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Surprise #1: Near interpolation in ML practice
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(a) learning curves (b) convergence slowdown (c) generalization error growth

> Model complex enough to ‘interpolate’ random labels
» Despite this, does well on uncorrupted test samples

» Test error > Train error ~ 0

CIFAR-10: 60,000 32x32 images in 10 classes; Inception network. Cross-entropy [Zhang et al., 2016]
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Surprise #2: Completely general

Test error of ridge(less) regression vs y =p/n

® n=100
° n=200
° n=400
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Surprise #2: Completely general

Test error of ridge(less) regression vs y =p/n

100 e n=100
® n=200
* n=400

yi = (0,xy) +e1,  xi~N(0,L4),
zi=W'xi+g;, WeRY?, g;~N(0,14).

> x: latent. z: features
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Surprise #2: Completely general

Test error of ridge(less) regression vs y =p/n

10 y 100 © 100 , o
yi = (0,x) + ¢, xi~N(0,1q),
zi=W'xi+g;, WeRY?, g;~N(0,14).

> x: latent. z: features Regress y vs z

Belkin, Hsu, Ma, Mandal, 2019; Hastie, Montanari, Rosset, Tibshirani, 2021
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Surprise #2: Completely general

yi = (0,xy) +&i,  xi~N(0,L4),
Zi:WTxi+gi> WGRpr) giNN(O»Id%

Equivalent description
yi = (B,zi) + &, zi~N(0,Zq),
I=WWT+1,, B cspan(W).
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Surprise #2: Completely general

Yi = <9,X1>+Ei, XiNN(O)Id))
zi=W'xi+g;, WeR™  gi~N(01q),

Equivalent description
yi = (B,zi) + &, zi~N(0,Zq),
I=WWT+1,, B cspan(W).

General picture? Connection to neural nets?
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Outline

@ Examples of linear regression
© A general formula

© Benign overfitting

@ Kernel ridge regression

@ Random features

© Neural tangent

@ Conclusion
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Examples of linear regression )
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Setting

» Data

(y1)21 )) (92)22)) ceey (yn)zn)
yi €R: ‘label’, ‘response’,

zi € RP: ‘features’ vector’, ‘covariates’.
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Setting

» Data

(y1)21 )) (92)22)) ceey (yn)zn)
yi €R: ‘label’, ‘response’,

zi € RP: ‘features’ vector’, ‘covariates’.

» Distribution

vi = (B,zi) + &, E(e)=0, E(ef) =1

Potentially p = oo
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Ridge regression

Ay

B =argmin { [y —ZbIP +AIbIP}, Zi=| | eRPY
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Ridge regression

B =argmin { [y —ZbIP +AIbIP}, Zi=| | eRPY

BN = 127 (K + VL),

K,:=—-2ZZ".
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Test error

Ay

._ : - 2 2
B\ = argmin {|ly — Zb| + Allb|* | .

Rz(A) = Eueo{ Unew — (B, Zuow))} = Enew { (Ynew — (By Zuew)) )

Bayes
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Test error

Ay

._ : - 2 2
B\ := argmin { |y — Zb|* + A|[b]*} .

Rz(A) = Eueo{ Unew — (B, Zuow))} = Enew { (Ynew — (By Zuew)) )

Bayes

=B - B} L :=FElzz"]
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Examples )]
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Example #1: Well-concentrated covariates

100 ® n=100
e n=200
® n=400

>z = I, Elxix] } = I,

» Concentration properties for x;:

Either: Independent sub-Gaussian coordinates
or: Log-Sobolev
or:

Dicker, 2016; Advani, Saxe, 2017; Dobriban, Wager, 2018; Hastie, Montanari, Rosset, Tibshirani,

2021; Cheng, Montanari, 2021; ...
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Example #2: Kernel Ridge Regression

Data

xi ~P e 2(RY),
yi = fu(xi) + &1, o € HCL2(RYP),

Function space view

n
f\ = argminf{ Z (yi — f(xi))z + 7\||f||%{} )

i=1

H = Reproducing Kernel Hilbert Space. Kernel K
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Example #2: Kernel Ridge Regression (Take 2)
Data

xi~Pe Z(RY),
yi=Tfe(xi) + &, fe€HC L2(P), (Hilbert space)

Featurization map

¢ :RY = Hy, x— p(x).
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Example #2: Kernel Ridge Regression (Take 2)
Data

xi~Pe Z(RY),
yi=Tfe(xi) + &, fe€HC L2(P), (Hilbert space)

Featurization map

¢ :RY = Hy, x— p(x).

Feature space view (p = 0)

Hx) = B, dx), zi=dx)

By = argminb{Hy — ZbH; + M“’”%—Lo} )

K(x1,%2) = (p(x1), d(x2))#,-

15 /57



Example #3: Random Features Regression
Data

XiN]P)E @(Rd),
yi = fu(xi) + &1, f.€HCLA(P),

Two-layer network with random first layer (p = N)

N
flx0) =) bio((wi,x)),  wi~Unif(S*),
i=1

N

6;\ = argminb{ Z (\Ji - f(xi§b))2 + 7\”b||%} .

i=1

Neal, 1996; Balcan, Blum, Vempala, 2006; Rahimi, Recht, 2008
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Example #3: Random Features Regression (Take 2)
Data

xi~Pe @(Rd),
yi = fulxi) + &, f.€HCLAP),

Two-layer network with random first layer (p = N)

N
]i‘\(x; b) = Z bi 0'(<W1,X>) ) Wi ~ Unif(Sd_] )v
i=1

zi = dw(xi) = (0w, x0)), o((W2, xi))y ..y o (W, xi))) T

by = argminb{Hy —Zb|5+ AHbH%} .

Neal, 1996; Balcan, Blum, Vempala, 2006; Rahimi, Recht, 2008
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Example #4: (Neural) Tangent Regression

» Parametric model of(-;0):RY — R (parameters: («,0))

» Linearize around SGD initialization ©°

af(x;0° + o) = af(x;0°%) + (b, Vof(x;0°%) + O(a")

= const. + (b, Vof(x; 0%) +0(a )
—

fnT (%;b)

Jacot, Gabriel, Hongler, 2018; Du, Zhai, Poczos, Singh 2018; Allen-Zhu, Li, Song 2018; Chizat,
Bach, 2019; Ghorbani, Mei, Misiakiewicz, M, 2019; Arora, Du, Hu, Li, Salakhutdinov, Wang, 2019;

Oymak, Soltanolkotabi, 2019;. ..
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Example #4: (Neural) Tangent Regression

Two-layer neural net

f(x;a, W ZaJ (wj, x)
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Example #4: (Neural) Tangent Regression

Two-layer neural net

f(x; a, W) = Za) (wj,x)
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Example #4: (Neural) Tangent Regression

Two-layer neural net

Two-layer network with random first layer (p = Nd)

Zi = (bW(xi) = (XTOJ(<W(1))X1>) XTU/(<Wg)Xi>) )XTO'/(<W?\],X1>))T,

By = argming { 'y — Zb[13 + Ab|3}.
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A general formula )
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Assumptions: p =00 (3, z; € Hilbert)

yi=(B,zi) + &, El(e) =E(eizi) =0, E(ef) =7

1

1. Tr(X) < oo and (wlog) ||Z|| =1.
2. |72 < oo.
3. (01)i>1: ordered eigenvalues of Z. For all 1 <k <mn:

o
Dot < droi.
=k

4. For u; := X%z, one of the following holds:
(a) Independent sub-Gaussian coordinates.

(b) Concentration 1—Lipschitz convex function (eg implied by
Log-Sobolev)
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General result

Theorem (Cheng, M, 2022)

> Rz(A) be the test error of ridge regression (conditional on Z)

» R3(A) (non-random) test error in the equivalent sequence model.
Then

Rz(A) = (1 +erm)Ry(A),

where erry is small with high probability, provided . . .
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General result

Theorem (Cheng, M, 2022)

> Rz(A) be the test error of ridge regression (conditional on Z)

» R3(A) (non-random) test error in the equivalent sequence model.
Then

Rz(A) = (1 +erm)Ry(A),

where erry is small with high probability, provided . . .

» Multiplicative error!

» All that follows will be ‘special cases’ [Most need a separate proof!|
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One key quantity controlling err,, (A = 0+)

_ Olnn] ds Ing(dZ)
Xn = knA,(0) ’

> A*X O-Lan‘

» Need ds < n'te
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The actual theorem

1. The ratio between effective di; ion and r¢
0ymds: log?(d
Xa(A) = H%ﬂz)_ 20)
Here 7 is a constant that only depends on Cy, and hence we will leave it implicit.
2. The ratio between regularization and effective
) A
ri=min (351 5) > 0. (1)
3. For a positive semi-definite operator Q, define the modified population resolvent:
oo, Q) += Tr (SEQEE (ol +uZ)™") . @
Letting 3 = /26, [|8]| < 0o, we consider the ratio
Ho(\, 15007/ 6]
(3 = DL TOGION) ¢ g . 3

Ho(M, ;1)
We next present our master theorem for ridge regression: its proof is postponed to Section 6.

Theorem 1 (Ridge regression). Under Assumption 1, for any positive integers k and D, there
eist constants 1 = 1(Cy) € (0,1/2) and C = C(Cq, D) > 0 such that the following hold. Define
Xn(A), 5, p(X) as above (with n =1(Cg) in Eg. (20)).

If it holds that
; n 3log?n
31og?n < Cnkts i1 _ g [, K logn
Xa(\)?log?n < Cnx®,  n o( o] |

then for all n = 4, p(1), with probability 1 — Ox(n=P+!) we have:
1. Variance approzimation.

Xn(V)?log?n

RS

50 = Va0 = Oucon ) v

1

2. Bias approzimation. If we additionally have xn(A\)*log®n < Cnk*5/p(X) and Akn™% <
nk/2, for all n = Qi p(1), we have

A
3

|Bx(A) ~ Bu(N)] = Okc.p ( Xa())'log’n ) “Ba(N).

)Nl Ess

nK'

Ramark @1 Tha candition 121 . — an in Acommntinn 1 amanmte b ramining that tha aaf 25 /57



Equivalent sequence model

0i == (B, vi), v; := i-th eigenvectors of X

s 1/2

h i + \/—91) (gi)i>1 ~iia N(0, 1),
1/2

05 = argmingcp { (y§ — 61/2‘() —}-7\*’(2} =——"yi.
+?\*
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Equivalent sequence model

= (B, Vi), v; := i-th eigenvectors of X

1
SHES /29 + \Fgu (gi)i>1 ~iia N(0, 1),
- 1/2
0s — i — ot AP = — .
03 argmmteR{( o, ) + } — BTH

Effective noise level and regularization w, A,

wzsz—l-Eg{ZGi(é\is_ei)z}v “—;\:Zg.ii;\
* 1 *

i>1 i>1

R&
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Specific eigenvalue structures

Power law decay: o;=1"% a>1

Critical decay: op =11(1 +1logi)™®.

See paper for many other examples
27 / 57



Power law decay; A = 0+

Simulated bias Simulated variance

025
|

—— Effective bias for o = 1.3
| Simulated bias for
\ —— Effective bias for o
LRI | Simulated bias for
—— Effective bias for o = 2

Simulated bias for o = 2

—— Effective variance for 0 = 1.3

02

2
Simulated variance for o = 2

015

10
010
05
005
00
o 100 200 0 am 500 0 100 200 300 00 500
n n

Simulated risk

Effective risk for 0 = L3
Simulated risk for o = 1.3
Effective risk for 0 = 15
Simulated risk for 0 = 15
Effective risk for 0 = 2
Simlated rsk for o = 2

00

0 100 20 300 w0 00

» Variance does not decrease with n.
> Need to use larger A.
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Critical decay; A = 0+

Simulated bias Simulated variance
05 0050
|
|
0045
01
0010
08 0,085
0.030
0
002
o 0.0
0015] (IR
00

0010

o 100 2 300 an 500 ] 100 20 300 00 300

Simulated risk

» Variance does not decreases with n!
» Benign overfitting

[Bartlett, Long, Lugosi, Tsigler, 2020]
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Benign overfitting J
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Simplifying formulas in the seq. model

Determine

Then R$ (A) = B (A) + V5 (A):

2 -2
B = By (EFAL)TEB)

n

. 2Ty (zz(z + M)—Z)

n—Tr (22(2 n )\*1)72> '

T (zz(z n M)—Z) ’

31/57



Eigenvalue decay assumption

T (22 A0 2) < Tr (ZE+AD ) =n— }\l
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Eigenvalue decay assumption

T (22 A0 2) < Tr (ZE+AD ) =n— }\l

Assume: Tr (ZZ(Z + 7\*1)_2> < n(] - C:]) J
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Eigenvalue decay assumption

T (224 A0 72) < Tr (ZE+AD ) =n - %
,

Assume: Tr (ZZ(Z + 7\*1)_2> < n(1 - c:]) J

Then

2Ty (zz(z + ?\*I)—2>

Vel = n—Tr (ZZ(Z + 7\*1)—2>

C*T
n

Tr (zz(z FAD)” )

32/57



Continuing. . .

C*T

VSN < T (zz(z FADT )

33 /57



Continuing. . .

2
() < %Tr (zz(z n ?\*I)*z)

2 o 2
C,T 0-€

(=ky+1 ¥

VS

IN

33 /57



Continuing. . .

Vi

(A) <

IN

IN

C, T

CyT

n

S

CyT

fros

o0
0=k, +1
o0

2

{=ky+1

2
%

AL

2
%t
2
*

)

Ty (zz(z + 7\*1)*2)

2
k«*“l‘

}
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Continuing. . .

Vi(A) <

IN

IN

IA

For k, := max{k: k > A,}

& (22 (Z+AD)™ )
n {= k*+1
2 oo 2
CyT 07
" { Py %}
2 o
C*T
n { kZ km}
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Benign overfitting
Proposition (Cheng, M, 2022)
Let k, := max{k : oy > A}, by := oy /0xs1 and

a0 =Y (=2)%, 7k

(0
>k k+1

Then,

2k | Talky) 2 (ks 4oy n
Va(A) < et (n +7n ) < CyT ( + ?(]g))’
Ba(A) < (0 1B 121 + 1Bs )

v
» Consistent if:
> 1 <k <mn.
> T(ky) — 00
> [IBy. [l =0

> cf. Bartlett, Long, Lugosi, Tsigler, 2020; Bartlett, Tsigler, 2021
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Kernel ridge regression )
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High-dimensional setting

> xi ~ Unif(v/dS4T)
> yi=f.(xi)) +e, f€LX(RGP)

> K(x1,%2) = h((x1,%2)/d), E[h(G)Hex(G)] # 0 for all k.

n

f\ = argminf{ Z (yi — f(xi))z + )\HfH%{} .

i=1

General abstract assumptions in [Mei, Misiakiewicz, Montanari, 2021]
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Staircase phenomenon

Theorem (Ghorbani, Mei, Misiakiewicz, M. 2019)
Let L € Z, and assume d*¢ <n < d“1=¢ ¢ > 0. Then, for any
A€ [0,A(0)],

Reo(fi;A) = ||P>Zf*|‘%2 + ||f*“%20d(1)>

P-¢f« = Projection of . onto deg. > £ polynomials

37 /57
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Theorem (Ghorbani, Mei, Misiakiewicz, M. 2019)

Let L € Z, and assume d*¢ <n < d“1=¢ ¢ > 0. Then, for any
A€ [0,A(0)],

Roo(fisA) = [|Psefillfz + || fxllF20a(1),

P-¢f« = Projection of . onto deg. > £ polynomials

Further, no inner product kernel method can do better.
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Staircase phenomenon

Theorem (Ghorbani, Mei, Misiakiewicz, M. 2019)

Let L € Z, and assume d*¢ <n < d“1=¢ ¢ > 0. Then, for any
A€ [0,A(0)],

Roo(f*a)\) = ||P>€f*||%2 + ||f*||%20d(1))

P-¢f« = Projection of . onto deg. > £ polynomials

Further, no inner product kernel method can do better.

» Pointwise result (valid any for fixed f,)

» A =0: optimal (interpolation)

Liang, Rakhlin, Zhai, 2019: |[f4|[x < C, upper bounds on the rates. Bartlett, Rakhlin, M., 2021:

Sharp results for n < d.

37 /57




Sketch

0.0
0 3

2 3
logn/logd

» If n < d'% can fit only linear functions.
» Valid for any inner product kernel

» Includes fully connected multi-layer nets
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Follow-up work

Test error of KRR
in the polynomial regime

A

IP>0fsl7= 1

[IP>1£ell3s |

[IPs2fll32 |
L

IP3fll32 |

[P>afill}2

3 log(n)

; ] ; 5 T @

[Misiakiewicz, 4/2022; Xiao, Pennington, 5/2022; Hu, Lu, 5/2022 |
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Intuition

K(X],Xz) = h(<X],X2>/d):

K(x1,%x2) = he<o({x1,%2)/d) + hoe((x1,%2)/d)

j))i,jgn:

Kn ~ Y<DYL + A I,

40 /57



Intuition

K(X],Xz) = h(<X1,X2>/d):

K(x1,%2) = h<g((x1,%2)/d) + hop((x1,%2)/d)

Kn = (K(xi»xj))i’j§n3

Ko~ YDYL, + 2
—_—— ~~~

low rank, large norm self-induced regularization

41 /57



Random features )
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High-dimensional setting
> x; ~ Unif(\/an’1)

>y =f.(xi)+ e, f.eZRELP)

N
%\(X;b) = Z bi G(<Wi7x>) ) Wi ~ Unif(Sd_] ))
i=1

N
by = argminb{ Z (yi — f(xi;b))z + 7\HbH%} .

i=1

43 /57



Proportional regime

n,N,d — oo

n
- — Ibz.

Eﬁll)h d

44 /57



Precise asymptotics

Theorem (Mei, M. 2019)
Decompose o(x) = 0p + o1x + o~=(x) where (for G ~N(0,1))
2

NL _ NL = 2= 1
E[Go™(G)] = Elo™(G)] =0, = gy
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Precise asymptotics

Theorem (Mei, M. 2019)
Decompose o(x) = 0p + o1x + o~=(x) where (for G ~N(0,1))
E[G NL(G)] _ ]E[ NL(G)] -0 CZ e O-%
A S ST (G
Then, for any A = )\/Ei >0

R(??\) = F%‘@(C)d)bll)bx) + (Tz + Fi)ﬂi/(C)ll)hle)X) + Fi + Odm) )

where B(C, 1, P2, A), ¥ (1,2, A) are explicitly given below.

45 /57




Risk vs overparametrization

Test error
@

» Solid line: Theoretical prediction (Random matrix theory)
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Neural tangent )
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Neural Tangent: Parameters view

Zy == (XiTG/(<W1>Xi>),X1TU/(<W2>Xi>)»---)XiTU/(<WN,Xi>))T,

by = argminb{Hy — Zb|5 + 7‘”"”%} .

48 /57



Neural Tangent: Function view

n

fNT = argminf{ Z (yi — f(Xi))Z + AHfHﬁN} :

i=1

| - llkn: RKHS norm

N
1
K thz ]\TZ thz WUX1>) (<wi)x2>)

49 /57



Finite vs infinite width: Kernel view

N
Kn(x1,%2) = NLd D (xayx2)0” (Wi, x1)) 0’ (Wi, x2))

i=1

<X1,X2>

K(x7,%2) = Ew{o'((w,x1))0o’((w,x2))}

KN—>K

» What notion of convergence?
» How big should N be?

50 /57



Another small experiment

Train error

08
3 06 2
2 o
22 22
£ 0.4 s
o o
° o
02
1 0.0 1

2 3
log(Nd)/log(d)

> f.(x) = g((B.,x)), g = deg-4 polynomial

(d = 20)

Test error

2 3
log(Nd)/log(d)

2.00
175
1.50
1.25
1.00
0.75
0.50

0.25
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Another small experiment (d = 20)

Test error

1.44 — nis 46
— nis 444

—— nis 4304

1.24

1.0

0.8 1

0.6 1

0.4

0.2 1

0.0

8
log(Nd)

> f.(x) = g((B.,x)), g = deg-4 polynomial
» NT ridge regression vs Kernel Ridge(-less) Regression

f:=arg min {||f||K subj. to f(xi) =yi Vi < n} ,
fRISR
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Rigorous confirmation

RN (fe;A) := Risk of linearized network .
Roo(fs;A) := Risk of KRR.

Theorem (M, Zhong, 2020, 2021)
Assume d' < n < A for some integer €. Then

1 C
Rn(£.A) = Reo(i ) +o<uf I %)

53 /57




Insights

L _ n(logn)¢
Rn(fiA) = Roo(f;A) + O ( Nd>

Insight 1: Risk constant for Nd > n(logn)¢
Insight 2: Overparametrization does not hurt

Insight 3: Interpolation (A = 0) nearly optimal (see KRR result)
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Insights

L _ n(logn)¢
Rn(fiA) = Roo(f;A) + O ( Nd>

Insight 1: Risk constant for Nd > n(logn)¢
Insight 2: Overparametrization does not hurt

Insight 3: Interpolation (A = 0) nearly optimal (see KRR result)

Intuition for 37
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Intuition

» High-degree part of o ~ Noise in the features

» Noise in the features ~ Diagonal term in the K

» Diagonal term in K & Non-zero ridge regularization
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Conclusion )
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Conclusion

» Linear models elucidate generalization puzzle in deep learning!
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» Neural tangent model: optimal interpolation at high SNR,
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Conclusion

» Linear models elucidate generalization puzzle in deep learning!

» Neural tangent model: optimal interpolation at high SNR,

> Towards a unified theory

Thanks! )
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