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Universality and the Lindeberg method
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What 1s this tutorial about

Universality:

» The macroscopic properties of a statistical physics system are
insensitive to the microscopic details of the model.

Lindeberg method:

» A technique to prove some universality properties.
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Outline

a Warm up: CLT via Lindeberg method
e Extremal cuts of random graphs

e Semidefinite programs on random graphs
9 Compressed sensing

© Conclusion
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Caveat: This is going to be technical!
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Warm up: CLT via Lindeberg method J
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CLT
» Xi,X,... Xy independent, E[X;] = 0, E[X?] = 1.

7

We want to prove
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CLT
» Xi,X,... Xy independent, E[X;] = 0, E[X?] = 1.

7

We want to prove

Idea:
» Basy for Z1, Z,... Zy ~i.4.4. N(O, 1).
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CLT
» Xi,X,... Xy independent, E[X;] = 0, E[X?] = 1.

We want to prove

Idea:

» Basy for Z1, Z,... Zy ~ii.q4. N(0,1).
» Prove, for h smooth
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Side note

» Classically, a whole class of test functions h.
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Side note

» Classically, a whole class of test functions h.

» Here: Work with a specific h.
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Notation

X:(thZl"')mN)ERN
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Notation

X:(xl)xZV":mN)ERN

We want to prove

[Ef(X) — Ef(Z)] < on(1)
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Key idea (‘smart path’)

XO) = (X1, Xa, ..., Xic1, X4, Zig1, -1 )

N
IEf(X) - Ef(Z)| < > [EF(X®) — EF(XC-D))
=1
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Key idea (‘smart path’)

XY = (X1, X2, .., Xic1, Xi, Zis1, - -+, Zn)

N
IEf(X) - Ef(Z)| < > [EF(X®) — EF(XC-D))
=1

This is brilliant:
» X and Z are difficult to relate to each other.

» X() and X(*~1) are easy to connect!
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Key idea (‘smart path’)

XO) = (X1, Xa, ..., Xic1, X4, Zig1, -1 )

N
IEf(X) - Ef(Z)| < > [EF(X®) — EF(XC-D))
=1

This is brilliant:
» X and Z are difficult to relate to each other.

» X() and X(*~1) are easy to connect! (Taylor expansion!)

Andrea Montanari (Stanford) Lindeberg and universality September 29, 2015 17 / 136



Taylor expansion (z > 0)

o) = 9(0) +20'0) + [ (e - )" ()t
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Taylor expansion (z > 0)

o) = 9(0) +20'0) + [ (e - )" ()t

9(2) — {5(0) + ¢ (0) 2 + 5 9"(0)%}| < (e - 9)1"(®) - 9"(0)] ¢

1
< (19"le0®) v (Z 119" o)
6
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Taylor expansion (z > 0)

o) = 9(0) +20'0) + [ (e - )" ()t

9(2) — {9(0) + S O) 2 + 5 9"(©)%}| < [ - 1)19"(®) - "

(0)]dt

1
< (l9"ll2z®) v (119" leo?)

l9(2) - {3(0) z‘+;g (0)z?} <R

R= ||g”||00$21{|x\>K} + gllg"'lloomsl{mgx}
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Consider now a single step

X('L) = (_X]_,Xz,. . .,Xifl,Xi, Zi+17 R Zn)
X(i_l) = (Xl;XQ) ey Xi*l; Zi: Zi+11 R Zn)
X(()l) = (X17X21' . .,Xz’_l,o, Z’i+1i7 vy Zn)
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Consider now a single step

X(l) = (le Xoyoo oy Xic1, Xsy Ziga,y - - -, Zn)
(i—l) = (Xl; Xoyeo oy Xi1y Ziy Zig1y -+« Zn)
X((JZ) (X17X27 '1X’i—170, Zi+1i,...,Zn)

Taylor expansion around Xgi)
FOXO) = £(X) + X0 F (X)) + 5 X202 (X)) £ R,

FXOD) = (x) + 28 (XE) + - 7227 (X)) £ R,

= (187 f 100 X7 Lyx>x3 + ¢ ||3 Flloo X2 141x,< K} »

= a2 2
Ri =167 fllo Zi 12,513 + 6||3¢f||ooZ¢ 14z, |<k} -
SeeneE 6 H01E 18 /16



Consider now a single step

FOXO) = F0) + x8.7 (X)) + 3P F (X)) £ R,

) i 1 1 . 3
FXO) = F(XQ) + 20 (XG)) + S 2202 (X)) £ R,
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Consider now a single step

FXO) = ;(x§) + xef (X)) + 5Xz'23¢2f(Xg )R,

. i 1 1 . 3
FXO) = F(XQ) + 20 (XG)) + S 2202 (X)) £ R,

Take expectation with respect to X;, Z;
E{f(X¥) - f(XE)} <
< Bif(XONE(X: — Zi) + %312 (XSE(X2 ~ Z2) + Ei(Ri + R.)

=E,; (7—\’4 + 734)
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Summing the terms back together

Lemma
E{f(X) - f(Z)} < T2(X) Igleagc\\aff!!oo + T3(K) Igleaﬂaf’f\\oo,

N
Ty(K) =) {E[X121{|Xi‘>K}] + E[Zfl{\zibk}]}
=1

1 N
Ta(K) = ¢ 3 {BIX:PLyx <xy) + Bl ZiP1z <m0}
=1

.
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Summing the terms back together

Lemma
E{f(X) - f(Z)} < T2(X) Igleagc\\aff!!oo + T3(K) Igleachaf’fHoo,

N
Ty(K) =) {E[X121{|Xi‘>K}] + E[Z121{‘Z¢|>K}]}

=il

1 N
Ta(K) = ¢ 3 {BIX:PLyx <xy) + Bl ZiP1z <m0}
=1

.

Morally: I can replace the X;’s by Gaussians if

» f(-) does not depend to strongly on any of the coordinates.
» X,’s have light tails
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Getting the CLT |h"(z)],|h"(z)| < 1, K = eV N

N
Fx) = h(\/%;wi),
1
162l = 3

1

||6’?f||00 = N3/2||hm||oo .

7" lloo
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Getting the CLT |h"(z)],|h"(z)| < 1, K = eV N

1 N
fx) = h(ﬁ;a),
1
162f oo = 712" leo

187f oo =

N3/2||h‘m||°0

1 N 1 N )
Bound = - ZE[X121{|X¢|>£\/E}] + a2 ZEUXi|31{\XA5m/N}] + 2’

<_ZEX Lx)sevay) T ZE|X|

Septemer 28] 301533 /156



Getting the CLT

Theorem (Lindeberg, 1922)
Assume that N~ 320  E[X?1q 5 o ] — 0 for any e > 0. Then
N

1 d
— ) X; = N(0,1).
Ve

[To conclude. . .|
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Remarks

» Introduced by Lindeberg (1922)
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Remarks

» Introduced by Lindeberg (1922)

» Used for non-sum functions in mathematical physics, e.g.
Guerra-Toninelli (2004)
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Remarks

» Introduced by Lindeberg (1922)

» Used for non-sum functions in mathematical physics, e.g.
Guerra-Toninelli (2004)

» Chatterjee (2005) points out that Lemma holds for any
f:RYN SR
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Remarks

» Introduced by Lindeberg (1922)

» Used for non-sum functions in mathematical physics, e.g.
Guerra-Toninelli (2004)

» Chatterjee (2005) points out that Lemma holds for any
f:RYN SR

» Several variants. Example, 6 € [0, 7/2]
X(0) =Z cosf+ X sinf

(‘smart path method’, ‘interpolation’, ...)
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Extremal cuts of random graphs J
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Background: Random graph models
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Background: Random graph models

Erdoés-Renyi Random graph G = (V,E) ~ G(n,v/n)
» | V| = n vertices

» Each edge present with probability v/n
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Background: Random graph models

Erdoés-Renyi Random graph G = (V,E) ~ G(n,v/n)
» | V| = n vertices

» Each edge present with probability v/n

Random regular graph G = (V, E) ~ G™&(n,v)
» | V| = n vertices

» Uniformly random among all graphs with deg(z) =7 for all 2 € V.
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Background: Random graph models

Erdoés-Renyi Random graph G = (V,E) ~ G(n,v/n)
» | V| = n vertices

» Each edge present with probability v/n

Random regular graph G = (V, E) ~ G™&(n,v)
» | V| = n vertices

» Uniformly random among all graphs with deg(z) =7 for all 2 € V.

Average degree v = O(1) J
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Cuts

V\S

cuts(S) = ‘{(i,j) €E:i€8,j¢€ V\S}\
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Interesting for many reasons

v

Clustering similarity matrices

v

Graph layout

v

Community structure in social networks
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Extremal cuts
Minimum bisection

mcut(G) = min {cutg(S) : SCV,|S=n/2 }
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Extremal cuts
Minimum bisection

mcut(G) = min {cutg(S) : SCV,|S=n/2 }

Maximum bisection

MCUT(G) = max{cutG(S) . SCV,|S|=n/2 }
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Extremal cuts

Minimum bisection

mcut(G) = min {cutg(S) : SCV,|S=n/2 }

Maximum bisection

MCUT(G) = max{cutG(S) . SCV,|S|=n/2 }

Maximum Cut

MaxCut(G) :max{cutg(S) : SCV }
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A long history

» Bollobas, 1984

Alon, 1997

Coppersmith, Gamarnik, Hajiaghayi, Sorkin, 2004

» Diaz, Serna, and Wormald, 2007

Daudé, Martinez, Rasendrahasina, Ravelomanana, 2012
Gamarnik, Li, 2014

v

v

v

v
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A long history

» Bollobas, 1984

Alon, 1997

Coppersmith, Gamarnik, Hajiaghayi, Sorkin, 2004
Diaz, Serna, and Wormald, 2007

Daudé, Martinez, Rasendrahasina, Ravelomanana, 2012
Gamarnik, Li, 2014

v

v

v

v

v

Typical result:
If G ~ G(n,v/n) then, with high probability

ny

L4 Ciny/7 < MCUT(G) < % + Con/y
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Insights from statistical physics
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Insights from statistical physics

Conjectures
» Fu, Anderson, 1986
» Mézard, Parisi, 2001
» Zdéborova, Boettcher, 2010
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Insights from statistical physics

Conjectures
» Fu, Anderson, 1986
» Mézard, Parisi, 2001
» Zdéborova, Boettcher, 2010

Theorem (Franz, Leone, Toninelli, 2003, Bayati, Gamarnik, Tetali, 2009)
The following limit exists, for G, ~ G(n,v/n),G*8(n,y)

1
lim —MaxCut(G,)

n—oo N,

Subadditivity: no limit value.
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A classical argument (Bollobas 1984)
Fix SC V, S =n/2
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A classical argument (Bollobas 1984)
Fix SC V, S =n/2

» Each edge is cut with probability 1/2

Ecut(S) = %
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A classical argument (Bollobas 1984)
Fix SC V, S =n/2

» Each edge is cut with probability 1/2

Ecut(S) = .
4
» Azuma-Hoeffding argument
A2
P<cut(S) > Ecut(S) + A < - —
{cut(5) > Beut(s) + A} <exp (-, ~)
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A classical argument (Bollobas 1984)
Fix SC V, S =n/2

» Each edge is cut with probability 1/2

Ecut(S) = .
4
» Azuma-Hoeffding argument
A2
P<cut(S) > Ecut(S) + A < - —
{cut(5) > Beut(s) + A} <exp (-, ~)

» Union bound

ny n ,—né?/4
IF’{ S"%}i};pcut(S) > 2 +5nﬁ} <2%e .
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A classical argument (Bollobas 1984)

Hence, with high probability

MCUT(G) < % + Cyny/y
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In other words

The nvy/4 term is ‘trivial’. ..
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A new result
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A new result

Theorem (Dembo, Montanari, Sen, 2015)

Assume G ~ G(n,v/n) or G ~ G*8(n,v). Then, with high
probability,

1
“meut(G) = 7 — Pay/ 7 + 03 (V).

4 4
1 v Y
—MCUT(G) = 7 +Puy/ 1+ 05(v/7),
1
“MaxCut(G) = X + Puy/ L + 0,(4/7).
n 4 4
where P, = ... (wait a minute).
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Remarks

v

The ,/7 term has a well defined coefficient.

The coefficient has a formula.

v

v

It is the same for 3 problems, 2 graph models.

v

P« ~ 0.7632
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What is P,7?

GOE random matrix:
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What is P.?

GOE random matrix:

JeRan’ J= JT; (J1])1<] NN(O, 1)7 Ji =0.

Sherrington-Kirkpatrick spin-glass model

Hi(o) = (o, Jo) .

1
20/n
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What is P.?

GOE random matrix:

JeRan’ J= JT; (J1])1<] NN(O, 1)7 Ji =0.

Sherrington-Kirkpatrick spin-glass model

Hi(o) = (o, Jo) .

1
20/n

Finally

1
Pi= lim —E max Hjy(o).
n—=o0 N ge{+l,—-1}"
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What is P.?

1
P,= lim —E max Hj(o).
n—oo N ge{+l,—1}"

» The limit exists (consequence of Guerra, Toninelli, 2002)

» Given by ‘Parist’s formula’ (Talagrand, 2006)
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What is P.?

1
P,= lim —E max Hj(o).
n—oo N ge{+l,—1}"

» The limit exists (consequence of Guerra, Toninelli, 2002)
» Given by ‘Parist’s formula’ (Talagrand, 2006)
» Clarifies why ‘standard’ combinatorial methods were unsuccessful

Andrea Montanari (Stanford) Lindeberg and universality September 29, 2015 39 / 136



(Informal) Implication

iy B

Fig. 1. — The tree of the states. The different states a, §, y...
are the extremities of the branches of the tree. The distance
between two states is a monotonic function of the number
of steps one has to climb along the tree to find a common
ancestor.

MaxCut, max-bisection, min-bisection have co-RSB structure J
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Proof strategy: mcut J
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Two graph models

SK model +— G(n,y/n) <+ G*8(n,7)

Lindeberg coupling
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Two graph models

SK model +— G(n,y/n) <+ G*8(n,7)

Lindeberg coupling
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min-bisection
Hamiltonian Hpycut 1 2, = R
1
Hmeut(o) = — 005,
t(o) A, Y 00

1,J)€EE

Q= {o € {+1,-1}": f:ai =0}.
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min-bisection
Hamiltonian Hpycut 1 2, = R

1
Hmcut(a) = — 005,
e

Q= {o € {+1,-1}": Zn:ai =0}.

mcut(G) = grelbn 1= Uzaj)
" (ig)eE
1 1
= E’E‘ T pmax ), 0o
(i,J)EE

\/;clr%%xn ’Hmcut )
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We want to show

1 1
;IE max Hmeut(o) — EE ae{lfﬁ}fl}n ’HJ(U)‘ < 0y(1) + on(1).
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We want to show

1 1
;IE max Hmeut(o) — EE ae{lfﬁ}fl}n ’HJ(U)‘ < 0y(1) + on(1).

= Universality result
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Construct Hmeut(o) using iid random variables
For o € Q,

1
Hmeut(0) = ﬁ Z (1(i,j)eE - %)Uiaj

1<J

1
= m(a, Ao) =Hua(o)
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Construct Hmeut(o) using iid random variables
For o € Q,

1 Y
Hmeut(0) = ﬁ ; (1(i,j)EE - ;)Uiaj
1
m(U,A'ﬂ =Hal(o)

where

W \/5(1 - %) with probability /7,
Y . .
—\/g with probability 1 — v/n.
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Construct Hmeut(o) using iid random variables
For o € Q,

1
Hmeut(0) = ﬁ Z (1(i,j)eE - %)Uiaj

1<J
1
= m(U,A'ﬂ =Ha(o)
where
w17 . .
4y = 5 (1 n) with probability v/n,
—\/g with probability 1 — v/n.

E{A5} =0, E{A%} =1-0(1/n).
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Centered, normalized adjacency matrix
"J ""rn-" i :\_.L—'lf j

) with probability /7,
—\/2 with probability 1 — /n.

>
S
|
B
~
=
|
3R
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Universality

‘We want to show

1 1
_ = o)l < 1) + o,(1).
E(IT%aXnHA(a-) Ege{mﬁxl}n%]( )‘ < 0y(1) + on(1)

Challenges:
> Qp #4{+1,-1}"

» Define

Then A — ¢(A) is not differentiable.
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Fixing problem #1

oEQn oe{t1}n -
< —-E E -E
< B alo) - E e a0 + [Emagealo) - B mag, Ho(o)
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Fixing problem #1

oEQn oe{t1}n -
< —-E E -E
< B alo) - E e a0 + [Emagealo) - B mag, Ho(o)

> 0* = argmaxge(y1,—1}» Hs(0) is uniformly random:

(0", 1) = ©(+/n)

Andrea Montanari (Stanford) Lindeberg and universality September 29, 2015 49 / 136



Fixing problem #1

‘Emax?—lA(a)—E max ’HJ(O')‘<

oEQn oe{t1}n -
< —-E E -E
< B alo) - E e a0 + [Emagealo) - B mag, Ho(o)

> 0* = argmaxge(y1,—1}» Hs(0) is uniformly random:

(0", 1) = ©(+/n)

» Prove that max,cyi1,_13» Hy(o) is ‘almost’ achieved on
Qp={o: (0,1) =0}.
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Fixing problem #2
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Fixing problem #2

Idea: Smooth max

$(B; A) ——1og{ > P,

o

#(4) = Jim (6 4).
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Fixing problem #2

Need to:
> Bound 8} ¢(4;B)
» Bound |¢(8; A) — ¢(00; A)]
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It is a free energy!

$(B; A) = nimg{ ST efral)

Associated Boltzmann measure on 2,

1
pp,a(o) = Z(B; A) efHl?)

E, = expectation wrt p
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Bounding 87 ¢(4; B)

#(6; A)zniﬂlog{ 2, exp (%ZAWUJ‘)}

ocy 1<J
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Bounding 87 ¢(4; B)

#(6; A)zniﬂlog{ 2, exp (%ZAiW)}

o€Qn 1<J

BAij¢(ﬂ; A) = #Eu(aiaj) = O(nfs/z)’
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Bounding 87 ¢(4; B)

#(6; A)zniﬁlog{ 2, exp (%Z%Wﬂ‘)}

ocQn 1<J

BAij¢(ﬂ; A) = #Eu(aiaj) = O(nfs/z)’

8%,9(6; ) = D [Eu(0707) — Eul010))?) = O(n ),
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Bounding 87 ¢(4; B)

#(6; A)zniﬁlog{ 2, exp (%Z%Wﬂ‘)}

ocQn 1<J

BAij¢(ﬂ; A) = #Eu(aiaj) = O(nfs/z)’

8%,9(6; ) = D [Eu(0707) — Eul010))?) = O(n ),

85,6(6; A) = O(n°/?).
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Bound |¢(5; A) — ¢(c0; A)]

#(6:4) = —zlog{ Y U} = o 2(; 4)

ocQy
1o} 1 1
%(ﬁ; A= _n_,BQIOg Z(B; A) + n_,BE“HA(U)
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Bound |¢(5; A) — ¢(c0; A)]

$(B; A) ——ﬂlog{ D P} = o log 7(8; 4)

oy

9¢

o + L E (o)

e np
= nLWE“{ﬂ’HA(a) —log Z(B; A)}

25 (B A) = ——=log Z(B; A)
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Bound |¢(5; A) — ¢(c0; A)]

$(B; A) ——ﬂlog{ D P} = o log 7(8; 4)

oy

9¢

o + L E (o)

1
nf np
= %E“{ﬂm(a) —log Z(B; A)}

25 (B A) = ——=log Z(B; A)

= ﬂzE wlog g a(o)
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Bound |¢(5; A) — ¢(c0; A)]

$(B; 4) = —ﬂlog{ > efHall) = —ﬂlogZ(ﬁ; A)

oy

6] 1
Z(ﬂ A= ﬁz log (8 4) + - £ E,Ha(o)
%Eu{ﬂm(a) —log Z(B; A)}
ﬂzE wlog g a(o)
5y i 4) = 1 H(up.a) € [0, 1082
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Bound |¢(5; A) — ¢(c0; A)]

$(B; A) ——ﬂlog{ D P} = o log 7(8; 4)

oy

8 1 1
Z(ﬁ A) = — ﬂ2 log Z(B; A)Jrn_ﬁE“HA(U)
— %E“{ﬂm(a) —log Z(B; A)}
— ﬁ2E plog g a(o)
3(,163¢ )(ﬂ L A) = H(,UﬁA) [0, log 2]

...put together the pieces
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Semidefinite programs on random graphs J
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Basic remark

mcut
MCUT » are NP-hard
MaxCut

(and hard to approximate)
(...very rich theory)
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Example: min bisection

Theorem (Khot 2004)

Assume SAT cannot be solved in (randomized) time below 2™ .
Then man-bisection cannot be approrimated in polynomial time
within a factor 1+ §(g).

Theorem (Récke 2008)

There exists a polynomial-time algorithm that approzimates the
min-bisection within a factor O(logn).
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Stronger assumption

Theorem (Khot, Kindler, Mossel, O’Donnel 2005)

Under the Unique Games Conjecture, there is no polynomial-time

algorithm that approrimates MaxCut better than within a factor
0.878568.
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What about random instances? )

(relevant for machine learning, statistics, signal processing,...)

Andrea Montanari (Stanford) Lindeberg and universality



G ~G(n,7/n)
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Centered adJacency matrlx

1-1 if(s,5) € E,

— % otherwise.

(Ag)y =
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Centered adJacency matrix

A Rl L1} L EUR ]

T, |'_l|:‘ A ‘i:': ,‘H.L..-,_} r|: J!-..,- '|- i
el

LT TN
e ,;j,.jg;;ﬁ'_j; 55‘.

1-2 if (4,5) € E,
AN = n
(Ac)y { _ otherwise.

n

. 2 o —
Not normalized E{(Ac)%} = (v/n)(1 + O(n™1))
September 29, 2015 60 / 136



min bisection

maximize (o, Ago),
subject to (1,0) =0,
o; € {+1,-1}.
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min bisection

maximize (o, Ago),
subject to (1,0) =0,
o; € {+1,-1}.

Note: (1,Agl) = O(v/n) € maxy (o, Ago)
= can drop constraint (1,0) =0
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Another way to look at it: Lagrangian

2
maximize 2 Z O'Z'O'j—}\( O'i) ,
(1)€EE 1=1

subject to o, € {+1,—1}.

n

A = regularization parameter

As A — oo, forces > 10, =0

Andrea Montanari (Stanford) Lindeberg and universality September 29, 2015 62 / 136



Lagrangian

maximize (o, (AG —(A=(y/n)1 1T)0'> ,
subject to o; € {+1,-1}.

A = regularization parameter

Setting A = 7/n is sufficient
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Typical value

maximize (o, Ago),
subject to o; € {+1,-1}.
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Typical value

maximize (o, Ago),
subject to o; € {+1,-1}.

Value (last part of the talk)

OPT(G) = 2nP./7 + n oy (/)
~ 1.52641./7
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Idea: Convex relaxations )
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Spectral relaxation

maximize (o, Ago),
subject to o; € {+1,—-1}
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Spectral relaxation

maximize (o, Ago),

subject to g, € L4H=TF [jo]|3 =n.
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Spectral relaxation

maximize (o, Ago),

subject to o, EL+5=TF [jo|5="n.

Value

Amax(Ag) n

Andrea Montanari (Stanford) Lindeberg and universality



Spectral relaxation very bad in the sparse regime!

Theorem (Krivelevich, Sudakov 2003+ Vu 2005)
If G ~ G(n,v/n), then, with high probability,

27 (1+ o(1)) if 7> (log n)*,
Viogn/(loglogn)(1+ o(1)) ify= O(1).

)\max(AG) = {
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Spectral relaxation very bad in the sparse regime!

Theorem (Krivelevich, Sudakov 2003+ Vu 2005)
If G ~ G(n,v/n), then, with high probability,

27 (1+ o(1)) if 7> (log n)*,
Viogn/(loglogn)(1+ o(1)) ify= O(1).

)\max(AG) = {

Compare with OPT(G)/n ~ 1.5264 /7 |
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Where does this come from? 1. Dense graphs

Wigner heuristics:

Assume A = AT with (A;;)i<j independent, E{A;} =0,
E{A%} =1/n. Then

1 & 4 — z2
w
ESD, = - > "0, = psc(dz) = o

1|$‘§2 dz
1=1

Further Apax(A) — sup{z : = € supppsc},
Amin(A) — inf{z : € supppsc}-
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Where does this come from? 1. Dense graphs

Wigner heuristics:

Assume A = AT with (A;;)i<j independent, E{A;} =0,
E{A%} =1/n. Then

1 & 4 — z2
ESD, = - > 8 2 prsc(dz) = o

1|$‘§2 dz
1=1

Further Apax(A) — sup{z : = € supppsc},

Amin(A) — inf{z : € supppsc}-

Requires tail conditions on Aj;
e€.g. E{‘Auyk} S Ck
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Where does this come from? 1. Dense graphs

E{A%} =v(1+ O(1/n))

Wigner heuristics:

n—oo

1
lim —— Amax(Ag) = 2
i ax(Ac)
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Where does this come from? 2. Sparse graphs

n
)\max(AG)z > (ei; A2Gez> = Z A%
j=1
04 2
> > A= (1 - ;) degq(7)
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Where does this come from? 2. Sparse graphs

n
)\max(AG)z > (ey, A2Gez> = Z A%
j=1
> 30 A% = (1- 1) degg(d)

Hence

Aaas(Ac) 2 \/maxdego(i) (1 + O(1/m)) =\ %E2_ (14 O(1/m)

Andrea Montanari (Stanford) Lindeberg and universality September 29, 2015 72 / 136



Illustration: n = 10,000

eigenvalues//5 eigenvalues//y
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What we learned

» Spectral relaxations are sensitive to degree heterogeneities

» Leading eigenvectors are highly localized /uninformative.
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What we learned

» Spectral relaxations are sensitive to degree heterogeneities

» Leading eigenvectors are highly localized /uninformative.

Idea: Enforce that solution has all entries of rougly same size!
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Semidefinite Programming (SDP)

maximize (Ag,o0"),
subject to o; € {+1,-1}.
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Semidefinite Programming (SDP)

maximize (Ag,o0"),
subject to o; € {+1,-1}.

SDP(Ag)

maximize (Ag,X),
subject to X; =1,
X »0.
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Does it work?
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SDP is universal (sparse &~ dense)

Theorem (Montanari, Sen 2015)
If G ~G(n;v/n), vy = O(1), then, with high probability,

~SDP(4G) = 2¢/7 + (/)
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SDP is universal (sparse &~ dense)

Theorem (Montanari, Sen 2015)
If G ~ G(n;v/n), v = O(1), then, with high probability,

~SDP(4G) = 2¢/7 + (/)

» SDP(Ag) behaves much better than the principal eigenvalue
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Proof idea

This is a universality result!

1
—55DP(40) o SDP(W)

W ~ GOE(n), l.e. (Wij)i<j ~id N(O, l/n)
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Following same strategy as before

v

Prove lim,, ,,, SDP(W) = 2.

v

Replace SDP(A) by a suitable ‘smooth-max’ ¢(8; A)

v

Bound 82@(}5(/3; A).

v

Bound |SDP(A) — ¢(8; A)|
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Following same strategy as before

v

Prove lim,_,o SDP(W) = 2.

v

Replace SDP(A) by a suitable ‘smooth-max’ ¢(5; A)

v

Bound Bzijgb(ﬂ; A).

v

Bound [SDP(A) — ¢(8; A)|

Does not quite work!
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Where is the problem? Introducing the smooth max

SDP(A):

maximize (A4,X),
subject to X; =1,
X = 0.

Equivalent (non-convex) formulation
n
maximize Z Ai’j (O'z', O'j) ,

1,=1
subject to o € R", |[loillz=1.
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Introducing the smooth max

$(6; 4) = — log { [exv (8 ) Aigloi,05)) vO(da)}

np =1

v

vo(do) = uniform measure on S*! x ... x §"~!

v

S*l={x R : [x]z = 1}

v

Easy to show limg_, ¢(8; A) = SDP(A)

» Associated Boltzmann measure
1 n
pp,a(do) = 76 A) exp {,B Z Aij(a'i,aj>} vo(do)

ig=1
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Where is the problem?
We want to prove, uniformly in n, and for A € {Ag, W}

[E(8; A, m) — Ed(o0; 4,n)| < e(B)

with limg_,o £(8) = 0.
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Where is the problem?

We want to prove, uniformly in n, and for A € {Ag, W}
[E¢(B; A4, n) — E(o0; A, )| < e(B)

with limg_,o £(8) = 0.

Let us try as before

9¢(B; A) _

1
6(,3_1) - _E‘D(,u’ﬂ,AHVO)

> up, 4 distribution on a continuous space

» Dimension = n(n — 1)
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Idea

» Constrain rank(X) = k = Og(1)

» Bound the error due to ‘rank truncation’
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Concretely

Define OPT(A)

maximize (A,X),
subject to X; =1,
X >0,
rank(X) = k
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Concretely

Define OPT(A)

maximize (A,X),
subject to X; =1,
X >0,
rank(X) = k

For A= Ag
» k = 1: Minimum bisection
» k=n: SDP
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Equivalent (non-convex) definition
OPTx(A):

n
maximize Z Ao, 05),
1,j=1
. _ T nxk
subject to o = (01,02,...,0,) € R,

o, €RF, oill.=1.
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Equivalent (non-convex) definition

OPTx(A):
maximize Z Ao, 05),
1,7=1
subject to o = (01,02,...,0,)" € R™F,
o €RF, oi|l.=1.
Free energy
1 n
or(B; A) = np 8 /eXP (5 > Am(W,Uj)) vo,k(do)
1,7=1

» 1 x(do) = uniform measure on S¥ 1 x ... x SF1
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Proof strategy
» Prove lim,_,,, SDP(W) = 2.

v

Replace SDP by the rank-constrained problem OPTy.

v

Bound |[SDP(A) — OPTx(A)| < ox(1), uniformly in n.

v

Replace OPTy(A) by the free energy ¢x(5; A)

v

Bound |OPT¢(A) — ¢x(8; A)|

v

Bound 62@_(}5(/3; A).

Now this works! (Details omitted)
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Proof strategy
» Prove lim,_,,, SDP(W) = 2.

v

Replace SDP by the rank-constrained problem OPTy.

v

Bound |[SDP(A) — OPTx(A)| < ox(1), uniformly in n.

v

Replace OPTy(A) by the free energy ¢x(5; A)

v

Bound |OPTx(A) — ¢x(8; A)|

v

Bound 62@_(}5(/3; A).

This works because the spins are bounded. (Details omitted)
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Proof strategy
» Prove lim,_,,, SDP(W) = 2.

v

Replace SDP by the rank-constrained problem OPTg.

v

Bound [SDP(A) — OPTx(A)| < o0x(1), uniformly in n.

v

Replace OPTy(A) by the free energy ¢x(8; A)

v

Bound |OPT;(A) — ¢x(8; A)|

v

Bound &), #(B; A)

What about this? A new Grothendieck inequality
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Grothendieck inequalities

v

First proved by Alexander Grothendieck in 1956

v

Connect non-convex quadratic programs to SDPs

v

Very popular in CS Theory since Alon, Naor 2006

v

We cannot use ealier inequalities:

» Symmetric matrices
» (Rank = k) —» (Rank = n)

Andrea Montanari (Stanford) Lindeberg and universality September 29, 2015 90 / 136



Higher-rank Grothendieck inequality

Theorem (Montanari, Sen, 2015)

For k > 1, let g ~ N(0,Irxx/k) be a vector with i.i.d. centered
normal entries with variance 1/k, and define

ai = (Ellgll2)?-

Then, for any symmetric matriz B, we have the inequalities

OPTL(B) > (2 aik)SDP(B) + (aik ~ 1) OPT4(~B).
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Higher-rank Grothendieck inequality

Theorem (Montanari, Sen, 2015)

For k > 1, let g ~ N(0,Irxx/k) be a vector with i.i.d. centered
normal entries with variance 1/k, and define

ai = (Ellgll2)?-

Then, for any symmetric matriz B, we have the inequalities

OPTL(B) > (2 aik)SDP(B) + (ai’c ~ 1) OPT4(~B).

Remarks
> ap=1-— O(kfl)
» Obviously OPTx(B) < SDP(B)

» The additive error can be bounded crudely:
OPTi(—B) > 0 with high probabilty.
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One application J
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The hidden partition problem

Vertices V, |V|=mn, V =S US,, |Si| =|S2| = n/2

. p lf{’L,]}gS]_ or {Zij}gSZ)
P{(i,j) € B} = :
g < p otherwise.
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Of course entries are not colored. ..
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.and rows/columns are not ordered
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Background: Hypothesis testing
(sparse graph p = a/n, ¢ = b/n)

Hypothesis Hy:

P{(ij) € B} = 200

Hypothesis Hi: V =S5, U S, |Si1|=|S2| =n/2

I ~ |b/n  otherwise.
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Detection thresholds
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Detection thresholds

Classical Statistics / Information Theory:
Is there any algorithm that detects the hidden structure?

Computational:
Is there a poly-time algorithm that detects the hidden structure?
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Information theory threshold
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Information theory threshold

Theorem (Mossel, Neeman, Sly, 2012)

There 1s a test that succeed with high probability if and only if
a+b>2 and

a—>
—>1
2(a +b)

[Proves conjecture by Decelle, Krzakala, Moore, Zdeborova, 2011]
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Computational threshold

» Dyer, Frieze 1989 p = na > g = nb fixed.
» Condon, Karp 2001 a—b>nl/?
» McSherry 2001 a—b>+/blogn
» Coja-Oghlan 2010 a—b>+Vb
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Computational threshold

» Dyer, Frieze 1989 p = na > g = nb fixed.
» Condon, Karp 2001 a—b>nl/?
» McSherry 2001 a—b>+/blogn
» Coja-Oghlan 2010 a—b>4Vb

v

Massoulie 2013 and Mossel, Neeman, Sly, 2013

_ezb oy
2(a+b)
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Computational threshold

» Dyer, Frieze 1989 p = na > g = nb fixed.
» Condon, Karp 2001 a—b>nl/?
» McSherry 2001 a—b>+/blogn
» Coja-Oghlan 2010 a—b>+Vb

v

Massoulie 2013 and Mossel, Neeman, Sly, 2013

_ezb oy
2(a+b)

Very ingenious algorithms! )
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What if I am not ingenious?
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Maximum Likelihood testing

OPT(Ag):

maximize (o, Ago),
subject to o; € {+1,—-1}

G ~ G(n,v/n) = OPT(Ag) =~ (2P« + o(/7))n.
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Maximum Likelihood testing

OPT(Ag):

maximize (o, Ago),
subject to o; € {+1,—-1}

G ~ G(n,v/n) = OPT(Ag) =~ (2P« + o(/7))n.

1 if OPT(Ag) > (2+¢)Py Vn,
0 otherwise.

Tun(G) = {
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Ty(-) is hard to compute!

SDP(Ag):

maximize (o, Ago),
subject to o; € {+1,—-1}

G ~ G(n,v/n) = SDP(A¢) ~ (2,7 + o(/7))n.
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Ty(-) is hard to compute!
SDP(Ag):

maximize (o, Ago),
subject to o; € {+1,—-1}

G ~G(n,7/n) = SDP(Ag) ~ (2,7 + o(y/ 7).

1 if SDP(Ag) > (2 +¢€) /T,
0 otherwise.

Tspp(G) = {
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» This is really off-the-shelf

» How well does it work?
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False positives

Under Hy : G ~ G(n,vy/n),vy=(a+b)/2

Po( Tspp(G) = 1) = Po(SDP(G) > (2 + €)/7n) — 0

provided v > g
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False negatives

Under Hy: G ~G(n,a/n,b/n),

P1(Tsop(G) = 0) = P1(SDP(G) < (2 + &) /7n)

we need a lower bound on SDP(G)...
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Lower bound on SDP(Ag)
Ground truth

Ox,1 =

L

11 ifie S,
1 ifi€ S,
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Lower bound on SDP(Ag)
Ground truth

+1 ifz2€ 5y,
Ox,i = e
-1 if1€ 8y,

SDP(Ag) > (Ag,040,)

= > luper+ Y Yuijper—2 Y. lujes

1,JES1 1,JES2 1€51,J€S2

(25°) + oa/va)
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Lower bound on SDP(Ag)
Ground truth

+1 ifz2€ 5y,
Ox,i = e
-1 if1€ 8y,

SDP(Ag) > (Ag,040,)

= > luper+ Y Yuijper—2 Y. lujes

1,JES1 1,JES2 1€51,J€S2

(25°) + oa/va)

P1(Tspp(G) = 0) — 0 provided

22> re)a
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Conclusion: It works well
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Conclusion: It works well

Theorem (Montanari, Sen 2015)
The test based on SDP works with high probability if

a—2»

—_— > 2 1).
2(a+ b) + Oa-l-b( )
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Conclusion: It works well

Theorem (Montanari, Sen 2015)
The test based on SDP works with high probability if

a—2»

— > 2 - 1).
ety 2+ oanll)

v

At most suboptimal by factor 2 + 0,45(1)

v

Forthcoming: 2 — 1
Earlier result by Guedon, Vershynin 2015: (a — b) > 10*y/a + b.
(studied also in Abbe, Bandeira, Hall 2014+ Hajek, Wu, Xu 2015)

v

v
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It works very well in practice!

0.6 -
e  n=2000 1 e
o 1n=4,000 H o
05- o ;=8000 ! ®
o 1=16,000 ' .
1
0.4 ' 4
1
> ! k4
% 1
503 , :.'
o [
< 1 e
1 e
1
0.2 D e®
HE
% o°
0.1 o %o o°
1
e o : M : .o.. !
e ° 0. ©,% o © 1
o V a—b=\2(a+b)
0.0 . . . . . .
45 5.0 55 6.0 6.5 7.0 75 8.0
a—b

» Average degree v = (a + b)/2 = 10.

[Javanmard, Montanari, Ricci-Tersenghi, in preparation]
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Compressed sensing J

Andrea Montanari (Stanford) Lindeberg and universality



Linear observation model

y=Axo+Ww

Estimate zo € RY given y € R?, A € R™*¥,
Noise: w ~ N(0,021,)
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Setting
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The LASSO

X(A,y) = argmin,cpnLay(x)

1
Lay(x) = >\||X||1+§||y—AXI|§
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The LASSO

X(A,y) = argmin,cpnLay(x)

1
Lay(x) = >\||X||1+§||y—AX||§

Finds sparse solutions
[Tibshirani 96; Chen, Donoho 95]
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Random sensing mechanism

> IID model: Ay iid, E[Ay] =0, E[A3] = 1/n, E[A%] < C/n?
» Gaussian model: A; ~;q N(0,1/n)
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Random sensing mechanism

> IID model: Ay iid, E[Ay] =0, E[A3] = 1/n, E[A%] < C/n?

» Gaussian model: A;; ~;;q N(0,1/n)

Why?

» ‘Nearly ideal’ sensing mechanism
» ‘Designed’ sensing matrices are pseudo-random

» Connections with random polytope geometry
[Donoho, Tanner, Chandrasekaran, Hassibi, Stojnic, Tropp,. . .]
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Asymptotically exact characterization for Gaussian model
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Gaussian model : Asymptotic characterization

Theorem (Bayati, Montanari, 2010)

Assume the Gausstan model with, n/N — § and

N
EmpiricalLaw(xg) = — Z To,i
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Gaussian model : Asymptotic characterization
Theorem (Bayati, Montanari, 2010)

Assume the Gausstan model with, n/N — § and

1 N

—Z5${” %pxo.
Ni:l

EmpiricalLaw(xg)

Let (72,6) € R%, be the solution of (Xo ~ px,, Z ~ N(0,1))

2 =02+ %E{[n(Xo +72;6) — X0},
A =0{1-(1/8)P{|Xo + T Z| > 6}}.
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Gaussian model : Asymptotic characterization
Theorem (Bayati, Montanari, 2010)
Assume the Gausstan model with, n/N — § and

LN

—Z5${” %pxo.
Ni:l

EmpiricalLaw(xg)

Let (72,6) € R%, be the solution of (Xo ~ px,, Z ~ N(0,1))

2 =02+ %E{[n(Xo +72;6) — X0},
A =0{1-(1/8)P{|Xo + T Z| > 6}}.

Then,
SLASSO a.s. 2 2
lim H (A) = xol* = (1 — 0%)6..
N—oco N
T



More generally

Theorem (Bayati, Montanari, 2010)

...same assumptions. . .

Let 9 : R xR — R locally Lipschitz, ¥(a,b) < C(1+ a?+ b2). Then

N
lim 3" YEO(N), 20,) 2 B (1(Xo + 7 Z;6), Xo)}
=1

N—oo
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Setting o = 0: ‘4y—¢, equivalence’
N,n — o0, n/N =46, |supp(xo)|/N = dp

0.8 ¢ ¢, fails

0.2

£; reconstructs xo with high probabilitly

0 0.2 04 0.6 0.8 1
0

[Donoho 2006, Affentranger-Schneider 1992]
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What about other sensing matrices?
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Conjecture (Donoho, Taner, 2009)

The above predictions are universal for a broad range of random
matrices.
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Conjecture (Donoho, Taner, 2009)

The above predictions are universal for a broad range of random
matrices.

Conjecture (Weak form)
Unwversality holds of the IID model. J
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Numerical evidence: Random Fourier measurements

o8
osf
0.7
o6t

=K@ |
oaf
o3f
02

0.1

1

FIGURE 3. Compressed Sensing from random Fourier measure-
ments.  Shaded attribute: fraction of realizations in which
£yminimization (1.2) reconstructs an image accurate to within six
digits. Horizontal axis: undersampling fraction § = n/N. Vertical
axis: sparsity fraction p = k/n.

[Donoho, Tanner 2009]
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Numerical evidence: Clinical data

0.5

041}

MSE

03+

0.2+

0.1+

1 15 2

Aisnx N, n=0.64N
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Numerical evidence: Clinical data

0.5
X
0.4 —%, N=200 + —
MSE N=500 <

0.3

0.2

0.1

Aisnx N, n=0.64N
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Universality: Rigorous results
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Universality: Rigorous results

» Korada, Montanari, 2011:
Universality of the cost min £y ,(x)
(Lindeberg method)
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Universality: Rigorous results

» Korada, Montanari, 2011:
Universality of the cost min £y ,(x)
(Lindeberg method)

» Bayati, Lelarge, Montanari 2012:
Universality of the ¢, — —£; phase transition
(Moment method)
(A subgaussian, with a density)
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Universality: Rigorous results

» Korada, Montanari, 2011:
Universality of the cost min L4 ,(x)
(Lindeberg method)

» Bayati, Lelarge, Montanari 2012:
Universality of the ¢, — —£; phase transition
(Moment method)
(A subgaussian, with a density)
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Statement

1
Lay(x) = Allxlls + Slly - Ax||3

1 .
Lis(Ay) = _min{Lay(x): x€RY, x| < M}
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Statement

1
Lay(x) = Aixlls + 5lly - Ax||3

1 .
Li(Ay) = —min{Lay(x): x€RY,[x]lo < M}

Theorem (Korada, Montanari, 2011)

Let A(n) = (Aij)lgign,lgjgN and B(n) = (Bz’j)lgign,lgjgn denote two
sensing matrices from the IID model and the Gaussian model, and
assume ||Xolloo < M = Ogn(1).

Consider the limit n, N — oo with n/N — § fized. Then

lim {]EE‘}‘V[(A("),y) _ EL’;\J(B("),y)} =0.

n,N— o0

v
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Remarks

lim {]EL}‘W(A("),y) —~ IE:E}*VI(B("),Y)} =0.

n,N—oo

» Not hard: ﬁ}”M(A(”), y) concentrates around its expectation.

» From [BayatiMontanari2010]: lim, x o EL%,(A(™),y) exists and
depends non-trivially on 6, px,, o2
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As in previous examples

» Replace £},(A) by free energy ¢(B; A).
» Bound |L£3},(A) — ¢(B; A)|

> Bound |¢(8; A™) — ¢(8; B(™)] (Lindeberg)
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Free energy

B(6; 4) = Niﬂ g { [ ) ePes(ax]
By = [-M, MY

1
Lay() = Xl + 5 [w — A(x — x0)|
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Free energy

88 2) = g 1og{ [ e Petax

By = [-M, MY

1
Lay() = Xl + 5 [w — A(x — x0)|

Associated Boltzmann measure

1
pp,a(dx) = —2—x e PLay()dx
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Taking derivatives

84, 9(8; A) = —%Ep{%j Lay(x)}

1
Lay(x) = Allxll + Sllw — Alx -~ xo)ll3

84, Lay(x) = —[w — A(x — x0)]i(2; — 20,5)
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Taking derivatives

84, 9(8; A) = —%Ep{%j Lay(x)}

1
Lay(x) = Allxll + Sllw — Alx -~ xo)ll3

84, Lay(x) = —[w — A(x — x0)]i(2; — 20,5)

Naive bound:

|8A1‘]‘LA,y(X)| < 2M|[A(X — XO)]i| + ...
<4M?||A; |l1 +--- < C N2
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Second /third derivatives

4
N
3 CAY — p 3

6A¢j¢(ﬂ1 ‘A) =+ ﬁEﬂ{aAijﬁA:Y(X)} .

2

61241-]4’(/3; Ay=--+ E#{aAzj[’A:Y(X)} )
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Second /third derivatives

1
N
3 CAY — B 3

6A¢j¢(ﬂ1 ‘A) =+ ﬁEﬂ{aAijL"A:Y(X)} .

2

85,0(B; A) = -+ Eu {04, Lay(x)},

Naive bound:

16%,¢(8; A, < C, [|85,4(8; A)|,, < C N2,
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Lindeberg Bound

[E¢(8; A™) — E¢(8; B™M)| <
<1164, 8(8; A)ll o, 2 E{IAs "1 4, 51/ vm}
2,
+6%,96; A, Z E{| A4 a, 1< /y/m} + -
,]
3

2
<C-Nn- K e K224 oNY2. Nn . K
n n3/2
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Where is the issue?

81241j¢(15; A=+ %E#{aAijﬁA’y(x)}Q’

04, Lay(x) = —[w — A(x — %0)]i(zj — 20,5)
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Where is the issue?

8,241]‘]5(,5; A)=-+ %E#{aAijﬁA,y(x)}z )

04, Lay(x) = —[w — A(x — %0)]i(zj — 20,5)

For instance, consider E,{[A(x — x0)];}
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Where is the issue?

8,241]‘]5(,5; A)=-+ %E#{aAijﬁA,y(x)}z )

04, Lay(x) = —[w — A(x — %0)]i(zj — 20,5)

For instance, consider E,{[A(x — x0)];}
Naive bound:

[EL{[A(x = x0))i}| < Eu{llAsll1}x — xolleo < C N2
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Where is the issue?

812%(]5(/3; A)=-+ %E#{aAz‘jﬁA,y(x)}z )

04, Lay(x) = —[w — A(x — %0)]i(zj — 20,5)

For instance, consider E,{[A(x — x0)];}
Naive bound:

[EL{[AGx — x0)]i}| < Eu{ll4s, Ml }HIx = Xolleo < C N2

Independent vectors heuristics

1

ny 31 EL{Ix - xolB}2 < ©

[Eu{[A(x — x0)]:}| E.{llA:.
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The independent vectors heuristics is kroughly correct! J
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The independent vectors heuristics is kroughly correct! J

Proof: Read the paper!
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Conclusion
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Conclusion
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Conclusion

» Universality!!

Andrea Montanari (Stanford) Lindeberg and universality



Conclusion

» Universality!!
A model is not really predictive unless it has some degree of
universality
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Conclusion

» Universality!!
A model is not really predictive unless it has some degree of
universality

» Lindeberg!!
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Conclusion

» Universality!!
A model is not really predictive unless it has some degree of
universality

» Lindeberg!!
A tool you should put in your bagpack
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Conclusion

» Universality!!
A model is not really predictive unless it has some degree of
universality

» Lindeberg!!
A tool you should put in your bagpack

Thanks! )
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