg[A] = >, (ng|Alng):

= (ns|trs[p]Os|ns) = trs[trs[p]Os].

ns

Thus, it makes sense to define the density matrix of the system via

ps = tre[p]

so that expectations of operators behave as we want: tr[pé] = tr[psés] for operators O of the separable form,

nB> '
which in the thermodynamic limit becomes
=3 (e e ).
np

(We know that it is not exactly true that Hs + Hg = H because there are interactions between the system and

meaning that we can indeed disregard the bath’s effects. So now

Ps :Z<”B

ng

1_ -
qO(H = E7)

1 ~ N
55("'/5 + Hg — E7)

the bath, but we assume those are weak.) So now we can write this as
1 ~ ~
Q > 6(Es — (Er — Hs)),
N

using that Hg can be replaced with an energy eigenvalue because it's acting on the energy eigenstate ng. And
notice that this is )
= —Qg(ET — Hs),
3 s(ET — Hs)

and now by the same arguments that we made about sharply-peaked energy near the beginning of class, this can

be written as
- lesB(ET*F’S — le*ﬁ’:/s
Z

by linearly expanding the entropy term and putting the constant term in the normalization constant Z. And
again, if we take a trace over the system states, we should get 1 for this density matrix ps, so

]_ ~ N
_ + —BA _ —BAs _ —-BE
1—tr5{ze 5] = 7 =trge S—Ze s,
ns
which is what we expect. Notice that we ended up with a probability distribution which helps us write down the

density matrix: )
(nslps|ms) = fefﬁE"ﬁmsns —> ps =) Pns|ns) (ns]

ns
And even if there's only a particular state overall with a given energy, the derivation here still goes through! Even

if the combined system is in a precise (pure) state, the tracing can still give us a probabilistic density matrix.
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Example 172

Suppose that our Hamiltonian is H; = %, and our system is constrained to a box of volume V. Use eigenstates

7) = )

We have
<z‘ /‘<'> = GW

so that the plane wave is equally likely to be at any point, and then the partition function is

%
Zy=trp=Y e PWR/Cm —y / ke PTHI/CEM = 5

where X is the de Broglie wavelength. To get a sense now of what the density matrix means, we can look at the

matrix units in the position basis by expanding the expression for p over k-states, and we find that because we have

1 - id 2 1.2
- = —Bhk?/(2m)
o= LS (R

an energy eigenbasis,

which means

£ (i) Femoren
1

(<lel=) = > (¥

k

We can then write this as an integral:
23 e/;?.(;*—y) -
=2y d3k efﬁﬁ k /(2m)v
%4 / %4

which is a Gaussian integral in k, giving us a final answer of

1 2 w2
Lo M]

>\2

In other words, if we look at the density matrix and the off-diagonal terms in position space, a small A (which occurs
at high temperature) gives us a Gaussian width that is also localized as long as we don't probe the system beyond that
length scale. So when we look at the quantum mechanical statistics, thermal noise actually makes the system classical

— the position basis almost diagonalizes the density matrix.

Remark 173. We could also similarly calculate the grand canonical ensemble, and that also gives us the same types

of expressions as classical statistical mechanics. But everything basically looks like what we might expect.

Example 174

We can now move on to density matrices’ role in entanglement: we know the corresponding density matrices for

1 0 00
spins in the 4z, —z directions are lo O] and [O 1] , which tells us that (for example)

1 =1
1 1

P£x

1
2
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We can write down something like

1/2 0
0 1/2|

1 1
Pmixed = 5(,02 + sz) = §(p+x + ,Ofx) =

This is called a “fully mixed state.” Now if we have two entangled spins in a particular pure state, we should note that

1 1
() + (N + N e IN+

\/§(ITT> ) # SN + 1) @ (1) + 1)

cannot be factored into two single-particle states. In fact, what we end up with is
1 0 0 =1
~1]0 00 O
27210 00 o
+1 0 0 1

which can also be written as

= %(lTT) (M £ 1) (= D) (M + D (D |

And now if we trace over the second particle's states (in other words, we only observe the first particle and try to

describe it as a state), we can divide our 4 x 4 matrices into four 2 x 2 submatrices, and we trace over the sum of the

111 0
tra[p2] = 5 [O 1]

(the second and third term in the boxed expression above don't contribute to our tracing because they're off-diagonal

diagonals of each of those. So

terms). So as soon as we've cut off part of our system, we go from a pure state to something that looks random!
So now if we consider a third spin, suppose that we started off with one of the two states
1

|’l¢bi> = \/§

(1) £ 1D

Then if we do some calculations, we'll find that

trslos] = 3(111) (11) + 114) {4

So what's interesting is that complex phases go away when we add this third spin from our environment: the +
doesn't change the value of trs3[p+]. And very roughly, if the third spin is “us” looking at the particle, and the second
spin is the measurement device, our consciousness not being able to observe all of the quantum details means that we
have to “trace over" our observer's uncertainty, and that creates the randomness.

35 November 30, 2020

We've now gotten our quizzes back — many of us did well overall, though there were many comments about the quiz
being too long. So we'll make a few remarks here — the first problem was relatively basic material, but the second
problem was designed to have the basic physics and the main equations to write down given to us. So the idea was
to analyze the consequences of the equations using the methods we've learned in the past few weeks of the course
— many of us were able to make substantial progress, but what was required was an ability to put together different
aspects of physics, which comes from experience and “physics maturity.”
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Our final is a 3-hour (cumulative, open book) timed exam, and the questions will be a lot shorter than the ones
on the quizzes, but they will cover a broader range of topics. The format of a take-home exam makes it so that many
people keep working on the quiz until everything is solved, within the allotted 24 hours, and a timed exam will be
different in that regard. (An announcement will be posted on Canvas, and policies for makeup exams because of time
zones will also be posted.) There will be a Zoom room open during the exam where we can ask questions as well.

As a final note, there will likely be a slight extension for this week's problem set (announcement to be posted).

Today's class will focus on an application of the statistical mechanics of bosons to the specific heat of solids.

The calculation that we're doing today was first done in 1905 by Einstein (who did a lot of things in that year,
including the photoelectric effect, special relativity, and Brownian motion), and this particular idea was important
because it showed that quantum mechanics needed to be applied to the physics of a solid. Since then, this idea
has developed into a field of the quantum mechanical theory of solids!

Example 176
Suppose we have a crystalline solid, where the atoms are arranged into a lattice. We want to calculate the

contribution to the solid’'s specific heat from small vibrational motion about the atom’s equilibrium position.

At any nonzero temperature, we know that atoms will vibrate about their mean positions, and that thermal motion
gives rise to some entropy and thus an associated heat capacity. Here, we'll consider a simple treatment of the

dynamics, where we begin with the Hamiltonian

H= 2: +V({a}),

where V is an inter-atomic interaction potential. We'll assume that the equilibrium crystalline structure is found by
minimizing the potential energy term V({g;}), and the resulting periodic (three-dimensional) lattice points can be

labeled with three basis vectors &, b, &, so that any point of the (equilibrium) lattice is an integer combination
F=44+ mb+ n¢
with £, m, n € Z. Then the position of the atom at the site 7 will be given by
a(r) = 7+ a(r),

where @(F) is the oscillation of this particular atom. If V* is the minimum potential energy (at the equilibrium lattice

state), a Taylor expansion tells us that our new potential energy due to this oscillation is (summing over all indices «,
B)
V= v*+f > aq, ua(r)uﬁ(r)+O(u3)
FrlapB "

Here, each u represents a displacement from a given site 7 or ' — this approximation is good in the low-temperature
limit — and we'll drop the V* from here on because it is just a constant. We can ask for a more specific criterion for
when this approximation is valid, and the point is that we just want to ensure that the u's are small (one way to say
this is that we need to be able to identify each particle with its corresponding lattice site). But it turns out that
the conclusions that we'll end up reaching are still valid about the equilibrium state, though not necessarily the ground

state, as long as our temperature is below the melting point of the solid.
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We're also assuming that the temperature is low enough for electronic degrees of freedom to be ignored, and this

is true if we have an insulator.

So now we have our Hamiltonian
) 2
p 1 o<V .
H = Froy - 4
Z T Z Fan0a o (P)up(7),
7 7.r a6 B

which describes the oscillations around the sites (that's why we sum over the sites r here). From here on, we'll denote

Kop (T, = aq;iza\f;«, . Note that translational symmetry tells us that the interaction between atoms
B

Kag(F. 1) = Kag(F— 1)
only depends on the relative displacement vector between the atoms, not where in the crystal we're looking. And this
is a system of coupled harmonic oscillators, which we typically solve using normal modes. But this problem can
first be simplified because we have a translational symmetry in our system, which will help us decouple the differential
equations and go to Fourier transformed variables. The idea is to have our Fourier transform over a discrete set: we

write )
iKFr (T
Ug(¥) = — ey (k),
= 5 2 alb

where N is the total number of lattice points in our lattice.

Proposition 178

Here, the k vectors can only live in a finite range, called the Brillouin zone.

To explain what's going on here, if we consider a cubic lattice with spacing a, meaning
ra(4x + my + nz).

Notice that if we take k, — ko + 27” then €K7 is unchanged (we add 27 to the exponent). So no new normal modes

are created outside of this 2Z range in each component, and thus we restrict the k. values to the interval [71 1].

“a a'a
(And something similar happens in a general lattice, too — the Brillouin zone is a unit cell of the reciprocal lattice, up
to constant factors.)
Returning now to the potential energy, we will see the different Fourier modes decouple explicitly:
1 =\ ik 7 ~ T\ ~
V== 3 Kap(F— M) Em 0 g, (K) ().

2n o
rr o6,k Kk

If we change coordinates so we use relative and center-of-mass coordinates, meaning o =r—1r' and R = ’*2”, then

our potential energy becomes

1 i R . L

— i(k+k")-R i(K—k)-/2 | ~ ~

ETID N DOL > Ko@) 772 | o (K.
o B.k.k R o

—

So we've separated the sum over R and 0, and this is good because k doesn't depend on R by lattice translational
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symmetry! If we now sum over R, we find that

by symmetry (these terms wind around the unit circle unless K+ k' is just 0). So now our potential energy will simplify
to
1 ot I,
V=52 |2 Kas(P)e™? | la(K)Ts(—K).
a,ﬁ,E o

If we now define
Kap(k) = Kap(p)e'™?
i

to be the Fourier transform of K, then

1 T,
V=353 Rap(R)ia(R)ip(~F)
a8,k
and indeed the different Fourier modes have now almost decoupled. The only remaining simplification is that because
U (F) is real, we have the simple relation
Ha(_/?) = ga(E)*
between the Fourier coefficients. So the essential idea that made this all possible was the sum over R giving us a delta
function condition, and this was only possible because K5 only depends on the relative position between the sites.
So now the structure of the 3 by 3 matrix Raﬁ at each point in the Brillouin zone determines our dynamics. If there
are symmetries (for example, rotational) in our crystal, that also gives us further restrictions on the matrix elements.

Example 179
For simplicity, we'll assume here that

~ N

Kap(k) = 8apK (K)

is a multiple of the identity matrix. This is not completely correct, but it's good enough that we can illustrate the

main points.

We can do a similar idea for the kinetic energy, writing

Since this energy is defined on each site, we find a simpler answer for this term, and plugging in everything we have

so far gives us

[ e KB
H—;[2m|pa(k)| + 5 |Ua(k)| .
Ne3

This Hamiltonian then has 3N independent simple harmonic oscillators, indexed by wave number and component, with

we (k) = V%-

Here, the R(/_{ term tells us the energy term for deforming the lattice, so it's a type of stiffness (expected to be positive

frequencies

for all but 3 of the 3N modes, and we'll see what's going on there later). Because of these harmonic oscillators, we
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expect classically (from equipartition) for there to be a heat capacity of 3Nkg from the lattice vibrations.

But if we plot % as a function of T, we know from experiments that the actual measured value of % decreases at
low T to 0. So we need to treat the lattice vibrations quantum mechanically instead, just like with polyatomic molecules
— modes with an energy much larger than kgT are not excited, so they can be ignored at certain temperatures. We'll

see the details of that next time!

36 December 2, 2020

As mentioned in the class announcement, we should let the course staff know if the 9am Eastern final exam time is
inconvenient.

We'll continue with the discussion of the specific heat of solids today. Last time, we found that we could determine
the normal modes for vibrational motion of a crystalline solid in Fourier space, and we wrote down the Hamiltonian
accordingly:

H=3" [;nwa(%)F + gm0
Ka

where we've assumed the stiffness f((/?) comes from a diagonal matrix Raﬁ. So then we have 3N independent simple

harmonic oscillators with frequency wa(l?) =1/ % and classical statmech tells us then that the specific heat must

be 3Nkg. But this answer is experimentally wrong, so we're looking into the details more carefully today.

In quantum statmech, we expect that the contribution to heat capacity drops once T < Z—‘;’ where w is the

oscillation frequency. We know that the quantum eigenvalues for the harmonic oscillators are labeled by integers
{nRa},and

({0 )) = 3 tnR) (o +3).
K.a

with each ng , a nonnegative integer. And now the quantum statmech of a single oscillator can be repeated for any

number of decoupled oscillators — the partition function is
7 = Z e PEUnD)
{n«}
which can be factored in terms of the individual oscillators as
_ H Z e Bhwa(K) (g, +3)
E,a ”/?,a

(Remember that the oscillators are distinguishable because they're corresponding to different wavenumbers, so there's
no Gibbs factor here.) This can further be simplified as

ePET]Y e Bhwa(k)(n.)
Mo Ka

Awg . .
where Eq = Z/?,a = w;“ is the ground state energy (that ends up being an overall constant for the purposes that we

care about right now). And now evaluating each geometric series gives us

1
— o BE
Z=e OH{l_eﬁhwa(E)} .

ko
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If we define ny  to be the occupation number of the mode K, o, we can find that

S, e—Bnhwa (k) _ 1
S0, e Brhwa(k)  eBhwa(k)—1

(g o) =

This expression looks very similar to the photon occupation formula for blackbody radiation, so we can consider the
quantized lattice vibrations to be particles, specifically bosons with dispersion wa(/?) (So we have quanta of the sound
wave modes!) These particles are known as phonons, and what we're obtaining is a description of the phonons and
their spectrum inside the solid.

Remark 180. Also, the chemical potential u for this system of phonons is 0, because the particle number is not
conserved (due to defects or boundary conditions) and the energy —hweq (k) is not part of the chemical potential term.

So now our average energy for the whole system is

Eo—l-zmua nka = Eq +Z hwa(k)

eﬁﬁwa(k) i

but we need to turn this into something that's more useful or explicit. So we'll describe specific models for the

dispersion wg , (this is just a different notation for wa(E)) from here to get some sense of what's really going on.

Example 181

Suppose we have the Einstein model, where Wi o = WE = 0 for all (/?, a).

Then directly plugging in gives us
3/\”7(4}5

E:EO—’_ieﬁhwE_l'

and the heat capacity can then be calculated as

dE hwe\2 e Phwe
C=ar (3Nk8)(kBT> (1 ePhe)2’

In the high-temperature limit iwg < kg T, we indeed have C — Nkg, because we can approximate il

o~ 1
(1—ePwe)2 ™ (Bhwe)?
and most terms cancel out. But in the low-temperature limit, we have kgT < hwg and thus C — 0, and both of

these correctly reproduce experimental results. (So Einstein was willing to take quantum mechanics seriously as early
as 1905!)

But notice that in the low-temperature limit, we have C « e P™e but in experiments we see that C ~ T3 in
basically every crystalline material! To resolve this discrepancy, note that the translation symmetry of the microscopic
Hamiltonian mean that some modes will have very low energy, so the Einstein model is overdoing the decay near
T = 0. So it must mean that the modes are not all the same frequency, and some modes have much lower w (and
thus contribute a bigger heat capacity).

wW!'ll therefore need to understand the translations a little bit better. It costs no energy to do a uniform translation
of the whole crystal — the potential energy term V/({gj}) only cares about the separation between various gjs — therefore,
a uniform displacement of the atoms uy(F) = u&o) of all atoms also costs no energy. A natural next conclusion is to
say that if u,(F) varies very slowly on the scale of lattice spacing (more precisely, we want it to vary slowly across the
range of interaction), then the energy cost is also small. (In other words, if we plot the displacement v versus r, and
it varies as a long-wavelength sine wave, then on the scale of the lattice spacing, u will look constant and the energy

cost is low.)
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With the previous discussion in mind, consider F((l?) at small \ﬂ We know that the k = 0 mode corresponds to a
uniform displacement, so K(0) = 0, and this was a detail that was missed in the Einstein model! We also know that

K (k) = K(—K) for our simple enough models, so we can Taylor expand

K(K) = K(0) + Aagkaks + O(k*).

Example 182

Suppose we're looking at a simple case with a cubic symmetry, meaning that

Aap = Mg = K(k) ~ Ak? + (higher order).

Then the corresponding normal mode frequencies are

. K(k -
w(iy) = 29 g
m
for small k, where v = ,/%, and thus we have a linear dispersion at low wavenumber! So these are ordinary sound
waves that can be described by elasticity theory. (Note that there are three polarizations for the sound wave, all with

the same velocity, because the displacement can be along the x-, y-, or z-direction of our cubic crystal.

Remark 183. /t's not realistic for this to be true in a real crystal — in particular, because sound waves have two
transverse and one longitudinal mode, But the transverse vibrations should be less stiff than the longitudinal ones, and
because the stiffness determines sound velocity, these modes will have a lower velocity than the longitudinal ones, and

that is indeed the generic situation.

So now the average occupation of a sound mode at (/?, a) can be approximated as

11
eBhwa(K)—1 ~ gBhvIKI-1

(g o) =

for small \ﬂ. And if we want to find the average energy at low temperature, we can just keep the contribution from
sound modes with low |k|, where the °" means that we only sum over some values of |k|:

!/

hv|k|

£ oBhv[k|-1"
k,a

(E)|jow T = const +

and if we then convert the sum to an integral and switch to spherical coordinates, we find (because we pull out three
L
factors of )
(BV)(4m) [k K2hvk
873 0 Bhvk—1 "

(E)|iow T = const +

This expression now depends on kg, but the integrand dies off rapidly for Bfivk > 1 (because of the denominator).

So we're actually just going to replace the upper limit by oo, and we find that

N (3V)(47) [ . k2hvk 3V (ke T\* [ dxx3
(E)liow T &~ const + T/o dk Bk T = const 2 \ hy /0 =1
which simplifies to
w2V A _ 2m2V 3
<E>||OWT ~ const + W(kBT) - il_l’lg) C(T) = WkB(kBT)
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This is known as the Debye model, and it's a good approximation to use below the critical Debye temperature where
U
(ﬁV); = kgTp

and a is the lattice spacing. (And when we're much larger than that temperature, we should use the classical

equipartition result.)

Remark 184. We can say more about the modes of oscillation when the ground state doesn’t have the symmetry of
the microscopic Hamiltonian, too (this has to do with Goldstone’s theorem). Then we'll find again that there will be

modes of low frequency at low wavelength.

In the last five minutes, we'll get started on our final topic of the course, which is the ideal Fermi gas. In most
circumstances, we deal with bosons and fermions as the two types of particle statistics, and the idea with fermions is
that the many-particle wavefunction is antisymmetric under particle exchange. And there’s a deep result that relates
the statistics of a particle to its spin (half-integer spin versus integer spin), and nuclear matter is determined by the
behavior of the protons and neutrons (so Fermi statistics does play a role there because neutrons are fermions). Since
electrons are fermions as well, anything electronic also has to do with Fermi statistics. Overall, the key thing that we
should remember is that each single-particle state can be occupied by at most one particle, which is the Pauli
exclusion principle.

So each single-particle state r will have some energy €,, and if we consider particles with spin-1/2 but also assume
single-particle energies do not depend on spin (so we'll just get lots of factors of 2), we'll want to calculate the partition

function of our system. And the grand partition function
ZG — Z e_ﬁ Zr,a ”r,a(er_ﬂ)’
{nr,a}

where o is either 1 or |, and n, 4 is always either 0 or 1 by the Pauli exclusion principle. So this actually means we

have (factoring through states)

2
ze=1] (1 4 e—ﬁ(er—u)) =11 (1 4 e—ﬁ(a—u)) — B9

r,a r

And thus we've found our grand free energy already:

g=—2ksT Y In(1+ePE )|
r

We'll continue to explore the implications of this in the next lecture!

37 December 4, 2020 (Recitation)

We'll talk today about phase transitions, which will help us discuss the Bose-Einstein condensation more clearly.

Definition 185

A phase transition is a discontinuity in some derivative of a thermodynamic variable.

A derivative of a thermodynamic variable is technically itself a thermodynamic variable, but most of the thermo-

dynamic variables we've considered so far (and have explicitly named) are continuous. So the phase transitions often
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come up in other derivatives (for example, a discontinuity in the second derivative of energy) — what's interesting here
is that thermodynamics itself looks very continuous, so it's interesting when we get sharp behavior.

Example 186
Consider a system of n classical spins o1, -+, oy, where each spin is +1 (but we cannot have superpositions).
Then the Hamiltonian is
=—— Z oioj—h Z .
i<j

In other words, spins are favored to be aligned with each other, and we also have a magnetic field. We then have
_ﬁFn =In va

where the partition function

ZN—ZG

This is a finite sum, so it's an analytic function and thus the log of the partition function should also not have any
discontinuities (meaning Fp is analytic). But if we take the limit as N — oo, we claim that the resulting function
limy_ Fn IS not analytic, so we can't vary the parameters 3, h, J in the limit.

Remark 187. This issue with convergence in the limit can be seen if we look at the functions x" on [0, 1]: pointwise,
these functions converge to a discontinuous function as n — oo (it's O everywhere except 1 and 1 at 1), even though
each x" is analytic. And another example of this kind of behavior is limy_« tanh(Nx) = sgn(x).

So we'll solve this model — first of all, every spin interacts with every other spin in the system, so the Hamiltonian
can be written in terms of quantities that are symmetric under permutations. And what really matters in this example

is how many spins are up and how many are down, so the Hamiltonian can be written in terms of the extensive quantity

M = Z, o;, and we'll define m = % to be an intensive version of that. Then ny = Hm and n_ = ’Tm are the fraction
of spins that are up and down, respectively, and our Hamiltonian becomes
JM?Z
H:——frac12 ogio;—n| —h o= - ————h/\/l
Z J Z ! 2

where the —n comes from the n copies of 0?2 that we introduce when we changed the sum indices. We don't care

about constants in the Hamiltonian, so we can write

H=-— M(Jm—i—h) :—Nm(;m—l—h).

The partition function can now be written as

InZ 1 N N (4 J
N Nm Jm+h - _ _
N —Nln E <Nn+>eﬁ In g exp [ < (2m+h> nelnny —n_Inn_+ )]

M=—-N

by using Stirling’s formula and putting everything into a common exponent. So this partition function has a term
that encourages m to be large (N (Bm (%m—i— h))). while the entropy (combinatorial) term wants to push us back
towards the middle, where n, = n_. And this is still analytic for any finite NV, but we want to see what happens in the
appropriate limit. If we consider large BJ, we expect the first term to dominate, which means we have

lim lim m(h) =0

N—oo h—0
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for the magnetization, because for any finite N, the system is completely symmetric as h — 0. But this is not always
equal to the swapped order of limits

lim lim m(h),
h—0 N—o0

and the key point is that phase transitions take N — oo first! For small 8 (large temperature), this double limit is
indeed 0, but once we get past % = J, we get a bifurcation — the system will be in one state with positive magnetization
or another with negative magnetization m(h). So as h — 0, the answer depends on which of these two “branches”
we took. And physically, this is spontaneous magnetization: cooling a magnetic material down causes it to go from
being paramagnetic to ferromagnetic.

If we plot m as a function of h for various values of B3J, we find that for BJ < 1, we have a continuous function, for
BJ > 1, there is a jump in the value at h =0, and for B8J = 1, it has infinite derivative (so is “barely” continuous).

We'll now do a bit more math to justify this result. Defining a new intensive quantity f,, we find that

N
ﬁFN 1 —NBf(m
where 5 ) . s
m m m
f —Bhm——m"—In24+ — + — + —
Bf(m) = —Bhm 2m n+2+12+30+

and this infinite Taylor series coming from the entropy terms is convergent for any m < 1. Plotting 8f(m) against m
at h = 0 then tells us that whenever 3J < 1, we have a positive m?-coefficient, but whenever BJ > 1, the quadratic
term is negative while all other terms are positive. So that means we have two minima not at the origin whenever
BJ > 1, a stable minimum whenever BJ < 1, and a very “flat” shape at exactly 3J = 1. And the issue is that we do
the saddle-point approximation where we only consider the minimum value of Gf(m) as N — oo, so we indeed get the
desired bifurcation once the temperature gets small enough.

To find the exact points for the minima, we set f'(m) = 0, which means we want
0= —Bh—BJm+tanh~1(m).
So the equilibrium value of m is given by
m* = tanh(B8Jm™ + h),

and indeed if h=0 and BJ < 1, there is only the solution m* = 0, but otherwise we have multiple possible solutions.
And now let's consider another solution: if we consider the Hamiltonian H; for a single spin (here H is not the sum

> Hi because of double counting), we have
H,‘ = (—Jm — h)O’,’

(technically there’s a small factor which is not super important because of 0?). We can define i = Jm + h here to
be the effective magnetic field from both the external field and the other spins, and this actually helps us find out m:
the magnetization should be equal to the average spin

I el
m= 100 = e

(because of the Boltzmann probabilities of being in states with energy 1 or —1), and this is exactly tanh(BhH) =
tanh(BJm + Bh). So we've found the above equation in another way, but we've made the same kind of saddle-point

131



approximation that the empirical average is exactly the statistical expectation. So it's important to track our limits,
but this is a well-justified calculation.

If we're in a lattice, people make this kind of approximation as well even if there aren't interactions between all
pairs of spins, and that is well-justified in 4 or more dimensions (there are enough interactions) but not in 2 or 3.
But this is something that's explored more in 8.334!

If we look at the case where N > 1,8J > 1, and h < J, we'll have m = +m*, where m, is given by the positive

solution to m* = tanh(GJm*). Then the expectation value is

_elNBhm® _ g=Nghm*

{m) = m" grm o mgme = M tanh(NBAm™),

and thus we see that limy_,o.(m) = m*sgn(h). So this is where the discontinuity comes in, and we've finally found a
rigorous justification. But if we take any finite N and consider the h — 0 limit, we still find the solution (m) =0, so
that helps us describe the phase transition in the limit.

And there aren’t macroscopic materials that actually float between two states — once we choose one of them, it's
“stuck” because the spins won't all flip at once. In reality, we also need to consider kinetics beyond true equilibrium
too. But still, N is very large, so we do observe abrupt transitions.

So now we'll turn to Bose-Einstein condensates: if we have a system of distinguishable particles, for example

because they're pinned to a lattice, then the partition function is

F
Zn=(Z)" = f= W’V —f=—ksTInZi.

There aren't any discontinuities here for any finite N. Similarly, remember that in a classical gas of indistinguishable

particles, we wrote down the function
=1
Q=) (2" =exp [2,67],
N=0

and thus we find that
_0nQ

- o(Bu)

But this calculation is actually wrong, because we're taking into account that the particles are indistinguishable. So it

Z,€PH,

doesn't account for the possibility of two particles being exactly in the same state, and thus we're not quite counting
correctly. (In other words, if N particles are in all different states, there are N! ways to permute that, but if the
particles are in the same state we shouldn't still divide by N!.)

So if we use bosons, we should look at the set of states a that the particles can be in, and we write

> _ 1
Q=] > e =1] 1 — BL—En
a

a ng=0

In both of the cases, if p < Eg, both expressions here are approximately [],(1 + eﬁ(“*Ea)). So the probability of
being in any state more than once is very unlikely, which means our distinguishability concerns become less important.

And when we have fermions, every state is either occupied or not, and so we just directly have this answer

Q= H(l + Pl—Ea)y,
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which is the same as the approximate values for the classical gas and bosons at low u. But we'll see more examples
of this on Monday.
So now if we go back to bosons, we find that

Bg = Z In(1 — e PlEa—r),
a

But if u = E, for some a, we get a divergent term, and we can imagine something weird happening as u gets very
close to E. If our system is finite, the density is

_ N _ 1 1 _ ° g(E) 1
n=v = 72@5(/:_&*#)—1 _/E dE VvV eB(E-w) _ 71’
a

0

where g(E) is the density of states (possibly allowing for delta functions because of condensation). In lecture, when
calculating density for a gas, we approximated the density of states g by transferring from a sum to an integral, and
it turns out that if we do this calculation in d dimensions, we have a density near the ground state of

9(Eo) 2mL?
Vv h2Ld”

To interpret this, note that when d > 3, g goes to 0 even though we have delta-function occupations, since the
spacing between the allowed energy states is too large. And that's why we have Bose-Einstein condensation in three
dimensions but not two — the approximation with the integral is insufficient!

Again, this returns to the issue of the “order of taking limits.” For any finite V, our chemical potential u will get
arbitrarily close to 0 (but not hit it exactly), but when we take V — oo, we get a sharp approach to 0, rather than
a smooth approach, for small T. So in the limit we do get a kink in the derivative of u at T, and that's where the
phase transition for BEC is coming from.

In the previous phase transition with the spins, the cause was the interaction (the desire for spins to be independent
was overwhelmed by the energy of interactions). But in this case, we're getting a much bigger probability of everything
being in the same state, but relative to the independent case, there's an “entropic force” pushing them together with

larger probability.

38 December 7, 2020

An announcement has been sent out about how the class will wrap up — our exam is next week, and Alex is offering
to teach an extra review session this Friday. Practice exams from two previous years (from Professor Kardar's version
of the course) have also been posted, and their solutions will be posted tonight or tomorrow. But we should note that
topics like density matrices will not be included, and also the problems are fairly elaborate. So the intention for the
exam we'll have is to be simpler than those.

We'll continue the discussion of the ideal Fermi gas today: recall that if we have single-particle energy levels r with

energy €,, and we assume €, is independent of the spin o being 1 or J, we have

ZG — Z efﬁ Er,a nr,a(Erfﬂ)'

Nr.a

and n,q is either 0 or 1 for each r, a because we're working with fermions. That means that

Zc = H(l + e Pler—n)y = H(l + e Pler—r))2 = o=Pg
r,a r
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for the grand free energy g, which gets us to the final equation from last time,

g= —2kBTZ In(1 4 e PlEr—),
r

Example 190

Suppose we work with standard nonrelativistic particles in a large cubic box with dispersion %.

As we've seen many times, the momentum spacing becomes small between allowed energy levels, and thus we
should try to replace the sum over momentum by an integral. We might worry now that we missed the Bose-
Einstein condensation phenomenon in the boson case, but that's not an issue here because we can’t have macroscopic

occupation of any state — the occupation is always 0 or 1! So we'll go ahead and approximate
g= —2kBTV/d3p In(1 4 e PP*/2m=1)),

and we can find the density using the grand free energy’s derivative, as usual:

N 169_ 3 1
VA VE Q/dpm-

Notice that this looks very similar in form to the Bose case, but we have a +1 instead of a —1 in the denominator,

and this will completely change the physics. And the average occupation number of any single-particle state (r, &) is

1 0g 1

(ra) = 3 3e, = dem ¥ 1

(dividing by 2 because we only want the occupation of one of the two allowed as). Introducing the usual fugacity

z = éB, we change variables with x2 = 62%; to find

87 3/2/ x?ze™x
(2 E 5 (2mkgT) Xm+ze =

So we now have an extra factor of 2 from the spin degeneracy, and the sign in the denominator has changed. In terms

of the usual thermal de Broglie wavelength and then expanding as a power series,

5 —x? 1 oo ) ol ) )
= —_ E _1\nt1l_n,—nx
oAT / X1 Jrze—X2 B 7r2/o ox n:l( DTt

and doing the Gaussian x?-weighted integrals gives us

1 [e.e] Z”
_ _1\n+1
T 4qr3/2 Zl( 1) n3/2
n=

We'll now define a function similar to the zeta function:

Definition 191

Define the functions f,,(z) via

fnl2) = 3 (-1
n=1

(The integral form of this function, from before we evaluated the integral, is an alternate definition of the function

f, and that is defined outside the radius of convergence for this series.)
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Issues of convergence will be analyzed soon, but we'll see that there aren’t going to be any problems. We have our
equation

43203 = f32(2) |.

So now the average energy can be calculated in the same way as for the Bose case, and we find that

s P 1
<E> = 2\//5 P% : eB(r?/2m—p) 1 1
(we weight occupation numbers of states with their corresponding energies), which evaluates to

2
4267X

_ 5/2
(BT)(2 77)3(2 mkgT) /o dXilJrze—Xz

and then doing the same series expansion gives us

VkeT [ 1w 2 % 3
= —1)Mle ™ = T (kT ) fia(2).
i S = (3keT) 52

These expansions are really most useful in the high-temperature, low-density limit, meaning that our gas is almost

classical. So now p>\3} < 1, meaning that we expect z to be small, and thus

Z2 3

z
47r3/2p>\ =f3)0(z) = z — >3 +

35~ 7

Similarly,

v 2P ) T2

which is what we expect for a classical Boltzmann gas.

But in the regime when p>\3T > 1, we'll need to try something different, because quantum effects become
important. If we first study the T = 0 behavior, we know that every particle occupies the lowest energy level possible,
subject to the condition that no level is occupied by more than one particle. If we're working in the grand canonical

ensemble, we see that as 8 — oo (meaning T — 0),

1

(e = Fem 11

goes to O for €, > w and 1 €, < @, meaning that our chemical potential w is the “cutoff” point for which energy levels
are allowed! And thus the grand canonical distribution is able to reach the conclusion that all energy levels with e, < u
are fully occupied, and the maximum energy of the occupied levels is called the Fermi energy Ef — it's an important
energy scale that characterizes a system of fermions. (And u = Ef at zero temperature, but we'll ask about how w
behaves for nonzero temperatures later on.)

To relate this back to the density, note that at temperature T =0,

N = rz;<n,,a> = 2v/a3pe <u - 2pr2n>

(the step function 6 tells us we only keep energies that are low enough), and this evaluates to

2V

_ vV 4 3
~ (2wh)3

- (volume of a 3D sphere with radius pr = /2mp = (2rh)3 37

2
(Here, pg is called the Fermi momentum, and the spherical surface defined by g—fn = u is the Fermi surface.)
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Therefore, the density is

1 /pr\3 k3
SENCN

T3\ 3m2’

1/3 and the Fermi energy is % = I”(3m2p)*/3. So a higher density for our

meaning the Fermi wavenumber is (372p)
gas gives us a higher Fermi energy — indeed, having more particles means we need to occupy more and more levels to
accommodate all of them, and it goes up with an exponent of 2/3 with the given dispersion in three dimensions.

Our Fermi surface is therefore a separation in momentum space which distinguishes occupied and unoccupied
states, and we want to calculate the total ground state energy now by adding up the states of the occupied particles.
This is ) o .

E= 2v/ Fp P 2V p P

|51<pr 2m  (2mwh)3 J, 2m

so we have v o v o
= 0wk = 7 1o BT
w2 10m = 10m
Therefore, the energy also increases as the density increases (again making sense), and thus the average energy per

particle also increases:

E 1E 1 # 372 3 3

— == =—k )| = —h%kZ = ZEF.

N pV <7r210m F)(kg) 1om" F 5 F
This is the kind of expression we expect: the Fermi energy is the main energy scale in this problem, and all the particles
have some energy between zero and Ef, so the average should be somewhere in between. Then the total ground state

energy can also be rewritten to see the N and V dependence

E— §(37T2)2/3 fi N5/3\/—2/3
5 2m '
and we know that the pressure can be written as (because the free energy and internal energy are the same at T =0

— we should usually take a derivative of F)

b OE LIRNENTE P\ (N\*? 2NEf 2E
= — | — = — (31 R — = —-— = ——,

ovV/)yr 5 2m Vv 5 V 3V
Notice that this pressure is nonzero even at zero temperature — it's known sometimes as a degeneracy pressure. (This
occurs because the Pauli exclusion principle pushes particles away from each other, and it's a quantum mechanical
effect.) And this basic idea gives rise to many phenomena: for example, it's why two atoms have a strong repulsion

when we try to push them together, and in fact in the absence of the Pauli exclusion principle, macroscopic matter

would not be stable at all!

Example 192

Electrons are fermions, and let's try doing these calculations for electrons moving freely inside of a metal.

If we approximate the electrons as an ideal Fermi gas, the typical spacing between ions is on the order of an
angstrom (10719 m), and thus that's also the order of separation between electrons — p is of order 100 per meter,
and thus kf is of order the interparticle spacing, 10%° per meter. Since the electron mass is half an MeV, we can then
estimate the Fermi energy Ef, and it turns out to correspond to about 10% or 10° Kelvin. We know that such metals
usually melt long before we get to that temperature, so in most regimes that metals exist as solids, the temperature
we're dealing with is much smaller than the Fermi temperature of the electrons. So we almost never get the behavior
where p>\3T < 1 —even at room temperature, quantum effects are extremely important, and electronic properties of a

metal can be studied only by accounting for Fermi statistics.
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We can then estimate the typical magnitude of the velocity of an electron by taking an electron sitting at the Fermi

surface: then )

2

which is about two orders of magnitude away from the speed of light. So it’s not high enough that we need to worry

mv% =FFr = v~ 1O6m/s,

about relativity, but it's not as small as we might expect in a classical gas (in which the typical velocity \/% is much
smaller than vg at ordinary temperatures 7). So the Fermi velocity v is something we should keep an eye on when
we study these kinds of systems!

So we know that the chemical potential is large in the T = 0 limit (it's a positive number equal to the energy scale
Ef). But in the high-temperature limit, we know that p must be large and negative. So things need to evolve between
these two limits in some way, and we'll start looking at the nonzero temperature limits now. (Remember that u starts
off small and negative but then sticks at 0 below T = T, in the Bose gas, which is a different behavior.)

We now take T # 0 but still small, meaning that T <« % (The temperature T = f—; is called the Fermi
temperature.) If we try to think about the plot of occupation number versus energy, we no longer have a step

function from 1 to 0 at Er: we know that )

(ma) = Fem 1

will be a smooth function that approximates the step function (in fact, only in a window around Efg of order kgT will
we be able to notice the transition from occupation 1 to occupation 0, and this is the only regime where there's a
deviation from the ground state value). Then we can ask about the average energy, which will let us calculate the
heat capacity of the gas, and let's do that calculation now. Our strategy in the grand canonical ensemble is always

the same: we have our two governing equations

1
_ 3
p= 2/d peﬁ(92/2m—u) 1’

2
B 5 p*/2m
(E) = 2/‘7 P b2 2m—u) 11

Changing the variable of integration by converting to spherical coordinates, doing the angular integrals, and letting

€= % = de = p—:f’, dp = \/5¢de gives us the conversion of measure
a 8m 2 gl/?
2/ o5 = /dppzf m*? | de ————,
(2wh)3  8m3h3 w2 h3 efle=m) +1
so that

8m)3/2 [ gl/2 8m)3/2 [ £3/2
s em x| (8m) |
m2h ), eBle—n) + 1 mh J, ePlew 1
We can now do these two integrals in the appropriate limit, where we extract the leading-order dependence by doing

: . / .
a series of elementary steps and putting them together. If we set a = (i”;?ﬁ?, we need to calculate integrals of the

1/2

or ae3/2, respectively. So the quantity we're interested in evaluating is

[ )
/—/0 dsm,

and if we change variables with x = B(e — i), meaning de = kgT dx, then

00 kT
/:kBT/ oy ST ke Tx)
—Bu e +1

form [;° de eﬁ(f,(i))ﬂ, where g = ae
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which we can split up into

0 ks T o0 ks T
:k5T</ ax St ke Tx) X)+/ ax It ke Tx) X)>,
—Bu eX+1 0 e*+1

and changing variables again on the first term gives us

Bu _ 0
kT / dx I = ke TX) Jr/ gy It keTx)\
0 e +1 0 eX+1

This can then be rewritten as

Pu 1 © g+ ksTx)
— kT dxg(p — ksTx) (1 — dx DHTRBIXT )
g </0 xglk ~ ks X)( ex+1>+/o et )

And now when we expand out the integral into its two parts, the first term here is kg T foﬁ“ dxg(u—kgTx) = fo“ deg(e)

9(p—ksTx)
dx -

(the zero-temperature value of the quantity that we're trying to calculate), and the other termis —kgT foﬁ“

Thus, we can rearrange to

//Oudsg(e)kBT</Oﬁudxg(M_kBm/Ooodxg(w_ksm)

ex+1 e +1

The point of all of this calculation has let us isolate the zero-temperature value of our quantities p and E, and next
time we'll see how to use the low-temperature approximation to complete the desired calculation for extracting out

physically relevant answers.

39 December 9, 2020

Today, we'll understand the low-temperature thermodynamics of the ideal Fermi gas — we understood the zero-
temperature situation last class, and we're going to evaluate the integrals from last class in this low-temperature

approximation. Recall that we tried to evaluate expressions like

Y g9(e)
/—A dem,

where g(g) = ag'/? for the density p, ag>/? for the energy E, and a = (8;2232 is a constant. We did this by massaging

the integral into another form

" P — kg T > ke T
| — / deg(e) — ke T / dXM _ / dxw

and now the first term is the value of the integral | at zero temperature, while the remaining terms can be thought of
as a correction. We'll see how this form lends itself to making a good approximation in the limit as 3 — oo now. First
of all, notice that the integrand dies off rapidly whenever x 2 1, because g is some power function but the denominator
is exponentially decaying. And also, Bu ~ ki—FT = % > 1 is large in the low-temperature limit, so x is much smaller

than B in the important contributions to the integral. And thus we'll Taylor expand these functions as

9(u+ keTx) = g(u) + ksTxg'(w) + - -

so that the bracketed term can be written as

:/Budx 9(u) — keTxg'(w) + - _/Oo ax W) T ke TG () + -
0 eX+1 0 eX:]. ’
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And because the weight of the integrand for x > Bu is almost zero, it's acceptable to replace the upper limit of the
first integral here with co (and the error is of error €%, which is small) to get cancellations

= —2kBTg’(p,)/ dx + (higher-order corrections).
0

X
eX+1
We can calculate the value of the integral directly, and the bracketed term turns out to be —%ZkBTg’(u,). This gives

us the following result when we plug things back in:

Proposition 193

At low temperature,
. 7T2 2/
I'~ | degle) + (ks T)°d'(n)-
0

We can now specialize to the two functions for g(g) that help us write down the density and energy of our ideal

Fermi gas. For p, we set g(€) = ae'/?, and then we have that

2a 5, T , a
== L (kpT)2— ... |
p=Zk +6(B)2\/ﬁ+

So if we're working in a Fermi gas at fixed density, this gives us u as a function of T: it's equal to the Fermi energy

at zero temperature, but now we can calculate it for low nonzero temperature as well. Plugging in T = 0, we find
that p = %E?_-/z, and thus if we plug that in and write & = Ef + du, we find that

2a 2 a 2a
7E 5 3/2 7k7—27:7 3/2
3 (EF +01) +6(B)2\/EF+6;L 3°F

Since the equation is valid for small T, du will be small (meaning that % < 1), and thus we can Taylor expand to

linear order. This yields, after some algebra, that

72 (kgT)?

0 =—13"F;

And we could have guessed most this by dimensional analysis: everything changes at order T2, so the change in §u must

be of order % And the sign of this change could maybe have been guessed as well, because in the high-temperature

limit of the classical gas, the chemical potential is negative. And thus we find that at low temperature,

2 (keT’
“”EF(l‘lz(Ep) |

3/2

We can also calculate the energy by setting g(e) = ae>/?, which yields

E 2a g, = >3a\/1
=== T (keT)222VH
v =gkt ke ——

and we're looking for answers that are accurate to this order (T?2) of the low-temperature system. So we can rewrite

this as ) ) 3
a 7r a
~ 4 (Er ou)*? = g(kBT)zj\/ Er
(we don't need to turn the /EF into a v/EF + 0u, because we already have a (kgT)? in front of it). Thus,

E _ Eground 3/2 7T2 232
VAREERY, +aE/ "ou + 6(kBT) 2\/EF
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to order T2, and plugging in the du we found above gives us

E_E 2 a Eqr
U= 795“”" - a@%(kBT)Q +m2(ke T)? 5V Er = =205 °“”d J?F(kBT)2

and therefore

E_E (8m)3/2
o= 9;;“”" 6),7)3 VEF(ksT)?|

What's important is that the energy has changed by an amount proportional to T2, and if we set v = (85_7)33/2 \/Epk,%,

we can calculate the heat capacity per unit volume

Cy 1 dE

vV VdT
Notice that this heat capacity does go to 0 as T goes to 0, consistent with the third law of thermodynamics, but it's

still linear in T (which is larger than the heat capacity of the Bose gas, which goes as T3/2). To get some intuition

for this result, we can rewrite the correction term for the energy more transparently as

E E 2 2 §
V: g;;und +%\/E7F(k87—)2+,..:§E5/2+%\/E7F(k3)7_2+

_23 5/2 5 2 kBT 2
=3 EF <1+ 57 Er + .

Since we know that the mean energy per particle is 2 EF (from last class), we find that

3 5 ksT\? |3 ksT
E—gNEF <1+12 (EF> + > = *NEF‘FNT (EF

Thus, the correction term can be thought of as the thermal energy kg T for a fraction of the  particles in the system,

which we can then write as

proportional to % (Basically, most of the N particles are not thermally excited, but a small fraction are, and they
gain energy proportional to kgT each.) And if we remember that the graph of occupation (n, ) deviates slightly from
the zero-temperature step function, indeed the window of deviation is proportional to kg7 (around the Fermi energy
EF). If we look at the Fermi sea (the set of all energy levels below Ef), then the average occupation is not changed
for most of the states. (Exciting the particles deep into the Fermi sea is often not possible because of Pauli exclusion,
and doing so for particles near the Fermi surface happens much more frequently.) So the low-temperature Fermi gas

kBT

will generally gain these extra factors of , compared to any classical results.

And we’ll finish this class with a few appl|cat|ons of the theory of the ideal Fermi gas:

1. Much like a crystalline solid is explained by boson gas calculations, the ideal Fermi gas model provides a basis
for the theory of metals.

2. We also get a starting point for the theory of the liquid phase of Helium-3 (a fermion): it becomes a liquid at
low temperature and ambient pressure, as discussed a few lectures ago, with lots of weird properties.

3. Because nucleons are fermions, we are also able to study the structure of atomic nuclei and include an important
contribution to the energetics of the nucleus. If we take a heavy atomic nucleus, the protons repel electrostatically,
and the strong nuclear force binds them together, but there’s also a degeneracy pressure that keeps the nucleons
apart. So this is a sensible starting point for a full calculation of the binding energy!

4. Some stars (in particular white dwarfs) are composed of highly ionized Helium, instead of Hydrogen. And we
can model this star as a gas of ions and electrons, and the densities are high enough that the electron gas is
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highly degenerate. So the main physical effects that determine stability come from the competition between the
gravitational attraction and degeneracy pressure. And it turns out the Fermi momentum in this system is very
large, so we need to treat this as a relativistic Fermi gas. And as the mass increases, the degeneracy pressure
must increase, and thus the density increases as well. People recognized that beyond a certain critical mass
(about 1.4 times the solar mass), this is no longer possible, and that's known as the Chandrasekhar limit. And

thus only small stars can form white dwarfs!
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