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1 Basic Probability Theory

1.1 Probability Spaces

e A probability space is a triple (2, F,P), where ) is a set of “outcomes”, F is a set of “events”, and
P: F — [0,1] is a function that assigns probabilities to events.

e A o-algebra (or o-field) F is a collection of subsets of ) that satisfy

1. 0,Q ¢ F.
2. if A € F, then A€ € F.
3. if A; € F is a countable sequence of sets, then U; A; € F.

e A measurable space ({2, F) is a space on which we can put a measure.
e A measure i : F — R is a nonnegative countably additive set function that satisfies

1. u(A) > (@) =0 for all Ae F.

2. if A; € F is a countable sequence of disjoint sets, then
p(UiA) = u(Ay)

If 4(Q2) =1, we call u a probability measure.
e Let u be a measure on (2, F).

Monotonicity. If A C B, then u(A) < p(B).

Subadditivity. If A C UX_; A, then p(A) <> | u(Ay).

Continuity from below. If A; T A (i.e,, A C A2 C ... and U;A; = A), then pu(A4;) T p(4).
Continuity from above. If 4; | A (ie., 4, 2 Ay D ... and N;A; = A), with u(A;) < oo, then
(A7) L p(A).

L

1.2 Distributions

e A random variable X is a real-valued function defined on €2, such that for every Borel set B C R,
we have X }(B) = {w e Q: X(w) € B} € F.

e A random variable X is discrete if its possible values are finite or countably infinite.

e A random variable X is continuous if its possible values form an uncountable set and the probability
that X equals any such value exactly is zero.

e A trivial, but useful, type of example of a random variable is the indicator function of a set A € F:

O ity
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e If X is a random variable, then X induces a probability measure on R called its distribution, by
setting p(A) = P(X € A) for Borel sets A.

e The distribution of a random variable X is described by giving its distribution function F(z) =
P(X < x).

e Any distribution function F' has the following properties:

1. F is nondecreasing.
2. limy 00 F(x) =1, lim, oo F(x) = 0.
3. F is right continuous, that is, lim,, F(y) = F(x).
4. limyp, F(y) = F(z—) =P(X < z).
e Any function F' satisfying 1 — 3 above is the distribution function of some random variable.

e When the distribution function F'(z) has the form

F@) = [ fwiy
we say that X has density function f.

1.3 Integration & Expected Value
e Suppose f and g are integrable functions on (2, F, u).

1. If f >0 a.e., then [ fdu > 0.

For all a € R, [afdp=a [ fdpu.
Jf+gdu= [ fdu+ [ gdp.

If g < f ae., then [gdp < [ fdpu.
If g = f ae., then [gdu = [ fdu.
(] fdul < [ 1£1dn.

e If X is a random variable on (2, F,P), then we define its expected value to be E[X] = [ XdP. E[X]
does not always exist.

SUENAE T o

e Jensen’s inequality. Suppose ¢ is convex, and X and ¢(X) are both integrable, then ¢(E[X]) <
E[p(X)].

e Holder’s inequality. If p, ¢ € (1,00) with 1/p + 1/¢ = 1, then E[|XY[] < (E[| X|?])7 (E[|Y]%])7.
e The special case p = ¢ = 2 is called the Cauchy-Schwarz inequality.

e Markov’s inequality. P(|X| > a) < a 'E[| X]].

e Chebyshev’s inequality. P(|X| > a) < o 2E[| X |?].

e If k is a positive integer, then E[X*] is called the kth moment of X. The first moment E[X] is
usually called the mean and denoted by p. If E[X?] < oo, then the variance of X is defined to be
var(X) = E[(X — p)?] = E[X?] - p%.

e The covariance of two random variables X and Y is defined as cov(X,Y) = E[(X — ux)(Y —uy)] =
]E[XY] — UX Uy -
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1.4

1.5

2.2

Integration to the Limit

Dominated Convergence Theorem. If X,, — X as., |X,| <Y for all n and E[Y] < oo, then
E[X,] — E[X].

Monotone Convergence Theorem. If 0 < X,, 1 X, then E[X,,] — E[X].

Fatou’s Lemma. If X,, > 0, then

lim infE[X,,] > E[lim inf X,

n—oo n—00

Fubini’s Theorem
Fubini’s theorem. If f > 0 or [ |f|du < oo, then

/X/Yﬂx’y)'uz(dyml(dx):/Xxyfdu:A,Lf(xvy)ﬂl(df)ﬂ2(dy)

Exercise. Let X be a nonnegative random variable. Show that

E[X] = /OOO P(X > t)dt

Convergence

Convergence Concepts

Converge in probability. We say that X,, — X in probability, if for any £ > 0, lim,,_, . P(| X, —
X|>¢)=0.

Converge in LP. We say that X,, — X in L if lim,_, - E[|X,, — X|P] = 0.
Converge almost surely. We say that X,, — X a.s., if P(lim,,_» X,, = X) = 1.

Converge in distribution. We say that X,, — X in distribution, their CDFs converge, i.e.
F,(z) — F(z) for any continuous point z of F.

Note. The following three statements are equivalent:
1. limy,— 00 E[g(X,)] = E[g(X)] for all bounded and continuous g(x).
2. lim,, o0 E[e?*¥*"] = E[e?*X] pointwise for all a € R.

3. limy 00 Fi(x) = F(z) for any continuous point x of F.

Relationship between Different Convergeces

If X, “% X, then X, = X.

Proof.

P(Nes>0 Unso Musn{|Xn — X[ <e}) =1
P(Ueso Nnso Un>n{|Xn — X| >e}) =0
P(Nn>0 Un>n {|Xn = N[ >€}) =0 Ve>0
nlLH;OIP’(|Xn —X|>e)=0

L
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e X, L x doesn’t imply X, 2 X.

2.3

2.4

Counterexample.

1 L <t<id
forai(t) = =02t i =0,1,...,2"—1,k=0,1,...
0 otherwise

where U is uniformly distributed on [0, 1]. X,, converges to 0 in probability, but not a.s.

If X, 5 X, then X, 5 X.

Proof.
E[| Xn — X7]

P(X, = X| 2 6) <

—0

X, 5 X doesn’t imply X, 25 X.
Counterexample.

0 otherwise

nt/r 0<t< i
fn(t):{ . "

where U is uniformly distributed on [0, 1]. X,, converges to 0 in probability, but not in LP.

If X, 5 X, then X,, 2 X.

If X, 3a (constant), then X, 5a

Continuous Mapping Theorem and Slutsky’s Theorem

Continuous Mapping Theorem. Suppose g : R — R is a continuous function.

1. If X, %X then g(X )~> g(X

2. If X, 5 X, then g(X,,) = g(X
3. If X, ®3 X, then g(X,,) 3 g(X).

)
)
Slutsky’s Theorem If X, B X and Y, LA (constant), then X,, + Y, B x + a and X,,Y, B X,

Delta Method

Theorem. Let X7, X5,... be a sequence of random variables such that /n(X, — a) B Z for some
random variable Z and constant a. Let g : R — R be continuously differentiable at a. Then /n(g(X,)—

g9(a)) B ¢'(a)2.
Proof.

where |X,, — a| < |X, — al.
VilXn-a) 3272 = X, 54 = X, 5a = ¢(X)5d(a)

Then use Slutsky’s Theorem.
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2.5 Weak Laws of Large Numbers (WLLN)

e Theorem. Let X, X5,... be uncorrelated random variables with E[X;] = u and var(X;) < C < oc.
If S, = X1+ -+ X, then as n — oo, S,,/n — p in L? and also in probability.

Proof.

E[Sn/n] = p

1 1< e
21 —
E[|S,/n — p|?] = var(S,/n) = n2var = —QZ ﬁ -0
e Theorem. Let X7, Xs,... be i.i.d. random variables with E[X;] = p and E[|X;|]] < co. If S, =

X1+ ---+ X, then as n — o0, S,,/n — p in probability.
Proof.

n

1
Sn/n—p= = (Xilgxi<ny + Xilx>n) = EX L <o) + EX g <o) - E[XI]
=1

1 1 &
= (g > (Xilqix,j<n) - E[Xll{lxngn}])> + =Y Xilgxipeay + (E[X11{|X1|gn}] - ]E[Xl]>
= im1
— T4+ 1T+ II1
2 1 2 1 2
E[|1]7] :EE[lel{lXﬂSn} — E[X11qx,<n}] 7] < E]E[|X1| Lix,|<ny]

1
*E[|X1|21{\X1\§e\/ﬁ}] + gE[|X1|21{5\/ﬁ<|xl\gn}]
<e? +E[\X1|1{\x1|>e\f}]

E[|[[1]] = H* ZX L{1x,[>n} } ZE | Xillgx,5ny) = E[[ X1 x,5ny] — 0

IIH\ = E[X11{x,|<n}] — [Xl]\ < E[X1[1gx,5n3] = 0

e Note. Neither independence of the X; nor their finite variance are needed for the validity of WLLN.

2.6 Strong Laws of Large Numbers (SLLN)

e Theorem. Let X, X5,... be iid. random variables with E[X;] = p and E[|X;|] < co. If S, =
X1+ + X, then as n — oo, S,/n — p as..

e If the i.i.d. random variables {X;} have finite forth order moments, E[|X;|*] < co or E[|X; — u|*] < o0
then an application of the Chebyshev inequality with p = 4 gives the needed estimate and we have the
SLLN in this case. Of course, this is only a sufficient condition for its validity. As with the WLLN, it
is enough that E[|X;|] < occ.

2.7 Central Limit Theorem

e Theorem. Let Xi,s,... be i.i.d. random variables with E[X;] = p and var(X;) = 02 < oo. If
Sp = X1+ + X, then /n(Sn/n — p) > N(0,02).
Proof.

E[eia\/ﬁ(sn/n—u)} _ E[d% E;Lzl(Xj—u)] (bn( )

a
f
where ¢(a) = E[e!*X1=#)]. Then ¢(0) =1, ¢'(0) = 0, ¢"(0) = —c>.

By Taylor’s theorem, we have

o «
(b(ﬁ) =1- ¢H(an)%
(]
where()<an<ﬁ. . »
¢”(%) —e 77
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3
3.1

3.2

3.3

Statistics

Probability and Statistics

The basic problem of probability is: Given the distribution of the data, what are the properties (e.g.
expectation, variance, etc. ) of the outcomes?

The basic problem of statistics is: Given the outcomes, what can we say about the distribution of the
data? (Given X1,...,X, ~ F, what can we say about F'? )

Fundamental Concepts

Point estimation involves the use of sample data to calculate a single value (known as a statistic)
which is to serve as a "best guess” or "best estimate” of an unknown (fixed or random) population
parameter.

Let X1,..., X, beii.d. data points from some distribution F'(z;6*). A point estimator 0,, of parameter
0 is some function of Xq,..., X,:

9n = g(Xl,. .. 7Xn)
We introduce the following two methods: Method of Moments and Maximum Likelihood.

In statistics, the bias of an estimator is the difference between this estimator’s expected value and
the true value of the parameter being estimated. An estimator with zero bias is called unbiased.
Otherwise the estimator is said to be biased.

Let 6,, be an estimate of a parameter ¢ based on a sample of size n. Then 0, is said to be consistent
in probability if #,, converges in probability to 6 as n approaches infinity.

A 1 — « confidence interval for a parameter 6 is an interval C,, = (a,b) where a = a(Xy,...,X,) and
b=0b(Xy,...,X,) are functions of the data such that P(§ € C,,) > 1 — a.
The Methods of Moments

The kth moment of a probability law is defined as i = E[X*], where X is a random variable following
that probability law.

If Xq,...,X,, are ii.d. random variables from that distribution, the kth sample moment is defined
as fiy = %Z?:l XFE. We can view i as an estimate of j.

The method of moments estimates parameters by finding expressions for them in term of the lowest
possible order moments and then substituting sample moments into the expressions.

Example. The first and second moments for the normal distribution N'(u, 0?) are
pr = E[X] = p
pz = E[X?] = p* + o?

Therefore, u = py and 02 = gy — ul.
The corresponding estimates of 1 and o2 from the sample moments are

Sy s
=1

ﬂ:

S|

. 1 & 1 & 2 ] _
UQZniZZIX?‘(nZXi) =5 2 Xi— X7

i=1 i=1
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e Question. Are the two estimators above unbiased? Are the two estimators above consistent? What
are the confidence intervals?

Ela] = p
1 n B
A2:7 X, — 2 _ X — 2
n;( i — ) ( 1)
E[6%] = 02 — l02 - 102

n n

fi is unbiased. 62 is biased. Both /i and % are consistent estimators. A 1 — o confidence interval of /i

is 10— @7 (1~ a/2), p+ (1 - /2. (n62/0? ~ x2(n - 1)).

3.4 The Method of Maximum Likelihood

e Suppose that random variables X1, ..., X, have a joint density f(z1,...,z,|0). Given observed val-
ues X; = x;, i = 1,...,n, the likelihood of 6 as a function of z1,...,z, is defined as L(0) =
flxe, ... x,]0).

e If X; are assumed to be i.i.d., the likelihood is L(f) = []', f(X;|0). The log likelihood is /() =
log L(6) = 3=i_, log f(Xi[6).

e The maximum likelihood estimate (MLE) of 6 is that value of # that maximizes the likelihood,
that is, makes the observed data "most probable” or "most likely”.

The estimates obtained by the method of maximum likelihood are not always the same as those obtained
by the method of moments.

Example. If Xi,..., X, are ii.d. N(u,0?), their joint density is the product of their marginal
densities:

n

e nior =T o (<352
i=1

3

The 1()g 11kell]l00d 1S thllb
(llb? C ) n :gf - :g2 2 ) En ("5:2 }[L)
2 o

The partials with respect to u and o are

e The following are the good properties of the MLE:

1. Under appropriate smoothness conditions on f, the MLE from an i.i.d. sample is consistent.

2. Under appropriate smoothness conditions on f, v/n(6 — 6*) LA N(0,1/1(6%)).
3. The MLE achieves the Cramer-Rao lower bound.

e Fisher Information.
2

10) = & L tog £(X10)] = ~B[ o 105 £(X10)]
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3.5

3.6

Hypothesis Testing
Hy: the null hypotheses. H; (or H4): the alternative hypothesis.
Rejecting Hy when it is true is called a type I error.

The probability of a type I error is called the significance level of the test and is usually denoted by
a.

Accepting the null hypothesis when it is false is called a type II error. Its probability is usually
denoted by .

The set of values of the test statistic that leads to rejection of the null hypothesis is called the
rejection region, and the set of values that leads to acceptance is called the acceptance region.

The probability distribution of the test statistic when the null hypothesis is true is called the null
distribution.

The p-value is the probability of a result as or more extreme than that actually observed if the null
hypothesis were true.

Some familiar hypothesis tests: z-test, Student’s t-test, ...

Generalized Likelihood Ratio Test. Suppose that the observations X = (Xi,...,X,) have a
joint density function f(z1,...,2,|0). Hy specifies that 6 € wg and H; specifies that 6 € wy, where
wo Nwp =0 and Q = wy Uw;. The test statistic
L0
A max{L{0)]
N L0
max[L(6)]
Under smoothness conditions on the probability density, the null distribution of —2log A tends to a
chi-square distribution with degrees of freedom equal to dim 2 — dimwy as the sample size tends to
infinity.

Linear Regression

Consider the following regression model:

Y=XB+e¢
where
1 B1 €1 11 0 Ti1p
Yn Bp En Tpl -+ Tpp

The least square estimator .
Brs = argmin||Y — X 3|2

Consider the model above and we have the following assumptions:

1. X is non-random matrix with full column rank.
2. Efe] =0.
3. COV((—:i,&‘j) = 0—25ij~
4. g "R N(0,02).
Brs = (XTX)'XTy.

Under assumption 1-2, B 15 is an unbiased estimator.
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e Under assumption 1-3, Cov(frs) = 02(X7X)~!. An unbiased estimator of o2 is

1
s? =

RSS = L(Y — XBrs)T(Y — XBrs)
n—p n—mp

e Under assumption 1 and 4,

Brs ~N(B,0*(XTX)™h)

where c;; is the jth element on the diagonal of (X7 X)~!.
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