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Inverse Problem

I Find x s.t. yi = A(x , ai ), i = 1, 2, ..., n

I f (c) =
∑
i

∥∥A(c , ai )− yi
∥∥2 , x̂ , argmin

c∈D⊂Rn
f (c)

I x0, x+ = x − µ∇f (x)
I x+ ' x − µE

(
∇f (x)

)
I
∥∥∇f − E (∇f )

∥∥ , ∇f (x) =
∑
i

∇
∥∥∥(A(x , ai )

)
− yi

∥∥∥2 =
∑
i

z i

I z i
iid∼ z , P

(∥∥∥ 1
n

∑
z i − E (z)

∥∥∥ > ε
)
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Concentration of Measure

I zi
iid∼ z ∈ R, P

(∣∣∣ 1n∑ zi − E (z)
∣∣∣ > ε

)
≤ Uz(ε, n)

I lim
n→∞

Uz(ε, n) = 0 (LLN)

I ε = ε(n)→ 0

I Sharpness

I Lz(ε, n) ≤ P
(∣∣∣ 1n ∑ zi − E (z)

∣∣∣ > ε

)
I lim

n→∞
Uz (ε,n)
Lz (ε,n)

= 1
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Higher Dimensions

I Reduced to R by Projection

I ‖z‖ = max
‖v‖=1

〈z , v〉

I ε-net
I B(0, 1) ⊆ ∪ki=1B(v i , ε)
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SubGaussians and subexponentials

I Role of the tail

I SubGaussian: logP
(
z − E (z) > t

)
∼ −ct2

I Normal, Bernoulli, Bounded
I General Hoeffding’s Ineq. Uz(ε, n) = ke−czε

2n

I ε� n−
1
2

I Subexponential: logP
(
z − E (z) > t

)
∼ −ct

I χ2, Exponential

I Bernsteins Ineq. Uz(ε, n) = k max
(
e−c

2
z ε

2n, e−czεn
)

I SubGaussian Region: ε ≤ cz
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Proof technique (classical concentration inequalities)

I E (z) = 0

I Moment Generating Function

I P
(∑

zi > nε
)
≤ MGF(λ)ne−λnε (Markov’s)

I Optimize λ
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Heavier tails

I Rate function: I (z) , − logP (z > t)

I (SG): I (z) ∼ z2, (SE): I (z) ∼ z , Heavy tails: I (z)� z
I Multiplication
I N (0, 1)p, p > 2

I MGF

I I (z) ∼ z2, z
I I (z)� z =⇒ MGF(λ) =∞ ∀λ
I Classical proof does not work
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Inequalities for heavy tails

I Rate function: − logP (z > t)

I Capture Right Tail: P (z > t) ≤ e−I (t), ∀t > 0

Thm (simplified) 1

P
(∑

zi
n > ε

)
≤


exp

(
−cβI (nε)

)
+ n exp

(
−I (nε)

)
, ε ≥ ε0,

exp

(
− nε2

2cnε0,β

)
+ n exp

(
− nε20
βcnε0,β

)
, 0 ≤ ε < ε0.

I 0 < β ≤ 1

I c = c (n, ε) , 1
2 ≤ c ≤ 1, c

n→∞−−−→ 1

1
Bakhshizadeh, M., Maleki, A. and De la Pena, V.H., 2020. Sharp Concentration Results for Heavy-Tailed

Distributions.
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Applicability

I bound cL,β

I cL,β = E
((

zL
)2
I
(
zL ≤ 0

)
+
(
zL
)2

exp
(
βI (L)
L zL

)
I
(
zL > 0

))
I zL = zI(z ≤ L)
I L = nε→∞
I 0 < β ≤ 1

I Var(z) <∞
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More technical terms

I c = c(n, ε, β) = 1− 1
2
βcnε,β
ε

I (nε)
nε

I ε0 = ε0(n, ε, β) = sup
{
e ≥ 0 : e ≤ βcnε,β I (nε)

nε

}
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Sharpness

I Asymptotic Sharpness: Fix ε, n→∞
I First Region: ε ≥ ε0

P
(∑

zi
n > ε

)
≤ exp

(
−cβI (nε)

)
+ n exp

(
−I (nε)

)
= Uz(n, ε)

I (t) = c1
α
√
t, c2 log(t), c2 > 2, lim

n→∞

− log P(
∑

zi>nε)
− logUz (n,ε)

= 1

I Gaussian Region: ε′√
n
< ε0

P
(

1√
n

∑
zi > ε′

)
≤ exp

(
− ε′2

2cnε0,β

)
+ n exp

(
− nε20
βcnε0,β

)
I ε = ε(n) (see paper)
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Proof Sketch

I P
(∑

zi > nε
)
≤ MGF(λ)ne−λnε

I P
(∑

zi > nε
)
≤ P

(∑
zLi > nε

)
+ nP (z > L)

I Choose appropriate λ, L

I L = nε (Balance)
I zLi subGaussian

I

∥∥∥zLi ∥∥∥
ψ2

L→∞−−−→∞

I MGFzL(λ)
L→∞−−−→∞ (∀λ > 0)

I Narrow curve λ = λ(L)

I λ = βI (L)
L
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Conclusion

I Concentration inequality for Var(z) <∞
I Ready to use (Only bound expectation of smooth function)

I Characterize Region of Gaussian deviation

I Asymptotically Sharp

I Many application in Machine learning and Data science
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