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Competing Risk

• The failure time may be categorized into several types.

• Example: Death due to (1) cardiovascular disease (2) cancer

(3) others et al.

• The complete observation: (T,D) where T is the failure time

and D = 1, · · · ,K indicating the type of failures.

• Objective: Study the joint distribution of (T,D).
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Latent failure time

• Consider T1, T2, · · · , TK are latent failure times due to the

corresponding causes.

• (T,D) = {min(T1, · · · , TK), argminkTk}

• Can we estimate the joint distribution of (T1, · · · , TK) from

that of (T,D)?

It is not identifiable due to the same issue of

informative censoring! Note that it is NOT reasonable

to assume that all Ti are independent.
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Cause-specific hazard

• Cause-specific hazard

hk(t) = lim
dt↓0

P (T < t+ dt,D = k|T ≥ t)

dt

• Cause-specific cumulative hazard function

Hk(t) =

∫ t

0

hk(t)dt

Note that Sk(t) = exp{−Hk(t)} is meaningless!
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Data

• Observed data: (Ui, δi), i = 1, · · · , n.

• Ui = min{Ti, Ci} and δi = I(Ti < Ci)Di

• Independent censoring: Ci ⊥ (Ti, Di).
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One-sample problem

• The cause-specific cumulative hazard function can be estimated

by the same NA estimator

Ĥk(t) =

∫ t

0

dNk(s)

Y (s)

where Nk(t) =
∑n

i=1 I(Ui ≤ t, δi = k) is the counting process

for the number of failures of type k by time t and

Y (t) = I(U ≥ t).

• All the inference remains the same by treating failures from

other types as “right censored”!

• However, the KM estimator which is equivalent to e−Ĥk(t) is

meaningless and does NOT estimate any type of survival

probability!
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One-sample problem

• The cause-specific cumulative incidence function is the

counterpart of CDF:

Ik(t) = P (T ≤ t,D = k) =

∫ t

0

S(t)dHk(t),

where S(t) = P (T > t).

• The cause-specific cumulative incidence function can be

estimated by

Îk(t) =

∫ t

0

exp{−Ĥ(t)}dĤk(t)

where Ĥ(t) =
∑K

k=1 Ĥk(t).



8

One-sample problem

• Ik(t) represent the probability of “die from heart attack” by

time t. Lower Ik(t) does NOT necessarily suggest “more

healthy”. Imagine that a cancer patient’s cumulative incidence

rate of heart attack can be very low!
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Two-sample problem

• Objective: to test H0 : h1k(t) = h0k(t), where hjk(t) is the

cause-specific hazard function from group j, j = 0, 1.

• The logrank test (treating failures from other causes as

censored) is still valid since

Mjk(t) = Njk(t)−
∫ t

0

Y (s)hjk(s)ds

is still a well defined martingale.

• Note that h1k(t) = h0k(t) is NOT equivalent to I1k(t) = I0k(t)!
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Regression Problem

• Objective: study the association between the cause-specific

hazard function and covariates Z.

• Cox model: hk(t|Z) = hk0(t)e
β′
0Z .

• The Partial likelihood approach (by treating failures from other

causes as censoring) is valid (based on the martingale

argument).

• One may choose to model one hk(t|Z) or several hk(t|Z).
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Regression Problem

• One may model the cumulative incidence function Ik(t|Z)

• Example: 1− Ik(t|Z) = (1− I0(t))
exp(β′Z).

• The inference is more complicated and require more

assumptions on the censoring distribution but the

interpretation is simpler.
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Summary

• The cause-specific hazard function plays the central role of the

competing risk model.

• The inference procedure for the competing risk model is

identical to those we learnt before by treating all the failures

from other causes as censoring.

• The interpretation needs to be careful. For example,

hypertension may be associated with LOWER cancer-specific

mortality because it increases the cardiovascular mortality.


