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Supervised learning

> Data
{(vi, ) }i<n ~ua P .
P € 2(R x R?) unknown.
> Want

f:R* 5 R

» Objective: Given loss £: R x R — R0, minimize

R(f) := E{&(%aew, f (Tuew))}s  (Ynew Tuew) ~ P
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Classical theory

1. Empirical Risk Minimization
- 1Z

min R,(f) := EZZ(yi,f(a:i)), subj. to f € F.
1=1

2. Uniform convergence

sup| Ba(f) — R(f)| < &(F,m).
feF

3. Convex optimization
Choose £, F = {f(-;0) : 6 € ©} so that ERM is convex
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Why constrain f € 77 Baby example
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Classical viewpoint

» Since ~2010, none of the three pillars seems to hold anymore®.

!For many applications
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Multi-layer (fully connected) neural network

0= (Wi, Ws,..., W)
0 € © :=RVNo . x RNV Ny = d, N =1,

f(-;0):=WroooWp j0---000 Wy.

where

Wi(x) := Wiz,

o(x):=(o(zn),...,0(zn)),

Examples: o(z) = tanh(z), o(z) = max(z, 0),. ..
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Pillar #3: Convex optimization

» Highly nonconvex!
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Pillar #2: Unifermconvergenece
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2.0 e—e random labels 35| o—0 AlexNet 0.8
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ﬁ #—= shuffled p}lxels £ 30]|** MLP1x512 07
215 —— random pixels |[{ & 2 06
Iy 4— gaussian 22.5 o~
® 2 <05
o 1.0 o 8
B g 20 =04 =—a Inception
03 1.5 03 o—o AlexNet
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0.0 1.0 0.1
0 5 10 15 20 25 00 02 04 06 08 10 00 02 04 06 08 1.0
thousand steps label corruption label corruption
(a) learning curves (b) convergence slowdown (c) generalization error growth

[Zhang, Bengio, Hardt, Recht, Vinyals, 2016]

» F rich enough to ‘interpolate’ data points

» Test error > Train error ~ 0
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Pillar #2: Unifermconvergenece

60

Zero-one loss (%)

Squared loss

1 1 1 |
10 40 100 300 800

Number of parameters/weights (x103)

Wt

» MNIST (subset): 4,000 images in 10 different classes.
P 2-layers Neural Net. Square loss.

Belkin, Hsu, Ma, Mandal, 2018; Spigler, Geiger, d’Ascoli, Sagun, Biroli, Wyart, 2018;. ..
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Pillar #1: Empirical Risk Minimization
GD/SGD

0t = 0 — £,V R, (6%)

» Nonconvex optimization
» Many global optima (R, (6) = 0)
» Output depends on

» Initialization

» Step-size schedule ¢;
> ...
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Can we understand all of this mathematically?

e The big picture

© A toy model

© Results: The infinite width limit
@ Results: Random features model
© Results: Neural tangent model

@ Conclusion and current directions

Ghorbani, Mei, Misiakiewicz, M, arXiv:1904.12191, 1906.08899

Mei, M, arXiv:1908.05355
M, Ruan, Sohn, Yan, arXiv:1911.01544
M, Zhong, arXiv:2007.12826
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Related work

Belkin, Rakhlin, Tsybakov, 2018

Liang, Rakhlin, 2018

Hastie, Montanari, Rosset, Tibshirani, 2019
Belkin, Hsu, Xu,2019

Bartlett, Long, Lugosi, Tsigler, 2019
Muthukumar, Vodrahalli, Sahai, 2019

vV vV v vV VvV VY

Many papers in 2020
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Many papers in 2020

This work: Sharp asymptotics in the lazy regime of 2-layers nnets
(random features models)
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The big picture J
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The big picture: Classical view

Learning | Empirical risk minimization
Tractability | Convexity

Regularization | Penalty in the cost function
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The big picture

Learning
Tractability

Regularization

&
@

6;

AN

Empiriealrisk-minim- | Algorithmic selection

Coenvexity Overparametrization

Penalty-inthe-cost ‘Self-induced regularization’
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Can we understand this rigorously?

Two-layers neural networks

N
Fi = {f(ac;a, W)= Zaia((wi,m)) ©oa ERw; € RAVE < N}.
i=1

Remark

f()eFRN,aeR = af(-) € Fiy
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Can we understand this rigorously?

Lazy regime (linearize around a random initialization)

1
Ef(a:;ao—I—sa, Wo+eW)
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Can we understand this rigorously?

Lazy regime (linearize around a random initialization)

1
Ef(a:;ao—I—sa, Wo+eW)

A %f(ﬂc; ao, Wo) + (a,Vaf(z; a0, Wo)) +(W,Vwf(z; ao, Wo))
N N

~ 1 (i a0, Wo) + 2 aor((wo, 2)) + . ao{ws, zho((woy, 7))
=1 =1

Jacot, Gabriel, Hongler, 2018; Du, Zhai, Poczos, Singh 2018; Allen-Zhu, Li, Song 2018; Chizat,

Bach, 2019; Ghorbani, Mei, Misiakiewicz, M, 2019; Arora, Du, Hu, Li, Salakhutdinov, Wang, 2019;
Oymak, Soltanolkotabi, 2019; ...
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1
Ef(:c;ao—l—ea Wo+eW)

N
mz ((wo,s, x +Z (bi, z)o((wo, ))
i=1

Fre(Wo) Fir(Wo)

N
FRE(W) = {f(w; a) = Zai o((ws,z)) : a ERVi< N},

N
Fr (W) = {f(w; a)=> (ai,z)o'((ws,z)) : a; ER*Vi< N},

W =[wy,...,wy] w; ~gg Unif(S¢71(1))
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Training: Ridge regression

~ : 1 E
dra()) = arg min {n > (yi — frent(24, @))% + A||“H§} :
i—
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Why (ridgeless) ridge regression?

/)
/
\
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Why (ridgeless) ridge regression?

Gradient descent

Gpi1 = Qg — Ve Rn(ar),

Ry (a) := Empirical square loss.

Remark: In the overparametrized regime

klin;o ap = 1111(1) arr(A).
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Self-induced regularization: A toy model )
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Linear regression

> Data (y, X) = {(¥, ) }i<n, y € R", X € R?¥4

> Ridge regularization

~

B(7) i= arg min Ul - X613 +11818}

1 "
23(’71d+2x) 'XTy
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Linear regression with a twist

> Data (y, X) = {(vi, i) }i<n

» Add noise to the covariates z; = z; + ag;, g; ~ N(0, I);
Z = (2i)i<n

> Ridge regularization

Bly; @) = arg mm{—uy ZBI3+ 1813},

= E(')’Id +32)71Z2Ty

Kobak, Lomond, Sanchez, 2018
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Linear regression with a twist

. 1
S,=-2"7

n

1

:EXTX~|— CxTg+ 2 GTX+ GTG

1
ZXTX +a%I,.
n

2
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Linear regression with a twist

=-7Z"z
n
1
—oxTx4+ 2 XTG+- GTX+ GTG
n
1
z—XTX+aI¢
n
3 1 &N \—1,T
IB('Y;O‘):E(')’Id‘f‘zZ) Z'y
1

((’)’ + az)Id + 2x)_1XTy

2

R
®D A,

(v +a%0)
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Linear regression with a twist

. 1
S,=-2"7
n
1
= EXTX~|— xTg+ 2 GTX+ GTG
1
~—XTX +a%I,.
n
3 1 & \—1,T
B(v;a) = E(')’Id +3z)Zy
1 .
~ E((’Y + a2)Id + Ex)_:lXTy
~ B(y + a?;0)

Covariates noise ~ Ridge regularization )
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Self-induced regularization

Nonlinear ridgeless high-dimensional model

Y

Simpler model with positive ridge regularization
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Self-induced regularization

Nonlinear ridgeless high-dimensional model

Y

Simpler model with positive ridge regularization

The role of covariate noise s played by nonlinearity
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Results: The infinite width limit )
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Connection with kernels

N ) 1 N
@xs(A) = arg min {n > (i — frent(®4, @) + dHaIIS} ,
=1

N
fre(z; @) = Z a;0((w;, T)),
1;1
Atz a) =) (a;, z)o'((wi, z))
1=1
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Function space formulation

FRISR

Fanr = arg_min {iz ||f||KN},

=z
M=

.q
Il
N

Krr,n(T1, T2) = o((ws, z1))o({wi, z2)),

=z
M=

KEnT,n(T1, T2) i=

(x1, 22)0"' (w3, £1))0" (w3, T2)) .

ﬂ
Il
-

(random kernel!)
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Connection with kernels

Very wide limit

Krr,n(21, 22) = Krr(z1, 22) := Ey{o({(w, z1))o({w, z2))}

Knt v (z1, T2) = Knt(21, 2) := (21, T2)EW {0’ ((w, 1) )o'({(w, 22))}

Rahimi, Recht; 2008; Bach, 2016; Daniely, Frostig, Gupta, Singer, 2017; Jacot,

Gabriel, Hongler, 2018;. ..
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Setting

» {(vi, ) }i<n iid

> x; ~ Unif(S1(v/d)) or ; ~N(0,I4), d>1

Yi = f*(wl) + €4, €4~ N(OzTZ) .
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Prediction error of Kernel Ridge Regression

Theorem (Ghorbani, Mei, Misiakiewicz, M. 2019)

Assume o continuous, |o(z)| < cpexp(ci|z|). Let £ € Z, and assume
dte <n < d*17¢, £ > 0. Then, for any A € [0, A(0)],

Rxrr(fii A) = [IPsefllZ2 + 0a()(If172 + %),

P<¢fi = Projection of f. onto deg. > £ polynomzials
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Prediction error of Kernel Ridge Regression

Theorem (Ghorbani, Mei, Misiakiewicz, M. 2019)

Assume o continuous, |o(z)| < cpexp(ci|z|). Let £ € Z, and assume
dte <n < d*17¢, £ > 0. Then, for any A € [0, A(0)],

Rxrr(fii A) = [IPsefllZ2 + 0a()(If172 + %),

P<¢fi = Projection of f. onto deg. > £ polynomzials

Further, no kernel method can do better.

» Optimal error — interpolants (A = 0)

Generalizes El Karoui, 2010
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Results: Random features model )
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Random features model

N
FRe(W) = {f(z;0) = Y aio((wi,@)) : ai €RVI< N},

1=1

W =[wy,...,wy] w; ~gg Unif(S71(1))

» Number of parameters: N
» Number of samples: n
> Degrees of freedom in the target (polynomial of degree £): d*.

Neal, 1996; Balcan, Blum, Vempala 2006; Rahimi, Recht; 2008; Bach, 2016
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Proportional asymptotics

> nx=d

> Nx<d
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Focus on linear targets (d degrees of freedom)

> Target function

F(x) = (Bo, @) + £(x)

fY= non-linear isotropic.

> [[Bollz = F1, £z = Fi
» n,N,d —>o00: N/d— 91, n/d— ¥o.

> R(f\) = prediction error

37/67



Precise asymptotics

Theorem (Mei, M. 2019)
Decompose o(z) = 0o + 01z + o"*(z) where (for G ~ N(0,1))

oi

E[Go™(G)] = E[e™(G)] =0, (%:= Eo (G
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Precise asymptotics

Theorem (Mei, M. 2019)
Decompose o(z) = 0g + o1z + o""(z) where (for G ~ N(0,1))
o2
]E[GUNL(G)] = ]E[U'NL(G)] = O, 42 = IE[O’T](-GW .

Then, for any A= A/- > 0
R(}}\) = Ff‘@(C7¢l7¢21X) + (7—2 + Ff)y(Cfl/}l;'po;X) + F*2 + od(1)1

where ’93((1¢17¢27X); 7/((1 ¢17¢27x) are e:vplzcztly g’L"UCTL below.

Variance computed in [Hastie, M, Rosset, Tibshirani, 2019]
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Explicit formulae

Let (v1(£),v2(¢)) be the unique solution of

2y -1
V1 =¢1(*E*V2 - 71_421,“/2)
_ ¢ -1
v2 —¢2(*E*V1 - 71_421,1”2)

Let _ _
x = v1 (1920 ?) -2 (i(w192 ) ?),

and

E0(C,¥1, %2, %) = — x%¢% +3x ¢t + (w12 — w2 — w1 + 1Dx3¢® - 2x3¢* - 3x3¢P

+ (P14 2 — 39192 + D3¢ + 2x% ¢ + X 4 3919axC — Y1v2,
E1(C, ¥1, %2, %) = Pax>¢* — wax® ¢ + Prvax(® — Y12,
E2(C, ¥, %2, 0) = x°¢° — 3x* ¢ + (W1 — X3¢ +2x3¢* +3x3¢7 4 (91 - DXt -2 - %P

‘We then have

(LI VR T TEY S TR S ((SLTL IV

B(Crd1, P2, V) —, —
nre Eo(C, %1, %2, ) E0(C,¥1,¥2,2)
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» Kernel inner product random matrices

Cheng, Singer, 2016; Do, Vu, 2017; Fan, M, 2017; Pennington Wohra, 2018;. ..
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What do these formulae mean?
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‘Noisy linear features model’

Nonlinear features

~

f(zs; a) = (a,z;),

uy = o((wj, x:)) = o1(wj, ;) + " ((wy, ;)

Noisy linear features

-

fa(mi) = <a7 '&'>1
’ZZZ']' = 0'1<’wj, :Bi> + o 255, (zij) ~iid N(O, 1)

0 = [|o™]| 2
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‘Noisy linear features model’

Nonlinear features

~

f(zs; a) = (a,z;),

uy = o((wj, x:)) = o1(wj, ;) + " ((wy, ;)

Noisy linear features

-

fa(mi) = <a7 '&'>1
’Z'l,ij = 0'1<’wj, 331) + o 255, (zij) ~iid N(O, 1)

0 = [|o™]| 2

Gaussian, correlated
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Conceptual version of our theorem

Theorem (Mei, M, 2019)

Constder random-features ridge regression in the proportional
asymptotics

d — o0, N/d—)’l/}l, n/d—>1/}2

Then the nonlinear features model and noisy linear features model
are ‘asymptotically equivalent.’
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Simulations vs theory

T T T T T T T T 1 T T T T T T T T T
m Prediction ‘r m Prediction
|| & =100 0.9%‘?[ T & d=100
25k i od=200 ‘ i d=200
08 }i [ d =300

Test error
o o o
o > N
S 2=t}
TS
PG
=S B
-
=
el

Test error
&

| A
g 4 k}%

o
=

0 05 1 15 2 25 3 35 4 45 5 O0 0.5 1 15 2 25 3 35 4 45 5
Y1/¢2 = N/n Y1/th2 = N/n
A =0+ A>0
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Insigths
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Insight #1: Optimum at N/n — oo

logyg(¢2) = 5.0
— l0g)y(¢2) = 00

o
o

Test error
=
>

Test error

10*

10° 102 10*  10®  10® 10" 10

10* 102

102 10° 102 10*  10® 10 10"
¥ =N/d ¥y =n/d
A =0+ A =0+
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Insight #2: No double descent for optimal A

Test error
e o o o o o o o o
- n w e o o ~ (=] © -

o

3 : ,
logiy(N) =22 ||
L logio(\) = 1.3
logio(\) = 0.4
L logy(A) = —04[] 251
——logy(\) =13
| logy(Y) = ~2.2
logyo(A) = —3.0 oL
logio() = 3.9

logo(A) = —oo

Test error
(&

b S
| 1
[ 05t
102 10° 102 102 10° 10?
Y1/y2 = N/n Y1/ = N/n
SNR= SNR= 1/5
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Insight #3: A = 04 optimal at high SNR

1 : : . . 3 ‘ ‘ ‘
( 5
ol | iy 3
b | 25 o
08 a8
[ 1 (¥ ) =15
v 2 (¢1/2) =21 |}
( )=Z7
| 1 s —logy (/) =
205 1 215
3 173
° 3
Toat logio(t/12) = —15|]
) logyo(¥1/4) = —0.9
0.3 R logo(v1/v2) = 0.3 | 1
02f |
05
01F i
— l0g1y(¢1
0 ‘ ‘ : 0 s ‘ ‘ ‘
10° 102 107 10° 10' 102 103 102 107 100 10! 102

A A
SNR= 5 SNR= 1/10

> High SNR: Minimum at A = 0+.
» Low SNR: Minimum at A > 0.
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Insight #4: Self-induced regularization

» Wide limit ¢; = N/d — 00, ¥2 = n/d <
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Insight #4: Self-induced regularization

Bias Variance
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Insight #4: Self-induced regularization

T

2.0

CZ

0.0 05 1.0 15 2.0 z 0.0 05 10 15 2.0 25
A A

Bias Variance

Decreasing (2 := % < Increasing A
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Insight #4: Self-induced regularization

» Normalized regularization

__X+d' o E{o(G)GP

e ST Eeen
> Bias, Variance
- 1
'%(470071)02;)‘) = (1 +(U)2 — w2/¢2 )
2
7/(Ci’lpl:")b%x) = “ /¢2

(1+w)? —w?/yy’

w =w(1/r) increasing in 1/7.
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Results: Neural tangent model |
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Neural tangent model

N
Fr(W) = {f(z;a) =Y (as, ) o' ((ws, ) : & €RVi< N},

W =[wy,...,wy] w; ~gg Unif(S71(1))

» Number of parameters: Nd
» Number of samples: n
» Degrees of freedom in the target (polynomial of degree £): d*.

Jacot, Gabriel, Hongler, 2018
54 /67



Polynomial asymptotics

> N,n,d > o0

> d¢ < N, for somee >0

> N < Cd for some C' >0
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The interpolation phase transition

Theorem (M, Zhong, 2020)

There ezists C < oo such that, if Nd/(logd)® > n, then an NT
interpolator exists with high probability for any choice of the
responses (Y;)i<n-

» Interpoaltion requires Nd > n
> Recent related results:
Daniely 2020; Bubeck, Eldan, Lee, Mikulincer, 2020
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Key technical result

Empirical kernel

1 N
K = (Nd § :<wi:wj>o'l(<'wl:$i>)al(<wl’$j>)>
i,J<N

=1

Theorem (M, Zhong, 2020)
There exists a matriz E = 0, rank(E) < N, such that

K >(v(o) — o(1)) I, + E, v(0) := Vargunp,1)(0'(G)).
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Effective linear model

n

By) = arg min { =3 (v — (B,2:)> + 718113}

Bcrd L d =

Rlin(7) = IEﬂinew [((/60) wneW> - <B(7)1 wneW>)2] :

Very well understood!
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Very well understood!

Rin(6,7) = 18" [13%1a(8,7) + 02 ¥(68,7), ,

When n,d — o0, n/d — § € (0,00):

{—1+ il }+o(1)-

N =

Aj/in 67 =
in(87) VE—T1+7)?2+4y

Hastie, M, Rosset, Tibshirani, 2019
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Generalization

Theorem (M, Zhong, 2020)

Assume that n > eod for a constant €g > 0, and that E[o'(G)] # 0.
Recall v(o) = Var(d'(G)).
If Nd/(log®(Nd)) > n, then for any A > 0,

RNT(3) = Bun(1ea(0 ) + Oap (1 CED%) | where
A+ v(o)
{E[o'(G)]}*

In particular, ridgeless NT = linear regression with

= v(0)/{E[¢'(G)]}*.

Yez(A, 0) 1=
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NT vs linear regression

Test error

NT KRR, LRR, and theoretical prediction

0 200 400 600 800 1000

NTAis: 0.0
Linyis: 1.0
theoretical
NT Ais: 0.05
Linyis: 1.2
theoretical
NTAis: 0.1
Linyis: 1.4
theoretical
NTAis: 0.3
Linyis: 2.2
theoretical
NTAis: 0.5
Linyis: 3.0
theoretical
NTAis: 1.0
Linyis:5.0
theoretical
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NT vs linear regression vs Random matrix theory

Test error

NT KRR, LRR, and theoretical prediction

0 500 1000 1500 2000 2500 3000 3500 4000
n

— NTAis: 0.0

Linyis: 1.0

- theoretical

NT Ais: 0.05
Linyis: 1.2

- theoretical

NTAis: 0.1
Linyis: 1.4

- theoretical

NTAis: 0.3
Linyis: 2.2

- theoretical

NTAis: 0.5
Linyis: 3.0

- theoretical

NTAis: 1.0
Linyis:5.0
theoretical
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Intuitive picture
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Conclusion and current directions )
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Conclusion

» Do not need to carefully trade model complexity vs sample size.

» Optimal generalization with no/minimal regularization

> Self-induced regularization
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Open problems

» Other losses (classification)
[M, Ruan, Sohn, Yan, 2019]

» Anisotropic data distributions
[Ghorbani, Mei, Misiakiewicz, M, 2020]

» Sharp results for NT models

» Sharp results under polynomial scalings
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Thanks! }
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