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Abstract

We counsider a class of approximated message passing (AMP) algorithms and characterize their
high-dimensional behavior in terms of a suitable state evolution recursion. Our proof applies to
Gaussian matrices with independent but not necessarily identically distributed entries. It covers —
in particular— the analysis of generalized AMP, introduced by Rangan, and of AMP reconstruction
in compressed sensing with spatially coupled sensing matrices.

The proof technique builds on the one of [BM11], while simplifying and generalizing several
steps.

1 Introduction

Approximate message passing (AMP) algorithms [DMMOQ09] apply ideas from graphical models (belief
propagation [Pea88]) and statistical physics (mean field or TAP equations [MPV87, MMO09]) to
statistical estimation. In particular AMP applies to problems that do not admit a sparse graphical
model description. An AMP algorithm takes the form

ut = Af(ht) —bigutTlt—1), (1)
v = AT g(u't) — di f(0151), (2)

with ¢ € N being the iteration number. Here v' € R", u’! € R™ are vectors that describe the
algorithm’s state, f(-;t) : R™ — R™ and ¢(-;t) : R™ — R™ are sequences of functions that can be
computed efficiently and b?, d’ are scalars that also can be computed given the current state. Finally
A € R™*™ ig a matrix that is given as part of the data of the estimation problem.

One domain in which AMP finds application is the ubiquitous problem of estimating an unknown
signal z € R™ from noisy linear observations:

y=Az+w. (3)

Here A € R™*™ is a known sensing matrix and w € R™ is a noise vector with i.i.d. components with
Ew; = 0, E{w?} = ¢2. In [DMMU09] a class of AMP algorithms was developed for this problem in the
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compressed sensing setting in which «x is sparse and m < n. Several generalization —for instance to
signals with small total variation— were developed in [DJMT11a)], which also provides a more complete
list of references. All of these generalizations can be recast on the form of Eqgs. , for suitable
choices of the functions f(-;t) and g(-;t).

A striking property of AMP algorithms is that their high-dimensional behavior admits an ezact
description. Simplifying, for a broad range of random matrices A, the vectors u!, v* have asymptoti-
cally i.i.d. Gaussian entries in the limit n,m — oo at ¢ fixed (see next section for a formal statement).
The variance of u!, v! can be computed through a one-dimensional recursion termed state evolution,
because of its analogy with density evolution in coding theory [RUOS|]. The predictions of state
evolution were tested numerically in several papers, see e.g. [DMMO09, DMMII, [DJMI11al [Sch10l
KGRI, KMS™12a, [SS12, JM12]. In [BM1I] it was proved that state evolution does indeed hold
if A has i.i.d. Gaussian entries and the functions f(-;t) and g(-;t) are Lipschitz continuous and
separableﬂ This result was extended in [BLM12|] to matrices A that have independent non-Gaussian
entries, under the assumption that functions f(-;t) and g(-;t) are separable polynomials. On the
basis of these results, it is natural to conjecture that state evolution holds for matrices with general
independent entries, whenever f(-;¢) and g(-;t) are separable and locally Lipschitz with polynomial
growth. This conjecture is still open.

In this paper we focus on Gaussian matrices and consider a different type of generalization that
was motivated by the following recent developments.

Generalized AMP. In [Ranll], Rangan proposed a class of generalized message passing algorithms
(G-AMP) which found several interesting applications, see [FRVB11, [KBAU12]. In particular,
generalized AMP allows to tackle nonlinear estimation problems wherein x € R”™ is to be
estimated from observations Y = (Yi,...,Y,,). Observations are conditionally independent
given A and z, with Y; distributed according to a model p( - |¢;) with & = (Ax);. Considering
for simplicity the case in which p(-|¢;) has a density (denoted again by p), the joint density of
Y = (Y1,...,Y.,) is therefore

m

py (ylA, z) = [ [ p(vil(Ax)s) - (4)

=1

In information theory parlance, the vector (Ax) is passed through a memoryless channel with
transition probability p(-|-). From a statistics point of view, this corresponds to estimation
of a generalized linear model [NW72, MNS&9]. The linear model is recovered as the special
case in which the channel is Gaussian or —more generally— the noise is purely additive. Rangan
conjectured that suitable state evolution equations hold for G-AMP algorithms as well, without
however providing a formal proof.

Spatial coupling. In a separate line of work, Donoho and the present authors [DJMI11b] applied
AMP to compressed sensing reconstruction with spatially coupled sensing matrices. This type
of sensing matrices were developed in [KMST12b| (see also [KP10] for earlier work in this
direction), who demonstrated heuristically the power of this approach. A mathematical analysis
requires extending state evolution to matrices with independent centered Gaussian entries,
although with non-identical variances (heteroscedastic entries, in the statistics terminology).

!Throughout the paper we say that h : R¥ — R* is separable if h(z1,zz,. .., o) = (hi(z1), ha(z2), . .., hie(zk)).



More precisely, for A € R™*™ we assume that the row index set [m] = {1,...,m} is partitioned

into ¢ groups, and that the same holds for the column index set [n] = {1,...,n}. Then the
entries A;; are independent Gaussian with mean E{A;;} = 0 and variance E{ A} depending on
the group to which ¢ and j belong. Spatially coupled sensing matrices correspond to a special
band-diagonal structure of the block variances.

A rigorous analysis of the implications of state evolution for spatially coupled matrices can
be found in [DJMI1b|. In particular, [DJMIIDb] studied a class of spatially coupled matrices,
and proved that AMP reconstruction achieves the information-theoretic limit stated in [WV10].
More specifically, for sequences of spatially coupled matrices A € R™*™ with asymptotic under-
sampling rate 6 = lim,, .o m/n, AMP reconstructs the signal with high probability, provided
§ > d(px), where d(px) denotes the (upper) Rényi information dimension of px [Rén59)].
Further, AMP reconstruction is robust to noise.

Robust regression. Bean, Bickel, El Karoui and Yu [BBEKY12] recently considered the problem
of estimating the unknown vector x in the linear model using robust regression. They
developed exact asymptotic expressions for the risk that are analogous to the one proved in
[BM12] for the Lasso. The results of [BBEKY12] are, on the other hand, based on an heuristic
derivation.

The proof in [BM12] was based on the state evolution analysis of a suitable AMP algorithm
whose fixed points coincide with the Lasso optima. This is suggestive of a possible approach
for proving the results of [BBEKY12]: define a suitable AMP algorithm for solving the robust
regression problem, and analyze it through state evolution. Indeed a comparison of the formulae
in [BBEKY12] with the state evolution formulae in [Ranll] appears encouraging.

In this paper we establish a rigorous generalization of state evolution that covers all of the above
developments. Applications to generalized AMP are already discussed in [Ranll], and applications
to spatially coupled sensing matrices can be found in [DJM11b] and Section |3| Finally, applications
to robust regression are left for future study.

Remarkably, all of the above applications can be derived by treating the following generalization
of the iteration (T]), (2). (A formal definition is given in the next section.)

1. The vectors u' € R™, v € R™ are replaced by matrices u! € R™*4, ¢t € R"¥4, with ¢ kept
fixed as m,n — oo.

2. The functions f, g appearing in Egs. , are now mappings f(-;t) : R"*% — R"*? g(-;t):
R™*? — R™*4 that are separable across rows (e.g. the i-th row of f(v;¢) only depends on
the i-th row on v). Correspondingly, the product Af(v';t) has to be interpreted as a matrix
multiplication.

3. The memory terms are modified with by, d; replaced by ¢ x ¢ matrices. More specifically,
by g(ut~1;t — 1) and dy; f(v';t) are respectively replaced by g(u!~';t — 1) B/, f(v*;t) D], with
B;,D; € R7*4.

Our proof uses the technique of [BMI1], which in turns build on an idea first introduced by
Bolthausen [Boll12]. A convenient simplification with respect to [BM11] consists in studying a recur-
sion in which the rectangular matrix A is replaced by a symmetric matrix, and the algorithm state
is described by a single vector.



In section [2] we put forward formal definitions and state our main result for the case of symmetric
matrices. In section [3] we show how the case of rectangular matrices can be reduced to the symmetric
one. We also show how our result applies to the case of compressed sensing reconstruction with
spatially coupled matrices. Finally, we prove our main result in Section [

2 Main result

We will view AMP as operating on the vector space V, v = (R?)" ~ R¥*4. Given a vector z € V, v,
we shall most often regard it as an N-vector with entries in R?, namely = = (x1,...,Xy), with
x; € RY. Components of x; € R? will be indicated as (x;(1),...,x%;(q)) = x;. For z € V, n, we define

s norm by 1] = (S, 2) .

Given a matrix A € RV*N  we let it act on VN in the natural way, namely for v/, v € V, v we
let v/ = Av be given by v} = Z;Vﬂ A;jv; for all i € [N]. Here and below [N] = {1,..., N} is the set
of first IV integers. In other words we identify A with the Kronecker product A & I;xq.

Definition 1. A symmetric AMP instance is a triple (A, F,z") where:
1. A=G+GT, where G € RN*N has i.i.d. entries Gi; ~ N(0, (2N)71).

2. F ={f*:k € [N]} is a collection of mappings f¥: RI x N — R?, (x,t) — fF(x,t) that are
locally Lipschitz in their first argument (and hence almost everywhere differentiable);

3. 2% ¢ Vg N is an initial condition.

Given F = {f* : k € [N]}, we define f(-;t) : Vyn — Vyn by letting v = f(v;t) be given by
vl = fi(vi;t) for all i € [N].

Definition 2. The approximate message passing orbit corresponding to the instance (A, F,z°) is
the sequence of vectors {z'};>0, x' € V, v defined as follows, fort >0,

et = A f(aht) =By f(2 it — 1) (5)

Here By : Vg n — Vg N is the linear operator defined by letting, for v' = By,

1 af
V;:N Zaix(xjvt) Vi, (6)

JEIN]
with %{j denoting the Jacobian matriz of f7(-;t) : R? — RY,

2.1 State evolution

In order to establish the behavior of the sequence {z'};>( in the high dimensional limit, we need to
consider a sequence of AMP instances {A(N), Fx,2%" } y>o indexed by the dimension N.

Definition 3. We say that the sequence of AMP instances {(A(N), Fn,x")}n>o is converging
if there exists: (i) An integer q; (ii) A function g : R? x R? x [¢] x N — R? with g(x,y,a,t) =
(g1(x,y,a,t),- -+ ,94(x,¥,0a,t)), such that, for each v € [q], a € [q], t € N, g,(--- ,a,t) is Lipschitz



continuous; (iii) q probability measures Py, ..., P, on RY; (iv) For each N, a finite partition C{V U
chu---uU C’év = [N]; (v) q positive definite matrices X1, .. .,Zé € RI%9, such that the following
happens;

1. For each a € |q], we have limy_.o |CN|/N = c, € (0,1).

2. For each N > 0, each a € [q] and each i € CY, we have fi(x,t) = g(x,yi,a,t). Further, the

empirical distribution of {Yi}iecg)’: denoted by P, converges weakly to P,.

3. For each a € [q], in probability,

. 1 T
lim W Z g<X?7Yi7a7O>g<X?7Yiua70> = 22 (7)
a .

N—oo
1eCl

Remark 1. An apparent generalization of the above definition would require the partition to be
C{V U Cév U---u C’é\/ = [N], while 2* € VN, with ¢ # ¢'. It is easy to see that there is no loss of
generality in assuming ¢ = ¢ as we do in our definition. Indeed the case ¢ < q can be reduced to
our setting by refining the partition arbitrarily, and ¢ > q by adding dummy coordinates to to the
variables x;.

Remark 2. The function f'(-, -) depends implicitly on y;. However, the y;’s do not change across
iterations and so we do not show this dependence explicitly in our notation.

Our next result establishes that the low-dimensional marginals of {z'} are asymptotically Gaus-
sian. State evolution characterizes the covariance of these marginals. For each ¢ > 1, state evolution
defines a positive semidefinite matrix X' € R?<9, This is obtained by letting, for each ¢t > 1

q

Et = Zcb 2271, (8)
b=1

S = E{g(Zh Yo 0g(ZL Yira, )T} ®)

for all a € [q]. Here Y, ~ P,, Zt ~ N (0,%) and Y, and Z! are independent.
For k > 1 we say a function ¢ : R™ — R is pseudo-Lipschitz of order k and denote it by ¢ € PL(k)
if there exists a constant L > 0 such that, for all z,y € R™:

[é(2) = ()] < L+ [l * + lyl*) llz =yl (10)
Notice that if ¢ € PL(k), then there exists a constant L’ such that for all x € R™: |¢(z)| <
L'(1+ [|[|*).

Theorem 1. Let (A(N),Fy,2°)n>0 be a converging sequence of AMP instances, and denote by
{x'}1>0 the corresponding AMP sequence. Suppose further that Ep,(||Ya||?*72) is bounded, and
Eﬁa(HYa||2k_2) — Ep,(||Yal|?*72) as N — oo, for some k > 2. Then for allt > 1, each a € |q],
and any pseudo-Lipschitz function ¢ : R? x R? — R of order k, we have, almost surely,

i o D Vi) = E(6(ZLY2)). (11)

N—oo )
jec¥

where ZL ~ N(0, %) is independent of Yy ~ P,.



3 AMP for rectangular and spatially-coupled matrices

In this section we develop two applications of our main theorem:

1. We show that AMP iterations with A a rectangular matrix, see e.g. Eqs. , , can be recast
in the form of an iteration with a symmetric matrix A and are therefore covered by Theorem
This construction is provided in Section (below Proposition .

2. We apply the general Theorem [I] to AMP reconstruction in compressed sensing with spa-
tially coupled matrices. In [DJMI1b], it was proved that, conditionally to a state evolution
lemma, this approach achieves the information-theoretic limits of compressed sensing set forth
in [WV10]. Here we show that our main result Theorem [I| implies the state evolution lemma
(Lemma 4.1 in [DJMI11D]).

3.1 General matrix ensemble

We begin by describing a more general matrix ensemble that encompasses spatially coupled matrices,
and will be denoted by M (W, mg,ng). The ensemble depends on two integers mg,ng € N, and on a
matrix with non-negative entries W &€ szc, whose rows and columns are indexed by the finite sets
R, C (respectively ‘rows’ and ‘columns’). The matrix is roughly row-stochastic, i.e.

1
§§2Wm§2, for all r € R. (12)
ceC
We will let |R| = L, and |C| = L. denote the matrix dimensions. The ensemble parameters are

related to the sensing matrix dimensions by n = ngL. and m = mgL,..
In order to describe a random matrix A ~ M (W, mg, ng) from this ensemble, partition the column
and row indices of A in —respectively— L. and L, groups of equal size. Explicitly

[n] = USECCS ) |CS| =Tno,
[m] = Urer Ry, [Ry| =mo .
Further, if i € R, or j € Cs we will write, respectively, r = g(i) or s = g(j). In other words g(-) is

the operator determining the group index of a given row or column.
With this notation we have the following concise definition of the ensemble.

Definition 4. A random sensing matriz A is distributed according to the ensemble M(W, mg, ng)
(and we write A ~ M(W,mq,ng)) if the entries {A;;, i € [m],j € [n]} are independent Gaussian
random vartables with

1
A5 ~N(0, o Wetia0) - (13)

See Fig. 1| for a schematic of matrix A. Note that the ensemble M (W, mg, ng) includes, as special
case, rectangular non-symmetric matrices with i.i.d. entries.
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Figure 1: Construction of the spatially coupled measurement matrix A for compressive sensing as described
in Section The matrix is divided into blocks with size mg by ng. (Number of blocks in each row and
each column are respectively L. and L,, hence m = myL,, n = ngL.). The matrix elements A;; are chosen
as N(0, -2 We(i),g(j))- In this figure, W; ; depends only on [i — j| and thus blocks on each diagonal have the

* mo
same variance.

3.2 AMP for compressed sensing reconstruction

AMP algorithms were applied in to compressed sensing reconstruction with spatially
coupled sensing matrices [KMST12b]. Here we follow the scheme and notations of [DJMIIh]. In
particular, we assume that the unknown vector x to be reconstructed has entries whose empirical
distribution converges weakly to a probability measure px over R. The AMP algorithm takes the
following form (initialized with z} = E,, (X) for all i € [n]):

= G+ Qe AT, (14)
rt = y— At bt ortTt, (15)

Here, for each ¢, 5, : R® — R” is a differentiable non-linear function that depends on the input
distribution px. Further, for v € R™, we have n(v) = (9,1(v1),. .., n(vyn)) for some functions
niy © R — R. The symbol ® indicates Hadamard (entrywise) product. The specific choices for
ne, Qt, bl are given in Section below.



3.3 State evolution

Given W € Rixc roughly row-stochastic, and undersampling rate § € (0,1), the corresponding state
evolution is defined as follows. Start with initial condition

1;(0) = oo for all i € C. (16)
Forallt>0,a €R,and i € C, let

Ga(t) = U2+%2Wa,iwi(t>7
1eC (17)
it +1) = mmse(Z Wb,i(ﬁb(t)*l) .

beR

Here and below, mmse(s) denotes the minimum mean square error in estimating X ~ px from a
noisy observation in Gaussian noise, at signal-to-noise ratio s. Formally,

mmse(s) = E{[X —E[X|Y]]?)}, Y =VsX+2Z.

3.4 Construction of 7, b", Q*

In the constructions for the matrix @, the nonlinearities 7;, and the vector b’, we use the fact that
the state evolution sequence can be precomputed.
Define Q! by

B dg(iy ()"
QL = & . 18
TR Wg(yék(D) ! "

The nonlinearity 7; is chosen as follows:

ne(v) = (1 (v1), me2(v2), .. N (vn)), (19)
where 7 ; is the conditional expectation estimator for X ~ px in gaussian noise:
Mi(vi) = B{X | X + sy (t) ?Z =vi},  s:() =D Warou(t) . (20)
u€R

Notice that the function 7. ;(-) depends on ¢ only through the group index g(i), and in fact para-
metrically through sg;)(t). We define 7 ; = 1, for i € C.

Finally, in order to define the vector b!, let us introduce the quantity (with 771’571» denoting the
derivative of v; — 1 (v;))

1
(Mp)u = o Z i (zi+((Q'® A)Trt)z’) . (21)
1€Cy
The vector b is then defined by
1 ~p
bf = g Z Wg(z),uQ;($7u <771,5—1>u ) (22)
ueC

where we defined Qij = Qvf,’u fori e R,, j € C,.
The following Lemma (Lemma 4.1 in [DJMI11b]) claims that the state evolution allows an
exact asymptotic analysis of AMP algorithm — in the limit of a large number of dimensions.



Lemma 1. Let W € REXC be a roughly row-stochastic matriz and ¢(t), Qt, b' be defined as in Section
. Let my = mo(ng) be such that my/ng — 0, as ng — oo, and let A(n) ~ M(W, mg,ng). Further
suppose that the empirical distribution of the entries of x(n) converges weakly to a probability measure
px on R with bounded second moment and the empirical second moment of x(n) also converges to
E,y (X?). Similarly, suppose that the empirical distribution of the entries of w(n) converges weakly
to a probability measure py on R with bounded second moment and the empirical second moment of
w(n) also converges to E,,, (W?) = o2. Then, for all t > 1, almost surely we have

lim sup 2%, (A(n):y(n)) — zc, 3 = mmse( 3" Wian(t — 1)), (23)

no—o0 10 ieR

for all a € C, where artca,a:(;a € R™ respectively denote the restrictions of xt,x to indices in C,.

3.5 Proof of Lemma [1]
We show that Lemma [1] follows from Theorem [1} Consider the following change of variables:
P = - (Qte ATt — 2t (24)
o= w—rt (25)
Rewriting Eqs and in terms of & and 7, we obtain
= (Q AT —w) — {m-1(x — &) -z}, (26)
o= Alpi(z -3 -z} +bt o (P —w). (27)

Let ¢ = L, + L. and define functions e(-, -, -;t), h(-,-, ;1) : R? x R? X [q] — R? as follows:

h(u,w,a;t) = +/L,(u(a) —w(a)) [\/WQJQZJ, cee */Wa,Lc@Z,LCa koo %] for a € [L,],

e(v,y,a;t) = Ly {-14(y(a) —v(a)) —y(a)} [/ Wias- s /WL, a:%,...,%] foraé€[L].
In our definition, we do not care about the values of entries represented by *, since they are irrelevant
for our purposes. Values of h(u,w,a;t) for a € {L, + 1,...,L, + L.} and e(v,y,a;t) for a €
{Lc+1,...,L, + L.} are also irrelevant for our purposes and can be defined arbitrarily. Note that
h,e € PL(2). We also define function (-, ;t) : Vg, X Vyr — Vg by letting o' = €(v,y;t) be given
by V;-A: e(v;,y;,8(7);t) for all j € [n]. Similarly, h(-,5t) : Vym X Vgm — Vgm is defined by letting
o' = h(u,w;t) be given by u} = h(w;, w;, g(i);t) for all i € [m].

Let A € R™ ™ be a normalized version of A obtained as in the following:

A=W,

Therefore, A has i.i.d. entries N(0,1/m).

Proposition 5. Consider the following approzimate message passing orbit with vectors {vt,u'}i>0,
’Ut € qun’ ut € qum:

ut = Ae(tyit) — Bt/ﬁ(ut_l,w;t -1), (28)
vt = ATh(u, wit) - DyE(v! i), (29)



for given y € Vg, and w € Vgm. Here By : Vg — Vym s the linear operator defined by letting, for
2! =Bz, and any i € [m],

1 Oe

Analogously Dy : Vg, — Vg is the linear operator defined by letting, for 2’ = Dz, and any j € [n],

1 oh
/I t . .
Z; = m Z 6u(ul7wl7g(l)7t) Zj . (31)
le[m)
Assume that y = (y1,...,¥n), W= (W1,..., W), and vt = (vi,... vl) are given by
Yk‘:(*""a*7 Tk 7*7"'7*)6Rq, \V/k'E[TL]
——
position g(k)
Wk,:(*’-..’*’ W ,*,"',*)GR(], Vke[m]
—
position g(k)
Vllc:(*a"'¢*¢ i‘llg 7*7"'7*)6Rq, Vk’E[n]
~

position g(k)

t
7

(g(2)) =7t and v§-+1(g(j)) = :E;H, for alli € [m],j € [n], and t > 0.
We refer to Section for the proof of Proposition
We proceed by constructing a suitable converging sequence of symmetric AMP instances, recog-
nizing that a subset of the resulting orbit corresponds to the orbit {vf, ut} of interest. The converging

symmetric AMP instances (As(N), g,2?) are defined as:

Then, we have u

e The instances has dimensions N = m +n and ¢ = L, + L..

e Let By =C1 + C’lT and By = Cy + C’QT, where C; € R™*™ and Cy € R™" have i.i.d. entries
distributed as N(0, (2m)~1). The symmetric matrix Ay is given by

A:‘/L By A
s d+1 AT By )

o Let ys; =w; € RY for i <m and ys; = yi—m € R? for i > m.
e The initial condition is given by 29 = (x9,,---,x] ) € Vyn, where xJ; = 0 for i < m and
xgﬂ. =vl form<i<m+n.
e Finally, for any x,y € R%, ¢t > 0, we let
g(x,y,a,2t) = 0 forae{1,---,L,}, (32)
9(x,y,a,2t) = % e(x,y,a—Ly;t) forae{L,+1,---,L.+ L.}, (33)
9(x,y,a,2t+1) = % h(x,y,a;t+1) forae{1,---,L,}, (34)
g(x,y,a,2t+1) = 0 forae{L,+1,---, L.+ L.}. (35)

10



Now, it is easy to see that, for all t > 0,

it;rl =u, for ¢« < m, (36)
x2 =vitl form+1<i<m+n (37)

Now we are ready to prove Lemma [l| by applying Theorem
Fixad € {L,+1,...,L, + L.} and t > 1. Let a = o’ — L, and choose function ¥(x,y) =

{7t,a(y(a) —X(a)) —y(a)}?. Then,
lim — Z Y(x2,¥sy) = lim = > lira(ysy(a) = x2(a) =y (a)]

ne—00 N,
OjEC/

Y lm — S fia(y;(a) - vi (@) - yja))?

jeCa

b . 1 -
D tim 3 ey - 3 - )
j€Cq
. 1 1
= Jm ST g =t e (9
J€Ca
Here (a) follows from Eq. (37) and the definition of y, ; (note that j' = j —m); (b) follows from the
fact a = g(j) and Proposmon Bl
Applying Theorem [T} we have almost surely

lm — 3 w0 ya) = Elna(X + 2) - X1, (39)

no—00 N,
0 j’ECa/

with X ~ py and Z ~ N(0,%2). Therefore, to complete the proof we need to show that

(Zo) =D Wiadi(t) ™" (40)
i€R
Note that Eq. reduces to:
m Ly Ly+Lc
s Z s (41)
b/
m-+n P m —i— n, it

By definition of function g (see Eq.s — ), it is easy to see that Eq. @[} reduces to:

0, for ' € [L,],
(22)ij = S L\ /Wi Wy o B{ip—1,a(X — Z8) — X2, fora' € {L, +1,---, L, + Lc}.i, j € [Ly],
J F) s 75 ), a
*, otherwise.
(42)
Here a = a' — L,, X ~ px and ZL ~ N(0,%2). Also,
L, /Wa,7iWa,7j©g/’i@g,7j {o? + 221, for d € [L,],i,7 € [Le,
(221, =<0, fora' € {Ly+1, -, L.+ Lc}, (43)

*, otherwise.

11



Consequently, we obtain

Ly
2t _ "0 s2t-1y
aa m4+n Z( b )
b=1
pu— E
m+n ZWba Qba) { +
Ly+Lc
o mOLT 6 + 1 AQt—Q
- m+n ZWba Qba) {U +t— +n Z (Zc’ )bb}
c=Ly+1
~ moLy 6 + 1 noL 0+1 2%-2y—1
= e ZWM @]+ 2o Z;Wbcmmse«zcc >

= ZWM Qba { ZWbC mmse 2222)1)}.

We prove relation using induction on ¢. The induction basis (t = 0) is trivial. Suppose that
the claim holds for t — 1. Then,

Ly
n2 ZWb,a(@Z,a)2{U + = 5 ZW”C mmse ZWz cPi(t — 1) )}
b=1

i€R

Ly
= Wia(Qh ) db(t)

2
= Z Wb,a ¢b(t) 5 ¢b(t)
b=1 (Zﬁ; Wk,a¢k(t)_1)

L, -1
= (Z Wb,aéf)b(t)_l) :
b=1

This proves the induction claim for ¢. Combining , and , Lemma follows.

3.5.1 Proof of Proposition

We prove the result by induction on ¢. For t = 0, the claim follows from our definition. Suppose
that the claim holds for ¢ — 1, we prove that for ¢.
Writing Eq. for coordinate ¢, we have

~ 1 86 _ )
ke[n] ke[n]
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Restricting to coordinate g(i), we get

Z Azk Vk7 Yk, 8 (k)7 t)]g(z)

ke[n

- — Z 12 (v (g(k)). v (8K, k): Dy (bl wig(0)st — Dl

ke n]

(45)

Here, we have used the fact that e(v},yg, g(k),t) does not depend on V};,z for I # g(k).
Substituting for e and h, we have

Y Aile(vi yug(k)t)]ga = D Aiky/Lr Weg) g {1,600 (i (8(K)) = Vi (8()) = yr(g(k))}

ke[n] ke(n]

= Z Ap{m—1 g (zr — 37,) — z}, (46)

ken)

where we used the induction hypothesis in the last step. Furthermore,

— D [5-(vile(k), yi(g(k), g(k):t)]gw [h(wi", wi g(i);t = D]ga)

= Z 1 ) (VR(8(R) = VE(8() \/ Lr Wiy gr) (0} (8(2)) — wil8())) \/Lr We(i) ) Qb

ke[n]
= Z L, W (z) g(k) 77t 1k( Tk — '%;c) (7:;;5_1 — w;)
kE[n]
= —b{(F ™" — wy), (47)

where we used the induction hypothesis in the second equality. The last equality follows from the
definition of b} (see Eq. (22));

Using and in , we obtain

wi(g(i)) = Y Andm—ip(er — &) — ax} +bi(F " —w;) =7, (48)
ke€[n]

where the second equality follows from (27). This proves the induction claim for uf(g(7)).
Next we prove the claim for V§+1( (7)). Writing Eq. for coordinate j, we have

t+1 Z Al] (ul, wy,g(l);t) — 7}1 (Z gﬁ(uf,wl,g(l);t)) e(v?,yj,g(j);t) (49)

le[m] le[m)]

Restricting to coordinate g(j), we get

Hl ZAIJ (uj, w;, g g(D);t)lg()
(50)
o 1% (1)), wi(B (1), 80): Dl (v 5,800
l€[m)]

(%)



Here, we have used the fact that h(u}, w;,g(l),t) does not depend on uf,k for k # g(1).
Substituting for e and h, we have

> Ajh(af, wi,g(1);t ZAU L Wy g() @l g (Wi (D) — wi(g(D)))

l€[m)]

= Z Ay Qy; (7 —wy), (51)

le[m]

where in the last step we used the result uf(g(l)) = 77, proved above. Moreover,

LS 12 (1), wale(0). 60 (¥ v 60
le[m]

:%Z L W) 85) Q) ) 11,60 (3 (8(7) = Vi (8(1))) = ¥5(80))} /L We).60i)

le[m]
1
= ZL Wew)e() @i | {m-1(z; — 25) — x5}
le|m]
=n—1,5(z; — :%;) — ;. (52)
Using and in , we obtain
Vi g(i) = Y ALy (7 —wi) — {me j(my — ) — w5} = &5, (53)

l€[m)]

where the second equality follows from . This proves the induction claim for vi*!(g(4)).

4 Proof of Theorem [1]

4.1 Definitions and notations

Letting m! = f(at;t) for t > 0, Eq. , becomes

o= Am! —Bym!L. (54)

This is initialized with m~"' = 0 and m® = m%V ¢ Vg, N, a sequence of deterministic vectors in V, n,

with limsupy_., N 7! Zf\; [mY||?*=2 < oco. Also recall that the vectors y = (y1,...,yn) € Vyn
are a fixed sequence indexed by IV, with converging empirical distributions.

The idea of the proof is to study the stochastic process {x°,z',... 2%, ...} taking values in

Vg, N Wwithout conditioning on the matrix A. Instead, for each ¢, we will compute the conditional

distribution of 2!+ given 2, ..., 2!, and hence m?, ..., m!. More precisely, let &; be the o-algebra

generated by these variables. We will compute the conditional distributions z‘*! |s,, by characterizing
the conditional distribution of the matrix A given this filtration.

Throughout the proof, we identify V, x with the set of matrices RN*4  Adopting this convention,
the linear operator B; can be more conveniently identified with the g x ¢ matrix

o
Bo= o3 Pidn). (59)

JE[N]
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t

We therefore have Bymy_1 = mt_lB;r and the equations for z!, ..., z! can be written in matrix form

as:

22 + mOBT|. .|zt + mt—QBtT_l] = A[mY]...|mY]. (56)
—_——

M1

Yioa

In short ;1 = AM;_;. Here and below we use [Q|P] to denote the matrix obtained by concatenating
@ and P horizontally.
We also introduce the notation mﬁ for the projection of m! onto the column space of M;_;. More

precisely, m’ﬂ € RV*4 is the matrix whose columns are the projections of the columns of m!. This
can be written as

t—1
mjj =) mia, (57)
=0

where a; € R79, 0 < i < ¢—1 contain the coefficients of these projections. Defining by m = m!

t
—m

l
the perpendicular component , we have Mt-'; 1m’l = 0. We further denote by o € R4 the matrix

obtained by concatenating «;’s vertically. Using this notation, we have
mﬁ =M 1a. (58)

For an integer ¢ > 1, let (¢) = {({ —1)¢ + 1,...,¢q}. For a matrix u and set of indices I,.J, we
let uy ; denote the submatrix formed by the rows in I and columns in J. We further let u; denote
the submatrix containing just the rows in I. For v = (vi,...,vy) € Vg n and a set of indices
1= {il, R ,ir}, let vy = (Viy, ..., Vi,).
Given v € V, , and ¢ : R? — RY, we write p(v) = (p(v1),...,¢(vm)). We also define Vip(v) =
[g—f(vl), ce g—f(vm)]T with g—f € R7*? denoting the Jacobian matrix of ¢. Note that Vi (v) € R™2*4,
For u € R™%9 et (u) = (1/m) 31" ug € RI*9. Also, for u,v € Vy x we define

N
1
(u,v) = v Zuiv;r € R4,
i=1

Note that (u,v) = (1/N)uTv, as we regard V, y = RV*4.
Given two random variables X, Y, and a o-algebra &, the notation X|g 2 ¥ means that for any

integrable function ¢ and for any random variable Z measurable on &, E{¢(X)Z} =E{¢(Y)Z}. In
words we will say that X is distributed as (or is equal in distribution to) Y conditional on &. In

case G is the trivial o-algebra we simply write X dy (i.,e. X and Y are equal in distribution). For
random variables X,Y the notation X = Y means that X and Y are equal almost surely.

The large system limit will be denoted as limy_.o,. In the large system limit, we use the notation
:(1) to represent a matrix in R%*? (with ¢ fixed) such that all of its coordinates converge to 0 almost
surely as N — oc.

The indicator function of property A is denoted by I(.A) or I 4. The normal distribution with
mean p and variance v? is represented as N(yu,v?).
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4.2

Main technical Lemma

We will say that a convergent sequence of mappings (Fn)nen is non-trivial if there exists g9 > 0
such that, for each N, ¢ >0, a € [q], i € [N], v € R? with ||y]]2 =1, b € R, we have

/ (/yTg(Xy yi)avt) - b)QdX Z €0 -

This condition is useful to rule out trivial degeneracies.

Lemma 2. Let {(A(N), Fn,2%M)}n be a converging sequence of AMP instances as in Theorem [
with F non-trivial. Then the following hold for allt € N

(a)

t—1
d i P -~
e, =D a o + Aml + My16,1(1) (59)
i=0
where A is an independent copy of A. The matriz M, is such that its columns form an orthog-
onal basis for the column space of My and M M; = N lygxtq. Recall that, 0;—1(1) € R(t-Daxq
is a random vector that converges to 0 almost surely as N — oo.

For any pseudo-Lipschitz function ¢ : (R9)*2 — R of order k,

. 1 s
lm oo Y e x i) FE[0(Z, - 257 Ya)] (60)
N=ee |G ieCy
where (ZY, ..., ZHY) is a Gaussian vector independent of Y, ~ P, and, for eachi, Z! ~ N(0, ¥*
a a a

For all 1 < r,s <t,a € [q] the following equations hold and all limits exist, are bounded and
have degenerate distribution (i.e. they are constant random variables):

r—+1 {L’S+1

oN Cé\,> 2 lim (m",m®). (61)

lim (z
N—o0

N—oo

Consider any set of q Lipschitz continuous functions ¢® : R? x R? — R?. For oll 1 <r,s <t,
the following equations hold and all limits exist, are bounded and have degenerate distribution
(i.e. they are constant random matrices):

Jim (@ ot o) 2 Tim () 2 (Ve (e vey ) (62)
The Jacobians here are computed according to the first component. Define ¢ : Vg n X Vyn —
Vo by letting v' = o(u,v) be given by vi = ¢*(u;,v;) fori € CN. Let Vo € RNVI*4 pe the
matriz obtained by concatenating the matrices Vp® € R|C§’|qu7 for a € [q]. Then, Eq.
implies that for all 1 < r,s <t, the following equations hold:

lim (2", (e y)) = lim (2" 2 ) (Ve y)). (63)

N—oco N—oco



(e) For ¢t =k —1 and a € [q], the following holds almost surely

hm |C’N| Z [xH1? < o0 (64)
ieClN

(f) For all 0 <r <t the following limit exists and there are positive constants p, (independent of
N ) such that almost surely

i () = pr g = 0. (65)

4.2.1 Proof of Theorem (1l

First assume that the sequence of functions Fp is non-trivial. Theorem [I| follows readily from

Lemma More specifically, Theoremis obtained by applying Lemma (b) to functions ¢(x},...,x!) =

Consider then the case in which Fy is not non-trivial. In this case we perturb the functions
9(x,y,a,t) as follows. Let p(x) : R? — R? be a bounded smooth function. Define

9 (x,y,a,t) = g(x,y,a,t) + € p(x).

The resulting sequence of instances is then non-trivial and state evolution applies. Call X!(¢) the
resulting state evolution sequence, and denote by z!(¢) the corresponding orbit. Applying Theorem
we have

7}’1 E{Qﬂ(Zé(e),Ya)}, (66)

lim
N—>oo

||Mz

with Z!(e) ~ N(0,X!(¢)). In order to prove the same theorem for the orbit {z'}¢>0, we need to show
the following two facts:

(i) lime_o E{(ZL(e), Ya)} = E{w(ZL, Ya)}, with Zt ~ N(0, ).

(i1) Let an(e) = + Ef\il Y(xt(€),yi). Then |ay(e) —an(0)] < Ce, with constant C being indepen-
dent of N.

Given (i)-(ii), we have
i |lan(0) — E{y(Zg, Ya)}| < 1imSUpNHoo{’aN(0) —an(e)| + |an(e) E{¢(Zt }’}

+HE{W(ZL(€), Ya)} — B{4p(Z], Ya)}|
< Ce+ 0+ [E{v(Z.(e), a)} E{y(Z;,Ya)}|,

where the last step follows from (iz) and Eq. . Therefore, taking the limit of both sides as € — 0,

lim |ay (0) — E{w(Z}, Ya)}| < lim Ce + lim [E{(Z}(), Ya)} — E{e(Z}, Ya)}| =0,

where the last step follows from (7). This proves Theorem [1| for {z'}:>0.
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It remains to prove facts (i)-(i¢). The claim in (7) follows readily by applying dominated conver-
gence theorem and noting that ¢ (-, -) is Lipschitz continuous.
To prove (ii), write

lan(€) —an(0)]
1 N

<N ; |(x(e), yi) — ¥(x,yi) |

& B B B
< D IR+ I+l ) I () — x|
=1
U 3 3
k k— k—
< {2+ =@ + I + ) }{Zux - x4}
=1

N 1

1 =

<sr {1+ Zux 2+ NZthH% "+ NZHM”‘ VLS o - =)
=1

where second inequality holds since 1) € PL(k) and third inequality follows by using Cauchy-Schwartz
inequality. In the last expression, the term in the first braces is bounded using the assumption on the
second moment of y and using part () of Lemma [2] for orbit {x!(¢)}. To bound the second braces,
note that both A and B; in the AMP iteration have bounded operator norm (the former with
probability 1 — e=®W)). Since g(-,t) is Lipschitz continuous and ¢(x) is bounded by assumption,
we conclude that ||zf(e) — zt||? < ¢! Ne? for some absolute constant c¢. This completes the proof of
fact (i1).

4.3 Proof of Lemma 2

The proof is by induction on ¢t. Let B; be the property that , , , , , and
hold.
4.3.1 Induction basis: B

Note that 1 = Am?.

(a) &y is generated by y, z° and m®. Also m® = m9 since M_; is an empty matrix. Hence

x1|61 = Am(i

(b) Let ¢ : V;2 — R be a pseudo-Lipschitz function of order k. Hence, |¢(z)| < L(1 + ||z|*).
Given m®, y, the random variable >, -~ ¢([Am°);,y;)/|CY| is a sum of independent random

variables. By Lemma (a) [Am?]; L 7 for Z ~ N(0, (m® m?)). Using Eq. (7),

lim ( Z c lim g
N—>oo “ N—o0 ’CN’
a€lq] 1eClN

= Z caEO

a€lq]
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P
Hence for all p > 1, there exists a constant ¢, such that E{|| [Amo]in} < ||<m(i, m&) 2 B4 Z|P <
¢p, with Z ~ N(0,1,). Next, we check conditions of Theorem [2] for Xy; = ¢(x},yi) —
Ea{p(x},y:)} for k >0,

1 K
a2 Bl (67)
@ iecN

1 K
= 1o 2 Bl yo) — Ea{oGel v}

@ 'iecy

1 ~ 24K
~ o Z Eai {¢([Am0]z‘7yz')—¢([Am0]z‘7yz')}‘

aljcon

1 ~ 24K
S ICN| Z Ea i {¢([Am0]z‘,yz')—¢([Amo]i7yz')}‘

@ 'iecy

1 5,0 0 k-1 K07 (k=1 07 k—14 1 |*T"
< o) 2 [Eaa {IEAm L = [AmO 0 yall o JAmT T L) )

@ 'iecy

L'd B .
<ot g 2 Il
@ liecy
)
1

< 'd\cN K/2 ; 2(k—1) < JNoN 5/2‘
<c+ L'd|C | OV lgHY | <G|

Here A is an independent copy of A, and the last inequality uses assumption on empirical
moments of {y;},ccy. By applying Theorem 2, we get

lim C}N| S (o0 ys) — Eafo(xl, yo)}] 2 0,

N—o0
iecly

Hence, using Lemma [6] for v = w and ¢(y;) = Ez{¢(Z,y:)} we get

tim e S Bofotd, vl 2 E{0(Z, Vo)),

N—oo
iecl

with Z, ~ N(0,X!) independent of Y, ~ P,. Note that 1 belongs to PL(k) since ¢ belongs to
PL(k).

(c) Let A= Acn be the submatrix formed by the rows in CY%. Using Lemma c)7 conditioned on

mP,

lim (xlc(]lv,xééﬁ = lim (Am° Am®) %= lim (m° m°) = 2!,

N—oo N—oo N—oo
(d) Write

a.s

. . 1 a . a
i (ats elogysyen)) = Jim o 37 il eyl TS B(Zule (ZasYa)l ),



where the last step follows by applying By(b) to the functions ¢(x},y:) = x}(1)[p*(x}, ¥:)lk,
for all [, k € [g]. Furthermore, using Lemma

o
0z

E(Zal¢"(Zas Ya)]T) =3 E(] (Za, Ya)]T) .

As proved in part (c), limNHoo@éN,xéN) = %! Also, by part (b), the empirical distribution
of {(x}, ¥i)bicon converges weakly to the distribution of (Z,,Ys), and consequently we get

ag,1 o 1 E 1, \T as. ¢ T
(Vi (aty ey )) = Jim o ;N[ o Oyl T B (Za, Ya)IT).

lim
N—oo

This proves Eq. . To prove Eq. , notice that

<.'B1,§0(x17y)> = Z Ca<$1cvév7g0($lc«év,yclll\l)> . (68)
a€lq]
Also,
i fehset) = 3 ca Jim (ooyoacy) = ) B! =2 (69)
a€lq] a€lq]

where the last step holds since > | aclg) Ca = L. Further,

(Vo(a',9) = Y calVe™ (@i, yon ) (70)
a€lg]

Combining Egs. , , and Eq. , we get the desired result.

(e) Similar to (b), conditioning on m°, the term Y, |[|[[Am®];[|?*/|CY| is sum of independent
random variables and

1
E{I[Am°:|P} < [[{m], mT)2 [5E{IIZ]P} < cp,

for a constant c,. Therefore, by Theorem 2, we get

) 1 a.s.
fim ot 3 (A~ Eal(Am#)] 2 o0

N—oo
1eCl
1
But, a7 Liecy Ba{lllAm )]} < [[(m® mO)2 [§EZ{[|Z]*} < co.

(f) Since t = 0 and m® = mY, the result follows from limy_ o (m® m°®) = £! and that ! =
Zbe[q] Cbzg > 0.
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4.3.2 Proof of B;:

Suppose that B;_1 holds. We prove B;.
(f) It is sufficient to consider r = t. Write m! = m! — mﬁ and recall that mﬁ = Y mfas.
Hence, for any g € RY, with [|yg|| = 1, we have

N t—1 t—1 T
1
T T T T T T T
gt =+ 3 <70 m{ — 3] asmf) (70 m{ ~ 3" 57a] mf) -
i=1 s=0

s=0

Note that the matrix

MtT—lMt—l} “1Mm!

a:(ao,...,at_l):{ ~ N

has a finite limit as N — oo by the induction hypothesis B;_1(b). Furthermore, m! =

g(xt,yi,a,t), for i € CN. By induction hypothesis B;_1(a), it is sufficient to show that there
exists p > 0 depending on ¢ such that,

N -1 t—1

o1

l}\t}ggofﬁ E <Vgg(Z+ E OJAX;?Yiaavt)_ E fyOTostmf>-
s=0

=1 r=1
t—1 t—1 T
<vgg<z+za:_lx:,yi,a,t> —ngalmg‘?) o, ()
r=1 s=0

where Z = (Am'™")Te; € R? (e; being the i-the element of the canonical basis). By the strong
law of large numbers for triangular arrays, the above is lower bounded by

N t—1 t—1
Lol T T T T
hj{/n_}&f N ZEA ['70 9(Z + Zar_lxz,yi, a,t) — Z'YO Qg mf} .
=1 r=1 s=0
t—1 t—1 T
E; [vng(Z + ol X,y at) - Z’VoTasTmf}
r=1 s=0

N t—1
a1
> I%njgof N Zl Vary, ('yOTg(Z + Zl o) x,yi,a, t)) .
1= r=

The variance in the last expression is taken only with respect to A or, equivalently, with respect
to Z ~ N(0, (m" "', m'")). Notice that the covariance of Z is lower bounded by p’ I;x, for some
p' > 0, by the induction hypothesis B;_1(f). It is a straightforward probability exercise to show
that, for any non-constant continuous function G : R? — R, and any U > 0 there exists € > 0
such that
inf Varz(G(ad+7Z)) >«¢.
lall<U (e )

Using B;—_1(e), we can choose U large enough to ensure that there exists at least N/2 values of
the indices ¢ € [N] such that || Zf;}) o) 15| < U. Note that U and therefore & depend on ¢
but do not depend on N. The lower bound follows then by taking p = /4.
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(a) Let B, € R?*? be given by B, = & (Zje[N] %ixj(xz-,t)). Further let % be a square block-

diagonal matrix of size tq with matrices B{, ..., B[ ; onits diagonal. Define X;_1 = [z}[2?|...|!].
Recalling the definition of Y;_1 and M;_; from Section

Yio1 = X1+ Onxg|Mi—2] %
Lemma 3. The following holds

d - 5 o
$t+1|6t = thl(MtT_lMtfl) lMtT_lmﬂ + P]\lﬁilAmi + Mtflotfl(l) .

Proof. Lemma 10 in [BM11] implies that A|g, 4 E(Alg,) + Pi(A), where A 4 A'is a random
matrix independent of &; and P, is the orthogonal projector onto subspace V; = {A|AM;_; =
0, A = AT}. Following the same argument as in [BMI11], we have

E(Ale,) = Yia(MI My_q) "M+ My (M M) 7Y
My (M My 1) T M Y (M M) T ML
Pu(A) = Py, APy, ..

Using M, ;m! =0 and Y;_; = AM;_1, it is immediate to see that
d _ _ ~
Algm" = Y (MZy Myy) " MEymfy + My (M My 1) 7Y, Lymfy + Py, Aml,
Moreover, Y;T ;mY = X ;m! because M, ,m! = 0. Recalling m’ﬁ = M;_1a we need to show
0| M;_o]Ba + My (M (M) X] yml —m! 1B = M, 16,_1(1). (72)

Note that we used the fact Bym!~t = m!=1B] which follows from our convention V, y = RV*1.

Here is our strategy to prove . The left hand side is a linear combination of m®, ..., m!~%.

For any ¢ = 1,...,t we will prove that the coefficient of m‘~! converges to 0. Note that the
coefficients are matrices of size ¢. The coefficient of m‘~! in the left hand side is equal to

t T t—1
_ M, M1 _
(ML M) ]| B = [<“Nf> U =Y mag-BI (cagi
r=1 (£),(r) 5=0

To simplify the notation denote the matrix M,” ; M;_1/N by G. Therefore,

t t—1
lim Coefficient of m*~ = lim {Z(G_l)(@’(r) (x",m' — Zm5a8> — BET(_O%)H@#} )
5=0

—00 N—oo
r=1

But using the induction hypothesis B;_1(d) for ¢ = f(-;1),..., f(-;t), the term (z",m’ —
Zi;%) m®ay) is almost surely equal to the limit of (2", 2!)B] — ZZ;%)@’", 2°)Bla. This can be
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modified, using the induction hypothesis Bt 1( ) t0< L mt- 1)BT Zi_%)(m L msHBl g
almost surely, which can be written as G|, -> S_E G S)B as. Hence,
t
. . -1 as . ~1 BT Toss
J\}Enoo Coefficient of m ]\;E»noo {;(G )0, |G Z G5B B, (—ay) }

s=0

t—1
as Nl {BZHM - Blai—~ B/ (_af)hﬁ}
0.

[

Notice that in the above equalities we used the fact that G has, almost surely, a non-singular
limit as N — oo which was discussed in part (f). O

The proof of Eq. follows immediately since the last lemma yields
. =1 ) )
e, =3 a oy + Aml = My (M M) M Aml + My 16, 4(1).
i=0
Note that, using Lemma (d), as N — oo,
— 't d . —
My (M My )" M AmYy = My 16i-4(1),

which finishes the proof since Mt_lﬁt_l(l) + M;_10i-1(1) = Mt_lé't_l(l).

For r, s <t we can use induction hypothesis. For r =t,s < t,

t—1
<x?;1\}7 S—H |6t Za ZC—j_l\}v s+1> <[PJ\J/:ft_1Am3_]C(JLV7xSC—|‘J;\/1> +Zal(1)<m6(ll\fvxsc§\fl>

i=0

Now, by induction hypothesis B;_1(d), for ¢(v,u) = g(v,u,a, 1), each term <m6§,xsc?> has a

finite limit. Thus,

. +1\ a.s.
A}gnooZol mCN, 50N> = 0.
We can use Lemma (b)-(d) for <[PMt71Ath}CL]1V, CN> to obtain <[PJ\L4t,1Amt¢]C‘§V7xsc?> — 0,

almost surely. Finally, using induction hypothesis B, (¢) or B;(c) for each term of the form

(w2550

Jim (agfy,agh) % lim Y ol (m?,m?)
=0
a.s. 4. t s\ &8. 4. t s
= Hm (my,m®) =" lim (m’,m),

where the last line uses the definition of «; and mi 1 ms5.
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For the case of r = s = t, we have

t—1
1 1 d T/ i+1 j+1 1 A 1 A -
(it ethe, £ 3 al ettt alih oy + ([P, Amboy, [P, Ami]ey) + 51(1).
i,5=0

Note that the contribution of all products of the form([PA%It_lflm’i]Cév , xgﬁ\}) almost surely tend
to 0. Now, using induction hypothesis B;(c) and Lemma (4| (¢), we obtain

t—1
Jm e ile, 2 gim 3 aTlm'm)ay + fim (')
Z7‘7:
as. . £t : t oot
= ]\}floo<m||,m||> + A}E}é()(mpmﬁ
a.s t ot
= i ()

(e) This part follows by a very similar argument to the one in the proof of Lemma 1 (Step Bi(e))
in [BMTI].

(b) Using part (a) we can write
. t—1 . )
(b(lea e 7X§+17 Yi)‘Gz,t = ¢ (Xz‘lv o 7XZZ'7 [Z errlar + Ami + Mt—la\t—l(l)] 7Yz> .
r=0 i

We show that we can drop the error term Mt,lo},l(l). Indeed, defining

t—1
1 t 1 it =

a; = (xi,...,xi,[ 2t ar—l—AmJ_—l—Mtlotl(l)] ,yl-),
r=0 ‘
t—1

_ 1 t +1 it

b, = X, X, o+ AMY | Ly ],

r=0 7

by the pseudo-Lipschitz assumption

t—1
[é(ai) — ¢(bi)] < L(1+ flag* =" + [foaf ) (Z HmﬂI) o(1).
r=0

Therefore, using Cauchy-Schwartz inequality twice, we have

@ jecnN ieCN
1 1 (1 & 2
k— k— ~ 1
< ofis e 3 a4 e S i) e S o).
@ 'iecy @ 1iecy @ ! r=0

Also note that

1 | 1
o 2 sl < G+ D g D I I+ g 2 Ivil™}
a r=0 a

icCN icCN @ 'jecN
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which is finite almost surely (for £ = k — 1) using B, (e) for r € [t] and the assumption on (the
moment of) y. The term [CY|71 Y. [|b;]|** is bounded almost surely since

Z Ib:]1% < ON| > la 1||2£+CZ| o > mi)*o(1)

ieCy ieCy
37‘ N > \Iazll”JrC’Z‘ CF| > mi|*o(1),
¢ iecN iecN

where the last inequality follows from the fact that [M,' ;M;_1/N] has almost surely a non-
singular limit as N — oo, as discussed in point (f) above. Finally, for » < ¢ — 1, each term
(1/|CN)) > icCN |mZ{|?¢ can be easily proved to be bounded using the induction hypothesis
Bt_l(e).

Hence for any fixed t, vanishes almost surely when N goes to co.

Now given, x',...,x’, consider the random variables
t—1
v 1 t Tr+1 Aot
Xi=o¢|x;,...,%;, E a,x; 4+ (Am');, v
r=0

and X; = X, — E A{Xi}. Proceeding as in By, and using the pseudo-Lipschitz property of ¢, it
is easy to check the conditions of Theorem 2} We therefore get

1
)
m e 2
iecl

¢<X117 s )Xga [Zxr+1ar + Ami]layl>
0

- IEA{@(X}, X [Z:L‘T'Har + flmﬂ_]i,yi) }] 0. (74)

Note that [Am! ]; is a gaussian random vector with covariance <mtl mt ). Further (m' ,m")

converges to a finite limit I'7 almost surely as N — oco. Indeed (m! ,m! ) = (mt,m')—(m ﬂ, ”)

By Bi(c), (m',m') converges to a finite limit. Further, (mﬂ,mﬁ) = Z’;’Sl:o aI(

", x%)a also
converges since the products (z", x®) do and the coefficients a,., 7 < t — 1 as discussed in By(f).
Hence we can use induction hypothesis B;_1(b) for

t—1

~ 1
Btk yi) = Ez{ (s, Yol X+ (mfmt)3Z,yi)

r=0

with Z ~ N(0,I,x,) independent of x; ™, r <t — 1, to show

t—1
NmEN ’CN’ Z E4 { ( X, [ZO‘:XfH + Am’, '7Yi>}

ieclN r=0
t—1
as EEZ{qﬁ(Z;, 28N Tz T 7, Ya> } . (75)
r=0
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Note that >/ Oc’z-'—ZTJrl +I't Z is a gaussian vector. All that we need, is to show that the
covariance matrix of this gaussian vector is £!*1. But using a combination of and .
for the pseudo-Lipschitz functions ¢(v1,...,vit1,¥i) = Vir1(£)vip1(k), for all £, k: € [q],

t—1 t—1
.
lim (24!, 2l %2 1[«:{ < S ozt 4T Z) (Z al Zr1 4 T, Z) } (76)
r=0 r=0

N—oo

On the other hand as proved in part (c),

hm <1’t+1 il 2 lim (m',m') = lim (f(a',t), f(2',1)).

CN’ CN N—oo
Hence,
lim (zih} xt“ = lim — Z T
NHoo< o CN N—oco N f )]
t T
— Z CaT T N’ Z myua t g(xi7Yiaa7t)
a€lq] ieClN

By induction hypothesis B;_1(b) for the pseudo-Lipschitz functions

¢(V17 R £7) Yz) = [g(vta yi,a, t)]f[g(vta Yi, a‘vt)]k )
for all ¢, k:e[] we get

N| Z Xz7yl?a t) (szYZJG t) a:S. E{g(th“YaJa’? t)g(ZéJYa?aJt)T} = iz M
ieClN

Consequently,

lim Z‘t+1 iUt+1 a.s. E c it —_ 2t+1 )
N~>oo< Cé\“ Cé\f) “=a
a€lq]

which proves the claim.

In a very similar manner to the proof of By(d), using part (b) for the pseudo-Lipschitz function
¢ : Vyry2 — R given by o(x},...,xy) = I (D) (x5, yi)lk, for all I,k € [q], we can
obtain

dim (@7 o(agi yop)) B E(Z; (25 Yo)lT),

for gaussian vectors Zi+! ~ N(0,%7+1), Z5+1 ~ N(0,X*+!). Using Lemma [5] we have almost
surely,

Op®

E(Zy  p(Z37 Ya)]T) = Cov(Z57, 257 E(15 (254, Ya)] ) -

0z
By another application of part (b) for ¢(x},...,xT 1 y;) = xI T H(1)x5T (k) for all 1,k € [q],
. r4+1 _s+1\ _ r41 s+1
A}gn@(azcé\, ,J:Cé\,> =Cov(Z,;,Z7).

Similar to By(d) we also have limy_.(Vp®(z g,r\,l, Yon)) = E([%LZG(Z;H, Y,)]T), almost surely,

as the empirical distribution of {(x{*?, ¥i) bicon converges weakly to the distribution of (Z:1YL).
This finishes the proof of Eq. (62).

Eq. follows from Eq. exactly by the same argument as in By(d).
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A Reference probability results

In this appendix, we summarize a few probability facts that are repeatedly used in the proof of
Lemma We start by the following strong law of large numbers (SLLN) for triangular arrays
of independent but not identically distributed random variables. The form stated below follows
immediately from [HT97, Theorem 2.1].

Theorem 2 (SLLN, [HT97]). Let {X,; : 1 < i < n,n > 1} be a triangular array of ran-
dom wariables with (Xy1,...,Xnn) mutually independent with mean equal to zero for each n and
nTES  E|X 2T < en®/? for some 0 < k < 1, ¢ < 0co. Then 1 25 Xin — 0 almost surely for
n — oo.

Next, we present a standard property of Gaussian matrices without proof. This is a generalization
of [BM11), Lemma 2].

Lemma 4. For any deterministic u € Vg n, v € V4, and a gaussian matriz A e RN with i.i.d.
entries N(0,1/N), we have

(a) [Au); 2 (u,u)éz, where z ~ N(0,I5xq)-

(b) (Au,v) 4 (u,u>%(v,z>, where z € Vg, 2; ~ N(0,I5xq)-

(¢) limy, o0 (Au, Au) = (u,u) almost surely.

(d) Consider, for d < n, a d-dimensional subspace W of R™, an orthogonal basis wi,...,wq of
W with ||wi||*> = n for i = 1,...,d, and the orthogonal projection Py onto W. Then for
D = [wi]...|wg], and u € V, N with (u,u) = Iyxq, we have Py Au 4 Dz where z € Vq.d
satisfies: lim, oo ||z|| = 0. (the limit being taken with d fized).

Lemma 5 (Stein’s Lemma [Ste72]). For jointly gaussian random vectors Zi,Zs € R with zero
mean, and any function ¢ : RY — R? where E{g—f(Zl)} and B{Z1[¢0(Z)|"} ewist, the following holds

E{Zi[p(Z:)]") = Cov(Z1, 2) B{22 ()]}

The following law of large numbers is a generalization of [BMI1I, Lemma 4] and can be proved
in a very similar manner.

Lemma 6. Let k > 2 and consider a sequence of vectors {v(N)}n>o in Vyn, whose empiri-
cal distribution, denoted by p,(n), converges weakly to a probability measure py on R?, such that
Ep, (|V[IF) < 0o. Further assume Ej <N)(HVHk) — Ep, (||V][¥) as N — co. Then, for any pseudo-

Lipschitz function ¢ : R? — R of order k:

o1& s
lim N; = E[p(V)]. (77)

N—oo
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